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ABSTRACT

PHONON-COUPLING AND MAGNETIC FIELD
EFFECTS ON THE BINDING ENERGY OF A
HYDROGENIC IMPURITY IN TWO DIMENSIONS

Bahar Kop
M.S. in Physics
Supervisor: Prof. Dr. Atilla Ercelebi
September, 2006

Electron-phonon interaction and magnetic field effects on a two-dimensional elec-

tron bound to a Coulomb center is studied within the framework of a variational
approximation consisting of an adiabatic polaronic wave function corrected by a
first order perturbative extension by which it is possible to interrelate the strong
and weak coupling counterparts of the coupled electron-phonon system. Vari-
ous aspects of the problem is considered depending on the Coulomb interaction,
magnetic field, and electron-phonon coupling strength.

Keywords: Electron-phonon interaction strength, Coulomb interaction, magnetic
field strength, perturbative extension, strong and weak coupling, Frohlich Hamil-

tonian.
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OZET

iKi BOYUTLU HIDROJENIK SAFSIZLIGIN
BAGLANMA ENERJISINE POLARON VE
MANYETIK ALAN ETKISI

Bahar Kop
Fizik, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Atilla Ercelebi
Eyliil, 2006

Ciftlegimli elektron-fonon sisteminin, kuvvetli ve zayif etkilesim durumlarini bir-
biriyle bagdastirmayr miimkiin kilan, birinci dereceden tedirgeme genigletmesi
sayesinde diizeltilen adiyabatik polaronik dalga fonksiyonunu kapsayan, Coulomb
merkezine bagh iki boyutlu elektron iizerine olan elektron-fonon etkilegimi ve
manyetik alan etkisi, ¢egitli kuramsal yaklagimlar altinda caligildi. Coulomb etk-
ilesimi, manyetik alan ve elektron-fonon etkilesim kuvvetlerine baglh olarak prob-
lemin ¢egitli safthalar1 gézoniine alindi.

Anahtar sozciikler: Elektron-fonon etkilegim kuvveti, Coulomb etkilegmesi,
manyetik alan kuvveti, tedirgeme genigletmesi, kuvvetli ve zayif etkilegim, Froh-
lich Hamiltonu.
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Chapter 1

INTRODUCTION

1.1 Historical Introduction

The problem of the motion of an electron in an ionic crystal has been of interest
ever since solid state physics began to develop in the early 1930’s. The interest in
this problem has continued to the present day for two main reasons. Firstly, and
more obviously, it is relevant to the applied physics of semiconductors. Secondly,
it provides a simple model of a particle interacting with a quantum field, and

serves as a testing ground for new methods.

In this historical sketch we hope to illustrate how the attitudes and procedures
involved in the development of a physical theory may fail to be reflected in the
final solution; conversely, much time and effort may have been taken on what, in
retrospect, seems an obvious step. As an example let us look briefly at the concept
of free electrons in the theory of metals. By neglecting Coulomb interactions,
the free-electron model appeared for many years to be based on inconsistent
approximations; Wigner’s calculation of the correlation energy (in 1933) showed
that Coulomb effects were far from negligible. It was only in the early 1950’s that
the application of the plasma concept and the understanding of the screening
effect in the electron gas effectively validated the independent-electron concept.

Both the physical concept and the mathematical techniques had been familiar for
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many years, yet the essential step was slow in coming.

An optical polaron is an electron interacting with the longitudinal optical lat-
tice vibrations of an ionic crystals. Historically, the polaron problem has been
approached from two points of view. One idea is the self-trapped electron. The
other is based on the idea of electron-phonon scattering.The idea of self-trapped
electron was first introduced by Landau in 1933 [1] in order to explain F centers.
Pekar [2| worked this theory in detail. His work is the extreme strong coupling
theory of the polaron. Bogolubov and Plechko [3| extended Pekar’s theory to-
wards lower coupling constants by developing a method for writing the polaron

energy as an infinite series in inverse power at the coupling constant a in 1949.

The idea of electron phonon interaction was first introduced by Bloch in 1930.
The interaction of such electrons with the thermal vibrations of the lattice was

calculated and used to find the electron scattering, and hence the mobility.

In 1937, Frohlich [5] gave a quantitative treatment of electron scattering in
ionic crystals. In considering the interaction of the electrons with the vibrating
lattice, the concept of the field of lattice displacements (polarization field) was in-
troduced. It was eleven years later that the application of field-theoretic concepts
was introduced to the subject as a preliminary investigation in an attempt to ap-
proach the problem of superconductivity. In this work, not only was scattering
treated, but the electron self energy in the lattice was calculated. A variational
approach based on the wave functions of perturbation theory was used: it was
found that the perturbation theory energy was lower than that obtained vari-
ationally. It was subsequently found that new methods were required to treat
the intermediate-coupling problem. The critical step in the theoretical problem
had been the formulation of the problem of electrons interacting with the field of

lattice vibrations (phonons) in Hamiltonian form:

H = Helectron + thonon + He—p interaction - (11)

This Hamiltonian is used as a basis for all present day work on the polaron.
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This non-relativistic problem is of general field-theoretical interest, in so far
as the self energy does not diverge as it apparently does in all relativistic field
theories. A striking example of the use of polarons as a testing ground for new

methods is provided by Feynman’s application of the path-integral method.

The above methods treat the polarization field as a continuum, which becomes
unrealistic in the case of strong coupling. A new and more realistic approach in
this limit was first introduced by Frohlich in connection with an interpretation of
Debye-type dielectric loss due to electrons which is observed in a number of ionic

crystals.

The polaron problem raises several intriguing general questions. It is not al-
ways obvious how self-energy and scattering effects are to be separated in a field
theory. For the polaron, one must determine how the energy level densities are
affected by the lattice vibrations, and determine whether the resulting complex
has particle-like behavior. There is the problem of determining the effective in-
teraction which operates in scattering and mobility theory. The customary use of
the Boltzmann equation raises profound difficulties. The Boltzmann equation is
concerned with the distribution function in phase space and with the scattering
probability for electrons in a phonon gas. Initially one considers the distribution
in the absence of interaction. According to the usual procedure, one then switches
the interaction on for a short time, and looks at the resulting distribution, forget-
ting about the phases set up during the interaction. While such a procedure may
be justified in treating a single particle scattering process, it is not obvious how
it can be justified straightforwardly for the continuing process. Density-matrix
methods make a correct treatment of weakly interacting systems possible; how-
ever at present they are essentially perturbative and fail in the strong-coupling
limit. One would hope that it might be possible to eliminate most of the in-
teraction in some reasonable approximation in terms of self energy, leaving for

scattering a residual weak interaction to be treated by existing methods.

In 1957, the BCS superconductivity theory appeared and was successful, as

function alternating to apply polaron theory to superconductivity were dropped.

In 1953, Lee, Low, and Pines (LLP) [7] developed a variational intermediate
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coupling theory, which assumes that an electron interacts with states containing

any number of phonons.

Perturbation theory gives the polaron energy as an infinite series in powers
of a. Both the perturbation theory and LLP theory extend from weak coupling

toward intermediate coupling.

The most successful theory that interpolates between weak and strong cou-

pling theories is the Feynmann path integral formalism.

To be more clear, the idea of the self-trapping can be expressed physically by

considering the total energy of the electron plus lattice.

1. Kinetic energy due to localization of the electron.

h (Ap)? n?
Pt ’ P=Aw k ™m 2mi? (12)
2. Potential energy of electron distribution.
E.D D?
— = —. 1.3
8T 8me (13)
3. Interaction energy of electron with lattice.
D2
Ep.=— [ — 1.4
! 8me (14)

then

U (1 - %) /D2d3Q (1.5)

ot = 9mR2  8r

where ) is the radius of electron distribution.

The rest of this thesis is organized as follows: In the next sections of this
chapter, the Frohlich Hamiltonian will be derived starting from the basic prin-
ciples, and then coupling of electron to ionic lattice and coupling constant of
optical mode electron interaction will be presented. Moreover, small and large
polaron concepts will be explained and finally a brief summary about the pertur-

bation and strong coupling theory methods will be presented in this chapter. The
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Chapters 2, 3 and 4 are devoted to different theoretical approaches, each chapter
starting with a short presentation of the essential points of the methodology, is
accompanied with an application in two and three dimensions. In the fourth
chapter we will consider the problem of a polaron in a magnetic field. And we

will give a brief conclusion.

1.2 Frohlich Hamiltonian

In this section we derive the Hamiltonian operator for the interaction between
electrons and lattice vibrations. We represent the motion of the electrons and
of the lattice vibration in the simplest possible form. For this reason, we will
consider the electrons lying at the lower edge of the band which means the Bloch
functions have a small k-vector resulting large wavelength compared with the

lattice constant, and we treat all electrons as individual dipoles.

By considering polarization oscillations, the model we use for the polarization
P(z) of a medium are individual dipoles. The basis of such a dipole can be

written as the vector ¢ with its vibrating mass m and frequency w.

Then the total energy is

1 .
B, = §m(q2 + w??). (1.6)

But recall that in this scheme we assume that the dipoles are not coupled.
Since we try to derive an equation for the dipole moment, we should replace
dipole moments by dipole densities. If the charge appears in the dipole moment
is e*;

e*q, — P(x). (1.7)

And similarly, by taking into account the mass density

m = pd’x. (1.8)
If, in addition, we write

m 3

— = d’x, (1.9)

e
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Then the total energy becomes
1 )
Hyp = 57 / (P(2)? + w?P*(z))ds. (1.10)
Here the constant 7 is to be found from phenomenological theory.

The interaction energy of an electronic charge e at the point x and a dipole

moment P at the point 2’ is

(x — ')
Ee—ph = emf’ (]_]_].)
For the continuously distributed charge density
E. ph = //p(x)MP(x')d%d?’x' (1.12)
67ph |,ZE o xl|3 . .
The Lagrangian is written as
L=T-U-E, (1.13)
and the equations of motions are
d OL 0L
—_—— (1.14)

By using this equation with (1.10) and (1.12) the equation of motion becomes

(z — )

Y(P(a') +w’P(a')) = ~ Pl

(z)d*x. (1.15)

Recall that the right hand-side of the equation is the dielectric displacement. And
also notice that in the static case, where P(x’) = 0, we can obtain the value of

constant v, i.e;
yw?P(x") = D(a'). (1.16)

Using the relation between field strength and the dielectric displacement
D:E+47T_Ptot :6E, (]_]_7)

we get

1
47TPt0t = <1 — —> D (118)
13

Py, in the above equation is the total polarization coming from the polarization

of the electrons in the ionic shells and from the ionic displacements. With an
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applied static field both polarization contributions develop fully, so ¢ is the static

dielectric constant.

Notice that in this approach we are interested in only with the contribution
coming from the lattice. To single this out; think of the field as having been
applied slowly and then rapidly removed. Only the electrons are able to keep up
with this sudden switch-off of the field. And as a result we obtain

1
4r6P = — (1 - —) D. (1.19)

€00
Now P, is replaced by 6 P which refers only to the polarization of the electrons.
And also one another difference with Eq. (1.18) is that, now, ¢ is replaced by the

dielectric constant for very high frequencies.

Adding 1.18 to 1.19 we obtain the polarization due to lattice vibrations
1 1
4P = 47(Pyoy + 6P) = (— - —) D. (1.20)

€x €0

This equation is in the same form with Eq. (1.16). So if we compare 1.16

with 1.20 we get the value of the constant ~y

N (L N l) _ 4me (1.21)

We still have one step left to obtain the total Hamiltonian operator for po-
larization oscillations plus electrons. So we should add the contribution of the
energy of the electrons. At the beginning we have taken the electrons at the lower
edge of the band and long wavelengths are concerned in the interaction with the
lattice vibrations. For this reason we may use effective mass method and neglect

the potential field and describe the electrons by their effective masses m*

H, = / U (z) (;—WZW) U(x)da, (1.22)
p(x) = e (2)¥(z). (1.23)

Substituting equation (1.22) to (1.23) and integrating by parts with respect to

2!, Hr becomes

Heppn = //{‘I’T(x)‘p(m)

e

e (=V.P(z"))dzd*. (1.24)
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This equation can be written by using the relation

o [ PE) L o pry
\ ( ,|>+|x_x,|vxp( ) (1.25)

|z —

the contribution coming from the first term becomes zero due to boundary con-
ditions. This result shows that the plane wave expansion of the term V' P(z')
contains only longitudinal waves. We therefore restrict our total Hamiltonian

operator from the start to the case of longitudinal lattice vibrations.

After having found 7 and the interaction Hamiltonian H,_p,, we can now
form the total Hamiltonian operator. But before this, let us replace P in the

expression 1.10 by the canonically conjugate momentum [] to P

=2/ (1.26)

the polarization Hamiltonian 1.10 becomes

1 42 yw?
H :/ — 1 p2) . 1.2

So, the total Hamiltonian is

H = /qﬁ <2m* )qf(x)d3z.+/ <%H2+%M2P2> &

+ //{\I/T x|( V! P drd s (1.28)

From now on we need one more step to reach the exact form of the Frohlich
Hamiltonian. We now use the commutator relations. For the quantization of
the field we may assume that the commutators involving only the fields and also

those involving only the canonically conjugate momenta vanish:
1L Pl = —ihdij,  i.j==z.y.2 (1.29)
i
The phonon annihilation and creation operators are defined as

YWLo [
A(z) = o7, —; P(x) + \/ﬁﬁ(fﬂ)a

oy [9Lo i
A0 =5 PO - s

() (1.30)



CHAPTER 1. INTRODUCTION 9

with [A;(x), A;r(:v)] = 0;j(x — a').

By using the plane waves, the operators become

1 .
A(r) = N %: QaQelQT,
1 Q.
Alz) = —=Y Zale@r (1.31)
Q"

where V is the normalization volume and 6 is the phonon wave vector. The

commutation relation becomes

la;, a;] = d;; and la;, a;] = [al, a;r-] = 0. (1.32)

Inverting the set of equations 1.30 and substituting A(z) and A'(z) as given in
(1.31) we have

7 .
P(x) = ol %: %(aQe’Q Iy gleiQ D,
[I(z) =i % > %(ageiQ'r - aQeiQ'r). (1.33)

Q
Inserting these equations in (1.27), we get

th = thO Z (ZTQ(ZQ,
Q

He pp=) VQaQeiQ'r + VSaLe’iQ'r. (1.34)
Q

Here, Vi = —idmy/e?h/2qywro(1/Q) is the interaction amplitude. By choosing

h
2m*wro

of constant v in Eq. (1.21) we an complete the derivation of the dimensionless

hwro as a unit of energy ; [ =

as a unit of length and with the value

Frohlich Hamiltonian by following scaling transformations
H — hwroH, r — lr, Q— Q/l, V = BV (1.35)
The Frohlich Hamilonian at the end takes the form

H =9+ Veons (2; %) + S abag + 3. Volage' QT + ahe "QT)  (1.36)
Q Q



CHAPTER 1. INTRODUCTION 10

and now the dimensionless interaction amplitude becomes V = 4”70‘5 and

62 1 1 2m*wLO 1
== |—-— 1.
@ 2 (eoo €0 h hwro (1.37)

is the dimensionless electron-phonon coupling constant.

1.3 Coupling of Electron to Ionic Lattice

The way an electron moves through an ionic crystal has been of considerable
interest over a period of more than 35 years. This is due both the fundamental
interest in the many-body problem which it turns out to constitute, and also to
its importance in our understanding of the physics of semiconductors and general

low-mobility solids.

As in many aspects of the theory of solids and fluids, early work of outstand-
ing significance was that of Landau [1] (1933) who introduced the notion of the
self-trapped electron. The idea is simple enough; namely that an electron,by its
Coulomb interaction with the ions in a crystal having appreciable ionicity, pro-
duces a polarization. In the potential field resulting from this polarization, the
electron cloud, it was suggested, become bound. Then, as the electron moves in
the potential, the ions, being much more massive than the electron, do not take
up their equilibrium positions again in a time of the order of the period of the

electronic motion.

The next important step came when Frohlich [5] (1937) gave a quantitative
treatment of the way electrons are scattered in ionic crystals. In this work, the
interaction between the electrons with the vibrating lattice was treated via the

use of the polarization field.

While it is useful, in many cases, to treat the polarization field as a continuum,
this becomes a rather poor approximation in the case of strong coupling and this

requires a basically different method of treatment.
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1.4 Coupling Constant of Optical Mode-Electron

Interaction

The measure of the interaction between electrons and optical mode vibrations is

given by the coupling constant

1 1

e /m\2 (1 1 m* O\ 2 Es— € m*/m\?
=— () (——— =14 108< : °°> 1.38
“Th <2h> <500 55> (mm) 8 Ecof's ( w1 )  (138)

where €4, and ¢, represent respectively the optical and static dielectric constants,
wy is the longitudinal mode frequency (;Tso) % wo and mx is the band mass of the
electron mass.

It is useful to make a very rough separation into highly polar substances such
as alkali halides, a > 3, intermediate coupling cases where a ~ 1.5, such as the
silver halides, and weakly polar crystals such as compound semiconductors. In a
material like PbS, « is small because the optical dielectric constant is almost as
large as the static constant. there are certain materials such as NiO in which one

expects to find highly localized polarons.

1.5 Small Polaron

There are two limiting approximations. In the first, the effective mass, m* of the
electron is assumed to be so high that the kinetic energy due to its localization
in the well is negligible. Then r, must be the order of the interionic distance,

generally a little less.

We thus arrive at the concept of the small polaron, the energy of which can

be written as a sum of

(i) The energy required to polarize the medium is

(e2/r) (i _ l) | (1.39)

2 €00 Es
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(ii) The lowering of the potential energy of the electron,

21 1
2 (— _ —) . (1.40)
Tp \Eoo  Es

This gives us a rough continuum theory of the polaron energy -W as

IR <L) _ <l) (1.41)

271, \Eoo Es

We can develop a more exact method of treating the interaction of the electron
with the whole spectrum of optical phonons. If we then make an approximation

for the phonon spectrum, then we obtain equation (1.41), with r, given by

1 /m

w=75(%) o, (1.42)

where /73 is the number of centers per unit volume.

1.6 Large Polaron

This is the other limit when the effective mass m* is not large. The kinetic
energy h27r/2m*r§ of an electron confined in a sphere of radius r, is now an

essential feature, and we can write

1e?2 /1 1 h2r?
oS (L Ly a3
271 \E0o &5 2m ry
This is minimized when
9,2 1 1\7! % 2
rp =2m"h <€— — 5_> /me”. (1.44)

Hence the magnitude of the polaron energy is given by

w = (%eﬂr,,) <i - i) . (1.45)
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1.7 Approximation Methods

In the Frohlich Hamiltonian, when expressed in units of Awro, all the material
dependent parameters are summed up into the dimensionless constant «. The
numerical value of this electron-phonon interaction constant can be quite different
for different types of materials, ranging from ~ 0.01 up to ~ 10. It is large for
highly polar materials such as alkali halides, whereas it is small for compound
semiconductors. In Table 1.1 we list the values of a and the energy unit hwLO for
several common materials, as calculated with the given data in a review article

by Karthauser [43|, in Table 1.1.

Table 1.1: Coupling constants and LO-phonon frequencies of some common materials

‘ Material ‘ «Q ‘ hwro ‘
KCl1 5.6 | 26.7
NaCl 5.5 | 33.6
AgBr 1.56 | 17.1
CdTe 0.40 | 20.8
InP 0. 11| 43.3
GaAs 0.07 | 36.8
InAs 0.05 | 30.2

The interpretation of the polaron problem and its mathematical structure are
relatively simple and well understood in the asymptotic limits of the interaction
strength. One of the basic points of the view is the case where the kinetic energy of
the electron is much smaller than the energy of the phonon modes, and o < 1. In
this case the lattice deformation tends to follow the electron, as it moves through
the crystal. A reasonable treatment to such a case is to take the electron-phonon
interaction, H._,j, as a perturbation and to calculate the corrections to the energy

eigenvalues brought about by the polaron effect.

A contrasting point of view originates from the idea that for a strong enough
electron-phonon interaction (« >> 1) the electron goes into a bound state with a
highly localized wavefunction in the self-induced potential, which is built up by

the field of correlated virtual phonons. If the electron is really deeply bound, one
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expects the lattice deformation to react back and produce some structure in the
electronic wavefunction, and the presence of the electron in turn determines and
maintains the size and shape of the deformation. The point of view presented
by these arguments is referred to as strong coupling (adiabatic) theory. The
method, basically consists of proposing a trial wavefunction for the electron with
some parameters, and making use of the variational principle, to calculate the

ground state polaron properties.

The results of the perturbation and strong coupling theories, up to leading
order in «, for the ground state energy and the effective mass of the polaron, are
summarized in Table 1.2. We have provided the results of 2-dimensional (2D)

polaron as well as those of the bulk (3D) polaron.

Table 1.2: Results of perturbation and strong coupling theories for the polaron properties

E, m, — 1
a1l |2D| —(7/2)a (7/8)cx
3D -« (1/6)c

a>1|2D| —(x/8)a? | (7*/16)a*
3D | —(1/37m)a? | (16/817%)a’

It is seen that the functional dependence of the ground state energy and
phonon contribution to the effective mass (m, — 1), on «, are quite different at

the two limiting regimes.

Recently, Peeters et al. [26] have derived an interesting scaling relation for
(2D) polaron properties, taking (3D) case as a reference;

3T
2D _ 3D
BPPa) = 5EPP ().

3m
m;w)(a) = mBD) <Za>. (1.46)



Chapter 2

PERTURBATION THEORY

In section 1.1 we derived the Hamiltonian operator for the interaction between
electrons and lattice vibrations. Although this Hamiltonian operator still looked
fairly simple, it transpired that the corresponding Schrodinger equation could not
be solved exactly. We are, therefore, left with the problem of developing suitable
methods of approximation to treat the interaction between lattice vibrations and
electrons. For a first attempt, it seems appropriate to use perturbation theory,
where the interaction energy may be regarded as being very small. However, to
apply this theory the electron-phonon coupling constant o must be small. Then
the electron-phonon interaction term in the Frohlich Hamiltonian is treated as a
perturbation. The other remaining terms which are H, and H,, are unperturbed

Hamiltonian. Let us, therefore, resolve the Hamiltonian operator as usual into

H=Hy+ H, (2.1)

where H, describes the unperturbed problem, while H; is regarded as referring

to a small perturbation. In our case,i.e; for the polaron problem
HO - He —+ th, Hl - Hefph- (22)

We begin with an unperturbed Hamiltonian H,, which is also assumed to have

no time dependence. It has known energy levels and eigenstates, arising from the

15
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time-independent Schrodinger equation;

Holn@y = EOR)y,  n=1,23, ... (2.3)

where H; is perturbed Hamiltonian. The energy levels and eigenstates of the

perturbed Hamiltonian are given by
(Ho + Hi)|n) = Ey|n). (2.5)

If the perturbation is sufficiently weak, we can write them as power series

E,=E9 +EV 4+ E®D 4 (2.6)
In) = [n©@) + |nM) + [Py + ... (2.7)

Plugging the power series into the Schrédinger equation, we obtain

(Ho + H)(In®@) + [nV) + 1n®) + ) = (BQ + BN +EP +..)  (2.8)
x (|n@) + |nMy + |n®) 4+ ).

The zeroth-order equation is simply the Schrodinger equation for the unperturbed

system
Ho|n®) = EO (). (2.9)

The first-order equation is

HolnM) + Hy|ny = EO|nM)y 4 EW|n®), (2.10)

This leads to the first-order energy shift

EW = (nO|H,|n®), (2.11)

n

But as it will be seen later, for the polaron problem the first-order correction
equals to zero, so we need second-order correction.
(KO H; [n) ?

EO) —
k#n EY — E,ﬁo)

n

(2.12)

And for the eigenstates, according to the perturbation theory the correction term

becomes O [
|n<1)>zz< | Hjn >|k(°)). (2.13)

iz BV - B
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The first-order change in the n-th energy eigenket has a contribution from each
of the energy eigenstates k % n. Each term is proportional to the matrix element
(kO H,|n), which is a measure of how much the perturbation mixes eigenstate
n with eigenstate k, it is also inversely proportional to the energy difference be-
tween eigenstates k£ and n, which means that perturbation deforms the eigenstate

to a greater extent if there are more eigenstates at nearby energies.



Chapter 3

STRONG COUPLING THEORY

The total polaron Hamiltonian as it is derived in section 1.1 can be written as

H = He + th + He—pha

p2

He = — ‘/con _); Qz . 31
L+ Vians (752) (31)
The Frohlich Hamiltonian
H=H.+)_ agaQ + 3 Volage + abe’iq'r), (3.2)
Q Q

. . . 62 1 1 2m*wLO 1
Vo=ylar/V(1/Q) 5 a=% <£ - ;) ’/Thww (3.3)

where « is the dimensionless electron-phonon coupling constant.

In the Frohlich Hamiltonian when expressed in units of hwyo all the material

dependent parameters are summed up into the dimensionless constant a.

One of the basic points of view is the case where the kinetic energy of the
electron is much smaller than the energy of the phonon modes, and a << 1. In
this case the lattice deformation tends to follow the electron, as it moves through
the crystal. A reasonable treatment to such a case is to take the electron-phonon
interaction, H,_p;, as a perturbation and to calculate the corrections to the energy
eigenvalues brought about by the polaron effect as it is mentioned in the previous

chapter.

18
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For strong enough electron-phonon interaction (o >> 1) the electron goes
into a bound state with a highly localized wave function in the self induced
potential. The point of view presented by these arguments is referred to as
strong-coupling (adiabatic) theory. The method, basically consists of proposing
a trial wave function for the electron with some parameters, and making use of

the variational principle, to calculate the ground state polaron properties.

Before discussing he details of these arguments, let us first consider the stan-

dard canonical transformation of strong coupling theory.

3.1 Displaced Oscillator Transformation

The Hamiltonian used for the polaron can also be interpreted by the use of
harmonic oscillators interacting with the electron. Then the Frohlich Hamiltonian

can be expressed by

HoWq = (=Vi, + (1/4)6 — uglo) ¥q = €y, (3.4)
where £ and ug are the dimensionless coordinate and the energy of the oscilla-

tors, and ugq is also the interaction force term.

Completing Eq.(3.4) to a square, the equation becomes

(- V2, + (1/4)(&q — 2ug)? — ud) Tq = eqUq. (3.5)

From this equation it can be seen easily that 2uq is equilibrium coordinate.
By taking all the phonon modes behave independently in the same way, in terms
of the phonon creation and annihilation operators, the total Hamiltonian can be

written as

H= ZaTQaQ — uQ(az2 +ag). (3.6)
Q

The terms linear in azg and ag can easily made to disappear by defining the
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set of new operators,
~ _ st 1T 3.7
ag = ag — ug, dg = ag — uQ (3.7)
which can be obtained through a canonical transformation of the previous ones,
ig=U"aqU, a,=U"'a,U 3.8
="V @b,  ap=U dq (3:8)

where
_ I
U =exp) uglag — ap). (3.9)
Q
Instead of transforming the phonon operators, one can equivalently consider
the phonon ground state to be chosen as U|0) rather than the bare phonon
vacuum |0), where the origin is shifted over to the equilibrium coordinates. This

kind of representation is known as displaced oscillator transformation.

The amount by which the origin is to be displaced depends on the interaction
strength and further on the electronic charge density in a somewhat implicit man-
ner. As a result, the procedure of strong coupling theory will consist of proposing
a variational wave function for the electron and through the minimization of the

ground state energy, determining the variational parameters and the terms ug.

3.2 Adiabatic Formulation

The adiabatic polaron ground state is given through a product ansatz consisting

of the electron and phonon parts, i.e.,
Uy = P.(r)]0), (3.10)

together with the Hamiltonian subjected to the displaced oscillator transforma-
tion,
H— H=e He® (3.11)

where
S =exp Y ug(®.)[ag — al). (3.12)
Q
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Here, ug(®.) is the lattice variational parameter, which will depend on r, since
it is via this parameter an interrelation establishes between the potential well set
up by the lattice polarization and the electron which, in turn, becomes trapped
in this well. It then follows that, for each choice of ®,, there is an optimal fit to

ug and, therefore, the transformed Hamiltonian depends on ®,, implicitly.
Now if ug(®.) is defined as below;
ug(®.) = Spe'T + he, (3.13)
then S takes the new form given as

S = exp Z SQ (ClQ@iQ'r — a‘iéefiQ.r). (314)
Q

Hence, the transformed Hamiltonian becomes

H—sH = e “He,

H = p2 + ‘/conf + Z VQ(aQeiQ'r + a'léefiQ.r)‘ (315)
Q

The Frohlich Hamiltonian is given by

H = H.+Hy,+ Ho_pp

= p’+ Veonf + Z VQ(aQeiQ"r + abe’iq'r)
Q

= -V 4+ Vo(age ™ + age’iq'r) (3.16)
Q

where we have taken Vo, = 0.
3.3 Application: Strong Coupling Polaron Theory
of Two Dimensional Polaron

We consider a 2D electron gas in the x — y plane in the presence of a hydrogenic

potential representing the interaction between a conduction electron and a donor.
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The eigenstates of a 2D hydrogen atom are described by the Schrodinger equation,

in polar coordinates,

(o 10 190 Ze?
l—— <ﬁ+;a+—28—@2) - —e] 7,/)(7“,@) :E¢(Ta¢)' (317)

2m T T

Using separation of variables

Y(r, ) = R(r)2(p), (3.18)
we obtain X
il
P = ——2+¢€"% [=0+1,42. ... 1
(90) (271')1/26 7l O: ) ) (3 9)
and
d? 1d 2m 72 12
— - — |E+ — | — — =0. 2
dTQR(r) + TdTR(r) + [hQ < + . ) 7“2] R(r)=0 (3.20)

Equation (3.20) is the 2D radial Schrédinger equation; its solution R(r), depends
only on |/|. Solution (3.19) is also the eigenfunction of the angular momentum
along the z-direction
L,= —ihi, (3.21)
I

which commutes with the Hamiltonian. Hence [ is a good quantum number.

Now, let us define
R(z) = 2lle"2G (2). (3.22)

Equation (3.20) then becomes

G dG 1
— 2/l+1)—z|— — (=N+ ||+ =)G =0. 2
OO @+ D)~ )T (N U+ )G =0 (3.23)
The solution of Eq.(3.23), which is regular at = 0, is the confluent hypergeo-

metric function [12]
1
G(z) = F{(—N — |l|+§,2|l|+1,x). (3.24)
The normalized radial eigenfunction is given by [13|

By (n—]—11 17
Bilr) = G [@n=Dm =11 =1
(Bnr) Nexp(—Bur/2)
Fi(—=n+ ||+ 1,2|]| + 1, B|nr), (3.25)

X

X
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where
By = 27 me?
n_n—% B2

(3.26)

3.3.1 Trial Wavefunction for Two Dimension

In the previous section we have derived the wavefunction for two-dimensional as

Y(r,p) = R(r)®(p)

_ iy Pl [ ==y 77
= @Mﬂ[@n—nwrﬂﬂ—n!

(Bnr) ! exp(—Bnr/2)
X Fi(—n+ |+ 1,2\ + 1, B|nr), (3.27)

X

for the ground-state Hydrogen atom this becomes

) = (i) Y g (3.28)

To2

where [ = 0 for the ground-state.

The Hamiltonian without polaronic contribution is

K2 e?
H=-——V- — 2
QmV gqr (3:29)
and Lo 8
J— 2 [ LD —
Vv " Brrar’ (3.30)

since there is no ¢ dependence in the wavefunction we used. The expectation

value of —V? is

00 27
(-V? = N2/0 re’QT/”dr/O dy

1
where N? is the normalization constant and is given by N? = -%,. For the

Coulomb potential term we calculate
e? 1 2¢e?
——(Fy == (3.32)

€01 €00
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Then 2 )
2
E=(H)= . (3.33)

2m*o?  ey0

Minimizing this equation with respect to o,

O(H)

% 0 (3.34)
gives us two dimensional Bohr radius as
coh?
Qop = ﬁ (335)

Inserting this equation into the energy expression, the two dimensional Rydberg
constant which we will use as a unit of energy becomes

2m*et

Rop = ——5
e2h?

(3.36)

h
2m*w

1/2
For polaron units we use £ = hw, and [ = ( ) / as a unit of energy and

length respectively, and i = 2m* = 1. So the Hamiltonian is

B

H=-V*- = (3.37)
r
where , 12
e’ [2m*
= — 3.38
ﬁ 60h < hw ) ( )
The Frohlich Hamiltonian can now be written for the strong coupling case as
H=-V?— b +Y dleag + Y Volage' ™ + alee Q) (3.39)
"oq Q
where 12
2o
=== ) A4
= (%) (3.40)

In the previous chapter we have defined e( as

eo = (Y[ Ho[t)), (3.41)

where
Hy=-V*— 5, (3.42)
T
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Then

o=~ 2 (3.43)

o? o

Minimizing this equation with respect to o,

860

— =0 3.44
5o (3.44)
we get |
o=-. (3.45)
g
Plugging this into the ey expression we get
eg = B? —25% = —p2. (3.46)
And
0g = (Y]e¥[W)
1
= (3.47)
3/2
(1 + iaQQg) /
Remember
Xo =) Vjop, (3.48)
Q
and it is equal to 5
T
A= —. 3.49
0 8o ( )
So we have now get the result of strong coupling energy which is given by
1 2 3
Esczeg—)\gz—Q——ﬁ—La. (3.50)
o o 8o
Minimizing this equation with respect to o, gives o as
16
= — 3.51
7 168 + 3ra (3:51)

Putting this value into Eq. (3.47) we have derived Eq. (4.58); that is,

ECD) — 532 _ (3/8)mafl — (9/256)m2a. (3.52)

SC
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3.3.2 Trial Wavefunction for Three Dimensional Polaron

If we use the same wavefunction for three dimensional case, that is, ¢ = Ne~"/?
and follow the same procedure we get the normalization constant as
1 \1/2
N = <ﬁ> (3.53)

and the Bohr radius and the corresponding Rydberg constant calculated as

eoh? m*et
= ; = 3.54
asp mre2’ T3P 25%h2 ( )
which is i of the two dimensional Rydberg constant. I mean,
RQD - 4R3D. (355)
The three dimensional —V? is
10 ,0
V= ——— 2= 3.56
2or or (3:56)

again because of no f and ¢ dependence we did not take the corresponding parts
of —V2. Then

co = (V|Holy)
o0 T 2w
= NQ/ rQe_’"/”(—V2)e_’"/”dr/ sinfdf dy
0 0 0
1 B
= ———. 3.57
R (3.57)
Minimizing this result with respect to o, we get
2
o= —. 3.58
3 (3.58)
Inserting this value in Eq.(3.57) we get
2
ey = —% (3.59)
which is again i of the two dimensional energy.
The result of 3D og
og = (Y]e'[y)
16
= — (3.60)

(4+0?Q?)?
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The three dimensional interaction potential is Vg = 4”705
becomes
570"
A= —.
7 8o
Then
1 8 b«

Escze(]_)‘(]:_Q_———.
g

Minimizing this equation with respect to o, we get

16
o=
86 + dba
and g2 )
5 5
peD) _ P 9 g <_> 2
sc T 16 55) @

which is given in Eq. (4.57).

27

So )\0 = EVéO’é
Q

(3.61)

(3.62)

(3.63)

(3.64)



Chapter 4

PERTURBATIVE VARIATIONAL
APPROACH

We have seen that for not too weak electron-phonon interaction the strong cou-
pling polaron theory, though not capable of reflecting a totally dependable quan-
titative description, may serve so as to provide some qualitative insight into the
study of polarons. On the other hand, a pure perturbation treatment may also
be not perfectly appropriate except for too weak phonon coupling. The formal-
ism we follow in this chapter consists of the usage of a perturbative variational
approach used previously dy Devreese et  al. [6]. the procedure is structured
on basing the starting ansatz on the standard displaced oscillator transformation
of the Pekar strong coupling theory [44] and then modify the adiabatic polaron
state by a variationally determined perturbative extension serving for the theory

to interpolate in the overall range of the coupling constant.

4.1 Formulation

In the most commonly studied compound materials the electron-phonon coupling

is rather weak, an appropriate approach is to treat the Froéhlich interaction as a

28
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perturbation. Using units for which
2m* = h = Wro = 1 (41)

the Hamiltonian describing the confined electron coupled to LO-phonons is given
by

H = He + Z az)aQ + He—pha (42)
Q
10 0 1 02 0? 15}
H=——I\p— - — — = 4.3
¢ pOp ('Oap) p20p? 022 1’ (43)
Hefph = Z VQ [GQ exp(iQ.r) + HC] (44)

Q
is the Frohlich interaction.

Here we use hw as a unit of energy and (h/2m*wg)'/?

as a unit of length.

The operators aly and a respectively create and annihilate a phonon wavevector
Q Q y

Q and frequency wy.With the normalization volume set to unity for notational

convenience, the electron- phonon interaction amplitude is Vo = ¥ (47a)'/?/Q.
< Q

The dimensionless parameter 3 = (e?/k)(2m*/h*wy)'/? gives the strength of the

Coulomb attraction screened by the static dielectric constant x of the material.

To obtain the binding energy in the adiabatic approximation we take the
Pekar-type trial ansatz [44] which is separable into the particle part ¢ and the

phonon part. We choose

¢sc = SOU€S|O> (45)

wherein the exponential operator e, S is given by
S =3 Vaoglag — aj), (4.6)
Q

where
0q = (ol exp(+iQ.1)|¢o) (4.7)

determines the optimal lattice deformation surrounding the electric charge den-

sity. A further optimization with respect to the parameters contained in ¢, leads
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to the relaxed state of the system describing the composite behavior of the elec-

tron and the surrounding polarization field.

Under the displaced oscillator transformation

H' =U'HU (4.8)
where U = ¢°
H' — e " He®. (4.9)
1
H’:H—[S,H]+§[S, [S,H]] — ..., (4.10)
[S.H] = [>Vgogaq— Y Vooqal, H]
Q Q
- Z Voog(ag + aTQ) + Z VQQUQ(eiQJr + e_iQ‘r), (4.11)
Q Q
[S, [S, H]] = [Z VQO’QGQ — Z VQO’QCLTQ, Z VQO’QGQ (412)
Q Q Q
+ Z VQaQazz + Z VQQJQeiQ'r + Z VQQUQe_iQ‘r]
Q Q Q
= 2) Viop. (4.13)
Q

Since this term is a constant i.e, involving no such annihilation or creation oper-

ator all other terms are zero.

Then Hamiltonian H' becomes

H = H, + Z azzaQ + Z Vsaé - Z VéaQ(eiQ'r + e’iQ'r)
Q Q Q

+ Z VQ(ZQ(eiQ'r — O'Q) + Z VQ(ZTQ(e_iQ'r — O'Q). (414)
Q Q

Define
T — 5 =g, (4.15)

e ¥ — o =np,. (4.16)
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Then the final form of the Hamiltonian becomes

H' =H, + Z GLGQ + Z Véaé — Z Vc‘%aQ(eiQ‘r + e_iQ'r) + Z Vo(ngag + naag).
Q Q

Q
(4.17)
Without perturbation;
Eq = (U|H|V), (4.18)
|T) = e ®|0). (4.19)
Then the expectation value of the above Hamiltonian becomes
Ey = (@|H,|®) + (0le ¥ abage®|0) + 3~ Voog(0le “age®|0)
Q Q
+ Y VQUQ(0|6_SaneS|0>. (4.20)
Q
By using Baker-Haussdorf formula this can easily be written as
Ey = (U[H|¥) = (Qo|H|Po) + > Vgog — 23 Viog
Q Q
where oq is
og = (Dole'QT|Dp). (4.22)

We now extend the formulation to the case of weak coupling wherein what is more
appropriate is the perturbation theory with H,_,, in the Hamiltonian taken as
perturbation. It should be noted, however, that with decreasing degree of local-
ization of the electron, oy which is given in Eq. (4.22) tends to zero on average
and consequently H’ reduces to the starting Hamiltonian. One is therefore led
to include the first-order correction to the trial state ®,|0) with the last term in

Eq. (4.17) being a perturbation. We then have

ST — EQ: Z |Z> <Z|ﬁ5aE|@o>|0> (4.23)

€g—€p— 1

in which the energy eigenvalues ¢,(n = 0,1, 2, ...) of the unperturbed part of H’

depend on « and the lattice coordinates in an involved manner. The summation
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over the intermediate states can be projected out simply by replacing the energy
denominator by an average quantity which in the calculation will be determined

variationally. Using completeness we write
00 =" goVomhah®o|0). (4.24)
Q
The trial wavefunction for the Hamiltonian H' is the extended to

Uepe = €Bo|0) + 0T = c®|0) + D" goVorhah®o|0) (4.25)
Q

where c¢ is normalization constant given by
fle.gg) =+ > Vigohg —1=0 (4.26)
Q
with
hg =1— 0y, (4.27)

The variational parameter gg sets up a fractional admixture of the strong and
weak coupling counterparts of the coupled electron-phonon system and thus is
expected to serve for the theory to interpolate between the extreme limits of the

coupling constant.

In order to find the optimal fit to g one has to minimize the expected value
of H' in state 4.25 subject to the constraint 4.26

E(c,9q) = (Vewe|H'| ¥ exe) - (4.28)

After some simple algebra we reach

E(c,g0) = *{(Qo|Ho|®o— > Vo5 + 2> Viga(Polngns|®o)
Q Q

+ Z Vage(®olneHong|®o) + > Vago(Polngnp|®o)
Q
+ Z QQVQUQ q’0|77Q775|q)0>

Z V59aVo0(®olng (€’ + e ") |o). (4.29)
For the energy, after some definitions we obtain

E(CagQ) = <\IIe:cc|H,|\IJe:cc>
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= 6260 + (1 - 262))\0 + QCZ ngQhQ
Q

+ Z Végé (€Q + fQ + hQ) (430)
Q
where

N =D Vioo,
Q
eo = (Po|Ho|Po),
€Q = (¢0|97QH0975|<I>0>,

fQ = — ZVQQ,O'Q,<(I)O|77Q(eiQ’_r + e—iQ'_r)na|(I)0>. (431)
QI

The variational procedure then requires 0/0gg(E — AF) = 0, with A being a
Lagrange multiplier. We find

—ho
= 4.32
gQ/C hQ(1—60+2)\0—)\)+€Q+fQ ( )
where
A=) V5(ga/c)hg (4.33)
Q

and the expression

FE = €y — )\0 - A (434)

for the energy, which is to be minimized further with respect to ®.

The additive term A, by means of which the adiabatic theory goes over to the
weak-coupling regime, depends implicitly on a and 3 through the transcendental
Eq (4.33). For strong enough Coulomb attraction and/or large coupling constant,
A tends to zero and the strong coupling limit is readily obtained. However, as
the coupling constant is shifted down to realistic values, the polaronic correction
deviates considerably from \y. For a loosely bound electron the strong-coupling
approximation loses its validity, since in this limit the charge density fluctuations
of the electron are no longer faster than the phonon frequencies. In a perturbation
theoretic calculation this feature shows up in that the corresponding perturbation
series becomes poorly convergent and one needs to include the remaining terms,
other than n = 0, as well. This is accomplished in the present formulation,

however, by solving the transcendental Eq. (4.33) for the Lagrange multiplier \.
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4.2 Application: A Variational Treatment of a

Two Dimensional Polaron

The case of a dynamically two dimensional electron interacting via the Fréhlich
Hamiltonian with the bulk LO-phonons has already been studied extensively
by Das Sarma and Mason [10]. Even though their calculations were based on a
strict two-dimensional approximation for the electronic wavefunction, the relevant
results in the weak and strong-coupling regimes provide the basic qualitative
features of the polaron effect in confined structures. In this work we focus our
attention on the same problem and present a review of the ground state properties
of the 2D-polaron through an approach intended to work for arbitrary electron-
phonon coupling. The calculation we use is of a variational nature, and the
procedure is to start with the localized polaron wavefunction, which evidently
is a poor approximation for not-too-strong coupling. In the intermediate and
weak-coupling regimes an improvement can, however, be achieved by including
a first order perturbative correction to the strong-coupling trial state through
which the results of the adiabatic theory conform to those obtained from second
order perturbation theory. In the following, we formulate the algebra in the
manner proposed by Devreese et al. [9], where they resolve the problem of a bulk
donor impurity for arbitrary Coulomb potentials and electron-phonon coupling
strengths. Our primary aim is to give a comparison of the formulation applied to
a free 2D-polaron with the relevant results obtained by weak- and strong-coupling

theories.

For typical materials of interest such as GaAs (« = 0.07), for instance, the
electron-phonon coupling is too weak and consequently the most natural and
straightforward way of handling the problem is to develop a systematic perturba-
tion expansion in «. Regardless of the strength of the electron-phonon coupling
we start with a strongly-coupled (adiabatic) polaron state where the electron is
taken to be fluctuating within a self-induced potential well built up by the field
of correlated virtual phonons. Such an ansatz for the composite behavior of the
electron and the surrounding cloud of virtual phonon is expected to yield a rea-

sonable description of the polaron effect only in the limit of large . For small
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coupling constants, one, therefore, expects an increasingly large deviation of the
adiabatic theory from intermediate-LLP theory or from theoretical perturbation
calculations. In what follows this short-coming is eliminated by an appropriate
modification of the adiabatic polaron state which allows the theory itself to make

an extrapolation towards the weak-coupling results.

For a choice of a Gaussian trial wavefunction

1/2
o = (%) exp(—ro/4) (4.35)
we obtain o
0g = exp (—%> , (4.36)
(P|H|W) = eg — Ao, (4.37)
where
eo = (tho| Holtho) = % .y % - a@ (4.38)
and

. (4.39)

)\gzzvcga%:a
Q

Minimization with respect to ¢ yields the well established approximate result for

strongly coupled 2D-polaron:

)
— =0 4.40
5o (4.40)
gives
o’
= —. 4.41
0= (4.41)

Then inserting this into Eq. (4.38) with =0, we get

E,. = —(1/8)a’. (4.42)

We now extend the formulation to the case of a weak coupling. No matter
how small « is, we still continue with our discussions from Eq. (4.31), since
with decreasing a the degree of localization of the electron becomes reduced in a
significant manner, eventually og tends to zero on average and thus H' converts
back to the Eq. (4.2).
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The perturbational term eg is
eq = (tolngHong|vo)
L L e 32| 12 Q?

4o
Then
fo == Viog(tolng(e'¥ ™ + e )mplth). (4.44)
Q
Taking
no(e'¥ ™ + e "V (4.45)
gives
— 6iQ’.r . O_Qei(Q—i—Q’).r + e—iQ’.r i O_Qe—i(Q—l—Q’).r . O_éeiQ’.r

Sandwiching this with the wavefunction, we get

2(0) — 0QOg+q — 0QOg-q + 0400)- (4.47)
Then
fQ = -2 Z VQ2[(O-%I —0Q0Q0Q+Q — 0Q0QOQ-q’ + 0'220'22/). (448)
Q
Using Eq. (4.39), fo becomes
fQ = —2)\0 — 2)\00’% =+ 20'Q —+ 2 Z VQ2’[JQUQ’UQ+Q’ —+ O'QO'Q/O'Q_Q/]. (449)
Ql
The value of og is given in Eq. (4.36), so we now can find o¢, 0g1¢, and og_¢
QI?
P = —— 4.50
og = exp ( 20) , (4.50)
/ 2
0Q+q = €xp <_(Q2LQ)) = ogoge 729, (4.51)
o
I 2 )
0Q-@ = €Xp <—@27m) = O'Q/O'QeiQ'Q . (452)
o
Converting summation into the integral we get
fo = 2X005[2e7To(vy) — 1] — 2 (4.53)

where I, denotes the zeroth order modified Bessel function and

- (@) ”»
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4.3 Application: Polaron Effects on the Binding
Energy of a Hydrogenic Impurity

In this work we consider the problem of a two-dimensional hydrogenic impurity.
We formulate the theory again in the manner proposed by Devreese et al. [9].
The calculation is of variational nature, and even for small coupling constant
(v < 1) the procedure is to start with the strong coupling approximation. The
small « limit is handled by a suitable modification of the adiabatic polaron state
which allows the theory itself to make an extrapolation towards the weak-coupling

regime.

As it is derived in the previous section; under displaced oscillator transforma-

tion H—e S He® the Hamiltonian becomes

H = H.+)> agaQ + > Viog =Y Viog(e' ™ + e7'97)
Q Q Q
+ Z VQaQ(elQ"r —0g) + VQaZ)(e”Q'T —0g) (4.55)
Q
where
ng = €T — og. (4.56)

Minimization of (0|{tg|H’|1)|0) with respect to 1y leads to strong coupling result
for the energy. Taking the hydrogen-like behavior, 15y = N exp(—r/0), we obtain

EGP) = —(5%/4) = (5/16)af8 — (5/16)*a (4.57)
for the bulk case and
EPD) — 32 _ (3/8)mafl — (9/256)720 (4.58)

when 1), is taken to be strictly two-dimensional.

To obtain the weak coupling result we should follow the perturbational terms

such as eq, fo, and A. To begin with eg,

eq = (tho|ngHong|to) (4.59)
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where

Hy=-V*— g (4.60)

Multiplying this Hamiltonian from left by ng and then from right by 77 and

finally sandwiching the result into the wavefunction we get

= (o] — " ¥V Vo) + g (thole ¥V |1ho)
— ol 210} + 2000l 2 i) + g (o V26 )
+ ogheo. (4.61)

Now if we do the calculation term by term ey becomes
eq = (Q* + eo)hg + o BQ%0y,. (4.62)
What is left is to calculate fo. Remember we define fg as;

fo == Vaoa (oln(e' Y™ + e )y |io). (4.63)
QI

Taking 7o (e’ " + e’iQ"r)na, first;

— (eiQ.r . O_Q)[eiQ’.r + e—iQ’.r](e—iQ.r . O_Q)

. (eiQ.r _ O_Q)[ei(Q’fQ).r _ O_QeiQ’.r + efi(Q’+Q).r o O_QefiQ’.r]

= U QR Qi QQ)r i@ Q)

+ JéeiQ"r — UQe_i(QJ’Q’)'r + aée_iQ"r (4.64)
Inserting this into the wave equation we reach
200 — 2000q+q — 20Q0q-q + 20500, (4.65)

where o = (1|’ @ |1ly). Then, we can write fq as;

fo = =2 Vo(oh —0qogogiq — 0oqog-q +040)
Ql
= —2>\0 — 2)\00’% + 2 Z Vs; [O'QO'QIO’Q+QI + O'QO'Q/O'Q_Q/]. (466)
QI

To calculate fo we now have to take the summation. After converting the sum-

mation into an integral we come across ¢ integral since both ) and @' are vectors.
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The result of that integral gives us the complete integral of second kind E(m)

with parameter

m = sin? li(QQ’)l/Q] (4.67)
Ky
where
02 N2
pa =1+ Z-(Q+Q) (4.68)
so the final form of fg is

O'QI
E(m 4.69
e B(m) (4.69)

8 oo
= 2X(1+03) ~ —aog [ dq
fo o1+ 09) —aoq | Q
where

o2 —-3/2
oo = (1 + ZQQ) : (4.70)

Because of the analytic complexity, the optimal fits to A and o have been
performed numerically. Without the polaron effect (o« = 0) we obtain trivially
Mo = 0, A = 0 and hence F = —f3%: the two dimensional Rydberg which is four
times that for the bulk case.

4.4 Effective Mass of the Polaron

Frohlich, Pelzer and Zienau [4] treat the interaction term of the Frohlich Hamil-

tonian as a perturbation so that as it is mentioned,
H=Hy,+ H,, (4.71)
where
Hy= -2+ dla,,
q

Hy = V,(exp(iq.r)a, + H.c). (4.72)
q
The total momentum of the system

P=p+ > qagaq = =iV, + ). qa;aq (4.73)
q q
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commutes with the Hamiltonian H ([P,H] = 0 = [P, Hp]) and is therefore a
constant of motion. Taking as basis the unperturbed eigenstates 1) of Hy and P

given by
) = %expl (P anq> .r] 1;[|nq>, (4.74)

where the phonon eigenstates |n,) satisfy

a;aq|nq> = nglng), ng=0,1,2, ..., (4.75)
and
2
HU'Q/) = Eﬂw = <P - anq) + an] '4/):
q q
Py = Py. (4.76)

FPZ [4] obtain the lowest order perturbed state .+ and energy Eperi(p) cor-

responding to an initial electron momentum p in the zero phonon state (¢ =

(1/VV)exp(ip.r) I1104))

Gpert = S2PURT) {1 - (4”—0‘) v ij q[(exp( iq.r)a }1‘[ 0, (4.77)

vV 4 )2+

Aoy 1

Epe'rt(p) :]92 - Z (478)
V. T @lp—a)?+1-p?
2  _sinTlp 9 _a 4 .
_ { p2 a*tL = —a—p (1 6) +O(p*), p<1, a — 0; (4.79)
p° — %g, p> 1, a—0.

Validity of Rayleigh Schrodinger Perturbation Theory requires that o — 0 and
furthermore p must be kept less than unity in order to exclude the degeneracy
with the real phonon states. Therefore, the solution compatible with the above
constraints is given by the first line of the above equation whose expansion to
order p? is sufficient for a low-lying electron (p < 1). In this way an effective
mass is defined

m*=1/(1—- «a/6). (4.80)
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4.5 Variational State for Arbitrary Coupling

Regardless of the value of «, no matter how small it is, the procedure is still
to continue with our considerations from Eq. 4.17, since with decreasing « the
degree of localization of the electron becomes reduced in a significant manner;
eventually og tends to zero on the average and thus H' converts back to its
original form H stripped from the displaced oscillator transformation. In view of

this reasoning one is led to include a first order correction to trial state
Wy = 1 |0) (4.81)

with the last term in Eq. (4.17) treated as a perturbation as formulated in Section
1.

Then, for not too strong « the pure strong coupling treatment of the problem
is totally inadequate to reflect any weak coupling aspect and this shortcoming is
eliminated in the perturbative variational approach by solving the transcendental
Eq. (4.33) for the term A in the energy expression, since it is only through this
term that a detailed interbalance is set up between the strong and weak coupling
counterparts of the coupled electro-phonon system. As « is shifted down to small
values the role of A plays becomes very prominent and in case the electron is

loosely bound the polaron binding is mostly determined by this term.

In particular, at weak coupling (o < 1), it is easy to see that the terms eg, Ag
and A become far too small to yield any significant contribution to the summand
in the transcendental Eq. (4.32). Therefore in Eq. (4.27) retaining only hg ~ 1
and egrg? in Eq. (4.43).



Chapter 5

MAGNETIC FIELD

The problem of a magnetic field on impurity states has been of considerable
interest. The basic difficulty in calculating the energy levels of a donor atom
subjected to a simultaneous Coulomb and magnetic field is that Schrodinger’s
equation is not completely separable. In the low magnetic field limit, where the

states are mostly hydrogenic, the problem is treated by a perturbational method.

On the other extreme of strong enough fields, the electronic charge distribution
condenses on to impurities in the directions perpendicular to the field leading to
a stronger binding of the electrons. In this limit, oscillations in the field direction
are much slower than the cyclotron frequency and consequently the electronic

states can be described by the Landau levels.

The Hamiltonian consisting of a bound electron in a constant magnetic field

B2 is given by

1 eB 2B

Hy = ——Ax_>> - = 5.1
07 ome ( 2c =T r (5:1)

After taking the square and grouping the terms together we get;

2 0\ 2

p Lo [we 2 2 L g p
H, = — —= —w.L, — —. 5.2
o= g (%) @)+ qutr. - 5:2)
where w? = ;fc is the cyclotron frequency, m* is the band mass and L, is the

z-component of the angular momentum. The Coulomb interaction is screened

42
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by the static dielectric constant of the material g = g The variational method
has been used by several authors to calculate the magnetic field dependence of
the ground-state energy of a donor atom. Yafet et al, have pointed out that in
the strong magnetic field limit the eigenfunctions of H, take the product form:

f(z,y)g(z). They used the simple form
Vocexp|—a(x® +y?) — b2°] (5.3)

for the ground state and showed that the ionization potential increases consid-
erably at high fields. There has been many later investigations on hydrogenic
energy levels in high magnetic fields with an increasing degree of sophistication

for the wavefunctions used.

In a deformable lattice, the interaction of the electron with the phonon field
posses an additional yet interesting problem which affects the localized electronic
spectrum. Much of the work done along this line concerns optical phonons. We
would like to handle this problem for the case where the electron couples the
acoustic phonons via deformation potential. Introducing the Fréhlich phonon

energy and the electron-phonon interaction terms the Hamiltonian is extended to
H=H,=Y hw(Q)ahag + He_p. (5.4)
Q

Since the energy of the most important acoustic phonons contributing to a de-
formation around the electron impurity system is small in comparison with the
ionization energy, the charge density fluctuations of the electron are too fast for
the lattice to follow. Consequently, the lattice responds to the average position
of the electron, and the electron in turn goes into a bound state in the deep
attractive potential well set up by itself. A reasonable treatment to such a case

can, therefore, be given by the strong coupling theory of Pekar [2].
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5.1 Application: Polaron Effects on the Binding
Energy of a Hydrogenic Impurity in Two Di-

mensions under Weak Magnetic Fields

We will now again consider the same problem which is treated in Chapter 4
but now with an additional potential due to an external magnetic field. The

Hamiltonian under external magnetic field is given as

2 1 0\ 2 1
Ho=2L+_m <%> (z° +y*) + zw’L, — é (5.5)

2 2 T

In polaron units (2m* = h = 1) and E = hwy and L ~ (h/2m*wy)'/?, this

equation becomes

1 (W) 1 8
H, =V 4+ - |22 p*+2WlL, - & :
V—|—4<2>p—|— W, P (5.6)
where \ »
e 2m*
o= (i) oD

For this problem we again use the perturbational theory to calculate the ground
state energy, i.e; ey, Ao, €q, fo Will be calculated in the same way. The difference
is the additional terms in the kinetic part of the Hamiltonian as can be seen in
Eq. (5.6). The remaining part of the Hamiltonian is the same with Frohlich
Hamiltonian because these terms are coming because of the polaronic contribu-

tion.

The wavefunction is

Y = (W)l/%*ﬂ/”. (5.8)
We know that
eo = (Y|Hc|)
1 (w?)? 8
1 28 3 /w2
- s ore(5) 9



CHAPTER 5. MAGNETIC FIELD 45

If now we take the Coulombic interaction zero, eq becomes

I 3 /w\? ,
=— 4+ (= : 1
<0 02+8<2>U (5.10)

The next step is the calculation of eg by the same procedure. So from now on I

will give only the result of the relevant terms.

2 2 2 3 (we\* o 23wc221/3 1/3
cq = (Q+eo)hotafQ oty <5> o (1+08)—% <7> o> Py(o'?) (5.11)

where Pj is the third order Legendre polynomial.

Since magnetic field effect cause no contribution to the term fo,

8 o0 g
(14 02) -2 /d’QE . 5.12
fo = 2u(1+ o) ~ Savg [~ a0 22 B (5.2

5.2 Application: Polaron Effects on the Binding
Energy of a Gaussian Wavefunction in Two

Dimensions under Strong Magnetic Fields

When we take w. strong enough we should change the form of the wavefunc-
tion we use, so from now on for strong magnetic field we will consider gaussian

wavefunction which is given by

o

o = <%> v exp(—rio/4). (5.13)

Following the same procedure as the previous section we will first calculate eq.
eo = (V|Hy|¥)

2
= (U] - V- g + i (%) (z° +y*) + % (%) L|W)  (5.14)

Because our wavefunction is symmetric due to x and y we get no contribution

from L, term. From the calculation of the rest three terms we get

2

g yine w
== — B4/ — + ==. 5.15
w=5-M7 3 (5.15)
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Then, from the definition of og, we get

o = (¥]e"|w)
%) 2T
— i/ 7"677‘20/2617"/ eercosGdH
21 Jo 0

o
= %2#/0 re’r2”/2Jg(Qr)dr
_ @
And,
o =3 V2ot =
0 2
where

So the strong coupling energy result is found as

Esc = € _)\0

2

2

o 7o 1 /w\? | ayro
= 555 (5) -

2

Taking a = f = 0 and then minimizing energy with respect to o we get

o = 2w,

and

1 1
g = §Q2 + (§Q2 +eg)hg — BV 27?0022/2 laéf — I <

1(&)262_202'
2\2/ 4w? @

And finally the last term fg is

fo =2X0op[2¢7y(7) — 1] — 2),.
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(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

Before we present our results considering the coupled effect of both the

electron-phonon interaction and a magnetic field on the binding energy, we would

like to test the validity of the present formulation by referring to some special

cases where the situation is more clear and simple.
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5.2.1 Bare Donor (a =0)

Even with no phonon coupling yet introduced into the problem, one has several

distinguishing features.

i- (8 =0) case of a free electron in a magnetic field.

Minimizing Eq. (5.10), the optimal o-value is w./2, yielding the lowest Landau

orbit energy.
We
(5.23)

6023.

ii- (8 # 0) case of a bound electron in a magnetic field.

Introducing
we/2
= 52 (5.24)
as measure of the strength of the magnetic field relative to the two-dimensional

effective Rydberg, we refer to the limits of strong and weak fields.

10 4 p

Energy
)

0.1 4 7/

e T T T T T T T T T
60 80 100
Y

Figure 5.1: Energy versus v for 8 =0.1, 0.2, 0.3 for a = 0 from bottom to top. The results
obtained from MacDonald an Ritchie [16] and our present theory match with each other and

placed on the same line for different 8 values.
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Figure 5.1 shows the energy characteristics against . Since we get a great
agreement with MacDonald and Ritchie [16], their and our results are completely
on the same line. We draw this for three different 5 values which are 5=0.1, 0.2,
and 0.3. The bottom line is for /=0.1 case and the top line is for /=0.3. Here
because of the results are so close together we cannot see the small difference
between the two energies. This small difference can be seen more clearly in Table
5.1.

Table 5.1: The change of the theoretical values of energy obtained by MacDonald and Ritchie
[16] and our computed energy for f=0.1, 0.2, 0.3 and for different ~ values, v =10, 20, 50.

15} =10 v=20 =50

0.1 | (-1)0.581880 | (0)0.141409 | (0)0.410417 | present
(-1)0.565250 | (0)0.139796 | (0)0.408848 | M-R

0.2 | (0)0.232752 | (0)0.565635 | (1)0.164167 | present
(0)0.226100 | (0)0.559182 | (0)0.163539 | M-R

0.3 | (1)0.145470 | (1)0.353522 | (2)0.102604 | present
(1)0.141312 | (1)0.349489 | (2)0.102212 | M-R

a- weak field limit (y < 1)

In this limit the donor state is mostly hydrogenic and the dominant terms
in Eq. (5.10) are the first two and the last is only a small correction. We find
that the optimal o-value which minimizes the dominant part is 5~ !: the effective

two-dimensional Bohr radius.

Replacing o by 87! in Eq.(5.10) gives

E=—-p2 <1—§72>.

g (5.25)

This expression is identical to that given by MacDonald and Ritchie [16].

Figure 5.2 is for «=0.05, Figure 5.3 is for a=0.10 and Figure 5.4 is for a=0.20.
As it is seen increasing « values causes to increase the gap between the two
results. This again can be seen more clearly from the Table 5.2 for different w.

and [ values.
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0.1 4

0.0

-0.1 -

Figure 5.2: Energy versus w, for a=0.05 under weak magnetic field. The solid line represents
M-R [16] results and the dashed line is for our results.
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0.2 4

0.1+

Energy
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-0.1 1

Figure 5.3: Energy versus w.for a=0.10 under weak magnetic field. The solid line is for M-R
[16] and the dashed line is for ours. The gap between the two is larger than for a=0.05.
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Figure 5.4: Energy versus w. for a=0.20 under weak magnetic field. The solid line is for M-R,
[16] and the dashed line is for ours. The gap between the two is larger than for a=0.05 and

a=0.10.
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Table 5.2: Comparison of the result of MacDonald and Ritchie [16] and our calculated energy
values for y=0.01

‘ Y ‘ B ‘ We EM—R ‘ Ep'resent ‘
0.01 | 0.1 | 0.0002 | 0.009999625 | 0.0099630
0.01 | 0.2 ] 0.0008 | 0.0399985 | 0.0399985
0.01 | 0.5 | 0.0050 | 0.24990625 | 0.249991
0.01 | 1.0 | 0.0020 | 0.9999624 | 0.999963

Table 5.3: Comparison of the result of MacDonald and Ritchie [16] and our calculated energy
values for y=0.02

‘ Y ‘ ﬂ ‘ We EM—R ‘ Epresent ‘
0.02 | 0.1 | 0.0004 | 0.0099985 | 0.0099985
0.02 | 0.2 | 0.0016 | 0.039940 | 0.039940
0.02 | 0.5 | 0.0100 | 0.2499625 | 0.249963
0.02 | 1.0 | 0.0800 | 0.99985 0.99940

By using Eq. (5.25), we can compare the results by MacDonald and Ritchie
[16] with our work in Table 5.2.

Table 5.4: Comparison of the result of MacDonald and Ritchie [16] and our calculated energy
values for v=0.05

‘ Y ‘ 5 ‘ We EMfR ‘ Epresent ‘
0.05 | 0.1 | 0.0010 | 0.009990625 | 0.00999063
0.05 | 0.2 | 0.004 0.0399625 0.0399625
0.05 | 0.5 | 0.025 | 0.249765625 | 0.249766
0.05 | 1.0 | 0.100 0.9990625 0.999063




CHAPTER 5. MAGNETIC FIELD 93

Table 5.5: Comparison of the result of MacDonald and Ritchie [16] and our calculated energy
values for y=0.1

‘ Y ‘ B ‘ We ‘ EM—R ‘ Ep'resent ‘
0.1 0.1 |0.002 | 0.0099625 | 0.00996264
0.1 0.2 |0.008 | 0.03985 | 0.0398506
0.1]0.5|0.050 | 0.2490625 | 0.249066
0.1 |1.0]0.200 | 0.99625 0.996264

Table 5.6: Comparison of the result of MacDonald and Ritchie [16] and our calculated energy
values for y=0.2

‘ Y ‘ ﬂ ‘ We ‘ EM—R ‘ Ep'resent ‘
0.2 1 0.1 0.004 | 0.009850 | 0.00985215
0.2 10.2]0.016 | 0.039400 | 0.0394086
0.2]0.5]0.100 | 0.24625 | 0.246304
0.2 1.0 | 0.400 | 0.985000 | 0.985215

b- strong field limit (y > 1)

To provide an insight into the validity of our results we once again refer to
the paper by MacDonald and Ritchie [16]. In the high field extreme they obtain

1
E =2y6% (= —z — 0.44012% — 0.23312° — 0.07272" — ... (5.26)
2

z= <1> 1/2. (5.27)

where
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Table 5.7: The change of the theoretical values of energy obtained by MacDonald and Ritchie

[16] by using Eq. (5.26) , and our results obtained by extended theory

y=5 v=10 ~v=20
5-0.1 0.0181 | 0.0565 | 0.1398 | M-R
’ 0.0198 | 0.0582 | 0.1414 | present
5-0.2 0.0722 | 0.2261 | 0.5592 | M-R
' 0.0791 | 0.2328 | 0.5656 | present
5-05 0.4512 | 1.4131 | 3.4949 | M-R
’ 0.4945 | 1.4547 | 3.5352 | present

5.2.2 Polaronic Donor (a # 0)

When the Fréhlich interaction is turned on the problem displays further distin-

guishing features pertinent to electron-phonon coupling. As preliminary simple

cases we refer to the individual ones where either =0 or w,. = 0.

i- (4 =0) case of a polaron in a magnetic field.

At weak coupling the state of the system can be thought of as consisting of

a polaron orbiting in the lowest Landau level with frequency w. corrected by

replacing the effective electron mass by the polaron mass.

Thus, with the polaron of self energy

Ep ~ —ga

and mass

s
mpzl—i-ga,

orbiting as a rigid entity with frequency w.m,, ! one writes
1 [ w
E = - (—"’) + E,
2 \my,

We <1+7r >1 7r
= = —« R —
2 8 2

(5.28)

(5.29)

(5.30)
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Energy

Y

Figure 5.5: Comparison between the energy and the polaronic energy against + by using Eq.
(5.30). the solid line is the energy without polaron mass correction and the dashed line if for

the energy with effective mass approximation.



CHAPTER 5. MAGNETIC FIELD

o6

Table 5.8: The change of the theoretical values of energy obtained by MacDonald and Ritchie
[16] and our computed energy

We a=0.01 a=0.10 a=0.50
0.01 | (-2)-0.931212 | (0)-0.139910. | (0)-0.606251 | present
(-1)-0.107276 | (0)-0.152276 | (0)-0.781380 | mass app.
0.02 | (-2)-0.556060 | (0)-0.136149 | (0)-0.602477 | present
(-2)0.574723 | (0)-0.147472 | (0)-0.777362 | mass app.
0.05 | (-2)0.943078 | (0)-0.121222 | (0)-0.588103 | present
(-2)0.919386 | (0)-0.133061 | (0)-0.765307 | mass app.
0.10 | (-1)0.344219 | (-1)-0.964241 | (0)-0.565912 | present
(-1)0.340957 | (0)-0.1090431 | (0)-0.745216 | mass app.
0.20 | (-1)0.843989 | (-1)-0.470042 | (0)-0.523509 | present
(-1)0.838999 | (-1)-0.610066 | (0)-0.705033 | mass app.
0.50 | (0)0.234273 (0)0.100620 | (0)-0.399107 | present
(0)0.233310 | (-1)0.831029 | (0)-0.584486 | mass app.
1.00 | (0)0.483934 (0)0.345760 | (0)-0.190920 | present
(0)0.482329 | (0)0.3232851 | (0)-0.383573 | mass app.

Figure 5.5 displays the energy against v for § = 0.1,0.2,0.5. We readily note

that the present results are very close to those obtained from Eq. (5.15), and for

even stronger fields the agreement is perfect.

For a further verification we refer to the paper by Larsen [20] where the

problem of a polaron in a magnetic field is treated within the second-order per-

turbation approximation. He finds

We
E=—— 5.31
: (531

177-@ .
20 (3w t)

In Table 5.9 we set @ = 0.01 and provide a comparison of the present energy
values with those obtained from Eq. (5.31) for a series of magnetic field strength.
A glance at the corresponding numerical values reveals that the agreement is

almost perfect.
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Table 5.9: Comparison between the energy with effective mass argument for a=0.01

(v | B [ F

0.1 | (-1)0.34422 | (-1)0.340951
0.2 | (-1)0.84399 | (-1)0.83895
0.5 | (0)0.23427 | (0)0.23329
1 | (0)0.48393 | (0)0.48228
2 | (0)0.98305 | (0)0.48228
5 | (1)0.24802 | (1)0.24752
10 | (1)0.49758 | (1)0.49683
20 | (1)0.99688 | (1)0.99577
50 | (2)0.24954 | (2)0.24936

ii- (w. = 0) case of zero magnetic field

Ignoring phonon coupling, from Eq. (5.23) one readily notes that in the
absence of a magnetic field (7 = 0), one obtains F = —/%: the two dimensional

Rydberg which is four times that for the bulk case.

With the inclusion of electron-phonon coupling one expects the binding to
become stronger. Choosing @ = 0.07 and § = 0.781 for GaAs, for instance we
obtain E/% ~ —1.197; the binding deepened by 20 per cent. The value obtained
here is in very close agreement with that derived by Mason and Das Sarma [19|
using the Feynmann path integral technique. In alternative interesting view to
the problem in the small 32 regime consist of approaching the problem using
the effective mass argument based reasoning. In this regime one can visualize
the electron as revolving about the donor center together with the concomitant

lattice deformation. Thus replacing m* by
™ k
m, = <1 + g&) m*, (5.32)

one has
Rop = —f2 — — 2 (1 + ga> , (5.33)

and consequently

e
|
=
o
|
|
Q
|
|
o
=
o

(5.34)
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which is expected to have reasonable validity for small a and for small 5% (i.e.,
Ryp < hwy). For completeness, in Figure 5.4 we compare our results with nu-
meric values predicted by Eq. (5.31). We note a very close agreement between
the two approaches in a limited domain in which  is not too large. The mismatch
in the small g-limit is due to that a 1s-like wavefunction for the electronic charge
density becomes rather inadequate to reflect a correct description of the case
where a frail Coulombic structure is dominated by the polaronic aspect. (Clearly,

in this extreme, a gaussian-based approach would have been more appropriate.)

At the other extreme of comparatively strong Coulomb potentials the de-
viation is essentially because the approximate effective mass formula Eq. (5.30)
becomes no longer capable of yielding a satisfying description of the polaron state
which undergoes a qualitative change from a nearly free to a relatively localized

one.

5.3 Polaronic Donor in a Magnetic Field

In this section we study the problem in complete form where neither S nor w, is
set equal to zero. We thus explore the polaron effect in the hydrogenic ground
state together with the additional contribution coming from the magnetic field.

Rather than displaying the energy we chose to study the phonon induced shift
AE = |E — E(a =0)] (5.35)
in the binding energy as a function of the parameters characterizing the problem.

With InSb selected as an example of compound semiconductor of general
interest we display the polaron shift on the binding energy as a function of the

magnetic field.

In our dimensionless units, a given value of v corresponds to different magnetic
field strengths depending on the material. For instance v = 1 corresponds to
6kG for InSh. It should be noted that a magnetic field of intensity 60 kG can be
regarded as strong for InSh.
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Figure 5.6: Energy versus B for a=0 and a=0.03 the theoretic value for InSb. The top line

corresponds to @=0.03 where there is a polaronic contribution to the energy and the bottom
line corresponds to a=0 case where there is no polaronic contribution.
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Figure 5.7: Energy versus B for the phonon-induced shift obtained by Eq. (5.35) for InSb.
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Figure 5.8: Energy versus v for the interpolation between strong coupling and the extended
theory. The solid line is for extended theory and the dashed line is for the strong coupling
theory

In Figures 5.6 and 5.7, we plot the energy and phonon-induced shift in the
binding energy as a function of the magnetic field intensity for InSb. In Figure 5.6
we plot energy as a function of B for =0, and a—=0.03. The top line corresponds
to a=0.03 and the bottom line corresponds to a=0 case. From these lines one
can see the difference of energy due to the electron-phonon coupling strength.
The general trend is that AE displays a monotonically increasing profile as the

magnetic field strength is made larger.
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In Figure 5.8 one can compare the strong coupling theory and the extended
theory result. The above line is for extended solution and the below one is for
the strong coupling solution. And the contribution coming from the nonzero «

has seen from this graph easily.



Chapter 6

Conclusion

In this thesis, we have presented two different approaches for calculating the two
and three dimensional polaron ground state energy. We have shown the use of
perturbation, strong coupling and variational perturbative theory and domain of
validity of electron phonon coupling strength for these two theories. Moreover,
we computed ground state energy of the hydrogenic impurity in both two- and
three- dimensions. For the case of not sufficiently large electron-phonon coupling
strength we have shown the weakness of the strong coupling theory. To eliminate
this problem we combine strong coupling theory with variational perturbation
theory. Furthermore, we apply the magnetic field to the medium and again
calculate the ground state energy of the polaron. In this part, we see that for
weak magnetic field the choice of wavefunction most suitable is hydrogenic, and
for strong magnetic field this becomes gaussian wavefunction. We have compared
our results with MacDonald and Ritchie’s results [16], where they gave analytic
calculation to the energies and we get strong agreement with their results. For
the gaussian wavefunction under magnetic field it has been shown that when
electron-phonon coupling strength is zero and the Coulombic interaction is zero,

the ground state energy is w./2 which is Landau orbit energy.

In the general scope of this thesis work, we have presented an overview to the
single polaron properties in two dimensions. Giving most emphasis to the formal

structure of the problem, we have demonstrated the bulk phonon effects on the

63
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free electron under magnetic field within the framework of variational calculation.
In other words electron-phonon interaction and magnetic field effects on a two-
dimensional electron bound to a Coulomb center is studied within the framework
of a variational approximation consisting of an adiabatic polaronic wave function
corrected by a first order perturbative extension by which it is possible to inter-
relate the strong and weak coupling counterparts of the coupled electron-phonon
system. Various aspects of the problem is considered depending on the Coulomb

interaction, magnetic field, and electron-phonon coupling strength.
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