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ABSTRACT

FAST HIGH QUALITY SPECKLE-FREE PHASE
COMPUTER GENERATED HOLOGRAPHIC IMAGE

PROJECTION

Deniz Mengü
M.S. in Electrical and Electronics Engineering

Advisor: Prof. Dr. Hakan Ürey
July 2016

Computer generated holography based image projection, 3D television, head-up
and near-to-eye (N2E) display systems offer unique advantages over conventional
schemes and constitute a promising option for the future of display technology. Such
systems provide much higher light efficiency, eliminate the need for bulky optics and
provide natural 3D experience.

Computer generated holograms (CGHs) are displayed on spatial light modulators
(SLMs) illuminated by coherent light. Ideally, each pixel of an SLM should provide
simultaneous and independent amplitude and phase modulation since CGHs are in
general complex-valued functions. However, current state of the art SLM technology
allows the implementation of only a constrained set of complex values depending on
the device type, such as binary amplitude, binary phase, amplitude-mostly or phase-
only. Among various types, liquid crystal-on-silicon (LCoS) phase-only SLMs provide
the most convenient option due to their smaller pixel pitch, higher diffraction efficiency
and 8-bit modulation depth. Yet, these devices become useful only when they are
combined with algorithms that encode a full-complex SLM pattern into a phase-only
SLM pattern.

In the context of holographic image projection, existing algorithms for phase CGH
computation are iterative optimization procedures that require successive transforma-
tions with high computational costs. As higher pixel counts are attained, the compu-
tational load of iterative methods become increasingly excessive, hindering real-time
video applications. Despite their high cost though, the reconstruction performance of
these algorithms are only moderate, with generated images suffering significantly from
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speckle noise.

In this thesis, two novel phase CGH computation algorithms are proposed. The
first algorithm removes the iteration requirement and provides a direct solution, sig-
nificantly improving the computational efficiency. The second algorithm processes a
given desired image and non-iteratively calculates a phase CGH which, when used as
a starting point, lets iterative algorithms to converge to almost global optimum, signif-
icantly improving reconstruction quality.

The first algorithm is based on the observation that two phase-only pixels are equiv-
alent to a full complex pixel; thus, the SLM is expected to reconstruct half of the
desired image samples exactly. Simple Discrete Fourier Transform (DFT) and multi-
rate signal processing relations are utilized to non-iteratively determine a phase CGH
that exactly reconstructs the even (or odd) rows (or columns) of a given image. By re-
quiring only a single Fast Fourier Transform (FFT) and a few additional trivial matrix
operations, the algorithm offers 6 to 20 times improvement on computational efficiency
compared to conventional procedures. The simulation results and proof-of-concept ex-
periments indicate that our algorithm can provide full field-of-view (FOV), low speckle
image reconstructions with maximized light efficiency when the reconstructions of 4
CGHs are averaged. High quality frames in the interlaced video format is already
deliverable with 60Hz SLMs when the FOV in one direction is reduced to half.

In the second algorithm, we developed a procedure for designing an image specific
phase function that leads to an ideal CGH that is almost readily unit magnitude, result-
ing in a very low quantization error to begin with. When the phase CGH obtained in
the described way is used as the starting point for existing iterative algorithms, much
quicker convergence and unprecedentedly low reconstruction errors are achieved. The
simulations and experiments reveal that reconstruction quality improves by about 20
times compared to iterative algorithms starting from random guesses. The reconstruc-
tions are almost speckle free, while allowing maximum light efficiency and FOV.

The developed methods are particularly novel over existing approaches in that full
physical as well as mathematical insight is exploited in their development. In par-
ticular, while most approaches formulate the phase CGH computation problem as a
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purely mathematical optimization problem, our methods recognize and utilize the cor-
respondence between phase functions, ray directions, lenses, prisms and so forth. As
a result, we can non-iteratively determine phase CGHs that are almost ready, i.e., can
perform the desired reconstructions already with low error. In this way, we signifi-
cantly reduce the number of iterations required, i.e., our methods require iterations just
for fine-tuning, whereas in existing algorithms iterations are required for both coarse
and fine tuning. Meanwhile, we can get much closer to global optimums than any other
method. In this respect, we believe that this thesis also contributes significantly to the
understanding of the fundamental limits of phase-only computer holography.

Keywords: Computer Generated Hologram, Spatial Light Modulators, Holographic
Displays, Fourier Optics, Phase-Space Distributions, Phase-only Encoding Algo-
rithms.
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TÜRKÇE BAŞLIK
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Tez Danışmanı: Prof. Dr. Hakan Ürey
Temmuz 2016

Bilgisayarda yaratılan hologramlara dayalı görüntü projeksiyonu teknolojisi, 3D
televizyon, ba üstü göstergeleri ve kafaya takılan ekran (N2E) sistemlerinde kul-
lanıldığında sunduğu kendine özgü avantajlarıyla geleceğin ekran uygulamalarında
önemli bir rol alması olasılığı yükselmekte olan bir tekniktir. Enerji verimliliği, ağır ve
hantal optik elemanlarına ihtiyacı ortadan kaldırabilmesi ve doğal üç boyutlu görüntü
sağlayabilmesi bu avantajlardan öne çıkanlardır.

Bilgisayarda yaratılan hologramlar (CGHs) uzamsal ışık modülatörleri (SLM)
üzerinde gösterilirler, bu cihazlar da evreuyumlu ışıkla aydınlatılırlar. İdealinde,
SLMlerin tüm pikselleri bağımsız ve eş zamanlı bir biçimde ışığın hem fazı hem
de büyüklüğünü modüle edebilmelidirler. Ancak, şu an kullanılan SLM teknolo-
jisi yalnızca bazı kısıtlı modülasyon tekniklerine izin vermektedir. Piyasada ikili
büyüklük, ikili faz veya sadece faz modülasyonu yapabilen cihazlar bulunmaktadır.
Bu çeşitlerin arasından, kücük piksel genişliği, kırınım verimliliği ve 256 farklı se-
viyede modülasyon derinliği sunmalarıyla yalnız faz modülasyonu yapabilen SLMler
dikkat çeker. Bununla birlikte, bu aletlerin laboratuvarlardan çıkarak hayatımıza fay-
dalı olabilmeleri için, tam karmaşık hologramları yalnız faz yapılarna dönüştürecek
algoritmalara ihtiyaç duyulmaktadır.

Holografik görüntü projeksiyonu konusunda varolan algoritmalar tekrarlı optimiza-
syon prosedürleri olarak karşımıza çıkmakta ve arka arkaya yapılan dönüşümlerle
hesaplama yükünü fazlasıyla artırmaktadır. Modern SLMlerin piksel sayıları arttıkça,
bu yük daha da artmış ve gerçek zamanlı video projeksiyonu için kullanımı olum-
suz etkilemiştir. Dahası, görüntü kalitesi olarak da orta seviyenin ilerisine gidememiş,
görüntülerde beneklenmeye sebep olmaktadırlar.

Bu tezde, iki yeni faz CGH hesaplama algoritması önerilmiştir. İlki tekrarlı
Fourier dönüşümlerine gereksinimi ortadan kaldırmış ve hesaplama verimliliğini
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önemli ölcüde geliştirmiştir. İkinci algoritmada ise, istenen görüntüye özel bir faz
tasarımı ile SLM üzerinde enerji dağılımı kontrol edilerek optimum çözüme daha önce
literatürde rastlanmamış kadar yaklaşılmıştır.

İlk metodumuz, bir ya da iki Hızlı Fourier Dönüşümü (FFT) ile yüksek kalitede
görüntüler yaratmayı başarırken, bunu önceki yöntemlere kıyasla 6 ila 20 kat daha
hızlı gerçekleştirmektedir.

Tezde sunulan ikinci metod ise, yaratılmak istenen görüntüye özel bir faz fonksiy-
onu tasarımı önermektedir. Yapılan deney ve simülasyonlar 20 kata kadar kalite
gelişimi sağladığını ortaya koymuştur.

Anahtar sözcükler: .
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and Derya Mengü. Needles to say, they have supported and encouraged me throughout
my life and this thesis is dedicated to them as an appreciation for always being there
for me. I love you guys. I also thank my cousin İrem for joyful conversations and I
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their work discipline and enthusiasm is really inspiring. I also thank Yusuf Samet
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Chapter 1. Introduction 1

1 INTRODUCTION

Since its invention, holography has found application in various fields ranging from
optical data storage, optical encryption, microscopy to neural networks [1, 2, 3]. In
the early days, holograms were recorded physically by the creation of interference pat-
terns on photosensitive materials [4]. Following the invention of computers and the
development of digital signal processing tools, computer generated holography has
emerged. Instead of physically recording the interference patterns, holograms generat-
ing certain desired beams and optical waves are computed digitally in a computer using
scalar wave optics theory and its interpretation within signals and systems framework,
Fourier optics [5].

Computer-generated holography has been an active research area for almost 60
years [6]. Computer-generated holograms (CGHs) were implemented by printed bi-
nary masks or kinoforms (photographic films) [7, 8] prior to the invention of spatial
light modulators (SLMs). With the advances in the SLM technology, CGHs are now
widely used in dynamic applications such as optical tweezers, beam shaping, optical
information processing, optical communications, adaptive optics, wave-front correc-
tion and holographic displays [9, 10, 11, 12, 13].

Regarding display applications, holographic approach has recently become more
popular due to its capability of providing all depth perception cues such as binocular
disparity, convergence, accommodation, motion parallax, occlusion and blurring nec-
essary for natural 3D experience [14]. Although the natural 3D capability seem to
be the most appealing attribute of holography, it has still a lot to offer in 2D display
applications, such as holographic image projection (HIP), as well.

Unlike a conventional projection system, in which a standard incoherent imaging
configuration forms and projects a magnified image of a microdisplay, in a HIP sys-
tem, the coherent diffraction field of a target image is calculated and displayed as a
computer generated hologram (CGH) on a spatial light modulator (SLM) that is not
necessarily conjugated to the projection plane; therefore enabling lensless projection,
compact architectures, soft aberration correction, mechanical motion free multi-depth,
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light efficient infinite depth-of-focus operation [15, 16, 17, 18, 19].

However, such merits are partially shadowed due to the absence of full-complex
SLMs (i.e., SLMs providing simultaneous and independent phase and amplitude con-
trol at each pixel). CGHs are ideally complex valued functions that modulate both the
amplitude and phase of the incident light. Yet, available SLMs can provide only some
restricted type of modulation, such as phase-only, amplitude-mostly, binary amplitude
or binary phase [20, 21]. One option is to perform direct quantization on the ideal
full complex CGH. This easiest option results in high levels of noise, and in general
is quite sub-optimal (Yet, our method presented in Ch. 3 profoundly lowers the noise
of direct phase quantization). Hence, SLM restrictions are handled via more sophis-
ticated approaches, which can be categorized into two. In the first approach, several
restricted-type SLMs are used in combination to achieve a system that provides full-
complex modulation. An example is to image an amplitude-only SLM on a phase-only
SLM [22]. Another is to superpose coherent beams from two phase-only SLMs [23].
A third and the most sophisticated example of such schemes, though, is proposed for
binary SLMs in [24], where the authors extend the bit plane representation and decom-
position of gray scale digital images to the complex valued CGH domain suggesting
the use of a 4f setup for realization. However, such methods have complicated optical
setups and require high precision (nm scale) alignment. They thus have limited utility.

The second approach encodes the ideal full-complex CGH into a restricted type
CGH that can be displayed on the SLM. As a result of the encoding process, the SLM
output consists of a noise beam along with the desired beam. The encoding procedures
are usually tuned so that the noise beam has reduced energy, or gets spatially separated
from the desired beam in the course of propagation. Many algorithms are proposed for
various SLM types. [25, 26] investigate the CGH computation for amplitude-only and
amplitude mostly SLMs, while [27, 28] explore the binary SLM case.

Among currently available SLM types, phase-only liquid crystal-on-silicon (LCoS)
SLMs constitute the most attractive option for HIP with their small pixel pitch, high
pixel count, relatively high diffraction efficiency and 8-bit modulation depth [19, 21].
Yet, their restricted (phase-only) modulation capability leads to limited image quality,
which is further degraded by speckle noise resulting from the coherent nature of illumi-
nation light [29]. In this respect, performance of phase CGH computation algorithms
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are of crucial importance. Research presented in [30, 31, 32, 33, 34, 35] establishes
some of the examples of effort put to devise an optimum phase CGH algorithm. In gen-
eral, these algorithms perform successful encodings. However, almost all of them have
an iterative structure and involve repetitive Fast Fourier Transform (FFT) or pixel-by-
pixel processing operations that pose significant computational complexity. In spite of
the improvements in the computational power and parallel processing hardware such
as FPGAs and GPUs, real-time operations still remain as a challenge due to lack of
non-iterative direct solutions.

Another disadvantage of most established phase CGH computation algorithms, es-
pecially in the HIP context, is related to speckle noise. As well known, all laser based
display systems are prone to speckle noise to some degree [29]. In HIP, speckle partly
results due to physical factors such as the surface roughness of optical components or
projection screens, and partly due to the CGH computation procedure. In particular,
most algorithms converge to a solution by assigning random phase values to the desired
image samples, leading to speckled reconstructions even if physical factors of speckle
are removed. Some algorithms limit the phase variation during iterations to achieve
speckle reduction, but at the cost of slower convergence and increased computational
cost [36].

During the research underlying the methods and ideas presented in this thesis, we
challenged ourselves to devise phase CGH computation algorithms that contribute to
existing literature in the sense that while our methods are decreasing the computa-
tional complexity compared to the previous works, they also attain higher reconstruc-
tion quality without compromising from light efficiency and/or field-of-view (FOV) of
the overall system. Therefore, this thesis can be seen as an investigation towards un-
derstanding the fundamental limits of phase-only computer holography in the context
image projection.

Before digging into the details of the presented research, we develop mathematical
closed form for the light synthesized by an SLM in Section 1.1. In Section 1.2, we will
have a more detailed discussion concerning the phase CGH computation algorithms
previously published in the literature. Section 1.3 is reserved for contribution statement
of the thesis.
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1.1 Light field synthesized by an SLM with finite size
and rectangular aperture function at Fourier plane

a) b)

c)

Figure 1.1. Typical optical FT architectures

Most of the SLMs today have pixellated nature and among these the pixels are in
general have rectangular aperture functions. The typical values range from 40 µ m to
recently reported 3.74 µ m. Even though 3.74 µ m is the smallest reported pixel pitch
until now, it is still a large aperture size compared to the wavelength of visible light,
λ ∈ (400, 700) nm. Thus, in HIP applications it is mostly assumed that the practical
image sizes are attained at distances where Fresnel diffraction assumption is valid.

Another thing to note for the sake of discussion is the fact computing a phase com-
puter generated hologram for an image at Fourier plane or at a plane inside Fresnel or
fractional Fourier zone does not differ much. Since the propagation kernels between
planes related by Fresnel or fractional Fourier Transforms are based on regular Fourier
Transform (FT) and pre and/or post pure phase function multiplications, thus such
multiplicative terms can be handled trivially in the case of a phase SLM. Therefore,
we keep our discussion limited to the case where the image plane and the SLM plane
are related by FT under appropriate definition of frequency and space variables (typical
optical architectures that can be examined by FT relation is shown in Fig. 1.1).
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In this section, we will analyze the light field synthesized by a finite size SLM with
rectangular pixel aperture, but we will not impose any constraints on the SLM pixel
values yet. To begin with, it needs to be stated that SLMs are usually modeled as 2D

thin optical masks. In the context of scalar wave optics theory, a thin optical mask with
2D complex transmittance, t(x, y), is represented as a multiplicative element. In other
words, if the mask is placed at z = 0 and illuminated by a wave from the left hand
side whose profile is w0−(x, y) then the optical wave leaving the mask, w0+(x, y), can
written as w0+(x, y) = w0−(x, y)t(x, y). Although the view of SLM described in this
model is only an approximation, it is sufficient for our purposes, hence it will be used
throughout this thesis.

Particularly, we will analyze the light field generated by SLM for the optical setup
depicted in Fig. 1.1(c). At this point, let us make the following definitions;

• f denotes the focal length of the Fourier lens,

• ∆X and ∆Y denote the SLM pixel pitch in respective directions,

• SLM has M ×N pixels.

Let SLM is illuminated by a uniform plane wave as shown in Fig. 1.1(c)
(w0−(x, y) = 1). Then the wave profile at a plane just after the SLM is given by
w0+(x, y) = h(x, y) where h(x, y) denotes the transmittance function on SLM (For
now, there is no restriction on the values that h(x, y) can take).

It is well known that the optical field to be observed on the right focal plane (x′, y′),
of the Fourier lens, g(u, v), is exactly the Fourier Transform (FT) of h(x, y) with coor-
dinate scaling factors (u = x′/λf), v = y′/λf)) as in Equation (1.1) (Note that finite
size of the Fourier lens is neglected). Since we compute the CGH samples digitally on
computer, first we need to write h(x, y) in terms of those computed samples s[m,n] to
fully understand the properties of g(u, v).

g(u, v) =

∫ ∞
−∞

∫ ∞
−∞

h(x, y)e(−j2π(ux+vy))dx dy (1.1)
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Starting by the conversion of sequence s[m,n] (discrete function) to its continuous
counterpart s(x, y), we get

s(x, y) =
∞∑

m=−∞

∞∑
n=−∞

s[m,n]δ(x− xm, y − yN) (1.2)

where xm = m∆X , yn = n∆Y denote the pixel positions for an SLM placed symmet-
ric around the origin. Notice that s(x, y) represents the continuous transmittance of an
SLM with impulsive pixels.

Incorporating the interpolation, Equation (1.2) becomes,

h(x, y) = [a(x, y) ∗ ∗ s(x, y)] rect

(
x

M∆X

)
rect

(
y

N∆Y

)
. (1.3)

where ∗∗ denotes 2D convolution operation, a(x, y) is the pixel aperture function of
SLM and rect

(
x

M∆X

)
rect

(
y

N∆Y

)
determines the finite size of SLM.

Note that, a(x, y) = rect( x
∆X

)rect( y
∆Y

) for an SLM with rectangular pixels. Plac-
ing that into Equation (1.3) and then taking the FT as defined in Equation (1.1), we
arrive,

g(x′, y′) =

[
sinc(

x′

λf
∆X)sinc(

x′

λf
∆Y )F(s(x, y))

]
∗ ∗ sinc

(
x′

λf
M∆X

)
sinc

(
y′

λf
N∆Y

)
.

(1.4)

whereF(·) represents the FT (Note that in Equation (1.4) constant normalization terms
that must appear under unitary transform condition are ignored).

We will examine Equation (1.4) under the view that an SLM with pixel size
(∆X ,∆Y ) will create diffraction orders separated by λf/∆X and λf/∆Y in each
direction. The region around the origin at Fourier plane described by x′ ∈
(−λf/(2∆X), λf/(2∆X) and y′ ∈ (−λf/(2∆Y ), λf/(2∆Y ) is called the Central
Diffraction Order (CDO). Since the higher orders of the SLM does not contain any
additional information, we are only interested in designing the CDO accordingly.
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A closer look to Equation (1.4) reveals that the multiplicative sinc factors coming
from the rectangular aperture function are wide enough (due to relatively small pixel
pitch) so that inside the CDO their effect can be modeled as multiplicative constant
[37]. However, the sinc convolution representing the finite SLM aperture cannot be
discarded, since it plays a vital role in the formation of high frequency noise terms,
such as speckle, on the reconstruction. Therefore, the simulation results provided
throughout this thesis, assumes impulsive pixels on SLM side; on the other hand, they
take the effect of finite SLM aperture into account.

1.2 Overview of existing phase CGH algorithms

Many different algorithm have been proposed for the computation of phase diffractive
optical elements (DOEs) and CGHs. To be more precise, here is a list of most widely
used methods;

• Iterative Fourier Transform Algorithm (IFTA) [32, 33, 34, 36, 38]

• Gerchberg-Saxton Algorithm (GS) [39, 40]

• Fresnel Ping-Pong [41]

• Fienup with Don’t Care (FIDOC) [16, 31, 42]

• Error Diffusion [30, 43, 44, 45]

• Minimum Average Error Algorithm [46, 47, 48]

• Simulated Annealing [49]

• Direct Search [27, 50]

• Conjugate Gradient [51]

• Double Phase Hologram [52]

From the list above, IFTA, GS, Fresnel Ping-Pong and FIDOC can be taken into one
group considering their mathematical basis. These algorithms are generally known as
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projection onto sets type optimization methods. They are often used in convex op-
timization problems and when the two sets are convex, it is called Projection Onto
Convex Sets (POCS). Unfortunately, the performance of such algorithms is only lim-
ited in phase CGH computation mainly due to the fact that phase-only set of values on
the SLM plane do not constitute a convex set [53]. FIDOC distinguishes itself from the
others in the sense that IFTA and GS algorithms are essentially phase retrieval methods
but FIDOC defines a procedure specifically for the design of phase holograms which
will be explained further in Section 1.2.2.

From the implementation perspective, error diffusion (ED), minimum average er-
ror (MAE), simulated annealing, direct search (DS) and double phase hologram algo-
rithms are based on pixel-by-pixel processing of the full-complex CGH. Double phase
hologram method defines macro-pixel concept which is composed of two phase-only
neighboring pixels of the SLM. But the region which can be addressed with high qual-
ity using that procedure is very limited on the image plane so it is seldom used [54].

On the other hand, DS and simulated annealing methods impose substantially high
computational load but in return they generally produce high quality reconstructions.
Due to their high computational complexity, they find application in DOE designs,
which is not a dynamic element, rather than systems requiring real-time computation.

The equivalence of ED and MAE algorithms is stated in [48], since ED has been
found to perform slightly better and found application in a greater volume, it is going
to be discussed further in 1.2.3.

1.2.1 IFTA

Fig. 1.2 illustrates a typical computational cycle of IFTA. In general, IFTA and GS
algorithms have become popular since they allow the Fast Fourier Transform (FFT)
algorithm to be utilized during computation. From Fig. 1.2, it is clear that the im-
plementation relies on enforcing the constraints on both image and SLM planes, back
and forth. However, due to their impractically slow convergence behavior, their perfor-
mance regarding the final image quality is only moderate. Fig. 1.3(a-d) show typical
outcome of 2, 5, 10, 20 IFTA iterations performed on a CGH to reconstruct a gray
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Figure 1.2. A typical computational order of IFTA.
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scale target image, Lena, respectively. Additionally, MSE convergence curve attained
by the trials performed on 10 different gray scale images is depicted in Fig. 1.4.
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Figure 1.3. Intensity reconstructions attained at by a) 2, b)5, c)10, d)20 IFTA iterations.

1.2.2 FIDOC

The idea of leaving dummy or ’Don’t care’ areas in a diffraction order of SLM to ease
the convergence of iterative algorithms was first introduced by Akahori et. al. [42].
Then it was further improved by assigning amplitude freedom over some parts of the
image region as well in [31]. The underlying key observation on both articles was
the fact that Fienup/IFTA/GS type algorithms are essentially designed to solve phase
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Figure 1.4. Mean square error (MSE) convergence behavior of IFTA.

retrieval problem; however, phase cGH computation can be interpreted also from the
design perspective instead of information retrieval.

The main difference between IFTA and FIDOC lies beneath the constraints applied
on the image plane during iterations. While the amplitude of the ideal wave field at
image plane is forced for the entire diffraction order in IFTA, FIDOC only imposes
the ideal amplitude and phase information onto a limited region which can be viewed
as signal window. Thereby, the convergence is substantially quicker and since the
phase information inside the signal window is also reconstructed, the speckle effect
might be reduced significantly as illustrated in Fig. 1.5. As the quicker convergence
and relatively high quality of reconstructions are the favorable attributes of FIDOC, it
limits the attainable image size/FOV and the light efficiency. For instance, when it is
desired to enlarge the image area as in Fig. 1.6, the algorithm does not converge and
thus can not reconstruct the desired gray levels.

1.2.3 Error Diffusion

Floyd and Steinberg introduced the ED algorithm (also known as Floyd-Steinberg
dithering) for halftoning of the gray scale images [45]. Yet, it has found application in
CGH domain as well.
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Figure 1.5. Intensity reconstructions attained at by a) 2, b)5, c)10 FIDOC iterations.
Image/signal occupies 1/4 of the entire diffraction order.
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Figure 1.6. Intensity reconstructions after 10 FIDOC iterations. Image/signal occupies
25/36 of the entire diffraction order area.
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If we call our full-complex, ideal CGH samples as h(m,n), then ED basically mod-
els an additive error term, e(m,n), through pixel-by-pixel processing of h(x, y) such
that h(m,n)+e(m,n) = p(m,n) where p(m,n) is a phase-only function. In addition,
e(m,n) is designed such that it does not affect the low frequency region in the Fourier
domain i.e., it has a high pass nature. Figs. 1.7 and 1.8 show the coefficients as they
were defined by [45] and magnitude of the associated frequency response of the 2D,
discrete filter described by these coefficients, respectively. Since the first introduction
of the algorithm, different versions with 8, 16 and 32 coefficients have been proposed
but the improvement compared to the original form in Fig. 1.7 was only minor[47].

Even though, ED performs successful phase-only encoding, it compromises from
the FOV and light efficiency similar to FIDOC. Moreover, since it is based on pixel-by-
pixel processing, as the pixel count of the modern day SLMs gets larger, the computa-
tional burden of the algorithm becomes even harder to tackle for real-time applications.

5/16 1/16

7/16

3/16

Figure 1.7. The coefficients used in the ED algorithm.
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Figure 1.8. Magnitude of the frequency response of the two dimensional, discrete filter
characterizing the additive error term in ED.
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Figure 1.9. Reconstructed image by ED. Image occupies 1/9 of the available area.
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Figure 1.10. Reconstructed image by ED. Image occupies 1/4 of the available area.
Signal region and the error term are slightly overlapping.
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Figure 1.11. Reconstructed image by ED. Image occupies 9/16 of the available area.
Designed error function shadows a great portion of the target image.
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1.3 Contributions of the thesis

This thesis reports a novel phase-only CGH encoding algorithm in the first part. The
novelty of the devised algorithm lies beneath its computational advantages. It is the
first time that a non-iterative phase CGH encoding algorithm which can generate high
quality images (MSE 3%) is reported. With the already available 60Hz phase-only
SLM technology, it is possible to compute the CGHs in real-time which generate high
quality, speckle free holographic video frames in the interlaced format. When the FOV
and/or the power efficiency of the HIP system are important design parameters, then
the proposed algorithm requires higher frame rates (240Hz) for high quality images
(MSE 12%).

In the second part, an image specific phase design is presented. The research of this
phase function is explicitly carried out to overcome the trade-off between the image
size and image quality in the existing literature. Previous to this work, either images
occupying whole diffraction order can be reconstructed with speckle, thus with poor
quality or the image size kept smaller so that there are regions in the diffraction order
reserved for the encoding noise to be thrown. The proposed phase design constitutes
the basis for the computation of phase CGHs which can reconstruct speckle free, high
quality images without compromising from their size inside a diffraction order as well
as the power efficiency of the overall HIP system. It is the first time that such phase
CGHs are reported in the HIP literature.

Although the experiments carried out during this thesis are kept at the proof-of-
concept level, two major problems associated with the holographic displays using
phase SLMs are addressed and solutions with theoretical basis are provided. The
methods in this thesis can be used in any holographic display platform if the under-
lying assumptions are satisfied and optical architecture is appropriate. For instance,
in the wide FOV near-to-eye display project carried in OML, the second method can
be used to project images which are going to be relayed to the retina by the help of
an additional optical component such as an elliptical mirror. The necessity of aber-
ration correction at some level is going to be needed in such a scenario but once the
profile of aberrations is studied specifically for that relay optics, it is fairly straightfor-
ward to adjust the phase CGHs. Moreover, since the two investigated aspects of phase
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CGH computation complement each other, they can also be used in combination in
the following order. First the initial phase design is performed for a specified image
and then the ideal, full-complex CGH can be encoded into a phase-only one via the
algorithm presented in the first part. Since the proposed phase design results in ideal,
full-complex CGHs to have magnitude distributions already as uniformly as possi-
ble, the image quality performance of the encoding algorithm is going to be improved
(Ghost image artifacts suffered by images shown in Fig. 2.7 is going to be reduced).

Additionally, during the research reported in this thesis, one conference paper at
Digital Holography&3D Imaging Conference and one journal article at Optics Express,
OSA has been published. A second journal article has been drafted [55, 56].
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2 NON-ITERATIVE PHASE HOLOGRAM
COMPUTATION FOR LOW SPECKLE

HOLOGRAPHIC IMAGE PROJECTION

In this chapter, we present a non-iterative phase CGH computation algorithm which
is particularly suitable for real-time HIP applications. In Section 2.1, we describe a
basic method, which is first presented in [55]. With this method, we can compute
phase CGHs whose discrete Fourier transforms (DFTs) are exactly controlled on half
of the samples, such as even (or odd) indexed rows (or columns). The method requires
only a single FFT and trivial arithmetic operations. In Section 2.2, we supplement
the basic method by the application of structured non-random initial phase terms on a
desired image. In this way, we reduce encoding noise while keeping speckle noise low
and get high quality reconstructions under temporal averaging. Section 2.3 shows the
experimental results with a commercially available phase-only SLM.

2.1 Basic phase CGH computation method

We assume that images are projected at a Fourier plane of the SLM, hence the field
distributions on the hologram and the output planes are related by a Fourier Transform
(FT). We present the analysis for the 2-f setup shown in Fig. 2.1(a). Extensions to other
FT configurations are straightforward. The SLM (assumed to be pixellated) is placed
at the left focal (hologram) plane and is illuminated with a normally incident plane
wave. The pixel values of the SLM are denoted by Hm,n. The resulting analog field
on the right focal (output) plane is denoted by s(x, y). Due to the pixellated nature
of SLM, s(x, y) is periodic (under the assumptions of impulsive pixels and Fresnel
diffraction) with periods λf

∆x
× λf

∆y
, where f denotes the focal length of the Fourier

lens, λ denotes the wavelength and ∆x,∆y denote the SLM pixel periods in x and y
directions, respectively. s(x, y) can be uniquely controlled over only one period, which



Chapter 2. Non-iterative phase hologram computation for low speckle holographic
image projection 22

we call the central diffraction order (CDO). The remaining regions of the output plane
merely consist of higher order replicas of the CDO with no additional information. If
the SLM has M ×N pixels, s(x, y) is also completely specified by its M ×N samples
taken within the CDO, with intervals λf

M∆x
, λf
N∆y

. Letting Sk,l denote these samples, we
have

Sk,l = DFT{Hm,n}. (2.1)

From now on, we drop the index subscripts, hence H denotes the SLM pixel values
and S denotes the samples of the output field within the CDO.

For an arbitrary S, H is in general full complex. Thus, if we had a full-complex
SLM with a very high dynamic range, we could fully reconstruct any given S. In case
of a phase-only SLM though, we in general can not reconstruct S fully. However,
a phase-only SLM should be able to (and indeed can) control (reconstruct) MN/2

samples of S exactly. This follows from the well-known fact that a complex number
~H with | ~H| ≤ 2 can be expressed as the summation of two unit magnitude complex
numbers [52], i.e., ~H = ~P1 + ~P2 where | ~P1| = | ~P2| = 1, as shown in Fig. 2.1(b). In
particular, ~P1 and ~P2 can be found as

~P1 = ej(
6 ~H−α) (2.2a)

~P2 = ej(
6 ~H+α) (2.2b)

where

α = arccos(
| ~H|
2

). (2.3)

Thus, two phase-only pixels of the SLM together constitute one degree of freedom,
yielding a total of MN/2 degrees of freedom, which should be sufficient for control-
ling half of S.

We now determine which MN/2 samples of S should be targeted. Our concern is
that the phase CGH that reconstructs the chosen samples should be determined in a
direct manner without any iterations. Figure 2.2 illustrates our methodology. Figure
2.2(a) shows a desired S as an M × N discrete image. Figure 2.2(b) shows the ideal
full-complex M × N CGH H that generates S. In Fig. 2.2(b), the upper and lower
parts of H are labeled as HU and HL, respectively. Both HU and HL are M/2 × N
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Figure 2.1. a) 2-f setup for holographic image projection (HIP) with a spatial light
modulator (SLM). b) Decomposition of an arbitrary complex number ~H (with | ~H| ≤
2) as the summation of two unit magnitude (phase-only) numbers ~P1 and ~P2, showing
that two phase-only pixels constitute one degree of freedom.

patterns. Next, in Fig. 2.2(c), S is downsampled such that only the even rows (i.e., rows
with even indexes such as k = 0, 2, 4, . . . ) are preserved and odd rows are zeroed.
This downsampling as well-known implies aliasing in the Inverse DFT domain, as
illustrated in Fig. 2.2(d). In particular, upper and lower parts of H are overlapped
and superposed. Conversely, the CGH in Fig. 2.2(d) is the CGH that generates the
output samples in Fig. 2.2(c). Thus, when only the even rows of S are of concern, it is
HU + HL that matters, and the individual HU and HL does not matter. Figure 2.2(e)
and Fig. 2.2(f) illustrate the dual case of downsampling of odd rows, and show that
when odd rows of S are of concern, it is only HU − HL that matters. Here, HL is
weighted with a negative coefficient as a result of the one unit downward shift of the
impulse train in Fig. 2.2(e). Finally, Fig. 2.2(h) shows an M × N phase CGH which
satisfies the condition PU + PL = HU + HL. Here, we assume that |HU + HL| ≤ 2

(which can be achieved with a trivial normalization of H). For each pixel of HU +HL,
we can find ~P1 and ~P2 according to Eqs. (2.2) and (2.3). Then we can set one of
PU , PL to ~P1 and the other to ~P2. By Fig. 2.2(c) and Fig. 2.2(d), the phase CGH in Fig.
2.2(h) reconstructs the same even rows with H , as in Fig. 2.2(g). Hence, if the target
samples are chosen as the samples on even rows, they can be exactly controlled via a
phase CGH computed without any iterations. Note also that although the phase CGH
in Fig. 2.2(h) reconstructs even rows of S exactly, it in general does not reconstruct the
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odd rows because PU − PL is not necessarily equal to HU − HL. Indeed, in general,
one can select PU and PL to satisfy either of the conditions PU + PL = HU + HL

or PU − PL = HU − HL, but not both. Hence, odd rows in Fig. 2.2(g) are set in
an uncontrolled manner, and the reconstruction is degraded by a noise term given by
(HU −HL)− (PU − PL). Figure 2.2(i) and Fig. 2.2(j) show the case where the phase
CGH perfectly reconstructs odd rows and leaves even rows noisy. In a straightforward
manner, the idea can be extended to perfectly reconstruct even or odd columns. In this
case, CGHs are split into two halves in the horizontal direction.

Figure 2.2. Basics of the proposed phase CGH computation method. All signals are
discrete. a) Desired field S. b) Ideal full-complex CGH H with two halves named HU

and HL. c) Downsampling of S. Only even rows (rows with even index such as k =
0, 2, . . . ) are preserved. d) Corresponding CGH, aliased as a result of downsampling.
e) Downsampling of S. Only odd rows are preserved. f) Corresponding CGH. h) A
phase CGH satisfying PU + PL = HU + HL (|HU + HL| ≤ 2), computed as in Fig.
2.1(b). g) The field generated by h. In accordance with c and d, h generates the same
even rows with H . Odd rows however are left uncontrolled and appear noisy. i-j)
Counterpart of g-h for perfect reconstruction of odd rows. Phase CGHs exactly control
half of the degrees of freedom, as expected.
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In summary, we have developed a method that computes a phase CGH that perfectly
reconstructs half of S via a single FFT and trivial arithmetic operations. The simula-
tions in Fig. 2.3 verify the method, and at the same time illustrate the first attempt for
its usage in HIP. Figure 2.3(a) shows the magnitude of a desired S. The phase, not
illustrated, is assigned randomly. Figure 2.3(b) shows the corresponding ideal CGH,
H (magnitude). Figure 2.3(c) shows a phase CGH designed to reproduce the even
rows (phase is shown as a gray scale image with black and white pixels denoting no
and full 2π phase modulation, respectively). Figure 2.3(d) shows the generated S. As
seen, even rows are perfectly reconstructed. Odd rows however, are left uncontrolled
and appear noisy. Figure 2.3(e) and Fig. 2.3(f) show the dual case where odd rows are
perfectly reconstructed and even rows appear noisy.

One disadvantage of the presented method, as evident in Fig. 2.3, is that the signal
and noise samples are interlaced into each other. Thus, in the output, the encoding
noise appears distributed and the reconstructed images appear highly noisy. It would
have been better if the controlled half of the samples were grouped together within a
signal window, and the uncontrolled half were grouped together within a noise window.
However, to our knowledge, a direct non-iterative solution for that case is not possible.
Fortunately, it is possible to further tailor the basic method such that the effect of the
encoding noise is reduced. We explore that possibility in the next section.

An important requirement of the proposed method is that the illumination wave
should have a uniform intensity over the SLM. The reason is, the entire method relies
upon the assumption that unit magnitude pixels in the two halves (upper and lower, or
left and right) of the phase-only SLM are superposed to form complex-valued pixels.
If the actual illumination is not uniform, different complex pixel values are realized,
and we get additional noise on the reconstructions. Of course, the entire illumination
wave should have the necessary degree of spatial and temporal coherence so that the
light from two halves of the SLM interfere.

We finally note that for sake of clarity, we explained our method for a 2-f setup. If
it is desired to free the system of any lenses, one option is to perform reconstructions
at the far field, where the Fraunhofer diffraction formula applies. For closer distances
where the wave distributions on SLM and image planes are related by Fresnel diffrac-
tion formulas, the proposed method still works if phase CGHs are multiplied by QPF
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Figure 2.3. Verification of the basic phase CGH computation method. (a) Desired field
S. Only magnitude is shown. Phase is random. (b) Magnitude of ideal full-complex
CGHH . (c) Phase CGH satisfying PU +PL = HU +HL, shown as a gray scale image.
(d) Reconstruction of c and its downsampled versions. (e) Counterpart of c-d for phase
CGH satisfying PU − PL = HU −HL.

terms that undo the pre-multiplicative chirp term of Fresnel diffraction [57].

2.2 Application to holographic image projection

In HIP, we wish to set the intensity distribution on the Fourier plane of the phase-only
SLM to that of a desired image. We examine two different cases that are illustrated
in Fig. 2.4. In the first case, we target the entire CDO region (with area λf

∆x
× λf

∆y
),

i.e., the desired image extends over a full period. In the second case, we target only
half-of the CDO (with area λf

2∆x
× λf

∆y
or vice versa) and confine the desired image here.



Chapter 2. Non-iterative phase hologram computation for low speckle holographic
image projection 27

The other half is used as a don’t care region and reserved for the encoding noise. The
first case is advantageous in terms of light efficiency, while the second case enables
the achievement of lower reconstruction error. In both cases, we eventually use the
basic method described in Section 2.1. However, we apply initial phase distributions
on the desired image prior to the application of the basic method in order to keep the
encoding noise low. The initial phase distributions also provide speckle reduction. We
also discuss strategies in which we calculate multiple phase CGHs for a given image,
display them time sequentially, and make use of temporal averaging to further improve
quality of the reconstruction.

Figure 2.4. Examined HIP scenarios. (a) Desired image is specified over the entire
central diffraction order (CDO). Phase freedom on the image plane is exploited to
decrease encoding error. (b) Desired image is specified over half of the CDO. The
unused part of CDO is reserved for encoding noise.

2.2.1 Case A: Image extends over the entire CDO

When the entire CDO is used as the image area, the only way to mitigate the CGH
encoding noise is to make use of the phase-freedom on the image plane [17, 38, 53].
Phase terms applied on the target images are designed to create a more uniform energy
distribution on the SLM plane. In that way, encoding noise is reduced. Similar to
the case in Fig. 2.3, most algorithms apply a random phase distribution which leads
to high speckle noise. Recently, Shimobaba et. al. proposed the application of a
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quadratic phase function (QPF) rather than a random phase term [58]. Their QPF term
essentially maps the diffracted version of the target image in a 1-1 fashion on the SLM.
As a result, energy extends over the entire SLM. Subsequently, they apply the Error
Diffusion algorithm and get reconstructions with low encoding noise. The non-random
nature of their QPF term also leads to reduced speckle noise. Our solution is similar,
but with some difference in the applied QPF term. More importantly, in the second
stage, rather than Error Diffusion, we apply the basic method presented in Section 2.1,
which is much faster.

We first divide the target image into two parts that have almost the same energy as
in Fig. 2.5(a). We map one of these parts to the upper half of the SLM via a suitably
adjusted QPF term. The second part is mapped to the lower part of the SLM via another
QPF term. In this way, we ensure that image energy is distributed pretty smoothly over
the SLM area, which helps to keep the encoding noise low. The energy based splitting
of the desired image, rather than a simpler splitting into two equally sized sub-images,
is preferred here to handle cases where one-half of the image has significantly lower
energy compared to the other. We also adjust the QPF terms such that some safety
region is left at the boundary between the two halves of the SLM. In particular, the
middle rows of the SLM do not carry significant information. In this way, we ensure
that the harsh aperture windows that we apply when extractingHU andHL out ofH do
not cause significant diffraction artifacts. Finally, we apply the basic method in Section
2.1 on H and determine a phase CGH. Here, we do not shuffle ~P1 and ~P2 among PU
and PL, but we orderly set all pixels of PU to ~P1 and all pixels of PL to ~P2 (or vice
versa) as shown in Fig. 2.6(a). In this way, we ensure that the encoding noise on the
odd rows has a low-pass nature and is better controlled. Figure 2.7(a) shows a desired
image, and Fig. 2.7(b) shows the corresponding ideal full-complex CGH obtained as
described above. Figure 2.7(d) shows the reconstruction performed by a phase CGH
designed to perfectly reconstruct the even rows. Thanks to the applied initial phase
term, the encoding noise distributed on the odd rows has reduced effect on the overall
image. Speckle noise is also reduced.

The idea can be extended to phase CGHs for even or odd columns in a straight-
forward manner. In that case, the desired image and the SLM is split into two parts
horizontally, rather than vertically, and QPF terms are modified accordingly. Figure
2.7(c) shows the ideal full-complex CGH for the column case, and Fig. 2.7(e) shows
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the reconstruction when phase CGH is computed for even columns.

Careful examination of Fig. 2.7(d) and Fig. 2.7(e) reveal that although the effects
of encoding and speckle noise are reduced, some ghost replica artifacts are present in
the reconstructions. Such artifacts occur as a consequence of the mixing performed
between the two halves of the SLM when computing the phase CGHs, and appear
dominantly on the reconstruction when only a single phase CGH is used per a desired
image. However, further improvements can be achieved by exploiting the finite tempo-
ral response time of the human visual system. In particular, for a given desired image,
more than one CGH can be computed such that each CGH reconstructs one of even
rows, odd rows, even columns and odd columns perfectly. Then these CGHs can be
displayed time sequentially and temporally averaged. Figure 2.7(f)-2.7(h) show tem-
porally averaged reconstructions for different combinations of two or four CGHs. As
seen, the encoding noise is smoothed further, but at the cost of divided SLM frame
rate.

The reader can truly claim that any CGH computation method (including the sim-
plest direct quantization method) can have an improved error performance when tem-
poral averaging is allowed, and may wonder what difference our method has in com-
parison. Actually, our method makes more efficient use of temporal averaging com-
pared to other methods. To see this, consider a CGH computed for even rows. The
image generated by this CGH has a high error partly due to the fact that the informa-
tion on the odd rows is discarded [Fig. 2.7(d)]. That missing piece of information
is restored if a second CGH is computed for odd rows, and used in conjunction with
the first CGH in a time averaged fashion [Fig. 2.7(f)]. In other words, time averag-
ing not only smooths out encoding noise, but also completes the information content.
Therefore, the improvement in error is stronger. Temporal averaging of two row CGHs
provide significant improvement over a single CGH, but actually a set of four CGHs
that include the column CGHs as well is better. The reason is, the ghost replica artifacts
for even and odd row CGHs appear at the same locations, and hence appear persistent
even under temporal averaging. However, the ghosts of column CGHs appear at differ-
ent positions [Fig. 2.7(g)]. So, if they are included in the time-averaging process, the
effect of the artifact is reduced [Fig. 2.7(h)]. We also note that although we compute
four CGHs, the computation requires only two FFT operations, one for row CGHs, one
for column CGHs. Hence, computational efficiency of the algorithm is still preserved.
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Table 1 reports the performance of the proposed algorithm under different temporal
averaging schemes. For each case, the algorithm is applied on a test set including
the well-known Lena, Cameraman, Boat, Peppers, Mandrill images, and the average
mean-squared error (MSE) [27] and structured similarity index measure (SSIM) [59]
values are reported, along with the required number of FFT operations per image (not
per reconstruction) and the demanded SLM frame rate to deliver a monochrome video
with a frame rate specified by F. Image quality improves as more reconstructions are
averaged, with the 4-average case performing the best. Table 2 provides a comparison
of our 4-average algorithm with the Iterative Fourier Transform Algorithm (IFTA),
which is generally known to yield the best error performance. Each row of Table 2
specifies the number of reconstructions to be averaged per image and the number of
IFTA iterations required for each reconstruction, such that the MSE performance of
the 4-average case is achieved. The indicated iteration numbers are again averaged
over the above-mentioned image set. Also note here that the third column of Table 2
is reported by taking into account that IFTA requires two FFTs per iteration. Tables 1
and 2 clearly highlight the high computational efficiency of our solution.

In closure, we note that the level of the ghost replica and ringing artifacts can be
further reduced by performing a small number of IFTA iterations on the phase CGHs
obtained with our method. In terms of computational complexity, this strategy slightly
hinders the advantage of our non-iterative method, but is still better compared to IFTA
solutions starting from random initial CGHs since our phase CGHs already have a low
error, enabling faster convergence. Increasing the number of IFTA iterations used per
phase CGH, the required number of temporal averages hence the SLM frame rate can
be decreased as well. Thus, a trade-off between required SLM frame rate, reconstruc-
tion quality and computational complexity can be established. We also remind that the
artifacts are a result of our speckle reduction goal (i.e. the artifacts only appear in Fig.
2.7 where we use structured initial phase terms, but do not appear in Fig. 2.3 where
we use random phase terms). If some controlled amount of randomness is allowed on
the initial phase terms applied on the images, the level of artifacts can be reduced at
the expense of increased speckle noise as well.
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Figure 2.5. Initial phase terms (Quadratic Phase Functions - QPF) applied on the
desired images to obtain a smooth energy distribution on the SLM plane. Desired
image occupies (a) the entire CDO, (b) half of the CDO. In both cases, desired image
is split into two parts with almost equal energies E1 and E2. In general, the two parts
have different sizes. The upper (lower) part is mapped to upper (lower) half of the
SLM via a suitable QPF term, which actually acts as a lens term that locally adjusts
the ray directions for the mapping. In this way, image energy is distributed uniformly
on the SLM, enabling a low encoding noise. The middle region of the SLM is left
relatively empty to avoid diffraction artifacts during the calculation of phase CGHs.

Figure 2.6. Assignment of ~P1 and ~P2 to PU and PL in (a) Case A (b) Case B, where
pixels on a checkerboard pattern are flipped with respect to Case A.
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Table 2.1. Performance of the proposed HIP algorithm for Case A. The
average Mean Squared Error (MSE) and Structured Similarity Index

Measure (SSIM) values of a set of desired images is reported.

Number of
Reconstruc-

tions per
Image

MSE (%)
(aver-
age)

SSIM (max :
1) (average)

Number of
FFT per
Image

Required
SLM fps

(F : video
fps)

1 47.3 0.31 1 F
2 21.9 0.44 1 F× 2
4 12.3 0.52 2 F× 4

Table 2.2. IFTA configurations that achieve the MSE performance of
the last row of Table 1.

Number of
Reconstruc-

tions per
Image

Number of
Iterations per

Reconstruction
(average)

Number of
FFT per
Image

(average)

Required
SLM fps

(F : video
fps)

1 > 60 > 60 F
2 10.8 43.2 F× 2
3 3.4 20.4 F× 3
4 1.5 12 F× 4
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Figure 2.7. Simulation results for Case A. a) Desired image specified within the entire
CDO. b,c) Ideal full-complex CGHs respectively for the row and column cases, ob-
tained by the application of the QPF terms in Fig.2.5(a). d,e) Reconstructions by phase
CGHs designed respectively for even rows and even columns. Reconstructions by
phase CGHs for odd rows and columns look similar. f) Time averaged reconstruction
by two phase CGHs designed for even and odd rows. g) Time averaged reconstruc-
tion by two phase CGHs designed for even and odd columns. In f and g, two SLM
frames are required to form each video frame. h) The average of f and g, requiring 4
SLM frames per video frame. In d and e, there are missing pixels and artifacts, hence
reconstruction error is high. Note also that the artifacts in d and e appear at different
locations. In f and g, information is completed, but artifacts appear persistent since
only reconstructions by row or column type CGHs are averaged. In h, information is
complete and artifacts are relatively suppressed, hence best image quality is achieved.

2.2.2 Case B: Image occupies half of the CDO

When only half of the CDO is used for image projection, the unused half can be used
to distribute the encoding noise. Therefore, compared to Case A, images with much
lower error values can be expected. Phase CGHs for this case are mostly computed
with the Fineup with Don’t Care (FIDOC) or Direct Search algorithms, which are
again iterative [16, 31, 42]. We now show that our non-iterative basic method can also
be extended to this case. Figure 2.8(a) shows a desired image that occupies merely half
of the CDO. We apply two QPF terms to this image and distribute it on the SLM area
as in the previous case [Fig. 2.5(b)]. The QPF terms are designed for the column case,
and are adjusted to handle the smaller image area. Figure 2.8(b) shows the resulting
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H . Next, we compute the phase CGH for even columns. At this stage however, we
make the following change relative to Case A: if m + n is even, we flip ~P1 and ~P2,
as shown in Fig. 2.6(b). If m + n is odd, we make no changes. This modification is
inconsequential when sum of pixels is considered. Therefore, even columns are still
reproduced exactly. However, difference of pixels is changed, thus the odd columns
generated by the CGH are changed. The high-frequency modulation we impose shifts
the encoding noise from the image area to the unused portions of the CDO, as evident
in the reconstruction provided in Fig. 2.8(c). The image area receives quite minor con-
tribution from encoding noise. The reconstructed image appears fine, but has high error
due to the fact that odd rows are missing (MSE = 33%, SSIM = 0.69). To complete
the image, we compute a second CGH for odd columns. When the two CGHs are
displayed time sequentially, we obtain the time-averaged image shown in Fig. 2.8(e).
The image has a high quality and a quite low error (MSE = 3%, SSIM = 0.76). On
the contrary to the previous case, four CGHs are not needed in time averaging, but two
CGHs suffice, since ghost replica artifacts appear in the unused areas of CDO.

To provide a comparison, we applied our time-averaged solution (two SLM frames
and 1 FFT for each image) and the FIDOC algorithm (1 SLM frame per image, 2
FFT per iteration) on the image set used in Case A. The average MSE error with
our solution is 2.9%, while the same MSE performance requires on the average 10.6

iterations (corresponding to 21.2 FFTs per image) with the FIDOC algorithm. When
two FIDOC reconstructions are temporally averaged, we require on the average 5.2

iterations to be performed per reconstruction to match the MSE value of our proposed
method (yielding a similar demand of 2× 2× 5.2 = 20.8 FFTs per image).

2.3 Experimental results

We carried out proof of concept HIP experiments with the setup illustrated in Fig.
2.9(a) to verify our CGH computation algorithm. The light source is a He-Ne laser and
the computed phase CGHs are displayed on a Holoeye-Pluto SLM having 8 µm pixel
pitch and 8-bit modulation depth. The modulated light beam coming out of the SLM
is directly projected onto the CCD array of a camera without any spatial filtering. The
camera is placed slightly off-axis to avoid the unmodulated (i.e. direct, DC) beam of



Chapter 2. Non-iterative phase hologram computation for low speckle holographic
image projection 35

the SLM. A linear phase term is superimposed on the phase CGHs to perform off-axis
reconstructions.

Figure 2.9(b) shows the experimental result for Case A of Section 2.2 where the
desired image occupies the entire CDO. The image is obtained as the average of the
reconstructions of four phase CGHs computed for even/odd rows/columns. Figure
2.9(c) shows the result for Case B of Section 2.2 where the desired image is limited to
half of the CDO. This time, we show the average of the reconstructions of only two
CGHs. Although the experimental results verify the presented algorithm, there is some
discrepancy and loss in image quality in comparison to the simulation results in Fig.
2.7 and Fig. 2.8, which is attributed to the non-idealities of the SLM, such as pixel
cross-talk and flickering of liquid crystal cells.

To provide a comparison of image quality, Fig. 2.9(d) shows the counterpart of
Fig. 2.9(b) obtained with IFTA algorithm (average of 4 reconstructions, 2 iterations
per reconstruction). It is clearly seen that our method significantly reduces the speckle
noise, however, at the cost of some ghost replica or ringing artifacts. A counterpart
of Fig. 2.9(c) with FIDOC algorithm is not provided, since the image appearance is
almost the same, although with our algorithm computation is much faster.
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Figure 2.8. Simulation results of Case B. (a) Desired image within the CDO. Dark
regions are reserved for encoding noise. (b) Corresponding ideal full-complex CGH,
obtained by the application of the QPF terms in Fig.2.5(b). (c) Reconstruction by a
phase CGH designed for even columns. Encoding noise mainly appears in the unused
part of CDO, and odd columns within the image area appear as missing, rather than
noisy, similar to that in interlaced video format. (d) Zoom-in version of c. (e) Average
of the reconstructions of two phase CGHs for even and odd columns. (f) Zoom-in
version of (e). In e and f, full information is restored, and speckle and encoding noise
is quite low.



Chapter 2. Non-iterative phase hologram computation for low speckle holographic
image projection 37

Figure 2.9. a) Experimental HIP setup. Camera is placed slightly off-axis to avoid
the unmodulated beam of the SLM. b) HIP Case A, average of reconstructions of four
phase CGHs. Experimental version of Fig. 2.7(f). c) HIP Case B, average of recon-
structions of two phase CGHs. Experimental version of Fig. 2.8(e). The lower quality
in comparison to simulation results is due to SLM pixel cross-talk and flicker effects.
d) HIP Case A obtained with IFTA algorithm, which makes the speckle reduction abil-
ity of our algorithm quite evident.
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3 HIGH QUALITY SPECKLE FREE
PHASE ONLY COMPUTER

GENERATED HOLOGRAPHIC IMAGE
PROJECTION

In this chapter, we present a new phase CGH computation algorithm, in which we (1)
design an initial image specific phase term, (2) impose that on the target image and
compute an initial CGH, (3) use the initial CGH as the starting point of iterations. The
merit of the algorithm over the previously discussed cases is that, the initial CGH com-
puted in step 2 is already very close to a phase-only function (thanks to the image spe-
cific initial phase term in step 1), therefore, the iterations in step 3 converge quickly to
unprecedently low-error phase CGHs whose reconstructions are almost speckle-free.
The method also works for full FOV (i.e. does not require a partioning of available
image area among signal and noise windows) and thus provides maximum light effi-
ciency.

3.1 Phase freedom on image plane in HIP

We begin our discussion by stating that mostly formulations of the phase CGH com-
putation problem assume that the image is reconstructed at a Fourier plane of the SLM
as shown in Figs. 2.1(a) and 3.1 [16, 16, 17, 18, 31, 38, 44]. The devised methods are
extended in a straightforward manner for more general cases where image and SLM
planes are related by Fresnel or fractional Fourier Transforms since these are essen-
tially Fourier Transforms with pre and post multiplications with pure phase functions
[5, 37, 57, 60]. In the Fourier plane formulation, if I(x, y) denotes the intensity of
a target image, the goal is to find a CGH h(u, v) such that |h(u, v)|2 is constant and
|H(x, y)|2 equals I(x, y) as much as possible, where H(x, y) = F{h(u, v)}. A first
option is to calculate an initial CGH as h(u, v) = F−1{

√
I(x, y)ej0} (i.e., zero phase
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on the image) and then discard the magnitude information to obtain a pure phase CGH.
This simple option performs poorly though, since h(u, v) calculated as above usually
exhibits a strong central peak due to the fact that typical images have a low-pass nature,
as conceptually illustrated in Fig. 3.1(a). Here image and SLM planes are located at
the focal planes of a 2-f setup, and a staircase function represents the low-pass target
image. The initial CGH can be considered to be obtained by illuminating the image
from left to right with a normally incident plane wave (parallel rays) and backtracing
these rays to the SLM plane. The low-pass nature of

√
I(x, y)ej0 creates almost neg-

ligible diffraction spread, so all the rays leaving the image plane essentially remain at
normal incidence and get focused at the right focal point of the Fourier lens, leading
to a CGH with the strong central peak discussed above. Such a CGH leads to a large
error in the form of a strong high-pass filter effect (since high frequency information
is boosted relative to low-frequency information) when the magnitude information is
discarded, as verified by the one dimensional simulation shown on Fig. 3.2(a) for a
more complicated target image.

A better option, and the most common approach, is to obtain an initial CGH as
h(u, v) = F−1{

√
I(x, y)ejφ(x,y)} where φ(x, y) is a random function. This approach

optically corresponds to the placement of a random diffuser on the image plane that
shuffles the ray directions, and creates a CGH with a more uniform energy distribu-
tion, as illustrated in Fig. 3.1(b). This technique, upon direct quantization, leads to
a smaller error and a better reconstruction. However, the introduction of the random
diffuser causes significant speckle noise, as verified in Fig. 3.2(b). Usually, further
iterations are carried out back and forth between SLM and image planes to improve
image quality, as in Gerchberg-Saxton or iterative Fourier transform (IFTA) type al-
gorithms [34, 36, 38, 39]. However, in such solutions, convergence is rather slow and
speckle effects persist to a non-negligible extent at the final image. Fine-up with don’t
care (FIDOC) algorithms reduce speckle noise and facilitate convergence considerably
but only at the cost of reduced field of view (FOV) and decreased light efficiency by
sparing part of the available image area to distribute quantization noise [16, 31, 42].

A third approach is to obtain an initial CGH as h(u, v) = F−1{
√
I(x, y)ejπα(x2+y2)}

(i.e., impose a quadratic phase function (QPF) on the image) [61, 62]. By suitably ad-
justing the α parameter of the QPF, the image can bit fitted in the SLM aperture in a
1-1 mapping fashion. Optically, this approach corresponds to the placement of a thin
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lens at the image plane, as illustrated in Fig. 3.1(c). The focal length of the lens is
controlled by α. Similar to the random phase case, the initial CGH has a better distri-
bution of energy. Moreover, the non-random nature of the applied phase term (the or-
dered mapping between image and SLM points) leads to significant speckle reduction.
However, direct quantization leads again to poor results since the energy distribution
is not uniform, due to the fact that the image intensity is not necessarily uniform, as
verified in Fig. 3.2(c). Subsequent algorithms such as Error Diffusion (ED) improve
reconstructions again only when image size and light efficiency are reduced [43, 58].

The basic idea behind our algorithm is illustrated in Fig. 3.1(d). We first divide the
target image into a number of blocks (four in this case, one for each stair of the im-
age). Then, for each block, we design a separate phase function, consisting of prisms
and lenses with custom tilt angles and focal lengths. The prisms and lenses are de-
signed such that each block is mapped on an SLM region with an area proportional to
its energy content. For instance, the purple block, having the highest energy content,
is mapped to the largest SLM area, while the red block, having the smallest energy
content, is mapped to the smallest SLM area. In this way, we ensure that the energy
distribution on the SLM plane is almost uniform. Therefore, the resulting CGH is al-
most readily phase-only, leading to quite small error even when directly quantized, as
verified by the simulation in Fig. 3.2(d). The fact that the image plane in Fig. 3.1(d)
is mapped in an orderly manner on the SLM plane (rather than in a random manner)
also ensures that speckle noise is kept minimal. In Section 3.2, we provide the math-
ematical background of the proposed method for the case of one-dimensional signals.
In Section 3.3, we discuss the extension of the method for two-dimensional signals.
Section 3.4 and 3.5 present simulation and experimental results, respectively.

3.2 Basic Method - One dimensional signals

In this section, we discuss the mathematical background of our method in the one-
dimensional (1D) signal domain. Our assumptions are as follows: as in Fig.1, the
SLM and the image planes are located at the two focal planes of a lens. The complex
transmittance of the SLM and the wavefield on the image plane are denoted by h(u)

and H(x), respectively. The SLM is illuminated by a normally incident plane wave
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Figure 3.1. The effect of the initial phase function imposed on a typical low-pass tar-
get image prior to the computation of a phase CGH. a) No (constant) phase results in
a CGH with a strong concentration of energy that leads to a large error when magni-
tude information is discarded (i.e. direct quantization) to obtain a phase CGH. b) A
random phase (optically equivalent to a random diffuser) leads to a CGH with a better
distribution of energy and thus lower error. The shuffled nature though results in high
speckle noise. c) A quadratic phase function (QPF, optically equivalent to a lens) leads
to a CGH with an ordered but not necessarily uniform distibution of energy. Thus,
speckle noise is suppressed, but there is still non-negligible error. d) Proposed phase
term (optically equivalent to block specific lenses and prisms) that results in a CGH
with an almost uniform and ordered distribution of energy (i.e. a CGH that is readily
phase-only) leading to speckle-free high quality reconstructions.
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Figure 3.2. One-dimensional simulations that verify the four cases illustrated in
Fig. 3.1. a) No (constant) phase function is imposed on the target image. The mag-
nitude of the resulting wavefield on the SLM plane is shown on the left (red curve).
The dashed black rectangle indicates the SLM aperture. The reconstruction performed
by the phase CGH (obtained by direct quantization) is shown on the right (red curve).
The dashed black curve shows the ideal target image. b,c,d) The simulations when the
phase functions applied on the target image are random, QPF and the proposed phase
term, respectively.
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of wavelength λ. The Fourier lens has a focal length f , where for simplicity we take
λf = 1 (other cases are handled trivially with a coordinate normalization). Thus, we
get the simple FT and IFT relations

H(x) =

∫ ∞
−∞

h(u)e−j2πuxdu, (3.1)

h(u) =

∫ ∞
−∞

H(x)ej2πxudx. (3.2)

The SLM is assumed to have a finite size and a finite bandwidth so that h(u) = 0

outside the u ∈ (−u0, u0) interval, and the uniquely addressable image area is limited
to the x ∈ (−x0, x0) interval. In the case of a phase-only SLM, |h(u)|2 = c where c
is a real positive constant for u ∈ (−u0, u0), and we wish to have |H(x)|2 = I(x) for
x ∈ (−x0, x0), where I(x) denotes the intensity of the target image. As explained in
Section 1, our method comprises the design of an image specific phase term φ(x) such
that the image plane wavefield H(x) =

√
I(x)ejφ(x) almost readily corresponds to an

SLM plane wavefield h(u) where |h(u)|2 is as constant as possible within the SLM
aperture.

We start by elaborating on the mechanism by which φ(x) influences the energy
distribution of h(u). For a smoothly varying φ(x), the function H(x) =

√
I(x)ejφ(x)

can be interpreted as an amplitude modulation (AM) signal, where
√
I(x) represents

the envelope and ejφ(x) represents the carrier signal with a space-dependent modulation
frequency. When I(x) (and thus

√
I(x)) has a sufficiently narrow bandwidth (which is

the case for typical images encountered in projection applications, as stated in Section
1), the frequency content of H(x) is mainly determined by ejφ(x) (as an example,
consider the extreme case of I(x) = 1). In particular, suppose at some point xp ∈
(−x0, x0), the instantaneous frequency of ejφ(x), defined as

uIF (x) =
1

2π

d

dx
φ(x) (3.3)

is equal to up = uIF (xp). Then, the part of the image plane around xp is essentially
mapped around up on the SLM plane. Thus, φ(x) actually performs a mapping between
image plane and SLM plane coordinates. This mapping is 1-1 if φ(x) is designed such
that uIF (x) is monotonically increasing. From an optics perspective, φ(x) determines
the local ray angle distribution on the image plane, as illustrated in Fig.1. The next
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question is, which mapping distributes the energy of the image as uniformly as possible
on the SLM plane.

To answer the question above, we invoke a quantum optics perspective where the
spatial coordinates U and X are interpreted as random variables (RVs) and |h(u)|2 and
|H(x)|2 are interpreted as the associated probability density functions (PDFs) denoting
the likelihood of detecting a photon at a particular spatial position (following appropri-
ate amplitude normalizations, of course, that we skip now for simplicity). The fact that
|h(u)|2 = c implies that U is a uniform RV. In this respect, what we want from the de-
signed phase term φ(x) is to map the RV X characterized by the PDF |H(x)|2 = I(x)

to a uniform RV.

A well-known theorem [63] from probability theory states that if U denotes a RV
distributed uniformly in (0, 1), and if X is another RV with a PDF given by pX(x),
then X can be generated from U by the mapping:

Z = C−1
X (U) (3.4)

where CX(x) =
∫
pX(x)dx denotes the cumulative distribution function (CDF) of X .

Conversely, U can be generated from X by the mapping

U = CX(X). (3.5)

In summary, (1) φ(x) establishes a mapping between image and SLM plane coordi-
nates, (2) |h(u)|2 and |H(x)|2 can be viewed as PDFs, and (3) a RV X is mapped to a
uniform RV if it is input to its CDF function as CX(X). Combining these three pieces,
we see that if we design a φ(x) such that uIF (x) as given in Eq. (3.3), after appropriate
normalizations, is equal to

∫
I(x)dx (the CDF function), then we get a CGH with a

magnitude almost uniformly distributed over the SLM aperture. More precisely, let

CI(x) =

∫ x
−x0 I(x′)dx′∫ x0
−x0 I(x′)dx′

(3.6)

for x ∈ [−x0, x0]. Thus, CI(x) denotes the CDF corresponding to the target image,
with CI(−x0) = 0 and CI(x0) = 1, as expected. Next, suppose we design an image
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specific phase function given as

φ(x) = 2πu0

(
2

∫ x

−x0
CI(x

′)dx′ − x
)

(3.7)

for x ∈ [−x0, x0]. Then, by Eq.3.3, the instantaneous frequency becomes

uIF (x) = u0 (2CI(x)− 1) . (3.8)

For x ∈ [−x0, x0], we have uIF (x) ∈ [−u0, u0] with uIF (−x0) = −u0, uIF (x0) =

u0. Also, uIF (x2) ≥ uIF (x1) for x2 ≥ x1, i.e., uIF (x) is monotonically increasing.
Thus φ(x) actually maps the target image on the SLM aperture in a 1-1, onto fashion.
Moreover, the image energy is distributed almost uniformly on the SLM plane, since
the mapping is equivalent to that in Eq. (3.5).
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Figure 3.3. The application of the proposed method in the 1D signal domain. a)
Intensity of the target image. b) The associated cumulative distribution function (CDF)
as computed in Eq. (3.6). c) The phase function φ(x) computed as in Eq. (3.7) (blue
curve) and imposed on the target image. The red curve shows a QPF to serve as a
reference, with the green curve showing the difference. d) Magnitude of the resulting
wavefield on the SLM plane, that is almost uniform in the SLM aperture. e) The
intensity reconstructed by the phase CGH obtained by direct quantization.
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Fig. 3.3 illustrates and verifies the described procedure. Fig. 3.3(a) shows an ex-
emplary, one-dimensional target image I(x) that is sufficiently low-pass. Fig. 3.3(b)
shows the associated CDF, CI(x), found as in Eq.(3.6). The designed phase function
φ(x), computed as in eq. (3.7), is shown by the blue curve in Fig. 3.3(c). To pro-
vide a comparison, on the same figure we include the QPF (the red parabola) which
corresponds to the case I(x) = 1. The green curve shows the difference between the
two curves. This figure emphasizes that ordinarily the designed phase functions devi-
ate little from a QPF, but that little deviation has profound effects. In Fig. 3.3(d), the
magnitude of the SLM field, h(u), computed as in Eq.(3.2) is shown (red curve). As
expected, h(u) is almost readily a phase-only function that also fits in the SLM aper-
ture (indicated by dashed black curve). The mere deviations from uniform magnitude
behavior are in the form of ripples caused by rapidly falling or rising parts of the target
image (i.e., those parts that slightly have a high frequency content). Finally, Fig. 3.3(e)
illustrates the reconstructed intensity |H(x)|2 (red curve) along with the desired one
(black curve) when h(u) in Fig. 3.3(d) is directly quantized into a phase-pattern by
setting the magnitude to unity within the SLM aperture and to zero outside. As seen,
a quite successful reconstruction that is also quite free of speckle noise is performed,
verifying our case.

In Fig. 3.1, we conceptually explain our idea using image blocks and block-specific
lenses and prisms. In this section though, we carry the discussion using PDFs and
CDFs. The two views are in fact equivalent. In particular, in Fig. 3.1, if we increase
the number of blocks so that block size approaches zero, the phase term corresponding
to the lenses and prisms approaches that in Eq.(3.7). Therefore, the block based view
is an approximation to the formulation presented here. In the one-dimensional case,
the block based view can be totally discarded and we can use Eq.(3.7). In the two
dimensional case though, the block based view gains practical importance, as will be
explained in Section 3.3.

3.3 Two-dimensional signals

In this section, we extend our method developed in Section 1 to the case of two-
dimensional signals. Unfortunately, due to several technical reasons that are discussed
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below, that extension is not straightforward. In particular, in general it is not possible
to develop a 2D counterpart of the closed form expression in Eq.(3.7). However, it
is possible to extend the block based view depicted in Fig.1d to the 2D case. In our
development, we again follow the steps of Section 1, i.e., (1) the phase term designed
and imposed on the image establishes a mapping between image and SLM plane co-
ordinates through instantaneous frequencies, (2) image and SLM plane intensities are
interpreted as PDFs, (3) the mapping is designed to map the arbitrary image plane
PDF to the uniform SLM plane PDF. In this way, we distribute the energy on the im-
age plane as uniformly as possible (so that phase quantization error becomes small)
and in an ordered manner (so that speckle noise is avoided as much as possible) on the
SLM plane.

With the inclusion of the second spatial dimension, the designed phase term φ(x, y)

is now characterized by two instantaneous frequencies, one for each spatial dimension,
as:

uIF (x, y) =
1

2π

∂

∂x
φ(x, y) , vIF (x, y) =

1

2π

∂

∂y
φ(x, y). (3.9)

These frequencies now determine mappings between image coordinates (x, y) and
SLM coordinates (u, v).

The second difference from the 1D case arises in the fact that |h(u, v)|2 and
|H(x, y)|2 = I(x, y) should now be interpreted as joint PDFs rather than marginal
PDFs. In this respect, φ(x, y) should map the jointly distributed RV pair (X, Y ) (char-
acterized by I(x, y)) to the jointly distributed RV pair (U, V ). By |h(u, v)|2 = c, U and
V are independent RVs, each having a uniform distribution. However, in general, X
and Y are not independent unless I(x, y) is separable as I(x, y) = IX(x)IY (y), which
is the only case the 1D formulation in Section 3.2 can be applied independently along
the two dimensions.

For a general joint PDF, the mapping of the RV pair (X, Y ) to (U, V ) can be ac-
complished in several ways. One alternative is the following mapping [63]:

U = CX|Y (X, Y ) , V = CY (Y ) (3.10)

where CY (y) denotes the marginal CDF of Y , and CX|Y (X, Y ) denotes the conditional
CDF of X given Y .
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Following the development of Section 2, we would be done if we could determine
a φ(x, y) such that

uIF (x, y) = u0(2CX|Y (y, y)− 1) (3.11)

and
vIF (x, y) = v0(2CY (y)− 1). (3.12)

However, we run into a problem here. In particular, suppose we try to find an analytical
function φ(x, y) that satisfies Eq. 3.11 and Eq. 3.12 at all (x, y).. It is well-known that
for an analytical function the mixed partial derivatives should be equal to each other,
i.e., ∂2φ/∂x∂y = ∂2φ/∂y∂x. Though, in general that property is not satisfied by the
uIF (x, y) and vIF (x, y) above. In other words, it is in general not possible to find a 2D
counterpart for Eq. (3.7).

Having made this observation, we continue the extension of our method to 2D sig-
nals with the block based view that provides an approximate solution. This view, for
the 2D case, is illustrated in Fig. 3.4(a). As seen, we divide the image plane into a
number of rectangular blocks. Then, similar to that in Fig. 3.1(d), we design an off-
axis lens term for each of the blocks, as shown in the inset. With these lenses, each
block is essentially mapped on a particular patch on the SLM plane. Fig. 3.4(b) illus-
trates this mapping for some selected blocks on the image plane. Note that the patches
in general have a quadrilateral shape. Patches for different blocks do not overlap, and
the patches altogether cover the entire SLM area. In addition, the area of each patch is
proportional to the energy content of the corresponding block. As a result, the target
image is mapped on the SLM aperture in a geometrically distorted form such that the
image energy is distribution on the SLM plane as uniformly as possible. This fact is
illustrated in Fig. 3.4(c) and Fig. 3.4(d). Fig. 3.4(c) shows the Cameraman as the target
image, while Fig. 3.4(d) shows the magnitude of the SLM field. Notice that though the
black coat of the cameraman (corresponding to a low energy portion) covers a large
area on the image plane, it is squeezed significantly on the SLM plane.

In the block based processing, we first insert the vertex coordinates of blocks into
Eq. (3.11) and Eq. (3.12) and determine the corresponding vertex locations on the SLM
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plane, as in Fig. 3.4(b). Then, on the kth block, we fit a phase fuction of the form

φk(x, y) =
2∑

m=0

2∑
n=0

αkm,nx
myn, (3.13)

which in general represents an off-axis, astigmatic, aberrated lens. Note that for
this lens term, there are altogether 9 coefficients αkm,n, and the instantaneous fre-
quencies in Eq. (3.11) and Eq. (3.12) become 1

2π

∑2
m=1

∑2
n=0mα

k
m,nx

m−1yn and
1

2π

∑2
m=0

∑2
n=1 nα

k
m,nx

myn−1, respectively. To determine αkm,n, we write two equa-
tions for each vertex of the image block (one for each instantaneous frequency). In
this manner, we altogether get 8 equations from which we determine 8 of αkm,n except
for αk0,0. Here, in general the equation set may not have a solution (due to the fact that
mixed derivatives are not equal), thus we solve the equations in the minimum-least
squared sense. The undetermined αk0,0 is adjusted to ensure that the overall phase func-
tion is continuous and does not lead to diffraction artifacts in the final reconstruction.
We finally obtain a CGH by performing an IFT on the target image superimposed by
the designed phase function.

We close this section by noting that since φ(x, y) designed as described above per-
forms the mapping in Eq. (3.10) only approximately, the reconstructions obtained by
direct quantization of the computed CGHs are not as successful as their one dimen-
sional counterparts. However, when a sufficiently large number of blocks are used, the
calculated CGH serves as a quite nice initial point for iterative algorithms, enabling
the achievement of quite minor error values with significantly facilitated convergence,
as verified by the simulations presented in the next section.

3.4 Simulation Results

In this section, we present 2D simulations that verify the merits of our method. As
for the metrics for assessing the quality of reconstructions, we use minimum-mean
squared error (MSE), structured similarity index measure (SSIM), peak signal to noise
ratio (pSNR) and speckle contrast (SC) [59, 64].

Fig. 3.5 shows a simulation where the target image is Lena. Fig. 3.5(a) shows
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Figure 3.4. Illustration of the proposed method in the 2D signal domain. a) The target
image is divided into rectangular blocks. An off-axis lens is imposed on each block.
The lenses map the image plane to the SLM plane with a geometrical distortion that
uniformizes the energy distribution. b) The rectangular image blocks are mapped into
non-overlapping quadrilaterals. The area of each quadrilateral is proportional to the
energy content of the associated image block. c) Target image, Cameraman. d) The
magnitude of the CGH obtained by the designed image specific phase term. e) Recon-
struction obtained with direct quantization. f) Reconstruction after 20 IFTA iterations.
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the designed phase term φ(x, y) when the number of blocks are taken as 120 × 120.
Fig. 3.5(b) shows the magnitude of resulting CGH obtained by imposing the phase
term in Fig. 3.5(a) on the square root of Lena and taking an IFT. Fig. 3.5(c) shows the
reconstruction when the CGH in Fig. 3.5(b) is directly quantized into a phase-CGH by
discarding the magnitude information. Although intensity is generally replicated and
speckle noise is almost absent, the image suffers from some diffraction artifacts and
sort of a defocus effect, which is mainly because of the fact that φ(x, y) performs the
mapping in Eq. 3.10 (hence the energy uniformization) only approximately. Nonethe-
less, the provided metrics (see Table 1) indicate that the reconstruction has a low error
value, suggesting that nice results can be obtained when the CGH in Fig. 3.5(b) is used
as the initial point for iterative algorithms. In this line, we applied IFTA iterations on
Fig. 3.5(b) and obtained the reconstructions in Figs. 3.5(d-f) where we used 2, 5 and
20 iterations, respectively. Fig. 3.5(d) indicates that the defocus effect in Fig. 3.5(c)
can be reduced by only 2 iterations, which may constitute the minimum acceptable
quality. Fig. 3.5(e) shows that around 10 iterations are needed to suppress diffraction
artifacts, and Fig. 3.5(f) shows that in around 20 iterations, it is possible to achieve an
unprecedentedly high image quality in coherent image reconstruction.

Table 2 reports the average value of quality metrics when the proposed method is
applied in combination with IFTA on a set of 8 gray level images including Lena,

Cameraman, Boat, Mandrill, Peppers, Lake, Pirate, Livingroom [65]. Note that on
this table, rather than the average SC value, we report the average percentage change
in SC, ∆SC as defined in Eq. (3.14), since the SC metric has a non-zero value even for
an ideal image and absolute SC values are different for different images.

SCI = σI/ Ī , SCIR = σIR/ ĪR , ∆SC = 100× |SCI − SCIR |
SCI

(3.14)

In Eq. (3.14), I and IR denote target and reconstructed intensities, respectively.
While σ is representing the associated standard deviations, Ī and ĪR are the mean
intensity values.

In order to provide a comparison with the alternative schemes depicted in
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Fig.1 3.1(b) and Fig. 3.1(c), we conducted the simulations in Fig. 3.6. All three im-
ages are obtained by performing 10 IFTA iterations, but they start with different initial
phase terms applied on the target image. The initial term is random, QPF, and our
term in Fig. 3.6(a-c), respectively. Fig. 3.6(a) generally reconstructs the gray level
variation, but suffers significantly from speckle noise (SC = 76.17%), which stays
persistent despite the 10 iterations, leading to poor image quality (pSNR ≈ 30.5dB
and SSIM≈ 37). Fig. 3.6(b), thanks to the non-random nature of QPF term, has sig-
nificantly reduced speckle noise with an SC that shows less than one percent deviation
from that of original image. However, the gray level reconstruction is relatively poor
(pSNR ≈ 30.78 and SSIM ≈ 56.3), which is mainly due to the fact that the energy
is not uniformly distributed on the image plane in the beginning, resulting again in
convergence to some local optimum. Finally, Fig. 3.6(b) indicates that the proposed
method manages to simultaneously suppress speckle and reproduce gray level (pSNR
≈ 43.86 and SSIM ≈ 71, 2).

In Table 3, we report the average values of quality metrics when the three methods
discussed above are applied on the set of images used in Table 2. For the same set of
images, Fig. 3.7 shows the average MSE versus number of iteration curves for the three
methods. As seen, when a random phase term is used, the starting MSE value is the
highest. With a QPF term, that value is somewhat lowered, but the curves indicate that
both methods lead almost to the same final MSE value, and the convergence is rather
slow. On the other hand, when our phase term is used, the iterations already start from
a very low MSE value (much lower than the values finally converged by the other two
cases). Thus, with only a few iterations, very low MSE values are attained, suggesting
that whereas other methods are trapped at local optimums, our solution manages to
reach almost global optimum. We ascribe this outcome to the fact that in our method,
iterations are responsible mainly for fine tuning (we already start from a CGH that
is coarse tuned), while in the other methods, iterations should perform both fine and
coarse tuning.

In closing this section, we note that apart from the computational complexity of
IFTA, our method involves the cost of pre-processing the image blocks to determine the
proposed phase function consisting of off-axis aberrated lenses. Though the operations
performed per block have an insignificant cost, the total cost for all blocks may be
significant, especially in real-time applications. Therefore, it is desired to use as few
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Table 3.1. Quality metrics of reconstructions shown in Fig. 3.5.

Number of
Iterations

pSNR (dB) Speckle
Contrast

(∆SC) (%)

Structural
Similarity Index
(SSIM) (max:

100)
0 40 14.25 51.52
2 41.81 6.55 67.4
5 43 5.4 71.2
20 44.65 4.2 82.64

Table 3.2. Quality metrics of reconstructions attained by the proposed
method followed by different number of iterations. The values are

averaged over a set of 8 target images.

Number of
Iterations

pSNR (dB)
(average)

Speckle
Contrast

(∆SC) (%)
(average)

Structural
Similarity Index
(SSIM) (max:
100) (average)

0 37.21 10.62 50.88
2 39.03 7.58 63.78
5 40.41 6.01 71.38
10 41.6 4.72 76.58
20 42.86 3.52 82.38

blocks as possible. However, as we noted in Section 3, the energy uniformization
performed by the block based phase term is only approximate, worsening as the block
size grows. To make an assessment, we applied our algorithm using different block
sizes on the set of images used in Tables 2 and 3 and plotted the average iteration
curves, as shown in Fig. 3.8. The figure indicates that when the number of iterations is
sufficiently large, all curves almost converge to the same final MSE value. However,
when number of blocks are small, starting MSE values are higher and convergences
are slower, hence more iterations are needed for better results. Our trials indicate that
using 60× 60 blocks provide a good balance between the pre-processing cost and the
cost of required iterations.
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Figure 3.5. a) Target intensity/Computed phase function φ(x, y). b) Magnitude of the
CGH on SLM. c-f) Intensity reconstructions attained by 0, 2, 5 and 20 IFTA iterations,
respectively.
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a) b)

c)

Figure 3.6. Intensity reconstructions of CGHs computed by 10 IFTA iterations when
the initial CGH is obtained by imposing a) random phase, b) QPF, c) proposed phase
term on the target image.
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Figure 3.7. Mean square error (MSE) convergence curves of iterated CGHs when
random (blue), QPF (green) and proposed (red) phase terms are applied on the target
image.
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Figure 3.8. MSE convergence curves of iterated CGHs computed by the proposed
phase terms for differently sized image blocks. 120x120 array of blocks are used in
the simulations shown in Figs. 3.5 and 3.6.
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Table 3.3. Quality metrics of reconstructions attained by 10 iterations
for different initial phase terms. The values are averaged over a set of

8 target images.

Phase Type pSNR (dB)
(average)

Speckle
Contrast

(∆SC) (%)
(average)

Structural
Similarity

Index (SSIM)
(average)

Random
Phase

30.48 68.78 36

QPF 30.7 5.34 56.66
Proposed

Phase
41.6 4.70 76.58

3.5 Experimental results

We performed experiments with a Holoeye-Pluto phase-only SLM having 8µm pixel
pitch and 8-bit modulation depth to verify our method. In particular, we captured
the experimental counterpart of Fig.3.6. The results are presented in Fig.3.9. The
results clearly indicate the speckle-free nature of our method relative to the random
phase method. Despite the non-idealities in SLM operation such as pixel cross-talk,
flickering of liquid crystal cells and contamination with the conjugate and DC beams,
the gray level reconstruction capability of our method is also quite evident compared
to the QPF based computation.
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c)

a) b)

Figure 3.9. Experimental counterpart of Fig. 3.6. a) Random b) QPF c) proposed
phase terms. The bright spot appearing on all images is due to the unmodulated beam
of the SLM.
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4 CONCLUSIONS AND FUTURE WORK

In the first part of this thesis, a fast, non-iterative algorithm to compute phase CGHs is
presented for HIP. The greatest advantage of the solution is its quite low computational
complexity that well complies with real-time applications. In the examined cases in
Section 2.2, Case A requires only a single FFT operation per color channel of a video
frame if at most two reconstructions are temporally averaged. If four reconstructions
are averaged, two FFTs are needed. In Case B, high image quality readily requires at
most two reconstructions to be averaged, so only a single FFT needs to be performed
per color channel of a video frame. Another merit of our algorithm is the low speckle
noise achieved by the non-random, structured initial phase terms applied on the images.

When current-state of the art phase-only SLM technology and the available frame
rates of 60 Hz are considered, it seems that Case B of Section 2.2 has the highest
practical applicability potential. 60 fps interlaced video format (in which only half of
the spatial resolution is available for each video frame) can be readily delivered with
our solution for case B without any frame rate division (of course, color video requires
3 SLMs). The other cases we explored require SLMs with higher frame rates and are
more likely to be useful in the future. High quality 60 fps progressive video requires
2 and 4 reconstructions per color channel to be averaged respectively for case B and
A, implying SLM frame rates of 120 and 240 Hz per color. Such high frame rates
are not possible with the current LCoS phase-SLM technology, but may be attained
with newly emerging blue-phase materials [66, 67]. Standard cinema quality low-
persistence video operating at 24 fps though requires SLM frame rates of 48 or 96 Hz
for each color, which is more likely to be attained.

Despite its high frame rate requirements, Case A is advantageous in that it oper-
ates with maximum light efficiency. For this case, under the assumption that the light
source already generates polarized light, our simulations indicate a light efficiency of
approximately 60%, where light is lost only to the unmodulated beam of the SLM and
higher diffraction orders. In case B though, a significant part of the energy appears as
encoding noise, decreasing the light efficiency to about 6%. However, we remind that
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such low efficiency values are also the case in alternative algorithms, so our algorithm
does not impose a disadvantage here.

In Chapter 3, we present a novel method for calculating phase CGHs to be used in
HIP. Though the algorithms are developed by assuming a FT relation between image
and SLM planes, the extension to paraxial systems described by Fresnel or fractional
Fourier transforms are straightforward. The algorithm can be extended to non-paraxial
systems as well provided that the ray angles emerging from image plane vertices and
hitting SLM plane vertices are found, and off-axis lenses designed on each block are
updated accordingly.

The simulation results presented in Section 3.4 indicate that the method almost
determines the global optimum solution of the phase CGH computation problem in
HIP context, without resorting to any compromise in projected image size or light
efficiency. To our knowledge, the image presented in Fig.3.5(f) is the lowest error and
highest quality image ever reconstructed and presented by a phase CGH, with an MSE
value about 20X smaller than what is achievable by existing methods for full FOV. The
overall computational complexity is similar to that of existing alternatives.

In our view, the method owes its success to the fact that full physical as well as
mathematical insight is incorporated during its development. While almost all existing
methods merely formulate the phase CGH computation problem as a purely mathe-
matical optimization problem, the presented method uses the very important physical
insights depicted in Fig. 3.1 and the physical interpretations of phase functions and
instantaneous frequencies in terms of ray angles, lenses, prisms, etc. In our belief, the
method also constitutes a nice example of the application of the powerful concept of
space-frequency (phase-space) analysis in the CGH domain.

In a nutshell, two novel phase CGH algorithm are devised, implemented, analysed
and compared with the existing methods regarding both final image quality, light effi-
ciency, attainable FOV and computational cost. All of these parameters have been tried
to be optimized by exploiting mathematical concepts, tools, functions as well as optical
observations, insights, analysis and design procedures. Thereby, the obtained results
are closer to global optimums than any other previous methods. Hence, we believe
that this thesis provides substantial insight and information towards comprehending
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the fundamental limits of the phase-only holography.
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