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ABSTRACT
APPLICATIONS OF DUALITY FOR Hp SPACES

Eser Yapic
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Aurelian Gheondea
Spetember, 2006

We present several classical theorems on Hardy spaces that have in common the

idea of duality. Thus, we prove the Rogosinski-Shapiro theorems on realizations of
the distance to H,,, the Sarason Theorem on the algebra C + H,, V.M. Adamyan,
D.Z. Arov, and M.G. Krein Theorem stating that if /' € Lo, and ||[F'— Hoo|loo < 1
then ' + H.,, contains an element w whose modulus is 1 almost everywhere,
D. Marshall Theorem stating that the closed unit ball of H, is the closed convex
hull of the set of all Blaschke products, as well as G. Szegoé Theorem providing a
formula to calculate the distance in L,(u), where 4 is a positive Borel measure on
[—7, 7], of the function 1 to the algebra of polynomials vanishing at 0, in terms
of the Radon-Nykodim derivative of 1 with respect to the Lebesgue measure.

Keywords: Hardy spaces.
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OZET

Hp UZAYLARININ DUALLIKLERININ
UYGULAMALARI

Eser Yapici
Matematik, Yiiksek Lisans
Tez Yoneticisi: Aurelian Gheondea
Eyliil, 2006

Bu tezde, Hardy uzaylar tizerinde duallik ozelligyle ortak bir kag klasik teo-
rem sunulmustur. Bunun i¢in, H,’deki uzaklik baglantisiyla Rogosinski-Shapiro
teoreminin, C' + H,, cebiri iizerindeki Sarason teoreminin, V.M. Adamyan, D.Z.
Arov, and M.G. Krein tarafindan ispatlanan ve eger, F' € Lo, ve ||[F'— Ho|loo < 1
ise F' 4+ H,.’nin icinde modiiliisii hemen hemen her yerde 1 olan bir w elementi
oldugunu belirten teoremin, H,,'nin kapal birim kiiresinin, Blaschke ¢carpimlarinin
kapali konveks ortiisii oldugunu belirten D. Marshall teoreminin ve bize, p'niin
[—m, 7| tizerinde pozitif Borel dl¢iimii oldugu, L,(u) iginde 1 fonksiyonunun sabit
terimi olmayan polinomlarin cebirine olan uzakligini p’'niin Lebesgue ol¢iimiine
gore Radon-Nykodim tiirevi cinsinden veren G. Szegd teoreminin ispatlari ver-

ilmigtir.

Anahtar sézciikler: Hardy uzaylari.
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Chapter 1

Introduction

The theory of Hardy spaces H, on the unit disk (or, the upper half-plane) is
difficult to be circumvented to only one domain of analysis, because the techniques
used are so diverse, from complex functions, to measure and integration, harmonic
analysis, functional analysis and operator theory. The present work has the aim to
present a few results from this theory, from the point of view of function theory
and functional analysis, following our expositions in the Graduate Seminar on
Functional Analysis and Operator Theory at the Department of Mathematics of
Bilkent University, under the supervision of Aurelian Gheondea. Thus, we have
chosen to present a few classical results that have in common the idea of duality
of Hardy spaces. In order to outline the main topics, let us first recall that the
Hardy spaces H), have a duality theory close to that of the Lebesgue spaces L, but
with relevant differences in the sense that the duals of H, are, in general, factor
spaces in L,, where p and ¢ are conjugate numbers in the sense % + % = 1. Other
dualities can be expressed in terms of factorizations of the algebra of continuous
functions by disk type algebras (continuous functions that admit certain analytic

continuations in the disk), cf. Section 3.1.

The first results that we present refer to distances of functions F' € L, to H,
and the possibility that these distances be actually minima (that is, the infima
are attained), a collection of theorems that are attributed to W. Rogosinski and

H.S. Shapiro [8], independently obtained by S. Havinson [4].
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CHAPTER 1. INTRODUCTION 3

The second result that we present is a theorem of D. Sarason [9] stating that
C + H is a (closed) algebra in L.,. We do this by two different approaches, the
latter being an abstract version due to W. Rudin and based on an older idea of

L. Zalcman.

Then we present a theorem that belongs to V.M. Adamyan, D.Z. Arov, and
M.G. Krein stating that if F' € Lo, and ||F'— Hwo||eo < 1 then F'+ H., contains an
element w whose modulus is 1 almost everywhere. The original proof of Adamyan,
Arov, and Krein was operator theoretical, but the proof that we present here is

functional theoretical and belongs to J. Garnett.

Further, we present the celebrated result of D. Marshall [7] stating that the
closed unit ball of H, is the closed convex hull of the set of all Blaschke products,
in particular, that the set of Blaschke products is uniformly dense in H,,. The
proof is based on two technical lemmas, one belonging to A. Bernard Lemma and
the second of R.G. Douglas and W. Rudin [2].

Finally, given 1 < p < oo and a positive measure p on [—m, 7|, there was
a general problem of determining the distance in L,(p) of 1 to the algebra of
complex polynomials vanishing at 0. We first prove a theorem due to A.N. Kol-
mogorov stating that in this problem only the absolutely continuous part of the
measure i with respect to the Lebesgue measure matters and then, we present
the full answer due to G. Szegd that calculates this distance in terms of the

Radon-Nykodim derivative of ;1 with respect to the Lebesgue measure.

All the above results make the contents of Chapter 3. In order to make the
presentation understandable as much as possible and, in the same time, to keep it
at a reasonable size, we have included in Chapter 2 a review of the basic definitions
and results on Hardy spaces that we use: Poisson representations of harmonic
functions in the disk, the Fatou Theorem on the nontangential limit of a harmonic
function that is the Poisson transform of a finite signed measure p on [—7, 7], the
harmonic conjugate, the Theorem of F. and M. Riesz on absolute continuity of
Borel measures on [—, 7| in terms of the Fourier coefficients, Blaschke products,

and inner /outer functions and factorizations.
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In the preparation of our presentations we have used mainly the monograph of
P. Koosis [6] on Hardy spaces, and partially those of P.L. Duren [3] and K. Hoff-
man [5]. For the prerequisites on functional analysis we refer to the textbook of
J.B. Conway [1].



Chapter 2
Preliminaries

Before passing to the main chapter we have to give some basic definitions and
results. We know any infinitely differentiable function satisfying Laplace equation
is called harmonic function and for any function U(z) harmonic in |z| < R we

know that there is an analytic function F(z) = ) a,2" such that
F(z) =U(z)+iV(2)
where V(z) is harmonic conjugate of U(z). So we have,
U(z) = RF(z)

and we have a series representation for U;
o0

U(re) = ZAnr‘”‘ema (2.1)
—0o0

which is uniformly convergent on compact subsets of |z| < R and

A, = %an, n > 0,

AO = §Ra0

A, = %d_n, n < 0.

Moreover we have Poisson’s representation: If U(z) is harmonic for |z| < R,

R >1,and if 0 <7 < 1, we have

1 /7r (1 —r?)U(e™) it

T or < 1+1r2—2rcos(d —t)

Ul(re®)

5



CHAPTER 2. PRELIMINARIES 6

Now we can restrict ourselves such that U(z) is harmonic in |z| < 1. Then we

have some version of Poisson’s representation:

Theorem 2.1. Let p > 1, let U(z) is harmonic in |z| < 1, and suppose that

/ |U(re')|Pdg
called means are uniformly bounded in 6, for r < 1. Then there is an F €
L,(—m, ) with

U(re?) = = /ﬂ 0= pya

T or »1+72—2rcos(f —t)

forr < 1.

For p = 0o we have almost the same result:

Theorem 2.2. If U(z) is harmonic and bounded in |z| < 1, there is an F €
Loo(—m, ) with

Ulre) = = /W =) g

T or < 1+1r2—2rcos(d —t)

forr < 1.

Since Ly(—m,m) is not a dual of anything things are different for p = 1.
However using duality between the space of finite signed measures p on [—m, 7]

and the space of continuous functions on [—, 7], we have

Theorem 2.3. If U(z) is harmonic in |z| < 1, and suppose that the means
/ U (re')|do
are uniformly bounded in 6, for r < 1. Then there is a finite signed measure L

on [—m, 7| with

U(re) = 2i/ P60 — )du(t), 0<r<l.
m —T
where )
PT(Q - t) (1 — )

1 4+ 72 — 2rcosf
1s called Poisson’s Kernel.
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Now our aim is to discuss the pointwise behaviour of U(z) as z tends to points
¢ on the boundary of the unit circle. We know if U(z) is harmonic in |z| < 1
then we have one of the representations given above. However all of them are
subsumed in the second one since for if F' € L, we can take duf = F(6)d, then
i is a finite signed measure on [—m, 7]. In dealing with this measure we introduce

the function p(6) of bounded variation on [—, 7] given by

u(6) = / ayu(6).

Then we have:

Theorem 2.4 (Fatou). Let —7 < ¢g < 7 and suppose that the derivative ' (¢o)
exists and is finite. Then

U(re®) = — / " P60~ t)dp(t)

:% ,

tends to derivative ' (¢g) for re? tending to €'%, from within any region of the
form |0 — ¢o| < (1 —1).

This means z = re” tends to ¢ from within any sector of opening < 180°
having vertex at ¢/#°. In this situation we say that U(re®) — ' (¢o) as re tends

to €% non-tangentially, and write

Ure®) — 11 (¢g) for re® — al

Now we can discuss the harmonic conjugate we mentioned at the beginning
of this chapter. If a harmonic function U(z) is the form (2.1) then harmonic

conjugate of U(z) is given by

oo
Ulre) = — g isgnn A, e
—0o0

where sgn0 means (. Similar to the Poisson’s Kernel we have conjugate Poisson
Kernel which is given by

2rsin @

re -
@r(0) 14712 —2rcosf

and we have
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Theorem 2.5. If

Ue) = o [ om0
re') = — .
2 J_. 1+ 712 —2rcos(f —t) a

with a measure (. then harmonic conjugate U is given by

~ 1 [ 2rsin(f — t)
0= — du(t).
Ure®) /ﬂ1+r2—2rcos(0—t) p(t)

Now let us change our direction and have the famous F. and M.Riesz theorem:

Theorem 2.6. Let pu be a Borel measure on [—m,w|. If

/ e™du(0) =0 forn=1,2,3,...,

—Tr

then p 1s absolutely continuous with respect to Lebesgue measure.

Now we are going into H, functions. However let us start first with H;.

Definition 2.7. F(z), analytic for |z| < 1 is said to be in H; if

/ |F(re?)|df is bounded for r < 1.

—T

For a function in H; we have the following Poisson representations:

Theorem 2.8. Let F € H;.

F(re'?) = 1 /7r 1-r F(e™)dt
21 ) 1472 —2rcos(f —t)

where
F(e) = lim F(z)

z—>eil
z

Also we have important result for functions in H;. This is called uniqueness

theorem for H; functions:

Theorem 2.9. Let F(z) € Hy and suppose, for a set E of positive measure, that
F(e®) =0 for € E. Then F(z) =0.
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Now we can define H, functions and some properties:

Definition 2.10. Let p > 0, then H, is the set of F'(z), analytic in {|z| < 1}
with -
sup / |F(re)|Pdo < oo.

0<r<1J-—x

Definition 2.11. If F' € H,, we write

™ ) 1/p
|F, = sup ( / |F<re”>|f’de)
r<l T

for p > 1 and
™
Pl =sup [ |F(e")pas
r<l J—x
for0 <p< 1.
In this case || - ||, satisfies triangle inequality in all cases but it is positive

homogenous, i.e it is a norm for only p > 1.

Now, to define norm in H, we can have:

Theorem 2.12. If p > 0 and F € H,, for almost all ¢, lim F(z) for z — et

exists and is finite,and if we call that limit F (%), we have

/ PP = |Fll,, 0<p<l,

-7

| EEpdo=Fly. p=1

We also have a theorem about the convergence in mean to boundary data

function:

Theorem 2.13. If f € H),
[ 16~ seypas — o

asr — 1, where fe' is the Z boundary value of f(z) which exists a.e. by theorem
2.12.
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Moreover as a last case we have:

Definition 2.14. We also have H., which denotes the set of functions analytic

and bounded in {|z| < 1} with the norm
[ Flloo = sup{|F(2)]; |2] < 1}.
We will see factorization of H,, functions but before that we need more defi-
nitions:

Definition 2.15. A Blaschke product is an analytic function B(z) of the form

i |2n] 20— 2
B(z)=][=
1

Zn 1 —7Z,2

which converges absolutely for |z] <1 and 0 < |z,| < 1, forn =1,2,3,...

Definition 2.16. An inner function is an analytic function g in the unit ball
such that |g(z)| < 1 and |g(z)| = 1 a.e. on the unit circle. An outer function is
an analytic function F in the unit disc of the form

F(2) = Aexp [i /W e + Zh(&)dé’}

2 J e — 2

where h is a real-valued integrable function on the unit circle and A is a complex

number of modulus 1.

Now we can have some results.

Theorem 2.17. Let F(z) # 0 belong to H,. Then there is a Blaschke product
B(z) and a G(z) € H, with F(z) = B(2)G(z), G(z) without zeros in {|z| < 1}.

Theorem 2.18. Let F(z) # 0 belong to H,. Let B(z) be the Blaschke product
consisting of the zeros of F\(z). Then there is a singular measure o > 0 on [—m, 7]

with

F(z) = B(2) exp (— L / fak Zda(t)) £ - exp (i / T, |F(e“)|dt)

9 it it
2 J_ et —z 2 J_ et —z

for |z| < 1, where ¢ is a real constant.
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This is called the canonical representation of the function F' # 0 in H,. We

Io(2) = €B(2) exp {—% /W "+ zda(t)}

_eit — 2

call

the inner factor and

T it
Op(z) = exp{/ 61 +Zlog]F(e”)\dt}

it
L et =z

called the outer factor of F(z).

Theorem 2.19. Let F and G (both # 0) belong to H, spaces. If the ratio of their
outer factors k(z) = Op(2)/Oq(z2) has k(¢”) € Ly then Op(z)/Oa(z) € Hy

where p is a number greater than p.

We also have an important result for H), spaces from Beurling:

Theorem 2.20. Let F = [yOp € H,, p > 0. Then the closure of F(z).

{polynomials in z} in H, is precisely Ip.H,.

We now have a result on approximation of inner functions by Blaschke prod-

ucts:

Theorem 2.21 (Frostman). Let w(z) be any inner function. Then given any

€ > 0, there is a Blashke product B(z) and a real ¢ with

|w — €“Bloo < €.

Up to know we talked about H,, functions for unit ball. We should also talk
about H, functions for upper half plane. In order to study this we should use the

conformal mapping
1—z
1+ 2z
onto the unit ball {|w| < 1} an we will apply the above results. Let us start with

Z = w =

Poisson’s formula:

Theorem 2.22. Let V(z) be harmonic and bounded for Sz > 0. Then the limit
V(t) =lmV(z) for z — exists a.e. for t on R, and for z = x + iy and Sz > 0

V(z) = ! /OO LV(t)dt.

T ) o (x—1)2+ 12
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Theorem 2.23. Let V(z) be harmonic and > 0 for Sz > 0. Then there is a

constant a > 0 and a measure p > 0 on R with
> du(?)
<
/_oo 1=

L[> ydu(?)
V(z):ay—i_;/oo(l‘—t)—Q—f-w

such that, for Sz >0,

Now let us give the result for harmonic conjugate:

Vi) =+ /_ R

T J)_ o (x—1)%+ 92

then we have the following two choices of harmonic conjugate :

1 [ Tz —t
— ——du(t d
S M O

l/m vt ! dp(t)
) N2+ 2r1)Y

For the boundary behaviour we have :

Theorem 2.24. Let,

Theorem 2.25. Let,
1 o0
V(z) = —/ LV(?&)dt.

T (= 1)+

where 1 1s a signed measure on R with

| dpu(t)]
/oo 1z =

Then, at any ty where ' (to) exists and is finite, V(z) — 1/ (to) as z — to.

Now we can define H, spaces for upper half plane:

Definition 2.26. F(z), analytic for 3z > 0, is said to belong to H,(3z > 0), if

there is a constant C' < oo such that

/ |F(x 4 1y)|Pde < C

o

for all y > 0. This definition is used for all p > 0.

Now we can pass to our main chapter to see dual spaces of H, spaces and

their applications.



Chapter 3

Applications of Duality For H),

Spaces

3.1 H, Spaces and Their Duals. Sarason’s The-

orem

3.1.1 Various Spaces and Their Duals

We will first consider the unit circle. If we look at the boundary values f(e) €

H,, we see that H, can be considered as a || - ||,-closed subspace of L,(—m, 7).

In order to describe dual spaces of H, we first recall some definitions. Firstly,
let
C = {f continuous on [—m,7|; f(—m) = f(7)},

and then let A = C N H,, be the set of functions in C which have analytic
extensions to the open disk {|z < 1} and that give continuous functions on the

closed unit disc.

Both spaces A and C are equipped with the sup-norm || - ||s.

13
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Moreover, let M be the set of all finite complex-valued Radon measures on

the unit circle {|¢| = 1} equipped with the norm
Jull = [ b1
Note that by the classical F. Riesz’s Theorem, M is the dual space of C.
Finally we denote
H,(0) = {7 € Hys [ ()0 =0} = :H,

Theorem 3.1. If1 < p < oo and (1/p) + (1/q) = 1, then:

(a) The dual of L,/H, is H,(0).
(b) The dual of H, is L,/H,(0).
Proof. (a) Let A be a bounded linear functional on L,/H,. Then, by composing

A with the canonical projection of L, onto L,/H,, A gives a linear functional on

L, with the same norm as on L,/H, so, for any f € L,, we have

A = A+ Hy) = [ FG(E)ds 3.

where G is some function in L, with |G|, equal to the norm of A, by the Riesz’s

Representation Theorem. We have A(h) = 0 for all h € H,, in particular,

/ eMG(e)dh =0, n=0,1,2,...,

—T

so G(e”) has a Fourier series of the form

ZAneinG’
1
and, since G(e) € L,, G(e?) € ¢ H, = H,(0).

Conversely, any function G(e') of this form gives rise to a linear functional A
on L,/H, by formula (3.1).
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(b) If G(¢*) € L, and f € H,(0) is arbitrary, then the linear form

Ah:/wﬁﬂﬁ%hﬂﬁnhw%w,

—Tr

defined for all h € H,, does not depend on f € H,(0). So G+ H,(0) is a bounded

linear functional on H,

Conversely, take any linear functional A on H,. By Hahn-Banach Theorem
and the duality of L, and L, spaces, we can extend A to all of L, and get a
function L € L, with

Ah:/ L(e®h(e®)dl, he L,.

If we restrict this function back to H,, then A is given by the coset L + H,(0),

by argument as above. O]

By similar arguments in the proof of above theorem we have:

Theorem 3.2. The dual of
Ll/Hl 18 HOO(O)
, and the dual of

Hy is Loo/H.(0).

Now, we have

Theorem 3.3. The dual of

Proof. Since M is the dual of C the dual of C/A is

{p € M; /vr f(e®)du(h) = 0. for f € A}

In particular, for u to be in the dual of C/A, we must have

/fwme:Q n=0,1,2,....

—T
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Therefore, by the theorem of brothers Riesz, du(d) = g(e?)dd for some g €
Ly(—m, 7). For the case when n = 0 we have

[ aute)= [ gtemas =0

—T

which implies g € H;(0).

Conversely, any g € H;(0) defines a functional A on C/A by putting, for
¢ eC,

™

A+ A) = / 9(e)o(c)do

—Tr

]
Remark 3.4. If we define the space A(0) = {¢ f(?); f € A}, then by the same

arguments used in the above proof, we see that C/.A(0) has dual H;. To sum up,
we have

C/A(0) has dual Hy which has dual L,/ H(0)

Now we can have our table summarizing these results for the unit circle:

For Unit Circle

Space Dual
Hy, 1<p<oo Ly/H,0), 1=1-1
H,(0), 1<p<oo L/Hy t=1-1
Ly/Hy, 1<p<oo H,(0), %:1_%
L,/Hy(0), 1<p<oo Hy t=1-1
C/A H,(0)
C/.A(0) H,
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Very similar results holds for the H, spaces for the upper half plane. However
letting

Co = {f continuous on R; F(x) — 0, as x — Foo}
./40 = C() N HOO(%Z > O)

instead of C and A. Both Cy and Ay are equipped with sup norm. With similar

proofs we had for the results for the unit circle we have:

For Upper Half Plane

Space Dual
H, 1<p<o L,/H,, %:1—%
L,/H, 1<p<oo H,, ézl—%
Co/ Ao H,y

3.1.2 Duality method of Havinson and Rogosinski-
Shapiro

In this subsection we will have some theorems about approximation of H, func-

tions based on duality results given above.

Theorem 3.5. Let F' € L,(—m,7), 1 < p < oo, and denote
|F' = Hy|lp = inf {||F" = hl[p; h e Hp}

. Then, with 1/q =1 — (1/p), we have

(i) 1F = Hyll, = sup {| [, F(e®)g(c?)db]; g € H,(0) and |lgll, = 1}.

(ii) There is an hg € H, with ||F — Hpl|, = || F — holl,-

(iii) There is a go € Hy(0), ||goll, = 1 with

|F — B, = / F(e®)go(c)do.

—T
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Proof. (i) This is a restatement of the duality between L,/H, and H,(0).
(ii) Let h,, € H, with |F —h,||, — ||F'— Hp||,- Then ||A,||, is bounded since
1nllp = Vn + F = Fllp < [F = hallp + [[Fll

so there is a subsequence {h,} converging weakly to a limit hy € H,. Then
F — h,, — F — hy (weakly). It follows that
j

1" = holl, < diminf || = ha |l = |[£7 — Hylp,
50 |[E" = hollp = [ F" = Hpllp-

(iii) We consider the coset F'+ H, in L,/H, and by the definition of the quo-
tient norm in L, /H, and the Hahn-Banach Theorem, there is a linear functional
A with norm equal to 1 on L,/H, such that A(F + H,) = || — H,||,- By (ii) we

have _
M+ ) = [ )l
for all f € L, and some gy € H,(0) of g-norm 1. O

Theorem 3.6. Let F' € Li(—m,7) Then there is an hy € H; with
[1F" = Hylly = [[F" = hollx
and there is an go € Hoo(0) with ||gollec = 1 and
(F(e") — ho(e™)) go(e) = |F (") — ho(e")| a.e. 0 € [—m,m]

where

[F" = Hy[ly = inf{|[F" = hl|, h € Hi}

Proof. For the first part of the statement, it suffices to use the w*-compactness of
unit ball with respect to duality in remark 3.4 in H; and the proof of the second
part of the previous theorem, to show the existence of such an hy.

Also, as in the proof of the third part in the previous theorem we can get a
9o € Hoo with ||gol|e = 1 and

s

uF—mm:nF—%m:/.mwmw%w.

—Tr
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Since |go(e?)| < 1 equality of

™

J IR = hole)ido s [ (P(e) = hofe) (e

shows that go(e?) has the properties. O

Theorem 3.7. Let F' € C. Then:

(i) 1P =Alloe = [P~ el = sup { | [, F(e®)g(e")db] ;g € Hy(0)and]g] =1

(ii) There is a go € H1(0), ||goll1 = 1 with

IF - Al = / F(e®)go(c®) 0.

(iii) There is an hy € Ho, with

IF(e?) — ho(e)| = |F — Allss ace. 8 € [~ 7).

Proof. Since Hy, D A so we have ||F — Al|o > ||F — Hxlloo. Since Hy(0) is the
dual of C/ A, we get a go € H1(0), ||go|l1 = 1 so that (ii) holds. However

/ " h(e®)go(e®)do = 0

—T

for all h € H,,, so we have
[ F (e8] < Lanlh I -
Therefore by the choice of gg, we have that |F — Al|oc < ||F — Hoo||oo proving (i).

Now by duality results we have H,, is the dual of L;/H;(0) and, using the
w*-compactness of Hy,, there is an hg € Hy with [|[F — Hoolloo = ||F — hol|co-
Then

HF - hOHOO = “F - HOOHOO = HF - -’4”00
= [ Py = [ (F(E) = hofe)anle )t

—T —T
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and, since

| Iteias =1

—Tr
we have

T

/ "R () — ho(e)go(e)d8 = ||F — holluc / gole”)d0

So |F(e?) — ho(e?)| = || F — hol||o a.e on the support of go. By theorem 2.9 from

preliminaries, |go(€®)| > 0 a.e so we have |F'(e?) — ho(e?)| = ||F — ho|| a.e. O

Remark 3.8. If F' € C, then there is only one h € H, with |F — Al =
||F_HOO||OO

Indeed, suppose there were two, say, hy and hy. Take the gy € H1(0) as in the

theorem 3.7. Then as we get in the proof of theorem [3.7.

™

/7r [F(e) — hy(e)]go(e)db = || F — hk”oo/ lgo(e®)|dO  for k =1,2.

—T —T

and since |go(€?)] > 0 a.e. we must have

10
F 0 —h 0y _ F—h 00’90(6)’
(€7) = hi(e”) = || 1] 20(c?)
10
F 60 —h 60 —|F=h oo|gO(e)|
(€”) = ha(e”) = || 2| PREI
or, since ||F — hillooc = ||F — h2lloo = ||F — Hwol|so We have
160
h 0 — F 0y F_Hoo Oo‘go(e)‘:h 0 e.
1(e7) = F(e”) — || | 50(c?) 2(e”) a.e

Remark 3.9. Suppose F' € L, but ' ¢ C. Using w*-compactness of H,, and

above results we can get an hy € H,, with

IP=tall = 1Pl =sup {| [ F(elale®)a8]; g € 10) an gl =1}

3.1.3 Sarason’s Theorem

In the first subsection we have proved that

C/A(0) has dual Hy which has dual Ly /Ho(0).
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Thus, if B is the Banach Space C/.A(0), then B** is Lo,/ Hw(0). B has a canonical
isometric image in B** obtained by identifying linear functionals over B*. In this
case, the element of L.,/H,(0) corresponding to F' € C, is the coset ® + H,(0),
where ® € L, is determined by

/7r F(e)g(e)d = /W g(e®)®(e)db

for all g € Hy. This holds iff ® € F + H,(0), i.e in the canonical embedding of

C/A(0) in Ly /H(0), F + A(0), F € C corresponds to F'+ H.(0). Therefore,
the image of C/A(0) in Lo /H(0) under this embedding is

== {F + H.(0); FeC}

In particular = is || - || — closed in the quotient space Lo,/ Hoo(0).
Since the canonical homomorphism O : Lo, — Lu/H(0) is continuous we have
O 1(Z)is || - |le-closed in Ly,. But ©71(¢) =C + Hyo(0) = C + Hy,, since 1 € C.

Therefore we have

Theorem 3.10 (Sarason). C + Hy, is ||.||c — closed.

Now we can prove:

Theorem 3.11 (Sarason). If F and G € C+ Hy, then FG € C+ Hy, i.e,
C + Hy is an algebra.

Proof. Tt is enough to show that if F' € C and G € H,, then F'G € C + H.
Since F' € C by the Weierstrass theorem we can find Fy (¢%) of the form

N
Z Ak(N)eikG
—-N

such that Fiy — F' uniformly. Then FyG — FG uniformly so if we can show
that each FyG € C + Hy,, then FG € C + H,, by theorem [3.10/ .
Let

o0

G(z) = Zanz” € Hy

0
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and define .
= Z a,z" € Hy.
N

Clearly Gy(z) € Ho and
N
Fx(e”)Gn(e) = An(N)e™ Gy (e”).
-N

Since e Gy () € Hy, forn = —N, —N +1,... we get Fy(e?)Gn(e?) € H,.
Also we have Fy(G — Gy) € C since

V(G — Gy) = <ZA mﬁ) (i anem9>

0

is clearly a trigonometric polynomial. So we have FyG = Fy(G — Gn) + FnG €
C+H. O

In the following we describe an abstract and operator theoretical approach to
theorem 13.10

Theorem 3.12. Let (B,| - ||) be a Banach space with E and F norm-closed
subspaces of B. Suppose there is a family F of linear operators on B with the
following properties:

) T <M <oo foralT e F.

(i) TBC E foreachT € F.

(iiif) TF C F foreachT € F.

(iv) Ifu € Eand ¢ > 0, there is a T € F with | Tu — u|| < e.
Then E+F is norm-closed in B.

Proof. Let x be in the norm closure of £ + F'. Then we can find u,, € E,v, € F,
with ||u, + v,|| < 27" for n > 2 and

[e.9]

x = Z(un + vp,).

n=1
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Write z,, = u,, + v,,. Then o => 7 | z,, and we have

Ty = (uy — Thu, + Tpxy) + (v, — Thvy)

where for each n, T,, € F is chosen so that ||u, — T,u,|| < 27". Now, define
Uy = U, — Ty, + Thxy,. Since Tyuy,, Tyx, € E by condition (i) we get u, € E
and we have ||u,|| < 27"+ ||Thz,| < 27"(1+ M) for n > 2 by (i) and ||z,| < 27"
for n > 2. Similarly since T,v,, € F by (iil) so v, € F and |0, < ||[@a]| + [|za]] <
27"(2+ M) for n > 2. Therefore Y, u, converges, to, say u € E because E is

closed, and ) > | v, converges to v € F since F is closed. So we have,

x:ixn:i(ﬂn—i—’ﬁn):u—kveE—i—F O
n=1 n=1

Now we can state the theorem [3.10/ of this subsection as a corollary of this

theorem:

Corollary 3.13. C+ Hy, is || - || — closed.

Proof. Take B = Lo, E=C, F = Hy, and let F = {Ty; N =1,2,...} where, if
F € Lo, and f(e?) ~ > A,e™ we have

(TnF)(e”) = iN (1 - %) Ay

Then ||Ty|| <1 and for each F' € C, ||[TvF — F||sc — 0. Also we have Ty Lo, C C
and Ty H,, C H,. So by the previous theorem F + F = C + H, is norm-closed
in B= L. O

3.2 Marshall’s Theorem

3.2.1 A result of Adamyan, Arov and Krein

In the previous section we have seen that given F' € L., the coset ' + H.,
contains an element of constant modulus equal to ||[F' — Hy||s under certain

circumstances.
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Now we are interested which elements of constant modulus occur in F + H.

Theorem 3.14. If F € Ly, and |F — Hyllw < 1, then F + H,, contains an

element w with |w(e?)| =1 a.e.

Proof. We will look for the w € F' + Hy, with ||w|/sc < 1 which maximizes

[

and we will show such w does the job.

a = sup {‘/ w(e®)dh

There is indeed an w € F' + Hy, ||w|l0 < 1 with

'/W w(ew)de‘ = a.

For, if we take w, € F + Hu, ||wnlloo < 1 with

‘/ wn(e?)dh

we can let w be a w*-limit (in L.,) of some w*-convergent subsequence of the w,,

and then [|w||, < 1, while
‘/ w(ew)dﬁ' =a

Therefore, we can suppose that

/ w(e®)dl = a

since we can attain this by working with e F instead of ' where 7 is a real

Now let,

sw € F+ Hy, ||[wlloo < 1}

_)a

since 1 € L,

constant.

Now, firstly let us show ||w||oc = 1. Assume that ||w]. = 1 — € with € > 0.
Then we have w+ e € w+ Hyo = F + Hy, [|w + €)oo < 1 and

/ (w(e™) + €)dh = a + 27e > a,

—T
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which is a contradiction to the choice of w.

Secondly, let us show that ||w — Hy(0)||lw = 1. For, otherwise, |w —
Hoo(0)]|oo < 1, and then there is an h € Ho(0) with [|w — hlje = 1 — €, € > 0.
Then —h + € € Hy so

w—h+e€ F+Hy, |w—h+el<1,

and since h € H(0),
/ (w(e®) — h(e™?) +€)dh = / w(e®Yd 4 2me = a + 2me > a

again contradiction with the choice of w € F + H..

Now, since ||w — Hx(0)]|c = 1, and using duality results we have proven,
there is a sequence of f,, € Hy, || f,|| = 1, with

/ w(e®) f(e)dh — 1

We must have |f,(0)] > ¢ for some ¢ > 0. Indeed, otherwise without loss of

generality, let us assume f,(0) = ¢, with ¢, — 0. Then f, — ¢, € Hy(0),

| fn — cnlli — 1, whilst

/7T w(eia)(fn(ew) — ¢,)dl — 1.

—T

Therefore || w — Hylloo > 1 because of the duality. So we have |F — Hyl|oo > 1
since w € F' 4+ H,, which contradicts with the hypothesis ||F' — Hyl||oo < 1, i.e.
we have |f,,(0)] > ¢ >0

Now using this inequality we can show that |w(e®)] = 1 a.e. Assume the
contrary. Then, for some A < 1 there is a measurable set E, |E| > 0, with
lw(e®?)| < X on E. Without loss of generality assume |E| < 27 so that |E¢| > 0.

Since, in any case, |w(e?)| < 1 and || f,|l1 = 1 we have

‘/iw(e”)fn(e”)de’ < A/E|fn(ei9)|d9+ (1—/E|fn(ei9)|d9)7

and since the left side tends to 1 as n approaches infinity, we must have

/ Fa(e®)]d0 — 0.
E n
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Therefore

i1 J, e e < o o o) - .

At the same time we have

1 ; | fullx 1
— | log|f.(e?)|do <1 =1
|EC’[EC og | fn(e”)] _og(lEc’ o 157 < 00,

/ log| fu(e")]d6 — —o0

—T

so finally

Therefore the sequence of the outer factors of f, already tend to 0 at the origin,
so surely | f,(0)] — 0. However, this is a contradiction with the fact that|f,,(0)| >

¢ > 0. So we have |w(e?)] =1 a.e. O

Corollary 3.15. Let f € Hy, let ||flleo < 1, and let Q be any inner function.

Then there is another inner function w € f + QH.

Proof. Apply theorem [3.14 with F(e?) = f(e)/Q(e??). Then ||F|l < 1, so
|FF—Hoo||loo < 1, and thereis an h € Hy, with |[F'+h| =1 a.e. Then f+Qh € H,,
and |f + Qh| =1 a.e. So f + Qh is also an inner function. O

3.2.2 Marshall’s Theorem

In this subsection we will investigate the apporximation of H,, functions by
Blaschke products. There is a theorem related to this given by D. Marshall.

Before Marshall’s theorem let us present an analogous proposition about L

Theorem 3.16. Let f € Lo(—m,7) and || f|lco < 1. Then given any € > 0 we can
find uq, ... u, € Lo with |ug(0)] =1 a.e and numbers Ay, ...\, >0, >, A\ =1,
with

< €.

Hf - Z)\kuk
k

o

This means that the norm-closed convex hull of the set of unimodular func-

tions in L is the unit ball of L.
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Proof. Without loss of generality, we can assume || f|| < 1—(¢/2), otherwise we
work with (1 — (¢/2))f instead of f and observe that ||f — (1 —(¢/2)f)]lc < (€/2).
Then we may assume |f(6)| < 1 — (¢/2) everywhere, so by Cauchy theorem,

1 / "+ f(0)

10 =5 | 15T

Now each of the functions

e + f(0)

Ut = ————

1+ f(6)e
is in L, and clearly |u:(0)| = 1. Also, since || f|lcc < 1 — (¢/2), we have
e — gl < &
if [t —t'| < 4, 0 depending on €. So for large N,

1 /7 1< ¢
%/_Wutdt— N;UQWIC/N < 5
Therefore
1 N €
Hf - Nkz:;u%rk/N ) < 3

]

This is the analogous result of Marshall’s conjecture that the norm-closed
convex hull of the set of inner functions is the unit ball of H.,. Before getting

into the theorem we have a lemma.

Lemma 3.17. Let u € Ly, |u(¢)| = 1 a.e for |(| = 1. Then there are inner

functions w and ) in Hy, with

u(C) — ﬂ’ <e ae [¢|=1

Q(¢)

Proof. Let E} denote the set

2 2
T—1) Sargu(C) <

Then Ej s are clearly subsets of |(| = 1, they are disjoint and add up to the unit

2kiw /N
uk(c):{e ) CeEka

k, k=1,....N

circumference. Put
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Then clearly each wu; is unimodular, takes only two values and
Hu—u1 'u2"'uN||oo < —.

Since product of inner functions is also an inner function it is enough to establish

the result for each wuy.

Now let v be the unimodular function taking only two values say 1 and -,
|v| = 1,7 # 1, with
u@ =1, Cek,
u(¢) =7, ¢€E"

Using the Poisson’s formula construct V(z) bounded and harmonic in {|z| < 1}

having nontangential boundary values

V(()=0a.eon FE,
V(¢) = —K, a.e on E°.

Then define h = exp(V +iV). Clearly h is analytic and bounded in |z| < 1,
and takes values in the open ring e ™® < |h| < 1. On E, |h| = 1 a.e and on E°

|h| = e K ae.

Now let ®x be a conformal mapping of the ring e ® < |w| < 1 onto the
infinite domain obtained from C U {oco} by removing therefrom two segments
[—¢,0] and [1,1'] with

11—
=1

1+~

l

and [' > [. We furthermore want ®x so as to map |w| = 1 onto [—¢, 0] and map

lw| = e onto [1,1].

In this mapping we can choose € as small as we want but I’ > | depends on
the radius e *. However, it is clear that [ tends to [ as K approaches infinity,
i.e. &y tends to conformal mapping of {|w| < 1} onto (CU{oc0}) ~ [—¢, 0] which
takes 0 to [. So, given € > 0 let us fix K so large that I <[+ e.

Put

V) = g )
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for e ™ < |Jw| < 1. ¥ takes the ring e ® < |w| < 1 conformally on to the
complement, in C U {oc}, of the two arcs
1+ €

- ,1and’y,fyl
1—¢€

lying on the unit circle. Here we have v’ = (i —1')/(i +1') and v = (i — 1)/i + L.

Also clearly these two arcs have diameters less than 2e.

Now let us go back to function h constructed above. We have ¥ (h(()) lies on

the arc '
R
i—€
for almost all ( € E, and on the arc
7Y

for almost all ¢ in E°. Therefore, |U(h(¢)) — u(¢)] < 2¢ a.e on |¢| = 1, and
|W(h(C))| =1 a.e., so it is unimodular.

Moreover, ¥(h(()) is meromorphic for |z| < 1. Indeed, V¥ is conformal and
there is only one point ¢, e ® < |¢| < 1 with ¥(c) = oo, and it has a simple
pole at c. VU is regular elsewhere. So, it is regular at the points z, |z| < 1, where
h(z) # ¢ and has a pole at z, h(z) = c¢. The order of the pole is equal to the
order of zero that h(z) — ¢ has there.

However h(z) — ¢ is in Hy. By theorem 2.18 we can write

with ©(z) is inner and O(z) is an outer factor and we have:
0(Q)|=|h(¢)—c|>1—|c| >0 aefor (inE

0(O)] = |h(¢) —¢| > |c|] —e™™ >0 a.efor ¢ in E°.

Thus |O(¢)] is bounded below a.e. on |[¢| = 1. So by theorem 2.19 1/0(¢) € H,
meaning |Q2(z)/(h(z) — ¢)| is bounded above in |z| < 1.

Now let w(z) = Q(z)¥(h(z)). This function is analytic in |z] < 1 because

any poles of W(h(z)) is cancelled by corresponding zeros of €2(z), i.e inner factor
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of h(z) —c. It is also bounded in |z| < 1. Indeed, take any small 6 > 0, if
e <|w| <1and |w—c|>4d, ¥(w) is bounded, hence ¥(h(z)) and therefore
Q(2)¥(h(z)) is bounded on the set z, |h(z) —¢| > J. If |lw —¢| < & we have
U (w)| < Af|lw—c|, soif |h(z) —¢| < ¢

Q=)W (h(2))] < A2,/ (h(z) = ).

However, we have just seen that the expression on the right side is bounded in

|z| < 1. Therefore w(z) is bounded above, hence it is in H..

Also, for almost all { we have

w(O] = QO (R(C))] = 1.
Therefore w is an inner function and since ¥(h(2)) = w(z)/Q(z) we have

_ w(9)]
2(C)]

Therefore, we established the result for each factor u; with 2¢ instead of €, but

\u(@ ]= u(¢) — W(A(Q)] < 26 ae, [ = 1.

this means the lemma is proved. Il

Remembering Theorem 3.16/ and using this lemma we get

Corollary 3.18. Let f € Lo, || flloc < 1 and let € > 0. Then we can find inner
funtions wy, ... ,wy, Q,...,Q, and numbers A\, > 0, Y7 A\ = 1 with

f(C)—Z)\kwk(C)/Qk(C) <e ae [¢]=1

Remark 3.19. Since product of inner functions is also a inner function we can

take all 2, equal, in order to get a common denominator.

Now we have another lemma

Lemma 3.20. Let f € H,,. Then we can find inner functions Q,w,wq,...,w,

and real constants a,a,...,a, such that

(i) 9= (aw+ awi + ...+ w,)/Q is in Hy;
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(ii) [If = gllo < 2e.

Proof. Without loss of generality, || f||.c < 1. Then by Corollary 3.18 and Remark

3.19 we get inner functions wy,...,w,, {2 and numbers \; > 0 with

a.e for |(| =1 (3.2)

N

FO) =D Mwn(€) /(0| <
Call .
F(O) = Mwil(€)/(0)

Since f € Hu, (3.2) shows that ||FF — Hylleo < €. Therefore, by Theorem 3.14
there is a g € H,, with |g(¢) — F(¢)| = € a.e. So, we have

1f = glloe < 1f = Flloo + [ = glloo < 2e.

Also,
Q(¢)g(¢) = QO F(C) € Hx,

because
QF =) My € He,
k

and since |Q(¢)| = 1 a.e for [¢| =1, Q({)g(¢) — 2(¢) F(¢) must be equal to ew((),

with an inner function w, being in H,, and of constant modulus € a.e. on |(| = 1.

Therefore
w(¢) - wk(€)
9(¢) = e—% + A O
=) Z Q)

Theorem 3.21 (Marshall). Let f € Hy, and ||f||oc < 1. Given € > 0, we can
find inner functions, uy, ..., u, and positive numbers A,..., A, Y1 A, = 1 with
Hf—ZAkuk < 4e.

k o0

Proof. Without loss of generality, we may suppose || f|lc < 1 — 2¢, otherwise we

may work with (1 — 2¢)f instead of f.By Lemma [3.20 we can find a g € H,, of

> apwi /9,
k

the form
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with real constants aj and inner functions wg, (2, such that ||f — gl < €. In
particular, ||g|lcc < 1 — €. Now, since for || = 1 we have |wi({)] = 1 and
12(¢)| = 1 a.e we have

m = Z Qg Z((CC)) a.e.

Let €2 be the product of wy’s so it is a inner function. So we have ©;({)g(¢) in
H.

We have g € H, and since |g(¢)| < 1 — € a.e we can apply Cauchy’s theorem

to have

"2 14 gOne
v being any number of modulus 1. Take v = ©;(¢) to get

o) = /” e +9(0)

_ 1T Qe +9(Q)
9(¢) = 5 /_W . +W91(C)e“dt
Denote by ,

1+ g (Qet
Each function u; € H,,, because all of ;, ¢ and ;g are in H,,, and because
€G]0 <1 —€ < 1. Also, since || =1 a.e for || = 1, we have |u(()] =1 a.e

for |(| = 1, meaning that u;’s are inner.

By the same arguments we have used to prove Theorem [3.16, we get

1N
Q—N;U%km <e€,

o0

if N is large.

Therefore,

< 2¢

1 N
Hf - N;U%k/N

for the function f with ||f|le < 1 — 2¢, but if || f]|c < 1 we get the result with
4e. U

oo



CHAPTER 3. APPLICATIONS OF DUALITY FOR Hp SPACES 33

Recall from preliminaries that any inner function can be approximated by
Blaschke products. Combining this result with above theorem we have Marshall’s

Theorem:

Theorem 3.22. Let f € Hu, ||flloo < 1. Then there are Blaschke products
Bi,..., B, and positive numbers \g, > | Ay = 1, such that for any ¢ > 0

o

<€

o0

Thus, the unit ball in H, is the norm-closed convex hull of the set of Blaschke

products.

3.3 Szego’s Theorem

In this section we will investigate how small we can make
/ 1= P(e)Pdu(8) for P € P(0),

for 1 < p < oo, where p is a finite positive measure on [—m, 7] and P(0) denotes

the class of polynomials without constant term, i.e. P(z) with P(0) = 0.

Theorem 3.23. If 0 is a positive finite singular measure, then

inf {/W 11— P(e”)Pdo(0) |P € P(O)} =0

—T

Proof. Assume the infimum is strictly positive. Then, for

1 1
-+=-=1,
p g
there is a G € L,(do) with
/ G(e®e™do(0) =0, n=12,..., (3.3)

but

/ " G 1do(0) > 0.
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By Hoélder Inequality, G € Ly(do), so ds(f) = G(e?)do(f) is a finite Radon
measure on [—, 7] whose support is contained in a set of Lebesgue measure zero,

i.e ds(#) is singular. Then (3.3) becomes
/ eMds(0) =0, n=1,2,...,

Therefore, by brothers Rieszs’ theorem we have ds(6) is absolutely continuous.
This implies ds(f) = 0. However, on the other hand

/ 1.ds(6) > 0,
and we have a contradiction. O]
Theorem 3.24 (Kolmogorov). Let du(0) = w(0)df+do(0), with w € Ly, w >
0, do > 0 and o 1s singular. Let 1 < p < oo. Then

inf / ’ 11— P(e")[Pw(0)d(0) = inf / ’ 11— P(e)[Pdu(6).

PeP(0) J_, peP(0) J_ .

This means that only the absolutely continuous part of y matters.

Proof. 1t is clear that

in /W|1—P(e"9)\pw(9)d(9)< in /ﬂ|1—P(ei9)|pd,u(9).

PeP(0) J_. - Per(0) J_,

So we need to prove only the inverse inequality.

Let i
K= in /_ 11— P(e)Pw(6)d(6).

peP(0) J_,

Then, there is a P € P(0) with
/ 1= P(e®)Pw(6)d(0) < K +e.

It suffices to find a @ € P(0) with

/ 1= Q) P(w(0)d(8) + do(8)) < K + 4de.
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First of all, by Theorem [3.23 we can find P, € P(0) with
/ ' 11— P () [Pdo(0) < .
Let Py(e?) = Py(e) — P(); then Py(0) = 0, i.e it is in P(0) and
| 1P - P o o) <.

-7

Now we will take a closed set E C supp(o), with
/ (14 [P()] + | Po(e”)])" do(6) < c

This is possible because do is singular, |E| = 0. Therefore, we can find h € A
with h(e?) =1 for ¢ € E and |h(e?)| < 1if e ¢ E. So, forn =1,2,...,
/ 11— P(e") — [h(e®)]" Py(e™)|Pdo(0) = / 11— P(e”) — Py(e")|Pdo < € .
E -7
In any case we have |h(e)| < 1 so by the choice of E, we have

/7r 11— P(e®)—[h(e™)]" Py(e)|Pdo () < e—l—/ (L+[P(e™)| + | Po(e”)])" do < 2e.

- c

Since |h(e?)| < 1 outside E, hence a.e.

1 — P(e”) — (h(e)"Py(e”) — 1 — P(e") ace. ,

n

whence, since w(#) € Ly, by Lebesgue Dominated Convergence Theorem we have

| 1= PE = e P Pu@)ae) - [ 1= P Pu(o)d) < K-+

Therefore, for sufficiently large n we have

/7T 11— P(e) — (h(e®))" Py(e) [Pw(0)d(0) < K + 2¢ .

—Tr

Thence

/7r 11— P(e”) — ()" Po(e)[Pdpu(0) < K + 2 + 2¢ = K + 4e .

—Tr
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Now, since h € A we can approximate it uniformly by polynomials

N
E akesz
0

as closely as we want. We have (Zév akeik(’) Py(e?) € P(0) since P, € P(0), and

if >~y axe™ is close enough to h we have

/ﬂ 11— Q) Pdp(0) < K + 4e ,

—Tr

with @ € P(0), since

and P, P, € IP(0). O

Now our study reduces to determine

: " o 10\|p
Pl [ L= PEn)w@)d®)

with w € Ly(—m,7), w > 0. This is solved by a theorem by Szego:

Theorem 3.25. If1 <p < o0

™

inf 11— P(e")|Pw(0)d(8) = exp (i / ' 1ogw(0)d9> :

PeP(0) 2T J_ . 2 J_.

Proof. Firstly suppose that

/ log™ w(#)dh < oo,

—Tr

so that logw(d) € Li(—m,m), because, since w € L; it is clear that
J7 log™ w(#)df < co. We will work with

w1(0) = w(0) - exp (—% / ' 10gw(z€)dt>

—T

1 7r
K = exp <2—/ log w(t)dt)
™ —T

and let



CHAPTER 3. APPLICATIONS OF DUALITY FOR Hp SPACES

to have w(f) = Kw;(0) with

Now we have to show that

inf /7r 11— P(e")|Pw(0)d(#) = 2 .

pEP(0)

—Tr

Since logw;(0) € Li(—m,m), we can form an analytic function

1 T it
flo) = & / C 2 oguwi()dt, |7 < L;
— Z

it
2 J_, e

so we have

f(0) = i/7T log wy (t)dt =0 .

2 ) .
Actually we have e/(*) € H; indeed, we have

1 ™ it
FO)] = RIE) Z e d L / R1EEE o (1)at
2 et — z

-7

~ exp {2i /ﬁ PO —1) logwl(t)dt} |

™ —T

37

we know Poisson’s Kernel P, (6 —t) is non-negative and 5P, (6 — t)dt is a positive

measure of mass 1. Therefore we have:

1 ™
e/ < 2—/ P.(6 — t)wy (t)dt
™ —T

i.e.
1 [" 1 "
— |ef(z)|d9§—/ wy (t)dt
2 J_. 2 J_.

resulting e/(*) € H; since w; € L;. Hence we have exp(f(z)/p) € H, and it is

outer by definition. Also since e/(*) € H; and outer we have

equivalently
|exp(f(e”)/p)| = (w1 ()" ace.
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If P eP0), G(z) = (1 — P(z))exp(f(z)/p) is also in H,, and G(0) = 1 since

f(0) =0. So, for r < 1,
1 ™
o ),

|G (re?)|Pd > 1.

Since G(re?) — G(e") in the L, norm as r — 1, we get

1 T

— Pde > 1
o 7WIG(6 )|Pdo > 1,

implying, _
/ 11— P(e®) Py (0)d(0) > 27

—T

for any P € P. So the infimum is greater than 2.

To show the reverse inequality, since exp(f(z)/p) is outer, by Beurling’s The-

orem, there is a sequence of polynomials @, (z) with

Qn(2) exp(f(2)/p) — 1

in the H, norm and, since exp(f(0)/p) = 1, we must have @),,(0) — 1, so we have

Qn(z)  f(2)
Qn(o) P p 7 !

in the H, norm. We can write ),,(2)/Q,(0) = 1 — P,(z) with P, € P(0), i.e.

™

/ L= Ple)Pun (0)d(0) = / 11— By(e)[P]ef

—T —T

d(0) — / 17d(0) = 2,
implying the infimum is less than 27.

So, the theorem is proved for

/ log™ w(#)df < oo .

—T

If now

/ log w(0)dh = —o0,

let us take
wy,(0) = max(w(#),1/n) .
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Then for each n logw, € L;. We have
/ log w,, (8)df — —oc .

For each n, w,(#) > w(#), so that

inf /Wu.-P@wﬂ%mmdw)< in /wyl—}%é%PwAde)

PeP(0) J_. - Per(0) J_,

1 s
= 2T exp (2—/ log wn(O)dQ) :
™ —Tr

This is true for all n so letting n — oo we get
inf 1 — P(e?)|Pw(0)d(0) =0 .
nt [ = PEPeo)ao)

But, in this case, this equals to

27 exp (%/ logw(@)d@) : O
™ —T

3.4 The Helson-Szego Theorem

In this section we will see the characterization of a finite positive measure p on
[—7, 7] having the property that

™

| T©Rduo) < const. [ re)Panco

—Tr —Tr

where T'(0) is a trigonometric polynomial and T(Q) is its harmonic conjugate.

Definition 3.26. A positive measure p is called Helson-Szegé measure if

/ " |7(6) Pdyu(6) < const. / " \7(60) P du(o)

—T —T

for all trigonometric polynomials T.

Theorem 3.27. A Helson-Szego measure is absolutely continuous.
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Proof. Suppose E is closed, |E| = 0, but u(E) > 0. As we used in the proof
Theorem [3.24! there exist h € A with h(e”) = 1 on E and h(e?) < 1 elsewhere.
We have h(0) = a with |a| < 1. Put F,(2) = (h(2))" —a". Then F, € A and
F,(0) =0so RF, = —SF,. If i is Helson-Szegd, we have

™

/7r |(RE) () [2dpa(0) < C-/ |(SF) () *dpu(0) (3.4)

—T —T

because F),, € A, so for each n there is a sequence of trigonometric polynomials
T, with T,, — (SF,)(¢") uniformly and T, — —(RF,)(¢") uniformly.

Now on the set E we have,
(RE,) () =1—-Ra" — 1

SO,

imint [ [(RE) () Pdn(6) = u(E) > 0.

However,
(SF,) (7)) <1+ |a|” < 2,

whilst, for ¥ € E,

and for e ¢ E,
(SE) ()] < [h(e?)]" +[Sa"| — 0.

Therefore (SF,)(e??) — 0 boundedly and everywhere, hence

| IR Pdue) 0.
This contradicts with (3.4). O
Theorem 3.28. A nonzero Helson-Szeqgo measure is necessarily of the form

dp(9) = w(#)dd with w > 0 in Ly(—n,7) and [" logw(0)dd > —oc.

Proof. By theorem we have du(6) = w(6)df with w > 0 and w € L;. Suppose

/ log w(0)df = —oc;
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then we have sequence of trigonometric polynomials P, € P(0) such that,

/W 1= P (6) Pw(6)d6 — 0.

Put T,,(8) = 1 — P,(6). Then P, = T}, so if w(6)df is a Helson-Szegd measure,

/7r | P, (0)w(0)dd = /7r |%n(9)]2w(9)d9 <C. /7r |T,,(6)|?w(0)do

—Tr —T —Tr

<2 / IT,(6) Pew(6)d6 — 0.

So,
[ 1P 0
and finally,
/‘ﬁwwmeza
or w(f) =0 a.e. So we get a contradiction using Szegd’s theorem. m

Therefore, our study reduces to investigate measures of the form w(#)df with

w > 0 and in L, having property ff logw(#)df > —oo. Now we have a definition:

Definition 3.29. If T'(0) = > a,e™ is a trigonometric polynomial, call

o a ein@
= § n

n>0

Also we have following notations:

=[ﬂ%@ww
|ww¢/

Now we have two lemmas;

0)|?w(6

Lemma 3.30.
1T )|l < K| T |

for all trigonometric polynomials T and some K iff

T < CNT

for all such T and some C.
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Proof. First of all observe that for all trigonometric polynomial 7'(0) = " a,e™’

we have,
TO)=> a—e™,
S0, '
(IIT)(0) = > _ ane™,
n<0
and finally,

T = —ilIT + i(IIT).

and clearly we have || T, = ||T||w, s0 if |[TIT || < C|T|w,

1Tl < [Ty + [T || < C|T ] + ClIT 1w = 2C|T |-

Now observe that, for all T we have 21T = —T + T, 50 if ||l < K||T|w,

K+ K
2

T ]|, < 17| O

Lemma 3.31. w(0)df is a Helson-Szego measure iff there is a p < 1 such that,
whenever P, Q) € P(0),

R [P Qe ul0)at] < P (35)

Proof. By Lemma 3.30, w(0)d6 is a Helson-Szego iff ||IIT||,, < C||T||,, for each

trigonometric polynomial T. Any such T can be written as P(0) +¢"Q(e#) where
P,@Q € P(0) and P =1IIT. For such T we have

ITIE = P2 + QU2 +2% [ P(e")e Qe w(6)as. (3.6)

If the inequality (3.5) holds then (3.6) is,

> [Pl + QU5 = 20l PILIQIL = (1 = p)IPIL, + (el Pl — QIE)?

> (L= p)IPIE = (1= p*) T,

proving
1

7|2 <
T <

ITI1%-
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Conversely, if w(6)df is a Helson-Szegé measure i.e |P|? < C?||T|? where we
can assume C is greater than 1, when || P|? = ||Q||? = 1, we have ||T||2 > 1/C*.
So using (3.6) we get,

1
57

&e/ e Qe w ()d9>_(1—2ic2).

Repeating same argument with — P instead of P we get,

T =1+ 1+2 [ P Qe (o) >

1
R 19 —10 19 <

this proves (3.5) with p =1 — 1/2C?. O

Now we can have Helson-Szego’s result:

Theorem 3.32 (Helson-Szegd). A measure du such that

| morae <c [ rora)

—Tr —Tr

for all trigonometric polynomials T is necessarily of the form

du(e) = ew(0)+2(9) 79
where u and v are real valued, |u(0)| is bounded, and
WOl <5—c >0

Conversely, if du(0) = e+ dh as given above, then the above inequality holds

for some C.

Proof. By theorems 3.4 and [3.28 we can restrict to examine du(f) = w(0)df with
w € Ly, and

/ log w(0)df > —oc.

™

Take any such w and form

¢(z)_exp< L /7r elt—i_zlog\/_dt)

t
2 J__ et
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clearly ¢ is an outer function and it is in Hs because w € L, and by boundary

behaviour of harmonic functions
()] = w(0) ae.

Call

(o(e”))?
By Lemma 3.31, w(0)df is Helson-Szego iff, for some p < 1, P,q € P(0) and
[Plle <1, [|Q[lw < 1 imply

w(0) o(0)

‘%/ <b(eie)P(eié)'(b(ei@)eiGQ(eiG>eiv(0)de’ < p.
By replacing P with € and varying « through real values, we get
'/ ¢>(6“’)P(ew).¢(6i9)6‘wQ(6w)6"”(9)d9‘ < plloPl2lloQll

for all P, € P(0). Now by Beurling’s Theorem ¢P(0) is dense in Hs(0) and

e~ (e).IP(0) is dense in Hy. So above condition is equivalent to

' [ F(ew)G(ew)dH‘ < PlIFLIIG

for all ' € Hy(0) and G € H,.

We can have any f € Hy(0) can be written as F'G with F' € Hy(0), G € H,

and [[Fllz = [|Gll2 = /Il flx-
So, finally w(#)d6 is a Helson-Szegd measure iff, for some p < 1
[0 swas] < s 1 e mo)
By subsection (3.1.2) this equivalent to

€@ — Ho|loo < p < 1. (3.7)

Suppose now that wy(f) = " with

(@) < = —¢€ €>0.

|
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Then, as we constructed in the beginning of the proof the corresponding outer
function ¢g(e?) satisfies (¢g(e?))? = "0 50 wy(0)/do(e?))? = ™),

Since |v(0)| < (7/2) — €, we have

w(0)

e —sine| < cose < 1,

and the constant sine is in H., so (3.7) is fulfilled with p = cose < 1. Then,
1T |y < Kol|T|luwo- If now w(@) = e“@wy(6), and —c < u(f) < ¢, we still have

1Tl < T -

So our condition is sufficient.
For if the (3.7) holds we get an h € H,, with
w(0) 0 ; ;
2 ()| = [ — ()| < p < 1.
o~ )| = 1~ he)] <

Multiplying by |¢(e?)|> = w(e?), we almost everywhere get,

[(¢(e))*h(e”) — w(B)] < pw(6).

where w(f) > 0 a.e. because [” logw(f)df > —oo. So the boundary values
(6(e?))2h(e) of the H; function ¢?h belongs almost everywhere to the sector
larglW| < arcsinp < (7/2), and by Poisson formula for H; functions given in
Theorem 2.8, the values (4(z2))?h(z) also belong to that sector for |z] < 1. In
particular, R¢?h > 0 meaning ¢?h > 0 is outer. So it is of the form e’Yeu+i
where 7 is real. We now have |u(e” +v)| < arcsin p, so by we can take harmonic
conjugate

—_—~—

4y = —u+u(0).
Call —u(e? —~) = v1(0). Then |v,(0)] < arcsinp and u(e?)v1(0) + ¢, ¢ real
constant, so

B o(e )P = eH O

Finally,
@ — () <p <1
makes
1 < 1 < 1
L+p = [h(e®)| ~ 1=p’
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so we can call

with a bounded real u;. Then
w(0) = [o(e)E = e OO

with |vy(0)| < arcsinp < 7/2.

46
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