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ABSTRACT

HOMOTOPY COLIMITS AND DECOMPOSITIONS OF
FUNCTION COMPLEXES

Adnan Cihan Cakar
M.S. in Mathematics
Advisor: Ergiin Yalc¢in
July 2016

Given a functor F' : C' — GSp, the homotopy colimit hocolimcF is defined
as the diagonal space of simplicial replacement of F'. Let G be a finite group
and F be a family of subgroups of GG, the classifying space ExG can be taken
as the homotopy colimit hocolime,.c(G/H) over the orbit category OrG. For
G-spaces X and Y, let mapa(X,Y) be the space formed by G-simplicial maps
from X to Y. Given a functor F' : C — GSp and a G-space Y, there is
an isomorphism mapg(hocolimcF,Y) = holimc(mapa(F,Y)) [1]. We give a
proof for this isomorphism by writing explicit simplicial maps in both direc-
tions. As an application we show that the generalized homotopy fixed points set
Y74 = mapg(EFG,Y) of a G-space Y can be calculated as the homotopy limit
holimpeo,cY ™. Topological version of this is recently proved by D. A. Ramras
in [2]. We also give some other applications of this isomorphism.

Keywords: Homotopy colimit, classifying space, simplicial set, homotopy limit,

function complexes.
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OZET

HOMOTOPI ESLIMITLER VE FONKSIYONLAR
KOMPLEKSLERININ AYRISIMLARI

Adnan Cihan Cakar
Matematik, Yiiksek Lisans
Tez Danigmani: Ergiin Yalgin
Temmuz 2016

Verilen bir izle¢ F' : C — GSp icin, homotopi esglimit hocolimcF, F' izle¢inin
simpleksel yer degistirmesinin diyagonali olarak tanimlanir. G bir grup olsun ve F
G grubunun bir altgrup ailesi olsun, siniflandirma uzay1 ExG yoriinge kategorisi
OzG iizerine homotopi eglimit hocolime,c(G/H) olarak almabilir. G-uzaylar
X ve Y igin, mapg(X,Y), X’ten Y’ye G-simpleksel fonksiyonlarin olugturdugu
simpleksel kiime olsun. Verilen F' : ¢’ — GSp bir izle¢ ve bir G-uzay1 Y
i¢in bir izomorfizma vardir ki mapg(hocolimcF,Y") = holime(mape(F,Y)) [1].
Bu izomorfizma igin iki yondeki simpleksel fonksiyonlar: yazarak detayh bir ispat
veriyoruz. Bir uygulama olarak, bir G-uzay1 Y 'nin genellestirilmig homotopi sabit
nokta kiimesi Y"7% := mapg(ExG, Y) nin homotopi limit holimgep, oY olarak
hesaplanabilecegini gosteriyoruz. Bunun topolojik versiyonu yakin zamanda D.A.
Ramras tarafindan [2]’de kanitlanmigtir. Ayrica bu teoremin bazi diger uygula-

malarini da veriyoruz.

Anahtar sozciikler: Homotopi eglimit, simflandirma uzay1, homotopi limit, sim-

pleksel kiime, fonksiyonlar kompleksleri.
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Chapter 1

Introduction

An ordered simplicial complex is a pair K = (Vi, Sk), where Vi is an ordered
set called set of vertices and Sk is a set of non-empty subsets of Vi called set
of simplicies of K satisfying some axioms. Simplicial sets are generalizations of
the ordered simplicial complexes. A simplicial set is a functor X : A’ — Sets
where A is the category whose objects are the ordered sets n := {0,1,...,n}
for each n € N and morphisms are order preserving functions n : n — m.
A simplicial set can be considered as a family of sets {X, },eny with face and
degeneracy maps satisfying some axioms. For a simplicial set X and n € N, we
have n+ 1 face maps d; : X,, — X,,_1 for 0 < i < n, and n+ 1 degeneracy maps
st Xy — Xpaq for 0 <7 < n.

Following the convention in [3] we call a simplicial set, a space. Also, any
time we attribute a topological property to a space, we mean this property is
attributed to the geometric realization of that space. As an example when we
say two spaces are homotopy equivalent we mean their geometric realizations are

homotopy equivalent.

For a simplicial space X, i.e., a functor X : A’ — Sp where Sp denotes the
category of spaces, we give the definition of the diagonal space diag(X) and the



simplicial realization |X| of X and we give a proof of the known fact
diag(X) = |X|
by writing explicit simplicial maps from diag(X) to |X| and from | X| to diag(X).

Nerve of a category C'is the space N(C') where an element o of N(C), is of the
form o = (0(0) 2% o(1) 2 ... 2% o(n)) where o (i) are objects and «; are mor-
phisms in C' with some face and degeneracy maps. For a functor F': C — Sp,

the simplicial replacement [] F is defined as the simplicial space
L= I Fleo).
UEN(C)n

The homotopy colimit written by hocolim¢cF' of a functor F' : C' — Sp is defined
as diag([[,F).

The main aim of this thesis is to give an explicit proof to a theorem on function
complexes from a homotopy colimit to another space. To state this theorem we

first introduce function complexes and homotopy limits.

For a category C, we define the contravariant functor

where ¢ | C denotes the under-category.

Also for two contravariant functors F,F’ : C — Sp, the natural space
Nat(F, F') from F to F’ is defined as a subspace of

[ man(F(e), F'e)
c€obj(C)

such that (f.)e.cc € Nat(F, F') if and only if for every morphism o € Morea(c,e)

the following diagram commutes:



F(e) x Alm] F'(e)
F(a)xidk F'(a)
F(c) x A[m)] Je F'(¢)

We define the homotopy limit holimcF of a contravariant functor
F : C — Sp as the space Nat(N, F).

For two spaces X and Y, the function complex map(X,Y’) from X to Y is the
space where
map(X,Y), = Morgy(X x Aln],Y).

Then we have the following theorem:

Theorem 1.0.1. For a functor F : C — Sp and a space X, there is an iso-
morphism
map(hocglimF, X) = hoéim(map(F, X)).

This is a known isomorphism in homotopy theory. (See [1, Proposition
XII.4.1]). We introduce a direct proof for this isomorphism by writing explicit
simplicial maps and demonstrate some applications of this theorem. First we
define

(U map(hocglimF, X) — hoég'm(map(F, X))

and
o holcim(map(F, X)) — map(hocglimF, X).

Then, we show v is a simplicial map and ¢) and ¢ are inverses.

Moreover, this theorem can be extended to the equivariant case as follows:

Theorem 1.0.2. For a functor F': C — GSp and a G-space X,

map(;(hocglimF, X) = hoéim(mapg(F, X)).



Here for two G-spaces X and Y, mapg(X,Y) denotes the subspace of
map(X,Y) consisting of G-maps f : X x Aln] — Y where A[n] is considered

as a trivial G-space. The proof of the equivariant case follows similarly.

Let G be a finite group, a family of subgroups F is a set of subgroups of GG
such that if H € F thenforallge G, g'Hge Fandforall K < H, K € F. A
classifying space of a group G for a family of subgroups F is the topological space
ExG such that H-fixed points (ExG)* is contractible if H € F and if H ¢ F
then (ExG)f is empty. Moreover, for a group G and a family of subgroups F,
a simplicial classifying space is the space ErG whose geometric realization is a

classifying space of G for F.

For a group G and a family of subgroups F, the orbit category OxG is the
category of transitive G-sets G/H where H € F. Then, we introduce the functor

7:0:G — GSp
G/H — G/H.

Here, G/H is considered as a discrete G-space with isotropy H and morphisms

are mapped to underlying functions. Then, we recall a known model hocolimZ
]:

for the simplicial classifying space using [2, Proposition 2.9] and 3.3.10 which is

a special case of Thomason’s Theorem [4].

Furthermore, for a right G-space X, we introduce the generalized homotopy

orbit space X}, as the space X x¢ ErG and give a proof for the isomorphism
Xnra = h}?gglfzg%(X/H).

The case when F is the trivial family of subgroups is a well-known isomorphism
and the statement can be found in many sources such as [3]. Even though we
think this general form is also known, we could not find the statement of this

isomorphism in any source.

For a G-space X, the generalized homotopy fixed points set X"*¢ is defined
as mapg(ExG, X). Using the fact that ExG can be constructed as a homotopy



colimit, we apply Theorem 1.0.2 and obtain
XM7Y = mapg(ExG, X) = hglz’gn(mapg(I,X)).
f
Also, showing
mapg(G/H, X) = X

we obtain

XG>~ holim XH .
HeOrG

A topological version of this theorem is proved by D.A. Ramras in [2].

As an application we observe the following corollary:

Corollary 1.0.3. If X and Y are two G-spaces and

X = hocolimF
ceC

where F' : C — OzG such that F(c) = G/H,., then we have the following

decomposition for the function complex

mapg(X,Y) = holz’CmYHC.
ce

The corollary above shows that if a G-space X is simplicially isomorphic

to hocoéim(G /H.), then function complex maps(X,Y) has a homotopy limit
ce

decomposition. The question when a G-space X is simplicially isomorphic to

hocoéz'm(G /H.) for such a functor is left as an open problem.
ce

We conclude this thesis with two examples where the space X is simplicially

isomorphic to homotopy colimit of a functor.
The main outline of this thesis is as follows:

In Chapter 2, we introduce the background information we use in thesis on

categories, simplicial sets and group actions.

In Chapter 3, for a simplicial space X, we define diagonal space diag(X) and

simplicial realization | X| and show that diag(X) is simplicially isomorphic to | X].

5



Also, we construct homotopy colimit and simplicial classifying space of a group
G for a family of subgroups F. Then we give the construction of generalized

homotopy orbit space X} ¢ and give a proof for the isomorphism

Xnra = hgg(ool;gz(X/H).

In Chapter 4, we prove Theorem 1.0.1.

In Chapter 5, we prove Theorem 1.0.2 and we give some applications of these

theorems.



Chapter 2

Preliminaries

In this chapter, we introduce some definitions and theorems that are the es-
sential background for this thesis. We mainly introduce three concepts namely

categories, simplicial sets and group actions.

We start the first section with some category theory. Then in the second
section we define simplicial sets, the main objects of study in this thesis, and give

some basic theorems about simplicial sets.

In the last section of this chapter, we introduce the concept of a group acting
on a simplicial set. We start with the definition of a group action on a set and

then extend to the simplicial sets.

2.1 Categories

We start by introducing categories and some theorems from this branch of mathe-
matics used frequently in this thesis. The reader may look at [5] for more detailed

information on the theory of categories.

Definition 2.1.1. A category C consists of a class of objects denoted by 0bj(C')
with sets of morphisms Morg(c,e) for every c,e € 0bj(C) equipped with a

7



rule of composition, which can be seen as a well-defined function for every
c1, C2, c3 € 0bj(C) from Moro(cg,c3) X Morc(cy,ce) to Morg(cy, c3), where the
composition of morphisms o € More(cg,c3) and € Morg(cy,ce) is denoted

a o 8 and the following axioms hold:

(i) For all morphisms a, o, o’ in C' where o € Morc(cy,c), o' € Morg(cs, c3)

and o’ € More(cs, cq),

,/:Oéo(aloa”).

(aoad)oa

(ii) For every ¢ € 0bj(C') there exists a morphism, denoted id., in Morc(c,c)

such that for every morphism a € Morg(c,e) and for every morphism

B € Morg(€',c), id.o f = 8 and « 0 id, = . This morphism id, is called
the identity morphism of the element ¢ € obj(C).

We often omit o in the notation of composition most of the time, i.e., oo is

written af.

Example 2.1.2. Sets with functions as morphisms with the usual composition

rule and identity maps form a category. We denote this category by Sets.

Example 2.1.3. Groups also form a category with homomorphisms as mor-

phisms with the usual composition rule and identity maps denoted by Grps.

A morphism o € Morg(c,e) is called an isomorphism if there exists a mor-
phism € More(e, c¢) such that

af =1id, and fa = id,.

If there is an isomorphism between two objects ¢ and e, we say ¢ and e are
isomorphic and write ¢ =Z¢ e or, if there is no ambiguity about the category,

simply ¢ = e.

Given a category C, we can define some related categories. These constructions
are commonly used in category theory and related subjects and play a major role

in this thesis.



Definition 2.1.4. For a category C, a subcategory E is a category such that
obj(E) C obj(C) and Morg(c,e) € Mora(c,e) for all ¢,e € obj(E) with the

same composition rule of morphisms and identity morphisms.

For C' a category and S C 0bj(C), the full subcategory generated by S is the
subcategory E of C such that obj(E) = S and

Morg(c,e) = Morc(c,e) for all ¢,e € obj(E).

Definition 2.1.5. The opposite category of a category C, denoted C, is the
category with the objects 0bj(C) = 0bj(C) and Morcer(c,e) = Morc(e,c).
The composition of two morphisms « and 8 in C'? is defined by the composition

Ba in the category C. It can be seen that C°P is C' with the arrows reversed.

When we have two categories, we can relate these two categories using functors.

Definition 2.1.6. A covariant functor F between two categories C' and E is a
set of maps each denoted F', F : 0bj(C) — obj(F) and for every ¢, ¢ € obj(C),
F: Morc(e,d) — Morg(F(c), F(c')) satistying the following conditions.

(i) F(id.) = idp() for each c € obj(C), and

(ii) F(aB) = F(a)F(B) for each morphisms « and § in C.

The category whose objects are categories and whose morphisms are functors
is itself a category which we denote Cats. We also recall that a contravariant

functor is defined similarly to a covariant functor as follows.

Definition 2.1.7. A contravariant functor F' between two categories C' and F
consists of a map from obj(C) to obj(E) and a map for every ¢, ¢ € 0bj(C),
from Morc(c,d) to Morg(F (), F(c)) each denoted F, satisfying the following

conditions.

(i) F(id.) = idp( for each c € obj(C'), and

9



(ii) F(af) = F(B)F(«) for each morphisms o and (3 in C.

Example 2.1.8. The assignment from Grps to Sets that maps any group to
its underlying set of elements and a group homomorphism to itself viewed as a

function is a functor.

Definition 2.1.9. For two functors F, I’ : C' — E, a natural transformation
T : F = F’is a collection of maps 7. € Morg(F(c), F'(c)) for each ¢ € 0bj(C)

such that for each morphism « : ¢ — e in C' the following diagram commutes:

Te

F(c) F'(c)
F(a) F'(a)
Fle) — = F'(e)

For two categories C' and E, we can form a category with functors from C' to
D as the objects and natural transformations as its morphisms. We denote this
category Func(C, E). If two functors F' and F” are isomorphic in this category we
say that F' and F' are naturally isomorphic. The natural concept of isomorphism
of categories in Cats is too strong for many purposes, so we work instead with

the following concept:

Definition 2.1.10. Two categories C' and E are called equivalent if there exist
functors F': C — E and F' : E — (' such that

FFlgidC and F/FgldE

in functor categories.

2.2 Simplicial Sets

In this section, before we define simplicial sets, we define some preliminary no-
tions. Then we give the definition of a simplicial set investigating the structure

of a simplicial set and we state the morphisms between simplicial sets.

10



Also in this section, we explain some notations on simplicial sets we use. More-
over, we note that Theorem 2.2.12, proved in this section, is also used frequently

in this thesis to prove that two simplicial sets are simplicially isomorphic.

Lastly in this section, we give a method to construct a topological space using
a simplicial set which yields an important relationship between simplicial sets

and topological spaces.

Definition 2.2.1. An ordered simplicial complex K consists of a partially ordered

set Vi and a set Sk of non-empty subsets of Vi such that

(i) For each v € Vi, {v} € Sk,
(ii) If A € Sk and B C A then B € Sk, and

(iii) Partial order on Vi induces total order on any s € Sk.

For an ordered simplicial complex K = (Vk, Sk), we call the elements of Vi

vertices and the elements of Sk simplicies.

We note that ordered simplicial complexes form a category denoted by OSC

with order-preserving functions, which maps simplicies to simplicies [3].

Example 2.2.2. An important example of an ordered simplicial complex, which
we denote by n, consists of V;, = {0,1,2,3,...,n} with usual ordering as vertices
and S, = P(V4) \ {9} as simplicies where P(V') is the power set of V.

We emphasize this particular example because it is used frequently later in the

thesis to construct other important objects.

Definition 2.2.3. A is the full subcategory of OSC generated by the objects n
for each n € N.

There are certain morphisms in A for which we introduce some notation for

future reference.

11



Let d’ be the morphism from n — 1 to n given by

i J J<i
d,,(j) =
J+1 =i
and s’ from n + 1 to n given by
i J J<i
s,(J) =
j—1 j>u.

We note that for each n there are n + 1 distinct d’, and s’, by this definition. We
write d’ for d!, and s’ for s, for each n. We assume these functions are defined

for whichever n is suitable in the context.

Remark 2.2.4. All morphisms in A can be written as a unique composition of

d" and s'. Moreover, these morphisms satisfy the following relations [3]:

dod=dod 'and s’ od =d os1ifi < j,
slos' =sost T if i < g,
Fod =id=s"od*, and

slod =doslifi—1> .

These relations can be shown by direct calculation.

Definition 2.2.5. A simplicial set X is a functor

X : A? — Sets.

We refer to a simplicial set as a space from time to time, following the conven-
tion of [3].

A simplicial set can be seen as a family of sets {X,}neny with for all n,

n + 1 morphisms X (d") : X, — X,,_; denoted by d; and n + 1 morphisms

12



X(s%) : X,, — X, 41 denoted by s;, satisfying the following relations:
diodj=dj_yod;and d;os; =s;_10d; if i < j,
5;08; = Sjp10s8;if t < g,
djos; =id = dj;1 0 s5,and
diosj=sjod;_yif j <i—1

These relations follow directly from the relations in 2.2.4.

We note that we call d; a face map and s; a degeneracy map. We sometimes
use this second interpretation of the definition of a simplicial set. Hence, to
define a simplicial set X, we define the sets X,, for each n and define X(n) for
each morphism 1 € A by either giving the actual definition of X (n) or giving
the definition of X (d") and X (s') for each face and degeneracy map. Since each
morphism 7 € A has a unique decomposition into face and degeneracy maps

2.2.4, the definition of X (n) follows directly from these definitions.

Remark 2.2.6. For a simplicial set X, we often denote X (n) by n*.

We note that, for a given simplicial set X, we define a subsimplicial set Y as
the simplicial set where Y,, C X,, with restricted face and degeneracy maps of

X. We also call subsimplicial sets subspaces.

Example 2.2.7. A set X can be considered as a space with X,, = X for all
n where all face and degeneracy maps are taken to be identity. We call this a

discrete space.

Definition 2.2.8. For two spaces X and Y:

(i) The space X x Y is defined as the space where for all 0 < n,
(X xY), =X, xY, and for a morphism 7 in A

N (x,y) = (n*z,n"y).

(ii)) The space X [[Y is defined as the space (X [[Y), = X, [[Y, and for a
morphism 7 in A
n"(z) = X(n)(z) for € X and n*(y) =Y (n)(y) for y € Y.

13



Definition 2.2.9. Let X be a space and assume there is an equivalence relation
for each X,,. Also assume for a morphism n € A, if x ~ y then n*x ~ n*y. Then,
X/~ is the space (X/~), = X,,/~ and

i [e] = [n"z].

Example 2.2.10. An important example of a space is A[m/| for m € N, which is
defined as
A[m], = Mora(n, m)

and for o : k — n,

a* : Mora(n,m) — Mora(k,m)

n = N

Since a simplicial set is a functor, morphisms between simplicial sets are defined

to be natural transformations.

Definition 2.2.11. For two spaces X and Y a simplictal map f from X to Y is
a set of morphisms
fo: X0 — Y,

such that for each morphism 7 : m — n in A the following diagram commutes:

X, o Y,
n* k n*
X, fm Y,,.

For a simplicial map f, we often write f for each f,. Simplicial sets and
simplicial maps form a category which we denote by Sp. We say two spaces are

simplicially isomorphic when these spaces are isomorphic in Sp.

Theorem 2.2.12. For two spaces X, Y, if f : X — Y is a simplicial map, and

if f induces a bijection on each X, then X is simplicially isomorphic to Y .

14



Proof. Let X, Y spaces and f: X — Y be a simplicial map such that each f,

is a bijection. Then we define the simplicial map
g:Y —X

by gn := f!. Then fg and gf are clearly the identity. The only remaining thing
to show is that g is in fact a simplicial map. Let y € Y,, and n : m — n be a

morphism in A. Then,

N 9n(Y) = G St 9n(Y) = Gmn* fagn(y) = gmn* ().

Therefore, g is a simplicial map and X and Y are simplicially isomorphic. O

We recall how an ordered simplicial complex gives a topological space.

Definition 2.2.13. For an ordered simplicial complex K = (Vi, Sk), we de-
fine the geometric realization of K as in [3], denoted |K| as topological space

constructed as follows:

(i) For each s € S we define the space {(to,?1...,t)] ZL‘iO ti=10<t <1}

as a subspace of RI*It1,

(ii) We take the disjoint union of these spaces with the finest topology agrees

on the intersections.

We write A" for |n|. A morphism 1 : n — m induces a continuous function

0| : n| — [m] (See [3]).
Remark 2.2.14. For any 7 : n — m, there is a simplicial map
Nw : Aln] — Alm]
Ho—=> ML

Definition 2.2.15. For a simplicial set X, the geometric realization of X is the

quotient topological space

(HX” x A™) /.

neN

with relations (n.x,p) ~ (,|n|p) for each n in A.

15



Definition 2.2.16. A simplicial object in category C'is a functor

X AP — (.

We alternate the name of the simplicial object according to the category
C. For example, if the category is Grps then we refer to a simplicial object

X : A’ — Grps as a simplicial group.

2.3 Group Actions

Definition 2.3.1. For a group G, a left G-set X is a set with a function

p:Gx X — X

(9,7) — gx

satisfying the following conditions:

(i) For each z € X, 1z = x where 1 € G the identity, and

(ii) For each g,h € G and z € X g(hz) = (gh)x.

We note that a right G-set X is also defined similarly.

Definition 2.3.2. Letting G be a group, a right G-set is defined as a set X with

a function

p: X xG—X

(z,9) = xg

which satisfies

(i) For each z € X, 1 =z, and

(ii) For each g,h € G and xz € X (zg)h = x(gh).

16



Remark 2.3.3. We note that in this thesis each G-action is assumed to act from

the left unless stated otherwise.

For a group G and a set X, the trivial G-action on X is defined by gxr = z for
each g € G.

Remark 2.3.4. For a group G and a subgroup H < G, the set of cosets
G/H ={gH | g € G}.

This is a G-set with the action g(¢'H) = (9¢’)H.

We recall some definitions and results on the subject of group actions. For

further details one may check [6].

Definition 2.3.5. For a G-set X and an element x € X, the orbit of x is defined
as the set

Gz :={gx | g € G}.

For any G-set X and x € X, Gz is a G-set with the action g(¢'z) = (g4’)z.

For any G-set X, being in the same G-orbit gives an equivalence relation.
Thus, any G-set X can be written as the disjoint union of the orbits of some

elements.

Definition 2.3.6. For a G-set X, the orbit set X/G of X is defined to be the set

X/G={Gz |z € X}.

If a G-set contains only one orbit i.e., for any x,y € X there exists a g € GG

such that gz = y, then X is called a transitive G-set.
Definition 2.3.7. For an element x in a G-set X, the subgroup
G, ={ge€CG|gr=ux}

is called the stabilizer of x.
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Definition 2.3.8. For two G-sets X and Y, a G-map is a function f: X — Y
such that for each g € G and = € X, f(gz) = gf(z).

G-sets with G-maps form a category GSets. We denote the full subcategory
of GSets generated by the transitive G-sets by Og.

Theorem 2.3.9. Let X, Y be G-sets and let f: X — Y be a G-map. If f is a

bijection then X and Y are isomorphic as G-sets.

Proof. If a G-map f : X — Y is a bijection it has an inverse f~! in Sets.

Hence, it is enough to show that f~!is a G-map. For g € G, since f is a G-map,

f M gx) = gff @) = (faf (@) = gf ().

Thus, f~! is a G-map, i.e., X and Y are isomorphic as G-sets. ]

Now we state the theorem which gives a decomposition for every G-set and a

classification for transitive G-sets.

Theorem 2.3.10. For a group G and an element x in a G-set X

Gr=G/G,
as (G-sets.
Proof. We define
¢:Gr — G/G,
gr — gG,.

Note that this is a well-defined map because if gjx = gox, then g;'gs € G, so,
g1G = g2G. This is a G-map because

¢(9(g'x)) = dlgg'z) = 99'Ga = go(g'x).
This map is clearly onto since for any ¢G, € G/G,, ¢(gz) = gG,.
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Let ¢(gx) = ¢(¢'x), then gG, = ¢'G,, which implies g~ '¢’ € G, i.e., g7 '¢g'x =
x. Then
gr =99 'g'v = gx.
This shows ¢ is one-to-one and finishes the proof by 2.3.9. O]

A direct corollary of this theorem is the following.

Corollary 2.3.11. Any G-set X can be decomposed as follows.

x= J[ Gz= ][] G/G..

GzeX/G GzeX/G

In particular if X is a transitive G-set, then X = G/H where H = G, for any
reX.

By this corollary the objects of Og can be seen as G/H for each H subgroup

of G. We now describe the morphisms of Og.

Theorem 2.3.12. For G-sets G/H and G/K and an element v € G satisfying
v YH~y < K, the map

v:G/H — G/K
gH — gyK

is a G-map. Moreover, all G-maps from G/H to G/K are of this form.

Proof. Let gH = g’H. Then, g~'¢’ € H. Therefore
Wg'H) = gvK = (97)(97) "' 97K = gvv~'97 97K = gyy " Iy K
for some h € H. Since v 'Hvy < K,
—1 _ =]
97y K = gvK =5(g'H).

Hence, 7 is well-defined.

Moreover, for g,¢ € G,

Y(g(g'H)) =3(99'H) = g9'vK = g(7(¢'H)).
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Hence, 7 is a G-map.

Now, let f be a G-map from G/H to G/K. Then f(H) = yK for some v € G.
We claim that f = 7. Let gH € G/H, then

f(gH) = gf(H) = g7 K = 7(gH).
Moreover, for an element h € H,
f(h'H) = f(H) = h™'yK = 7K.
Therefore h 'yK =K, ie., (h71y) 'y =y thy € K. Hence, y 'Hy< K. [

The concept of groups acting on a set can be extended to other objects. One

example is groups acting on spaces.

Definition 2.3.13. Let G be a group. A G-space is a space X, i.e., simplicial

set, where each X, is a G-set such that for any morphism 7 in A,

n*(gr) = gn’(z).

Definition 2.3.14. For two G-spaces X and Y, a G-simplicial map from X to
Y is a simplicial map f : X — Y such that

flgz) = gf(x).

For a G-space X, X/G is defined as the space (X/G), = X,,/G and for a
morphism 7 in A

'] = [n"z].

We note that left G-spaces form a category with G-simplicial maps which we

denote by GSp.
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Chapter 3

Homotopy Colimits and
Classifying Spaces

In this chapter, we focus on the definition of homotopy colimits and some in-
terpretations of this definition. Defining homotopy colimits requires some con-
structions. In the first section, we give the necessary background. We define the
simplicial realization and the diagonal of a simplicial space. Then, we prove these

two spaces are simplicially isomorphic.

In the second section, we introduce the simplicial replacement of a functor.

This is necessary to define the homotopy colimit.

In the last section of this chapter, we introduce the definition of a simplicial
classifying space of a group G for a family of subgroups F which we denote by
ErG. For a group G and a family of subgroups F we give the construction of a
particular simplicial classifying space following [2]. Also in this section, we prove
a special case of Thomason’s theorem [4]. Finally, we define X x4 ExG and the
functor X_ for a right G-space X and prove Theorem 3.3.13 which is the main

result of this chapter and states

ho(gglemX_ ~ X xqg ExG.
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3.1 Simplicial Realization and the Diagonal of

Simplicial Spaces

Recall that a simplicial space is a simplicial object in the category of spaces.
Therefore for a simplicial space, i.e., a functor X : A — Sp and a morphism

n:m — n, X(n) is a simplicial map
X(n): X, — X

We denote this map X (n) by n;. Also, for k € N, X}, is a simplicial set, so we

have
Xk(T}) : an —=7 ka

which we denote by 7). Hence, a simplicial space can be considered as an array

of sets X}, with commuting horizontal and vertical face and degeneracy maps.

dy || sy
s
XOl . Xll
d
allst desf
st st
XOO XlO
d" d"

Definition 3.1.1. For a simplicial space X, the simplicial realization of X is the

X = (]_[ X, % A[n])/N

neN

quotient space

with the equivalence relation (ujx,n) ~ (z, p.n) for any morphism u in A.

This construction can be seen as a functor from sSp, the category of simpli-

cial spaces, to the category Sp. This functor maps each simplicial space to its
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realization and a morphism « : X — Y of simplicial spaces to the morphism
af - [X] — |V
[z, 0] = [a(x), 7).

Definition 3.1.2. For a simplicial space X, the diagonal of X is the space
diag(X), = X,, and for a morphism 7 in A,

0= Ny
We also consider the diagonal construction as a functor from sSp to Sp that

takes a simplicial space to its diagonal and a morphism between two simplicial

spaces to the restriction map to the diagonal.

Theorem 3.1.3. If X is a simplicial space, then diag(X) is simplicially isomor-
phic to | X|. Moreover, the isomorphism between diag(X) to | X| gives a natural

transformation between the diagonal and simplicial realization functors.

Proof. For the proof of this theorem we define a simplicial map from diag(X) to

| X| and then we show this map induces a bijection on each diag(X),,.

Let

U diag( X))y, — | X|m

x> [, idy).
This map is well-defined since for = € X,,,,, and idy, € A[m],,.

Now let = € diag(X),, and p: n — m be a morphism in A. We have
ot (x) = Yppp () = [ (x), idn].
Then from the equivalence relations
[y (), idn] = [py (), 1] = p* [z, idm] = "0 ().

Therefore 1) is a simplicial map.
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To show v induces a bijection on each diag(X),,, we define an inverse map
¢ | X| — diag(X). Set

O (H X, X A[n]) — diag(X)m

[z,m] = X ().

For n : m — n, X(n) is a map from X,,,, to X,,m, so the image of (;5; is an

element of the diag(X). Moreover,

Om([pnz,m)) = X () (upz) = X(n) X ()7 = X (un)x = S ([T, p1.7].

Hence, &S\W/L induces a well-defined map

B : (HX” X A[n])m/N — diag(X ).

neN

Moreover,
Ot (T) = P2, idm] = @
and
Pm¢m([z,n]) = (X (n)x) = [X(n)z, idm] = [2,7].
Therefore ¢,,1,,, and ¥,,¢,, are both identity maps for each m. This shows that
diag(X) = |X|

by 2.2.12.

Lastly, since for a morphism f: X — Y,

¥ o diag(f)(x) = [f(2), idm] = [f|([z, idm] = [f] 0 P (2),

1 gives a natural transformation from the diagonal functor to the simplicial re-

alization functor. Hence, this finishes the proof. O

3.2 Definition of Homotopy Colimit

The main goal of this section is to give the definition of homotopy colimits. We
first introduce the nerve of a category and then construct the simplicial replace-

ment of a functor. This allows us to define the homotopy colimits. After we give
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the definition of homotopy colimits we briefly explain the motivation to define

homotopy colimits and end this section with an example.

Definition 3.2.1. The nerve of a category C is the space N(C), where N(C),, is
the set of n morphisms that can be consecutively composed in C. Therefore an
element o € N(C), is of the form o = (0(0) =5 o(1) % 0(2) ... =% o(n)). The
face maps of the nerve space are defined as
d; : N(C)p — N(C)p—y
(0(0) 2 ... 2% o(n)) — (6(0)...0(i —1) 25 g(i+1)...0(n))

for i # 0 or i # n. dy and d,, are defined by omitting a; or «,, respectively. The

degeneracy maps are defined by
si: N(C),, — N(C)pq
(0(0) 25 ... 2% 5(n)) = (0(0) ... 0(i) D o(i) ... o(n)).

Definition 3.2.2. Let F' : ' — Sp be a functor. The simplicial replacement

of F' is the simplicial space
(LL.7). = F(a(0)).
UGN(C)n

Hence, an element of (][, '), can be represented by (x,c) where o € N(C'),, and
x € F(0(0)). The horizontal face and degeneracy maps of [ [ F are given by

di (I1,7), — (LL.F).,
(F(ay)z,doo)  for i =0,
(x,d;o) for i #0

(z,0) —
and s;(x,0) = (z, s;0) for each 1.

Now we give the definition of homotopy colimits.

Definition 3.2.3. Let F' : C' — Sp be a functor. The homotopy colimit of F
is the space
hocglsz = dzag(H*F).
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We note that for a functor F' : C' — Sp, an element of (hocolimcF), is of
the form (z,0) where 0 € N(C),, and x € F(0(0)),. Moreover, if F' is a functor
from C' to GSp, then hocolimcF is a left G-space with the action defined by

g(x,0) = (92, 0).

Now, we briefly talk about the motivation of this construction. Thus, lets

consider the following example.

Example 3.2.4. For an ordered simplicial complex m, dm is the ordered sim-
plicial complex with the same vertices of m and all simplices of m except
{0,1,2,...,m}. We define the space dA[m] as

(0Am]),, = Morosc(n, dm)
and n* is defined as in 2.2.10 for a morphism 7 in A.

Consider the category

a—=b
CI 'yl
c
and the following two functors:
a—=b OA[m] —— A[m]
F: 'yj — jl
¢ Alm]

2.}

a
F/Z'yj — l
C

and where both morphisms are mapped to the trivial morphism. By the definition
of a push-out, the colimit of the functor F' is the push-out (See [5]). Hence,
even though |F(a)| ~ [F'(a)], |[F(b)| ~ [F'(b)|, |F(c)| ~ [F'(c)| naturally, the
geometric realization of the colimit of the functor F' is not weakly equivalent to

the geometric realization of the colimit of the functor F’, because the colimit of
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the functor F' is 9A[m + 1], while the colimit of the functor F” is A[0]. Therefore
the usual colimit is not homotopy invariant. However, homotopy colimits do not

have this problem.

Theorem 3.2.5. Let F,F' : C — Sp be two functors. If for each ¢ € C,
|F'(c)| ~ |F'(c)| naturally, then ]hocglimF] o~ \hocglimF’].

Proof. See [3, Remark 4.14]. O

Example 3.2.6. For a space X, if we consider the constant functor

F:C— Sp

c— X
such that F(«) = id for each morphism « in C, then
hocglimF >~ X x N(C).
To show this we define a simplicial map

U (hacglimF)n — X, Xx N(O),,
(z,0) = (z,0)
for x € F(0(0)), = X, and 0 € N(C),. This map is a simplicial map since for

each morphism « in C, F(a) = id and moreover, this simplicial map is clearly

one-to-one and onto for each degree n. Hence, by 2.2.12, hacglimF >~ X x N(C).

3.3 Classifying Spaces

In this section we first state the definition of a classifying space of a group G for
a family of subgroups F and present a particular model for this classifying space.
Then, using a special case of Thomason’s Theorem, we show that this space can

be seen as the homotopy colimit of a certain functor (See [4]).
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We then introduce the construction X xg ExG for a right G-space X. The
main theorem of this section states that X x4 E#G can also be considered as the

homotopy colimit of a functor.

We finish this section with an application of this theorem.

Definition 3.3.1. For a group G, a family of subgroups F is a set of subgroups
of GG satisfying

(i) If H € F and g € G, then g 'Hg € F, and
(ii) if H € F and K < H, then K € F.

Definition 3.3.2. Let G be a group and F be a collection of subgroups of G. A
classifying space for the family F is a G-topological space ExG such that (ExG)*
is contractible for H € F and (ExG)" is empty if H ¢ F.

The concept of a classifying space can be extended to the category of simplicial

sets.

Definition 3.3.3. For a group G and a collection of subgroups F, a simplicial
classifying space for F is a G-space of which geometric realization is a classifying
space for F. We also denote simplicial classifying space of a group G for a family
of subgroups F by ExG.

We now give a category construction of a simplicial classifying space for a

collection of subgroups F of a group G.

Definition 3.3.4. Let C' be a category and F': ' — Sets be a functor. The
Grothendieck construction of I over C' is the category whose objects are pairs
(¢, x) with ¢ € 0bj(C) and = € F(c) and whose morphisms from (¢, z) to (e,y)

are morphisms « : ¢ — e in C' such that

F(a)(z) =y.
We denote this category by [ F.
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Remark 3.3.5. For a functor F' : C' — GSets, the fc F has a G-action on the
objects defined by g(c,z) = (¢, gx). Therefore, N( [, F) is a left G-space with
the action defined by

gl(co,zo) 2 ... 2% (cn, )] = [(co, gz0) = ... 25 (cp, g)].
We note that «; is a morphism from (¢;_1, gx;—1) to (c;, gz;) since

Flai)(gzi—1) = gF (i) (i-1) = g

Definition 3.3.6. For a finite group G and a family of subgroups F of G, the
orbit category OxG of G for F is the full subcategory of Og generated by the
transitive G-sets G/H for H € F.

Remark 3.3.7. We define the functor

T : OrG — GSets
G/H — G/H
where the image of 7 is considered as a discrete G-space. Similarly for a morphism

Z(f) = f is considered as a simplicial map.

Theorem 3.3.8. Let G be a group and F be a family of subgroups of G. Then
G-space N(fOFG 7) (see 8.3.5) is a simplicial classifying space of G for F.

We note that this is a known model for the classifying space for a family of

subgroups F. For a proof reader may see [2, Proposition 2.9].

Remark 3.3.9. We take N([, Z) as model for ExG.

For a functor F' : C' — GSp, hocolimcF is a G-space with the action

g(x,0) = (92, 0).

Also, note that GSets can be considered as a subcategory of GSp regarding

each G-set as a discrete space.

Theorem 3.3.10. If F': C — GSets s a functor, then hocolimcF' is simpli-
cially isomorphic to N(fc F). Moreover, these two left G-spaces are isomorphic
in the category GSp (See [4, Theorem 1.2]).
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Proof. We prove this theorem by defining a G-simplicial map and its inverse from
hocolimcF to N ([, F).

An element of (hocolim¢F),, is represented by (z,0) where o € N(C),, and
x € F(a(0))m.

An element 7 of N(f, F)m is of the form

Qm

(co, ) =5 (c1, Flay)z) 22 (ca, Fagan)z) =2 ... 2% (co, Fa, . . . agay))

where the ¢; are objects of C' and «; are morphisms in C' with z € F(cg). With

this setup we define

U : (hocolimc F),,, — N(/ F)n
c

aq am

(x,0)— (0(0),2) = ... = (a(m), F(, . .. agap)x)
where 0 € N(O),, is the nerve element o(0) =5 (1) 22 ... 2 o(m).
Let (z,0) € hocolimcF. We show that v is a simplicial map using face and

degeneracy maps. Since F': C — GSets, F'(0(0)) is a discrete space for each

o, i.e., vertical face and degeneracy maps of [ [, are all identity. Now, for dj

wmfldo(x, U) = ¢m—1(F(a1)$> dOU)

= (o(1), F(an)r) = ... 2% ((o(m), Fay, . .. o) 1)).

On the other hand,

[ W
SNy
=
s
8
2

I

o9
ong
)
=
2

12

IE
)
=
=

S
3
2
g

For d,,,

¢mf1dm($, U) = wmfl(xy dma)

= (0(0),2) 2 ... amly (c(m—1), Flam-1...a1)x)
and

(Y (2, 0)) = dn ((0(0), 2) 55 ... 22 (o (m), Flapm ... a1)z))

= (0(0),2) 2 ... == (o(m — 1), F(ap—y ... 01)T).
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Now let 0 < i < m,

Also,
di(Ym(z,0)) = d;i((0(0),2) =5 ... 2 (a(m), F(am . .. apaq)x))
and this is equal to
(0(0),2) 2 .. (o(i—1), Flai_y ... a1)x) =25 (0(i + 1), Foipr ... aq)z) . ..
2 (o(m), Fag, . .. a1)z).

Now, for any 1,

Vg 15:(1,0) = Yy (1, 8;0) = (0(0),2) = ...

(o(D), Flay...a))x) S (0(i), Fla;...oq)) ...
2 (o(m), Fa, ... ap)x).
Also,
si(m(z,0)) = 5;((0(0),2) =5 ... 2% (o(m), Fam . .. asay)x))

and this is equal to

(0(0),2) 25 ... (0(i), F(ay...a1)x) S (0(i), F(ay ... a1)x) ...

Therefore 1) is a simplicial map.

Now, again for (z,0) € (hocolimcF),y,

U(g(x,0)) = ¥(gz,0) = (0(0),92) =5 ... 2 (0(n), F(oum...c0a1 ) g).

We recall that F' is a functor to GSets so each F(«;) is a G-simplicial map, i.e.,

«

U(g(z,0)) = (0(0), gz) =5 (0(1), gF (o)) EENN (o(n), gF (apm...c0aq)x)
= 977/}(1:70-)'
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Thus, v is a G-simplicial map.
Now we define the inverse map of v, for each m.
Om - N(/c F)y, — (hocglimF)m
(co,z) 25 .2 (e, Fam ... an)z) = (2,00 2 0 22 0 2% o).
Let (z,0) € (hocolimeF),, with o :=[cg 2% ¢; 25 ... 2™ ¢,].

oY(z,0) = d(z, (0(0),2) 25 ... 2 (6(n), F(aum, . .. 1)) = (z,0).

a2 Qam

Now let 7 := [(co,7) =5 (c1, F(an)z) =2 ... 2 (¢, F(auy ... a1)x)] be an
element of N ([, F)pm.

qu(T) = 77D(x700 ﬂ) oz_m> Cm)

= (co,7) 25 (c1, Fla)z) 22 ... 2 (e, Flag ... a1)z) = T

Hence, ¢,, is the inverse of v, for each m. By 2.2.12, to finish the proof we only
need to show that ¢,, are G-maps. Instead of showing that directly we use the

fact that ¢,, is the inverse of v, and v, is a G-map. Hence, for an element 7 of
N(Je Fm

9Pm(7) = OV (gOm(7)) = G (gm(dm(7))) = Pm(g7).
O

Corollary 3.3.11. For a group G and family of subgroups F, the space ho(golGimZ
f

1s @ model of classifying space for F.

Proof. By 3.3.10, ExG = N(fO;G T) = hocolimZ. O

007G

For a right G-space X and a left G-space Y, X X5 Y is defined as (X xY)/G
where G acts diagonally on X x Y:

g(z,y) = (zg7", gy).
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Also, for a right G-space X, we define the functor

X_: OrG—GSp

G/H+——X/H

'\/l le»—mwK

G/K+— X/K

where 7 is the G-map with 7(H) = vK We note that X_ (%) is well-defined
because if tH = yH there is an element h € H such that xh = y. Also, we recall
that y“1hy € K by 2.3.12. Then, 2vK = yyK in X/K since

K = 2y(y hy) K = yyK.

Definition 3.3.12. For a group G and a right G-space X, we define generalized
homotopy orbit space denoted by X} ¢ as

Xh]:G =X Xa E]:G
Theorem 3.3.13. For a right G-space X and a family of subgroups F,

hocolimX_ = X xq ErG = Xj,.q-
OrG

Proof. We define the simplicial map
Y : hocolimX_ — X xq ExG
0rG
(xHo, O') — [.’17, (G/Ho, Ho) a_1> . % (G/Hn, [0 750N O{l(Ho))]

where 0 = [G/Hy = G/Hy, <% ... ™% G/H,] and xHy € X/H.

To show this map is well-defined, let xHy = yHy. Then, xh = y for some
h € Hy.

¢("L‘H0v O) -

r,(G/Hy, Hy) =5 ... 2% (G/H,, o . ..y (Hy))]

x,(G/Hy,h  Ho) 25 ... 2% (G/H,, h ey, . .. oq(Hp))]

wh, (G/Hy, Hy) 25 ... 2% (G/H,, v . .. o (Hp))]

y, (G/Hy, Hy) a4 (G/Hp, ... a1(Hp))] = ¥(yHo, 0).

— o o
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by the quotient relation on X xXg ExG.

Now, let
[z, (G/Hy, goHo) =5 ... 2% (G/Hy, gnHy)] € (X xg ExG),.
Then,
U(zgoHo, G/Hy = ... = G/H,) = [zg0, (G/Ho, Hy) = ... (G/Hy, gy " gnHoy)]
= [2,(G/Ho, goHo) = ... (G/Hy, 9. 11,)].
since ;... a1 (Ho) = gy 'g:H;. Hence, 9 is onto.

Also, if ¢(zHy,0) = ¥ (yHy,0'), then
(zg~", (G/Ho, gHo) = ... = (G/Hy, gay, ... (Ho))) (v, (G/Hg, Hy) —

— (G/H,, ap, .- (Hy))).

o)

This implies

o)

(G/Hy, gHo) =5 ... 2% (G/H,p, go, - . . (HO)) (G/Hg,H’)

i.e., for each i, H; = H!, oy = o and g € Hy. Since g € Hy and xg~! = y,

xHy = yHy. Therefore v is one-to-one.

Now, we show v is a simplicial map by considering face and degeneracy maps.
Letting o := [G/Hy % G/H, =2 ... 2 G/H,] € N(OxG) and ay(Hy) = vH;
Wdo(xHo, 0) =tp(do(x)yH1, G/Hy =% G/Hy = ... =% G/Hn)
=[do(z)y (G/HlaHl) (G/Hz,OQ(Hl))

= (G/Hy, ... az(H,))]
=[do(), (G/Hi,vHy) =5 (G Hy, az(yHy)) =
(

2 (G/Hp, . . ca(yHY))].
On the other hand,

doyp(xHy,0) =do[z, (G/Ho, Ho) = (G/Hy, on(Hp)) =
Any (G/Hn,an...al(HO))]
=[do(x), (G/Hy,yHy) = (G/Ha, co(yHy) =
2 (G Hy, o ... cn(yHL))).
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Also, for 0 <7 < n,

(677 +1a

Vdi(xHy, o) =(di(x)Hy, G/Hy =5 ... G/H;_,
:[dl(l‘), (G/H(), HQ) e (G/Hi_l, Qi1 ... O[l(HQ))
(G/Hi+17 (07T RPN Oél(Ho)) N (G/Hn, Qp ... Oél(Ho))]

G/Hz+1 a—n) G/Hn)

Qi1

and
dip(xHo, 0) =d;[x, (G/Ho Hy) = (G/Hy, a0 (Hp)) =
- (G/Hp, o ... 1 (Hp))]
=[d;(z),(G/Hy, Hy) ... (G/H;_1, i1 ...ca1(Hp))
(G/Hiv1, i1 -..0q(Hy)) .. .(G/Hy, v ... 1 (Hyp))l.

Q10

Finally, consider d,,:

Ydy(xHy, 0) =(d, (x)Hy, G/Hy & G/Hy 22 ... 2L G/Hn,l)
=[dn(2), (G/Ho, Ho) = (G/Hy, an(Ho)) =
=5 (G Hy, 0y - on (Ho))
and
dpip(zHy, 0) =d,[z, (G/Ho Ho) = (G/Hy, a1 (Hy)) =
— (G/Hp, . .. a1 (Hp))]

=[dn (), (G/Ho, Ho) — = (G/Hb@l(Ho))

=5 (G/Hyr, 01 - on (Ho))).

We now consider degeneracy maps. For any 0 <1 < n,

Wsi(wHy, o) =(si(x)Ho, G/Hy 25 ... G/H; S G/H; ... 2 G/H,)
id

=[s:(2), (G/Ho, Hy) ... (G/H;, ;... on (Hp)) 2%
(G/H;,qi...c1(Ho)) ... (G/Hn, ... 00 (Hp))]
where
si(xHo, o) =s;[x, (G/Ho Hy) = (G/Hy, o (Hp)) =
o (G Hy, ... a1 (Hp))]
=[s:(x), (G/Hy, Hy) ... (G/H;, 0 . ..oy (Hp)) 25
(G/Hi, 0 ... 01(Hy)) ... (G/Hyp, . .. o (Ho))).
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Hence, v is a simplicial map and by 2.2.12

hocolimX_ = X xq¢ ErG = Xj.q-
OrG

For a group G, EG denotes ;G where {1} denotes the family of subgroups

which contains only the trivial subgroup.

The G can be considered as a category, written G with only one object * and
Morg(*,x) ={g | g € G}.
Moreover, a right G-space X can be considered as a functor,

X :G? — Sp

x = X
and for a morphism g € G,

X(g): X — X

T — xg.
Corollary 3.3.14. For a right G-space X,

hogolimX ~ X xqg EG.

Proof. We note that O G = G?. Also, X_ from Oy,G is equal to X. Now,
for F = {1}, by 3.3.13 we obtain

hocolimagX =2 X xq FG.
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Chapter 4

A Theorem on Function

Complexes

For two spaces X and Y, we can introduce a simplicial set structure to the
simplicial maps from X to Y. We denote this function complex by map(X,Y). In
the first section, we give the definition of the function complex from X to Y. We
also introduce homotopy limit holimcF of a contravariant functor F' : C' — Sp

in this section.

In the second section, we state that a function complex from homotopy colimit
of a covariant functor F' to a space X can be decomposed as the homotopy limit
of a particular functor. Giving a direct proof to Theorem 4.2.1 is the main goal

of this chapter.

4.1 Function Complexes and Homotopy Limits

Definition 4.1.1. For two simplicial sets X and Y we define the function complex

map(X,Y) as the simplicial set
map(X,Y )m = Morsp(X x Alm],Y)
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and for v :nm — min A,
v imap(X,Y)m — map(X,Y),
f= ()@ n) = f(z,vn).

Note that for a simplicial map f: X x Ajm| — Y, v*f: X x Aln] — Y isa

simplicial map.

For further information on function complexes, the reader may check [7].

Definition 4.1.2. Let F,F’ : C' — Sp be two contravariant functors. The
natural space from F to F', denoted by Nat(F, F'), is defined as the subspace

Nat(F, F") C H map(F(c), F'(c))
c€obj(C)

of elements (fc)eec € [[.cc map(F(c), F'(c)) such that (f.)eec € Nat(F, F') if

and only if for every morphism o € Morea(c, e) the following diagram commutes:

F(e) x Alm] Je F'(e)
F(a)xidk F'(a)
F(c) x A[m)] Je F'(¢)

We note that Nat(F, F’) for covariant functors can be defined similarly.

We write (f.) for an element (f.)cec € [[.cc map(F(c), F'(c)). Also, we refer
an element (f.) € Nat(F, F') as natural.

Now, we should show that Nat(F, F"’) is actually a space. For that, we show
for any element (f.) € Nat(F, F’) and for any morphism v in A, v*(f.) is again

natural.

For any morphism v € A, we consider F'(a)(v*f.)(x,n) where a : ¢ — e is a
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morphism in C, z € F'(e) and n € A[m]. Then, since (f.) is natural

F/<a)(y*f€)<x>77) = F/(O‘)fe(xa V77)
= [e(F(a) x id)(z,vn) = [(F(a)z,vn)
= (v fo)(F(a) x id)(z,n).

Thus, v*(f.) is natural for (f.) € Nat(F, F’).

Definition 4.1.3. For a category C' and an object ¢ € obj(C'), the under-category
c } C of c is the category whose objects are the morphisms o : ¢ — e in C' and
morphisms from a : ¢ = e to o : ¢ — €’ are the morphism 5 : e — ¢’ in C such

that the following diagram commutes.

eﬁﬁ“el
C

Definition 4.1.4. For a category C' we define contravariant functor

N:C— Sp
c— N(clC).
For an element
al a9 [0%:3 Qn
Co C1 Co Cn
T = WOT ’YlT ’Y2T ’YnT EN(CiC)

aq a2 a3 Qn

Co 1 Ca Cn
M( )( ): Yoo 1o 20 no GN( J,C)
B A B A § b

Co C1 Cn
T = \ T’Yl
Yo Tn
&



Definition 4.1.5. For a contravariant functor F' : C' — Sp, the homotopy limit
of F'is defined as the space

hoéz‘mF = Nat(N, F).

For a covariant functor F' : C' — Sp and a space X, the functor denoted by
map(F, X) is defined as

map(F, X): C Sp

¢~ map(F(c), X)
o Tfo(F(a)xm)
e ——map(F(e), X).

4.2 A Proof of the Theorem on Function Com-

plexes

The main goal of this section is to prove Theorem 4.2.1. To prove this theorem
we define a simplicial map v from map(hocolimcF, X) to holime(map(F, X)).
Then, we show that for each m € N, 1, is one-to-one and onto by introducing

an inverse map ¢,, for each ,,.

Theorem 4.2.1. For a covariant functor F : C — Sp and a space X,
map(hocglimF, X) = hoéz'm(map(F, X))
as simplicial sets.
This isomorphism is known in homotopy theory and for a statement reader may

see [1, Theorem XII.4.1]. In this thesis, we introduce a proof for this isomorphism

explicitly writing simplicial maps between these two spaces.

To prove this theorem, we introduce some notations and prove an auxiliary
Lemma 4.2.4.
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For an element

aq a2 Qn
Co &1 Cn
— N(cl|l C
T "NT% Tn < (i )’
c

T denotes the element
T=lco B3, ] eNQC).

Also, for 0 =[cg ¢ =2 ... 25 ¢,] € N(O), let

aq (e} Qan,

Co C1 .o Cn
o= XT&% GN(Coio).
Co

Remark 4.2.2. The following properties can be shown by direct calculation. For
oc=c e ... e, € NO), 5 =0 andif i #0 then d;(5) = d;(c). Also,
do(5) = N(ou)(dpo) and for all 4, 5;(5) = s;(0).

Moreover, for

aq aQ Qn
Co C1 . Cn

T = ;\Tm/f € N(clC)

—_~— P

N(v)(7) = 7 and for all i, d;(7) = d;(7). Similarly s;(7) = s;(7).

Let F': C — Sp be a functor. For 0 = [cyg 2% ... % ¢,] € N(C) and 7 a

morphism in A, we define
o(1") - F(0(0)) — F(n*o(0))
using d’ and s* by

U(si*)x = x for each 0 < i < n,
S(d)x=xif i #0, and
o(d" )z = F(oy)z.
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Remark 4.2.3. For a functor F' : C' — Sp and a space X, we recall that if
(f.) € Nat(N,map(F, X)), then for 0 € N(C),, and 1 a morphism in A,

(fo)n(a,n) - F(a(0)) x Aln] — X
is a simplicial map.

Lemma 4.2.4. If F : C — Sp is a functor and X 1is a space, then for
g€ N(C), and x € F(o(0)),

(frro©) )n (5o, M (o ()2, 1) = (fo(0))n (17T, n)i(z, 11).

Proof. We prove this lemma by considering two different cases. In the first case,

i does not contain any d° in its decomposition into d’ and s'. Then,

(furo @ )n(1* o, M (o ()2, 1) = (fo(0))n(1T, k(T 1)

Now, let z = d° as the second case. Then,

(fM*U(O))n(:u*Ua n)k(a (,u*)x, :U) - (fa(l))n(m7 n)k(F(Oél):Ea M)

and by naturality of (f.)

(fo)n(do(o), )i(F (o), 1) = (for))n(N(o1)do(0), )iz, 1)
= (fo(0))n(doa, n)i(x, p1).

Since each morphism in A decomposes in terms of d* and s’ this completes the

proof. O]

Proof of Theorem 4.2.1. Recall that hocolime F' = diag(][,F) = |[[,F| by 3.1.3.

Therefore, the homotopy colimit is the space
(hocolimF),, = <]_[ ( 1T F(U(O))k> X A[n]k) / N
¢ n>0 N GeN(C)n

with the quotient relations we defined in 3.1.1. Thus, an element of hocolimgF
can be represented by [(z,0),n], where for some n,k € N, o € N(C),,
xz € F(o(0))r and n € Aln)y.
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Now we define
¥ = map(hocolimF', X) — holim(map(F., X))
fe=(@f)e
where (f), is the map
(¥f)e : N(c L C) x Alm] — map(F(c), X)

such that for

Co C1 e Cn
T= :\ Tw - € N(clC)
C

and n € Alml,, (¥ f.)n(7,n) is defined as the map
(wfc)n(T7 n)k : F<C)k X A[n]k — Xk
(@, 1) = F([F (o), 7, ], npe)-

We first show that this map is well-defined and for that we show that for any
f € map(hocolimcF', X ), we have ¢ f. € Nat(N, map(F,X)). Let f be an ele-
ment of map(hocolimcF', X) and let v be a morphism in A.
wa(V*(Tv 77))(56’7 ,u) = wa(V*T7 77”) (xa :u)
= FU(F(vo)a, vor), ], mvps)

where

In addition:

v fe(m,n)(z, 1) = b fe(m,m)(z, v
= f([(F(y)z,7), vu],nvp)
= f([v"(F(o)z,7), 1l nvp)
= F(((F(y)w, v*7), pl, qvpe).
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Hence, ¢ f. : N(c | C) x Alm]| — map(F(c), X) is a simplicial map. Moreover,
Vf(m,m) : F(c)xA[n] — X is a simplicial map for each (7,7) € N(c | C)xA[m]

(¢fc)n(77 n)k(y*(xv M)) = d}fc(Ta U)(V*Ia :L”/)
= J([(F(o)v*z,7), pv], nuv)
= fl/*([(F(’yO)l‘, 7_)7 M]? 77”)
= V" f([(F(y0)@, 7), u], nps)
and

vV F([(F (yo), 7)), p), ) = v (3 fe)n (T, 01 (0, 1)

Now we show 1 f. is natural. Let a: ¢ — e in C'. We have the following diagram:

N(el C) x Alm] vie map(F(e), X)
N(a) x idk a
N(cl] C) x A[m)] Ve map(F(c), X)

Here & denotes map(F, X)(«) and

(afn(rm) (@0) = @L)u(m e Fla), o)
Also,
(¢fe)n(77 n)k(F<a)I7 :U’) = f([F(’}/OOé)I, 7:7 ﬂ]v 77#)7

and

(W fe)n((Na) < id) (7, n)r(2, 1) = (Y fe)n(N() T, )k (2, 1)
(v

This shows that ¢ f. € Nat(N, map(F, X)). Hence, we have a well-defined map
¥ : map(hocolimcF, X)) — holimc(map(F, X)). Now we show the map ¢ is a
simplicial map. This is a consequence of the fact that pre-composition commutes

with post-composition.
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Let f be an element of map(hocolimcF, X) and v : m — 1 in A. Then,
V(W e(r,n)(@, 1) = v* f([F(vo)z, 7, u),np) = f([F(v)z, T, ul, vnp).

AlSO; V*¢<f)c(7'7 77)(557 :u’) = 1/}<f>0<7—7 VT]) (.T, M) = f(F(’Yo)l’, 7:7 ,LL], WW) This shows
that 1 is a simplicial map.

Now, we define the map
Om hoéjm(map(F,X)) — map(hocglimF,X)
where
Om(fe) : hocglimF x Alm] — X

is a simplicial map such that

¢m(fc)k([('r7 0)7 77]7 ,LL) = (fn*a(O))k(n*_O-a M)k(a(n*)xv Zd)
Note that we omit m from the notation of ¢,, after this point. We show that
o(fe) is well-defined, i.e., ¢(f.) € map(hocolimcF, X).

For a morphism, v in A

o(fe)i([(z, 0), vl p) = (fe)r([(z, o), vn], 1)
= (fumy o), ((rn) o, k(s (vn)*a, id)
(n” e (%0, Wi(o(n)o (V) id)
= o(fo)r(lvh(@, o), nl, 1.

Here, v}, denotes the horizontal map of the simplicial replacement of F'. Hence,
this shows that if [(z,0),n] ~ [(2/,0),n] then

Qb(fC)([(xv 0)? 77]7 :u) = ¢(fc)([(l‘/, OJ)? 77,]7 M)‘

Also, if we let (f.) € Nat(N,map(F, X)), then ¢(f.) is a simplicial map: For
a morphism v in A, since f. is a simplicial map for all ¢ and by 4.2.4,
¢(fe) (v ([(2,0), 1], 1) = o(f) (v 2, 0), nv], )
= (freno@ (V07 0, p)i(o (V") (" )v" 2, id)
= (neo@) k(70 1)1 (o (V") (0" )", i)
= (foro@)e (0, wi(vz ("), v).
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Also, since (fyo(0))k(n*0, 1) is a simplicial map,

(foro@) (o, 1)i(c (") z,v) = v (frro))k (70, 1)1 (o(n")2, id)
= v*o(fe)([(z,0),n], ).

At this point the only remaining thing to show is that ¢,, and 1, are
inverse of each other. Then, by 2.2.12, the proof will be completed. Let
f € map(hocolimcF', X ).

o f([(z, 0), 1], 1) = (Do), (770, k(o (") (2), id)

Now, let (f.) € holimc(map(F, X)).

(¢¢fc)n(T7 n)k('ra M) :qﬁf({(F(’Y())JJ, %)7 /L]a U,U)
=Sk (1T )i (7 (1) F (o) 2, id).

By 4.2.4

(Furz )k (=T )i ( (1) F (o), id) = (fr0)) (177 i) (F (o), idD).

Then since 7 = ¢y from the previous notation and f,, is a simplicial map we have

(feo )k (1" a, )i (F(70),id) = (fe )n (0, 1)k (F (0), p1).

Lastly, since (f.) is natural

(feo)n (@, Mk (F(v0)z, id) = (fe),,(N(7v0)7, m)k(x, ) = (fe), (o, Mk (x, 1)

and this completes the proof. O
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Chapter 5

Applications

It is proved by D.A. Ramras [2] that for a topological space X there is a homeo-
morphism
mape(ErG, X) = hgiing_.

In the first section, we give a proof for Theorem 5.1.6 which states that
mapg(ExG, X) and thlrig@X ~ are simplicially isomorphic as simplicial sets. In
spite of the fact that one may consider Theorem 5.1.6 to be a simplicial set version
of 2, Theorem 3.2], we note that our theorem does not claim to be an alternative
proof of the theorem [2, Theorem 3.2]. The proof of this theorem is an application
of 4.2.1.

In the second section, we observe some other applications of Theorem 4.2.1.

5.1 Decomposition of Generalized Homotopy

Fixed Points Space

We begin by giving the background definitions and some auxiliary results that

give a relation between fixed points functor and mapping space functor.
Definition 5.1.1. For a G-space X and a subgroup H < G, we define H-fized
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points space X of X as the subspace of X formed by elements fixed by H, i.e.,

X" ={z e X |hx=uxforal he H}.

Here, we note that for a G-space X and H < G, if z € X! and 7 is a morphism
in A, n*r € X since for h € H

hn*xr =n*hx =n*z.
Hence, X is a subspace.

Definition 5.1.2. For a group G, a family F of subgroups of G and a G-space
X, the fized point functor is defined as

X O;G—>Sp
G/H — X7

On morphisms, given a G-map f : G/H — G/K determined by f(H) = vK for
v € GG, we have

X (f): XF — X7

T Y.
We need to show that X~ (f) is well-defined. By 2.3.12 we know that
v 1Hy < K. For v € XX ~vyx € X since for h € H,
hyx = vy thyx = vko
for some k € K, so hyx = vyx.

Here we want to extend the previous definition of function complexes to the

case where X and Y are G-spaces.

Definition 5.1.3. For two G-spaces X and Y, mapg(X,Y) is defined as
the subspace of the map(X,Y) such that f € mape(X,Y) if and only if

f(gx,n) = gf(x,n) for each g € G.
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Lemma 5.1.4. If X, X' and Y are G-spaces with X = X', then

mapG(X7 Y) = mapG(X/7 Y)

Proof. If X = X' then there are G-simplicial maps ¢ : X — X’ and
¢ : X' — X such that )¢ and ¢ are identity. We define
U mape(X'Y) — mapg(X,Y)
[ fW(),n)

and

¢ mapa(X,Y) — mapa(X',Y)
f = flo(z),m).

These maps are well-defined since 1 and ¢ are G-simplicial maps. Let 1 be a

morphism in A.

Y (f(x, 1) = f(b(x),np) = 0" (f(z, 1)).

Similarly,
n*q;<f(xv :u)) = f(Cb(l“)ﬂ?H) = an*(f@aﬂ))

Therefore, both ¢ and ¢ are simplicial maps. Furthermore,

&&f(xan) = f(¢7v/}($)777) = f(%’?)
and similarly,
U f(x,m) = f(d(x),n) = f(x,n).

Hence,
mapg(X, Y) = mapG(X/7 Y)

]

Definition 5.1.5. For a G-space X, the generalized homotopy fixed points space
X"#C is defined by
X7 = mapa(ErG, X).
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Theorem 5.1.6. For a group G, a family of subgroups F of G and a G-space

X, there is an isomorphism of spaces

X"7% = mapg(ExG, X) = holimX ™.
07G

In [2], D.A. Ramras introduces the definitions of the topological spaces

X% = mapg(ExG, X) and hgling ~ for a topological space X. Then, he shows
F

that these two topological spaces are homeomorphic. Theorem 5.1.6 is motivated

by this homeomorphism.

The rest of this section is devoted to proving Theorem 5.1.6. First, for a

functor F' : C' — GSp, we define the functor
mapg(F,X): C — Sp
¢ — mapg(F(c), X)
and for a: € — ¢ a morphism in C|
mapa(F, X)(a) : mapa(F(c), X) — mapa(F(e), X)
[ f(F(e),n)
for f € mapg(F(c), X).

Theorem 5.1.7. For a G-space X, the two functors X~ and mapg(Z,X) are
naturally isomorphic. (See 3.3.7).

Proof. We first define the natural transformation 7 : X~ = mapg(Z, X). We
note that 7¢ iy € Morsy (X", mape(G/H, X)). We define 7 by

(t¢/u)m(z) : G/H x Alm] — X
(gH,n) = 0" (g)-
(Ta/m)m(x) is well-defined because if gH = ¢'H, then g~'¢’ € H, so for v € X,
(re/m)m(x)(gH, n) =" (997" g'x) = (T6/m)m(x)(g'H,n).
To see that (7¢/m)m(x) is a G-map, fix ¢ € G. Then

(Ta/u)m () (9" (gH ), m) = n* (g g).
50



We recall that X is a G-space, so n* is a G-map of G-sets and

n"(g'9r) = 90" (92) = 9'(r/m)m(x)(9H, 1)
Finally, (7¢/u)m defines a simplicial map, since for v : n — m
(Ta/m)n (V) (gH, n) = n"(gv*z) = n"v*(g2) = (vn)"(97)
and

v (ram)m(@)(gH,n) = (T6/m)m(2)(gH, vn) = (v1)*(92).

To show that 7 is natural, we consider the following diagram for a G-map
f:G/H — G/K that maps H to vK:

TG/K
XK mape(G/K, X)
o
TG/H
xXH mapg(G/H, X)

Here, f denotes mapg(Z, X)(f) and this diagram commutes because

freyx(@)(gH, n) = (ta/x (@) (Z(f)(9H),n) = (ta/x(x))(f(9H),n)
e/ () (9f (H),m) = (1a/x(x)) (97K, 1)

n*(gyz)

and

e X ([)(2)(9H,n) = 7¢/u(vx)(9H, n) = n"(972).

Thus, 7 is a natural transformation.

We construct an inverse to 7. Let p be the natural transformation
(pcym)m = mapa(G/H, X))y —> X1
f f(H,idy).
Here, f(H,idy) is an element of X because for an element h € H,
hf(H,idy) = f(hH,idy) = f(H,idy).
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Moreover, (pg/r) defines a simplicial map because for a morphism 7 : n — m,

(paym)an”(f) =n"f(H,idy) = f(H,n)
= U*f(H7 de)
=n*(pc/u)m(f)-

To show p is natural we consider the following diagram.

PG/ K

mapg(G/K, X)
f
mapg(G/H, X)

RX‘(f)

PG/H

for a G-map f: G/H — G/K sending H to vK. Let £ : G/K x A[m|] — X
be a G-map, so
= 1§(K, idm)
= {(VK, idm).

In addition, we have

peyuf(§) = F(O)(H, idm) = &(f(H), idm) = (VK idm).

Hence, the diagram commutes and p is a natural transformation.

Now we show 7 and p are inverses. Let G/H be an object of OzG and x € X2

then
,Og/HTg/H(Z') = Tg/H<£IZ'>(H, de) = Zd*(l') =X
by the definition of 7.

Now we consider 7¢/ypc/n acting on object f € mapa(G/H, X)m.

ta/upea(f)(9H,m) =" (g9pc/u(f)) =n"(9f(H,id)) = f(gH,n).

Therefore, natural transformations 7 and p are inverses of each other, and X~

and mapg(Z, X) are naturally isomorphic. O
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Now, we investigate if this relation extends to a relationship between homotopy

limits of these functors.

Theorem 5.1.8. Let F, F|, F} : C' — Sp be functors such that F| and Fj are
naturally isomorphic. Then, Nat(F, F)) is simplicially isomorphic to Nat(F, Fy).

Proof. Fix natural isomorphisms 7 : F| = Fj and p : Fj = F] such that 7 and p

are inverses to each other.
First we define ¢ : Nat(F, F]) — Nat(F, F}) such that for (f.) € Nat(F, F)),,
(¥(fe))e « F(d) x Alm] — Fy(c)

(%77) = Tc’f6’<x777)'

Note that ¥(f.) is in Nat(F, F}) since for a morphism « : e — ¢ the following

diagram is commutative.

F(¢) x Alm] Fi(©) Fye)
Fla) x z’dk Fi(a) Fi(a)
Fle) x Alm] —3— Fl(e) — T Fy(e)

Commutativity of the first square follows from (f.) being in Nat(F, F]) and

commutativity of the second square follows from 7 being a natural transformation.

To show v is a simplicial map, we consider ;1 : m — n in A. Then,

(M*w(fc))c’(ajv 77) = ¢(fc)c/<x? /“7) = Tc/fc’(aja /”7)'
Also,
:U’*<w(fc)c’(x7 T])) = M*(Tc’fc’('ra 77)) = Tc’fc’<x7/1fr]>‘

Hence, v is a simplicial map.

Now we define the inverse simplicial map of ¢ for (f.) € Nat(F, F}),, by
(@(fe))e + F () x Alm] — F{()
(ZL‘, 77) = pC’fc’(x’ 77)'
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To show ¢(f.) is natural we consider the following diagram for a morphism

ae—cin C:

() x Afm] — 3 B¢y — " Fy(e)
F(a) x idk Fi(a) Fl(a)
Fle) x Afm] — L Fy(e) — P F(e)

Similar to the argument before, this diagram commutes because (f.) is an

element of Nat(F, F}) and p is a natural transformation.

The last thing we need to show is that ¢ and ) are inverses of each other.
This directly follows from the fact that 7 is the inverse of p. For an element f of
Nat(F, F{)m,

(BU(fe))er(2,m) = pete for(x,n) = fola,mn).
Similarly, for f € Nat(F, F}),

(¢¢(fc))6’(xvn) = Tc’pc’fc’(x7n) = fc’<x777)'

O
Corollary 5.1.9. For the functors X~ and mapg(Z, X) defined as before,
hgi@énX = hgi@gn(mapg(l, X)).
Proof. Follows from 5.1.7 and 5.1.8. O]

The next theorem gives a G-equivariant version of Theorem 4.2.1.

Theorem 5.1.10. For a functor F' : C — GSp and a G-space X, there is a

simplicial isomorphism of simplicial sets

mapg(hocglimF, X)) = holcim(mapG(F, X)).
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Proof. First, we recall that the simplicial set mapg(hocolimcF,X) is a sub-
space of map(hocolimeF, X) and that holimc(mape(F, X)) is a subspace of
holime(map(F, X)). Define

(I mapg(hocglimF, X) — holcim(mapG(F, X))
frd(f)
and
o hoéim(map(;(F, X)) — mapg(hocglimF,X)
(fe) = o(fe).
We use the notation from the proof of 4.2.1.
Now we show if we pick f € mapg(hocolimcF, X ), i.e., f is a G-simplicial

map
f: hocglimF X Alm] — X

then (¢¥f.) € Nat(N, mapa(F, X)):
(W feInlo,mi(gr, 1) = fF([(F(v0)g2,G), ], ).

Since F'(70) is a G-map,

S(U(F(0)gz, ), pl, um) = f(lg(F(v0)x, ), u], pn)-

Also, since f is a G-map

fg(F(vo)w, &), u}, pm) = f(gl(F(v0)z, ), pl, um) = gf ([(F(v0)x, 7)), 1], i)
= 9(¢fa)n(07 U)k(%/i)

Therefore (¢ f.) is a map from N(c | C) x Alm] to mape(F(c), X). Thus, 1 is
well defined.

To show ¢(f.) € mapg(hocolimcF, X),, for (f.) € holimc(mape(F, X)),, all

we need to show is that ¢(f.) is a G-simplicial map at this point.

Let (f.) € holimc(mapa(F, X)), so

o(fe)([(gz.0),m)s 1) = (Fyeo0)k (070, Wi (o(n") g, id).
55



By the definition of ,(n*) stated in proof of 4.2.1, this last expression is equal to

(frro©) k(1 0, 1)k (g, id) or (foro))r(07 0, 1)k (F(cr)gw, id)
and in any case
(frro) (o, 1k(e(n)gz,id) = (frro©)r( 0, Wi(g(e(n")x), id)

since F(ay) is a G-simplicial map.  Since (f.) € holimc(maps(F, X)),
(fyro©)e(n*0, )k is a G-map. Therefore

(frro@)e(m 0, 1)k (9o (n") 2, id) = g(frro) (0, 1)k (o (n")2, id)
= g(b(fc)([(‘r? 0)7 7]]7 :U’)

Hence, ¢(f.) € mapg(hocolimcF, X).

By Proof of 4.2.1, ¢ and ¢ are inverse to each other. Moreover, since 1 is a

simplicial map, v is also a simplicial map. Hence, by 2.2.12

mapg(hocglimF, X)) = hoéim(mapg(F, X)).

Now we prove the main theorem of this section.

Proof of 5.1.6. Let Z be the functor defined as in Chapter 3. By 3.3.10,

hocolimZ = N(/ 7)
07G 0rG

and N(f, Z) = ExG. Hence we conclude
mapg(ExG, X) = mapg(hogolgml, X).
f
Moreover, by 5.1.9 and 5.1.10
mapg(hogglémI, X) = hgi@g@(mapg(z, X)) = hgi@g@X

so we conclude that
mape(ErG, X) = holimX ™~
05G
and this finishes the proof. m
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We note that OxG can be considered as a subcategory of GSets considering

G/H as a discrete G-space. Then, a corollary of Theorem 5.1.10 is as follows.

Corollary 5.1.11. Let X and Y be G-spaces and for a functor F' defined by

F: C—>O]:G
c—G/H.

suppose that X = hocolimcF. Then,

mape(X,Y) = holz’CmYHC.
ce

Proof. Since, X = hocolim¢F', by 5.1.4, we have
mapa(X,Y) = mapg(hocglimF, Y)
and by 5.1.10
mapg(hocglimF, Y) = h(c)éicm(mapg(G/Hc, Y)).
Furthermore, by 5.1.9
hgéicm(mapg(G/Hc, Y)) & holimY He.

ceC

Hence, this completes the proof. O

5.2 Examples

In the Section 5.1, to obtain Result 5.1.6 we use the fact
ErG = hocolim.
[o)%¢

If a G-space X can be constructed as the homotopy colimit of a functor
F :C — GSp, then Theorem 5.1.10 can be applied to the function complex
from the space X to give a similar decomposition. Now, we consider such an

example.
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For the poset category 1 with obj(1) = {0,1} and one non-identity morphism

a:0— 1 and for a group G, we consider the

U: 1——- GSets
0——G/1

al lg{l}i—)lG
1— /G

Since mapg(G/H,Y) =2 Y map(U,Y) is naturally isomorphic to the functor

U: 1—— GSets
0 Y

Oél Tjnclusion
G

1 ——Y".

By 5.1.10 and 5.1.8, we have
map(;(hocglimu, Y) = hollim(map(;(u, Y hollimljl.
Hence, T := hollz'm(map(; (U,Y)) is a subspace of the function complex
map(N(0 ] 1),Y) x map(N(111),Y%)

where {fo, f1} € T,,, if and only if the following diagram commutes:

N(111) % Alm)] Y¢
N(a) l inclusion
N(0 L 1) x Alm]-Z Y.

Moreover, N(0 | 1) = A[1] and N(1 | 1) = A[0]. Hence, we conclude that T'
is the subspace of mapg(A[1],Y) such that f € T if and only if f(1,1) € Y for
each 7.

Let X := ]hocglimw. For a fibrant G-space Y (see [8, Definition 8.2.7])
mapg(X, |Y]) = mapg(]hoc?limF], [Y]) ~ ]mapg(hoc?limF, Y)| =T
by [9, Theorem A.3.2]. Also, if we define the space

T :={f € map(L.[Y]) | f(1) € [Y|“}
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where I denotes the unit interval, then |T'| ~ T by [9, Theorem A.3.2]. Further-
more, T 22 [Y|“ by [10, Theorem 2.2.7]. Hence, we conclude that

mapg(X, |Y|) ~ |Y|G.

As an example of this let G = C5 and let X¢, := |hocglimF02]. We observe
that

Xe, =

2

where the action of the non-trivial element g € C5 on X, is defined as the flip

over the vertical axis:

For a fibrant space Y,

mape(Xe,, |Y|) = Y.

We now consider another example of the applications of Theorem 4.2.1.

Definition 5.2.1. For a left G-space X, the homotopy fixed points of X written
by X"¢ is defined as
X" = mapg(EG, X).

Definition 5.2.2. If X is a G-space, then the homotopy orbit space of X written
XhG is X Xa EG.

For X a right G-space and Y a space, map(X,Y) is a left G-space with the
action defined by

(9f)(x) = f(zg).
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Theorem 5.2.3. For a right G-space X,

map(Xag,Y) = (map(X,Y))".

Proof. By definition, X, = X Xg EG and by 3.3.14
X xXqg EG= hog%imX.

By 4.2.1,
map(h()%ooéimX, ) = h%loign(map(X, Y)).

Hence, by the definition of homotopy limit, h%lggn(map(X,Y)) is the natural
subspace of map(N (x | G%), map(X,Y)). Finally, since N(x | G?) = EG and
the condition of being natural corresponds to the condition to be a G-map with

G-actions on FG and map(X,Y’) this natural subspace is equal to

mapa(EG, map(X,Y)) = (map(X,Y))"“.
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