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ABSTRACT

The nondominated frontier in the objective space of biobjective mixed-integer lin-
ear/nonlinear programming problems consists of points that cannot be improved in
value of one of the objectives without degrading the other objective value. This fron-
tier is usually very involved consisting of many isolated points and open, closed, or
half-open/half-closed line segments or curves. Some researchers considered specific
classes of these problems to reduce the complexities in nondominated frontier. Some
algorithms have been also proposed to find a subset of nondominated set. Several
mathematical models for nonlinear process network problems have been developed
and solved using e-constraint, weighted sum, and minimum distance. This thesis
outlines some possible complexities in nondominated frontier of BOMILPs and draw-
backs of existing algorithms, and proposes an effective algorithm, ENPoBowmip, to find
the exact nondominated frontier of general BOMILPs, as well as all possible values
of integer variables associated with each nondominated point. We also investigate
biobjective mixed-integer nonlinear problems that are formulated using generalized
disjunctive programming for nonlinear network synthesis problems and propose an
effective algorithm, e-OA, based on augmented e-constraint and logic-based outer ap-
proximation (OA). We provide theoretical characterization of the proposed algorithm

and show that the solutions generated are efficient.

An experimental study is conducted to present a comparative analysis between
EnpoBoMip and the existing algorithms on three well-known problems, and show

that our novel algorithm significantly outperforms others with respect to solution

v



quality and computational performance. We also illustrate the effectiveness of e-OA
compared to the augmented e-constraint with/without OA, and the traditional -
constraint. Based on the results, e-OA is very effective in solving the biobjective
generalized disjunctive programming problems in the synthesis of nonlinear process

networks.



OZETCE

Ayrik noktalar, agik /kapal ya da yar1 -acik /yari-kapah dogru parcasi ya da egrilerden
olugsan ”Nondominated frontier”, iki amach karisik tamsayili dogrusal ya da dogrusal
olmayan programlama (BOMILP) problemlerinde amag alanim belirlemede siklikla
kullanilir. Baz arastirmacilar nondominated frontier’de bulunan karmasikliklar: azalt-
mak icin bu problemlerin belli tiirlerini incelemistir. Bazi algoritmalar da nondomi-
nated setin altkiimesini bulmay1 onermistir. Dogrusal olmayan siirecglere ve sistemlere
ait pek ¢ok matematiksel model geligtirilmis ve bu modeller epsilon kisiti (epsilon-
constraint), agirlikli toplam (weighted sum) ve minimum uzaklik (minimum distance)
gibi yontemler kullanilarak ¢oziilmitstiir. Bu tez BOMILP problemlerin nondomi-
nated frontier’lerindeki bazi olasi karmasikliklar1 ve var olan algoritmalarin hand-
ikaplarini ozetler ve genel olarak BOMILP problemlerinin nondominated frontier’i
ile birlikte her bir nondominated noktaya ait tamsayili degiskenlerin degerlerini bul-
maya yarayan verimli bir algoritma (ENPOBOMIP) sunar. Bununla birlikte biz bu
tezde, dogrusal olmayan network sentez problemleri i¢in genellestirilmis disjonktif pro-
gramlama kullanilarak formiile edilmis iki amach karigik tamsayili dogrusal olmayan
problemleri inceledik ve augmented epsilon kisit metodunu ve ”logic-based outer ap-
proximation” metodunu (OA) baz alarak epsilon-OA adiyla bir algoritma geligtirdik.
Onerilen algoritmanin teorik karakterizasyonu ile birlikte elde edilen ¢oziimlerin etkin

(efficient) oldugunu gosterdik.

ENPOBOMIP ve var olan algoritmalar arasinda karsilagtirmali bir analiz sun-

abilmek i¢in taninmig ii¢ problem {tizerine deneysel bir ¢aligma yiirtittik ve algo-

vi



ritmamizin ¢éziim kalitesi ve hesaplama performansi bazinda digerlerinden daha iyi
sonuclar verdigini gordiik. Ek olarak, epsilon-OA algoritmasinin verimliligini OA
igeren ve icermeyen augmented epsilon kisit metodlarini ve de epsilon kisit metodunu
kullanarak kiyasladik. Elde ettigimiz sonuclarda, epsilon-OA yonteminin dogrusal
olmayan proses networklerini igeren iki amaclh genellegtirilmis disjonktif problemleri

¢ozmede ¢ok verimli oldugunu gordiik.
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Chapter 1

INTRODUCTION

Most of the problems in science, business, and engineering involve multiple criteria
and can be formulated as mathematical programs, referred as Multiple Objective Op-
timization Problems (MOOPs). As MOOPs do not generally possess a single solution
to optimize all objective functions simultaneously, a set of efficient solutions found,
solutions with no possibility of improvement in one objective value without worsening
others. Projection of the set of efficient solutions into space of objective functions is
called nondominated set or frontier. Several approaches have been proposed in lit-
erature to find the exact set of efficient solutions for some classes of MOOPs or to
enumerate a subset of efficient solutions to provide an approximation of the efficient
set.

MOOPs are categorized based on the number of objective functions, linearity of
objective functions and constraints, and nature of decision variables. In my thesis,
we consider biobjective mixed-integer linear/nonlinear programming problems where
there are two objective functions to be simultaneously optimized, objective functions
and constraints are either linear or nonlinear convex and include integer or real-valued
decision variables.

The nondominated frontiers of biobjective mixed-integer linear programming prob-
lems (BOMILPs) usually have very complex form and consist of many isolated points,
line segments and distinct regions. Some researchers considered restrictive assump-

tions to prevent the complexity of the nondominated frontier. Some papers, on the
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other hand, considered general BOMILPs but proposed algorithms to find only a
subset of nondominated set. To the best of our knowledge, there is no algorithm
in literature to find the exact nondominated set of general BOMILPs. We examine
general BOMILPs and propose an effective algorithm to find the exact nondominated
frontier of these problems. Moreover, existing algorithms, e.g. augmented e-constraint
[Mavrotas, 2009, Mavrotas and Florios, 2013], report only one possible integer vari-
able value realization for each nondominated point; however, our algorithm finds
all alternative integer variable values associated with each nondominated point. As
the values of integer variables dictate system specifications in most of BOMILPs, it
may be critically important for decision makers to be aware of all possible systems
associated with each nondominated point. We introduce an illustrative example of ob-
jective space of a BOMILP to show potential complexities in nondominated frontiers
of BOMILPs and highlight the possible difficulties in finding the exact nondominated
frontier with all possible values of integer variables associated with each nondominated
point. The e-constraint and CAN are examined and their weaknesses are illustrated
both theoretically and practically on some examples. The efficiencies of augmented
e-constraint and CAN are also compared. We present fundamental theories that are
necessary to highlight important characteristics of our novel algorithm, ENPoOBoOMIP.

The EnrPoBowmip is presented and its accuracy and performance are proven.

We also investigate biobjective mixed-integer nonlinear programming problems
(BOMINLPs) for the synthesis of process networks that are formulated using gener-
alized disjunctive programming (GDP) and develop an effective algorithm, e-OA, to
solve bi-objective GDPs in the synthesis of nonlinear process networks. The GDP
uses Boolean variables to formulate nonlinear disjunctions for process units in the
networks. If a process unit is present in the network, the Boolean variable becomes
“True” and a nonlinear convex inequality between flows holds, otherwise, the unit is

absent, the Boolean variable is “False” and the associated flows are zero. The GDP
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also incorporates propositional logics that are redundant and do not eliminate optimal
solutions; however, they are very useful in reducing the search space so that the so-
lution time decreases [Tiirkay and Grossmann, 1996b]. The (e-OA) uses augmented
e-constraint and logic-based outer approximation, to find nondominated points in a
very short CPU time. Logic-based OA involves repeatedly solving the NLP subprob-
lem, generated by fixing the values of discrete variables, and the Master problem,
constructed by replacing the nonlinear functions by their linear approximations, un-
til the bounds from these two problems converge. The e-OA uses the results of the
previously solved subproblems to eliminate the unnecessary operations in subsequent

iterations.

A comprehensive experimental work is conducted to perform a through compar-
ative analysis of augmented e-constraint, CaN, and ENpPoBowMIP on three well-known
problem sets: biobjective synthesis of complex production networks, biobjective fa-
cility location problems, and biobjective fixed charge network design problems. We
analyze the solution quality and computational time of augmented e-constraint, CAN,
and ENrpoBowmip, and show that the ENPoBowmip is a very effective algorithm to find
the exact nondominated frontiers of BOMILPs with all alternative values of integer
variables, and it significantly outperforms augmented e-constraint and Can. We also
present a sensitivity analysis to show the effects of magnitude of objective functions
coefficients on the shape and complexity of nondominated frontiers, and the solution

quality and computational performance of the three algorithms.

We also conduct an experiment to compare the effectiveness of e-OA with the
straightforward use of OA to solve subproblems of the augmented e-constraint method
(e-con+OA), the augmented e-constraint with MINLP solvers (e-MINLP), and tradi-
tional e-constraints (T-e-con). We illustrate these four algorithms on 3 and 8 process
networks and show that e-OA is more effective than others. Moreover, compared to

T-e-con, our novel algorithm e-OA enhances the quality of the results as it guarantees
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the efficiency of the solutions.



Chapter 2

LITERATURE SURVEY

As the decision making in optimization of real world problems usually involves mul-
tiple criteria, e.g. cost, social issues, environmental impacts, and profit, MOOPs have
gained increasing interest in various applications in recent decades. A comprehen-
sive literature review on MOOPs is provided by [Van Veldhuizen and Lamont, 2000,
Marler and Arora, 2004, Figueira et al., 2005]. A branch and bound algorithm was
presented by [Stidsen et al., 2014] for a limited class of BOMILPs where the integer
variables are binary and continuous variables are only allowed to be part of one of the
two objective functions. The e-constraint [Haimes et al., 1971, Hwang et al., 1979],
augmented e-constraint [Mavrotas, 2009, Mavrotas and Florios, 2013], and simple aug-
mented e-constraint [Zhang and Reimann, 2014] have been proposed to find a finite
number of nondominated points to provide an approximation of nondominated fron-
tiers of BOMILPs. The CaN algorithm [Cohon, 2013, Aneja and Nair, 1979] is used
by many researchers to find a subset of nondominated set of BOMILPs, called extreme

supported nondominated points.

The Generalized Disjunctive Programming (GDP) framework for the represen-
tation of superstructures and its demonstration in linear systems was presented by
[Raman and Grossmann, 1994]. The discrete-continuous nature of the system was
modeled using disjunctions and the logical interrelationships among the discrete de-
cisions were represented with propositional logic expressions. The extension of GDP
to nonlinear systems was investigated by [Tiirkay and Grossmann, 1996b]. They pre-

sented efficient logic-based outer approximation (OA) and Benders decomposition
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algorithms to solve this challenging problem. The efficiency of the proposed algo-
rithms was illustrated on nonlinear process networks with complex investment costs
[Tiirkay and Grossmann, 1996a, Turkay and Grossmann, 1998]. The algebraic rep-
resentation of nonlinear disjunctions and the propositional logics are investigated by
[Raman and Grossmann, 1994, Tiirkay and Grossmann, 1996b, Turkay and Grossmann, 1998,
Grossmann and Trespalacios, 2013, Sawaya and Grossmann, 2007, Lee and Grossmann, 2005,

Grossmann and Lee, 2003].

Several researchers used multi-objective mixed-integer nonlinear programming
to solve MOOP problems in different applications. [Martinez and Eliceche, 2008,
Martinez and Eliceche, 2011] studied minimization of environmental impacts and cost
in operation of steam and power plant and formulated the problem as MOMINLP.
They solved the resulting MOOP using minimum distance to the utopia point, e-
constraint, weighted sum and global criterion. [Cucek et al., 2012b] developed a
MI(N)LP model for regional biomass energy supply chains and used e-constraint
method to find the efficient solutions to this problem. [Cucek et al., 2012a] reduced
the dimensionality of the criteria in MOMINLP of biomass energy supply chains
based on similar behavior among criteria. [Chakraborty and Linninger, 2002] pre-
sented combinatorial process synthesis for developing plant-wide recovery and treat-
ment policies with conflicting objectives cost and environmental impact. A common
issue in all of the previous work is the straightforward use of existing methods, spe-
cially the traditional e-constraint (T-e-con), to solve the MOOP problems. In T-e-
con, one of the objectives optimized while the values of other criteria are bounded
by a parameter, e. Then, a set of efficient solutions are found by systematic vari-
ation of € [Haimes et al., 1971, Hwang et al., 1979]. Several methods for selecting
e-values are studied [Goicoechea et al., 1976, Stadler, 1988]. The drawback of T-e-
con is, however, the possibility of generating dominated solutions. The augmented

e-constraint method overcomes this impediment by including the slacks of the con-
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straints that are added due to the other criteria to the objective function, weighted by
a parameter u, to eliminate the possibility of generating weekly dominated solutions
[Mavrotas, 2009, Mavrotas and Florios, 2013].

MINLPs are categorized as difficult problems as they include both discrete and
continuous variables and involve nonlinearity in Objective function and constraints.
Several methods have been proposed to solve MINLPs including NLP-based branch
and bound [Nabar and Schrage, 1991], generalized Beneders decomposition [Geoffrion, 1972],
and OA [Duran and Grossmann, 1986]. The OA is sutiable for convex MINLPs and
its execution involves repeatedly solving the NLP subproblem, generated by fixing
the values of discrete variables, and the Master problem, constructed by replacing the
nonlinear functions by their linear approximations, until the bounds from these two

problems converge.



Chapter 3

PRELIMINARIES AND TERMINOLOGY

In this chapter, we present the preliminaries and terminology for biobjective
mixed-integer linear programming problems and biobjective nonlinear process net-
works that are used throughout the thesis. Most of the definitions for BOMILPs are

extendable to BOMINLPs. Illustrative examples are used to clarify the definitions.

3.1 Preliminaries and Terminology for BOMILPs
A bi-objective mixed-integer linear programming problem is represented as follows.
P: minz = (21, 2) = (c; 2+ fl y,cgx + f, y) st. (z,y) €S (3.1)

where S = {(z,y) : Ar + By = b,x € R",y € ZP}, and = and y are n and p-
dimensional continuous and discrete variables, respectively. The objective functions
z1 and zy are linear in x and y and should be simultaneously minimized, ¢; and ¢
are n-vectors and f; and f, are real p-vectors, and A and B are real m X n and
m X p matrices, respectively. Problem P can be converted into a bi-objective linear
programming problem (BOLP) by fixing the values of discrete variables, i.e. y = g.
The objective function of the problem P becomes z = (¢] x + Fy,cgx + F), where

F; = f]ng, j = 1,2, and the feasible region becomes Az = b, € R™ where b = b— Byj.

P(7): minz = (21, 22) = (¢] 2 + F1, ey 2 + ) s.t. x € S(%) (3.2)
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where S(j) = {x € R* : Az = b} is the feasible region of P(y). Note that F, Fy,
and b are constant and S(7) is a convex set. Let X and Y denote the projection of
S into R™ and ZP? spaces, i.e. X = {z: (z,y) € S} and Y = {y : (z,y) € S}. Note
that Y is the set of possible fixes of discrete variables and X can be calculated as
X =U,ey S(y). Each point in S has an image in the objective space. The set of all

attainable objective vectors © can be defined as,
O={zeR?:zn1=cja+fly,mn=cox+ fy,(v,y) €S} (3.3)

The image of a particular feasible point (Z,7) € S in the objective space, i.e. O(Z, ),
and any S C 9, i.e. ©(S), can be similarly defined. We assume S # () and min z; #
—00,j =1,2; hence, © # (). For a given § € Y, O(y) is the image of S(7) in objective
space, i.e. O(y) = {O(z,7) : z € S(y)}. Note that O(y), Vg € Y, is closed and
convex. Let 0O(y) denote the boundary of ©(7).

We define a feasible solution y = (z,y, z) to problem P such that z = ©(z,y) and
(z,y) € S. Let ® denote the set of all feasible solutions, i.e. ® = {y = (z,y,2) : z =
O(z,y), (z,y) € S}. For objective vectors z! and 2%

1

o If 2! £ 2% ie. 2] < 22,7 =1,2, then 2" weakly dominates 2°.

1

o If 2! <22 ie. Z; 2

< 2]2»,]' = 1,2 and 2! # 22, then 2! dominates 2.

o If 2t < 2% ie. 2}

1 < z7,j=1,2, then 2! strictly dominates 2*.

We define the set of nondominated points ©* as the set of attainable objective
vectors z* that are not dominated by points in ©; hence, ©* = {z* € © : 2 € 6,2 <
z*}. For a nondominated point z*, the associated (z*,y*) such that z* = O(a*, y*) is
called efficient point. For BOMILPs, we aim to find the exact nondominated points

of problem P. For each z* € ©*, we provide all associated y values. Since x values
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can be determined using an LP formulation after knowing z and y values, we do
not provide all associated x values for each specific z and y values. Also note that
the associated x values may be convex sets that include infinitely many number of
alternative points; hence it is not always possible to report all of these points. We
denote the set of efficient solutions that we aim to find by ®* = {x* = (z*,y*, 2%)},
where ®* C @, z* € ©*, and (z*,y*, 2*)’s are distinct with respect to (y*, z*), i.e. if
(1%, yt*, 21%), (22, y?*, 22) € ®*, then (y'*, 21*) # (y2*, 22*).

We define R2 = {z € R*: 2 > 0}, R = {z € R? : 2 > 0}, and RZ = {z €
R? : 2 = 0}. For a point z € R* and a set © C R? we define 2> = z + R2
and 6> =0 + R?2 where + denotes algebraic sum. The sets 2=, 7=, ©2 and O are
defined similarly. We also define these sets for <, < and <. Let Zf and ZJ-S respectively
denote {z € R? : z; < z;} and {z € R*: z; < z;},j = 1,2. We similarly define z;
and ij,j = 1,2. Note that ©* can be also defined as {z* € © : 2*> N O = (}. In this
paper, we mostly use this definition to prove that a point or a set is nondominated,
i.e. point Z € © is nondominated if 2= N O = ), and set © C O is nondominated if
=N =10.

Let [2!, 2%] denote convex combination of z! and 22, i.e. [21, 2?] = A2t + (1 — \)2?,
0 < XA < 1. The set [z, 2?] is the line segment in R? from z! to 22. We define
(21,2%) = Xzt + (1 — A\)22, 0 < A < 1. The sets (2',2?] and [2',2?) are similarly
defined. The convex combination of x' = (z!, 7, 2') and x* = (22,7, 2?) is defined as
X% = Ozt + (1= N2, g, Azt + (1= )X)2?%), 0 < A < 1. Note that if x! = (2!, 7, 2")
and x? = (22,7, 2?) are feasible solutions of problem P, then [x', x?] is also feasible.
The sets (x%, x?), (x', x?], and [x!, x?) are similarly defined.

The ideal point 2! = (2, 21) in objective space is obtained by zjl = minz; s.t.
(z,y) € S, j = 1,2. The nadir point 2V = (2{, 2}’) is found by 2}’ = maxz; s.t.
z € ©%, j = 1,2. Note that 2L N 2Z specifies a rectangle with other extreme points

M = (21, 2) and 2% = (2, 21), North-West and South-East points, that is a bound
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for nondominated points of problem P.

The extreme nondominated points in objective space are the extreme points in
nondominated frontier, and the remaining points in ©* are nonextreme nondominated
points. Supported nondominated points are those that can be found when optimizing
a weighted sum of objectives for some weights, otherwise, the nondominated point
is called unsupported. The extreme supported nondominated (ESN) points are both
extreme and supported. The set of ESN points is denoted as O .

3.1.1  An illustrative example of BOMILPs

Fig. 3.1 presents a hypothetical example of objective space of a BOMILP that is used
throughout this paper for the purpose of illustration. There are 12 possible y values,
i.e. |Y| = 12. The convex sets in objective space O(y’), j = 1,---,12 are shown
that are images of S(y7)’s, e.g. O(y')is the image of S(y') in objective space. These
sets can be singleton, e.g. ©(y') and O(y"), a line segment, e.g. O(y'%), or polygons.
The set © is the union of ©(y’)’s and is not necessarily convex. Each point in the
objective space is the image of one or more (z,y) € S. For example, z! is the image
of (z,y") for some values of = € S(y'). Note that S(y') is not necessarily singleton.
For a 7 € S(y'), the vector Y = (Z,y',2') is a feasible solution of problem P, i.e.
X € ®. Some points in objective space are associated with more than one y value
in the space of decision variables , e.g. z!° is associated with y* and v°, and z'* is
associated with 3°, y'% and y*2.

The set 2=, for instance, is defined by equations z; < 10 and z, < 8. The set

29 is all points in 2°= except for 22, i.e. 275 = 295\{z°}. The set 2°<, is defined by

equations z; < 10 and 2z, < 8. For the line segment [2'4, 2%, for instance, [z, 218>

is defined by z; < 5, 25 < 18, and 2; + 2z < 19, and the set [2!% 218]= is defined
by 21 < 5, 25 < 18, and 2, + z» < 19. The set [z'4 2!¥]< is defined by 2z; < 5,

z < 18, and 2z + 2, < 19. For the line segment (2%, z''], we have (20, 2'1)= =
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{21 < 10,29 < 11,21 + 29 < 19}, (210,211 = {z; < 10,25 < 11,21 + 29 < 19}, and

(219 21 = {2 < 10,29 < 11, 21 + 25 < 19}.

The set of nondominated points is shown in black filled circles and line segments;
OF = {21, (2,25, [27,2%), 29, (219, 2], 212 [2™ 218]}. All nondominated points are
associated with one y value except for z!* (with 3°, y'° and y'?) and [2'7, 2'9] (with
y™ and y'?). Note that for all z* € ©*, the relationship z*< N © = () holds. Examples
of domination are shown in Fig. 3.1. For instance, z! dominates 22, 23, and z°, but

10 The points 2% and 2! are dominated by 2°. Point

it does not dominate 2% or z
218 strictly dominates z1°. Since 2! is a member of O(y°), O(y'°), and ©(y'?), then

2 € 9(y?) weakly dominates z'* € ©(y'?) and 2'* € O(y'?), and vice versa.

The ideal, nadir, North-West and South-East points are shown in Fig. 3.1. Note

that z! and z"V are not feasible.

The set of extreme nondominated points is {z!, 25 27, 2% 21 212 211 218} The

remaining points in ©* are nonextreme nondominated points, e.g. (2°,2°%) and (27, 28).

There are only two ESN points and O = {z!, 2!8}; hence, {2, 27, 2% 211, 212 214} is

the set of extreme unsupported nondominated points.

3.2 Preliminaries and Terminology for biobjective nonlinear process

networks

The generalized disjunctive programming model of bi-objective nonlinear process net-

PGDP)

works ( is represented as follows.
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Figure 3.1: An illustrative example of objective space of a BOMILP
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minz = (z1, 29)
- (Z Gt R +f2<x>) (3.4
st.  g(z) <0, (3.5)
Vi Vi
hi(x) <0 Bz =0 _
\Y% Vi € D, (3.6)
Ci = Vi ¢ =0

L opi=m | | =0
Q) = True, (3.7)
re€R"c>0,p>0,Y € {True, False}™. (3.8)

The bi-objective optimization model involves continuous (z, ¢, and p) and Boolean
(¥) decision variables. The Boolean variables are defined for process units in the
network and show the existence of the corresponding unit. The objective function
simultaneously minimizes two functions, z; and 2. Eq. (3.5) represent global inequal-
ities that always hold independent of the values of Boolean variables. Disjunctions
(Eq. 3.6) are written for all processing units; if the corresponding Boolean variable
is "true”, then a particular relation among z’s hold and the relevant fixed costs (c
and p) are paid, otherwise the associated c, p, and 2’s become zero. Here, B' = [b]],
where b = e} if x;, = 0, and b] = 0" if 7 # 0. Eq. (3.7) is the logic relations
between Boolean variables based on the connections and interactions among units. In

this model, fi(z), f2(x), g(x), and h;(x) can be linear or nonlinear convex functions.

3.2.1 FExample: 3-process nonlinear network

In this section, we present the well-known 3-process network synthesis example (Kocis

and Grossmann, 1989) to illustrate the bi-objective model given by Egs. (3.4)-(3.8).
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This example consists of 3 processing units, as shown in Fig 3.2. The raw material
A should be processed in either units 2 or 3 to produce B. The material B can be

also purchased from outside. Unit 1 processes B and produces C'. The variables

Tr, k=1,---,8, are the amount of material flows.
X6
B
: B e S
ey = )

Figure 3.2: Superstructure for the 3-process network synthesis

The objective function of this problem is to simultaneously minimize z; and zs.
Note that we generate the second objective function, z,, so that the solution corre-

sponding to the best compromise between these objectives is found.

min 2z = (21, 29)
z71=c+cy+c3+ x4+ 181 + 1205+ Taxg — 11lag
29 = p1+ p2+p3
+1.821 + 2x9 + 3w3 + x4 + 1.225 + Taxg — by — 1lag (3.9)

The material balance equations at mixing/splitting points, and specifications on
the flows are as follows. These relations are general and hold independent of the

values of Boolean variables.
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Ty — X9 —x3 =0,
ZE7—I‘4—1'5—ZL‘6:0,
.T5<5,

x5 < 1 (3.10)

The disjunction for the processing units:

Vi -1
Ty = 091’7 Ty = Tg = 0
\ )
C1 =35 C1 =0
i P1 =3.5 i i P1 =0 |
Vs Vs
$4:ln(1+$2) v To=x4 =0
Cy = 1 Cy = 0 7
i p2 =1 | [ P,=0 ]
Vs —V3
s = 1.2In(1 + x- r3=x5=0
° (Atas) |, | wa=2 (3.11)
c3 = 1.5 c3 =0
i ps =12 | | =0

The design specifications and logic propositions based on the connections and

interactions between units:
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Vi = Vo VI3V (2o A—D)s),

Vo = M1,

Vs = M,

Y,V Vs (3.12)

Finally, the definition of variables as positive continuous and Boolean:

oy >0 Vk=1,---,8,
Ciy Pi >0 Vi:1,2,3,

Y € {True, False} Vi=1,2,3 (3.13)

3.2.2  FExample: 8-process nonlinear network

The superstructure for the 8-process network synthesis (Fig. 3.3, Kocis and Gross-
mann, 1989) consists of 8 processing units and 25 continuous variables for the amount

of material flows.

The generalized disjunctive programming model for 8-process nonlinear network

is given as follows.
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Figure 3.3: Superstructure for the 8-process network synthesis

min 2z = (21, 29),
Z1=C +Cy+cC3+cCqg+C5+cg+cr+cg
+x9 — 1023 + x4 — 1525 — 4029 + 15219 + 15214 + 80217
—65218 + 25719 — 60299 + 35791 — 80295 — 35295 + 122,
22 = p1+ p2+ p3+ pst+ ps+ pe+ pr+ P8
+x1 — 226 + 37 + 228 — 2211 + 4212

+3x13 + 2015 — X16 + DTag + x24 + 110 (314)

Material balance equations:

T13 = T19 + Ta1,
T17 = Tg9 + T16 + Tas,

T11 = T12 + T15,



Chapter 8: Preliminaries and Terminology 19

T3+ Ty = Tg —|—.CE11,
Te = X7 + Ts,

T3 = To0 + T22,
Tog = T14 T Toy,

X1 =Ty + Ty (315)

Specifications and upper bounds on the amount of flows:

z10 < 0.8717,
z10 > 0.4217,
T12 < 5Ty,
T12 2> 2717,
3 < 2,

x5 < 2,

xg < 2,

x10 < 1,

14 < 1,

r17 < 2,

r19 < 2,

To1 < 2,
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Disjunctions for units:

Vi
exp(xs) — 1 < a9
Ccl = 5

p1 =95

V2

exp(rs/1.2) — 1 < x4y

Cy = 8
p2 =10
V3
1.5139 + X190 = X3
C3 = 6

ps =10

A2

1.25(.7712 + Q314> = T13

04210
p4:45

Vs
T15 = 2%16
Cs = 6

ps = 84

Z15

IQZO

6320

p3 =0 |

—Va

Ti2 = T13 = T14 = 0

C4:O

ps=0
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Ve Ve
613]9(1‘20/15) —1 < T19 v T19 = T9o = 0
o =17 6 =0 ’
i pe =15 | [ p=0 |
V7 -Vr
exp(rgn) — 1 < g y To1 = T =0
Cr = 4 Cr = 0 7
i pr =80 | | =0
Vs -z
exp(r1g) — 1 < w19 + 217 y Ti0 = T17 = T13 = Tg5 = 0 (3.17)
Cg — 5 Cg = 0
i ps = 60 1 1 ps =0 |

Logic propositions and specifications:

V1V,

ViNVYs,

VeV r,

V1= Vs VIV,
Vo= V3V Iy Vs,
Vs = Vs,

Vs =1V s,
Vi= 1V s,
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Vi= VoV 1,

Vs = W1V s,

Vs = Vs,

Vo = IV,

Vi = Vi,

Vs = VsV sV (=Y AVs) (3.18)

Variable definitions as continuous and boolean:

2e>0 Vk=1,.-- 25
Ci7pi20 Vizla"'787

YV; € {True, False} Vi=1,---,8 (3.19)



Chapter 4

ENPOBOMIP

This chapter presents our novel algorithm, ENpoBowmiP, to find the exact nondom-
inated points with all alternative values of integer variables for biobjective mixed-
integer linear programming problems. The existing algorithms are discussed first.

Then we present the fundamental theories to establish our proposed algorithm.

4.1 Existing methodologies

In this section, we introduce two of the most widely used methodologies, e-constraint
and CAN, employed by many researchers to solve BOMILPs. The Can is used to find
the exact ESN points of BOMILPs.

4.1.1 e-constraint

The e-constraint method [Haimes et al., 1971, Hwang et al., 1979] optimizes one ob-
jective while including other objectives as constraints bounded by a value, €. The

formulation for BOMILPs can be represented as follows.

P‘: minz =clz+fy (4.1)

st. cgr+ fry<e(z,y) €S (4.2)

[Goicoechea et al., 1976, Stadler, 1988] presented some methods for selecting -

values. Most commonly, the range of the second objective, (2 — 2Z), is calculated
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and divided by @ resulting in () + 1 equidistant evaluation points, and problem P¢
is solved setting € to each of these points. In the best case, () + 1 solutions are
obtained that may be dominated points. For example, if e-constraint is used to solve
the problem given in Fig. 3.1, for ¢ = 4, problem P¢ has multiple optimal solutions

3

and can find any point in {z', [23, 2%], 2°}; while the only nondominated point among

alternative optimal solutions is z1.

Several approaches have been proposed to eliminate the possibility of generating
dominated solutions. [Mavrotas, 2009] proposed the augmented e-constraint, AuGME-
coN, that includes the slack of the constraint that is added due to the second objective
to the objective function, weighted by a parameter p. [Mavrotas and Florios, 2013]
presented modifications and speed-up techniques for AucMmEcoN. The augmented

formulation is as follows.

s
PAYS . minclz+ fy —p <ﬁ> (4.3)
2y T A2
st.cor+ fyy+s=ce(x,y) €5,5>0 (4.4)

[Zhang and Reimann, 2014] presented an alternative augmented formulation, called

SAUGMECON:

T T

PSS minel x4+ f y +p (M) (4.5)
c2 T A2

st. g+ fy<e(r,y) €S (4.6)

The AuaMECoON for solving BOMILPs is represented in algorithm 1. Each objective
function is first minimized to calculate the range of the second objective function. In

the while loop, the augmented problem P*Y¢ is solved for each evaluation point,
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j = 0,---,Q. The nondominated point (z7,z;) is reported based on the solution
obtained. The second while loop is to eliminate the unnecessary runs throughout the
algorithm [Mavrotas and Florios, 2013]; when a nondominated point (27, z3) is found,
feasibility of 23 is checked for the larger values of j, if so, the same nondominated

solution is obtained from solving those iterations, hence they can be skipped.

Algorithm 1 AucMECON to find a subset of nondominated points of BOMILPs

1: Input: P, Q
2: Output: Nondominated points
3: 2k =minz s.t. (z,y) €S
4: (21,22) < min 27 s.t. (fL’,y) es
5: if 22 = z, then
6: ©* = {(z1, zZ2) } is singleton, Stop!
7: end if
8: Set j <+ 0, 2Y < 2z, e < 2Y
9: while 7 < @ do
10: Solve P*'¢ = nondominated point (27, 23)
11: while 25 < e do
. . U_,L .
12: Setj<—j+1,e<—z§]—%j
13: end while
14: end while

The AugMECON produces a number of nondominated points that presents an ap-
proximation of ©*. The number of nondominated points increases when () increases;
however, it requires more computational effort since the first while loop may be ex-
ecuted ) + 1 times. The number of MILP problems resolution, #MiLp, is at most

@ + 3 and the number of nondominated points found, #NDP, is #MILP — 2, given that

#NDP
F#MILP

©* is not singleton. We define the efficiency of the algorithm as ¢ = which is a

representation of the number of nondominated points generated for each MILP reso-

2
FMILP *

lution. Hence, ¢(AUGMECON) = 1 — For large @, ¢(AUGMECON) &~ 1 meaning
that AucMECON almost generates a nondominated solution for each MILP solved.

Although it is proven that the reported solutions by AuGMECON are nondominated
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points, there is no guarantee that this method generates the entire nondominated
frontier. Two types of errors can be encountered when executing AUGMECON:

1. &ERROR occurs when progressing from one iteration to the next. As shown in Fig.
4.1(a), suppose that the algorithm is at iteration ;7 = 2. Point A is found and then
algorithm moves to the next iteration, j = 3. The nondominated line segment [B, C]

is skipped and point D is found.

22 A 22 A
€(j =2) A B €
\g
6(_] = 3) D o A
€(j=4)
e B
, e ,
21 1 21
(a) e-ERROR (b) p-ERROR

Figure 4.1: AUGMECON’s errors

2. pu-ERROR due to the augmentation. Suppose that at a particular iteration, the e
and p are as shown in Fig 4.1(b) and points A and B are the only two feasible points
with zo < e. The objective vector (1,4) and a number of perpendicular lines are
drawn. All points on each line has similar objective value, and the line closer to the
origin is better. Hence, point B is found from solving P*"“ and nondominated point
A is skipped.

The possibility of e-ERROR and p-ERROR can be reduced by decreasing the values
of € and u, respectively; however, they cannot be eliminated. Decreasing e requires

increasing (), hence more computational effort is needed. Moreover, very small pu



Chapter 4: ENPOBOMIP 27

makes the augmented problem difficult to solve, hence each iteration takes more

time.

4.1.2 CAN

The CaN, presented by [Cohon, 2013, Aneja and Nair, 1979], is an exact algorithm to
find all ESN points of BOMILPs, Og. Algorithm 2 represents the main steps of CaAN
[Stidsen et al., 2014]. First, 2™ and 2°" are found using the following lexicographic

optimization.

Py 2 =minz st (z,y) €S

Pyt 20V =minzp s.t. 21 = 21V, (z,y) € S (4.7)

P 2 = minz sit. (z,y) €S

P, 2" =minz; st 20 = 257 (2, y) € S (4.8)
If 2NV = 2% then O and ©* are singleton and the algorithm is terminated. In

each iteration of the CaN, two ESN points, Z and Z, are known and the algorithm

searches for another ESN point between them. This can be done using the following

optimization problem.

PN(2,2) : f=minzy — mz s.t. (x,y) €S (4.9)

where m = % If 8 = 23 —m2Zq, there is no ESN point between 2 and 2. Otherwise,
a new ESN point is found, hence the algorithm continues to search between the new
point and z, and Z.

If Algorithm 2 is applied to the problem given in Fig. 3.1, it finds z! and 2%
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Algorithm 2 CAN to find the exact ESN points of BOMILPs
: Input: P
Output: sorted Op
LX(PiI;:(l?Pi];:(Q)v LX(PE;VDPEXVQ) = ZSEv 2V
if 2% = 2"V then
©* = Op = {2°"} is singleton, Stop!
end if
Set Op « {2V 255} 2« 2% 2« 2V
while Z # 2°" do
Solve P*N(2,2) = 3, 2*
if 5 =%y — mZ; then
Set Z < z
else Insert z* between Z and 2 in Op
end if
if Z # 2°F then
% <= the entry next to Z in Op
end if
: end while

e e e e e T
I A T I el =

as 2°% and 2"V in line 3. Since there are no ESN points between 2! and 2!%, the
algorithm terminates after the first execution of the while. Based on this example,
Algorithm 2 provides a very ineffective approximation of ©*; the set ©* consists of
infinitely many number of nondominated points comprising four line segments and
three isolated points while Algorithm 2 finds only two of these nondominated points,

ie. z! and 28,

In BOLPs, sorted ©F is representative of ©* since ©* is the set of all line seg-
ments that are generated by any two consecutive entries of © . This is not, however,
extendable to BOMILPs since the line segments may be infeasible. Hence, O can be
an approximation of ©* in BOMILPs. Algorithm 2 finds ©g by 2|0 | — 3 iterations
given |Og| > 2 [Aneja and Nair, 1979]. Thus, if |©g| > 2, the Can algorithm requires

resolution of 2|©g| + 1 MILP problems. Therefore, the efficiency of the algorithm is

Ok|
200p|+1"

©(CAN) = For large |©p|, ¢(CAN) ~ %, meaning that CAN almost generates
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a nondominated point by two MILP resolutions. Based on ¢, AuGMECON performs
better than CaN; however, CAN is particularly useful in certain applications since it
generates all ESN points.

The generalization of CAN for more than two objectives involves difficulties and
is not guaranteed to find the entire O [Solanki et al., 1993, Przybylski et al., 2010].
Effective exact algorithms to find ©p for more than two objectives presented by
[Przybylski et al., 2010, Ozpeynirei and Koksalan, 2010]. In the two-phase method
[Ulungu, 1995], the CaN algorithm is used in the first phase to find © that is used as
an input for the second phase (for example [Pedersen et al., 2008, Przybylski et al., 2008,
Przybylski et al., 2011, Raith and Ehrgott, 2009]).

4.2 EnpoBomip

In this section, we establish necessary fundamentals of our proposed exact algo-
rithm. The ENPoBowMIP starts from 2% and explores the nondominated frontier mov-
ing towards z™. The South-East point is found using lexicographic optimization
LX (P, ,PE,) and is a nondominated solution.

THEOREM 1.  Suppose that x*® = (z°°,y%", 2°%) is found by lexicographic
optimization LX(P%,,P%,). Then, X*° € ®* and Ay € ®* s.t. 21 > 25 or Z, < 25"
Moreover, z°% is an extreme point of O(y*").

PROOF OF THEOREM 1.

The first part is referred to [Cohon, 2013, Aneja and Nair, 1979]. We only prove
that z% is an extreme point of O(y™). Suppose to the contrary that 2 is not an
extreme point of O(y*"), hence 32,2 € O(y*") s.t. 2" = A2+ (1 - N2, 0< A < 1.

Also suppose w.o.l.g. Z2; < Z;. Two cases are possible:

1. 29 < Zy. In this case 21 < 21", 25 < 25% and 2 # 2°° hence 2z < 2" i.e. Z dominates

2% (contradiction).
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2. Z9 > Z5. In this case Z; > 2{® and %y < 25", Z is either a nondominated point or
dominated by a nondominated point z s.t. z; < Z; and zy < Zy. Hence, there

exists a nondominated point Z s.t. Z» < 25" (contradiction).

EnPoBoMIP begins exploring nondominated frontier from an extreme point and
it always moves on the boundaries of ©(y) for some §g € Y. The importance of
boundaries is that they are the only candidates for nondominated points. Note that
there cannot be any nondominated point in the interior of ©(y). Consider x* =
(z,y',2") in Fig. 3.1 that is obtained by solving LX (P, PS,), where € S(y').
Based on Theorem 1 2! € ©* hence Y € ®*. The point 2! is the right-most lower-
most nondominated point in the objective space and is an extreme point of ©(y').

ExpoBoMIP aims to distinguish nondominated line segments between two bound-
ary points. For instance in Fig. 3.1, if the boundary points z'4 and 2'® are known,
it is desired to figure out that [z'*, 2'®] is nondominated. Note that although z!?
1]

and 2'* are nondominated points, [z'%, 2] is not even feasible. The points 27 and

11

2! are nondominated and [27, 21!] is feasible, but [27, 2!1]

is not nondominated. For
feasibility, it is enough for points to be associated with same y-values. For example,

since z'? and z'* have different y-values, [2'2, 2]

is not necessarily feasible.
Suppose that x = (#,9,2) and ¥ = (&,7, %) are feasible solutions. Note that

,% € S(y), 2,2 € ©(y), and [x, X] is feasible for problem P. A sufficient condition

for efficiency of [x, x] is [2, 2] N © = 0. For example in Fig. 3.1, [z1, 28] N O = (),

hence [z14, 218]

is nondominated; however, [z, 2"]S N © # 0 hence [27,2'!] is not
nondominated. The set [z, ]S cannot be linearly formulated. Theorem 2 presents
two sufficient conditions to conclude that [2, 2] N © = (). The conditions of Theorem
2 can be handled without using nonlinear formulations.

THEOREM 2. Let x = (&,9,%) and X = (%,7, Z) be feasible solutions of prob-

lem P. If |2, 5] has empty intersection with ©(y) and if [2, 2]= has empty intersection
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with ©(Y\{y}), then [x, X] is an efficient solution of problem P.

PROOF OF THEOREM 2. Let x* = (2%,9,2%) be a convex combination
of x = (%,7,2) and ¥ = (&,7,%). Note that z* € S(y); hence, (z*,7) € S. The
requirement for efficiency of x* is z*> N © = . Note that © = O(Y'\{y}) U O(y).

Hence,

Z5Nne =N (O \{g})Ue(y))
= (z*neM\{zh))u (zne) =0 (4.10)
0

=  2=NOY\{y})=0and z*=N0O(Y) = (4.11)

. <
Since, z*S C 2*=,

FENOW\{F}) =0 = < NO\{z}) =0 (4.12)

Hence,

#EN0(\(7) =0

=N =10 (4.13)
and z**NO(y) =0

Therefore, if 2*< has empty intersection with ©(g) and if 2*= has empty intersec-
tion with ©(Y'\{y}), then z* is a nondominated point and x* is efficient solution of
problem P. [J

Hence, for two feasible solutions with same y-values, the two conditions of Theo-
rem 2 must hold to conclude the efficiency of their convex combination. For instance
in Fig. 3.1, [2'7, 2'®] has empty intersection with ©(y'?) and [2'7, 2'¥]= has empty
intersection with ©(Y\{y'?}); hence, [2'7, 2!8] is nondominated. For points 2z and

le [ 7 11]
)

27, 2|5 has empty intersection with ©(y*), but [27, 2'']> has nonempty inter-

section with ©(Y\{y*}); hence, nothing can be concluded about [27, z!!]. Note that
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if conditions of Theorem 2 does not hold, this does not mean that the line segment
contains dominated points. For example in Fig. 3.1, [z, 2'¥]= has empty intersec-

tion with ©(y'?) but [2'*, 2!¥]= has nonempty intersection with ©(Y\{y'?}), however,

(211, 28] is a nondominated line segment.

Now, we establish a procedure to check the conditions of Theorem 2. Let y© =
(x°F,y°", 2°") denote the current point that is being explored by the algorithm. Two
conditions hold for x" throughout the algorithm: 2" € 90(y") and 2" N O = ()

NEP

(see section 4.3). We say z" is the next-lower extreme point with respect to z

NEP NEP

if 2N satisfies the following: 2™ is an extreme point of ©(y"), )™ < 2{*, and

(27, 2"PP]S has empty intersection with ©(y"). We also say \M* = (2, ¢y, 2N) is

the next-lower extreme point with respect to . For instance in Fig. 3.1, z!! is the
next-lower extreme point with respect to 27, 2, 2'° or any point in [27, 2'). Observe
that some points do not have next-lower extreme points, e.g. z'2 and 22°. Note that
if the next-lower extreme point, 2", with respect to z" exists and is accurately

determined, the first condition of theorem 2 is satisfied. For the second condition, we

can solve problem P}¢y. (Ncc: nondominated convex combination)

P (Y™, 297, 2N 0 Z9 = min 2y (4.14)

st zo<mz+ bz <27z < 2 (4.15)

y#y", (z,y) €S (4.16)

where m = j%ii_z%p and b = 25° — m2{". conditions on z in Eq. (4.15) is equiva-
1 1

cP NEP]§

lent to z € [z, 2 . Hence, the feasible region of P}{{ in the objective space is

precisely the formulation of [2°7, 2¥**]= N O(Y\{y*}). Therefore, if P*¢ is infeasi-
ble, then [z°7, 2¥*"]= N O(Y\{y*}) = 0; hence, based on Theorem 2, [z°7, 2"*"] is a

NEP]

nondominated line segment and [x*, x is an efficient solution of problem P.
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Observe that PIST is not linear due to Eq. (4.16). The relationship, y # g,
can be formulated using no-good constraints [Hooker, 1994]. If vy, - - - ,y, are binary

variables, a no-good constraint to exclude 7 from Y is as follows.

Z Yi — Z y; < Z -1 (4.17)

IRTESY yi=1

Note that y is infeasible for this inequality while any other solution is feasible.
If y1, -+ ,y, are general integer variables, no-good constraints require adding a new
binary variable to the problem. Suppose without loss of generality that y;’s can
take value between 0 and ¥;, ie. y; € Z, 0 < y; < ¥;, i = 1,--- ,p. We define

¥ = max;{9;} + 1. Then, no-good constraints to exclude g can be written as follows.

S Ty = > 0 < —1+u (1 + Zz‘}i‘lﬁi>
DTy =Y =1 (1-u (1 + Zﬁl 1q9>

ue {0,1} (4.18)

In the remaining, we use the notation y # ¢ to indicate Y'\{y}; however, no-good

constraints can be used in implementations.

NCC

The second possibility when solving Py is the feasibility of this problem. Note
that P){Y cannot be unbounded due to our assumption, i.e. {minz; s.t. (z,y) €
S} # —00,j = 1,2; hence, in the case of feasibility, P)¢{ has optimal solution that

implies a nondominated point in [z¥**, z°*]=. The problem PSS finds the right-most

LX2
nondominated point in [2*", 2F]= N O(Y\{y°"}).
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Pls (W, 22) 1 Z =minz (4.19)
s.t. Z9 = 2?2 (420)
y#y~", (z,y) €5 (4.21)

Note that the feasible region of PS5, i.e. {22 = 2} O(Y\{y“"}), is not empty
due to the result of PN(Y. Also note that we do not need to include Eq. (4.15) in
PIS, since it is guaranteed.

THEOREM 3. Let X = (2%, y°", 2°7) be a feasible solution of problem P s.t.
2% € 90(y) and 2°"= N O = (. Suppose that X\, the next-lower extreme point
with respect to X, exists. If PYSY is infeasible, then [2°7, 2NF]= N O(Y\{y"}) = 0.
If PYYS s feasible, solve PSS and denote the solution by x = (&,9,%). Suppose that
z # 2. Then,

(a) x is an efficient solution of problem P,
(b) (X, X" is efficient, where z = (222, %), & = (Zgﬁ,f—%
(c) If z & [2°7, 2N"F], there is no nondominated point z* s.t. Z; < zf < Z.

PROOF OF THEOREM 3. The feasible region of PN¢f in objective space is

LX1
precisely the formulation of [2"*", 2F]=NO (Y \{y°"}); hence, if PX is infeasible, then
NP ZEne(\{g}) = 0.
Proof of (a). If PXY is feasible, then %, exists and Z5 has empty intersection

with the feasible region of PXSY. Then,

Lx1 -
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5N ([zm F O\{y}) =0
N (2 ZNEF ; N \{y) =0

since #= C [z

Note that feasibility of P}

has empty intersection with the feasible region of P[{5. Then,

PN ({2 =206\ {y™"}) =10
= (5 N{zn =2} N6V \{y"}) =0

Egs. (4.23) and (4.24) implies that,

(B NZ)UEEN{z=2%))) N \{y"} =10

And we have,

Based on Eqs. (4.25) and (4.26),

e S o (550 55) N \{y™}) =0

(4.22)
(4.23)

Ne¥ implies the feasibility of PIcS; hence, Z; exists and 2

(4.24)

(4.25)

(4.26)



36 Chapter 4: ENPOBOMIP

=neY\{y"}) =10 (4.27)
Moreover, since x*" is the next-lower extreme point with respect to x and

z € [2°7, "], then
=NOwyTr) =10 (4.28)

Eqgs. (4.27) and (4.28) implies that,

=nOY\{y"Huew™) =2n6e =1 (4.29)

Therefore, Z is nondominated point and Y is efficient solution of problem P.
Proof of (b). Note that z € [z, 2] and Z; = Z5; hence, Z; can be calculated

as E‘j;b and 7 is calculated using the following equation.

~ cP z cP z cP
r—T 2T %y ~ 22 — %9 NEP cp cp
LNEP _ .CP - SNEP __ ,CP =T = SNEP __ ,CP (‘T - ) +z
2 2 2 2

Since (2,2 C [2"*F,2°F] and since ™™ is the next-lower extreme point with

respect to x, then

(2,212 NO[E™*) =10 (4.30)
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(z5 N (21 ne\{y™} =0 (4.31)

We have,

(25 N (2,27]%) = (3, 27)=

= (£,2]*ne =10 (4.32)
Eqgs. (4.30) and (4.31)

Therefore, (y, x“"] is efficient and (2, 2"] is a nondominated line segment.
Proof of (c). Suppose to the contrary that there is a nondominated point z*

s.t. 21 < 21 < Z;. Two cases are possible:

1. 25 < Z. This contradicts Eq. (4.32).
2. 25 > Z. In this case z* is dominated by Z (contradiction).

t

For example, in Fig. 3.1, consider the current point z” with the next-lower extreme

point 2. If problems PS¢ and PYXCS are respectively solved, the algorithm actually

11]§

searches for a point in O(Y\{y*}) such that this point is located in [z7, 2 and

is the lowermost leftmost point; hence, z° is found. Note that z° # 27, then 2°

is a nondominated point, the line segment (2%, 27] is nondominated and there is no

8 25 —b 9)

nondominated point 2* s.t. 2 < zf < 2¥. Moreover, z — 2y

can be calculated as (
where m and b are the slope and z-intercept of the line passing z7 and z'!. The
associated z-value can be calculated based on ratios between z-values.

Note that the assumption Z # 2" is necessary for parts (a)-(c) to be meaningful.

For example, if we solve PXS¢ and PYSS for 214 and 2!'® excluding y'2, we will find 214



38 Chapter 4: ENPOBOMIP

since z'* is also in ©(y") and ©(y'"). Note that the assumption does not hold. We
call this case a tie and break it by determining % and y'° and excluding them from
Y (see section 4.3). If y” and y'® are excluded from Y, PY(S becomes infeasible and
based on Theorem 2, [2'*, 2!¥] is a nondominated line segment.

Consider the current point Y = (27, y*, 2") s.t. 2" € 90(y") and z2"<NO =
(). Also, suppose that the left-hand-side of 2" in objective space (z{"<) should be
explored. If ©(y°") has nonempty intersection with this area in the objective space,
we can find the next-lower extreme point with respect to x“. The results of Theorems

2 and 3 can be used afterwards. The following LP problem shows if 2{*<NO(y") = 0.

LPY(y") : ¢ = min z; s.t. x € S(y") (4.33)

CcP<

If ¢ equals 2{*, then ©(y“") has empty intersection with z{
THEOREM 4. Let X" = (z,y", 2°) be a feasible solution of problem P s.t.
2% € 900(y") and 2°"= N O = 0. Ezactly one of the following cases holds:

1. ¢ =2 and 2{"< NOY™") =10, or

2. ¢ < 2{" and the nest-lower extreme point with respect to X ewists.

PROOF OF THEOREM 4. Note that ¢ cannot be greater than z{" since
" € S(y). Case 1 is obvious and we focus on proving case 2, where ¢ < 2z{".
Recall that we assume in this paper min z; # —o0, j = 1,2; then, ¢ # —oo and LP™"
has optimal solution. Thus, there exists an optimal solution z that is an extreme
point of ©(y?). Therefore, either x is the next-lower extreme point with respect to
X" or a next-lower extreme point can be found. Note that the number of extreme

points of O(y°") is finite. [
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For example, Consider the current point z* in Fig. 3.1. Note that 23N © = ()
holds since y' has been permanently excluded from Y in previous iterations (see

section 4.3).

Solving LPY*(y?) results in ¢ = 14 that equals z}. Therefore, 23< N O(y?) = 0.
However, if the algorithm is at the current point 2°, solving LPY"(33) results in

¢ = 13 < z7. This means that the next-lower extreme point with respect to z° exists.

If 2{"< has empty intersection with ©(y"), then ©(y“") contains no nondominated
point in z{"<; hence, this area can be explored excluding y" from Y. Thus, if the
first case of theorem 2 happens, the following lexicographic optimization is used to

find the next current point in 2{"=. (NP: next point)

P (v, 217) 2" = minzs st 2 < 270,y Ay, (x,y) € S, (4.34)

Plio(257) 1 21" =minzy s.t. 20 = 25",y 2y, (v,y) € S (4.35)

Infeasibility of PYr, shows that there is no nondominated point in 2{"<. In the
case of feasibility, however, Py, is solved. If 217 < 2{" or 2" = 2% then 2" is

nondominated point and x™" that is found from solving P}%, is an efficient solution.

THEOREM 5. Let X = (2%, y", 2°) be a feasible solution of problem P s.t.
2 € 00(y), 2" NO =0, and 2"~ NO(Y") = 0. If P, is infeasible, then there

is no nondominated point in z{"<.

PROOF OF THEOREM 5. The feasible region of P}, is precisely the formula-
tion of (2"= N @(Y\{ycp})) Infeasibility of P¥, is equivalent to (27"~ N O(Y'\{y"}))
0. Note that 2{*< C 2{"=, therefore (2{"< N O(Y\{y°"})) = 0. And since we suppose
A< NOy") =0, then
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A NOV\{yTHUew™ ) =4""ne =10 (4.36)

Therefore, there is no nondominated point in z{"<. O

Theorem 5 outlines the termination of our algorithm. For example, consider the
current point 2'® in Fig. 3.1. Note that 2/°< N O(y'?) = (. The problem P, i.
minz s.t. 2 < 1,y # y'% (z,y) € S, is infeasible meaning that no nondominated
point exists in 2= and the algorithm stops.

THEOREM 6. Let x" = (z,y", 2°") be a feasible solution of problem P s.t.
2 € 00(y*), 2= N0 =0, and 2{"~ N O(Y") = 0. Suppose that P>, is feasible,

solve PXY, and let x™° = (2"*,y™*, 2™F) be the optimal solution of Pre,. Then,

LX2"

(a) If 21" = 2{°, 2N° is (weakly) dominated.

(b) If 21" < 2§%, then X"* is an efficient solution, and there is no efficient solution

X5 st 2" <2 < gt

PROOF OF THEOREM 6. Proof of (a). Since 25" > 2§ and 2)" = 2{",
then 2z (weakly) dominates 2"
NP<

. < .
Proof of (b). Since 2i* < z{*, then 2= C 2¢"<, and since 2= C 2"=, then

2NPS C 297, As we suppose that 2{"< N O(y°") = (), then

APy = 0 (4.37)

If PX?, is feasible, then 25" exists and z)" has empty intersection with the feasible

region of P}y,. Then,
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AN ("= ne\{y"}) =0
= (A" NA") NeY\{y™}) =0 (4.38)

since 2= C 2" = ("N A" neY\{y"}H =0 (4.39)

Note that feasibility of P}y, implies the feasibility of P%,; hence, 2" exists and

21"< has empty intersection with the feasible region of P}y,. Then,

AT N{n=5"1NeW\{y"}) =0
= (A" N{n =2")NeV\{y™"}) =10 (4.40)

Egs. (4.39) and (4.40) implies that,

("N 2A") U (AT N{z = ") NOY\{y}) =

<" 22 <xntU{n=xn"n <A} N0 \{y"}) =
ATENOW\{y™}) =0

using Eq. (4.37) = 2"< 0 (O(Y\{y"}) UOH™)) = 2SN O =0 (4.41)

Therefore, 2" is nondominated point and " is efficient solution of problem P.

Now, we should prove that there is no efficient solution x* s.t. 21" < 27 < 2{".
Suppose to the contrary that there is such an efficient solution x*. Two cases are

possible:

1. 25 < 2NP. In this case, 2* € (25"< N 2{"<) and it follows that,
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("N NO £

= ("N N O \{y"H U ™) #0

= (N4 NOW\{F™})) U (™ N2A""NOy™)) #0

Eq. (4.38) and since < C 2"~ = QU (5"~ N zF< N O®Y™)) # 0
= T (TN O(y)) # 0

since 2;"<NOY") =0=2"~N0#£0

= 0 # 0 (contradiction)

2. 25 > 2P, In this case 2* is dominated by 2™ (contradiction).

0
Consider the current point 2'2 in Fig. 3.1 and note that z{?<NO(y") = (. Solving
PN and P, we find 2z!3. Since 2z{® = 2!2, then part (a) of Theorem 6 applies and

X

213 is dominated by z'2. The algorithm proceeds to the current point 2'* permanently

excluding 37 from Y. Note that z;><NO(y®) = (). Since 3" was permanently excluded
from Y, then 2= N 6O =  holds. Problem PN, and P, are solved and 2! is

obtained. Since z{* < 2|3, part (b) applies; z'* is nondominated and there is no

nondominated point z* s.t. 214 < 27 < 23

4.3 Algorithm of EnpoBomip

In this section, we present our novel algorithm, ENpoBowMmiP, to find the exact nondom-
inated points, with all alternative y-values, of general BOMILPs. We first propose a
procedure to find the next-lower extreme point. Suppose that x = (&, 7, £) is a feasible

solution of problem P and the next-lower extreme point, ¥ = (Z, 9, Z), with respect
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0 1 2 3 4 5 6 7 8 9 10 21

Figure 4.2: An illustrative example for procedure FINDNEP

to x exists, the procedure FINDNEP, given in Algorithm 3, is used to find it. The first
candidate for ¥ is found in Line (2). In Lines (4)-(5), x is checked to know if it is the
appropriate next-lower extreme point. The LP in Line 5 finds the smallest possible
zo-intercept of the line in objective space that contains feasible points and has the
same slope with the line passing Z and Z. If this is equivalent to the zs-intercept of
the line passing 2 and Z, then y is correct and returned by the procedure; otherwise,
X is updated to the optimal solution of the problem given in Line (5). For example,
consider finding the next-lower extreme point with respect to 2! in Fig. 4.2. Point
2% is found in Line 2. The « is set to the slope of the line passing z' and 2°, hence
a = —%. The LP in Line 5 finds the lowest line that contains feasible point. Then,
23 is found and § = 4. Since B < 25 + 522 = 5.5, the repeat is executed again while

3

eliminating z° and using 2®. In the next iteration, 22 is found. In the 3" iteration

of repeat, the LP problem in line 5 has multiple optimal solution in [z!, 22]. For any

1

:21, hence the loop is broken and z* is

optimal solution, 5 = 2.5 that equals 25 —

returned as the next-lower extreme point with respect to z!.

THEOREM 7. Suppose that x = (&,7, %) is a feasible solution of problem P

and the next-lower extreme point, X = (&,y, 2), with respect to x exists. The procedure
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Algorithm 3 Find the next-lower extreme point, ¥ = (Z,y, ), with respect to y =
(2,7, 2)

1: procedure FINDNEP(Y)

2: X < minz; s.t. z € O(7)

3 repeat

4 Set X = X, a ﬁ

5: Y, 3 < minf s.t. 2o =z + B,z € O(y)
6 until B < Zy —aZ;

7 return y

8: end procedure

FINDNEP finds X in at most #EPO(y) iterations of the repeat. (#EPO(y): number
of extreme points of ©(y)).)
PROOF OF THEOREM 7. We first propose three Lemmas that are used to

prove Theorem 7.

LEMMA 1. Suppose that x = (&,7,2) is a feasible solution of problem P and
the next-lower extreme point, X = (Z,y, Z), with respect to x ezists. If Algorithm 3 is
used to find X, when Line (5) is reached, 2 € 00(y) and z < %;.

PROOF OF LEMMA 1. We use mathematical induction. Note that the
existence of y is examined before invoking FINDNEP; hence, based on theorem 4, y
that is found by the LP in Line (2) is such that Z € 00(y) and Z; < Z;; then, in the

first iteration, the assumptions are satisfied.

Suppose that FINDNEP is in a later iteration of the repeat loop, ¥ is s.t. Z € 00(y)
and Z; < 21, and y and B are s.t. ﬁN < Z9 — «Z;. Note that if B = Zy — «aZy, then the
loop breaks. Hence, Z is on a line that is parallel to the line that contains z and Z in
objective space. Suppose to the contrary that Z; > Z;. In this case, since Z, 2 € O(y)
and ©(y) is convex, then [z, %] C O(y); however, [Z,2] N 2= # ) and 25N O(y) =0
(contradiction). Hence, 2 < 2. O

LEMMA 2. Let x = (%,y,2) and X = (%,9,Z) be two feasible solutions of
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problem P s.t. 2,2 € 00(y) and %, < Z;. Solve minf s.t. zo = az + B,z € O(y),

Z9—Z%2
z21—217

where a = and denote the solution by B and X = (%,9,2). Ezactly one of the

following cases happens:

1. B =%y — aZ. In this case Z and Z are at one face of ©(y), or

2. B < % — aZ. Hither % is an extreme point of ©(y) s.t. 2 # %, or % is not an
extreme point of ©(y) but there exists an extreme point Z of O(y) s.t. 1 < Z <

21

PROOF OF LEMMA 2. Note that since Z; < z;, then a € R. Observe that
z and # are feasible solution for this LP, then 3 cannot be greater than the objective

values of these solutions, i.e. Zy — aZ; or Z25 — aZy. Therefore, f < Z, — aZ;.

1. Suppose that 3 = Zy—a%, = Zy—az;. In this case, 2 and ? are two distinct points
and optimal for the LP, then [Z, Z] is optimal. Note that any point Z € [Z, Z]
should be a boundary point of ©(y), since if Z is in interior of ©(y), there exists
a strictly better solution than Z when going in the opposite direction of the

nonzero objective vector. Therefore, Z and Z are at one face of ©(y).

2. Suppose that 3 < % — a%. Note that Z is in boundary of ©(§), between # and

Z. Also note that Z is not equivalent to z and 2. In this case, Z is either

(a) an extreme point of ©(y), or

(b) not an extreme point. Note that if Z and Z are at one face, then Z should
also be optimal (contradiction); hence, Z and % are at different faces of

O(y), meaning that there exists an extreme point between them.
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LEMMA 3. Suppose that x = (&,9,2) is a feasible solution of problem P and
the next-lower extreme point, X = (&,y, Z), with respect to x exists. If Algorithm 3 is

used, when B = Zy — aZy, then X is the next-lower extreme point with respect to x.

PROOF OF LEMMA 3. Suppose that at an iteration of the repeat, f =
Zy — aZ;. We denote Z and Z in the previous iteration by Z,, and Z,4, and in this
iteration by Z,.., and Z,.,. Based on Lemma 2, Z and Z,.,, are at one face. Suppose
to the contrary that Z,., is not extreme point of ©(gy). Then, consider the previous
iteration. Any point at the same face with Z,., = Z,q should have been optimal for
the LP. Then, Z was optimal for the LP in the previous iteration. Since Z and Z,4
had same objective value, then Z,; was optimal. It follows that [2, Z,4] € 0O(y) and
was optimal. Hence, the repeat should have broken at the end of previous iteration

(contradiction). O

Now, we prove theorem 7 based on Lemmas 1-3. Using lemma 1, the assumptions
of Lemma 2, i.e. 2,2 € 00(y) and 2, < %, are always satisfied when FINDNEP reaches
Line (5). Moreover, based on lemma 3, when repeat breaks, the next-lower extreme

point with respect to y is found.

Note that based on Lemma 2, at the end of each iteration of repeat, either ¥ is
found and the loop is broken, or an extreme point of ©(y) is passed. Therefore, repeat

is not executed more than #FEPO(y). O

The main steps of ENpoBowMIP is given in Algorithm 4. Recall that our algorithm
is always at a boundary point in objective space and moves from right to left, i.e.
large to small z;-value. The current point is denoted as Y = (2, y“", z"). At the
beginning of the algorithm, x“" is equivalent to x** and ®* is a singleton containing
X*". As ENpoBoMmIP moves from right to left, if it is known that for some y € Y the
algorithm will not find any nondominated point in ©(y) in the left-side of the current
point, gy is permanently excluded from Y in the remaining of the algorithm. Let Y**¢

denote the set of permanently excluded y’s. We define a Boolean scalar ¢ that is
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"true” if the current solution is efficient. The loop given in Lines (2)-(39) explores
the current point and moves to the left as long as reaches a new current point. At
any current point y°", there are two possibilities (theorem 4) that is distinguished by

the if in Line (3):

1. O(y°") has empty intersection with 2{"<. In this case, Lines (4)-(12) are per-
formed. y° is added to Y™ since ©(y“") will not provide nondominated points
in the future. Then, the possibility of finding a new point x™* in 2"~ is checked
in Line (5). If it is possible, x"* is found (Line (6)), otherwise, the algorithm
stops and ®* is returned (Line (11)). After finding x"", it is checked in Lines
(7)-(10) to know if it is a nondominated solution. If 2" is not dominated by
2z we add X" to ®* as a new efficient solution and x°" is updated, otherwise,

X" is updated and recorded as dominated solution (Line 9).

2. The next-lower extreme point with respect to x“" exists. In this case, Lines (14)-
(37) are performed. The next-lower extreme point is found using FINDNEP. We
define Y™ as the set of temporarily excluded y’s. The set Y™*¢ is used to break
ties that happen when 3y s.t. § # ¢y and z = 2*. We also define ® to break
ties that happen if there are overlapping line segments with (2 2"*"). The loop
in Lines (15)-(37) is executed to explore all solutions and find the ones with the
lowest next-lower extreme point. The possibility of finding a new solution y s.t.

Z € [2°7, 2"F]= is examined in Line (16) and found, if possible, in Line (17);

NEP] with all overlapping line segments,

otherwise, based on Theorem 2, (x°", x
®, are added to ®* (Line (35)) and x* is updated to " and recorded as an
efficient solution by & =TrRUE. In the case of finding y, if 2, < 2", then the
results of Theorem 3 applies; otherwise, i.e. 2; = 2{", tie happens. In this case,

if current point is efficient, x is also added to ®* as an efficient solution with

alternative y-value. The tie is broken in Lines (23)-(32): If ©(y) has empty
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intersection with 2{"<, it is excluded (Line (31)) without any need for other

actions, otherwise, the next-lower extreme point y with respect to x is found,

P

the slope of the line passing z°" and 2z"*" is compared to the slope of the line

containing z°* and Z in Lines (25)-(30):

(a) If the line passing 2" and Z is lower, y°" is temporarily excluded, x°* and
YV are updated to ¥ and ¥, and @ is emptied since the overlapping line

segments do not overlap the line passing the updated 2" and 2"*".
(b) If the line passing z°" and 2" is lower, gy is temporarily excluded.
(c) If the two lines have the same slope:

i. If (27, 2"%P) C (2, 2), § is temporarily excluded, but (¥, x) is added

to @ as alternative nondominated line segment, where y = (7,9, 2N)

and 7 is calculated based on ratios between z-values.

ii. If (27, 2") O (%, %), y°° is temporarily excluded, ® is updated and
(X%, ¥") is added to ®. Also Y and \"* are updated to ¥ and
%. Note that updating ® is eliminating the additional part of the line
segments in ® since all of the line segments in ® should have the same

length with (27, 2N*") in objective space.

We illustrate Algorithm 4 on the example given in Fig. 3.1.
Line 1: x = (—,y', 2, ®* = {(—,¢y*, 2")}, Y™ = {} £ = TRUE
Line 3: ¢ = 14 = z{, then lines 4-12 are performed
Line 4: Y™ = {y'}

Line 5-6: ™" = (—, 2, 2%)
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Line 9: Y = (—, 92, 2%), £ =FALSE

Line 3: ¢ = 14 = 23, then lines 4-12 are performed

Line 4: Y™¢ = {y! 4?}

Line 5-6: " = (—, 13, 2%)

Line 9: x* = (—, %, 2°%), £ =FALSE

Line 3: ¢ = 13 < 2}, then lines 14-37 are performed

Line 14: ™" = (—, 32, 25), Y™ = {}, & = {}

Line 16: P}{} is not feasible

Line 35: ®* = {---  ((—, 93, 2%), (—,v3,29]}.x" = (—, %>, 2%), £ = TRUE
Line 3: ¢ = 13 = 2%, then lines 4-12 are performed

Line 4: Y™¢ = {y! 42 43}

Line 5-6: ™" = (—,y*, 27)

Line 8: & = {--- (—,¢y*, 2"}, £ = TrUE, X" = (—,y*, 2")
Line 3: ¢ =8 < 2], then lines 14-37 are performed

Line 14: M = (—,y% 211), Y™ = {} & = {}

Line 16-17: y = (—,v°, 27)

Line 19: ¢* = { o 7((_ay4727)7 (_ay4728)) ) (_7?/577«'9)}ach = (_;ZJS, 29)7 g = TRUE
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Line 3: ¢ = 10 = 2}, then lines 4-12 are performed

Line 4: Y5 = {y!, 2 4 4%}

Line 5-6: " = (—,y*, 219)

Line 9: x°" = (—,y%, 219), £ =raLsE

Line 3: ¢ =8 < 2{°, then lines 14-37 are performed

Line 14: ™ = (— ¢* 2!1), Y™ = {}, & = {}

Line 16: P} is not feasible

Line 35: ®* = {--- , ((—,y* 219, (=, y%, 2"H]} X" = (—,y*, 2'1), £ = TRUE
Line 3: ¢ = 8 = 2!, then lines 4-12 are performed

Line 4: Y™ = {y! 2 % y*, 45}

Line 5-6: x™ = (—,y", z'%)

Line 8: &* = {--- (—,¢y",2')}, £ = TRUE, X = (—, 9", 2'?)
Line 3: ¢ = 6 = 2{2, then lines 4-12 are performed

Line 4: Y™ = {y',y2 4% y* 45,47}

Line 5-6: ™ = (—, 3% 2'%)

Line 9: x = (—, 1%, 2"%), £ =FaLSE

Line 3: ¢ = 6 = 2{3, then lines 4-12 are performed
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Line 4: Y™ = {y', 4%, 4*,v*, v°, 9", 4°}

Line 5-6: \"" = (—,y', z1)

Line 8: & = {---,(—,y'%, 2™}, € = TrUB, \ = (—, y'0, 2'4)
Line 3: ¢ = 3 < 2!, then lines 14-37 are performed

Line 14: " = (_7y107219)’ YEXC {}7 O = {}

Line 16-17: x = (—,y°, 2")

Line 21: &* = {---  (—,13°, 2%)}

Line 24: y = (—,3°,2%)

Line 27: Y™¢ = {3°}

Line 16-17: x = (—,y'2, z')

Line 21: &* = {--- (-, y'% ')}

Line 24: y = (—,y'?, 2'%)

Line 26: " — (—, y12, 218), VB¢ — 9 410} yor _ (_ g12 ;14

Line 16-17: y = (—,y", 2%)

Line 19: ®* = { . ((_,y12,214), (_’y127215>> ’ (_’yﬂ, le)}?ch — (_’y117215)’ g —

TRUE

Line 3: ¢ = 3 < z{°, then lines 14-37 are performed
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Line 14: " = (— y' 210) Y™ = 1 & = {}

Line 16-17: x = (—,y'2, 2'%)

Line 21: &* = {---  (—,y'% 2%)}

Line 24: y = (—,y'%, 2

Line 28: YEXC — {y'?}, d = {((—=, 9", 2"), (= ¥, 2'9))}

Line 16: PI{{ is not feasible

Line 35: o* = { o ((_’ y11’ 215)’ (_7y11, ZlG)] , ((_7 y127 215)7 (_’ y12’ 2:163))}7 XCP —

(—,y!t, 21), £ = TRUE
Line 3: ¢ = 3 = 2{° then lines 4-12 are performed
Line 4: Y™ = {y' 12 % y*, 9.7, %, y''}
Line 5-6: " = (—,y'?, 219)
Line 8: & = {-- (=42, 21)}, ¢ = TRUE, \" = (—, y', 219)
Line 3: ¢ =1 < 2{5 then lines 14-37 are performed
Line 14: " = (_7y127218)7 yEXC {}’ O = {}
Line 16: P}y is not feasible

Line 35: ¢* = { o a((_7y127216)7 (_ay127 ZlS)]}?XCP = (_79127218)7 § = TRUE

Line 3: ¢ =1 = 2{® then lines 4-12 are performed
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Line 4: Y™ = {y'. o o,y v, v", o5 ", y"*}
Line 5: P}y, is infeasible
Line 11: Return ®*

THEOREM 8. Given problem P, ENpOBoMIP finds ®* in finite iterations.
PROOF OF THEOREM 8. The proof consists of two steps:

1. Algorithm 4 finds ®*. The proof of this part is referred to Theorems 1-7.

2. The number of iterations for both loop’s are finite. Note that the second loop
given in Lines (15)-(37) is for breaking ties. For now, assume that ties do not
happen, hence we can remove Lines (15)-(37) from Algorithm 4 and use Lines
(16, 17, 19, 34, 35, and 36). In this case, only one loop remains and there are

three possibilities in each iteration:

(a) y°* is excluded. Note that the number of y’s is bounded by |Y].

(b) The algorithm proceeds to the next-lower extreme point in ©(y?). Note

that the number of extreme points of ©(y“") is finite.

(¢) The algorithm moves to another boundary point Z € 90(g). Two cases

are possible:

i. The algorithm returns to the boundary of ©(y") before the next-lower
extreme point with respect to . In this case, since O(y") and O(7)
are convex sets, the algorithm will not return back to boundary of
O(y) by the time it reaches the next-lower extreme point with respect
to x“. Note that the number of y’s is bounded by |Y|. Hence, the
next-lower extreme point with respect to x“" is passed after a finite

number of iterations.
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ii. The algorithm do not return to the boundary of ©(y") by the time
it reaches the next-lower extreme point with respect to x“". Hence, it
can be assumed that the next-lower extreme point with respect to "

is passed.

Now, we analyze the loop given in Lines (15)-(37) and show that this loop is
broken after a finite number of iterations. Note that in each iteration of this loop,
either a y-value is excluded or the loop is broken. Also note that the number
of y’s is bounded by |Y|. Hence, this loop is broken after a finite number of

1terations.

Thus, ENpoBowMIP finds the exact nondominated frontier with all possible y-values
by finite number of MILP resolutions. As the nondominated frontier of BOMILPs

usually include line segments, the number of nondominated points is infinity; hence,

#NDP o)

Ty = Fmm = O° Therefore, considering the efficiencies of

o(ENnPOBoMIP) =
AuaMECON (/1) and CaN (=0.5), ENPOBoMIP is very efficient than these algorithms.
Also note that AucMEcoN and CAN do not find all alternative y-values associated

with each nondominated point.
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Algorithm 4 ¢* «<ExpoBowmip(P)

e el e e e e

20:
21:
22:
23:
24:

25:

26:
27:

28:
29:

30:
31:
32:
33:
34:
35:
36:
37:
38:
39:

")

X <= LX(P{%, Pi%s) , Set @* «— {x"}, Y™ < {}, £ < TRUE
loop
if ¢ (< LP™(y")) = 2{* then
Set YEXC ¢ YEXC | f5CPY
if 2j @PLxl(YEXC 2{") is feasible then
o <P (")
if 2] < 2{" or 2"" = 2" then
Set ®* +— &* U {x""}, £ + TRUE , X" + X"
else Set x“" «+ "' | £ « FALSE
end if
else RETURN &~
end if
else
X"¥" < FINDNEP(x"), Set Y™*C « {}, & « {}
loop
if Zo <PNC(YFXC Y YXC JyOP 5P NFP) g feasible then
X <ZP§§§J(YEXC U YEXC yer, 22)
if 2, < 2{" then
Update ®, Set ®* «+ &* U (x*, x) U {x} U®, x « X, £ < TRUE,
break loop
else
if £ = TRUE then Set ®* «+— ®* U {x}
end if
if ¢ (< LP"™(y)) < 2{" then
X <:F1NDNEP( )
if Z zﬁp %ZC: then
Set YEXC YEXC U {yCP} XCP — >V< XNEP — 5&7 (i — {}
else if < 2= 2.) < j?ﬂfz? then Set YFXC « YEXC {y}
else if zTEP > % then Set Y™ « Y™C {7}, ® + dU (¥, ):()
else Set YXC « YFXC{yP} update ®, Set ® + DU (%, x*"
X=X X X
end if
else Set Y™X¢ « Y®X¢ U {g}
end if
end if
else
Set ®* + &* U (xP, X" U D , x + x"¥*, £ « TRUE, break loop
end if
end loop
end if
end loop
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e-0OA

In this chapter, we present our effective algorithm, e-OA, to solve biobjective
mixed-integer nonlinear programming problems for the synthesis of process networks
that are formulated using generalized disjunctive programming. First, the augmented
e-constraint model of this problem is given, then the foundation of logic-based OA
with respect to the biobjective nonlinear process networks problem is outlined. The

novel e-OA algorithm in presented afterwards.

5.1 Augmented c-constraint

The augmented e-constraint method converts MOOP to a single objective problem
considering one criterion, usually the most important one, as the objective function
and including the others into the set of constraints [Mavrotas, 2009]. The objective
function also incorporates the slack variables for the newly added constraints to elim-
inate the possibility of generating dominated solutions. In this section, we present the
augmented e-constraint model for the GDP of bi-objective nonlinear process networks
and prove the efficiency of the obtained solutions. Note that this proof holds if the
nonlinear functions (i.e. fi(z), fo(z), g(z), and h;(z)) are convex.

In the augmented e-constraint method, the range of the second objective (i.e.
2¥ — 2E) is divided into ) equivalent intervals, and the first objective is optimized for
each. If the value of @) is sufficiently large, solving the subproblems of the augmented

e-constraint method results in a fine approximation of the efficient frontier. Note that,

however, more computational effort is required as @Q increases. The j subproblem
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SP,) of the augmented e-constraint method is written as follows (j = 0,--- , Q).
J

min 2" = Zci + fi(z) — u; (5.1)
s.t. Zpi + fo(x) + 5 = 25 — je, (5.2)
%;nd Egs. (3.5)-(3.8). (5.3)

where 1 is an adequately small number, usually between 1073 and 1075, s is the slack
of the constraint that is added to the problem because of the second objective, zZ
and zY are the lower and upper bounds of the second objective, r is the range of the

L

U_
second objective, and € is the length of each interval (i.e. € = %)

THEOREM 9. Solving subproblem SP; produces efficient solutions for problem
panr.

PROOF OF THEOREM 9. First, we prove that solving SP; produces a
solution that is efficient over the feasible region of the subproblem. Suppose that X4 =

24, ¢4, pt, YA) and X = (28, cB, pB, YP) are feasible for SP; and X4 dominates X5.
J

A0 =+ hlat) & ( —je= Yot - fz(xA)> (5.4

r

7

259 = ZC? + fi(z") - g (Zg —Jje— ZﬂZB - f2(~TB)> (5.5)

Then,
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R s )
<Zpl+f2 sz >

:4—f+%4—5) (5.6)

There are two possibilities:

o 2! < zPand 2§ < zP. Consider Eq. (5.6). Since z{! — 28 <0, u > 0, r > 0,
and 25! — 28 < 0, then the right-hand-side of Eq. (5.6) is negative. Then,

aug

25% — 259 < 0 and 25" < z5"¥. Therefore, only X4 can be found due to a

better objective value.

o 2! < 2P and 2! = 28, In this case, Eq. (5.6) becomes 24" — 23" = 2{' =28 < 0.

Therefore, only X4 can be found.

Now, we prove that the efficient solution X4 cannot be dominated by the feasible
solutions of problem P“PP that are outside of the feasible region of the subproblem
SP;. Since X4 is feasible for subproblem SP;, then X4 is feasible for Egs. (3.5)-(3.8)
and > pA + fo(z?) < 2¥ — je. In the above, we proved that X4 cannot be dominated
by feasible solutions of the same subproblem. So, suppose that A is a feasible solution
of problem PPP hut is not feasible for subproblem SP;. Therefore, X is feasible
for Egs. (3.5)-(3.8), but it does not satisfy Y, p¢ + fa(29) < 2¥ — je. Suppose that,
on the contrary, Xo dominates X4, thus >, p¢ + fo(z) < 37, p + fo(z?). Since
S ot fala) < 2 — je, then 0, o€+ fo(a€) < Sy p+ fala) < 2 — je. Tt follows
that >, p¥ + fo(2¢) < 2¥ — je, meaning that X is feasible for subproblem SP;. This
is a contradiction. Hence, any efficient solution of subproblem SP; is efficient for

problem P¢PP. [
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The efficient frontier that can be approximated by solving subproblems SP;’s
for 7 = 1,---,@Q provides useful trade-off information between objectives and can
be used by decision maker to choose from the possible efficient alternatives. The
impediment, however, is solving these NP-hard subproblems, specially when @) is very
large. The state-of-the-art MINLP solvers, such as DICOPT, can be used to solve the
subproblems SP;. Algorithm 5 represents this method to produce efficient solutions
for the bi-objective nonlinear network synthesis problems (e-MINLP). In section 6.2,
we show that e-MINLP using DICOPT is very slow in solving the 3 and 8 process
network synthesis examples. In the remaining, we present an efficient algorithm to

find the efficient solutions for very large values of () in a short computing time.

Algorithm 5 the e-MINLP for the biobjective discrete GDPs for nonlinear convex
network synthesis problems

1: Input: biobjective discrete nonlinear convex problem, and @)
2: Output: efficient solutions
3: form=1,2do
4 Solve single objective MINLP problem minimizing objective m
5 Calculate pay-off table values using the optimal solution.
6: end for
7
8
9

: for j=0— @ do
Solve augmented MINLP subproblem SP;
Calculate efficient solution using the optimal solution.
10: end for

5.2 Foundations of logic-based OA

In this section, we present the logic-based OA [Tiirkay and Grossmann, 1996b] to
solve the subproblems of the augmented e-constraint method. The OA was first de-
veloped by [Duran and Grossmann, 1986] to solve convex MINLPs. The logic-based
OA starts with solving a set covering problem to find the minimum number of al-

ternatives that cover all of the processing units. The NLP subproblem is solved for
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each of these alternatives and the best upper bound is obtained. The Maser problem
is constructed by linearizing the nonlinear functions, and a lower bound is found by
solving the Master problem. If the optimality gap is small enough, the algorithm
terminates and the solution of the NLP subproblem is optimal, otherwise, the NLP
subproblem is solved using the Boolean variable values found by the Master problem.
If the remaining optimality gap is within tolerance limits, the algorithm stops, oth-
erwise the Master problem is constructed and solved. This procedure continues until
the lower and upper bounds converge. The NLP subproblem of SP; for a fixed choice

of Boolean variables, YV, is as follows.

min Y = 2 ¢ + fi(z) — gs (5.7)
s.t. Zpi + fo(®) + 5 = 25 — je, (5.8)
gEx) <0, (5.9)
hi(z) <0
G =" V)i = True, (5.10)
Pi =1
Bix =0
¢ =0 VY, = False, (5.11)
pi=0
reR" c>0,p>0. (5.12)

Solving the NLP subproblem provides a feasible solution and an upper bound
on the optimal value of SP;. The solution of this problem is used as the input to
construct the MILP Master problem. Suppose that L values have been obtained for

x from solving the NLP subproblems by the current iteration, i.e. 2!, I =1,---, L.



Chapter 5: e-OA 61

Then, the master problem is written as follows.

. au, M
min 2" = Z%yz + Qoq — 5 (5.13)
st e > fila) + V(e (z—2Y Vi=1,--- L (5.14)
gz + Vg (z -2y <0 Vi=1,---,L (5.15)

Zmyi + fo(2)) + Vo (2T (z — 2') + 5
=z —je Wl=1--,L (5.16)
Vhi(2') Tz < (—hi(2") + Vhi(2') T2') v,

Vi=1-- LicD (5.17)
Bz < Myy; Vi€ D (5.18)
Ay <a (5.19)
Qoq €RY, 2z € R™, y € {0, 1}™. (5.20)

Eq. (5.19) represents the logic relations between y;’s. Solving the MILP Master
problem provides a lower bound on the optimal value of SP;. The Master problem

finds a new values for Boolean variables to generate and solve NLP subproblem.

The logic-based OA can be applied to each subproblem of the augmented e-
constraint method SP; when solving a biobjective discrete nonlinear problem to find
efficient solutions; however, this requires significant computational effort since many
NLP subproblems and Master problems should be solved in each iteration that leads
to very large number of problem resolutions in total. We refer this method as e-
con+OA (see Algorithm 6). In section 6.2, we show that e-con+OA is very slow and

requires resolution of many NLP subproblems and Master problems.
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Algorithm 6 the e-con+OA for the biobjective discrete GDPs for nonlinear convex
network synthesis problems
1: Input: biobjective discrete nonlinear convex problem, and @)
Output: efficient solutions
for m=1,2 do
Use logic-based OA to solve single objective network synthesis problem mini-
mizing objective m
Calculate pay-off table values using the optimal solution.
end for
for j =0—Q do
Use logic-based OA to solve the j** subproblem of the augmented e-constraint
problem SP;
9: Calculate efficient solution using the optimal solution.
10: end for

5.3 The e-OA

In this section, we present our novel e-OA algorithm that consists of two phases: cal-
culation of the pay-off table, and iteratively solving the subproblems of the augmented

e-constraint method to determine efficient solutions.

5.8.1 Phase 1 of the e-OA

The first phase includes the optimization of two single objective problems that gives
the best possible values of each objective function; then, the worst values of each
objective can be calculated using the optimal solution obtained from optimizing the
other objective. The best and worst values of objectives form the pay-off table. The
optimization of objective m (m = 1,2) starts with assigning very small and large
values to zp 5 and zy g, respectively. Solving the set covering problem determines the
alternatives that should be solved at the beginning of the algorithm. For each of these
alternatives, the NLP subproblem is solved that is min. zj subject to Egs. (3.5)-(3.8),
where )Y-values are known based on the present units in the alternative. The best

optimal solution is saved as (2°P*, VP! 2°P') and zyp is updated to 2%, after solving
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the NLP subproblem for all required alternatives.

We have a starting point (2%, Y°P, z°P') to initialize the main iterations of the
OA by solving the Master problems and NLP subproblems iteratively as long as the
optimality gap is not satisfied, i.e. |zyp — zrg| > 6. The Master problem can be
constructed using x°?. Note that, in this phase, the Master problem is constructed
for the single objective problem, meaning that the objective function does not include
the augmented part as in Eq. (5.13), and there is no constraint for the second objective
function. Observe that the outer approximations of the nonlinear constraints remain
valid for the e-OA; hence, we maintain these approximations and include them when
solving a Master problem. After solving the Master problem, z;p is updated if the
optimal value provides a better lower bound. A no-good constraint is also added
to the Master problem to prevent reproducing the same )-values in the subsequent
iterations of the OA.

The solution of the Master problem generates )-values that is used as input for
the NLP subproblem. After solving the NLP subproblem, if it is possible, we update
(2P, YoPt x°P') and zyp. The z-values are used to construct and solve the Master
problem. This procedure is performed repeatedly until an optimal solution is found.
Note that when solving the first single objective problem finishes, before applying the
same process for the 2" objective, no-good constraints and the outer approximations
that are related to the first objective function are removed from the Master problem,;

however, the outer approximations for other constraints are still valid.

5.8.2 Phase 2 of the e-OA

In the second phase of the e-OA, the SP;, given by Egs. (5.1)-(5.3), is optimized
for all j = 0,---,Q. Here, 2 and 2L are the best and worst values of the second
objective and are known from the pay-off table.

The iterations of the e-OA starts from j = 0. We assign very small and large
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values to z;p and 2pp, respectively. Moreover, we set z°P* (the optimal solution of
SP,) to a very large value. The Master problem, given by Eqgs. (5.13)-(5.20), and
the NLP subproblem, given by Egs. (5.7)-(5.12) are solved until the optimality gap
becomes less than § and an optimal solution is found. The Master problem includes
some of the outer approximations from phase 1 that are valid in addition to the ones

that are generated from the optimal solutions of the NLP subproblems.

After solving the Master problem, we store the optimal solution (Z, J>, Z) to use in
the further iterations. Using the optimal solution, we update z; 5 to Z if it is a better
bound. Moreover, a no-good constraint is added to the Master problem to prevent
generating the same Y in the further OA iterations. Except for Eq. (5.16), the outer
approximations of other nonlinear constraints are maintained, and are active when
solving a Master problem. The reason is that Eq. (5.16) becomes invalid when j
increases, hence any of its outer approximations may become invalid; however, other

nonlinear constraints remain the same throughout the e-OA.

The Y-values that is resulted from solving Master problem is used as the input for
NLP subproblem given by Eqs. (5.7)-(5.12). After optimizing the NLP subproblem,
the optimal solution (Z, 5/, T, jmaz) 18 stored. The j,4, is the maximum of index j for

which Eq. (5.8) is feasible for (), %).

jma:c = rElaXQ{Z pi + f2(§7> < ZQU - 36} (521)
J=U,, i

Based on the result of NLP subproblem, zyp is updated to Z if it provides a
better upper bound. Moreover, if 2% > Z, we update (2!, Yo' ") to (2,), 7).
The Z can be used as input for the Master problem in the continuum of the e-OA.
The linear approximations that are added in each iteration to the Master problem
is checked to prevent duplicity; they should not be redundant with respect to the

previous approximations.
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The usage of the stored solutions is to prevent redundant resolutions of the Master
problems and NLP subproblems. Before solving the Master problem, all of the stored
solutions of the Master problem should be investigated to see if there is a qualified
solution; hence, it can be considered as the optimal solution of the Master problem. To
be qualified, a stored solution should satisfy all of the current linear approximations
in the Master problem, as well as the present no-good constraints. Moreover, all of
the no-good constraints that were present at the time of stored solution should be
also valid. Similarly, before solving NLP subproblem, the stored solutions of the NLP
subproblem should be searched for a solution that satisfies all of the requirements to
be optimal for the current NLP subproblem. These requirements are having the same

Y-values as input, and j < Jaz-

Observe that the no-good constraints and the outer approximations of Eq. (5.16)
may not be valid from one iteration of e-OA to the next, i.e. from j to j+1; hence, they
are removed in the beginning of each iteration. However, the outer approximations
for the other constraints of the Master problem are preserved in the execution of the

algorithm.

The efficient solutions (2§, 25) are calculated at the end of each iteration using the
best Y and z-values that are found in that iteration. Based on the value of 2§, it may
be possible to skip some iterations of the e-OA. Suppose that for j’, the corresponding
iteration returns the efficient solution (2§, z§) with the best Y and Z-values. Assume
that when 7 increases by 1, Eq. (5.2) is still satisfied. Moreover, observe that when
going from iteration j to j + 1, the only change of the SP;,, is in Eq. (5.2). Hence, Y
and z-values are also feasible for SP; ;. Since the feasible region of SP; , is a subset
of the feasible region of SP]A-, then )7 and Z-values are the optimal solutions of SP; 41
and give the same efficient solution (z¢, z5). Therefore, at the end of each iteration of
e-OA, the Y and z-values that are known to be the best in that iteration, are checked

to see if they satisfy Eq. (5.2) of the next iteration; if it is, the next iteration is
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skipped.

Algorithm 3 is the e-OA to solve bi-objective nonlinear network synthesis prob-
lems. This algorithm uses logic-based OA to solve SP;’s, and also incorporates our
innovative speed-up ideas to eliminate unnecessary operations. In section 6.2, we
show that e-OA is very effective, specially for very large values of @), and solves the

bi-objective 3 and 8 process network synthesis instances in a very short CPU time.
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Algorithm 7 the e-OA for the bi-objective discrete GDPs for nonlinear convex net-
work synthesis problems

1:
2:
3:
4:

5
6:

=

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

30:
31:

32:
33:
34:
35:

Input: biobjective discrete nonlinear convex problem, and ()
Output: efficient solutions
for m=1,2do
Eliminate no-good constraints
Set zyg = bigM and zpg = —bigM
Solve SCP and determine w;’s (w; is 1 if alternative i is determined by the
SCP, and 0 otherwise)
for i:w; = 1 do
Solve single objective NLP Subproblem minimizing objective m
If possible, update (9P, YOPt 0P
end for
:L.Best — xOpt
while 2uB — 2LB > 0 do
Add approximations using x
Solve single objective Master problem minimizing objective m = Y-values
If Master problem is integer infeasible, break the while loop
Add a no-good constraint to Master problem using Y -values
If possible, update zp
If zyp — 2z < 0, break while loop
Solve single objective NLP Subproblem minimizing objective m = x
If possible, update zyp and (9P, YOP! 1OPt)
end while
Calculate pay-off table values using (Y°P!, 20Pt).
end for
for j=0— @ do
Set zyg = bigM and zpp = —bigM
Eliminate no-good constraints and approximations of Eq. (5.16)
while 2UuB — 2LB > 0 do
for stored solutions do
If the solution satisfies all linear approximations, Eq (5.16), and all
no-good constraints, and if the no-good constraints at the time of stored solution
exist now, then use this stored solution instead of solving Master problem
end for
If no stored solution is qualified, solve augmented Master problem and
store the solution= Y-values
If Master problem is integer infeasible, break the while loop
Add no-good constraint
If possible, update zp
If zup — zrg < 0, break while loop

Best

Best
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Algorithm 8 Algorithm 7 continued.

36: Solve augmented NLP subproblem, and store the solution = ¢

37 If possible, update zpp and (9P, YOPt 3OPt)

38: If linear approximations for 27! has not been added before, add them
39: end while

40:  Calculate efficient solution (2§, 25) using (YF!, zOPt)

41:  while 25 < ¥ — je do

42: Jj++

43: end while
44: end for




Chapter 6

RESULTS

This chapter presents the results of two experimental works: (1) a comparative
performance analysis of AuaMmEcoN, CaN, and ENpoBoMIP to show the effectiveness
of ENpoBowmIP in finding the exact nondominated points with all alternative values of
integer variables for BOMILPs, and (2) a comparison of e-con+OA, e-OA, e-MINLP,
and T-e-con on 3 and 8 process network synthesis problems to highlight the speed
of e-OA in finding an approximation of nondominated frontier of BOMINLPs that
can be formulated as PP, The algorithms are implemented in GAMS 24.0.2, and
ILOG CPLEX 12.5 Optimizer is used with a PC Pentium IV at 3.33 GHz and with
32.0 GB of RAM.

6.1 BOMILPs

In this section, we present a comparative performance analysis of AUGMECON, CAN,
and ExpoBowmrip. The parameters @ and i in AUGMECON are set to 10,000 and 1074,
For the sake of simplicity, @ = 50 and z-values are scaled to [0,1] in drawing figures.

Three well-known problems are considered:

1. Synthesis of Complex Production Networks (SCPN): The benchmark ex-
ample of BOMILP for the synthesis of complex production networks outlined
in [E GROSSMANN et al., 1982] is solved in this thesis. The objective func-
tions are maximizing net present value and minimizing toxicity that is calcu-

lated based on the amount of substances handled in the process networks. De-
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tailed illustration of the model is available in [Grossmann and Santibanez, 1980,

E GROSSMANN et al., 1982].

2. Facility Location Problem (FLP): In this problem, a number of potential fa-
cilities with unlimited capacities should serve a given number of customers.
Instances are generated similar to [Stidsen et al., 2014] with modifications in
objective functions to incorporate general cases of biobjective FLPs. Let ¢! and
pi be coefficients of binary variables, and C?j and p?j be coefficients of contin-
uous variables in the first and second objective functions. The parameters c;
and ¢;; are generated similar to [Stidsen et al., 2014], p7; is generated uniformly
between 0 and 10, and p; is generated similar to ¢; using py;. Seven instances
of biobjective FLPs with m = 5,10, 15,20, 25, 30,35 are generated where m

denotes the number of potential facilities.

3. Fixed Charge Network Design Problem (FCNDP): This problem connects
a set of nodes with a volume of 1 shipment from a source node to a terminal
node. The approach in [Stidsen et al., 2014] is followed with modifications in
objective functions to incorporate general cases of biobjective FCNDPs. We

let c;;

and c?j be coefficients of binary and continuous variables in the first
objective function, and p}j and p?j be coefficients of binary and continuous vari-
ables in the second objective function. The parameter c?j is generated similar
to [Stidsen et al., 2014], and ¢,
0 and 100. Seven instances of biobjective FCNDPs with n = 3,4,---,9 are

pij, and p; are uniformly generated between

generated where n is the number of nodes. We also generate n = 3,4,---.,9
biobjective FCNDP(x.1) scaling ¢}; and p7; by factor 0.1, i.e. the n=3 biobjec-
tive FCNDP(x.1) is obtained from n=3 biobjective FCNDP by multiplying ¢3;
and p?j by 0.1.
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We present an analysis of the shapes of nondominated frontiers in each problem
and the resulting frontier by each algorithm. One instance from each problem is
taken, i.e. the benchmark instance in [E GROSSMANN et al., 1982], the m=5 in-
stance from biobjective FLPs, and the n=5 instance from biobjective FCNDPs, and
solved using the three algorithms, AuaMEcoN, CaN, and ENrpoBomip. As shown
in Fig. 6.1, AUGMECON provides an approximation of nondominated frontier using a
number of nondominated points. The Can finds all ESN points and gives a very rough
approximation of nondominated frontier. The ENpoBowmiIp finds exact nondominated
frontiers for all instances solved. Based on Fig. 6.1, AUGMECON gives a better approxi-
mation than CAN since CAN does not show the complexities in nondominated frontier.
For instance in n=>5 biobjective FCNDP, the nondominated frontier has very complex
shape while the approximation by CAN is very smooth and includes only a few number
of points. Hence, CaAN is good only for problems with very smooth and convex-like
nondominated frontiers. For example in m=5 biobjective FLP, CaN gives a good
approximation since the nondominated frontier is very smooth. The approximation
by AucMECON does not represent the shape of the nondominated frontier very well,
and its quality is highly dependent on @Q); when (@) is very large, AUGMECON provides a
good approximation. The ENpoBoMiIP always finds the exact nondominated frontier
for any shape of nondominated frontier and all of the problems considered in this
thesis. Among the three algorithms, only ENPoBoMIP is able to distinguish nondom-
inated line segments while AuacMEcON and CAN are only able to find nondominated

points.

Table 6.1 presents the results of solving all instances of biobjective SCPN, FLPs,
and FCNDPs using three algorithms. For example, the exact nondominated fron-
tier of the n=3 biobjective FCNDP consists of 4 line segments and 4 isolated points,
and includes 6 ESN points; the AuGMECON approximates using 1,317 nondominated

points, CaN finds the 6 ESN points, and ENpoBowmip finds the exact nondominated
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Figure 6.1: The resulting nondominated frontiers using AuGMECON (a,d, and g), CAN
(b,e, and h), and ExpoBowmip (c,f, and i), found for instances of biobjective SCPN
(a-c), FLP (d-f), and FCNDP (g-i)
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frontier. The AuGMECON cannot solve the n=9 biobjective FCNDP(x.1) in 15,000
seconds. Based on Table 6.1, AugMEcON finds the exact nondominated points for
three instances, i.e. n=4 biobjective FCNDP and n=3,4 biobjective FCNDPs(x.1);
however, the nondominated frontiers of these instances only consists of a few num-
ber of points and does not include line segments. Also note that @) is sufficiently
large, however, with small (), the AuGMECON may dismiss some of the nondominated
points. The Can always finds all ESN points and gives a very rough approximation
of nondominated frontier. And ExpoBowmipr always finds exact nondominated fron-
tiers. The nondominated frontiers of instances of biobjective SCPN and FLPs only
consists of line segments while the small instances of biobjective FCNDPs include a
few nondominated isolated points. The biobjective FCNDPs(x.1) possess the most
discrete-like nondominated frontiers; the n=3,4 instances include only nondominated

points while the remaining instances consists of both nondominated points and line

2

segments. Hence, if coefficients of continuous variables in objective functions, i.e. ¢;;

and pfj, are diminished, the nondominated frontier becomes more discrete-like.

As the CaN does not provide reasonable approximation of nondominated fron-
tiers, we do not include it in CPU time analysis. Also note that since CAN only
finds a very small number of nondominated points, its running time is expected to
be very small. Table 6.2 presents a comparative analysis of running times of Auvc-
MECON and ENpoBowmiIP on instances of biobjective SCPN, FLPs and FCNDPs. The
number of MILP resolutions and the total CPU time are presented for AUGMECON.
For ExpoBowmip, the number of MILP and LP problems solved, the total time spent
for solving MILP and LP problems, and the total running time of the algorithm
are provided. For example, the AuGMECON solves 3,494 MILP problems and runs for
12,848.55 seconds to provide an approximation of nondominated frontier of n=8 biob-
jective FCNDP(x.1), while ENpoBowmip solves 130 MILP problems in 495.32 seconds
and 195 LP problems in 27.62 seconds and, in total, runs for 523.35 seconds to find
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the exact nondominated frontier of n=8 biobjective FCNDP(x.1). The AuGMECON
cannot solve the n=9 biobjective FCNDP(x.1) in 15,000 seconds, while ENPOBoOMIP
solves this problem in 902.48 seconds. The total CPU time of ENrPOBOMIP, espe-
cially in large instances, is significantly smaller than AucMECON, hence ENPOBOMIP

outperforms AuGMECON from the view of solution quality and CPU time.
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Table 6.1: Quality of the solutions by the three algorithms

AUG (NDP) CAN (ESN) ENP(NDLS,NDP)
SCPN 10,001 9 (22,0)
FLP
m=>5 10,001 20 (24,0)
m=10 10,001 47 (68,0)
m=15 9,885 89 (113,0)
m=20 9,962 121 (201,0)
m=25 10,001 176 (255,0)
m=30 9,854 207 (293,0)
m=35 9,766 273 (380,0)
FCNDP
n=3 1,317 6 (4,4)
n=4 8 3 (0,8)
n="5 2,512 9 (11,6)
n=6 8,346 20 (69,7)
n=7 7,745 24 (94,0)
n=8 8,354 32 (169,0)
n=9 7,708 44 (144,0)
FCNDP(x.1)
n=3 1 1 (0,1)
n=4 3 (0,5)
n=>5 398 7 (5,10)
n=>6 6,595 11 (29,11)
n=T7 6,916 8 (31,4)
n=8 3,492 10 (47,6)
n=9 * 14 (78,11)

AUG (NDP): number of nondominated points found by AUGMECON, CAN (ESN): number
of ESN points found by CAN, ENP (NDLS,NDP): number of nondominated line segments

and nondominated points found by ENPOBoOMIP
% the instance is not solved in 15,000 seconds
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A sensitivity analysis on n=5 biobjective FCNDP is presented to analyze the
effects of objective functions coefficients on the shape of nondominated frontiers and
the solution quality of the three algorithms. We consider four cases that are obtained
by multiplying p? and ¢ by 0.01, 0.1, 1 and 100. The third case, i.e. p? ¢ x 1, is
shown in Fig. 6.1 while the other three cases are presented in Fig. 6.2. Since p?
and c? are coefficients of continuous variables, scaling them by a factor <1 results in
discrete-like nondominated frontiers while multiplying them by a factor >1 makes a
continuous-like nondominated frontier. In p?, ¢>x0.01 and 0.1, the discrete variables in
objective functions are dominant since they have large coefficients, while in p?, ¢?x 100,
continuous variables are determinant. As shown in Figs. 6.1-6.2, when scaling factor
of p?, ¢? increases, the nondominated frontier includes more line segments than isolated
points; when the factor is 0.01, the nondominated frontier only consists of isolated
points, while when the factor is 100, the nondominated frontier only includes line

segments.
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Figure 6.2: Nondominated frontiers for n=3 instance of biobjective FCNDP with
p?,c® x .01 (a-c), p?, ¢ x .1 (d-f), and p?, ¢* x 100 (g-i), found using AucMECcoN (a,d,
and g), Can (b,e, and h), and EnpoBowmiP (c,f, and i).
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6.2 Biobjective nonlinear process networks

In this section, we present analysis of results to provide a comparison of e-con+OA,
e~OA, eMINLP, and T-e-con. We use ILOG CPLEX 12.5 Optimizer and CONOPT
3.151. In both e-MINLP and T-e-con, the MINLP subproblems are solved using DI-
COPT. Note that T-e-con differs from e-MINLP as it does not include the augmented
part in the objective function (p2). We solve the 3 and 8-process network problems
for Q’s between 10 and 10.000 using the four algorithms. The value of y is set to 1074

in our experiment.

Table 6.3 provides a comparative analysis on performance of the four algorithms
for the examples considered in this thesis. This table shows the number of NLP
subproblems, the total and average time of NLP subproblems, the number of Master
problems, and the total and average time of Master problems for e-con+0OA and e-OA,
and the total running time for different values of () for the four algorithms. As shown
in Table 6.3, the number of NLP subproblems and Master problems that are solved,
specially for large values of @), is significantly smaller in e~OA compared to e-con+OA.
This is also represented in Fig. 6.3 that are drawn on log-log scale. Total CPU times
took to solve the bi-objective 3 and 8-process problems for different values of ) are
shown in Fig. 6.4. As it is seen, the running times of e-con+OA, eMINLP, and T-
e-con dramatically increase with the large values of @); however, the e-OA solves the
problems in a very short computing time even for very large values of (). Therefore,
based on the results of the number of NLP subproblems and Master problems and the
total running time, the e-OA algorithm is very efficient and significantly outperforms
the other three algorithms. The comparison between T-e-con and e-OA highlights
the contribution of this thesis as the existing work on MOMINLPs mostly use T-e-
con [Martinez and Eliceche, 2008, Martinez and Eliceche, 2011, Cucek et al., 2012b,
Cucek et al., 2012a, Chakraborty and Linninger, 2002]. The e-OA enhances the qual-



80 Chapter 6: Results

ity of the solutions compared to T-e-con since T-e-con may produce dominated so-
lutions. Moreover, e-OA is significantly faster (see Table 6.3 and Fig. 6.4). Hence,
we propose a very effective algorithm to generate guaranteed efficient solutions of the
bi-objective nonlinear network synthesis problem.

Note that the e-con+OA is dominated by e-MINLP with respect to CPU time
since it involves a straightforward use of OA in each iteration of the augmented e-
constraint method. When running e-MINLP, GAMS uses the results of one MINLP
subproblem in the next iteration as advanced basis. In e-con+OA, on the other hand,
the algorithm starts with no suggesting solution at each iteration. The T-e-con and
e-MINLP perform almost similar from the view of CPU time; however, e-MINLP is

superior as it guarantees efficiency without additional computational cost.
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Table 6.3: Analysis of performance of the algorithms on 3 and 8-process network
problems.

Q=10 @ =100 @ =1000 @ = 10000

3 Process e-con + OA N 16 106 1006 10006
Network NTT 135 8.51 88.13 717.27
N.AT 0.08 0.08 0.09 0.07
M 14 117 1011 10547
MTT 1.28 12.66 109.96 1024.31
M.AT 0.09 0.11 0.11 0.10
T.T 2.87 21.40 198.63 1748.91
e-OA N 9 23 100 151
NTT 0.71 1.53 6.68 10.65
N.AT 0.08 0.07 0.07 0.07
M 7 34 108 155
M.T.T 0.68 2.80 8.74 13.87
M.AT 0.10 0.08 0.08 0.09
T.T 1.56 4.66 18.46 32.26
e-MINLP T.T 2.04 13.28 130.92 1209.90
T-e-con T.T 1.76 13.54 132.47 1318.26
E 4 18 95 146
8 Process e-con + OA N 21 123 1154 11464
Network NTT 1.50 8.37 87.58 987.87
N.AT 0.07 0.07 0.08 0.09
M 16 129 1266 12644
M.TT 1.35 10.53 126.14 1976.34
M.AT 0.08 0.08 0.10 0.16
T.T 3.03 19.15 216.78 3009.50
e-OA N 14 28 87 149
N.T.T 0.96 1.99 6.08 10.49
N.AT 0.07 0.07 0.07 0.07
M 9 33 139 250
M.TT 0.75 2.88 12.99 23.41
M.AT 0.08 0.09 0.09 0.09
T.T 1.9 5.44 33.06 101.49
e-MINLP T.T 1.62 13.27 136.69 1428.57
T-e-con T.T 1.82 14.2 140.18 1401.07
FE 4 14 61 110

N: number of NLP subproblems, N.T.T": total time of solving NLP subproblems,
N.A.T: average time of solving NLP subproblems, M: number of Master problems,
M.T.T: total time of solving Master problems, M.A.T: average time of solving
Master problems, T.1": total CPU time, E: number of efficient solutions found.
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Figure 6.3: Number of NLP subproblems and Master problems solved using e-OA
and e-con+OA for the 3 and 8-process networks

Table 6.3 also represents the number of efficient solutions that are found for dif-
ferent values of ). Note that the same efficient frontiers are found using e-OA,
e-con+OA, e-MINLP, and T-e-con. The e-con+OA and e-MINLP both perform the
augmented e-constraint method; however, they use OA and DICOPT, respectively, to
solve the MINLP subproblems in each iteration. The e-OA is an improved version of
e-con-OA after modifications and speed-up techniques. In e-OA, the unnecessary oper-

ations throughout the algorithm are identified and skipped. Hence, e-OA, e-con+OA,
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Figure 6.4: CPU times of the four algorithms for the 3 and 8-process networks

and e-MINLP identify the same efficient solutions. The T-e-con, however, perform
a different approach that involves solving subproblems without the augmented part
in the objective function. Although it is possible that T-e-con finds weekly efficient
solutions, it does not happen in the two examples considered in our experiment due

to the structure of the objective spaces.

The number of efficient solutions that are found increases when @) increases (as
seen in Table 6.3); hence, this provides an accurate representation of the efficient
frontier. However, more computational effort is required as () increases as shown
in Fig. 6.4. Although the running times for all of the algorithms increases, the
CPU time for e-OA exhibits a modest increase while the solution times of other three
algorithms dramatically increase as () increases. Hence, e-OA does not suffer from the
dimensionality of the problem compared to other competing algorithms. Therefore,
it is fair to say that large-scale bi-objective nonlinear network synthesis problems can

be solved more effectively by e-OA compared to other methods.

The efficient frontiers of the 3 and 8-process networks are drawn in Fig. 6.5. The

efficient frontier of 3-process network comprises 3 sections. Section (I) is when there
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is very tight constraint on the value of the second objective function. In this case,
it is not possible to use units 2 or 3 while the limitation on the value of the second
objective is satisfied; hence, the material B is purchased from outside. Section (IT)
includes units 1 and 2, and Section (III) involves units 1 and 3. A smooth change
occurs in the efficient frontier due to the change in the values of continuous variables
x within each section. The topologies of these three sections are represented in Fig.
6.6. Similarly, the efficient frontier of the 8-process problem involves two sections.
The units 2, 4, and 6 are present in section (I), and section (II) comprises units 2, 4,

6, and 8. Fig. 6.7 shows the topologies that are found in these sections.
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Figure 6.5: Efficient frontiers for the 3 and 8-process networks
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Figure 6.6: Topologies for sections (I), (II), and (III) in the efficient frontier of the
3-process network synthesis problem
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Figure 6.7: Topologies for sections (I) and (II) in the efficient frontier of the 8-process
network synthesis problem
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CONCLUSION

Some possible complexities in nondominated frontiers of BOMILPs is described
using an illustrative example. A novel algorithm, ENPoOBoMIP, is presented that is, to
the best of our knowledge, the first algorithm in literature that finds the exact non-
dominated frontier of general BOMILPs with all alternative values of integer variables
associated with each nondominated point. An experiment is conducted to present a
solution quality and computational performance analysis between ENpOBoMIP, AUG-
MECON and CAN on three well-known problems; biobjective synthesis of complex pro-
duction networks, biobjective facility location problems, and biobjective fixed charge
network design problems. Based on our experiment, CAN produces a few number
of nondominated points and provides a very rough approximation of nondominated
frontier. The solution quality of AuGMECON can be improved by increasing (), how-
ever, it can never find guaranteed exact nondominated frontier and distinguish line
segments. The ENpoBowmIP is the most effective algorithm from the view of solution
quality, as it finds the exact nondominated frontier, and computational performance,

as it is very faster than AUGMECON.

Our sensitivity analysis shows that when the coefficients of continuous variables
scaled by a factor >1, the nondominated frontier becomes more continuous-like and
contains more line segments while if the factor is <1, the frontier becomes more
discrete-like and contains more isolated points. The Can has better solution qual-
ity when applied to continuous-like nondominated frontiers since the feasible set in

objective space is more similar to convex sets, while AucmMEcON works better with
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discrete-like nondominated frontiers since they have more isolated points than line
segments. The ENPoBoMIP finds exact nondominated frontier in all cases.

We also present a novel method based on augmented e-constraint and logic based
OA to solve bi-objective nonlinear network synthesis problems. The theoretical analy-
sis of the proposed algorithm (e-OA) proves that the solutions generated are efficient
for convex functions. We illustrate the effectiveness of the e-OA algorithm on two
well-known benchmark problems (3 process and 8 process). The analysis of the re-
sults show that the e-OA algorithm is very effective than straightforward use of OA
with augmented e-constraint algorithm, the augmented e-constraint without OA, and

the traditional e-constraint.
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