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OZET

Bu caligmada adi ve kismi diferansiyel denklemler ile diferansiyel denklem
sistemlerinin katsayilar1 veya baslangi¢ kosullari farkli olasilik dagilimlarindan segilerek
denklemler rastgele hale getirilmistir. Rastgele davranislari igcin Gamma, Beta, Normal,
Diizgiin, Laplace gibi siirekli zamanli olasilik dagilimlar1 kullanilarak incelenmistir.
Rastgele hale getirilen bu denklemler literatiirde lineer olmayan denklemlerin ¢éziimiinde
yaygin olarak kullanilan Homotopi Pertiirbasyon Metodu’ndan faydalanilarak ¢oziimler
elde edilmistir.

Elde edilen rastgele diferansiyel denklemlerin olasilik karakteristiklerinden en
yaygin olarak kullanilan beklenen deger, varyans ve giiven araliklari hesaplanarak
bulunan ¢oztimlerin grafikleri MATLAB veya MAPLE paket programlar1 yardimiyla

¢izdirilmistir.

Anahtar Kelimeler: Homotopi Pertiirbasyon metodu, Siirekli Zamanli Olasilik

dagilimlari, Beklenen Deger, Varyans, Giliven Araliklar

Vi



SUMMARY

In this study, the coefficients or initial conditions of the systems of ordinary, partial
and differential equations are chosen from different probability distributions and the
equations are randomized. For their random behavior, they were studied using continuous
time probability distributions such as Gamma, Beta, Normal, Uniform and Laplace These
randomized equations, which are made random, have been obtained by using the
Homotopy Perturbation Methodi which is widely used in the solution of nonlinear
equations in the literatiire.

The most commonly used expected value, variance and confidence intervals were
calculated from the probability characteristics of the obtained random differential
equations obtained and the graphs of the solutions were drawn with the help of MATLAB
or MAPLE package programs.

Keywords: Homotopy Perturbation method, Continuous Time probability

distributions, Expected Value, Variance, Confidence Intervals
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1. GENEL BILGILER

1.1. Giris

Cogu bilimsel problem ve fiziksel olaylar, diferansiyel denklemler seklinde ortaya
cikar. Bunlarin sinirlt bir kismi1 hari¢ problemlerin kesin analitik ¢oziimleri bulunmakta
giicliik ¢ekilir. Bu nedenle, kesin ¢oziimlere makul bir sekilde yaklasan analitik ¢oziimler
elde etmek ve yeni teknikler gelistirmek i¢in ¢esitli girisimlerde bulunulmustur.

Homotopi Pertiirbasyon yontemi, ¢ok c¢esitli dogrusal ve dogrusal olmayan
problemleri ¢ozmek i¢in kullanilan yontemler arasinda en etkili tekniklerden biridir.
Homotopi Pertiirbasyon yonteminin en dikkat ¢ekici 6zelliklerinden biri, makul derecede
dogru bir ¢ozliim elde etmek i¢in genellikle sadece birkag pertiirbasyon teriminin yeterli
olmasidir. Zor problemlerin ¢oziimlerini kolaylastiran homotopi metodu, nonlineer
problemlerin ¢ozlimlerinde ve miihendislik uygulamalarinda kullanilmaktadir.

Homotopi pertiirbasyon metodu (HPM), Ji-Huan He tarafindan 1998 yilinda
kullanilmigtir. Metodu olustururken pertiirbasyon teknigi ile homotopi kavramini
birlestiren He, ¢oziimii zor nonlineer problemleri ¢6ziimii kolay lineer problemlere
dontigtirmistir. 90’1 yillarda ortaya ¢ikan bu yontemler temelde seri ¢oziimlere
dayanirlar. Bazi durumlarda ¢oziimlerin kapali formlarinin elde edilebilmesi ve
¢oztimlerin seri ¢oziimler seklinde olmasi, bu yontemi farkli dallarda galisan bilim
adamlarmin tercih etmesini saglamis ve bir¢ok arastirmaci gesitli problemlere homotopi
pertiirbasyon metodunu uygulamstir.

Pertlirbasyon prosediirii, giiglii dogrusal olmayan diferansiyel denklemi bir
dogrusal diferansiyel denklem sistemine doniistiiren bir gdmme parametresi igerir.
Onerilen prosediiriin etkinligini ve uygunlugunu gdstermek icin birkag drnek géz oniinde

bulundurulur.



1.2 Literatiir Ozeti

Homotopi pertiirbasyon yontemi ile yapilan son g¢alismalar (He, (1999); He,
(2000); He, (2003); He, (2004)a; He, (2004)b; He, (2004)c; He, (2005)a; He, (2005)b;
He, (2006)). Bu yontem bir¢ok yazar tarafindan kullanilmistir (He, (1999); He, (2000);
He, (2003); He, (2004)a; He, (2004)b; He, (2004)c; He, (2005)a; He, (2005)b; He,
(2006); El-Latif, (2005); EI-Shahed, (2005); Feller, (1968); (Jaradat vd.,2018); Kashkari,
B.S. (2014); (Khaniyev vd., 2017)) bilim ve miihendislikte birgok tiirde dogrusal olmayan
problemi ¢6zmek i¢in basariyla uygulanmistir.

Son yillarda rastgele diferansiyel denklemler ile ilgili yapilan ¢alismalar; Merdan
ve Khaniyev tarafindan 2008 yilinda yapilan ¢aligmada Kus Gribi hastaliginin yayilimi
i¢in rastgele bir model kullanilmaktadir (Merdan ve Khaniyev, 2008). Bekiryazici vd.
tarafindan 2016 yilinda yapilan bir calismada Dang Hummas1 hastaliginin yayilimi i¢in
bir rastgele diferansiyel denklem sistemi kullanilmaktadir (Bekiryazici vd., 2016).
Bekiryazici vd. tarafindan 2017 yilinda bir ¢aligmada Sitma hastaliginin yayilimi rastgele
ve stokastik diferansiyel denklem sistemleri ile incelenmektedir (Bekiryazici vd., 2017).
Bekiryazici vd. tarafindan 2018 yilinda yapilan bir ¢alismada Cocuk Felci hastaliginin
yayilimt i¢in bir rastgele diferansiyel denklem sistemi kullanilmaktadir (Bekiryazici vd.,
2018). Merdan vd. tarafindan 2018 yilinda yapilan bir calismada Ebola hastaliginin
rastgele yayilimina ait yaklasik karakteristikler {izerine bir inceleme yapilmaktadir
(Merdan vd., 2018).

Merdan vd. tarafindan 2017 yilinda yapilan bir ¢alismada Hepatit C hastaliginin
yayiliminin rastgele davranislari ile ilgili bir inceleme yapilmaktadir (Merdan vd., 2017).
Bu calisma literatiirdeki rastgele modelleme ¢alismalarini kaynak alarak El, ayak, agiz
hastalig: ile ilgili bir inceleme igermektedir. Bekiryazict vd. tarafindan 2022 yilinda
yapilan bir ¢caligmada Zika viriisiiniin yayilimi i¢in rastgele bir model kullanilmaktadir
(Bekiryazici vd., 2022). Merdan vd. tarafindan 2023 yilinda yapilan ¢alismada rastgele
Lane-Emden kompleks diferansiyel denklemler diferansiyel donisiim yontemi ile
coziilerek ¢ozlim davraniglari ele alinmaktadir. Merdan ve Atasoy tarafindan 2023 yilinda
yapilan ¢aligmada Residual kuvvet serisi metodu ile kesirli mertebeden adi diferansiyel
denklemlerin ¢6ziimleri incelenmektedir (Merdan ve Atasoy, 2023).

Bu calisma literatiirdeki rastgele modelleme galigmalarini kaynak alarak, kesirli
mertebeden adi ve kismi diferansiyel denklemler ile diferansiyel denklem sistemleri
rastgele etkiler altinda incelenmesi i¢in normal, diizgiin, beta, gamma, Laplace ve {istel
dagilimlarina sahip rastgele etki terimleri kullanilarak rastgele hale doniistiiriilen

denklemlerin yaklasik analitik ¢6ziimlerinin incelendigi HPM ve LD-HPM(Sing ve
2



Kumar,2012;Noufe vd.,2023;Nuntadilok, 2021;Narmatha vd.,2021) yontemi ile elde

edilerek ve rastgele davranislar analiz edilecektir.



2. TEMEL TANIMLAR

2.1 Tammm: (Gama Fonksiyonu)

vn > 0 i¢in tanimlanan
I'(n) = fooo x"le *dx (2.1)
fonksiyonu Gamma fonksiyonudur. I'(n) = (n — 1)I'(n — 1) olarak bulunur. n € Z ise
rm)=n-1)n-2)..r1)
rl) = foooe‘xdx =1ve
I'(n) = (n — 1)! olarak elde edilir.

2.2 Tanmim: (Beta Fonksiyonu)

u, v € Colmak iizere iki degiskenli B (u, v) Beta fonksiyonu

rw)r)
I'(u+v)

B(u,v) = (2.2)

seklinde tanimlanir (Weilbeer, 2005).

2.3 Tamim: (Caputo Kesirli Tiirev)
n—-1<a<n,neN,x>0,f€C’ olmak iizere f fonksiyonunun a.
mertebeden

a > 0 Caputo kesirli tiirev tanimu,

1
'n—a)

f;(t —D)Vel M (Dd,n—1<a<n

DEf(E) = ((P~DMf (1) = (2.3)

dn
S Mn=a

seklinde tanimlanir(Caputo,1967).

2.4 Tammm: (Riemann-Liouville Kesirli Tiirevi)
a€R*,teN ve n—1<a<n olmak iizere f fonksiyonunun a mertebeli

Riemann Liouville kesirli tiirevi,

d

RDEf() = (£) RDwnf (o) (2.4)

seklinde tanimlanir. Ayrica,



aDEf(®) = GD (Gl (1))

{dn 1 t
I— —_— — n—-a— n _
:4dtnlr(n—a).l;(t 7) lf (Ddr|,n—-1<a<n
dn
| paio ea

seklinde yazilabilir (Podlubny,1999).



3. MODIFIiYE (DEGISTIRILMiS) HOMOTOPi PERTURBASYON
YONTEMI

Analitik yaklasik bir ¢6ziimii saglayan homotopi pertiirbasyon yontemi, cesitli
dogrusal olmayan problemlere (Sing ve Kumar,2012; Kashkheri,2014; Narmatha
vd.,2021; Nuntadilok,2021; Noufe vd.,2023) uygulanir. Bu bdlimde, homotopi
pertiirbasyonun yeni modifikasyonunun algoritma ydntemini sunuyoruz. Yeni
modifikasyonun temel fikirlerini géstermek i¢in asagidaki dogrusal olmayan kesirli
diferansiyel denklemi ele aliyoruz.

D&u(t) + L(u(@®) + N(u@®) =), t>0, m—1<a<m, (3.1)
Burada L, a dan kiigiik mertebeden diger kesirli tiirevleri igerebilen lineer bir
operatordiir. N dogrusal olmayan bir operatordiir, @ dan kiiciik mertebeden diger kesirli
tirevleri de icerebilir, £ bilinen bir analitik fonksiyondur ve D baslangi¢ kosullarina

tabi olarak a mertebesinin Caputo kesirli tiirevi,

uk(0)=¢,, k=01.2,...,m—1 (3.2)
Homotopi teknigi géz dniine alindiginda, asagidaki homotopiyi olusturabiliriz:

u™ + L(w) — f(t) = p[u(m) —N(u) — Df‘] , p €[0,1] (3.3)
veya

u™ — £(t) = p[u®™ — L(w) - N(w) - D¥] , p €[0,1] (3.4)

Homotopi parametresi p her zaman sifirdan bire degisir. p = 0 durumunda, denklem (3.3)

dogrusal denklem haline gelir.

T L) = £ (1) (35)

atm
ve (3.4) dogrusallastirilmis denklem haline gelir.

dm

= (3.6)

atm
ve p = 1 oldugunda (3.3) veya (3.4) orijinal kesirli diferansiyel denklem (3.1) olarak
ortaya ¢ikar. Temel varsayim denklemin ¢6ziimi budur. (3.3) veya (3.4) denklemleri p
de bir kuvvet serisi olarak yazilabilir.

U =ug+ puy +pluy + pdug + - (3.7)
(3.7) ifadesini (3.3) veya (3.4) de yerine yazarsak ve p terimlerinin 6zdes kuvvetleriyle

esitleyerek, formun bir dizi dogrusal denklemini elde edebiliriz.
0. d™uo

P om + Lo(uo) = f(0), u(0) = ci



m m
d™u, d™u,

Pl T Ly(ug,uy) = am No(uo) — Dfuy,  u(0) =0
dmuZ dmul
P dt™m + Ly (ug, ug, up) = dem Ny (ug,uy) — D¥uy, uk(0) =0
5 dMug _d™y, a k —
P gm T L3 (uo, uy, up, u3) = am N (o, uy, uz) — Dfu, , u™(0) =0 (3.8)

veya sadelestirme yapilirsa

d™u
R (C IR Ot
dmu1 dmuo k
P drm . dem Lo(ug) — No(uo) — Dfuy, u (0) =0
d™u, d™u,
p*: dem . dtm Ly (ug,uq) — Ny(ug, ug) — Dfuy, u(0) =0
3 dmu3 _ dmuz [24 k
p°: = = = — La(ug, uq, uz) — Np(ug, uq, uz) — Difuy, u(0) =0 (3.9)

datm atm

sirastyla, burada Ly, Ly, Ly, ... V& Ny, Ny, N5, ... asagidaki denklemleri karsilar:

L(ug + puy + p®uy + ) = Lo(uo) + pLy (o, uy) + p?Ly(uo, ug, up), + -
N(ug + puy + puy + ) = No(uo) + pN; (uo, uy) + p*Np(uo, Uy, Up), + -+
Denklemde p = 1 igin (3.7) denkleminin ¢oziimiinii verir. (3.8) veya (3.9) dogrusal
denklemlerini ¢ozmenin kolay oldugu agiktir ve homotopi pertiirbasyon yonteminin
Uy, n = 0 i¢in bilesenleri tamamen belirlenebilir ve boylece seri ¢ozlimler tamamen

belirlenir.
Son olarak,
u(t) = Yn—o un(t) kesikli seriye gore
dn(t) = XNZg un(t) (3.10)

¢Oziimiinii elde ederiz.

3.1 Baz1 Olasihik Dagilimlar:

3.1.1 Siirekli Diizgiin Dagilim:
X rastgele degiskeni [a, b] kapali araliginda diizgiin dagilima sahip oldugundan

olasilik yogunluk fonksiyonu:

1
—_— a<x<b

fx)=f(x;a.b)={b—a’

0, diger durumlar



seklinde ifade edilir(Khaniyev vd., 2017).

X~U(a,b) dizgin dagilimina sahip rastgele degisken olmak iizere, moment ¢ikaran

fonksiyonu:
ebt _ eat . 0
M (t) = E[e™] ={Tth-a) ' 7
1, t=0

3.1.2 Normal Dagilim:
X siirekli rastgele degiskeni icin olasilik yogunluk fonksiyonu;

(x—p)?
(X) =——e 207 ;—0<x<0,uER,s>0
x oV21 ‘u

seklinde ise X rastgele degiskeni u,o? parametreli normal dagilima sahiptir.
X~N(u,0?) seklinde gosterilir. Bazen bu dagilima Gauss dagilimi da denir(Khaniyev
vd.,2017).

X~N(u,0%) normal dagilima sahip rastgele degisken olmak iizere, moment ¢ikaran

fonksiyonu:

o?t?

My (t) = E[e™] = "2

3.1.3 Ustel Dagihm:
X rastgele degiskeninin, { > 0 parametre olmak iizere, olasilik yogunluk
fonksiyonu

(e™%*, x>0

3.11
0, x<0 ( )

®(x) = {

seklinde verilmisse X’e listel dagilmig rastgele degisken, ®(x)’e de tistel dagilim denir.

Bu dagilimin tek parametresi ¢ dir. Bu durumda birikimli dagilim fonksiyonu

O =P(X <x) = (etdt=1—¢ (3.12)
0,x<0
0(X) = { 1—e %t ,x=0 (3.13)
1,x > o
seklindedir.

Moment ¢ikaran fonksiyon tanimi kullanilarak bu dagilimin moment ¢ikaran fonksiyonu

asagidaki gibi elde edilebilir:

M, (t) = E[e®™] = foooext {e dx = (foooe(t_oxdx =L et | (3.14)

-t



lim e®=9% = 0 oldugu icin;

X—00

M(t) = %; t <  icin elde edilir.

Moment ¢ikaran fonksiyon, beklenen deger ve varyans tanimlar1 kullanilarak beklenen

deger ve varyans hesaplanabilir (Akdeniz, 2014; Khaniyev vd., 2017). Bu durumda

beklenen deger:

EX) = [ qxe~$%dx (3.15)
Hesaplamamizda parcali integral kullanirsak (u = x , dv = {e %)
E(X) = —xe 5% | & + [T e %%dx = % (3.16)
seklinde elde edilir. Bu sonug kullanilarak asagidaki sekilde de varyans elde edilir.
oo _ 2
E(X?) = [ {x*e ¥dx = = (3.17)
E (x?) hesaplanirken de parcali integral kullanilir. (x? = u, dv = e~**dx)
Var(X) = E(X?) — [E(X)]? (3.18)
by, W
Var(X) :{_2_{_2:{_2

3.1.4 Laplace Dagilim:
Laplace dagilimi genellikle ¢ift istel dagilim olarak bilinir. X rastgele degiskeni
Laplace dagilimma sahip ise a € R yerel parametre ve b € (0, ) 6lgek parametresi

olmak iizere f olasilik yogunluk fonksiyonu (Krishnamoorthy,2006);

1 —|x —al
f(x) = %BXP{T} , X ER

seklindedir. F dagilim fonksiyonu;

lexp{x_a} ,X € (—o0,a)
FCx) = 21 bx—a
1—Eexp{— 5 },xE [a, o)

seklindedir. M moment ¢ikaran fonksiyonu

o et 11
MO =B =1 € (~505)

olarak verilir. Beklenen degeri ve varyanst;

EX)=a
ve

Var(X) = 2b? (3.19)
seklindedir.



3.1.5 Standart Laplace Dagilim
Standart Laplace dagiliminin g olasilik yogunluk fonksiyonu;

1
gu) = Ee"“' ,UER
seklindedir. G dagilim fonksiyonu,

1
Ee”,u € (—,0]
G(u) = 1

1 —Ee‘“,u € [0, o)

M moment ¢ikaran fonksiyonu,

M(t) = E(et?) = te(-1,1)

1—-t2’
olarak verilir.

E(w)=0
ve

Var(u) = 2 (3.20)
seklindedir.
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4. YAPILAN CALISMALAR

Bu bolimde katsayilar1 veya baslangi¢ kosullar1 mutlak siirekli dagilimlardan
secilerek rastgele hale getirilen kesirli mertebeden adi ve kismi diferansiyel denklemler
ile diferansiyel denklem sistemlerinin ¢ozliimleri HPM ile ¢dziilerek olasilik
karakteristikleri hesaplanmustir. Elde edilen ¢oziimlerin kesirli mertebeden tiirevin farkli
degerleri icin beklenen deger, varyans ve giivenlik araliklar1 hesaplanarak MATLAB

veya MAPLE paket programlari yardimi ile ¢izdirilmistir.

4.1 Katsayillar1 Rastgele Olan Kesirli Mertebeden Adi Diferansiyel

Denklemlerin HPM Yéntemi Ile Coziimleri

Ornek 1:
Rastgele katsayili adi diferansiyel denklemin Modified HPM ile ¢6ziimii

St = u(?+B% , t>0 (4.1)
0<a<1 ,Brastgele degiskeni, B~N(u = 2,02 = 1) baslangi¢ kosulu ile verilmis
olsun.
u(0) = 0 baslangi¢ kosulu 4.2)
a = 1 oldugundan tam ¢6ziim olsun. (4.1) denkleminin ¢6ziimii i¢in Modified yontemini

uygulayalim,(4.1) denkleminin HPM si asagidaki olusturulabilir.

u(t) = tan(tB + arctan(A/B)) B (4.3)
Modified HPM yontemine gore , (4.1) denkleminin HPM’ni asagidaki gibi olusturulur.

u' —B* =p[u' +u* — Dffu] (4.4)

U = Uy + puy + p2u, + pdug + - (4.5)

Baslangig kosullar (4.2) ve (4.5) i, (4.4) te yerine yazilirsa
uy + puy + puy + pduf + -+ — B2
= plug — pui +p*u; +pus + (uo + pus +p*u; +p°us)?
— D%uy — pD¥u; — p?D%u, — p3D%us + u3 + 2uguyp
+ 2uguyp? + uip? + 2upusp® + 2uquyp® + 2u ugpt + uipt
+ 2uyusp® + usp®]

Asagidaki lineer diferansiyel denklem sistemleri elde edilir.



u(0) = u,(0) + pu;(0) + p?u,(0) + p3u3(0) + - =0
Buradan u,(0) =0,u,;(0) =0, u,(0)=0 , ...

uy =B? , up(0) =0

up = up +uf —Dfuy , uy(0) =0

uy =uy + 2uouy — Difuy , up(0) =0

uy = up + 2upu, + uf — D%, , u3(0) =0

uy=B?>=>uy=B%+c;2u,(0)=0>B%0+¢c;,=0>¢; =0

Uy = th

uj = B% + B*t? — D#B?t

r(2).c-«
' = B2 4 BYt? — B2 —
“ * r2-a

w® =B+ = - G AT

3 TI(G—a)

u,(t) =B?%t+

u, = u; + 2uou; — Dy

2+1—a B4-t3 BZtZ—a
, =B%? + B*? ————— + 2B%t( B%t + -
e T2 —a) ( 3 T(3- a))
B4t3 thz—a
— D¥| B%t —
( T3 r(3— a))
B?tl~«@ 2 2B4t3~¢ r(2)tl~¢
[ — BZ B4-t2 _ ZB4t4 _B6t4- _ 2
w2 + rZ—a) ' T3 rG—a) rZ—a
N B4 F(4)t3—a BZ re3 t2—2a
3Tl-a) G- C~9T3 =20
N = B4 B*¢t3 B?t?~«@ N 2B*t3 N 2 6.5 2B4tt@
w2 (t) = 3 Q2-o0l2-a) ' 3 15 (4—Or(3—a)
BZtZ—a 2B4t4—0{ BZt3—2a’
+ + -
R-lr2—-a) @G-ar¢—a) G@B-20IrGEG-2a)

yukarida elde edilen ug,uq,u,, ... fonksiyonlari seri ¢oziimde yerine yazilip p =1
alinirsa,

u(t) =ug + uy () + up (t) + us(t) + -

12



4t3 t3—2a

u(t) = 3B%t + 3 +EBG t5 Bzm
2 2
+ B (r(5 —0) (G- r(G- a)) A

X ~ N(u, %), Normal dagilimin moment ¢ikaran fonksiyonundan

My(t) = E[e®] = e®t+37°t) (4.6)
B ~ N(u, 0?) rastgele degiskeninin birinci, ikinci momentleri ve varyansi
E[B] =
E[Bz] = u® + o2
E[B*] = 30* + 602,u + ut,
E[B®] = 150° + 4506*u? + 1502%u* + u® ve
Var[B] =

<

[
ar[BZ] = 20* + 40?2,
Var[B*] = 9658 + 3840°u® + 1680c*u* + 160%u° ,
Var[B®] = 10170012 + 6102001%u? + 4950008u* + 124800°u® + 11705*u® +
3602410
Bu momentler kullanilarak ve x ve y rastgele bagimsiz degisken ise E[x.y] = E[x]E[y]

oldugundan, beklenen deger ve varyansin yaklasik formiilleri

Beklenen degeri;

4t3 2 t3—2a

—B6t5 _ BZ
3 15 (4 —2a)

Elu(t)]=E [3B2t +

B4 2 2 4—a
* (r(s @) (4—T(3— a)) ‘ l
3E( 4) t3—2(1

_ 2 tSE(BS 2
= 3tE(B?) +—— 42 S °E(B®) ~ E(B )F(4—2a)
2 2
4 _ 4—a
+EB )<F(5—a) (4—0()F(3—a)>t
4t3(30* + 60%pu* + u*
=3t(u® + ¥+ (30 SUIJ w)
2 3-2«a
L5 6 4,2 2,4 1 16Y _ (1,2 2
+15t (150° + 450*u* + 150°u* + u®) — (u +0)F(4—2a)
+(304+602,u2+,u4)< 2___ 2 )t4_“
[G—-a) @A-o)r@B-a)

13



Varyansi;

4t3 2 t3—2a

—B6t5 _ BZ
3 15 (4 —2a)

Var[u(t)] = Var lSBZt +

2 -a
+B4(F(5—a) B (4—a)I‘(3—a))t4 ]
16t%Var(B*) N 4

— 2 2 10 6
= 9t“Var(B*) + 3 225t Var(B®°)
6—4a
_ 2y~
Var(B )F(4 ~2a)?
2 2 2
4 _ 8—2a
+Var(B) (r(s —) G—arG = a)> t

9t2(20* + 402u?) + 16t°(960°8 + 3840°u? + 1680*u* + 1652%u°)

9
4
+ Etlo(10170012 + 610200 %2 + 4950008 u* + 124800°u®
6—4a
11700*u® + 3602ut%) — (20* + 40%y?) ————
+ o*u® +360°u'?) (a+au)r(4_2a)2
+ (9608 + 3840°u? + 1680*u*
2 2 2
16 2,,6 ( _ ) t8—2a
160 G- " G —0rG —a)
hesaplanabilir.
B~N(u,0?) igin dzel olarak u = 2, a2 = 1 segilirse,
Beklenen deger;

_ 172 3 | 9985 56372 86 86 4—a)2
E[u(t)] =3t (15t T 3 "+ 15 t ri4—2a) T (F(S—a) (4—a)[‘(3—a)) (t ) T 1) T
172 3 | 998 5  5t372¢ 86 86 4—q
3 "+ 15 t r(4—2a) ol (F(S—a) (4—a)[‘(3—a)) t (4.7)

14



x 10° u(t)nin beklenen degeri
3r T T T T T T T =

E(u®)

S - g1

\
\
-~ ¢=0.9 D
41 - =038 Y
-TF- ¢=07 |
_5' C r r r r r r ‘rJ
0 0.5 1 1.5 2 2.5 3 35 4

Sekil 1. u = 2, 6% = 1 degerleri ve a = 1,0.9,0.8,0.7 icin (4.7) denkleminin beklenen
degerleri

ve

15



Varyansi;

85504 ¢ |, 2908472 15  18t°7%¢

— 2 1see 2
Var[u(t)] = 162t + 5+ — a2

rG5-a)

+ 5344(

2 )2 ¢8-2a (4.8)

(4-a)TF(3-a)

x 10%° u(t)nin varyansi
4.5 F L L L L L L L

1-.-7‘--..

Var(u(t))

1
1
]
1
2.5 * .
1
1
O
7
/

0 0.5 1 15 2 2.5 3 3.5 4
t

Sekil 2. u = 2,02 = 1 degerleri ve @ = 0.9 igin (4.8) denkleminin varyanslari

AGS = E(u(t)) -3 ’Var(u(t)) alt given smirt ve UGS = E(u(t)) +

3 /Var(u(t)) olarak bulunur.

16



% 10° Gliven Araliklari

8 L U U U L L U

3 Standart Sapmalik Glven Arahigi

-} - Eu-3*stdu
4} -~ Eu -
-l - Eu+3*stdu n
_6 r r r r r r r h
0 0.5 1 1.5 2 2.5 3 3.5 4

Sekil 3. u = 2,02 = 1 degerleri ve a = 0.9 i¢in (4.8) denkleminin K = 3 igin giiven
araliklar1 olarak bulunur.

17



4.2 Baslangic Kosulu Rastgele Olan Kesirli Mertebeden Adi Diferansiyel

Denklemlerin HPM Yontemi ile Coziimleri

Ornek 2:

Baslangig kosulu rastgele olan kesirli Ricatti denkleminin Modified HPM ile ¢6ziimii

LU w(®)? + 2ut) +5 (4.9)

at«

0<a<1,A~U(a,b) dizgin dagilima sahip rastgele degisken olsun. u(0) = A

baslangi¢ kosulu (4.10)
a = 1 oldugunda tam ¢6ziim
u(t) =—-142tan <2t + arctan (g + %)) (4.11)
Modified HPM yontemine gore, (4.9) denkleminin HPM’si asagidaki gibi olusturulur.
u' —5=plu +u?+2u— D%ul (4.12)
u = uy + puy + pu, + pius + - (4.13)

(4.10) baslangi¢ kosulu ve (4.13) i (4.12) te yerine yazilirsa,
uy + puj + puy + pduy —5
= pluy + pui + p*up + puz + (o + puy + p?u, + piuz)?
+ 2(ugp + puy + p?uy + p3uz) — D¥uy — pDEuy — p?D%u,
- p3D*“u3]

u(0) = up(0) + pu;(0) + p*u, (0) + puz(0) + - = A

uy=>5
uo(0) = A
uy =uy+ud +2uy—D%uy , u;(0)=0

u, = uy + 2uy + 2uguy — Dfuy , uy(0) =0

uy = up + 2u, + 2uguy +u? — D%uy, , uz(0) =0

Uuy=5=uy=5t+c;>uy(0)=50+c;=4A=>¢c;, =4
uy(t) =5t+ A

uy = uy + uj + 2uy — D%u,
uj =5+ 25t% + 104t + A% + 10t + 2A — DE(5t + A)

5ti-¢ At
r2—a) T(A-a)

u} =5+ 24 + A%2 + (104 + 10)¢t + 25t2 —

18



() =(G+24+ A%t + (54 +5)t? + 25 £3 5t27¢ Att=@
uq (t) = 3 QC-ar2-a) (1-ol(1-a)

25 5t2~@ At1@
t)=(G4+244+ At + (5A+5)t> +—t3 — —
u(t) =(5+24+A4°)t+ (54+5) +3 G-a) TCZ-a)

u; = uy + 2uy + 2upuy — D%y

52— a)ti™* 2A4t17¢
rGB-a) TI(2-a)

u, = (5+ 24 + A?) + (104 + 10)¢t + 25t2 —

+205t+A) | ((5-24+ 4%t + (54 +5)¢t? +§t3 —Stz—_a
( 3 r3—a)
Atl—a
B r2-a

25 5t2~¢ Atl™@
_na 2 2 3 _ —
D¢ l(5+2A+A)t+(5A+5)t +3t G-a) TZ-a)

2—a
u(t) = (5+ 24+ At + (54 + 5)t? + ?ﬁ - (25(_2“_)1?();_ )
A(l —a)tt™@ - t> 25 ,
S o (5+ 24+ A)t* + (1044 10) o+ —t
10¢3-@ 2At2¢
T B-r3-a) 2-0rR2-a
(50 + 304 + 2042)¢t3 2004\ t* 50t4«
3 +< T)Z_(4—a)r(3—a)
10At3~¢ 10At3~¢ 2A4t%¢@
T B-r2-a) B-0l@B-a) QR-Or2-a)
(54 24 + A?)t?@ 10A4t3~¢ 50t4~«
C 2-0r2-a) @G-rBG-a) G-aol“-a
5t3—2a AtZ—Za
+ )
3-200F3—-2a) (2-2a)I'(2—-2a)

+ (5 + 24 + A%)t?

1

19



25 5t2~¢« At1~@
t)=(G4+244+ At + (BA+5)t> +—1t3 — —
u, (t) = ( + A*)t + (54 +5) +3 G-a) TZ-a)

+ (5+ 24 + A>)t? + (104 + 10) e + 25 t* L0e7¢ 2487
3 6 [4—a) T(B—-a)

(50 + 304 + 2042)t3 20047 t*
+ (50 )—

+(5+2A2+A3)t2+ 3 T 1
50t4~¢ 10At3~¢ 10At3~%  24t%¢
(4—-a)FB-a) B-lf(2—a) T(4—a) T'G-a)
(5+ 24+ A*)t?~% 104t3~* 50t* ¢ 5t3-2«
T TG-a)  TG-a) TG-o TG-2za
AtZ—Za
TG 2a)

u(t) =up+uy +u, +uz+--

15
u(t) =A+2(—+2A+A2)t+ (20 + 14A + 24%)t* +

110 + 404 + 20A2> 3
2

3

15627 4+ 4At*~* — 3A%t*~* At (325 + 400A> [

-2
TG —a) rZ—a) ' 6
20t37% — (104 + 10)t3~¢ 50t4=@ 10At3~¢
I'4 — a) 4G-aFB—a) GB—-a)l@-a)
50t4—a 5t3—2a AtZ—Za

" T(5-a) +F(4—2a) +F(3—2a)

A~U(a, b) diizgiin dagilima sahip rastgele degisken olmak iizere,

ebt _ eat

M,(t) = E[e”] = -t

2
A~U(ab) ,E[A]=%2 , E[A%] =1a® +2ab+31b? Var[A] =2 Var[4?] =

4 1 2 1 4 , g
—a* ——=ba® — =b?%a?> ——=b3a + —b* bu momentleri kullanirken x ve y bagimsiz
45 45 15 45 45

rastgele degiskenleri i¢in E [xy] = E[x]E[y] bu yaklasik formiiller kullanilarak, beklenen
deger ve varyansin yaklasik formiilleri;

Beklenen degeri;
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15
Elu(t)]=E [A +2 (7 + 24 + AZ) t+ (20 + 144 + 24*)t?

(110 + 404 + 20A2> 3 15t%7% 4+ 4At%~% — 34%t> @

3 rG—a)
5 Att@ N (325 + 400A) 4 20t37% — (104 + 10)¢t37¢
r2-aw 6 I'4—a)
50t%@ 10At3« 50¢4~¢ N 532«
4-aFrB—a) B—-a)f2—a) TG—-a) TI'(4-2a)
AtZ—Za
+ '3 - 2a)

=E(A)+2 (12—5 + 2E(A) + E(A2)> t + (20 + 14E(A) + 2E(4%))t?

.\ (110 +40E(A) + ZOE(AZ)) .

3
15t2~% + 4E(A)t?~* — 3E(A%)t? ¢ E(A)ti~«
Ir'G—a) r2-a
4 325 + 400E(A) [ 20t37% — (10E(A) + 10)t3~¢
6 (4 - a)
50t%~¢ 10E(A)t3~« 50t*~¢ b, 5t372a
4-aFr3—a) B—-a)F2—a) TG—-a) THE-2a)
E(A)t?—2«
L By
I3 -2a)
_a+b_|_2 15+2a+b+<1 2+1 b+1b2> .
72 2 2 34 T34 T3

+ 20+14a+b+2<1 2+1 b+1b2> t2
2 3% T34 73

040 420 (5a% + 2ab +5b?)

+ 2 t*
_1se “+4a;b 3(% 2 %ab+%b2)t2‘“
r;—a

a+bt1“ 325+400a+b ,
B F(Z—a) t
20t3 a_ 2 )t3 a 5Ott—a
F(4—a) (4—a)F(3—a)
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10238 e g ge2a 2FDPpe-aa

TG-lZ-a) TG-o ‘Ta—20 ' TG-20)

Varyansi;

Var[u(t)]

15 110 + 404 + 2042
=Var A+2(7+2A+A2)t+(20+14A+2A2)t2+ 3 t3

15¢27% + 4At2~% — 3A%t2~¢ Atl™@ 325 + 4004\ ,
- I'(3—a) _ZF(Z—a)+< 6 )t
20t37% — (104 + 10)¢t3~¢ 50t*~¢ 10At3~¢ 50t*~¢
B r'(4—a) T 4-alTB-a) B-a)2-a) TIG-a)
5t3—2a AtZ—Za

"TE—20 "TG 20
= Var[A] + (16Var[A] + Var[A?Dt? + (196Var[A] + 4Var[A?])t*
N 40%Var[A] + 20%Var[A?] 6y 16Var[A]t*~2%* + 9Var[A?]t*~2«
9 I3 —a)?
Var[A]t?72*  [(400%Var[A] 5y (100Var[A])t6—2¢ b 100Var[A]t6—2¢
['(4 — a)? (B—=—a)’T(2 —a)?

I'2-—a)? 36
N Var[A]t* 4

I'(3—-2a)?

(a — b)? (a—b)2 1 2 ., 1 . 4 N\ .,
——12 + —12 +(Ea —Eba —Eb a —Eb a+45b> t

(a —b)? 4 4 1 2 5 5 1 3 4 4 4
+<196+T+4<Ea —Eba —Eb a —Eb +Eb> t

N2
402M+ 207 (ia“' —iba3 —ibza2 —ib3a+ib4)

N 12 25% T 15 15 45 75" )\ .6
9

16—(a_b)2t4‘2“+9(4 ba® — = b%a? —ib3a+ib4) t4-2a

N 12 25 45 15 45 25
I['(3 —a)?

(@—b)? oy , (a—h)? (100 (a— b)z) (6-2a

R v B v PO 12
[(2 - a)? 36 [(4— a)?

(100 %) to-2a %ﬁ} —4a
G-z —-a? | TG =2a)2

+
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hesaplanabilir.
A~U(a, b) icin 6zel olarak a = 2, b = 1 secilirse

Beklenen deger;

137t% = 650t3  14t%¢@ 3tl-a 925¢t4

5t3—¢l

50t4-@

3 77
Elu(®)] = 2 + ?t + 3 9  rG-a) r-a 6

3,0
15¢3-@ 50t4~@  sp3-za g2

B-a)r2-a) rG-a) rE-2a) rB-2a)

u(t)'nin beklenen degeri

ra-a) @4-a)rG-a)

(4.14)

15000+ T T T T T
-l- a=1
-- ¢=07 4
- o=0.4 /
-LTF- g=0.1
10000~ .
K
s
L
5000~ .
r r

o~-Oooooooooooa—" .
0 0.5 1

15 2
t

2.5

Sekil 4. a = 2,b = 1 degerleri ve @ = 1,0.9,0.8,0.7 i¢in (4.14) denkleminin beklenen

degerleri

ve
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Varyansi;
1 2-2a 25,6—2a

122 1420
1 9% 2 871 .4 3920 6, T5 P 10000 g |
Varfu@] = o+t + 5 '+ O H p o H st — Tt
25,6—2a 1 i4-4a
3 12
(B-a)?2r2-a)? ' r3-2a)? (4.15)
X 106 u(t)'nin varyansi
2.5. L T T T . D
[]
-~ 4=09 /
I
1
2~ !
H
)
1
I
151 ¢’| i
@ 7
= 1
g /
A =
4
/
a
/
/
]
0.5~ Jj/ i
1 15 2 2.5 3

t

Sekil 5.a = 2,b = 1 degerleri ve a = 0.9 i¢in (4.15) denkleminin varyanslar1 AGS =
E(u(t)) -3 /Var(u(t)) alt gliven smir1 ve UGS = E(u(t)) +3 ’Var(u(t))

olarak bulunur.
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X 10 Guven Araliklari

6. L L |8 |8 |8 L |8 ﬁ
-~ Eu-3*stdu !
-~ Eu :.

S --lF- Eu+3*stdu -l 7

3 Standart Sapmalik Glven Arahgi

Sekil 6. a = 2,b = 1 degerleri ve @ = 0.9 i¢in (4.15) denkleminin K = 3 i¢in giiven
araliklar1 olarak bulunur.
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5. DIFERANSIYEL DENKLEM SISTEMiI iCIN HOMOTOPI
PERTURBASYON METODU

D%y; = pfi(t, Y1, Y2 -» Yn) (5.1)
i =1,2,..,nvep gomme parametresi p € [0,1], (5.1) deki p = 0 alinirsa

D%y, =0 (5.2)
olur.

p =1 oldugunda (5.1)-(5.3) te verilen orijinal sisteme doniisiir. p parametresi
kullanilarak (5.1)-(5.3) sistem ¢6ziimii

Vi) = EnzoP™Yin = Yio + PYir + P*YViz + PYiz + - (5.3)
p nin ayni dereceli terimlerini birlestirerek, asagidaki formdaki lineer denklemlerin
serileri elde edilir.

D%y; = p. fi(t, Y1, Y2, s Yn)

p°: D%y;o =0,

p': D%yy = fi1(t, Y10, Y20) ) Yno),

p*: D%yi; = fi2(t, Y10, Y200 > Ynor Y11, Y21, -+ Yn1ds

P?: D%yiz = fi3(6, Y10, Y200 s Ynos Y11, Y21 - Ynts Yi2s Y2z, -r Ynz)»

fit, Y10 + DY11 + D*Vi2 + -+ Yo + DYn1 + PP Yna + 1)
= fi1(t, ¥10: Y205 > ¥no) + Pfi2(t, Y10, Y200 =+ Yn0s Y11, V215 o+ Yn1)
+ 0% fi3(6, Y10 Y200 -+ Yo Y11, Y215 +r Ynts Y120 Y220 o0 r Yz o)

Ornek 1:
D%x(t) = x(t) + y(t)
DEy(t) = —x(t) + y(t) (5.4)

Lineer kesirli mertebeden diferansiyel denklem sistemini ele alalim. Baglangi¢ kosullar

x(0) =0, y(0) = 1olsun, (5.1) e gore asagidaki homotopiyi olusturalim.

D% =p(x+y)

DPy =p(—x +y) (5.5)
x(t) = xo + px; + p?x, + p2xg + -

y() = yo +py1 + p?y2 + PPy + - (5.6)

(5.6) y1(5.5) te yerine yazalim.
D% =p(x+y)



D%[xo + px1 + szz + p3x3 + -] =plxo + px1 + szz + p3x3 +-

P2y, +piys + -1

DPy =p(—x+y)

DPlyo + py1 + vy + p3ys + -1 = pl—x — px; — P*x, — P3x3 +

P2y, +p3ys + 1]

(5.7) de p ayni dereceli terimler denklem arasinda diizenlenirse
p%: D%, =0

pt:D%x; = x¢ + Vo

p*: D%, = x; +y,

p*: D%x3 = x;, + ¥,

(5.8) de p nin ayn1 dereceli terimleri esitlenirse
p%: DFy, =0

p:DPy; = —xo +y,

p*:DFy, = —x; + 31

p*:DPys = —x, +y,

(5.6) da yerine yazilirsa

x(t) = xo + px; + p2x, + p3x3 + -

x(0) = x(0) + px;(0) + p2x,(0) + p3x5(0) + - =0
%0)=0 , x(0)=0 , x%(0)=0 , x3(0)=0

y(t) = yo + py1 + 0%y, +p3ys + -
y(0) = y0(0) + py1(0) + p*y,(0) + p3y3(0) + - = 0
y0(0)=0 ’ y1(0)=0 ’ y2(0)=0 ’ y3(0)=O

Xo =x,(0) =0
Yo =Y0(0) =1
D%xy = x0 + yo
D%, =1=]%D% =]%1 > x, = L0+ 1)e = a
F[O+a+1) T(a+1)
Dfy, =1=JFDPy, =JF1 =y, :L
rBg+1)

27
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tt+ Yo+ Pyt
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D%x; = x1 +y,
te th
_.l_
[(la+1) TPE+1

integral alinirsa

DaxZ =

t® th I'(a + 1)t? I'(B+1)t*h
Xy =] +JP =
Ta+1) 7 T(F+1) T(a+DIRa+1) TB+DI(@+p+1)
tZa ta+[?

2 =T 2a+ D) Tatf+ D
DB}’Z =—X1t)1
_ta tﬁ
= +
[(a+1) TP+1

integral alinirsa

DB}’Z

A P A G o O T'(B + 1)tk
y2=J T'(a+1) +J r(f+1) T(a+DI(a+p+1) +l“(/3 + DIr2B + 1)
—tat+B t2B

Y2 = Ta+p+1) TR+ 1D

D%x3 =x, +y;

t20{ ta+ﬁ t(x+ﬁ tzﬁ
D%y = + - +
BT T2a+1) Ta+f+1) Ta+f+1) T@B+1)
t20{ tZﬁ
D%x3

“TQa+D) TRE+D

integral alinirsa

= Ja B
= taavn T TR D
I2a + 1)t3* T(2B + 1)t?F+e

BT TRa+ DIGa+ 1) TE+DI2B+a+1)

p = 1igin

a t2a ta+B t3a t2ﬁ+a

t) = + + + + +
O =5 D T2as D T@+f+D) TGa+D TZh+atD
tﬁ t2[>’ tﬁ—a t2a’+ﬁ

y@t) =1+ + - -

rg+1) r@2p+1) r(a+p+1) TrRa+p+1)

t2ﬁ+0_’ t3ﬁ

rB+a+1) T@GBL+1)
t=1,a=1,8=1i¢in
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ta+ﬁ
lxll ||F(2a T T@+ B+ 1)“

1=

FA H ”
[(a+1)
H I2a + 1)t3¢ N T2 + 1)t?F+e ”
llxsll  |[TQRa + 1)F(3a + 1) TRB+ DI +ta+1)
[l l H tath ”
F(Za +1) I‘(a +p+1)
1’den kii¢lik oldugundan yakinsak oldugu goriiliir.
t=1,a=1,=11icin
—ta+B t2B
Iyl ||F(a +B+ 1) tTREF 1)”
Sl — —
Iyl ” ”
'g+1)
|| t2a+ﬁ t2B+a t3ﬁ
TQ D~ %Te DT 1 ”
52=::§3::= @a+p+D _“TCF+a+D ' TGAFDI _ ons 4
2

||1“(6¥_+t0;3+ljr 1) 1"(21[:321-3)F 1)”

1’den kii¢lik oldugundan yakinsak oldugu goriiliir.
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x(t)'nin ¢6zUm davranigi

80 £ L L L L L L L L L
-LF- a=1p=1
70~ =-F- ¢=0.9,p=0.9
-~ ¢=0.8,p=0.8
6o - 0=0.7,p=0.7 Jjn
50 -
-
-
£ 40
30
20
10 -

Sekil 7. a, f = 1,0.9,0.8,0.7 degerleri i¢in x(t)’ nin ¢dziim davraniglari

y(t)'nin ¢6zlm dawranigi

80 £ L L L L L L L L L
-1F- a=1p=1
70+ == ¢=0.9,=0.9
-~ ¢=0.8,p=0.8
60 - ~— - o=07p=07 jl:l
50 -
F
2 40~
30
20~
10~

Sekil 8. a, B = 1,0.9,0.8,0.7 degerleri i¢in y(t) nin ¢6ziim davranislari
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5.1 Katsayilar1 Rastgele Olan Kesirli Mertebeden Diferansiyel Denklem

Sistemleri

Ornek 1:
DZx(t) = Ax + (B —A)y
Dfy(t) = (B — A)x + Ay (5.9)
x(0)=1,y(0)=-1 baslangi¢ kosullar1 olmak iizere,
A~Gamma({,0 ) - A~Gamma(2,4) Gamma dagilima sahip,
B~Beta(u,v) - B~Beta(3,2) Beta dagilima sahip, rastgele degiskenler olmak iizere
rastgele Homotopi Perturbasyon Yontemiyle denkleminin ¢oziim davranislarini elde

ediniz.

Coziim:

a = B = 1i¢in tam ¢6zliim

x(t) = o (—B+24)t , y(b) = —e(—B+2A)t

Lineer kesirli mertebeden rastgele diferansiyel denklem sistemi (5.1) denklemine gére
asagidaki homotopi olusturulursa

D% = p(Ax + (B — A)y)

DBy = p((B —A)x + Ay) (5.10)
x(t) = xo + px; + p2x, + p3x3 + -

y(©) =0 +py1 +p?y2 +p%ys + - (5.11)
(5.10) u (5.11) de yerine yazalim.

D% =p(Ax + (B — A)y)

D*[xo + pxy + p?x; + pPx3 + 1 = p[A(xo + px1 + P22 + P23+ ) + (B -
Ao +py1 + 0%y, +pys + )] (5.12)
DPy =p((B — A)x + Ay)

DPlyo + py1 + p*y2 + p*y3 + 1= pl(B — A)(xo + px1 + P2z + P23 + ) +
Ao +py1 +p%y2 + Pys + )] (5.13)

(5.12) ve (5.13) te p’nin ayn dereceli terimlerin esitliginden p’nin kuvvetlerine gore
diizenleme yapilirsa,
p%: D%, =0
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pt: D%x; = Axo + (B — A)y,
p%: D%x, = Ax; + (B — Ay,
p?: D% = Ax, + (B — A)y;

p®: DPy, =0

p': DPy, = (B — A)x, + Ay,
p*: DPy, = (B — A)x; + Ay,
p3: DPy; = (B — A)x, + Ay,

(5.12) de baslangi¢ kosullari yerine yazilirsa,
x(t) = xg + px; + p%x; + p3x5 + -
t=0, x(0) =x,(0) + px;(0) + p?x,(0) + p°x5(0) + -+ = 0

x0(0) =1
x(0)=0
x,(0) =0

y() = yo +py; + *y2 + p3ys + -

y(0) = ¥5(0) + py1(0) + p%y,(0) + p3y5(0) + - = =1
Y0(0) = -1

y1(0) =0

y2(0) =0

y3(0) =0

Daxl = AxO + (B _— A)yO
D% =A+A—B = D% =24—B=]"D%; =]J*2A-B)=>x,

_ (0 + D)o _ (2A-B)t®
T TO+a+1) (24-5) = M(a + 1)

DPy, = (B — A)x, + Ay,

DPy, =B —A—A=DPy, =B —24=JfDPy, = DF(B - 24)t° > y,
_ (B—=24)tF
- TB+1D

DaxZ = Ax1 + (B — A)y1
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A(2A — B)t“ (B — 2A)tF
" Tern TV Tgry
integral alinirsa,
_AQRA-B)*t* (B-A)(B-24) ,
2= T Ta+D | TG+D
AQRA—-B)T(a + 1)t*® (B — 2A)T(B + 1)tP+e
“Ta+D Tea+D T DT Drats+ D
_AQRA-B)** (B-A)(B-24) ,.,
2T TT2a+ 1) Ta+f+1) ©

a
D%x, =

Dﬁ}’z = (B —A)x, + Ay,

_(B—=A)(2A-B)tF A(B —2A)tF
B T'(a+1) & r(g+1)

integral alinirsa,

Dﬁ}’z

_(B-AH2A-B)JFt*  A(B - 24) .

Y2 = M(a + 1) r(g+1)
_(B-HA-BI(a+Dt* AB-2ATB+1)
T T+ DIB+a+1) (g +1Drpg+1)
), = (B—A)(2A — B) (s A(B—ZA)tZB
Ta+p+1) r2g +1)

Dax3 = sz + (B - A)yz

Dy, — 4 A(2A — B)t*® 3 A(B—ZA)t“‘“B 5
%= (W” - )F(a+—/>’+1)>+(
(B-A)2A—-B) ., AB-24) ,
_A< Ta+f+1) ° ’ F(23+1)tﬁ)

integral alinirsa,
_ A2(2A - B)t* N A(B — A)(B — 2A)tP+2@ (B — A)?(24 — B)t?**#
BT T TBa+ 1) rCa+ B+ 1 TCa+B+1)
A(B — A)(B — 24)
FNa+2+1)

2B +a

DPy; = (B — A)x, + Ay,
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_ AQA - B)t?® (B —A)(B —24)tP+e
Py _(B_A)< r2atl) | T@+B+D )

(B-A)2A-B) .., A(B-24)
" (F(a+B+1) vert r(25+1)t2ﬁ>

integral alinirsa,

_ A(B—A)(2A — B)t2a+ﬁ (B — A)Z(B _ ZA)ta+2ﬁ

Vs T T TRa+ g+ D) T(a+28+1)
AB-AQA=B) .., AB-24)
ra+pf+1) r(38 + 1)

buldugumuz ¢6ziimleri (5.12) de yerine yazarsak,
(24 — B)t“) ) AQ2A — B)t?“ N (B — A)(B — 24)tF+e\ |
[(a+1) [2a +1) [(a+p+1)
A%(2A — B)t3¢ N A(B — A)(B — 2A)tP+2a
I(3a + 1) FrRa+p +1)

x(t)=1+(

(B — A)*(2A — B)t***F  A(B — A)(B — 24)t2F**\ |
f2a+B+1) | T(@+286+1D) ) to
(B —24)t# (B - A)(24 - B)t**F  A(B —24)t?F\
reg+1) )p ( M(a+pB+1) r2f + 1) )
A(B—A)(2A — B)tz‘”ﬁ (B—-A)?*(B - 2A)t“+2'8
( [2a+p+1) T(a+28+1)
A(B — A)(2A = B)t***F  A2(B - 2M)t3F\ |
FRa+p+1) ri3g +1) >

y(t) = —1+<

p = 1i¢in

x(t)=1+(

(2A - B)t* (24% — AB)t?® (B2 — 3AB + 24%)th+a
F(a+1)) < F2a+1) * Ta+B+1) )

(24° — A?B)E*" | (AB? — 3A%B + 24%)tF*2¢
FBa+1) rQa+p+1)

(4AB? — B3 — 5A%B + 2A3%)t%a*F N (AB? — 3A%B + 243)t?h+a
rRa+p+1) Fa+26+1)
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(B = 2A)tF (3BA — B? — 2A%)t%*F  (AB — 24%)t%F
T+ 1) ) ( Ta+p+D T T2+ D )

((33,42 — AB? — 2A%)t?**B (B3 — 4AB? + 5BA? — 2A3)t*+?F

y(t) = —1+<

N TYER) * fa+28+ 1)

(3BA? — AB? — 2A3)t?a+F N (BA%? — 2A3)¢t3F
FRa+p+1) rG+1)

sonucunu elde ederiz.

Gamma dagilima sahip A rastgele degiskenin parametreleri, A~Gamma({, 6) dir.
Gamma dagilimin moment ¢ikaran fonksiyonundan faydalanilarak
M,(t) = E[e®] =1/(1 — 6t)° (5.14)
ifadesi bulunur. A~Gamma(a, 6) rastgele degiskeninin, birinci momenti ve varyansi
E[A] = ¢6,
E[A?] = (%67 + (0% E[A3] = 7363 + 30203 + 2063, E[A*] = {*0* + 6036* +
11¢%6* + 6¢6*,
Var[A] = (6%, Var[A?] = 4{36* + 107%0* + 6706*,
Var[A3] = 9¢50° + 720*6° + 213¢36° + 2707%6° + 12076° (5.15)
dir (Akdeniz, 2014, Khaniyev vd., 2017).

Beta dagilimina sahip B rastgele degiskeninin, beklenen degeri ve varyansi sirasiyla

asagidaki gibidir (Khaniyev vd., 2017).

u
E(B| =
5] u+v
E[B?] = u(u+1)
u+v)u+v+1)
3 u(u+1)(u+2)
E[B ] - (u+v)(u+v+1)(u+v+2)
E[B*] = uu+1Du+2)(u+3)
u+v)u+v+Du+v+2)(u+v+3)
ap
Var(B) =
awrB) = D @t D)
oy 2(a+Dap(2a?+2aB+6a+3+3)
Var(B?) = (a+B+3)(a+B+2)(a+B+1)2(a+p)?
Var(B3) =

3(a+2)(a+1)aB(40+99a%+120a+30a3+45a2 f+99aB+608+6a° B+3a?B2+15aB%+20B%+3a
(a+p+5)(a+p+4)(a+B+3)(a+B+2)2(a+p+1)2a+ B2

) (5.16)
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Var[AB] = E[A*|E[B?] - E[APE[B]? = 0D (1 )% gy

(u+v)(u+v+1) u+v

Var[AB?] = E[A?]E[B*] — E[A]*E[B?]

(06 (o — )2

(u+v)(u+v+1)

- (u+v)(u+v+1)(u+v+2)(u+v+3)

Var[A?B] = E[A*]E[B?] — E[A?]?E[B]?

Cu(u+ 1D({*0* +67°0* +113%6* + 606*)
- u+v)(u+v+1)

2

- 5262 + 6% (—)

u+v

Yukaridaki ¢oziimlerin beklenen degerleri;

o (¢26%2+¢6%)u(u+1)(u+2)(u+3) _

E(x(t)) =E l1 + ( NCTE)

(243 — A?B)t3« N (AB? — 3A2B + 243)tP+2a
FrGa+1) rRa+p+1)

(2A — B)t® (242 — AB)t?* (B? — 3AB + 24?)tF+«
) < Qe+l | T@+p+D

)

(4AB? — B® — 5A4%B + 2A%)t***F  (AB? — 34?B + 2A3)t23+“>l

FCa+ B+ 1) T Ter 28+ D

_ (2E[A] — E[B])t*
‘1+< Mz + 1) )

<(2E[A2] — E[A]JE[B])¢2* (E[B?] - 3E[A]E[B] + 2E[A2])tﬁ+“>

I2a + 1) Fa+p+1)

(2E[A%] — E[A?]E[B])t?*
( FrGa+1)

(E[A)E[B?] — 3E[A%]E[B] + ZE[A3Dt[>’+2a
FrRa+p+1)

(4E[AlE[B?] — E[B3] — SE[A%]E[B] + 2E[A%])t?*+F
* rQa+pB+1)

(E[A]E[B?] — 3E[A%]E[B] + 2E[A3])t?F+e
* T(a+28+1) )
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((259 - ﬁ) t“) (2((292 +76%) — %) £2a

=TT * F2a+ 1)
u(v+1) 3(6u a
((u +vu+v+1) @W+v) T2+ 162)> o
* Ma+B+1)
202 2
N (2((363 + 3(263 + 2(63) _ (Z e(u:ie) )u) t3a
F'Ga+1)
O(u(v+1)) 3u(720? + 10%) .
Qu+ﬂ@+v+1f_ CE R Gl L
FRa+B+1)
( 40u(v+1) u(u+ 1D+ 2) )t2a+[3
+ u+vy(u+v+1l) @+Hvu+v+Du+v+2)
rCa+p+1
su (2262 + 762
(— - (Eu ;;f ) +2030° + 67%0° + 4{93>t2°‘+3
* FCat B+ D)
Ou(v+1) 3u(7?6? + 70?) «
+((u+v)(u+v+ 1) (u+v) +20°6% + 66° +4<93>t26+

F(a+2B+1)

{ =2,0 =4,u=3,v =2 0zel degerleri i¢in beklenen deger;

EG(®) =1+

77
5 t° L 936 t2® Lo thta | 15072 t3@

'(a+1) 5 TRa+1) 5 TB+a+1) 5 T'Ga+1)
28056  thra t2h+a

5 T(B+2a+1) TB+a+D
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x 10" x(t)nin beklenen degeri

25¢ T T T T T T T T T
-~ a=1,p=1
-~ 4=0.9,=0.9 4
5.~ 0=0.8,8=08 /Jj/
-LF- ¢=0.7,8=0.7 og)
j=g=§ |
_ 15 ,,Er/J:I '~ F, 4
= ,J:',Jj F’ -’
L J:| n‘/‘,
1= Er ’ , i
o
, ,D “’
ooy
0.5 D’DD" m f
T

Sekil 9. a, B = 1,0.9,0.8,0.7 degerleri i¢in E (x(t)) nin ¢dziim davraniglari
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E(y(t)

_pliq . (B2t ((B-MHA-BYF  AB - 24)%F
= [_ +<F(ﬁ+1)> < ra+p+1) T I“(2,8+1)>

A(B — A)(2A - B)t?**F (B — A)*(B —2A)t**2F  A(B — A)(2A — B)t?***#
( rCa+p+1) + ra+28+1) + ra+p+1)

A%(B — 2A)t3ﬁ>l

rp+1
B (E[B] — 2E[ADtF
__1+< rg+1) )
(3E[A]E[B] — E[B?] — 2E[A?)t**E  (E[A)E[B] — 2E[A?])t?F
+( ra+f+1 * r2p+1) )
(3E[A?]E[B] — E[A]E[B?] — 2E[A3])t2*+F
+ ( ra+B+1)
(E[B3] — 4E[A)E[B?] + 5E[A%]E[B] — 2E[A3])te+?F
+ ra+26+1)
(3E[A?] — E[A]E[B?] — 2E[A3)t?*+F  (E[A%]E[B] — 2E[A3])t3F
+ rCa+p+ 1) rGE+1) )
14 ((u i v 269) tﬁ)
rig+1

u u(u+1) 5 a2 o\ s
n (359(u+v)_(u+v)(u+v+1)—2((9 +(9)>t B
ra+p+1)

+

(09 g) 26202+ 30%)
rg+1)

3ud®0* +3ulf®>  {Au(u+1) _ 97303 203 3) 20+p
( u+v u+v)(u+v+1) 26707+ 3¢707 + 2607 )t

rRa+p+1)

( u(u+ D(u+2) _ 46u(u+1) 5uf?6? + 5u(92> pa+2p
+ u+v)u+v+Du+v+2) wW+v)(u+v+1) u+v
ra+26+1)

+

Bu(u+1 at
(—2036% + 37203 + 2003)ta+2P (35292 +300° — % v)((u T v)+ 1)) gl

ra+26+1) + rQa+f+1)
(=20%6° + 30267 + 206%)24+F (W —2036% +30%6°% + 2(93) t3#
rCa+f+1) + rGA+1)
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77tP 192ta*F 936t2F 29568tF+2a

E(y®)=1- ST(B+1) T(a+B+1) 5T2B+1) 50(B+2a+1)
13704t2P+ 15072¢t3F
" ST2B+a+1) STBB+1)
x 10 y(t)'nin beklenen degeri
05 L L L L L L L L L
--- o=1,=1
-~ 4=0.9,$=0.9
o---I:I--I:I-:ﬁgE~ - -~ ¢=0.8,8=0.8
ﬁ#ﬂiﬁf&} -+~ 4=0.7,p=0.7
~ .
0.5 ug‘g\‘l\ll .
sD u .\ ‘
~ u l N
= L= N m
g -1+ U\D\n\l‘ 7
0 O =, i\.
oA
1.5~ U\El:.\ ¢
n\u\!\
L o|
h \
_25 r r L L L L L L L

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

Sekil 10. «, f = 1,0.9,0.8,0.7 degerleri i¢in E (y(t))’nin ¢6ziim davraniglart
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Var(x(t))

_ a 2 _ 2a 2 _ 2\+f+a
Var l1+((2A B)t ) <(2A AB)t?® (B% —3AB + 24?)t )

Na+1) ra+1) Fa+p+1)

(24% — A2B)t3® (AB? —3A%B + 2A4°%)tP+2«

( TGat+1) Fr2atB+1)

(4AB? — B3 — 5A2B + 2A3)t?**F  (AB? — 34%B + 243)t?F+a

FrRa+p£+1) * Ma+28+1) )l

_ ((4Var[A] + Var[B))t**\ (4Var[A?] + E[A?]E[B?] — E[A]*E[B]?)t*“
= < M(a + 1)? > + [2a + 1)

(Var[B?] + 9(E[A%)E[B?] — E[A)?E[B]?) + 4Var[A?%])t2h+2a
+ F'(a+ B +1)?

(4Var[A3®] + (E[A*]E[B?] — E[A?]?E[B]?))t%*

* ( [(Ba + D2

((E[A*]E[B*] — E[AI?E[B?]?) + 9(E[A*]E[B?] — E[A*]?E[B]?) + 4Var[A3])t?F+4a
+ TQa+ B+ 1)

(16(E[A?]E[B*] — E[A]?E[B?]?) + Var[B3])t**+2F
+ F'a + B + 1)?

25(E[A*]E[B?] — E[A?)?E[B]?) + 4Var[A3])t*e+2F
+ IF'a + B + 1)

((E[A%]E[B*] — E[A)?E[B?]*) + 9(E[A*)E[B?] — E[A*]?E[B]?) + 4Var[A3])t4ﬁ+2“>
_|_

T(a+ 2B + 1)2

af ;
(%0 + et D)

[(ax+1)?

2n2 2 2
s o o GELEMUD. (8 o)

F(2a + 1)2
( 2af(a + 1)(2a? + 2ap + 6a + 36 + 3) )tzﬁ““
_I_

+

(a+B+3)(a+B+2)(a+p+1)2%(a+p)?

I'(a+ B+ 1)2
92
+ <(a + ﬁ%g(aofﬁ Ty T AKTOT 100707 + 6594) i
F(a+ B+ 1)?
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.\ (360°6° + 288¢40° + 852¢30° + 10807266 + 48076° + 4{30% + 10726%)¢5«
I'(3a + 1)2

(oSS i
(a+B)(@+p+1)
F'Ba + 1)2

(32{92a,8(a + 1) (2a? + 2af + 6a + 38 + 3)) p4a+26
+

+

(a+B+3)(a+p+2)(a+pB+1)?*(a+p)>
FQa+ B+ 1)

( B3af(a + 2)(a + 1)(40 + 99a? + 120a + 30a3 + 45a? B + 99ap) )t‘*“”ﬁ
+

(a+B+5@+B+4)(a+B+3)(a+p+2)(a+ B+ 1)°a+ B?
FQRa+ B+ 1)
(3aﬁ(a +2)(a + 1)(608 + 6a3p + 3a?B? + 15ap? + 208% + 3a*) ) p4a+2p
4 (a+B+5)(a+B+4)(a+B+3)(a+pB+2)(a+ B+ 1)°a+ B?
FQRa+ B+ 1)
af (1002364 + 250026 + 150{0%) L4a+2p
(a+pB)(a+p+1)
IF'a + B + 1)?
(360°6° + 2887*6° + 852730° + 10807%6° + 480{96)t4‘“+23
* F2a+ B+ 1)2
200%af(a + Dapa? + 2af + 6a + 38 + 3) (4B +2a
4 (a+B+3)(a+B+2)(a+p+1)%(a+p)?
I(a+ 2B + 1)2

+

34 204\ p4B+2a 6gg4aﬁ gAh+2a
(94¢°0* + 10¢“6*)t (a+B)@+pB+1)
I'(a+ 2B+ 1)? I'la+ 2B+ 1)?

N (36750° + 288¢40° + 8527305 + 10807266 + 4807 0°)t*F+2a
T(a+ 26 + 1)2

3201 5,  2955531235926999 4, 5911769889781655 ,44ap

t
25 34359738368 68719476736
Var(x(t)) =
ar(x®) =10, 12 F2a + 1)2 + T(a+ g + 1)2
2454138815376261 ¢,  4909202225886709 4425
33554432 33554432
F'(Ba + 1)? Fa + B +1)?
306796221388367 54449
4194304

[(a+ 26 + 1)2
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x 10" x(t)nin varyansi

7. L L L L L L L L L
-IF- o=1,p=1
6. ~ T a=0.9,8=0.9 O
-k~ ¢=0.8,8=0.8 /
- 4=0.7,8=0.7 /
5* - -
/
/
/
4
= 4 .I |
g
@
> 3k
2ﬁ
1ﬁ

Sekil 11. a, § = 1,0.9,0.8,0.7 degerleri igin Var(x(t)) nin ¢éziim davranislari
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Var(y(t))

+

+

+

+

+

+

+

+

+

+

— B _ R2 _ 9 A2\+a+pB _ 922\+28
Var(—1+<(B 2A)t> ((BBA B 2A%)t (AB — 2A°)t >

NCEEY) fa+p+1) | T2E+D
(3BA? — AB? — 2A3)¢t?a+F N (B3 — 4AB? + 5BA? — 2A3)ta+2F
FrRa+p+1) Ma+2+1)

(3BA? — AB? — 243)t?*+F  (BA? — 243)t3F
FRa+p+1) + rG+1) )

(Var[B] + 4Var[ADt?F
( F'(B+ 1)
(9(E[A?E[B?] — E[A)?E[B]?) + Var[B?] + 4Var[A?])t2e+2F
I(a+p+1)2
((E[A*]E[B?] — E[A]?E[B]?) + 4Var[A?])c*F
r(2p + 1)2
(9(E[A*)E[B?] — E[A?]?E[B]?) + (E[A?)E[B*] — E[A]?E[B?]?) + 4Var[A3])t*e+28
F'a + B + 1)?
(Var[B®] + 16(E[A%]E[B*] — E[A]*E[B?]?))t2a*4#
F'(a+ 2B+ 1)?
(25(E[A*]E[B?] — E[A%]?E[B]?) + 4Var[A3])t?a+48
F'(a+ 2B+ 1)?
(9(E[A*]E[B?] — E[A?)?E[B]?) + (E[A%]E[B*] — E[A)?E[B?]?) + 4Var[A3])t**+28
Fa+ B +1)?
((E[A*)E[B?] — E[A?]?E[B]?) + 4Var[A®])t%F
(3B + 1)2 )

af 2\ .2
<((a+ﬁ)2(a+ﬁ+1)+4w )t ’

I'(B+ 1)
( 9aBlH? 4 2af(a + 1)(2a? + 2ap + 6a + 36 + 3) )t2a+2‘8
(a+pB)(a+p+1) (a+B+3)(a+L+2)(a+ B +1)*(a+ p)?
F'(a+ B+ 1)2
(16036* + 40020* + 2400*)t2**+2F
F'(a+ B +1)2
((a — ﬁ)cf(l“fﬁ Ty 160" +400%6* + 24(94) £48
T'(2B + 1)2
aB(368°60" +908%6" + 5400")) a2
( (@+p)*(a+p+1) )

FQa+ p + 1)?
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( 2060%aB(a + 1)(2a® + 2af + 6a + 3B + 3) )t‘“”zﬂ
4 (a+B+3)(a+pB+2)(a+B+1)*(a+p)?
FQa+ B+ 1)
(360566 + 288740° + 852365 + 10807206 + 480706)¢4a+25
* [(2a + B + 1)?
2(a + Dapa? + 2ap + 6a + 3B + 3) (2a+4p
+(a+ﬁ+3)(a+ﬁ+2)(a+,8+1)2(a+ﬁ)2
F'(a+ 2B +1)?

(SZZHZaﬁ(a + 1)(2a? + 2af + 6a + 38 + 3)) (2a+4p
+

(a+B+3)(a+B+2)(a+p+1)?%(a+p)?
[(a+ 2B +1)2

(aﬁ(100(394 + 250¢%6* + 150{04)> (2a+4p

(a+B)(a+p+1)

F'(a+ 2B +1)?
(360° + 2887*6° + 852¢36° + 10807%0° + 4807 0°)t2+4B
i Mlat 28+ 1)2
(aﬁ(36{394 +904%0* + 54504)) ey
(a+B)@+pB+1)
FQRa+ B+ 1)

( 200%aB(a + 1)(2a? + 2ap + 6a + 38 + 3) )t“‘”zﬁ
+

+

_.|_

(a+B+3)(a+pB+2)(a+p+1)?*(a+p)>
F2a + B + 1)?
(360° + 2887*0° + 852736° + 1080720° + 48070°)t**+2B
* F(2a + B + 1)?
aBf(4¢36%* +107%26* + 676%) 168
(a+B)@+pB+1)
r(3p + 1)

+

. (360° + 2887405 + 852730° + 1080¢20° + 4807H°)¢°P
T'(36 + 1)2

3201 ,5 5911769889781655 54,55 2955531235926999 44
75 68719476736 34359738368
% £)) =
ar(y(0)) TB+12 T T(a + B + 1)2 + T(28 + 1)2
306796221388367 4qrzp  2454832454779773 qrap
N 2097152 N 33554432
IF'a + B + 1)? F'2a + 4B + 1)?
2454138815376261 5
N 33554432
r(38 + 1)2
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X 107 y(t)'nin varyansi

5 £ L L L L L L L L L
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= = ; g - —.r’-.’ r

Sekil 12. a, f = 1,0.9,0.8,0.7 degerleri igin Var(y(t)) nin ¢oziim davraniglari

AGS = E(y(t)) -3 /Var(y(t)) alt gliven smirt ve UGS = E(y(t)) +

3 /Var(y(t)) olarak bulunur,
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x 10° Guven Araliklari
8 F L L L L L L L

3 Standart Sapmalik Gliven Araligi

-~ Ex-3*stdx

A -~ Ex
==l - Ex+3*stdx
_6 L r r r r r r r
0 0.5 1 1.5 2 2.5 3 3.5 4

t

Sekil 13. { = 2,0 = 4,u = 3,v = 2 degerleri ve a, = 0.9 icin y(t)’nin K = 3 i¢in

giiven araliklar1 AGS = E (x(t)) -3 /Var(x(t)) alt giiven sinir1 ve UGS =

E(x(©) +3 /Var(x(t)) olarak bulunur.
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x 10° Guven Araliklari
L

L

3 Standart Sapmalik Gliven Araligi

Ey-3*stdy
AT - Ey
5. -~ Ey+3*stdy
_6 C C r r r r r
0 0.5 1 1.5 2 2.5 3 35 4

t

Sekil 14. { = 2,0 = 4,u = 3,v = 2 degerleri ve a, = 0.9 icin y(t)’nin K = 3 igin
giiven araliklar1

5.2 Baslangic Kosullar1 Rastgele Olan Kesirli Mertebeden Diferansiyel

Denklem Sistemleri

Ornek 2:
Baslangig kosullar1 rastgele olan lineer kesirli mertebeden diferansiyel denklem sistemi
D (t)=x—y
DAy(t)=x+y (5.17)
x(0) =4 ,y(0)=B
baslangi¢ kosullar1 olmak tizere, A~N(u, 52 ) > A~N(3,2) Normal dagilima sahip,
B~L(a,b) - B~L(4,2) Laplace dagilima sahip, rastgele degiskenler olmak iizere
rastgele Homotopi Pertiirbasyon Yontemiyle denkleminin ¢oziim davranislarini elde

ediniz.
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Coziim:
a = B = 1 oldugunda tam ¢oziim,
x(t) = et[—Bsint + Acost]
y(t) = e[Bcost + Asint]
lineer kesirli mertebeden baslangi¢ kosullar rastgele olan diferansiyel denklem sistemi

(5.17) ye gore asagidaki homotopi kullanilirsa

D% =p(x —y)

Dfy =p(x+y) (5.18)
x(t) = xo + px; + p%x; + p3x5 + -

y() =yo + py1 +p?y, + p%ys + - (5.19)

(5.19), (5.18) de yerine yazilirsa,
D*[xo + px; + p?x; + pPxz + -]

= pl(xo = y0) + PCr1 = y1) + (02 = 2) + P* (23 —y3) + -]
DF[yo + py1 +p?y2 + PPys + -]

=pl(xo +y0) + POt + y1) + (2 +¥2) +P* (3 +y3) + -]
(5.19) da p’nin ayn1 dereceli terimlerinin esitligi p’nin kuvvetlerine gore diizenlenirse
p%: D%xy =0

1

p: D%xy = x0 — Yo

p*: D%, =x; —y;

p’: D%x3 = x; — ¥,

pn: Daxn = Xp-1 Yn-1
p°: DPy, =

pl: DBy, = x + y,

p*: DFy, =x; +y,

p% DPy; =x, +y,

p": DPy, = xn_q + Yna
(5.17) denkleminde baslangig¢ kosullar1 yerine yazilirsa
x(t) = xo + px; + p2x, + p3x5 + -
t=0,  x(0) = x0(0) +px;(0) +p?x;(0) + p*x;(0) + -+ = A
¥(0) = y(0) + py1(0) + p?y,(0) + p°y3(0) + -+ = B
x0(0) =A4,x,(0) =0,x,(0) =0,x3(0)=0,..,x,(0) =0
49



yo(0) = B,y,(0) =0,y,(0) =0,y3(0) =0,...,¥,(0) =0
Xo = xO(O) =A, Yo = yO(O) =B

D%xy = x¢ — Yo
Daxl = A - B
her iki tarafin /¢ integrali alinirsa;

ro+ Nt***A4-B
]aDax1=]a(A—B)t0=>x1= ( 1_‘(0)+1_£a) )

_(A-B)t®
1T T+

DFy, = xo + o
DPy, =A+B
her iki tarafin J# integrali alinirsa;

T+ Dt**F(A+ B)

=TT+ 1+ 8)
_(A+B)tF
NETE+ D

D%x; =x1 — ¥4
(A—B)t* (A+ Btk
Daxz = -
Fa+1) T@E+1D
her iki tarafin /% integrali alinirsa;
_(A-B)(a+Dt** (A—-B)r(B+ Dt**F
2T T+ DM2a+1) TE+DM@+B+1)
_(A-B)t**  (A-B)t**F
2T T2a+1) T@+B+1)

DBJ’Z =X1 T Y1

_(A-B)t* (A+B)tF
Dy, = e+ T T@E+1D

her iki tarafin J# integrali alinirsa;
_(A-B)r(a+Dt*F  (A+B)r(B+ Dt?#

Ve T Tla+ D@+ B+1D T+ DI2B+ 1D
_(A-B)t*F A+ B)t*

2T Ta+p+1) T2R+1)
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D%x3 =x; — ¥,
_(A-B)t** (A+Byt*F (A-B)t*F (A-B)t*f
FrRa+1) T(a@+p+1) T(a+p+1) TR2B+1)
her iki tarafin /¢ integrali alinirsa;
_(A-B)rQa+nt** 24T (a + f + 1)t?%+h
BT TQa+DIBa+1) Ta+pf+DIQ2a+pB+1)
(A + B)T(2B + 1)t**28
Fr2g+ Dl (a+2+1)
_(A-B)t** 24.t%%+B (A + B)te+2F
BT TBa+1) TQa+p+1) T(a+t28+1)

D%x5

DPy; =x, +y,
_(A-B)t** (A+B)t**F (A-B)t**F (A+B)t*f

Dy = T2a+1) T(a@a+B+1) T(a+B+1 TER+1)

her iki tarafin J# integrali alinirsa;
(A — BT (2a + 1)t?**F 2BT(a + B + 1)te+28
Y3 = T2a+ DI2a+B+1) T(a+B+ Dl(a+28+1)
(A+ B)T(28 + 1)t3F
r2p + Hr3p +1)
(A — B)t?e+F 2Bta+28 (A + B)t3F
“TQa+p+1) T@+28+1D) TGE+D

V3

bulunan xg, x1, X3, X3 V& Vo, ¥1, V2, ¥3 (5.19) ifadesinde yerine yazilirsa,
(A—B)t“ (A—B)t**  (A+B)t*F\
Ta+D) P "\T@2a+1) Ta+p+1)?
(A — B)t3* 2At%+B (A+B)t**2k\ | N
Ba+1) TQRa+tp+1) T@+28+D)°
(A + B)th ) (A—B)t**F (A+B)t?F\
r'(g+1) Ma+B+1) T@RB+1)
(A — B)t?%+F 2Bt**2p N (A+B)t3F\ | N
FTRa+pf+1) T(@+28+1) TRBR+1)

x(t) =A+

y(t) =B+

p = 1 alimirsa,
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_(A-B)®  ((A—B)*  (A+B)tF
x(t) =A+ T(a+ 1) +<F(2a+1) _1"(0!+,3+1)>
((A B3 24t2*F (A4 B)t+?F )

FBa+1) TQRa+f+1) T(a+28+1)

SO =B+ (A+ B)tP ((A —B)t**F (A + B)t2ﬁ>

rB+1) \F@a+B+1) TRB+1)
(A — B)t?e+B 2Bto+2B (A + B)t3#
(F(2a+,8+1)_f‘(a+2ﬁ’+1)+ r(3ﬁ+1)>

sonucunu elde ederiz.
Normal dagilima sahip A rastgele degiskenin parametreleri, A~N(u,c?) dir. Normal

dagilimin moment ¢ikaran fonksiyonundan faydalanilarak

t2g2

M, (t) = E[et¥] = e (5.20)

(5.20) ifadesi bulunur. A~N(u, 0?) rastgele degiskeninin, birinci momenti ve varyansi
E[A] = u, Var[A] = o? (5.21)
dir (Akdeniz, 2014, Khaniyev vd., 2017).

Laplace dagilimin moment ¢ikaran fonksiyonundan faydalanilarak

eat

1 — b2t?
Laplace dagilimina sahip B~L(a, b) rastgele degiskeninin, beklenen degeri ve varyansi

M, (¢t) = E[etX] =

sirastyla asagidaki gibidir (Khaniyev vd., 2017).
E[Bl=a, Var(B) = 2b? (5.22)

Yukaridaki ¢oziimlerin beklenen degerleri;

(A-B)t* [(A-B)t** (A+ B)t**#
T(ax+1) (F(2a+1) _F(a+ﬁ+1)>

E(x(Y)) =E [A +

(A-B)t**  246%%*F  (A+B)te*?h\|
(F(3a+1) _r(2a+/>’+1)_F(a+23+1)>l -

(E[A] — E[BDt*  ((E[A] — E[B])t>** (E[A] + E[B])t**F
T(a+ 1) +< Fa+1) = T(a+p+1) )

E[A] +

(E[A] — E[BDt3®  2E[A]t?**F  (E[A] + E[B])t*+%#
( rBa+1) TRa+B+1) T(a+28+1) )

52



_ a _ 2a a+p
=H+(u a)t +<(u a)t (1 +a)t )

Ta+1) \TQRa+1) T(a+pf+1)

(‘u _ a)t3a 2Ht2a+/§ (,LL + a)ta+2/3
(F(3a+ 1) TQRa+B+1) T(a+2B+ 1))

U = 3,a =4 06zel degerleri i¢in

a tZa 7ta+ﬁ t3a 6t2a+ﬁ
E(x(t)) =3 — — — — —_
(x(®) lNa+1) TQRa+1) T(a+p+1) T'BGa+1l) TQRa+p+1)
7ta+2[?
CT(a+28+1)

x(t)nin beklenen degeri

5 L L L L L L L L L o
i-‘iiif -1~ o=1,p=1
o- *ii:i X - 4=0.9,8=0.9 "
ﬁ&ﬂ -~ =0.8,8=0.8
5/- . .
o _N=RES - 4=0.7,3=0.7
maand
-10 - \.\l DSD\ 4
mEan
-15 —~ \-\‘\qh\ -
g -20 - '\l:l:l‘tl\ -
w l\-‘u\]:l\
25 !:-\]:l\]:l\ -
i L=
noa
35 ‘:‘\
40 |- .\\
_45 L L L L L L L L L L

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

Sekil 15. a, § = 1,0.9,0.8,0.7 degerleri igin E (x(t))’nin ¢6ziim davranislar

(A+B)tF  ((A—B)t*B (A+B)t?F
rB+1) (F(a+,8+1)+ F(Zﬁ+1)>

(A — B)t?*+F 2Bt**+2F (A+B)t*F\| _
(F(2a+,8+1)_f‘(a+2ﬁ+1)+ 1“(3,8+1)>l -

E(y())=E lB +
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E[B] +

(E[A1 + E[BDtF  ((E[A] — E[BDt**F  (E[A] + E[B]t?F
TG+ 1) < fa+p+1D | T@p+1) >
(E[A] — E[BDt?**F  2E[B]t**?8  (E[A] + E[B]t3F
( rQa+p+1) T@a+t26+1) TGE+D >

_ (wtaotP (-t (u+ )t
St TE T D <F(a+,3+1)+ r(25+1)>

(u — a)t?e+h 2at*+?B (u+ a)t3F
(F(2a+,8 1) T@+28+1) TGR+ 1))

U= 3,a =4 06zel degerleri i¢in

7th ta+p 7t2F t2arh
E(y(t)) =4 - B
@) "TE+D T@rp+D T+ Tatf+D
8ta+2ﬁ 7t3ﬁ

_F(a+2,8+1)+F(3,8+1)

y(t)nin beklenen degeri

30 £ L L L L L L L L L
- a=1,p=1
-~ 4=0.9,$=0.9 ::H
27 - 4-08p=08 Hﬂ
-1F- 4=0.7,8=0.7 E’E

1 1

Ey®)

1

Sekil 16. a, f = 1,0.9,0.8,0.7 degerleri igin E (y(t))’nin ¢6ziim davraniglari
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Yukaridaki ¢oziimlerin varyanslart,

— a _ 2a a+B
Var(x(t))=Var[A+(A B)t <(A B)t** (A+ B)t )

['(a+1) Fra+1) T(a+B+1)
((A — B)t3® 2At2*+P (A + B)t*+2F )l

FBa+1) TRa+p+1) T(a+28+1)
(Var[A] + Var[B])t**

= Var[A] + Ma T 12
(Var[Al +Var[B)t*®  (Var[A] + Var[B])t***?
(Var[A] + Var[B)t®* 4Var[A]t**+28
( [Ba+1)? IQa+p +1)2

(Var[A] + Var[B])t?*+4F
I'(a+ 2B +1)? )

_ 2, (c?+2b?)t2“ ((02+2b2)t4"‘ 02+2b2)t2“+23) ((02+2b2)t6“ 402t4a+2B
I'(a+1)2 rQ2a+1)=2 F(a+B+1)2 r(3a+1)2 ra+p+1)2

(0.2+2b2)t2(1+4ﬁ)
I'(a+2p+1)2

02 = 2 ve b = 2 6zel degerler igin

Var(x(®) =2+ 10t2 N 10t N 10t2+28 N 10t6
) = e e+ D2 " TQa+ 12 T(a+ B+ 1) T(Ba + 1)2
grta+2p 10t2a+4B

T TCat B+ 12 " Tla+ 28 ¥ 12
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x(t)nin varyansi

250 £ L L L L L L L L L
-- a=1p=1
-k~ 4=0.9,$=0.9
200 -~ /!
- «=0.8,p=0.8 /
-1F- 4=0.7,8=0.7 d/
/0
150 |-
=
T
>
100 [~
50 -
0 02

Sekil 17. a, § = 1,0.9,0.8,0.7 degerleri igin Var(x(t)) nin ¢éziim davranislari

(A+B)tF  ((A—B)t*F (4+B)t?F
rB+1) <F(a +B8+1) T(2B+1) )

(A — B)t?e+F 2Bte+28 (A + B)t3#
(F(2a+ﬁ+1)_l“(a+2ﬁ+1)+ F(33+1)>]

B (Var[A] + Var[B])t?#
= lVar[B] + TG+ D)2

((Var[A] + Var[B)t?*+2F  (Var[A] + Var[B])t*F )

Var(y(t)) = Var [B +

F(a+p+1)? + T2 + 1)?
(Var[A] + Var[BDt***?F 4VAR[B]t?***F
( [2a+p+1)? + T'(a+ 2B + 1)2
(Var[A] + Var[B])t%f
F(3p + 1)2 )l

(B +1)2 F(a+p+1)? r2p+1)?

(0.2 + 2b2)t4a+2[>’ 4b2t2a+4ﬁ (0.2 + 2b2)t6ﬁ
( FZa+p+12 ' Ta+28+ D2 TGE+1)? )l

_ [sz N (0% +2bH)t%F ((02 +2bH)t***2F (0% + 2b2)t4ﬂ>
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02 = 2 ve b = 2 dzel degerler igin

10¢28 10¢2a+2B 10¢%F 10¢*a+26
14 t)) =8+ + + +
ar(y( )) TB+1)2 Ta+B+12 TRA+1?2 TRa+p+1)?2
30¢2a+4B 10t68

T Ta+ 28112 TG+ 1)

y(t)'nin varyansi

350 £ L L L L L L L L L
-- o=1,p=1
—'D'_ = = 4
300k 0=0.9,$=0.9 /I
-~ ¢=0.8,$=0.8 .
--- 4=0.7,8=0.7 ,.,’
250 /'l
II [I
7 7
/7
_. 200 - ‘W =
= ‘ / /l !
> R~
c /
> 150~ ,-/. St
V4
,./-/D/
100 |- = i
”
il E& |
poua RS .
0 02 04 1.2 1.4 16 1.8 2

t

Sekil 18. a, § = 1,0.9,0.8,0.7 degerleri igin Var(y(t)) nin ¢oziim davraniglari

AGS =E(y(t)) -3 /Var(y(t)) alt giiven s ve UGS =E(y(t))+

3 /Var(y(t)) olarak bulunur.

57



Given Araliklar
50 [ L L |8 |8 |8 L |8

)
o

-100 -
-150 -
-200 [~

-250 ~
-0k - Ex-3*stdx
300 - Ex a
-~ Ex+3*stdx EE
-350 - q

-400°" .
0 0.5 1 15 2 2.5 3 3.5 4

t

3 Standart Sapmalik Glven Arahgi

=
=
=
=

Sekil 19. u=3,a=4,062=2,b=2 degerleri ve a, f = 0.9 igin x(t)’nin K = 3 i¢in

giiven araliklart AGS = E (x(t)) -3 /Var(x(t)) alt giiven sinir1 ve UGS =

E(x(®)) +3 /Var(x(t)) olarak bulunur.
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Glven Araliklari
300 [ |8 |8 L L |8 |8 L

-~ Ey-3*stdy
-l Ey
200 - -~ Ey+3*stdy

250 -

150

100

50

-50

3 Standart Sapmalik Giiven Araligi

-100

-150

-200°"

Sekil 20. u=3,a=4,062=2,b =2 degerleri ve a, f = 0.9 i¢in y(t)’nin K = 3 i¢in

giiven araliklart AGS = E (y(t)) -3 /Var(y(t)) alt giiven sinir1 ve UGS =

E(y(©)+3 /Var(y(t)) olarak bulunur.
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6. KISMi DIFERANSIYEL DENKLEMLERIN COZUMLERI ICIN HPM

YONTEMI
Ornek 1:
Uyy Uy, —u=0 (6.1)
u(0,y) = y,u,(0,y) = y + coshy (6.2)
Baslangig kosullari ile verilen Helmholtz Denklemini(Goodman,1968) HPM yontemi ile
¢0zinuz.
Coziim:
u = Uy + puy + p2u, + pdug + - (6.3)

(6.3) ifadesini (6.1) de yerine yazalim.

62u0+ 62u1+ b N
0x? p6x2 p 0x?

0%u d0%u 0%u
0, > 1 +p? 2
dy? dy? dy?

=p(up + puy + p*u, + ) — p( + )

x’e gore integral alalim.

jux(O, y)dx = f(y + coshy)dx + ¢

ug(x,y) = yx + xcoshy + ¢
up(0,y) =y.04+0.coshy +c=y=>c=0
p°: uy(x,y) = yx +y + coshy = y(1 + x) + xcoshy

0%u, 0%u,
1: = — = = 1 =
PGz Tt T 5 fulxx y(1+x) Jy + yx

x2
fulxzfyx+fy7+fcl
u1(01y)=0,u1x(0:3’)=0

C1=0,C2=0

2 %3 1, x%
uy (x,y) =y7+y?+clx+cx TR y+?
, 0%u, 0%u;  x%y x3y
P =Uu; — = +
d0x? dy? 2! 3!

x’e gore iki kere integral alinirsa;

0%u, x3 x*
J 32 dx =y§+yz+cl




9%u, x* x°
J.(')x dx—y—+y5'+clx+cz

4 X5
u,(x,y) = yz+y§+ c1x + ¢,

u;(0,y)=0=>¢;,=¢c, =0

4 x5

Uy (x,y) = YtV
6 x7
P’ us(ny) =y gty oy
x® x°

p*: uy(x,y) = YartVor

u(x,y) = uo(x,y) + puy (%, y) + p?up (x,y) + pluz(x,y) + -
a = 1,A = 1 secilerek yakinsakligi incelersek, t = 1,x = 1 i¢in

1.2
llus Gl _ “z-" al ”
: =0.1882
O lupx )l IIy(1+x)+xcoshy|I =0JE5
x4 XS
NMuaell Y artYsr
1- ||ll1(xy)|| - || x3y 0-0750<1
2N
x6 x7
NMusGenll _ e ™7
2" lug el [~ 0s1/<1
5]
] _
Mug el _ |78 o
3 lus o)l ‘ = 0.0174<1
b

degerlerinin 1’den kii¢iik oldugundan ¢6zlimiin yakinsak oldugu goriiliir.

p = 1igin
x2 x* xt x> x% X
u(x,y) =y+yx+xcoshy+ya+y§+yz+ya+ya+yﬁ+
2 x3 x4- x5

=y<1+x+§+§+ 5'>—|—xcoshy

u(x,y) = ye* + xcoshy
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u(x,y)

Sekil 21. Helmholtz Denkleminin ¢6ziim davranislari

6.1 Katsayillar1 ve Baslangic Kosullar1 Rastgele Olan Kismi Diferansiyel

Denklemlerin Céziimleri icin HPM Yéntemi

Ornek 2 :
Uyy — Uyy — U = 2Aye* — 2coshy (6.4)
u(0,y) = Ay + coshy (6.5)
ux(0,y) = 24y

A~Beta(a, ) - A~Beta(1,2) Beta dagilimina sahip rastgele degisken olsun. Verilen

rastgele kismi diferensiyel denklemi HPM yontemi ile ¢oziiniiz.

Coziim:

u(x,y) = uo(x,y) + pus(x,y) + p?up (x, y) + pPus(x,y) + -+ (6.6)
(6.6) ifadesini (6.4)’te yerine yazarsak

Upy = p(u +uy, + 2Aye* — Zcoshy)
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2 2
d°u, 0°uy

0%u,
axz P ox

2
+p axz +...

0%u, 0%y,

0%u
+p 2
dy? dy?

+ p? 372

=p<u0+pu1+p2u2+---+ + -+ 24ye*

— Zcoshy>

baslangig sartlari

x = 0 igin

u(0,y) = uo(0,y) + pus (0,%) + p*uz(0,¥) + -+ = Ay + cosh(y)
uy(0,y) = Ay + cosh(y) , u,(0,y) =0, u,(0,y) =0, o

un(or y) =0
du(x,y) _ Oug(x,y) Jui(x,y) =, 0uz(x,y)
dx = ux(x,y) = dx P dx +p dx +
x = 0 i¢in

ux(O;Y) = uox(oyy) s pulx(O,y) + pZuZx(O'y) + e = ZAy
qu(Ol Y) = 214}’

ulx(o'y) =0

uZx(Ory) =0
0%u,

0. =0
P dx,

x’e gore iki kez integral alirsak
uo(x,y) = c1x + ¢,
uy(0,y) = ¢, = Ay + cosh(y)
uox(0,y) = ¢; = 24y
ug(x,y) = 2Ayx + Ay + cosh(y) = Ay(1 + 2x) + coshy

. 0%y 0%u, X
p: oxZ Ug + 3y2 + 2Aye* — 2cosh(y)
0%uy
T Ay(1 + 2x) + coshy + coshy + 2Aye* — 2cosh(y)
0%uy N
T Ay(1 + 2x + 2e%)

x’e gore iki kez integral alirsak
x? x3
u,(x,y) = Ay (5 + 3 + 26") +cix + ¢y

u1(0,y) =24y + ¢, = 0= ¢, = 24y

63



U1,(0,y) =24y + ¢, = 0= ¢; = —24y

x? x3
Uy (x,y) =Ay<5+§+23x—2x—2>

, 0%u, 0%u,
p?:

oz Mt dy?

x’e gore iki kez integral alirsak

4 xS 3

x x
u, (x,y) =Ay<E+§+Zex—?—x2>+clx+c2

u,(0,y) =24y + ¢, = 0 = ¢, = —24y
Uy (0,¥) =24y + ¢, = 0= ¢, = —24y

x*  x° S
u,(x,y) = Ay Z+§+Ze -3 X —2x—2

u(x,y) = uO(xly) + pul(xly) - quz(x'}’) + p3u3(xry) + o

x? x3
= Ay(1+ 2x) + coshy +p (Ay <?+§ + 2e* — 2x — 2))

x*t  x° x3
+ p? Ay<Z+a+Zex—?—x2—2x—2) + -

p = 1i¢in

2! 3!

x*  x° x3
X 2 v
+ Ay<—4!+5!+26 3 - X —2x—2> +

x? x3
u(x,y) = Ay(1 + 2x) + coshy + (Ay <— +—+2e*¥ —2x — 2))

3 2 5 1
ux,y) =Ay(1+2x + Exz + §x3 + ﬁx“ + ExS + 0(x%)) + coshy
Tam ¢oziimu;
u(x,y) = Ay(1+ x)e* + coshy
Beta dagilima sahip X rastgele degiskeninin parametreleri, A~Beta(u, v) dir. Beta
dagilimin moment ¢ikaran fonksiyonundan (Feller, 1968) faydalanarak B rastgele

degiskeninin beklenen degeri ve varyansi sirasityla asagidaki gibidir (Khaniyev vd.,
2017).
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ap

Var(A) = (a+B)2(a+B+1)

E(u(x,y)) = E(A)y(1 + x)e* + coshy = ay(d + x)e* + coshy
a+p
(1 + )2 2x
Vorlube)) = vary et = (a fII-IBﬁ’)Z(ax+ ; +1)

a =1, =2 ozel degerler igin,
1ly(1+ x)e*

1
I x
172 + coshy = 3 y(1+ x)e* + coshy

E(u(x,y)) =

Beklenen Deger

E(u(x.y))

9 ;\\ 9

:‘::x:‘“

‘:ﬁ“ ek
0 ‘aﬁ

1‘ a a
“‘ “13 Setse

\“a

Sekil 22. u(x, y) denkleminin beklenen deger grafigi
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2y%(1 + x)%e?*

— 2 2,2x
372 18y (1+x)%e

Var(u(x, y)) =

Varyans

x 10

Var(u(x,y))

g’

i,
l!i?;'g'igi’%"a '

Sekil 23. u(x, y) denkleminin varyansinin grafigi
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3 Standart Sapmalik Glven Araligi

e
P33 < Soreiesiiie
R e eSS T £ S
T S T 16 X
TR

Sekil 24. u(x,y)’nin K = 3 igin giiven araliklar1 AGS = E(u(x,y)) — 3/ Var(u(x,y))
alt giiven sinirt ve UGS = E(u(x,y)) + 3y/Var(u(x,y)) olarak bulunur,

Ornek 3:

0%v(x,y) N 0%v(x,y)
0x? dy?

0<xy<1

= 6Ax — Bsiny

v(0,y) = Bsiny

7,,(0,y) =0
v(x,0) = Ax3
v,(x,0) =B

eliptik denklemi ele alalim.
A~N(u,0?),B~U(a,b)
sirastyla Normal ve Diizgiin dagilima sahip rastgele degiskenler olsunlar. Verilen rastgele

kismi diferansiyel denklemi HPM y6ntemi ile ¢oziiniiz.
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Coziim :

Homotopi denklemi goz 6ntine alalim, asagidaki homotopiyi olusturalim.

2%v(x,y) v(x,y) .
— T p( 372 6Ax) —Bsiny (6.8)

v’nin diizgiin pertlirbasyon agilimi yapilirsa;
v(x,y) = Vg + pvy + p*v, +pPvs + o = Yoo pM oy (6.9)
(6.9) denklemi (6.8) de yerine yazilirsa olusturulan denklemler:

Vo +pv1 +pPva + o 0%(vo + pvy + p*va + ) .
02 < 322 > + p< 3y — 6Ax | = —Bsiny
0%v, 0%v, 9%y, 0%v, 62171 0%v; 0%,

i —6A 2 3 -
6x2+p(6x2+6y 6Ax | +p (a 3y2 ) TP\ axz T oy2
= —Bsiny

0%v, ,
p°: PP —Bsiny

0%v, 0%
Pl ot ay0—6Ax=O

0%v, 0%y,
P’ 53 552 =0

0%vy 0%,
A A

0%v, 0%v,_
p": L "1_-0,n=0

dx? dy?
v, degerini bulmak i¢in;

0%v, ,
p°: 57 —Bsiny

her iki tarafin iki katl integrali alinirsa,

X

ff<62v0> dxdx = ff( Bsiny)dxdx

0

X

f avo(x Y) 5170;2 y)) _ f(_BxSmy)dx

0 0

0v,(0,y)
0x

f(%) dx = f(—BsinO)dx
0

0

=0

tekrar integral alinirsa
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2

2!
v(0,y) = Bsiny
(w(x,y) = vo(x, ) + pv1(x,¥) + p?v,(x,y) + P3v3(x,y) + )

Uo(x»}’) - 170(0,}’) =

siny

x = 0 igin

v(0,) = v0(0,y) + pv1(0,y) + p?v,(0,y) + p°v3(0,y) + - = Bsiny
v0(0,y) = Bsiny kosulu kullanilirsa;

2

Bx“
vo(x,y) = vy(0,y) — —r Siny

x2
vo(x,y) = Bsiny — TSiny

L 0%v 0%y,

: + —6Ax =0
Pt gxz dy? x
0%v, _ Bx? 3
FP% + ( —Bsiny + Tsmy —64Ax =0
0%v, , Bx?
Tz Bsiny — ——siny + 6Ax

2!
x degiskenine gore iki katli integral alinirsa;

X X X X

Bx?
ff dxdxsz Bsiny—Tsiny+6Ax dxdx
00 00 '

X

, Bx® 2
vl(x,y)zf Bx—smy—7smy+3Ax dx

0%y,
dx?

0

Bx? Bx* s
vi(x,y) = —7 Siny — —siny + Ax
0%v, 0%y,
2. =0
Pt xz + dy?
v1(x,y) yerine yazilirsa
0%v, Bx? Bx*
ax? = a1 S TSy
iki katli integral uygulanirsa
Bx* Bx®
vy(x,y) = 7 Siny ——siny
0%v;  0%v,
3. + =0
P a2 dy?
0%v; Bx* Bx®
ax? @ S T g siny

iki katl integral uygulanirsa

69



Bx® Bx®
v3(x,y) = —r Sy — g siny

Vg, V1, U4, V3 degerleri pertlirbasyon agiliminda yerine yazip, p = 1 alirsak

v(x,y) = vy + pvy + p?v, + p3vg + -

_ Bx? Bx? Bx* , . Bx* Bx®
= Bsiny — Fsmy + Tsmy T + Ax® + Tsmy - Fsmy
Bx® Bx® ]
+ Sy — g siny = Bsiny + Ax3

Yakinsakligini hesaplarsak
A~N(u,0?),B~U(a,b)
A =1,B = 2 segersek yakinsaklik i¢in

x=1, y=1
v
ro = ol _ 5 105661773
llwoll
1%
r = lvall 0.03826754949 < 1
llvoll
v
1y = v2ll _ 503386699507 < 1
lval
1%
ry = vsll _ 01797979798 < 1
2|

1’den kiiciik oldugundan yakinsak oldugu goriiliir.

Normal dagilima sahip A rastgele degiskeninin parametreleri, A ~ N(u, ¢?) dir.

Normal dagilimin moment ¢ikaran fonksiyonundan (Feller, 1968) faydalanarak

My() = E[e™] = et (6.10)
A ~ N(u, a?) rastgele degiskeninin birinci, ikinci momentleri ve varyansi
E[A] = u,E[A%] = u? + o?veVar[A] = o2 (6.11)
bulunur. Momentler kullanilarak A ve B bagimsiz rastgele degiskenler igin
E[AB ]| = E[A]E[B ] olur.
Diizgiin dagilima sahip B rastgele degiskeninin parametreleri, B ~ U(a, b) dir.
Diizgiin dagilimin moment ¢ikaran fonksiyonundan (Feller, 1968) faydalanarak

ebt_eat

— tX] —
My () = Ele”] =4 (6.12)
B ~ U(a, b) rastgele degiskeninin birinci momenti ve varyansi
E[B] =2, Var[B] = o) (6.13)

12
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bulunur.

v(x,y) = Bsiny + Ax3

Beklenen deger ve varyans,

a+b
E[v(x,y)] = E[Bsiny + Ax3] = sinyE[B] + x3E[A] = usiny + x3 ( )

2
Var[v(x,y)] = Var[Bsiny + Ax3] = Var|[Bsiny] + Var[Ax3]

2 6 2 (b —a)*
= sin®yVar[B] + x®Var[A] = sin*y —7 + x%0?

a=1,b=3,u=2,0%=3 dzel degerler icin,

1+3
E(v(x,y)) = 2siny + x° (T) = 2siny + 2x3

Beklenen Deger

150 —

E(v(x.y))

Sekil 25. v(x, y) denkleminin beklenen deger grafigi
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Var(
v(x
,Y)) =
)) B SinZy ((3 _ 1)2
12
) + x63 = sinzy
3 + 3x6
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3 Standart Sapmalik Giiven Araligi
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Sekil 27. v(x, y) denkleminin 3 standart sapmalik giiven araliginin grafigi

6.2 Laplace Doniisiimii Homotopi Pertiirbasyon Metodu (LD-HPM)

(LD-HPM)’nin nasil ¢alistigini gostermek igin genel bir lineer olmayan diferansiyel
denklemi asagidaki formda diistinelim.
DIy(t) = f(t) — Ly(t) — Ny(¢) (6.14)
m—1<a<m,meN,t >0 asagidaki sinir kosullari,
g(r2) (6.15)
Burada L lineer bir operatdr, N ise lineer olmayan bir operator, f(t) bilinen bir analitik
fonksiyon ve D Caputo anlaminda kesirli tiirevi belirtir. 8 sinir operatorii ve y(t) bilinen
bir fonksiyonun ¢6ziimii su sekilde yazilir.
[k 6nce asagidaki gibi homotopi olusturacagiz.
(1 =p)[DZy(t) = DEyo ()] + p[Dyo(6) — F(©) + Ly(6) + Ny(®)] = 0 (6.16)
veya
Dly(t) = Dlyo(t) + p[=Diyo(6) + (&) + Ly(®) — Ny(©)],p € [0,1] (6.17)
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Burada p bir homotopi parametresidir ve p € [0,1] , y, smur kosuluna uyan (6.15)
denkleminin ¢6ziimii i¢in ilk yaklagimdir.

Simdi, Laplace doniisiimiinii (6.17) denkleminin her iki tarafina uygulayip asagidaki
denklemi elde edecegiz.

LIDFy ()] = LIDFyo(t) + p(=Diyo(0) + f(t) — Ly(t) — Ny(t))] (6.18)
Laplace doniisiimii i¢cin formiilii uygulayarak sunu elde ederiz.

sULIy()] = Zie s*FHf(0) = LIDyo(£) + p(=Dyo(t) + f(£) — Ly(t) —
Ny())] (6.19)
burada, m — 1 < @ < m veya

LYO] = S [Spt s 1O 0)] + S LDy () + p(=DEyo(6) + £(6) = Ly(t) -

Ny(t))] (6.20)
(6.20) denkleminde her iki tarafin ters Laplace doniistimiinii kullanarak sunu elde ederiz:
() = [ [Tt s@ k2 ®(0)] +  LIDE Yo (£) + p(=D&yo () + f(£) —

Ly(®) = Ny@)]| (6.21)
(6.21)’in ¢6ziimiinii asagidaki gibi bir p kuvvet serisi olarak yazabiliriz.

y() = Xn=oP"Yn (6.22)

Simdi, (6.22)’yi (6.21)’te yazarak sunu elde ederiz:

Bimop"yn = £7 [ [SR s KR (0)] + L LIDEYo(0) + p(=Dyo(6) + £(6) -

LE0p"yn = N Zizop" )| (629
Terimleri p nin ayn1 kuvvetleriyle esitleyerek su denklemleri elde ederiz:

— 1
P yo(®) = £71 [ & [SR5d s« F O 0)] + £ LIy 0] (624

pin(O =L _Sia [£(=DEyo(8) + £(8) = Lyo(®) = Nyo(9)]]

P26 = £7 [ EE-L0, 70) = NG 7))

P (0 = £7 [ S ILC-LG0 3 72) = N0y, 3|

Ik yaklasimin su forma sahip oldugunu varsayarsak y(0) = ag,y'(0) = ay, ... ,
Yy =

Bu nedenle kesin ¢6ziim asagidaki gibi elde edilebilir:

y=limy=yo+y +y2+ys+-- (6.25)
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Ornek 4:

3
DIy(6) = =y" () = y(O) + 2+t + =T +3 (6.26)
y(0) =1,y(1) =3, smirkosullariile 1 < a <2,0<t <1
verilen, Bagley-Torvik (Torvik ve Bagley, 1984) sinir deger problemini (LD-HPM)

yontemi ile ¢oziiniiz.

Coziim:

(6.26) denklemine HPM yontemini uygulayalim.

Dly(t) = Dlyo(t) + p[=Diyo () + f(t) — Ly(t) — Ny(t)] (6.27)
p € [0,1]

(6.27) ifadesine Laplace Doniistimii uygulanirsa;

LIDZy(6)] = LIDFyo(8) + p(—Diyo(t) + f (&) — Ly(6) — Ny ()]

Caputo kesirli tiirevin Laplace doniisiimii

LIDEf()] = s¥F(s) — X4t s* k1 fB0),m—1<a<m (6.28)
s®LIy(D)] — Ty s L FO(0) = L[DEyo () + p(=Dfyo () + f(8) — Ly(t) —
Ny(®))] (6.29)

m—-—1<a<myada

1

Lly®)] = [ s 1I’(")(O)]+ FL[DIyo(8) + p(=Dyo(t) + f(t) — Ly (D) —

Ny(6))] (6.30)
Her iki tarafin ters Laplace Doniisiimiinii alirsak,

y(®) = [ [Tt s@ k=1 FUO(0)] +  LIDE Yo (£) + p(=D&yo () + f(£) —

Ly® = Ny©)]| (631)
y(t) = XazoP " Yn (6.32)

(6.32) ifadesini (6.31) te yerine yazarsak;

Eimop"yn = L7 [ [ 5441 FO(0)] + 5 LIDEo(0) + p(~DEyo(6) + (1) -

LE0P"yn = N Ez0p" )| (639

p’nin ayni dereceli terimlerinin denklemi
— 1 - —e— 1
pyo(t) =Lt [S_a [Z;cnzolsa k 1f(k)(0)] + S_aL[Df}’o(t)]
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(1

pliyi(t) =L71 S—aﬁ[—Df}’o(t) + f(t) = L(yo) — N(Yo)]l
(1

p2y,(t) = L7 S—aﬁ[—L(yo.yl) - N(yo,yl)]l

1
pys(t) =L S—aﬁ[—L(yo.yl,yz) - N()’OJ’LYZ)]]

Baslangi¢ yaklagimlan y(0) = ay , y'(0) = a; , y'(0) =a, , ..., y™ 1(0) = ayp_q
olan denklemler ¢oziiliirse
y=limy=yo+y, +-+yn+-
(6.30) denkleminin ¢oziimiinii LD-HPM ile bulmak i¢in (6.32) te yerine yazalim.
yo(t) =1+ At,y(0) = 1,y'(0) = A baslangi¢ kosullarini segelim.

(o] o o 4
anyn: LA £ 5L _Zp"yé'—zpnyn+t2+t+ﬁ\/f+3
n=0 n=0

3
n=0 S2
Yo(t) + py1 () + 2y, () + py3() + -
=1+ At
— p n 144 n
+ L7 S L-00 + oy +P%y) )] = (o Py + P2y + )
S2

4
+t2+t+—=Vt+3
Vi

p%:y(t) =1+ At

1 4
PIa(® = L7 |5 (L1-8) - Lol + £ + £ +—=VE+3)
s2 vr
| T\
SRRt N (N SN LS S I
) =L 5| —ctAgt gttt =3+
&2 S s2 s3 s2 \/E o S
gt3/2 32t7/2 8 (A—1)t3/?
n®)=z—=+ -
3yn 105 yx 15 V&
2 -1 1 "
pey,(t) =L _3(1:[_3’1] - L[y1D
S2

3
23 t5 8tz 32 7 tZ(A—1)+t4(A—1)

t) = =2t — — — —— —~ t2 +
y2(8) 3 60 3ym 105Vw 2 24

peya(®) = £7 [ (el-y41 - £y
S3/2 2 2
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13 5 9
O =2+ 2 5y t> N 256t2 N 16t2 N 64t2
Vel = At gt T 0 T 135135vR | 5vr | 315vm

3
4(A — 1)(3465 + 16t* + 792t2)t2
103957

Yukarida hesaplanan degerler yerine yazilirsa,

y(© = limy() = yo(6) + y1(t) + -+ yu(6) + -

5 3
(=144t + 8¢3/2 L 32 t7/2 Lp_8@-De 2t > 8tz
Y= 3 Vx| 105 v 15 vx 3 60 3%
13
32 t%+t2(A_1)+t4(A_1)+2t+2t3+ts+ 256t72
105V 2 24 3 60 1351357

5 9 3
h 16t2 N 64tz  4(A—1)(3465 + 16t* + 792t%)t2
5vm 315Vm 10395vm
y(0) = 1,y(1) = 3 ifadeleri yerine yazilirsa, A = —5.135838304 bulunur, bulunan

deger yukaridaki denklemde yerine yazilirsa,

6.472447095 5

y(t) = 1 — 5.135838304t + t2 + =t 0.2556599293t2(12 + t2)
T

9 13
64 2 256 13

315~ 135135
vr vr

3
2t2(3465 + 16t* + 792t?)
N

denklemin yaklasik analitik ¢6ziimii bulunmus olur.

+ + 0.2361072940t
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y(t)nin ¢ézum dawranigi

300 ¢ T T T T T T T ;
250 - ‘f

200 - ‘ -

y(t)

t
Sekil 28: y(t) nin yaklasik olarak analitik ¢6ziim davranisi
Ornek 5:
3
DZy(t) +y"(t) = 2y(t) = f/—g\/? — 2Bt + 24t + 2(B — A) (6.33)

1<a<2,05t<1

smir kosullar1 y(0) = 1,y(1) = 4 (6.34)
A~N(u,06% ) > A~N(2,1) Normal dagilima sahip, B~Ustel(1) » B~Ustel(1 = 3)
tistel dagilima sahip, rastgele degiskenler olmak iizere rastgele Bagley-Torvik (Torvik ve
Bagley, 1984) smir deger problemini (LD-HPM) yontemi yardimiyla ¢oziim

davraniglarini inceleyiniz.

Coziim:
(6.33) ifadesi
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o] 1 m—1
D=Lt [Z S“"“lf(")(O)]
n=0 5 k=0

1
+ s_“L DZyo(t)

+p (—Df‘yo(t) +f(@)—-L Z P"Yn— N Z p”yn>
n=0 n=0

Yo(t) =1+ ct segilerek (6.33)’te yerine yazilmasi ile LD-HPM yolu ile denklem

¢Oziilebilir.
Z Py, =1+ct
n=0

+L 53/2

oy +22p"yn—ZBt2+2At+2(B—A)

Yo(t) + py1(t) + p?y,(t) + p3y3 ) + -
=1+ct
P

+ L7 [ 52 L=0 + oyt +pyy + )l = 0o +pys + %2 + )
— 2Bt? + 24t + 2(B — 4)]
p%yo(t) =1+ct

pliy,(6) =L~ [ 573 ( [—vo'1 — L[yo] + L(—2Bt? + 2At + 2(B — A))]

)=t 1( 12 ZBZ|+2A Z(B A)>
yilt) = S; S Csz s

7 3 5
4 (1613ti +35(—1— 24 + 2B)t2 + 14t2(—c + 2A)>

t) =
y1(t) 1057
P2y (t) = L7 |55 (L-yi] = Ly:D)]
@ = t(4Bt* + 5t3c — 10At3 + 40Bt? + 40At? + 20t?)
Y2t = 120
t(—120At + 60ct + 240A — 240B + 120)
+ 120

peya(®) = £7 [ (el-y41 - £y
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13 5 9
4 (—128Bt7 —36036t2(1 + 24) — 1144t2(1+ 6B + 2A)>

t —
10 135135V

3
4 (13(—c + 2A)t2(3465 + 16t* + 792t2)>
+

1351351

Yukarida hesaplanan degerler yerine yazilirsa,

y(©) = limy(t) =yo(6) + y:(6) + -+ ¥ (O + -

7 3 5
4 <16Bt5 +35(—1— 24 + 2B)tZ + 14t2(—c + 2A)>

yt)=1+ct+

105vVr
t(4Bt* + 5t3c — 10At3 + 40Bt? + 40At? + 20t?)
_.|_
120
t(—120At + 60ct + 2404 — 240B + 120)
i 120

y(0) = A,y(1) = 4 ifadeleri yerine yazilirsa, ¢ = 2.083863547 + 0.3809863674B —
0.2799051480A bulunur, bulunan deger yukaridaki denklemde yerine yazilirsa,

y(t)
=1 + (2.083863547 + 0.3809863674B — 0.2799051480A4)t

7 3
, H-16Bt7+35(-1 - 24 + 2Btz

105y
N 56tg(—2.083863547 —0.3809863674B + 2.279905148A)
105y
N t(4Bt* + 5t3(2.083863547 + 0.3809863674B — 0.2799051480A4)
120
t(10At3 + 40Bt? + 40At? + 20t? — 120At)
B 120
N 60t(2.083863547 + 0.3809863674B — 0.2799051480A)t + 2404 — 240B + 120)

120

denklemin yaklasik analitik ¢6z{imii bulunmus olur.
Normal dagilima sahip A rastgele degiskenin parametreleri, A~N (1, a?) dir. Normal

dagilimim moment ¢ikaran fonksiyonundan faydalanilarak

t2g2

M, (t) = E[e*] = ™2 (6.35)

(6.35) ifadesi bulunur. A~N (u, ) rastgele degiskeninin, birinci momenti ve varyansi
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E[A] = u, Var[A] = o2 (6.36)
dir (Akdeniz, 2014, Khaniyev vd., 2017).

Ustel dagilima sahip B rastgele degiskenin parametreleri, B~Ustel(1) dir. Ustel

dagilimin moment ¢ikaran fonksiyonundan faydalanilarak

M, (t) = E[etX] = 2

— (6.37)

(6.37) ifadesi bulunur. B~Ustel(1) rastgele degiskeninin, birinci momenti ve varyansi
1

E[B] =7 Var[B] =%

dir (Akdeniz, 2014, Khaniyev vd., 2017). Beklenen deger ve varyansi,

(6.38)

Ely(©)] = 1 + (2.083863547 + 0.3809863674E[B] — 0.2799051480E [A])¢

((—16E[B]t% +35(—1—2E[A] + 2E[B])t%

4
+
105vV7
5
+ 14t2(—2.083863547 — 0.3809863674E[B] + 2.279905148E[A]))

1
+ mt(élE[ ]t* + 5t3(2.083863547 + 0.3809863674E[B]

—0.2799051480E[A]) — 10E[A]t3 + 40E[B]t? + 40E[A]t? + 20t?
— 120E[A]t + 60(2.083863547 + 0.3809863674E[B]
—0.2799051480E[A])t + 240E[A] — 240E[B] + 120)

1
=1+ (2.083863547 + 0.38098636741 —0.2799051480u)t

4 1 1y 3 5
165 7+ 35( 1-2u+ 2—) t2 + 14t2(—2.083863547
105\/—(( pt2o (
1 1
— 0.3809863674 ~ + 2.2799051481)) + - t (4~ Lo

1
+ 5t3(2.083863547 + 0.38098636741 —0.2799051480u) — 10ut?

1
+ 401t2 + 40ut? + 20t? — 120ut + 60(2.083863547

1 1
+ 0.3809863674 — — 0.2799051480u)t + 240u — 240 —

12
7 /1+ 0)
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Var[y(t)] = (0.3809863674t)2Var[B] + (0.2799051480t)2Var[A]

2 2

64 6
" (105\/5) tVar(B]+ (17\/5) t*(Var[B] + Var[A])

2

2

+ (—) £5((0.3809863674)2Var[B] + (2.279905148)2Var[A])
17Vn

2

1202
+ 25t°((0.3809863674)?Var[B] + (0.2799051480)*Var[A])

+ 100Var[A]t® + 1600Var[B]t* + 1600Var[A]t* + 14400Var[A]t?
+602((0.3809863674)2Var[B] + (0.2799051480)Var[A])t>
+ 240%Var[A] + 240%Var[B]) =

(16t8Var[B]

2

= (0. 3809863674t)2 ! + (0.2799051480¢t)2%02 +< o4 ) t? !
= o’ —
105vV7 A?

56 \* , 1 248V . , 1
( ) t3(z +0%) +<1 \/_> t°((0.3809863674)% -3

1747
+ (2279905148)202) + —— (1669
: 7T 1202 22
1
+ 25¢° ((0 3809863674)2 + (0.2799051480)%¢ 2) + 10002%t°
1
+ 1600ﬁt4 +16000%t* + 1440002t?

+ 602 ((O 3809863674-)2 +(0.2799051480)20 2) +2 1 240242

1
+ 2402 =

A=3,u=2,0=1 6zel degerleri i¢gin
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1
E[y(t)] =1+ (2.083863547 + 0.3809863674§ —0.2799051480 = 2)t

1 1\ 3
(-16= t2+35< 1—2*2+2§>t2

4
105W

1
+ 14tf(—2.083863547 — 03809863674  + 2.279905148 * 2))

1 1 1
+ mt(él t* + 5t3(2.083863547 + 0. 3809863674§

1
—0.2799051480 = 2) — 10 * 2t3 + 40§t2 + 40 * 2t + 20t? — 120

1
* 2t + 60(2.083863547 + 0.38098636745 —0.2799051480 = 2)t

1
+240 + 2~ 240 + 120)

y(t)nin beklenen degeri
2 L L L L L L L

-- Ey®)

E(y(®)
A

Sekil 29: y(t) nin beklenen degerinin yaklasik olarak analitik ¢6ziim davranisi
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2

1 64 1
Var[y(t)] = (0.3809863674t)2 — + (0.2799051480t)212 + (—) t7 —
[y(®©)] = ( ) 3 ( ) TN 37
+( o6 )2t3(1 +12) +( 2 >2t5((0 3809863674)2 !
17w 32 177 ' 32
2 1
2.279905148)212 16t8 —
+( 05148) )+1202( 6 32
1
+ 25¢t° ((0.3809863674)2 ? + (0.2799051480)212> + 100 = 12t°
1
+ 1600§t4 + 1600 * 12t* + 14400 = 1%t2
1
+ 602 ((0.3809863674)2 =+ (0.2799051480)212> £2 4 240212
, 1
+240%
y(t)'nin varyansi
2000 F T L L L L T T
-k~ Vvar(y(t)) |
1800 i
1600 - F'
1
1400 - Ffl |
/4
1200 - [
= /]
> 1000/ B
S d
800 |- d .
600 - I:P .
400 - |
200 - .
(f r r r r N
0 0.5 1 1.5 2 25 3 3.5 4

t

Sekil 30: y(t) nin varyansinin yaklasik olarak analitik ¢6ziim davranisi
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Glven Araliklar
150~ T T T T T T T =

-4~ Ey-3*stdy
-~ Ey
100 ~--lF- Ey+3*stdy

N
o

3 Standart Sapmalik Guven Aralig
)
o

-100

1

=]

-150°" :
0 0.5 1 15 2 2.5 3 3.5 4

Sekil 31: y(t) nin 3 standart sapmalik giiven araliginin davranisi
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7. IRDELEME

Bu tez calismasinda elde edilen bulgulardan ¢ikarilan sonuca gore, adi ve kismi
diferansiyel denklemler ile diferansiyel denklem sistemlerinin yani sira, kesirli
mertebeden adi ve kismi diferansiyel denklemler ile kesirli mertebeden diferansiyel
denklem sistemleri baslangi¢ kosullar1 veya katsayilar rastgele secilerek, rastgele hale
doniistiiriilmiislerdir. Kesirli mertebeden adi ve kismi diferansiyel denklemler ile
diferansiyel denklem sistemleri rastgele etkiler altinda incelenmesi i¢in normal, diizgiin,
beta, gamma, Laplace ve iistel dagilimlarina sahip rastgele etki terimleri kullanilmustir.
Bu rastgele kesirli mertebeden adi ve kismi diferansiyel denklemlerin yaklasik analitik
¢ozlimleri igin literatiirde ¢ok sik kullanilan yontemlerden birisi olan HPM (Homotopi
Pertiirbasyon Metodu) ve LD-HPM (Laplace Doniisiim-Homotopi Pertiirbasyon Metodu)
yontemlerinden istifade edilmistir. Elde edilen bu ¢éziimlerin beklenen deger, varyans ve
giiven araliklar1 hesaplanarak MATLAB paket programi yardimiyla grafiksel olarak

gosterilmigtir.
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8. SONUC VE DEGERLENDIRME

Bu calismada Kesirli ve kesirli mertebeden olmayan adi, kismi ve diferansiyel
denklem sistemleri baslangic kosullart ya da katsayilari siirekli zamanli olasilik
dagilimlari olan diizgiin, normal, beta, Laplace, gamma ve iistel dagilimlarindan herhangi
biri segilerek denklemler rastgele hale dondstiiriilmiistiir. Bu rastgele hale getirilen
denklemlerin olasilik karakteristiklerinden beklenen deger, varyans ve giivenlik araliklar
hesaplanmistir. Rastgele hale dontstiirilen adi, kismi ve diferansiyel denklem
sistemlerini ¢ozmek i¢in yaklasik analitik ¢oziim yontemlerinden literatiirde ¢ok yaygin
olarak kullanilan HPM ve LD-HPM yontemlerinden faydalanilmistir. Buna ek olarak
kesirli tiirevin farkli degerleri i¢in analizler yapilmistir. Son olarak elde edilen ¢oziimlerin
olasilik karakteristiklerinden beklenen deger, varyans ve giiven araliklarinin ¢éziim

grafikleri MATLAB 2013 paket programi yardimiyla ¢izilmistir.
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9. ONERILER

Bu ¢alismada lineer ve lineer olmayan kesirli ve kesirli olmayan mertebeden adi ve
kismi diferansiyel denklemler ve denklem sistemleri rastgele hale doniistiiriilerek olasilik
karakteristikleri incelenmistir. Rastgele hale getirilen denklemler HPM yontemiyle
yaklasik analitik ¢oziimleri elde edilmistir. Rastgele lineer ve lineer olmayan adi ve kismi
diferansiyel denklemler kesirli mertebeden diferansiyel denklemlere doniistiiriilerek
gecikme terimi eklenerek HPM ve LD-HPM yontemleriyle yaklasik analitik ¢oziimleri
bulunabilir. Literatiir de ¢ok sik kullanilan homotopi analiz, sumudu, aboodh, diferansiyel
doniisiim, varyasyonel iterasyon ve Adomian ayrisim yontemi yardimiyla yaklasik

analitik ¢oziimler bulunabilir.
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