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Director of the Graduate School

ii



ABSTRACT

AN EXACT ALGORITHM FOR BIOBJECTIVE
INTEGER PROGRAMMING PROBLEMS

Saliha Ferda Doğan

M.S. in Industrial Engineering

Advisor: Firdevs Ulus

Co-Advisor: Özlem Karsu

July 2019

We propose an exact algorithm to find all nondominated points of biobjective

integer programming problems, which arise in various applications of operations

research. The algorithm is based on dividing objective space into regions (boxes)

and searching them by solving Pascoletti-Serafini scalarizations with fixed direc-

tion vector. We develop variants of the algorithm, where the choice of the scalar-

ization model parameters differ; and demonstrate their performance through com-

putational experiments both as exact algorithms and as solution approaches under

time restriction. The results of our experiments show the satisfactory behaviour

of our algorithm, especially with respect to the number of mixed integer program-

ming problems solved compared to an existing approach. The experiments also

demonstrate that different variants have advantages in different aspects: while

some variants are quicker in finding the whole set of nondominated solutions,

other variants return good-quality solutions in terms of representativeness when

run under time restriction.

Keywords: Biobjective integer programming; Pascoletti-Serafini scalarization; Al-

gorithms.
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Saliha Ferda Doğan
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Birçok yöneylem araştırması uygulamasında ortaya çıkan iki amaçlı tam-

sayılı programlama problemlerinin tüm baskın noktalarını bulabilmek için amaç

fonksiyonu uzayında arama yapan kesin bir algoritma önerildi. Bu algoritma,

arama uzayının kutulara bölünmesi ve yön vektörü sabitlenmiş bir Pascoletti-

Serafini skalarizasyon modeli çözülerek kutuların aranmasına dayanmaktadır.

Algoritmanın skalarizasyon probleminde kullanılan parametre seçimlerinde

değişiklik yapılarak varyantları geliştirildi. Bu varyantların hem kesin birer algo-

ritma olarak hem de zaman kısıtlaması altındaki çözüm yaklaşımları olarak per-

formansları bilgisayımsal deneyler yapılarak ortaya konuldu. Deney sonuçları al-

goritmanın özellikle çözülen tamsayılı programlama problemleri bakımından mev-

cut yaklaşımlara göre daha iyi olduğunu göstermektedir. Deneyler ayrıca farklı

varyantların farklı açılardan avantajlarını ortaya koymaktadır: bazı varyant-

lar tüm baskın çözüm kümesini daha kısa sürede bulurken, diğerleri zaman

kısıtlaması altında temsil bakımından daha iyi kalitede çözümler döndürmektedir.

Anahtar sözcükler : İki Amaçlı Tam Sayılı Programlama, Pascoletti-Serafini

skalarizasyonu, Algoritmalar.
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Chapter 1

Introduction

Many real life problems in different areas such as scheduling, task assignment and

transportation can be formulated as integer programming problems. Moreover,

most real world problems include multiple criteria which are conflicting, so it is

not possible to find a feasible solution that optimizes all objectives simultane-

ously. Therefore, generating the set of (or a subset of) nondominated points is

important.

In this work, we focus on biobjective integer programming problems (BOIP)

and propose an algorithm that returns the whole set of nondominated points of

these problems. There are various algorithms that have been designed for BOIP in

the literature. These algorithms can be divided into two according to the space

they are searching, i.e., decision space search algorithms, which search in the

space of feasible solutions, and objective (criterion) space search algorithms which

search in the space of objective function values. The algorithms which explore

the objective space solve single objective optimization problems related to the

BOIP, called scalarization problems, repetitively. A scalarization is formulated

by means of a real-valued scalarizing function of the objective functions of the

BOIP, auxiliary scalar or vector variables and/or parameters [1].

There are several scalarizations proposed in the literature. The widely-used
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ones are the weighted sum scalarization [2, 3], the ε-constraint scalarization [4]

and the (weighted) Chebyshev scalarization [5, 6]. Most of the current algorithms

in the literature solve these scalarizations or their modifications repetitively to

find the set of nondominated points. Commonly used ones are the perpendic-

ular search and the ε-constraint algorithm, which are based on weighted sum

scalarization and ε-constraint scalarization, respectively [7, 4, 8]. Examples of

algorithms using weighted Chebychev scalarizations are proposed by [9] and [10],

where a modified version of the scalarization is used. There are also two-phase

algorithms, which generate supported nondominated points in the first phase and

find the unsupported nondominated points by exploring the triangles defined by

two consecutive supported nondominated points in the second phase [11, 12]. Re-

cently, the balanced box algorithm is proposed by [13] and a two-stage algorithm

which combines the balanced box and ε-constraint algorithms is discussed by [14].

We propose an exact algorithm that finds the whole set of nondominated points

to biobjective integer programming problems by searching predefined areas in the

objective space. The algorithm is based on Pascoletti-Serafini scalarization [15],

which has two parameters: a direction vector and a reference point. We adapt

this scalarization model for biobjective integer programming settings and develop

different variants of the algorithm by changing the selection rules of these param-

eters. In particular, we consider two different ways of selecting the reference

point and three different ways of selecting the direction parameter. We compare

these variants with respect to number of (mixed) integer programming problems

solved and solution time. We also test the performances of the variants under

time limit and report on the representativeness of the obtained solution sets us-

ing the (scaled) coverage error [16, 17]. Also, we compare the prominent variants

with balanced box algorithm with respect to the number of integer programming

problems solved.

The rest of this thesis is as follows. In Chapter 2, we give the preliminaries

and the problem definition. In Chapter 3, we review the literature. In Chapters

4 and 5, we explain the base algorithm and its variants, respectively. We test

the performances of the algorithm and report the results of our experiments in

Chapter 6. We conclude our discussion in Chapter 7.

2



Chapter 2

Problem Definition and

Preliminaries

In this chapter, we define biobjective integer programming problem (BOIP) and

introduce some notations related to BOIP to facilitate presentation and discussion

of other chapters.

A general biobjective integer programming problem is formulated as

“min”
{
z =

(
z1(x), z2(x)

)
| x ∈ X ⊂ Zn

}
, (P )

where zi(x), i = 1, 2 are integer-valued objective functions. The set X represents

the feasible set in the decision space and the set Y := z(X ) represents the feasible

set in the objective/criterion space.

Throughout the thesis, the following notation is used, for z1, z2 ∈ Z2 :

z1 ≤ z2 ⇐⇒ z1
i ≤ z2

i , ∀i,

z1 � z2 ⇐⇒ z1 ≤ z2 and z1 6= z2,

z1 < z2 ⇐⇒ z1
i < z2

i , ∀i.

Also, R2
≥ :=

{
z ∈ R2 | z ≥ 0

}
, R2


 :=
{
z ∈ R2 | z 
 0

}
.

A feasible outcome z(x) ∈ Y is dominated by z(x
′
) ∈ Y or z(x

′
) dominates

3



z(x), if z(x
′
) � z(x). If z(x

′
) < z(x), then z(x

′
) strictly dominates z(x). If there

exists no z(x
′
) that (strictly) dominates z(x), then z(x) is (weakly) nondominated

and x is (weakly) efficient.

An efficient solution x′ is a supported efficient solution, if it is an optimal

solution of the following problem

min
{
µz1(x) + (1− µ)z2(x) | x ∈ X

}
,

where 0 < µ < 1. Then, z(x
′
) is a supported nondominated point. Also, if an

efficient solution x
′

is not supported, then it is unsupported efficient solution and

z(x
′
) is an unsupported nondominated point. The set of all weakly nondominated,

nondominated and supported nondominated points are denoted by Nw, N and

Ns, respectively.

In order to illustrate the definitions provided above, we consider an example

where the feasible set in the objective space z(X ) = {a, b, c, d, e, f, g, h, i} is given

as in Figure 2.1.

 

 

 

 

 

 

 

 

 

 

 

a

b

c

d

e

f

h

i

g

Figure 2.1: An example setting

For this example, Nw =
{
a, b, c, d, e, f, h, i

}
, N =

{
a, b, c, d, e, f, i

}
, Ns ={

a, b, d, f, i
}

.
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Two specific points defined in the objective space are the ideal point and the

nadir point. For (P ) the ideal point is

s0 :=

(
min
x∈X

z1(x), min
x∈X

z2(x)

)
and the nadir point is

u0 :=

(
max
z∈N

z1,max
z∈N

z2

)
.

Another important concept that will be used throughout the thesis is the

lexicographic optimization concept. It can be denoted as follows for (P ):

lexmin
{
zi(x), zj(x) | x ∈ X

}
, (2.1)

where i, j ∈ {1, 2} and i 6= j.

Solving (2.1) requires solving two optimization problems in sequence. It starts

with minimizing the ith objective, that is, one solves

min
{
zi(x) | x ∈ X

}
.

Let an optimal solution of the problem be x
′
. The procedure continues with

solving the following problem

min
{
zj(x) | x ∈ X , zi(x) = zi(x

′
)
}
.

An optimal solution of the second model is an optimal solution to (2.1).

5



Chapter 3

Literature Review

The reduction of a biobjective optimization problem to a single objective op-

timization problem that is solved repeatedly to find the set of nondominated

points is called scalarization. There are two important properties of a scalariza-

tion model: whether it allows you to find the whole set of nondominated points by

changing the parameters of the model and whether the solution found by solving

it is guaranteed to be efficient or only weakly efficient. Note that, these depend

on the structure of the BOIP considered.

Many algorithms that are proposed to find the set of nondominated points of a

BOIP utilize these scalarization models. In the following two sections, we briefly

review the literature related to scalarization models and the algorithms that use

these models to solve BOIP problems.

3.1 Scalarization Models

There are several scalarization models proposed in the literature. We discuss the

mostly used ones in BOIP settings.
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3.1.1 The Weighted Sum Scalarization

One of the well known scalarizations is the weighted sum scalarization [2, 3]. The

model is given by

min
{
µz1(x) + (1− µ)z2(x) | x ∈ X

}
, (3.1)

where 0 < µ < 1.

Lemma 1. [1] An optimal solution of (3.1) is an efficient solution. If x
′

is a

supported efficient solution of (P ), then there exists µ > 0 such that x
′

is an

optimal solution of (3.1).

Remark 1. The weighted sum scalarization can not find any unsupported non-

dominated point which follows from the definition of unsupported nondominated

points.

Consider point e in Figure 2.1, which is an unsupported nondominated point,

can not be an optimal solution to a weighted sum scalarization.

3.1.2 The ε-Constraint Scalarization

The ε-constraint scalarization is one of the prominent scalarizations used for

BOIP [4]. While one of the two objectives is retained as objective, the other

one is used in constraint of the model which is

min
{
zi(x) | x ∈ X , zj(x) ≤ ε, j 6= i

}
, (3.2)

where i ∈ {1, 2}. A detailed discussion can be found in [18].

Lemma 2. [18] An optimal solution of (3.2) is weakly efficient. If x
′

is an

efficient solution of (P ), then there exists ε such that x
′

is an optimal solution

of (3.2).

7



The augmented ε-constraint [19] can be considered to guarantee that the so-

lutions obtained are efficient. It is given by

min
{
zi(x) + µ zj(x) | x ∈ X , zj(x) ≤ ε, j 6= i

}
, (3.3)

where µ > 0 is a small number.

Lemma 3. [19] An optimal solution of (3.3) is efficient. If x
′

is an efficient

solution of (P ), then there exists ε and µ such that x
′

is an optimal solution of

(3.3).

3.1.3 The Weighted Chebychev Scalarization

The weighted Chebyshev scalarization [5] is as follows

min
{

max
i
µi

(
zi(x)− si

)
| x ∈ X

}
, (3.4)

where 0 < µ1 < 1, µ2 = 1 − µ1 and s ∈ R2 is a reference point such that

si < minx∈X zi, i ∈ {1, 2}.

Lemma 4. [20] An optimal solution of (3.4) is weakly efficient. If x
′

is an

efficient solution of (P ), then there exists µ > 0 such that x
′

is optimal for (3.4).

In order to guarantee that the solutions obtained are efficient, the augmented

weighted Chebychev scalarization [6] can be considered. It is given by

min
{

max
i
µi

(
zi(x)− s0

i

)
+ λ

2∑
i=1

(zi(x)− s0
i ) | x ∈ X

}
, (3.5)

where 0 < µ1 < 1, µ2 = 1− µ1 and ideal point s0 is the reference point.

Lemma 5. [6] If λ > 0, then an optimal solution of (3.5) is an efficient solution.

If x
′

is an efficient solution of (P ), then there exists λ > 0 such that x
′

is optimal

for (3.5).

8



3.1.4 The Pascoletti and Serafini Scalarization

One of the prominent scalarization techniques is Pascoletti and Serafini scalar-

ization [15]. It is given by the following scalar problem, which employs two

parameters a reference point s ∈ R2 and direction d ∈ R2



min
{
ρ | x ∈ X , z(x) ≤ s+ ρd, ρ ∈ R

}
. (3.6)

Lemma 6. [15] An optimal solution of (3.6) is weakly efficient. If x
′

is an

efficient solution of (P ), then there exists s and d such that x
′

is optimal for

(3.6).

One can modify the above model to ensure that the solution obtained is an

efficient solution. One modification was proposed by Akbari et al. [21], namely the

Modified Pascoletti-Serafini scalarization. The scalarization model is as follows

min
{
ρ−

2∑
i=1

µiai | x ∈ X , z(x) ≤ s+ ρd− a, ρ ∈ R, a ∈ R2
≥
}
, (3.7)

where µ > 0.

Lemma 7. [21] If µ > 0, an optimal solution of (3.7) is an efficient solution.

If x
′

is an efficient solution of (P ), then there exists µ ≥ 0, s ∈ R2 and d ∈ R2



such that x
′

is optimal for (3.7).

Remark 2. Note that some of the scalarizations guarantee finding a weakly ef-

ficient solution rather than an efficient one. We see that there are modified ver-

sions of these models which guarantee finding an efficient solution. Instead of

these modified models one can also solve a second stage model [10].

3.2 Algorithms

The algorithms differ with respect to the scalarization employed and not all of

them find the set of all nondominated points N . In this section, we present some

of the algorithms by categorizing according to the scalarization and indicate the

what kind of set it provides.
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3.2.1 Algorithms using the Weighted Sum Scalarization

3.2.1.1 The Perpendicular Search

The perpendicular search algorithm [7] divides the objective space into boxes and

explores them by solving a variation of the weighted sum scalarization. Each box

is defined by two nondominated points and generic box is denoted as [za, zb] :={
z ∈ R2 | za1 ≤ z1 ≤ zb1, z

b
2 ≤ z2 ≤ za2

}
, where za and zb are nondominated points.

Each box is added to a set B, wich is a collection of boxes to be explored in the

following iterations.

The main steps of the algorithm can be seen below:

(S0) Solve lexmin
{
z1(x), z2(x) | x ∈ X

}
and lexmin

{
z2(x), z1(x) | x ∈ X

}
. Let

optimal solutions be x′, x
′′

and define z1 := z (x′), z2 := z
(
x

′′)
, respectively.

Initialize the set of nondominated points as N :=
{
z1, z2

}
and the set of

boxes to be explored as B :=
{

[z1, z2]
}

.

Set µ1 > 0, µ2 > 0, 0 < ε < 1.

(S1) Consider [za, zb] ∈ B.

Solve min
{
µ1z1(x) + µ2z2(x) | x ∈ X , z1(x) ≤ zb1 − ε, z2(x) ≤ za2 − ε

}
.

(S2) B ← B \
{

[za, zb]
}

.

If the problem is feasible, let an optimal solution be x
′

and z
′

:= z(x
′
),

N ← N ∪
{
z
′}

, B ← B ∪
{

[za, z
′
], [z

′
, zb]
}

.

(S3) If B = ∅, stop. Otherwise, go to (S1).

Note that the constraints that are added to the weighted sum scalarization al-

low us to find unsupported nondominated points besides supported nondominated

points, hence it is possible to find all nondominated points by this algorithm.

In the literature, there is a variation of the perpendicular search algorithm,

which is called the binary search algorithm [22]. It solves the same scalarization

10



problem in (S1) by specifying the coefficients µ1 and µ2 as µ1 = z1
2 − z2

2 , µ2 =

z2
1 − z1

1 instead of fixing them at the beginning, and keeping the other steps the

same.

3.2.1.2 Two-Phase

Two-phase algorithms have been used various studies in the literature [11, 12]. In

the first phase, supported nondominated points are generated by using weighted

sum scalarization. The second phase is used to find the unsupported nondom-

inated points by exploring the triangles defined by two consecutive supported

nondominated points in the objective space. In this phase, lower bounds, upper

bounds etc. are usually employed to not return the nondominated points found

before.

3.2.2 The Algorithm using the ε-Constraint Scalarization

The ε-constraint algorithm is initialized by finding one of the corner points of the

objective space, the best nondominated point according to the first or the second

objective. Then, it finds the nondominated points iteratively, by moving from

the already found corner point to the other corner point.

The main steps of the algorithm can be seen below:

(S0) Solve lexmin
{
z1(x), z2(x) | x ∈ X

}
, let an optimal solution be x′, and define

z1 := z (x′). N :=
{
z1, z2

}
.

(S1) ε = z2(x
′
)− 1. Solve lexmin

{
z1(x), z2(x) | x ∈ X , z2(x) ≤ ε

}
.

(S2) If it is infeasible, stop.

Otherwise, let an optimal solution be x
′

and z
′
:= z(x

′
), N ← N ∪

{
z
′}

, go

to (S1).

Note that, it is possible to find all nondominated points by this algorithm.

11



Lemma 8. [8] The ε-constraint algorithm solves at most 2 |N |+1 problems.

3.2.3 Algorithms using Weighted Chebychev Scalariza-

tion

One of the algorithms that uses the weighted Chebychev scalarization is proposed

by Ralphs et al. [9]. This algorithm explores regions identified by two (weakly)

nondominated points za, zb and denoted as [za, zb].

The main steps of the algorithm can be seen below:

(S0) Solve (3.4) for µ1 = 1 and µ1 = 0, let optimal solutions be x′, x
′′

and define

z1 := z (x′), z2 := z
(
x

′′)
, respectively. Nw :=

{
z1, z2

}
B :=

{
[z1, z2]

}
.

(S1) Consider [za, zb] ∈ B, set µ1 = (za2−s0
2)/(za2−s0

2+zb1−s0
1), B ← B\

{
[za, zb]

}
.

Solve (3.4), let optimal solution be x
′

and define z
′
:= z(x

′
).

If z
′ 6= za or z

′ 6= zb, Nw ← Nw ∪
{
z
′}

, B ← B ∪
{

[za, z
′
], [z

′
, zb]
}

.

(S2) If B = ∅, stop. Otherwise, go to (S1).

Note that, this algorithm returns a subset of Nw that contains N , so a post

processing step is required to determine N .

3.2.4 The Balanced Box algorithm

The balanced box algorithm [13] divides the objective space into boxes which

is defined by two points in the objective space and denoted as
[
za, zb

]
:=
{
z ∈

R2 | za1 ≤ z1 ≤ zb1, z
b
2 ≤ z2 ≤ za2

}
, where za, zb ∈ Y .

The main steps of the algorithm can be seen below:

(S0) Solve lexmin
{
z1(x), z2(x) | x ∈ X

}
and lexmin

{
z2(x), z1(x) | x ∈ X

}
let

12



optimal solutions be x′, x
′′

and define z1 := z (x′), z2 := z
(
x

′′)
, respectively.

N :=
{
z1, z2

}
, B :=

{
[z1, z2]

}
, and set 0 < ε < 1.

(S1) Consider [za, zb] ∈ B.

Split [za, zb] horizontally into two boxes
[
za, za

′ ]
and

[
zb

′
, zb
]

where za
′

=(
zb1,
(
za2 + zb2

)
/2
)

and zb
′

=
(
za1 ,
(
za2 + zb2

)
/2
)
, B ← B ∪

([
za, za

′]
,
[
zb

′
, zb
])

,

B ← B \
{[
za, zb

]}
.

(S2) Solve lexmin
{
z1(x), z2(x) | x ∈ X , z(x) ∈

[
zb

′
, zb
]}

, let an optimal solution

be x
′

and z
′
:= z(x

′
).

If z
′ 6= zb, update

[
zb

′
, zb
]

as
[
z
′
, zb
]

and
[
za, za

′ ]
by setting za

′
=
(
z
′
1 −

ε,
(
za2 + zb2

)
/2
)
, N ← N ∪

{
z
′}

.

Otherwise, B ← B \
{[
zb

′
, zb
]}

.

(S3) Solve lexmin
{
z2(x), z1(x) | x ∈ X , z(x) ∈

[
za, za

′ ]}
, let an optimal solution

be x∗ and z∗ := z(x∗).

If z∗ 6= za, update
[
za, za

′ ]
as
[
za, z∗

]
, N ← N ∪

{
z∗
}

.

Otherwise, B ← B \
{[
za, za

′ ]}
.

(S4) If B = ∅, stop. Otherwise, go to (S1).

Note that searching the box
[
za, za

′ ] ([
zb

′
, zb
])

returns za (zb) if and only if

it is the only nondominated point in
[
za, za

′ ] ([
zb

′
, zb
])

. Also, note that it is

possible to find all nondominated points by this algorithm.

Lemma 9. [13] The balanced box algorithm solves at most 3 |N | problems.

[14] propose a two-stage algorithm which combines the balanced box and ε-

constraint algorithms. In the first stage, it uses the balanced box and generates

some nondominated points in different portions of the objective space. Then,

at one point it switches to the second stage and uses ε-constraint algorithm to

find rest of the nondominated points. Combining ε-constraint algorithm with

balanced box algorithm reduces the number of problems solved.

Note that, the time of the switch has a significant impact on the performance

of the algorithm, hence the authors determine an ideal switch time.
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Lemma 10. [14] The two-stage algorithm with ideal switch solves at most

d2.5|N |e problems.

We propose another algorithm which using Pascoletti and Serafini scalarization

in the next chapter.
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Chapter 4

An Exact Algorithm for BOIP

Problems

In this chapter, we explain the algorithm that is proposed for BOIP problems.

Our aim is to generate all nondominated points of problem (P ).

The general idea of the algorithm can be described as follows. It divides the

objective space into boxes and at each iteration it explores one of them by solving

a Pascoletti-Serafini scalarization problem to find a (weakly) nondominated point.

In order to ensure that the point is nondominated in the strict sense, an extra

model(s) is(are) solved. Then, the explored box is discarded and two new boxes

are defined to be explored in the next iterations. The algorithm continues until

there are no boxes to explore.

In order to clarify the algorithm, first we explain initialization, and give some

necessary details about the initial box. Then, we clarify the main loop.

The initialization step starts with defining the sets, N and B to represent the

set of nondominated points and boxes to be investigated, respectively. Then, to

determine the initial box that contains all nondominated points first, the following

15



lexicographic problem

lexmin
{
z1(x), z2(x) | x ∈ X

}
is solved and the nondominated point which is at the upper left-hand corner of

the objective space of the problem (P ) is found. Let the nondominated point be

t0. Next, the following lexicographic problem

lexmin
{
z2(x), z1(x) | x ∈ X

}
is solved and the nondominated point at the bottom right-hand corner of the

objective space is found. Let the nondominated point be p0. Notice that, two

outer corner nondominated points of the objective space t0 and p0 define the ideal

point s0, such that s0 = (t01, p
0
2) and these three points define a sufficiently large

box that includes all nondominated points, where the first component of p0, p0
1 is

an upper bound for the first objective and the second component of t0, t02 is an

upper bound for the second objective, see Figure 4.1 for the illustration of the

initial box.

 

Figure 4.1: Initial box

To find all nondominated points, this box is need to be searched so it is added

to set B to be searched in the first iteration. Throughout the algorithm, a box

is defined by three points in the objective space, namely starting point s, the

nondominated point t which defines the first component of the starting point and
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the nondominated point p which defines the second component of the starting

point, and denoted as follows

b = b(s, p, t) :=
{
y ∈ R2 | s1 ≤ y1 ≤ p1, s2 ≤ y2 ≤ t2

}
.

After the initialization step which defines the initial box, the algorithm con-

tinues with the main loop. At an arbitrary iteration, a box b(sb, pb, tb) from set

B is selected. Then, the following optimization problem is solved to search the

box,

min
{
ρ | x ∈ X , z(x) ≤ sb + ρd, z1(x) ≤ pb1 − ε, z2(x) ≤ tb2 − ε

}
(R(b, d))

where d is a direction vector set to d = [1, 1] and ε > 0 is a sufficiently small

number. The last two constraints are added to prevent finding the nondominated

points pb and tb, which are already found in the previous iterations. See Figure

4.2 for the illustration of the constraints. Thus, if this problem is infeasible, then

there is no nondominated point other than pb and tb in the box. Otherwise, let

the optimal solution of the (R(b, d)) be (ρb, xb) and the corresponding (weakly)

nondominated point be nb := z(xb). Note that ρb is the step size and defines the

point yb := sb + ρbd which has at least one common component with nb. Since

the scalarization only guarantees that nb is weakly nondominated, the following

problem(s) is(are) solved to ensure that a nondominated point is found. If the

first components of yb and nb are equal (nb
1 = yb1) then,

min
{
z2(x) | x ∈ X , z1(x) = z1(xb)

}
(P1(xb))

is solved and, if second components are equal (nb
2 = yb2) then,

min
{
z1(x) | x ∈ X , z2(x) = z2(xb)

}
(P2(xb))

is solved. Let the solutions of (P1(xb)) and (P2(xb)) be x1 and x2, respectively

and n1 := z(x1) and n2 := z(x2) be the corresponding points in the objective

space. If only (P1(xb)) is solved, then n1 is added to N and let n2 is set to nb.

Symmetrically, if only (P2(xb)) is solved, then n2 is added to N and let n1 is set

to nb. Notice that if both (P1(xb)) and (P2(xb)) are solved, it is possible to find

two nondominated points n1 and n2 in the same iteration. In this case, both n1
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Figure 4.2: R(b, d) for the box b(sb, pb, tb)

and n2 are added to N . See Figure 4.3, 4.4, and 4.5 for illustrations of these

cases.

After a nondominated point(s) is(are) found, it is known that its(their) domi-

nated and dominating regions can not contain any nondominated points. Hence,

these regions are excluded and the box b(sb, pb, tb) is split into two boxes using n1

and n2. Let the starting point for the first new box be s1, given by s1 := (n1, pb2).

So, the first box is formed as b(s1, pb, n1) where pb is an upper bound for the first

objective and n1 is an upper bound for the second objective. Let the starting

point for the second new box be s2, given by s2 := (tb1, n
2
2). Then, the second box

is formed as b(s2, n2, tb). See Figure 4.6, 4.7, 4.8, 4.9, and 4.10 for the illustrations

of the newly formed boxes for different cases.

Finally, we avoid searching boxes which can not have any new nondominated

points, by taking the advantage of the integrality of the problem (P ), and the

structure of a box. That is, the boxes which do not satisfy pb1 − sb1 > 1 and

tb2 − sb2 > 1 are eliminated since they can not include any nondominated points

other than pb and tb. After new boxes are defined and their sizes are checked to

make sure that they can include nondominated points, they are added to set B
to search in the next iterations. Then, the searched box b(sb, pb, tb) is removed
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Figure 4.3: Only P1(xb) is solved

 

Figure 4.4: Only P2(xb) is solved

 

=

Figure 4.5: Both P1(xb) and P2(xb)
are solved
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=

Figure 4.6: (P1(xb)) and (P2(xb)) are solved, n1 and n2 are found as nondominated
points

from the set B. The algorithm repeats the steps which are introduced above until

there is no box in B.
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= =

Figure 4.7: (P1(xb)) and (P2(xb)) are
solved, n1 is found as a nondomi-
nated point and n2 is set to nb.

 

= =

Figure 4.8: (P1(xb)) and (P2(xb)) are
solved, n2 is found as a nondomi-
nated point and n1 is set to nb.

 

=

Figure 4.9: (P1(xb)) is solved, n1 is
found as a nondominated point and
n2 is set to nb.

 

=

Figure 4.10: (P2(xb)) is solved, n2 is
found as nondominated point and n1

is set to nb.
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Algorithm 1: The Proposed Algorithm for BOIP

Input : Image of feasible set, given by some problem formulation
Output: N : set of nondominated solutions

1 Initializations

(I1) d = [1, 1], ε < 1 α = 1, k = 0

(I2) Solve lexmin{z1(x), z2(x)|x ∈ X} . to find the nondominated point t0

(I3) Solve lexmin{z2(x), z1(x)|x ∈ X} . to find the nondominated point p0

(I4) N = {t0, p0}, s0 = (t01, p
0
2), B = {b(s0, p0, t0)}

2 MainLoop
3 while B is not empty do
4 Let b(sb, pb, tb) ∈ B and solve R(b, d)
5 if R(b, d) is feasible then
6 yb = sb + ρb · d
7 nb = z(xb)
8 if yb1 = nb

1 then
9 Solve P1(xb)

10 n1 = z(x1)
11 else
12 n1 = nb

13 if yb2 = nb
2 then

14 Solve P2(xb)
15 n2 = z(x2)
16 else
17 n2 = nb

18 s1 = (n1
1, p

b
2) . first box b(s1, pb, n1)

19 s2 = (tb1, n
2
2) . second box b(s2, n2, tb)

20 if pb1 − s1
1 > α and n1

2 − s1
2 > α then

21 B ← B ∪ {b(s1, pb, n1)}
22 if n2

1 − s2
1 > α and tb2 − s2

2 > α then
23 B ← B ∪ {b(s2, n2, tb)}
24 if n1

2 < nb
2 then

25 N ← N ∪ {n1}
26 if n2

1 < nb
1 then

27 N ← N ∪ {n2}
28 if n1

2 ≥ nb
2 and n2

1 ≥ nb
1 then

29 N ← N ∪ {nb}

30 B ← B \ {b(sb, pb, tb)}
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Proposition 4.0.1. Algorithm 1 solves (3N+C−3C2−E−1) integer programs,

where N = |N | is the number of nondominated points, C is the number of cases

where (yb = nb), C2 is the number of sub-cases that two nondominated points are

found and E is the number of eliminated boxes using the elimination rule.

Proof. The following expression, parts (a) − (g) of which will be explained in

detail, shows the number of models solved:

(4)︸︷︷︸
(a)

+ (1)︸︷︷︸
(b)

+ (2C2)︸ ︷︷ ︸
(c)

+ 2(N − 2− 2C2)︸ ︷︷ ︸
(d)

+ (N − 2)︸ ︷︷ ︸
(e)

+ (C − C2)︸ ︷︷ ︸
(f)

− E︸︷︷︸
(g)

At the beginning of Algorithm 1, two lexicographical mininimization problems

are solved to find t0 and p0 (a) and one (R(b, d)) problem is solved to search

the initial box (b). 2C2 points are found in C2 number of cases (n = y and two

solutions are found), each of these points lead to a new box, hence a new (R(b, d))

model (c). For the rest of the nondominated points, (N − 2C2 − 2), each point

results in two new boxes (and hence two (R(b, d)) models to be solved) (d).

As for the P models: N -2 points are found by solving a single second stage

model (either (P1(xb)) or (P2(xb))) (e). Moreover, when y = n and only a

single nondominated point is found (in C − C2 number of iterations), we solve

an extra (P1(xb)) or (P2(xb)), which does not yield a new point (f). Finally, E

boxes are eliminated, avoiding the (R(b, d)) models that would otherwise have

been solved (g).
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Chapter 5

Variants of the Benson type

Algorithm

In this section, we propose variants of the proposed algorithm (Algorithm 1),

which are based on the same principals of the original algorithm however dif-

fer with respect to the direction and box definition. Table 5.1 summarizes the

variants of the algorithm. The first letter of abbreviations refer to the direction

option and the last letter refers to box definition. For example, the original al-

gorithm uses a fixed direction vector and defines the boxes using nondominated

points, hence will be referred as FDN (Fixed Direction Nondominated).

Recall that in the original algorithm we set d = [1, 1] and use nondominated

points to define boxes. The first set of variants (FDN, CDN, and NDN) keep

the box definition the same but use different direction vectors. We then obtain

variants (FDY, CDY, and NDY) by changing the box definition and use point yb

instead of nb. First, we introduce the ones that use different direction vectors,

then explain the others that use different box definitions.
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Table 5.1: The variants of the algorithm

Variants
Box Definition

N Y

Direction

Fixed Algorithm 1 (FDN) FDY

Changing CDN CDY

Nadir NDN NDY

5.1 Direction Based Variants

The first variant which use different direction vectors is CDN, it is formed by

customizing direction d in each box b as follows: db = ub− sb, where ub = (pb1, t
b
2),

(see Figure 5.1). Also, line 4 in Algorithm 1 changes as follows:

[Let b(sb, pb, tb) ∈ B and db = ub − sb, solve R(b, db)].

The rest of the algorithm is the same as FDN.

 

  

Figure 5.1: ub and db for the box b(sb, pb, tb)

In the second variant of the first set, NDN, we set direction d in each box b

towards to the nadir point, u0: db = u0− sb. It only differs in line 4 in Algorithm

1 as follows :

[Let b(sb, pb, tb) ∈ B and db = u0 − sb, solve R(b, db)].
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5.2 Box Definition Based Variants

FDY differs from FDN in how the boxes are defined. The idea is to define the

newly occured boxes in the smallest possible way. In order to do that, instead

of using nb, yb = sb + ρbd is taken into account to define newly occurred boxes.

The procedure is as follows. If only (P1(xb)) is solved (see lines 8-12), then n1 is

found as nondominated point and n2 is set to yb. Symmetrically, if only (P2(xb))

is solved (see lines 13-17), then n2 is found as nondominated point and n1 is set

to yb. Then, the first box is defined as b(s1, pb, n1) and second box is defined as

b(s2, n2, tb) as before. To distinguish the variants compare Figures 4.9, 4.10 with

Figures 5.2, 5.3.

 

=

Figure 5.2: P1(xb) solved, n1 is found
as nondominated point

 

=

Figure 5.3: P2(xb) solved, n2 is found
as nondominated point

Note that in this variant the elimination rule has to change since in a box

b(sb, pb, tb), pb and tb are not necessarily nondominated points. Hence, different

from FDN, even the boxes which satisfy pb1−sb1 = 1 or tb2−sb2 = 1 can contain new

nondominated points. We modify the elimination rule accordingly: we eliminate

the boxes which do not satisfy pb1 − sb1 ≥ 1 and tb2 − sb2 ≥ 1.

The variant CDY is formed by adopting customized direction definition of

CDN (see line 4 of CDN) and the box definition and elimination rule of variant

FDY (see lines 12, 17, 20, 22 of Algorithm 2).
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Algorithm 2: FDY

Input : Image of feasible set, given by some problem formulation
Output: N : set of nondominated solutions

1 Initializations

2 MainLoop
3 while B is not empty do
4 Let b(sb, pb, tb) ∈ B and solve R(b, d)
5 if R(b, d) is feasible then
6 yb = sb + ρb · d
7 nb = z(xb)
8 if yb1 = nb

1 then
9 Solve P1(xb)

10 n1 = z(x1)
11 else
12 n1 = yb

13 if yb2 = nb
2 then

14 Solve P2(xb)
15 n2 = z(x2)
16 else
17 n2 = yb

18 s1 = (n1
1, p

b
2) . first box b(s1, pb, n1)

19 s2 = (tb1, n
2
2) . second box b(s2, n2, tb)

20 if pb1 − s1
1 ≥ α and n1

2 − s1
2 ≥ α then

21 B ← B ∪ {b(s1, pb, n1)}
22 if n2

1 − s2
1 ≥ α and tb2 − s2

2 ≥ α then
23 B ← B ∪ {b(s2, n2, tb)}

...

In NDY, we use customized direction definition of NDN (see line 4 of NDN)

and the box definition and elimination rule of variant FDY (see lines 12, 17, 20,

22 of Algorithm 2).
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Chapter 6

Computational Experiments

We examined the performances of the algorithms by testing them on two sets of

problem instances that are used in previous studies in the literature 1. Both sets

contain four classes, (A, B, C, D), each with five instances. The first set consists

of knapsack problem (KP) instances with 375 (A), 500 (B), 625 (C), and 750

(D) variables. The second set consists of biobjective assignment problem (AP)

intances with 200 × 200 (A, B), and 300× 300 (C, D) binary variables.

KP instances are 0-1 knapsack problem instances. In these problems we are

given a set of items, each with a weight and a value. The problem is determining

which items to include in a collection so that the total weight is less than or equal

to a given limit and the total value is as large as possible.

Let there be n distinct items. Let vi and wi be the value and weight of item i,

respectively and W be the weight limit. The mathematical model is as follows:

max
n∑

i=1

vixi

s.t
n∑

i=1

wixi ≤ W

1http:// hdl.handle.net/1959.13/1036183
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where xi =

1, if ith item is placed into knapsack

0, otherwise.

In a setting with a number of tasks that have to be performed by a set of

agents, the assignment problem determines which task will be assigned to which

agent such that the total assignment cost is minimum.

Let there be n tasks and n agents, and let cij be the cost of assigning jth task to

ith agent. The mathematical model is as follows:

min
n∑

i=1

n∑
j=1

cijxij i = 1, 2, . . . , n, j = 1, 2, . . . , n

s.t
n∑

i=1

xij = 1 j = 1, 2, . . . , n

n∑
j=1

xij = 1 i = 1, 2, . . . , n

where xij =

1, if ith agent is assigned jth task

0, otherwise.

The algorithms are coded in C++ and all mixed integer programming models

are solved using CPLEX 12.6. All of the instances are run on a computer with

Intel Xeon CPU E5-1650 3.6 GHz processor and 32 GB RAM. Computation times

are given in central processing unit (CPU) seconds.

We first conduct preliminary experiments using class A of KP and AP sets,

in which we compare all variants of the algorithms. The results are presented

in Tables 6.1 and 6.2. In the tables, we show the average number of nondomi-

nated points in the first column. For each algorithm, the number of integer pro-

gramming problems
(
# IP

)
, R(b, d) problems

(
# R(b, d)

)
, and P1(xb) or P2(xb)

problems
(
# Pi(x

b)
)

are reported. Besides, the overall time taken by the algo-

rithms to find the set of all nondominated points
(
Run Time

)
, time spent on

solving R(b, d) problems
(
Time R(b, d)

)
, and Pi(x

b) problems
(
Time Pi(x

b)
)

are

reported. Furthermore, we state the average time needed to solve a single R(b, d)

problem
(
Time / # R(b, d)

)
, and Pi(x

b) problem
(
Time / # Pi(x

b)
)
. Also, we
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report the number of feasible
(
# Feasible

)
and infeasible

(
# Infeasible

)
R(b, d)

problems and the number of cases where (yb = nb)
(
C
)
, and the number of

sub-cases that two nondominated points are found
(
C2

)
. Lastly, we report the

number of eliminated boxes
(
E
)
.

When we compare the algorithms which employ the same direction but differ

in the box definition, i.e., ∗DN vs ∗DY, we see that for the majority of the cases,

the algorithms which use nondominated points (∗DN) outperform the algorithms

which use yb (∗DY) in both the total number of integer problems solved and

in the total run time. Note that, an exception occurs for the algorithms NDN

and NDY in Table 6.1. Besides, we observe that the number of R(b, d) problems

and eliminated boxes are lower for the algorithms using the nondominated point

(∗DN) than the ones that are using yb (∗DY), except NDN and NDY in Table

6.1.

Furthermore, when we evaluate the algorithms which use the same box defi-

nition but differ in direction, i.e., FD∗, CD∗, and ND∗, we deduce that there is

a descending order in the total number of integer programming problems solved

from FD∗ to ND∗ in both tables. The only exception occurs in AP when the

boxes are defined using yb. When we compare the run times, we see none of the

variants is consistently the best across all settings, no order could be made.

As a result, for the algorithms which differ in box definition but employ the

same direction, we observe that the algorithms using the nondominated point

(∗DN) yield better results than the ones that are using yb (∗DY). Based on this

observation, we can say that partitioning a box using nondominated points is a

better box defining strategy. So, we decide to focus on the algorithms which use

nondominated points in their box definition.

When we compare FDN, CDN, and NDN, we see that none outperforms the

others, so a ranking can not be obtained. It is also observed that the run times are

not directly related with the number of integer programming problems solved in

the sense that the algorithm with the minimum number of integer programming

problems solved is not necessarily the one with the minimum run time. For
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example, in Table 6.2, NDN solves the minimum number of integer programming

problems but has the maximum run time. This may be because, although it solves

less integer programming problems overall, it solves more R(b, d) problems and

on the average R(b, d) problems require more CPU time to be solved compared

to the Pi(x
b) problems.

In addition, if we consider the run times, for KP instances, FDN is the best

performer and it is closely followed by CDN (7% slower than FDN). Moreover,

NDN is 16% slower than FDN. For AP instances, the best performer is NDN

and it is followed by FDN (5% slower than NDN). Note that, the performance

of CDN is the worst for the AP instances but it is close to the performance of

FDN (7% slower than NDN). Overall, we see that the run time performances of

FDN and CDN are close to each other. NDN is the worst in KP and the best

in AP instances. However, the difference in the KP instances seen to be more

significant.

We perform further preliminary experiments to analyze the algorithms FDN,

CDN, and NDN in more detail. We run the algorithms with time restriction and

assess the quality of the solutions returned, i.e., we measure the representative-

ness of the generated subset. For this purpose, we use a measure called coverage

error [16]. Similar measures are used in the literature to measure representa-

tiveness, an example is the coverage gap measure used recently in [17]. Here we

provide the definition as in [16], where Chebyshev metric is used. We also use

the scaled coverage error measure which is defined similar to the scalar coverage

gap measure that is introduced in [17].
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Definition 1. Let N̄ ⊆ N be a representative subset. The coverage error of N̄
with respect to n ∈ N is

CEN̄ (n) := min
n̄∈N̄

(max{|n1 − n̄1|, |n2 − n̄2|}) ,

the coverage error of N̄ is

CE(N̄ ) = max
n∈N

CEN̄ (n)

and the scaled coverage error SCEN̄ of N̄ is

SCEN̄ =
CE(N̄ )

max{u0
1 − s0

1, u
0
2 − s0

2}
,

where u0 and s0 are the ideal and the nadir points, respectively.

We examine FDN, CDN, and NDN for class A instances of both problem sets.

We run these algorithms for approximately one third of the average run times

of FDN, CDN and NDN, i.e. 300 seconds and 700 seconds for set KP and set

AP, respectively. As a result, we obtain representative subsets of N , N̄ , and

report the following measurements for N̄ : cardinality
(
|N̄ |
)
, average cardinality(

Average |N̄ |
)
, coverage error

(
CE
)
, scaled coverage error

(
SCE

)
, and average

scaled coverage error
(
Average SCE

)
in Tables 6.3 and 6.4. In the tables, we

observe that CDN is significantly better than FDN and NDN in terms of the

number of nondominated points found. Furthermore, CDN performs over twenty

five times better than its nearest opponent, which is FDN, in terms of coverage.

Figures 6.1, 6.2, 6.3 show N and N̄ for FDN, CDN, and NDN for KP instances,

respectively. It is clearly seen that the solution set returned by CDN includes

solutions across the whole Pareto frontier and is more representative than the

sets returned by the other two algorithms. Similar to Figures 6.1-6.3, we provide

the figures corresponding to the AP set, see Appendix, A.1-A.15.

Based on these results, we conduct main experiments with FDN and CDN by

considering the same measurements used in Tables 6.1 and 6.2. The results of our

main experiments are given in Tables 6.5 and 6.6 for KP and AP, respectively.

We observe that CDN is the superior algorithm in terms of the total number

of problems solved. However, when we look at the problem types that are solved,
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Table 6.3: Comparison of the Coverage Errors of FDN, CDN and NDN for in-
stances from class A of KP (in 300 seconds)

Algorithm Instance |N̄ | Average |N̄ | CE SCE Average SCE

FDN

1 478

491

408 0.1278

0.1086

2 528 324 0.0964

3 438 451 0.1167

4 559 369 0.1010

5 452 333 0.1013

CDN

1 525

530

12 0.0038

0.0043

2 562 14 0.0042

3 458 25 0.0065

4 605 9 0.0025

5 500 15 0.0046

NDN

1 362

365.4

552 0.1729

0.1618

2 418 514 0.1529

3 311 628 0.1625

4 432 571 0.1563

5 304 540 0.1642

Table 6.4: Comparison of the Coverage Errors of FDN, CDN and NDN for in-
stances from class A of AP (in 700 seconds)

Algorithm Instance |N̄ | Average |N̄ | CE SCE Average SCE

FDN

1 230

227

727 0.2826

0.2727

2 227 724 0.2683

3 231 663 0.2665

4 227 711 0.2609

5 220 771 0.2851

CDN

1 262

269.8

23 0.0089

0.0086

2 263 23 0.0085

3 274 20 0.0080

4 275 24 0.0088

5 275 24 0.0089

NDN

1 229

230.6

757 0.2942

0.2879

2 224 784 0.2906

3 230 705 0.2834

4 239 757 0.2778

5 231 794 0.2936
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Figure 6.1: FDN for the problems in class A of KP
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Figure 6.2: CDN for the problems in class A of KP
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Figure 6.3: NDN for the problems in class A of KP
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we see that CDN solves more R(b, d) problems while FDN solves more Pi(x
b)

problems. Using a fixed direction significantly increases the number of cases

where (yb = nb), which leads to solving more integer programming problems.

On the other hand, we see that the original algorithm (FDN) outperforms its

opponent in run time for all instances. This is because, FDN not only solves

less of the more difficult R(b, d) problems but also solves one R(b, d) problem in

notably less time (see class C for set AP, where the times are 5.22 and 12.04).

So, it is conceivable that FDN is faster than CDN.

Furthermore, we compare the algorithms with the balanced box algorithm [13]

and the two-stage algorithm [14]. Since the algorithms are coded and run on

different platforms, we cannot compare the solution times. We, however report

the difference in the number of integer problems solved for the balanced box

algorithm as percentage in the last columns of the tables, calculated as follows:

(# of IP problems solved in BB - # of IP problems solved in our algorithm )
# of IP problems solved in our algorithm

×100.

It is seen that the balanced box algorithm solves more integer programming prob-

lems for all of the problem instances considered. It solves 25.5%, 36.5% more

problems than our best algorithm on average for KP and AP, respectively. In a

similar way, when we calculate the difference for the two-stage algorithm, we see

that the two-stage algorithm solves 4.62% and 13.76% more problems than CDN

on average for KP and AP, respectively.

Lastly, we run these algorithms for the complete set of KP and AP instances

with predetermined time limits as before and report the quality, coverage error

measurements, of the representative subsets in Tables 6.7, 6.8. In the tables,

we observe that there is no dominant algorithm in terms of the number of non-

dominated points found. However, CDN performs at least ten times better than

FDN.
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Overall, one can conclude that both variants are powerful in different aspects.

When used to find the complete set of nondominated points, FDN works better

since it runs faster. However, CDN is very promising variant when run with a

time limit since it quickly provides a highly representative subset of solutions.

6.1 Further modifications of CDN

When we examine the results of average time spend for a R(b, d) model, we

observe that there is significant difference between FDN and CDN for class C

of AP set. To understand the impact of the direction parameter on the time

required to solve an R(b, d) problem, we modified direction d of R(b, d) solved

through CDN and obtained a modified CDN (Mod-CDN) as follows:

if d1 > d2 then

a=round
(

d1
d2

)
d = (a, 1)

else if d1 < d2 then

a=round
(

d2
d1

)
d = (1, a)

We examine the performance of Mod-CDN, for class C of AP, and com-

pare the results of FDN, CDN and Mod-CDN in Table 6.9. We observe that

CDN is the superior one in the number of integer programming problems solved

while Mod-CDN is the worst one. However, in the number of R(b, d) prob-

lems, FDN and Mod-CDN are quite close to each other and both are bet-

ter than CDN. Also, in terms of run times, FDN is the predominant one

and it is followed by Mod-CDN, except instance 14. When we analyze run

times of Mod-CDN and CDN in detail, we see that Mod-CDN differs -1.43%,

-36.46%, -5.62%, 20.55%, and -6.13% from CDN for each instances, respectively.(
The difference is calculated as Run Time of Mod-CDN - Run Time of CDN

Run Time of CDN
× 100.

)
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When we analyze the times of each R(b, d) model solved in CDN for the in-

stances in class C of AP set, we see that the majority of the total time is occupied

by only a few models. To overcome the extreme solution times of the models,

we employ a different modification CDN. For this variant, we put a time limit

to R(b, d) models, and if the model is aborted due to time limit we modify the

direction and solve the model with the new direction parameter. That is, we

modify CDN starting with line 5 as follows:

Let b(sb, pb, tb) ∈ B and db = ub − sb, solve R(b, db)
if R(b, db) could not be solved within the time limit then

db2 = db2 − 1
Solve R(b, db)

We examine CDN with time limited R(b, d) models, setting time limit as 50

seconds, TL-CDN, in class C of AP, and compare it with FDN and CDN. Results

are presented in Table 6.10. When we compare the number of integer problems

solved by the algorithms, we observe that CDN is the predominant algorithm

and it is closely followed by TL-CDN, as expected. When we analyze the table

considering run times and R(b, d) times of TL-CDN and CDN, we observe that

there is a significant improvement, indicating that the modification is successful.

However, FDN is still the superior algorithm in run times and R(b, d) times.

To analyze TL-CDN further for representativeness, we run it with predeter-

mined time limits and report coverage error and scaled coverage error for class C

of AP. Table 6.11 shows the results for FDN, CDN, and TL-CDN. We deduce that

this modification is successful in reducing the run time without sacrificing from

performance in representativeness. TL-CDN performs even better than CDN as

it returns more nondominated points.
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Table 6.11: Comparison of the Coverage Errors of FDN, CDN and TL-CDN for
instances from class C of AP (in 2810 seconds)

Algorithm Instance |N̄ | Average |N̄ | CE SCE Average SCE

FDN

1 360

380.2

548 0.2207

0.2254

2 365 586 0.2224

3 388 578 0.2284

4 382 613 0.2348

5 406 530 0.2206

CDN

1 361

246.2

29 0.0117

0.0157

2 124 66 0.0250

3 251 37 0.0146

4 251 35 0.0134

5 244 33 0.0137

TL-CDN

1 384

367.8

29 0.0117

0.0134

2 348 43 0.0163

3 372 26 0.0103

4 392 26 0.0100

5 343 45 0.0187
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Chapter 7

Conclusion and Future Research

We propose an objective space search algorithm based on solving Pascoletti-

Serafini scalarizations to return the whole nondominated set of bi-objective inte-

ger programming problems. We generate different variants by changing the box

definition and direction vector in the scalarization problem.

We compare the performances of the algorithm variants via experiments, in

which the algorithms are run with and without time limits and determine the

variants that outperform the others. We conclude that the variants using non-

dominated points to define the boxes are better. Moreover, although the variant

using a fixed direction leads to more integer programming problems solved, it

requires less computational time since it solves less of the more difficult scalariza-

tion model. We, however observe that the variant utilizing a customized direction

with respect to the box to be searched is powerful in terms of returning a highly

representative subset (measured using coverage error) of the set of nondominated

points when it is run with a time limit. We suggest an extension to this variant,

which has lower solution times and better coverage error results.

We also compare the variants that are powerful in different aspects with bal-

anced box algorithm, and show through computational experiments that these
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variants solve significantly less problems than the balanced box method. Further-

more, when we compare these algorithms with two-stage algorithm, we see that

our algorithms perform better in terms of the number of problems solved.

The proposed algorithms can be tested on different problem types. Moreover,

further research can be performed in designing multi-objective extensions of the

algorithm variants. Moreover, the algorithms could be modified for interactive

settings and their performances could be analyzed.
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Detailed Results of the Test

Instances
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Figure A.1: FDN for the 1st problem in
class A of AP
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Figure A.2: CDN for the 1st problem in
class A of AP
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Figure A.3: NDN for the 1st problem in
class A of AP
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Figure A.4: FDN for the 2nd problem in
class A of AP
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Figure A.5: CDN for the 2nd problem in
class A of AP
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Figure A.6: NDN for the 2nd problem in
class A of AP
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Figure A.7: FDN for the 3rd problem in
class A of AP

0 500 1000 1500 2000
0

500

1000

1500

2000

 CDN3

Figure A.8: CDN for the 3rd problem in
class A of AP
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Figure A.9: NDN for the 3rd problem in
class A of AP
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Figure A.10: FDN for the 4th problem in
class A of AP

0 500 1000 1500 2000 2500
0

500

1000

1500

2000

 CDN4

Figure A.11: CDN for the 4th problem in
class A of AP
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Figure A.12: NDN for the 4th problem
in class A of AP
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Figure A.13: FDN for the 5th problem in
class A of AP
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Figure A.14: CDN for the 5th problem in
class A of AP
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Figure A.15: NDN for the 5th problem
in class A of AP
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