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ABSTRACT

A SPECTRAL VANISHING VISCOSITY METHOD FOR
LARGE-EDDY SIMULATIONS OF TWO-FLUID FLOW

Solmaz Khoshavaz
M.S. in Mechanical Engineering
Advisor: Luca Biancofiore
December 2020

DNS studies of turbulent flows have proved to be inefficient in terms of time and
computational resources. On the other hand, Large-eddy simulation (LES) is an
effective approach towards modeling turbulence. The current research applies an
extension of the Spectral Vanishing Viscosity (SVV) method to finite differences.
This straight-forward LES technique allows turbulence modeling without the need
for filtering or upwinding. The result is a hybrid DNS/LES Solver.

The solver is applied to the two-fluid problem of falling liquid film in the
presence of turbulent gas. Numerical simulation of falling liquid films requires a
mathematical representation of the multiphase flow. A Direct Numerical Simula-
tion (DNS) solver implementing finite volumes is used to solve the Navier-Stokes
equations for the liquid phase. The Front Tracking method is used to model the

moving gas-liquid interface.

Gravity-driven falling liquid films are commonplace in engineering applica-
tions. Perturbed falling films dramatically increase the heat/mass transport
across the interface compared to flat films, which highlights the significance of
studying interfacial flows. The present research aims to develop a numerical tool,

which will be used to further investigate falling liquid film phenomena.

Keywords: turbulence, large-eddy simulation, spectral vanishing viscosity, two-
fluid flow, falling liquid films.
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OZET

~IKI SIVILI AKISLARDA GENIS GIRDAPLI
SIMULASYONLAR ICIN SPEKTRAL KAYBOLAN
VISKOSITE YONTEMI

Solmaz Khoshavaz
Makine Miihendisligi, Yiiksek Lisans
Tez Danigmani: Luca biancofiore

Aralik 2020

Tirbiilent akiglar i¢in gergeklestirilen DNS caligmalarinin, harcanan zaman ve
sayisal kaynaklar agisindan verimsizligi bilinmektedir. Ote yandan genis girdap
simiilasyonlar1 tiirbiilent akigt modellemek acisindan etkili bir yontemdir. Mevcut
aragtirma Spectral Vanishing Viscosity (SVV) metodunun sonlu farklara uygulan-
mak iizere genigletilmesidir. LES tekniginin kullanimi, filtreleme ve yukar: sarma
metodunu uygulamadan tiirbiilent akig modellemeyi miimkiin kilmaktadir. Sonug
olarak hibrit bir DNS/LES solver olugmaktadir.

Solver, turbiilent akigtaki gaz esliginde yercekimi etkisiyle akan sivi bir film
tabakasindan olugan iki akigkanli bir probleme uygulanmigtir. Yercekimi etkisiyle
akan film tabakalarinin numerik simiilasyonlari, ¢ok fazl akiglarin matematiksel
gosterimlerine ihtiyag duymaktadir. Sonlu hacimler iizerine uygulanan direkt nu-
merik analiz ile sivi faz i¢cin Navier-Stokes denklemleri ¢ozdiiriilmiistiir. Hareket

halindeki sivi-gaz arayiiziiniin modellenmesi i¢in 6nizleme yontemi kullanilmigtir.

Yergekimi etkisinde akig gosteren sivi filmler ile bir¢ok endiistriyel uygulamada
siklikla yer alir. Pertiirbed diigen filmleri diiz filmlere oranla ara yiizdeki 1s1 ve
kiitle transferini ¢arpici oranda arttirir. Bu durum ara yiizli akiglara yonelik
caligmalarin 6nemini arttirmaktadir. Mevcut calisma ile geligtirilecek numerik
aracin, ilerleyen zamanda diigen sivi film olaymin aragtirilmasinda kullanilmasi

amaclanmaktadir.

Anahtar sozcikler: turbiilans, genig girdapli simiilasyon, spektral kaybolan

viskozite, diisen siv1 filmler .
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Chapter 1

Introduction and Motivation

1.1 Motivation and Outline

Two-fluid flow is two immiscible fluids separated by an interface. A Common-
place example of two-fluid flow is liquid-gas interfaces. Numerical simulations of
multiphase flow is a complicated and expensive task. In section 1.2 we discuss
the available methodologies for multiphase flow modeling. Further in Chapter 2 a
numerical model for multiphase flow is presented in 2.1. The model incorporates
the Direct Numerical Simulations (DNS) of the Navier-Stokes equations (2.1.1)
with Front tracking method (2.1.2) and Continuous Surface Force (CSF) method
(2.1.3).

The DNS of turbulent flow is confirmed to be excessively time consuming and
computationally expensive. Large Eddy Simulation (LES) of turbulent is a more
efficient approach. Section 1.3 provides a brief introduction on numerical tech-
niques in turbulence. Spectral Vanishing Viscosity (SVV) is the LES technique
used in this work. The mathematical modeling of the SVV method is covered in
section 2.2. A traditional implementation of the SVV method is discussed in 2.2.1.
An extension of the SVV method from the spectral space to finite-differences is

proposed in 2.2.2.



One of the widely encountered examples of two-fluid flow with interfacial turbu-
lence is the problem of Falling Liquid Films. Falling Liquid Films are ubiquitous
in both natural and engineering settings. In fact, falling liquid film phenomena
play a critical role in industrial applications. Therefore, there has been a contin-
uous and increasing curiosity about this topic among researchers. We select the
problem of falling liquid films as a test case to investigate our numerical tool. Sec-
tion 1.4 in this document is devoted to an introductory discussion on falling liquid
films. The Surface Wave instability phenomena are described in 1.4.1. Chapter
3 includes the mathematical models corresponding to falling liquid films. This
document does not aim to offer a comprehensive literature review on falling films.
Accordingly, only the theory and mathematical models that are related to the

goal of the research will be covered.

Finally, in Chapter 4 we present the validation of both multiphase flow DNS
and LES solvers in 4.1 and 4.2 respectively. The final hybrid DNS/LES solver
used to study the effect of turbulent co-current and counter-current gas in the

case of laminar falling liquid films is presented in 4.3.

All in all, in this thesis, we develop a numerical tool to investigate the case-
study of two-fluid flow with a liquid-gas interface. A numerical tool, written
in FORTRAN Programming Language, is developed in which a front tracking
method (2.1.2) is adopted to accurately predict the interface evolution, a Spectral
Vanishing Viscosity (SVV) operator (2.2.2) is used to model smaller scales of
turbulent structures in the gas phase, and Message Passing Interface (MPI) is
implemented to parallelize the processes. The current numerical tool offers a
novel platform for studying hydrodynamic instability and turbulence in falling
liquid films as well as providing a foundation for investigating other phenomena
in falling liquid films e.g. the Marangoni effect, evaporation, etc., which are
further discussed in Chapter 5. Moreover, the hybrid solver can be used to study

other two-fluid systems such as droplets in a turbulent flow.



1.2 Multiphase Flow

Two-fluid flows are two immiscible fluids separated by an interface (front). Mul-
tiphase flow constitutes a considerable part of the industry, for instance, heat
transfer systems, process systems, and transport systems. Accurately predicting
the behavior of multiphase flow is a problem of interest for both industrial and
scientific research purposes. Numerical representation of multiphase flow and
accounting for the topology of the interface is not trivial. In this research, we
follow the methodology of Tryggvason [2] based on One-fluid approach. The one-
fluid formulation is an approach for modeling two immiscible fluids separated
by a sharp interface. In this approach, a single set of equations is applied to
both phases and interface terms are added as singularity distributions. In this
section, we introduce some of the most successful interface modeling techniques,
which follow the one-fluid approach, including the Volume of Fluid (VOF) and
the Front-tracking methods.

The VOF method (1981) is the oldest and widely used method to directly ad-
vect marker functions. In this method, the different fluids are directly identified.
The fraction of the grid cell which is occupied by the fluid represents the marker
function and is considered as the reference phase. The interface shape is approx-
imately reconstructed using the volume fraction in each cell. The reconstructed
interface is then advected in a given velocity field. The reference phase volumes
are exchanged across the boundary of neighboring cells. The VOF method is

incorporated in many open-source and commercial multiphase flow solvers.

The front tracking method (1992) introduced by Tryggvason and Unverdi [3]
uses connected marker points to represent the sharp interface. The use of marker
points yields superior results in terms of accuracy. In the front tracking method,
we work with two grids: the fixed grid, on which the governing equations are
solved and the lower dimensional grid that tracks the interface. The front grid

makes the accurate advection of the interface possible.

One of the significant issues in the study of two-fluid flows is the stability and



the evolution of the interface between the fluids [4]. The front tracking method
is capable of accurately modeling the interface topology compared to the VOF
method. Furthermore, it produces a smooth transition of flow properties across
the interface. Therefore, we choose the front tracking method as the interface
modeling technique in this work. The numerical model associated with the front
tracking method is elaborated in 2.1.2. This choice contributes to the novelty of
the developed solver as the front tracking method is not implemented in other
CFD software.

1.3 Turbulence

Turbulent flows are described as chaotic, irregular, unsteady, and random. The
swirling motion of the fluid flow is referred to as eddy and it can occur on many
scales. In this research, we are interested in developing a numerical tool to study
a system of two-fluid flow in presence of turbulence. Numerically modeling mul-
tiphase flow is a complicated task, and accounting for turbulence adds to the
complexity as well as computational expenses of the simulation. The Navier-
Stokes equations describe all scales of the turbulent velocity field. However, an
extensive amount of information is contained in the velocity field, which makes

using the Direct Numerical Simulation (DNS) approach impractical.

Alternatively, Large Eddy Simulation (LES) is proved to be a more effective
approach towards turbulence modeling [5]. LES of turbulent flow is a technique
in which large scales of turbulent are explicitly resolved and the small scales are
modeled. This is done by applying low-pass filtering to account for the large-
scale structures. The residual part is known as subgrid-scale (SGS). Whereas,
the DNS explicitly resolves all scales of the problem, thus, yielding undesirable
computational time. Resolving the smaller scales using DNS is possible at the
cost of decreasing the grid size, which is often not feasible due to limitations of
computational power or data storage. Therefore, LES is advantageous thanks to
the flexibility it offers to control the resolved scales, resulting in a more efficient

solver. A comparison of DNS and LES is shown in figure 1.1.

4



The Spectral Vanishing Viscosity (SVV) is classified as an LES method. The
SVV method was first proposed by E. Tadmor in 1989 [6] in the context of
stabilizing Fourier spectral approximation of hyperbolic conservation laws. The
SVV method of Tadmor introduces an artificial diffusion large enough to cutoff
oscillations while maintaining the accuracy and the stability of the solution. The
SVV operator is incorporated into the Navier-Stokes equations to control high
wave number oscillations. The theory includes a vanishing viscosity amplitude
defined in spectral space decreasing with the modenumber and a viscosity kernel
for the high wavenumbers. The viscosity kernel acts as a switch function and is
activated only in high wavenumbers [7]. A straightforward high-order numerical
dissipation mimicking the SVV operator proposed by E. Lamballais et al. [8] is
used in this research. The scheme has a spectral like accuracy, thus can resolve the
details of the flow field. Moreover, the implementation of the turbulence model

does not require any upwinding, which simplifies obtaining numerical stability.

As indicated in figure 1.2, the SVV method is rare in literature, which adds
to the challenges of finding similar studies for validation purposes as well as con-
tributing to extending the applications of this technique. In the current project,
the SVV method is applied to simulate a liquid-gas problem in the scenario of
falling liquid film. Our motivation for using the SVV technique emerges from
the fact that it enables us to select the scales of the problem, which we want
to resolve to a better degree compared to other LES models. Furthermore, it
is appropriate for high-frequency wavenumbers, which are typical in turbulent
interfacial flow. Moreover, the extension of the SVV method to finite differences
provides a straight forward way of modeling small turbulent scales at a reason-
able temporal and computational cost. The novelty of the present research lies in
implementing an extension of the spectral SVV operator to the finite differences
in the context of two-fluid flow modeled by a front-tracking method, as will be

discussed in the following sections.



Large Scales Small Scales

S
o . DNS
LES
k ke

Figure 1.1: A comparison of DNS and LES in terms of energy versus wavenum-
ber. DNS explicitly resolves for all the wavenumbers. Whereas, LES models
wavenumbers that are higher than the cutoff wavenumber k..
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1.4 Falling Liquid Films

We take the test case of falling liquid films as an example of two-fluid flow in
presence of turbulence. Falling liquid films are ubiquitous in both natural and
engineering contexts. Wavy dynamics of falling liquid films can occur in very
low Reynolds numbers [9]. Thus, they are easily observable on sloped sidewalks
or on windows during rainy days as shown in figure 1.9. Falling Liquid Films
in presence of turbulence are encountered in a wide range of technological and
engineering applications, especially in chemical engineering processes. Typical
examples of such applications include evaporators, condensers, cooling towers,
heat exchangers, and distillation towers. Interfacial heat and mass transfer are
shown to increase in the presence of waves [10]. Studies reveal that heat transfer
can be 10-100% higher in a wavy film compared to a flat film [11,12]. In addition,
the cooling mechanism of microelectronic equipment, and mass-heat transfer units
in coating processes often use falling liquid films in presence of turbulent gas.
The advanced techniques used in the food industry, e.g. separation process in the

sugar industry, incorporate falling films [13].
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Figure 1.3: a) The number of publications on ”Falling Liquid Films” since 1980
with a total number of 2494. b) The number of publications on numerical studies
of Falling Liquid Films since 1980 with a total number of 580. Source: Web of
Science, as of December 2020.

The Nobel Prize winner physicist, Leonidovitch Kapitza (1894-1984), was the
first to conduct a well-controlled experiment on a falling film. He discovered a
new form of wave motion in the concept of the thin film viscous liquid [13], includ-
ing sinusoidal wave patterns with round peaks and troughs, and solitary waves

of single drops. Such patterns show simple hydrodynamic instability driven by

7



inertia, which can result in spatio-temporal patterns of more complex instabil-
ities [9]. Kapitza’s pioneering work on both the experiment and the theory of
falling liquid films established a foundation for further exploration of this topic.
The advancements in the field of nonlinear dynamics and mathematical mod-
els (contributions of Benny, Shakadov, and Sivashinsky) [9] along with improved
computational power culminated in a better understanding of falling liquid films.
Following this path, there have been hundreds of documents in the form of re-
search papers, books, and monographs devoted to this topic. Based on the data
extracted from the Web of Science, as shown in figure 1.3, Falling Liquid Film has
been continuously a topic of interest for researchers. Falling liquid films flowing
in the presence of a counter-current gas flow are prevailing in engineering appli-
cations [5]. Several experimental works are dedicated to studying falling films
sheared by a turbulent gas ( [14-17]). Nonetheless, numerical studies of falling
liquid films are few in number due to the complexity of modeling multiphase flow
and accurately modeling the interface. The present research is devoted to devel-
oping a numerical platform that enables studying the evolution of the interface
in falling liquid films with co-flowing and counter-flowing turbulent gas as well as
providing a numerical platform to study instability and turbulence in the case of

isothermal falling films.

1.4.1 Surface Wave Instability

In this section, we present the theory of surface wave instability in the example of
falling liquid films. We will use this test case as a benchmark problem in section

4.1 to validate our multiphase DNS tool.

Experimental results of isothermal thin liquid films flowing down an inclined
wall indicate the formation of “long” wavelength deformations on the free surface.
In this context, “long” wavelength deformations imply deformations much longer
than the film thickness, as depicted in figure 1.4. These long waves evolve from
the instability of an initial uniform laminar flow profile (referred to as “flat film

base flow”). This type of instability and its governing mechanisms are explained



in further detail as follows [13].

Surface wave instability also attributed as the Kapitza mode or H-mode is
long-wave perturbations on the film surface influenced by three mechanisms [18].
Namely, the streamwise component of gravity, inertia, and the cross-stream com-

ponent of gravity leading to hydrostatic pressure [13].

o
/ / mterface

Figure 1.4: Schematic representation of a thin liquid film falling down an inclined
plate of 3 degree. Mean film thickness is hy. The free surface is deflected over a
length scale of [, which is much longer than the film thickness. The flow follows
the semi-parabolic velocity profile of fully-developed viscous film flow shown as
U. The figure is inspired by [13].

A long-wave perturbation is applied to the initially flat liquid film over a
length scale of [ as in figure 1.4. Consider the free surface is deflected upwards
forming the crest of the wave. The height of the top surface gradually varies in
the streamwise direction, therefore, each streamwise location closely follows the
semi-parabolic velocity distribution of a fully developed viscous film flow. The
net streamwise flow rate is positive and it increases with the depth of the film.
Consequently, the maximum flow rate occurs at the crest of the perturbation
and the minimum flow rate occurs at the trough. As a result, gravity draws the

fluid at the front of the crest upwards while causing downward motion in the

9



back of the crest. Figure 1.5 shows a control volume over the front section of the
crest, which experiences an inflow of ();, and an outflow of ),,; = 0. The mass
conservation implies the interface to move downwards. Likewise, the interface
at the rear of the crest moves upward. The perturbation propagates as a result
of these motions. This mechanism generates a wavy downstream motion of the
perturbation without growth and at a phase speed higher than the velocity of
any fluid particle in the initial undisturbed film [13].

Streamy i,

Figure 1.5: Upward/downward motion of the interface as a result of the stream-
wise component of gravity. The dashed line is the initial unperturbed free surface.
The dotted box represents the control volume. A net flow ();, enters the control
volume. In order to satisfy the mass conservation, the interface must move up-
ward. Similarly, the interface at the rear of the crest must move downward. Red
arrows indicate the direction of the motion. The figure is inspired by [13].

Consider a streamwise location at a particular instance of time, as in figure
1.6. The surface height in front of the crest is increasing as a result of the
forward propagation of the perturbation. Thus, the flow at this location tends to
accelerate to follow the velocity profile of a fully developed viscous flow. However,
the inertia prevents the flow from accelerating fast enough to fully follow the
semi-parabolic velocity profile. As a result, the volume flux in the film is not as

large as a film completely following the fully developed viscous profile. Similarly,

10



in the back of the crest, the surface height is decreasing and the flow tends
to decelerate accordingly. The inertia prevents the flow from decelerating fast
enough. Therefore, the volume flux at the rear is larger than the one expected
from a flow following the fully developed viscous profile. The final result of these
fluxes is the accumulation of fluid under the crest of the perturbation and an

interfacial displacement as shown in figure 1.6 [13].

Figure 1.6: Interfacial motion as a result of the inertia effect. The black arrows
show the residual inertia flow culminating in an increasing displacement in the
crest of the wave (the red arrow). The figure is inspired by [13].

The cross-stream component of the gravity creates a hydrostatic pressure pro-
portional to the film height, shown in figure 1.7. Under the crest, where the film
has a higher depth, a positive pressure difference is imposed. Whereas, in the
front and rear of the crest there is a negative change of hydrostatic pressure. As
a result, the fluid tends to flow from the area with a larger dp to the area with
a smaller dp, in the direction of the arrows shown in figure 1.7. This motion
results in a downward motion of the crest, thus decreasing the amplitude of the
perturbation and stabilizing the film. Nonetheless, the inertia effect opposes the

effect of hydrostatic pressure. If the inertia dominates the hydrostatic pressure

11



the amplitude of the perturbation increases and the film becomes unstable (fig-
urel.8). This mechanism sheds light on the unstable vertical falling films. Due to
the absence of a cross-stream gravity component, there is no opposing mechanism

to cancel the effect of inertia. Consequently, the film becomes unstable [13].

Figure 1.7: The cross-stream component of gravity generates a hydrostatic pres-
sure proportional to the depth of the film. The flow moves from a region with
larger pressure (dp > 0) towards a region with smaller pressure (dp < 0). Thus,
the interface moves downward eventually resulting in a stable film. The figure is
inspired by [13].

12
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Figure 1.8: Role of inertia in hydrodynamic instability of surface waves. a) The
inertia effect dominates the hydrostatic pressure effect. The fluid accumulates un-
der the crest, which causes an increase in the perturbation leading to an unstable
film. b) The hydrostatic pressure effect dominates the inertia effect, pushing the
fluid towards the front and rear of the crest. As a result, the interface moves
downwards. The perturbation amplitude decreases and the film eventually be-

come stable.

Figure 1.9: A photograph of solitary wave formation in the case of rain falling
down a slope. The photograph is taken by the author.
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Chapter 2

Numerical Models

2.1 Multiphase Flow

Our two-fluid flow case of study incorporates two immiscible fluids: gas and
liquid, and a free surface. Thanks to the advancements in modern computers and
computational methods, precisely predicting the behavior of multiphase flows is
feasible nowadays. The dynamics of multiphase flows are a topic of interest for
both scientific and industrial intentions. This section emphasizes introducing the
direct numerical simulations (DNS) of multiphase flows, implementing the front
tracking method to capture the moving interface between the two phases. The
method follows the ”one-fluid” approach in which a single set of equations is used
to model the flow field (including all phases). In this formulation, the interface

is included as a singular distribution [2].

The equations governing the multiphase flow with interfaces are established
based on the following general principles. The continuum assumption, which
states the material can be treated as continuous regardless of the microscopic
scales. Following the continuum hypothesis, we may make the assumption of

sharp interfaces. The fluid properties such as density, viscosity, etc. follow a
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gradual transition from one phase to another. Therefore, we can assume in-
terfaces with vanishing thickness. Finally, we neglect the intermolecular forces.
However, the role of such forces in interface physics is modeled by including sur-

face tension [2].

The so-called one-fluid approach enables us to apply numerical methods devel-
oped for single-phase flows to solve for multiphase fields. Therefore, the governing
equations stem from applying conservation of mass, conservation of momentum,
and constitutive assumptions, which result in continuity and Navier-Stokes as in
equations 3.1 and 3.2 respectively. We will elaborate on numerical solutions of

these equations and their relation with interface modeling as follows.

2.1.1 Numerical Solutions of the Navier-Stokes Equations

We write the Navier-Stokes Momentum equation as:

ov
pE—FpA:—Vp—l—D—i—f, (2.1)
where v(u,v,w) is the velocity vector with components in z,y,z directions re-
spectively. A = V.(vv) is the advection term and D = V.u(Vv + Vv7) is the
diffusion term (also known as the viscous term). And f is the contribution of

body force.

We start the discretizations by applying a first-order, explicit, forward march-

ing in time. As a result, equation 2.1 can be written as:

Vn+1 )

v 1
——— + A} = —(=Vpp+ D} + ), 2.2
N =V Dy 1) (22)
where At is the time step size. The superscript n indicates a value at the begin-
ning of the time step and the superscript n + 1 shows the value at the end of the

time step. A, and D, are numerical approximations of advection and diffusion

terms, respectively. V) stands for the numerical approximation of gradient or
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divergence operators. The continuity equation must be satisfied at the end of the

time step. Thus, the velocity at the end of the time step must be divergent free:

Vvt =0. (2.3)

Since there is no explicit term to account for the pressure in equations 2.2 and
2.3, we use the "Projection Method” to solve them. This method comprises two
steps. First, the Predictor Step (2.4a), in which a temporary velocity field (u*)
is found by neglecting the effect of the pressure terms in equation 2.2. Second,
the Projection Step (2.4b), in which the pressure gradient is taken into account

to find the velocity at the new time step.

v —v" S

A - AT p_n<Dh + 1), (2.4a)

vl v 1

— = —(= . 2.4b
= V) (240

Equations 2.4a and 2.4b add up to be equal to equation 2.2 as the temporary

velocity field cancels out in the summation.

As mentioned earlier, the continuity equation is satisfied when the velocity at
the end of the time step is divergent free. Therefore, we want to find the pressure
such that it yields divergent free velocity. In order to apply this condition, we

take the divergent of equation 2.4b and we plug in equation 2.3:

1 1
(— = —V;,.v". 2.
Vi <p” Vip) Atvh v (2.5)

This is the Poisson equation for the pressure. The resolved pressure field and
the temporary velocity field will then be used to correct the velocity, resulting in

the velocity at the new time step:
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At
u"t = ut — = V;p. (2.6)
pn

Notice that to ensure numerical stability for the introduced explicit scheme, the
time step must be small enough. The advection and the diffusion terms restrict
the value of At. The discretization scheme of the diffusion terms is second-order,

central differencing approximation which requires:

At 1
/;? S Z_l for 2D, (27&)
At 1

where h is the smallest grid spacing. Criterions (2.7a) and (2.7b) are used in

two-dimensions and three-dimensions respectively.

Stability criterion for a second-order central differencing approximation of the

advection terms requires:

At
(v-v)P2 <o, (2.8)
1
Moreover, the stability of temporal and spatial discretizations depend on the

Courant-Friedrich Lewy (CFL) condition as:

|Vinax | At
Pmaz 27

< (2.9)

where |V,q;| is the magnitude of maximum velocity. This condition guarantees
that At is adequately small so that a material point travels less than one grid

spacing in each time step.

We use the finite-volume method for spatial discretizations. Before proceed-

ing to the discretization of advection and diffusion terms, we discuss the selected
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control volume and mesh. We use the staggered grid in which discrete variables
such as velocity, pressure, and fluid properties are stored at a separate grid as
shown in figure 2.1. Using the staggered mesh makes the derivation of bound-
ary conditions straightforward. Assume a control volume around the pressure
nodes (outlined by the blue line). As imposed by the continuity principle for
incompressible flows, the pressure must enforce a divergence free velocity field.
Therefore, a net inflow into this control volume leads to a rise in pressure, a net
outflow results in a decrease of pressure. The horizontal velocity components (u)
and the vertical velocity components (v) are located at the middle boundaries of
the control volume. Consequently, the grid for the horizontal velocity is shifted
half a grid cell to the right from the pressure node, and the grid for the vertical ve-
locity is shifted half a grid cell upward. Likewise, the third component of velocity
(w) can be located on the staggered grid; however, we sketch a two-dimensional
grid for simplicity and to avoid confusion. The three-dimensional representation
of one cell is given in figure 2.2 in order to simplify the following derivations in
the third dimension. Furthermore, the location of the pressure nodes and the ve-
locity nodes is shown for a two-dimensional computational domain of 4 x 4. The
crosshatched area includes the ghost nodes, which will be used in the definition

of boundary conditions in the later steps.

To discretize the momentum equation we use a finite volume scheme. Using
the divergence theorem, the average value of advection term and diffusion term

over a control volume are:

/V vv)d ——j{ v(v.n)d (2.10)

/V T dv = —74 T"ds, (2.11)

where V' = Az x Ay x Az is the volume of the three-dimensional rectangular

control volume, and TV is the viscous stress tensor for incompressible flow:

T = pu[Viv + (V). (2.12)
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Figure 2.1: The pressure nodes (red points) are located at the center of the control
volume (outlined by blue). The control volume for the horizontal velocity (purple
points) is located at half a mesh to the right of the pressure node (outlined by
green). The control volume for the vertical velocity (pink points) is located at
half a mesh upward to the pressure node (outlined by yellow).
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Figure 2.2: The pressure node (the red point) is located at the center of the
control volume. The velocity component nodes of u,v,w are shown by purple,
pink, and green points respectively.

The average value of the pressure gradient is:

1 1
= — dv = — ds. 2.1
(VD). V/Vva V]ipn s (2.13)

The average value of body force is:

1
£ — V/Vf(x)dv. (2.14)

The integral form of continuity equation at time step n + 1 is:

j[v"“.nds =0. (2.15)
S

Discretizing equation 2.3 on the staggered grid shown in figure 2.1 the conti-

nuity equation on the control volume becomes:
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Figure 2.3: The plot of a two-dimensional 4 x 4 staggered grid. The pressure
nodes (red points) are located at the center of the control volume (outlined by
blue). The velocity component nodes of u, and v are shown by purple, and pink
points respectively. The crosshatched region embodies the ghost nodes, which
are used in defining the boundary conditions.
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n+1 n+1 n+1 n+1 n+1 n+1

Ax Ay Az

u

—=0. (2.16)

The discretized form of equation (2.4a) is given below and it results in tempo-

rary velocity field components:

1

Uiy = Uiv1 /2,6 OU=(A2) 106t (92) i1 2,50 12000 + Plorsr) (Da)is1/2,5.k]
(2.17)

VF 12 = Vigatjor A=Ay} 10126 (90) 1 41 26T 172000 1 1_1_ ) (Dy)i 412,
(2.18)

Wy i gy172 = Wiggepr ot A= (A7 ki1 2H(92)1 1 ot 1/2(PZj,k1"' ) (D) k+1/2)s
(2.19)

where A,, A, and A, are numerical approximations of the advection term in equa-
tion (2.10). And D,, D, and D, are numerical approximations of the diffusion

term in equation(2.11).

Using the same staggered grid, we discretize equation (2.4b):

At pzn—i—ljk _p?]’k
”-l . pr— * . _ 2J 3J 9 2'20
Uz+1/2,J,k uz+1/2,],k 1/2(pzj7k + p?+17j7k;) Az ) ( a)
At p?jﬂ kT P?j k
i = v;; - SRS 2.20b
AU V2075 + Prjia) Ay 7 ( )
. : At Pl P
Wight1/2 = Wigke1/z T o0 ’ L2 (2.20c)

Va3 n
Pijrt pi,j,k—H) Az

Similarly, we can write equation (2.4b) for the other side of the control volume:
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n mn
At Pijk = Pit1jk

. 2.21
uz—l/Z,j,k uz_1/2,],k 1/2(p?71,j,k + p:t],k) A,I ’ ( a)
At Pijk — Pij—1k
nA _ * _ 5J 5 ’ U , 2.21b
Ot/ = Va2 T T Ay e
At Pitjk = Pijr—1
wn _ w* ' o 2J s 33 . 2.21C

Substituting equations (2.20) and (2.21) in equation (2.16) results in the pres-

sure equation:

L [ pitijk —Pijk  Pijk — Di-1jk 1
2 7 7 7 7,
A \ Plagn t Pign Plir T Pi1jn

1 (pi,j+1,k —DPijk  Pijk — pi,jl,k) 4

Ay? Pijiine t Pijr  Pijrt Pij—ik
1 Pijk+1 — Pijk _ Pijk — Pijk=1\ _ (2.22)
A2\ Pljprn Pk Plr T Pijra

* * * * * *
L (Ui — %ic1/2,5k n Yig+1/2k — Yij-1/2k n Wijk+1/2 ~ Wijr-1/2
2At Ax Ay Az '

This is the Poisson equation for pressure. There are several methods to solve
the pressure equation (2.22). One of the most convenient solvers is a simple
successive over-relaxation (SOR) iteration method. The pressure equation must

be rearranged such that the p; ;; term is isolated on the left-hand side:
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[ 2At N 2At N
pi, ',k' m n Vel 3
TEA (PR k) AT T o)

2At n 2At
AP P80 AYVOF 0+ 08 1k)
oAt . oAt -
AZ2(p} s T Pe) A28 + 0Pk 1)
2At 2At
pi—l,j,k[ Y P ] +pi+1,j7k[ 2 n n ] +
Az (pi—l,j,k Zi pi,j,k) Az (pz'+1,j,k + pi,j,k)
2At 2At
Dij—1k| — — | + Pijr1k] 5 —]+ (2.23)
! Ayz(pi,j~1,k + pz‘,j,k) 7 AyQ(pi,jH,k + pi,j,k)
2At 2At

pi,j,k—l[AZQ( )] +pi,j,k+1[A22(

n n T n ] -
Pijk—1 T Pijk Piirsr + Pijn)

* * * * * *
[ui+1/2,j,k — U172k n Yij+1/2,k — Yiji—1/2,k n Wi jk+1/2 — wi,j,k—l/Q]

Ax Ay Az

Then, the SOR iterative method resolves the pressure:

1 1 1

Pt =Bl (= — )+
Pk Ax? Pivijre v Pijk  Pijk T Pic1jk
1 1 1
A 5 (= P m )+
Y© Pijr1k + Pijk  Pijk + Pij—1k
1 1 1
— )+ (2.24)

2( n n n n
Az Pl Y Pk Prik + Pijr—t

* *
1 (ui+1/2,j,k Ui 124k

2At

* * * *
n Yij+1/2,k — Yij—1/2,k n Wi ik+1/2 — Wijk—1/2

a+1

where p'; ;. is the pressure from the last iteration o and p; i 1s the new approx-

imation of the pressure. The relaxation parameter S must be § > 1 for over
relaxation. The stability of the method requires 5 < 2. A value of § = 1.2-1.5 is

an appropriate choice for the relaxation parameter.

While the SOR method is an effective way of resolving the pressure field, it may

be excessively time-consuming depending on the dimensions of the problem and

the desired accuracy. A faster alternative approach is using multigrid methods

offered by open-source mathematical libraries such as HY PRE. The PFMG solver

of HYPRE is used in this research to solve the Poisson equation.
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The average value of advection and diffusion terms (equations (2.10) and
(2.11)) can be approximated using the midpoint rule. We start from equation

(2.11) to approximate the integral of viscous fluxes:

(D)1 o = Tve— Tipn Tﬁﬁ%,j-ﬁ-l/zk B Tiﬁ%,j—yzk n Tvligij2,j,k+1/2 - T;ﬁjz,j,kqp,
J» Az Ay Az
(2.25a)
(Dy)?ij - ﬂiﬁiz,j+1/2,kA_ :[;72@{3;2,]‘+1/2,k 4 Tzvffug B ﬂv]yif + jlij}?fl/2,k+l/2 B 7;1:}121/2,1@—1/2’
; ) T Ay Az
(2.25D)
(Do)l 12 = i1/ k12 = Lil1y2 g2 n Tsvrznerz — Tt preye n Tijrer — Tijw .
Js Ax Ay Az
(2.25¢)

The viscous stress tension terms TV are approximated using standard second-

order central differencing;:

u® —
V,TT n i+1/2,5,k i—1/2,5,k
igk = Hijk Ay : (2.26a)
vl — P
vy oon Ciitl/2k — Yij-1/2k
Tijk = 2Mi5n Ay ; (2.26b)
w™. —wh.
V,2Z2 __ o, n i,3,k4+1/2 i,5,k—1/2
Tijk = 24k Az ; (2.26¢)
n _an n _an
vy _n . (ui+1/2,j+1,k Uit1/2,54+1/2,k +”i+1,j+1/2,k ui,j+1/2,k)
ir1/2,5+1/2.k — Hit1/2,541/2,k Ay Ar )
(2.26d)
n I ) n _amn
oz _ ‘ (ui+1/2,j,k+1 Uit1/2,5.k n Wit jk+1/2 U’i,j,k:—i—l/Q)
ir1/2,5,k+1/2 = Hit1/2,5,k+1/2 Na Ar )
(2.26¢)
n _an n )
vy _ (wz’,j+1,k+1/2 W 5 k+1/2 n Ui j+1/2,k+1 vz’,j+1/2,k:)
ij+1/2.k+1/2 — Mij+1/2,k+1/2 Ay Az :

(2.26f)

Notice that the viscous stress tensor is symmetric.
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Plugging in equations (2.26) into equations (2.25) results in second-order cen-

tral differencing of the diffusion terms:

n _.n n _,n
Uirzso ik — Yit1/2,5k n Wiv125k — Yic1/2,5k

( $)1+1/2,],k i+1,5,k A2 1,5,k N

u™ — " " — P
Ni+1/2,j+1/2,k< Ag? AyAx ) — Hit1/2.5-1/2.k

n n n n
(ui+1/2,j,k T Uiis25-1k Yit1-1/2k ,Uz',jfl/Z,k) e '
Ayg AyAJZ i+1/2,5,k+1/2

n ) n _an
(ui+1/2,j,k+1/2 Uiv1/2,5k  Wirljk+1/2 — Wijk+1/2

n
A2 AzAr ) i+1/2,5,k—1/2
n n n n
(ui+1/2,j,k “Uiy/25k-1  Wit15k-1/2 — wi,j,kfl/Q)
Az? AzAzx '

(2.27)

The discretized form of y and z components of the diffusion terms are given in
Appendix A.

Now, we use the midpoint rule to approximate the advection terms in (2.10):

1
(Aw)?-i—l/zj,k: = m[[(uu)wm,k - (Uu)i,j,k]AyAZ + [(UU)z’+1/2,j+1/2,k—
(uv)i+1/2,j71/2,k]AxAZ + [(uw)i+1/2,j,k+l/2 - (uw)i+1/2,j,k71/2]A$Ay]v (2.28a)
n 1
(Ay)i,j+1/2,k - m[[(uv)i+1/2,j+1/z,k - (UU)¢—1/2,j+1/2,k]AyAZ + [(Uv>i,j+1,k_
(v0)ij k] ATAZ + [(W0)i 417284172 — (WO)ijk-1/2] ATAY], (2.28b)
1

(A2)ip12 = m[[(uw)i+1/2,j,k+1/2 — (uw)i—1/2,jk41/2] AYAZ + [(VW); jr1/28-1/2—

(Uw)ivj_l/g,k_;,_l/g]AIAZ + [(ww)@j’;ﬁl — (ww)z’],k]AxAy] (2280)

The velocities in equations (2.28) can be approximated by different methods
depending on the selected scheme. In second-order central differencing the veloc-

ities at the boundary of control volume can be interpolated as:
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n 1 Whsn i+ U0k Wiy o g T W g0k
(Am)i+1/2,j,k - E[( . . )2 - ( ! ’ )2]+

2 2
i[(“?+1/2,j+1,k Uy )(U?+1,j+1/27k + U2j+1/2,k)_
Ay 2 2
(u?+1/2,j,k + u?+1/2,j71,k)(v?+1,j71/2,k + ’Uijl/Z,k)] n L[<u?+l/2,j,k + Ui+1/2,j,k+1>
2 2 Az 2

n n n n n n
(wi+1,j,k+1/2 + wi,j,k-‘rl/Q) _ (ui+l/2,j,k + Uit /9 k-1 )(wi,j,k—l/Q T Wity jr—1/2

(2.29)

The discretized form of y and z components of the advection terms are given in

Appendix B.

A third-order QUICK scheme can be implemented as:

1 1
g Uiz + 6uimyzj = Uimspzgn), 3 5 (Uimajogn + Uivryzgn) >0
Wijk =

1 1
§(3Ui—1/2,j,k + 6t 12,5k — Uirs/2k)s if 5(%’-1/2,]', k+uit/245) <0
(2.30)

similarly, for the v and w terms.

Substituting the discretized form of diffusion terms D (equation (2.27)) and
the advection terms A (equation (2.29)) into equations (2.20) results in the tem-
porary velocity field. The pressure field is resolved by solving the Poison equation,
equation (2.22). With both the temporary velocity field and the pressure field
known, the velocity can be corrected by equation (2.21). Therefore, the final

velocity field is resolved for the entire domain.

Defining the ghost points simplifies the implementation of velocity boundary
conditions. For instance, a linear interpolation of velocities at the bottom bound-

ary gives:
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1
Ui,jfl/Z,k = §(Ui,j—1,k + Ui,j+1/2,k)~ (231)

The boundary condition at the bottom of the domain is noslip, which requires

the velocity at the boundary to be zero. Therefore:
Vij—1/2,k = ~Vij+1/2,k- (2.32)

2.1.2 Front Tracking Method

Numerical simulation of multiphase flow requires a method to identify and refer
to each phase. The front-tracking method is a numerical technique to capture
a moving interface. The interface is represented by marker points connected to
each other to form elements. In a two-dimensional problem, the marker points
are connected to form one-dimensional elements. Whereas, in a three-dimensional
problem the front elements are triangular. The connectivity between the neigh-
boring points and elements must be maintained through the entire interface.
There are three major steps required for the successful implementation of the
front tracking method. The structure of the interface and appropriate setting of
the connectivity, the communication between the front and the grid to obtain the
correct flow properties, and advecting the front. These steps are elaborated upon

as follows.

We represent the three-dimensional interfaces using unstructured triangular
meshes. Consider a flat interface as shown in figure 2.4. The front comprises
points connected by elements. The coordinates of the points are stored for each
point. The elements carry most of the front information including the connec-
tivity. Each element knows about its surrounding points and the surrounding
elements. The connectivity of points and elements can be set either in clockwise
or anticlockwise directions. This direction defines the outside and the inside of the
elements. All the elements of an interface must follow the same direction. For in-

stance, in figure 2.4 the neighboring points of element 1 are set in a anticlockwise
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direction as [1,nps + 2,nps + 1], and as the periodicity implies the neighboring
elements of element 1 are [2, nes+2, nes|]. Moreover, the physical information of
the interface such as surface tension is stored in the front elements. The proper
implementation of the front structure and correct setting of the connectivity is

crucial for success in the front tracking method.

- dnps
3nps+1 3nps+ 2 qnps — 1
2nes +1 2nes + 3 3nes — 1
2nes +2 2nes +4 3nes
2nps+ 1 2nps + 2 3nps—1 3nps
nes+1 nes-+ 3 2nes — 1
nes + 2 nes + 4 2nes
nps+1 nps+2 2nps—1 2nps
1 3 nes—1 7
2 4 nes L. x
nps—1 nps

Figure 2.4: The front points range from 1 to 4nps, shown by red. The front
elements range from 1 to 3nes. Each element is aware of the neighboring points
and neighboring elements. The periodic boundary conditions in z and z directions
are implemented through connectivity. The arrows represent the periodicity.

After defining the structure of the interface, the next step is to establish a
smooth communication of data between the front and the grid. To do this, first,
the interface must be located on the fixed grid. For periodic interfaces, the closest

fixed grid point to the left of the front point z; is given by:

N,
i = FLOOR (MOD(J:f, L) x L—> , (2.33)

provided that ¢ = 0 corresponds to x = 0. Here, N, is the total number of grid
points in x direction, and L, is the length of the domain. The F'LOOR operation
rounds down to the operand to the closest integer value. And MOD(xy, L,)
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returns the remainder of z¢ divided by L,. Notice that in periodic fronts the

endpoint of one period is connected to the first point of the next period.

After identifying the closest grid points to a given location on the front, we

can interpolate the variables on the fixed grid to the front using:

b =3 W 1 Pigi (2.34)

where ¢lf is a quantity on the front at location [. ¢;; is the same quantity on
the fixed grid. And W, j is the weight of the interpolation.

The interpolation of values from the front to the fixed grid is represented by:

AA
G = Sa W] ’

L — 2.
4,5,k AZL’AyAZ, ( 35)

where AA; is the element surface area, Az, Ay, Az are grid spacings, and WZ-ZJ,k

is the weighting.

The summations are over the closest grid points to a specific front point as
shown in figure 2.5. The number of the points used for interpolation depends on
the smoothness of the weighting method. The weight for the grid point (i, 7, k)

for interpolation to x} = (2%, y}, 2}) is:

Wi k() = d(rz)d(ry)d(r.), (2.36)

a:lf —1Ax
Ax
at x; provided that ¢ = 0 corresponds to x = 0. Likewise, the expressions for

d(ry) and d(r,) can be obtained.

where 7, = is the scaled distance between :viz and the grid line located

We use the Peskin’s distribution function (equation 2.37) for weightings, which
is a smooth distribution function and uses a total of 64 points (8 points in each

direction) for interpolations.
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1
L +cos(g)), if |r| < 2

d(?") = . (2.37)
0, if |r| > 2
L L L '\‘
/—-‘_\\-_”/
y
L.,

Figure 2.5: The interface is located on the fixed grid (the black line). The vari-
ables are interpolated for the front point (the red point) from 4 grid points in

each direction (the blue points) using the smooth distribution function of equation
(2.37). The figure is inspired by [2].

In the front tracking method, the interface is moved with the velocity of the
fluid. We interpolate the velocity from the grid to the front using equation (2.34).

Once the velocities at the front points are known, we advect the front points using:

X7 = X+ VAL (2.38)

where X?H denotes the front position at time step n+1, X7 is the front position
at time step n, V7 is the velocity of front points obtained by interpolation from

the grid, and At is the time step.
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In section 2.1.1 we mentioned that the one-fluid approach solves the governing
equations for the entire domain. The front tracking method distinguishes the
two immiscible fluids by referring to the location of the front and establishing an
indicator function also known as the color function. The indicator function takes
values ranging from 0 to 1 with zero representing the gas and one representing the
liquid phase. (equation 2.39). A smooth jump occurs in the value of the indicator
function. As we proceed from liquid to gas phase, the indicator function smoothly

changes from 1 to 0.

1, if liquid
I= 4 (2.39)

0, if gas
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Figure 2.6: (a) Indicator Function in a three-dimensional domain. The red re-
gion, where I = 1 represents the liquid phase. The blue region, where I = 0
represents the gas phase. The yellow surface indicates the interface. (b) Trian-
gular unstructured grid of the interface.

The fluid properties such as density and viscosity are updated according to

the color function at the end of the time step:

p= pliquid1+ ,Ogas(l - ]); (240)

W= Piiquial + NgaS(l —1). (2.41)
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The marker function I(x) is constructed using the gradient of the jump in
the marker function across the interface. The gradient of indicator function is

expressed as:

VI = /AIn5(x — Xy)ds, (2.42)

where Al is the jump in the value of indicator function across the interface (a
constant for each interface). This value is then interpolated onto the grid using
equation(2.34). The distribution of the indicator function gradient on staggered

grid results in a Poisson equation, the solution of which is the indicator function.

In order to obtain an expression for the marker function (i, j, k) we average
the gradients of indicator function on the grid shown in figure 2.7 using the

second-order central differencing scheme, which results in a Poisson equation:

Vi =V - (VI), (2.43)
Livije + Licv e — 2055k L Lijow +1(0,5 — 1, k) — 21 .
Ax? Ay?
Lijhn + Lije—1 — 20ijk
Az?
oI oI ol ol
(%)i.’.l/Q,j,k — (%)i—l/lj,kz N (8_y)i,j+1/2,k - (a_y)i,jfl/Q,k .
Ax Ay
ol ol
(7)i,j,k+1/2 - (%)i,j,kfl/Q'

o (2.44)

Equation (2.44) can be solved with one of the two methods mentioned in section
2.1.1, the SOR method, or the multigrid methods of HYPRE library. In terms
of programming, the indicator function Poisson solvers require a lower residual
(in the order of le — 9) compared to the Poisson pressure solver (in the order of
le — 6) to capture the interface smoothly. The residual can be lower depending

on the curvature and the complexity of the interface.
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Notice that figure 2.4 shows the initial condition for a flat interface. The
coordinates of the front points are updated as the front is advected using the
interpolated velocity from the main grid. Accordingly, front elements experience

changes in size and shape as the interface evolves.

al

(@ ij+1/2.k
al al
(a i-1/2,jk (a i+1/2,jk
°
Lidijk L ke fid1jk
al
(@ ij-1/2k

Figure 2.7: The plot of marker function and its gradients on a staggered grid.The
figure is inspired by [2].

2.1.3 Continuous Surface Force (CSF) Method

The role of surface tension is crucial in both falling liquid films and multiphase
flow. In the one-fluid approach, the surface tension forces are added as a body
force to the discrete version of the Navier-Stokes equations as explained in section
2.1.1. In this section, we discuss computing the surface tension in the front track-
ing method and distributing it on the fixed grid. The Continuous Surface Force
(CSF) is used to attribute surface tension force values to each front point. the
net force due to surface tension is proportional to the curvature of the interface.

The force on a surface segment is:
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5fe:/ orknda, (2.45)
AA

where o is the surface tension coefficient and k is the curvature of a three-

dimensional front.

Assuming a constant surface tension coefficient and using the Stokes theorem,

we convert the area integral to the line integral along the edges of the segment:

5fe:a/ (nxV)xndazaj{pdl, (2.46)
AA c

here, p = t xn, where t is a vector tangent to the edge of the elemen, n is a normal
vector to the surface, AA is the element area and C' is element boundary. The
surface segment we work with consists of a third of all the elements connected to
a given front point. The coordinates of this element corners are given as x1, X, X3

so the element centroid is:

1
Xe = §(X1 + X9 + Xg), (247)

while the midpoints of the sides are:

1 1 1
Xi2 = 5 (X1 +Xa), X3 = 5 (%2 + X5), X13 = S (X1 +X3). (2.48)

The normal to the element is found by:

AX12 X AXlg
n, — . 9.49
‘AXlg X AXlg‘ ( )

Since the force on the side connecting x; and x5 are canceled by the force from
the other elements surrounding the segment and the force on the side connecting

x; and x3; is canceled in a similar manner, we only need to consider the lines
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connecting x12 and x3; to the center (see figure 2.8). Pay attention that such
cancellation of forces occurs only when the segment is surrounded entirely by
the other elements. In the case of a surface front, the boundary elements are not
entirely bordered by the other elements and thus, the surface tension force arising
from them must be taken into account. Evaluation of the integral in equation

(2.46) over the first line segment is:

Xe — X712

ASI ASl =n, X (XC o X12). (250)

/ pdl = p;As; = n, X
AC

The net surface tension force for point 1 results from the contribution of p,and

Ps:

1
0fie = P1Asy + pyAsy = §ne X AX3o. (2.51)

Similarly for the other points:

1 1
5f26 = éne X AX13, 5f3€ = 5116 X AXQl. (252)

As we mentioned before, properties such as surface tension and gradients of
indicator function are stored in front points. Therefore, the communication be-
tween front to grid and grid to the front is essential to transfer these data. Both
communications are carried out by interpolation. The smoother the interpola-
tion function, the more accurate the data transfer. A smooth weighting function
developed by Peskin (1977) is used in the current work as mentioned in 2.1.2.
Using equation (2.34) we interpolate the surface tension from the front points to

the grid points.
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Figure 2.8: Surface tension force distribution on the front points. One-third of
each element contributes to the calculation of surface tension force. The integral
in equation (2.46) is evaluated over the element segment.The figure is inspired
by [2].

2.2 Turbulence

LES/DNS of turbulent flow is known to demand highly accurate numerical meth-
ods to capture the physics. High-order numerical methods can extremely increase
computational costs. On the other hand, using numerical techniques introduces
a loss of accuracy due to several factors such as accumulated errors, boundary
conditions, and failure of conservation properties, which leads to spurious oscilla-
tions (wiggles) at small scales. Wiggles can be controlled by using a highly refined
mesh; however, this is not a practical method because it is overly demanding in
computational resources. Using a specific artificial damping term, or filtering
the equations are some feasible, but not necessarily straight-forward methods to
control spurious oscillations. In this section, first, we present the conventional
Spectral Vanishing Viscosity (SVV) method. Then, we introduce an extension
of the Spectral Vanishing Viscosity (SVV) method from spectral space to finite-

differences with higher-order discretizations. We use the extension of SVV to
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finite-differences to approximate the second derivative terms in the Navier-Stokes

equations.

2.2.1 Spectral Vanishing Viscosity (SVV) Method

E. Tadmor was the first to introduce the concept of SVV. In this section, we will
review the application of the conventional SVV method to the one-dimensional

inviscid Burgers equation [7].

2z, t) + %(ﬁ(;,t)) g (2.53)

Spontaneous jump discontinuities may develop in the solutions of this problem,
leading to a class of weak solutions. In order to select the physically relevant

solution we introduce an entropy condition in the form:

0 u*(x,t) 0 u(z,t)
— () () <o (2.54)

Tadmor [6] proposed the idea of SVV by adding a controlled amount of dissi-
pation, which satisfies the entropy condition and maintains the spectral accuracy
at the same time. The introduced dissipation term is based on viscosity solutions

of nonlinear Hamiltonian-Jacobi equations [7]:

u?(x,t)

Q(Q

+8x

(@, t) ) = 68%[@62—2], (2.55)

—u
ot
where € is a viscosity amplitude and (. is a viscosity kernel.

The discrete form of equation (2.55) in spectral space, retaining N modes is:

0 0 0 duy
au(m,t) + %[PN( )] = E%KQN * W]v (2.56)




where Py is a projection operator. )y is a viscosity kernel, which only activates
for high wavenumbers. And * states convolution. The right-hand side of equation

(2.56) in Fourier space can be evaluated as:

8uN

ox

a 9 ~ ikx
Ga[QN * ] = —62M§|k|§Nk2Qk(t)uk(t)€ k , (257)
where k is the wavenumber, N is the number of Fourier modes, and M is the

wavenumber above which SVV activates. The kernel originally used by Tadmor
6] is:

0 |k<M
Qk = . (2.58)
1 |kl >M

Notice that the viscosity amplitude vanishes (e — 0) for the wavenumbers

smaller than M, which explains the vanishing viscosity in the title of this method.

G-S. Karamanos et al. [7] applied the SVV method to two-dimensional and
three-dimensional Navier-Stokes equations using a smooth kernel in the case of

single-phase turbulent channel flows. We study this test case in section 4.2.

Since the numerical tool we developed is based on the finite-volume method,
we cannot directly implement the conventional SVV. Therefore, we will use an

extension of the SVV method from the spectral space to finite-differences.

2.2.2 Extension of SVV to Finite-differences

E. Lamballais et al. [8] introduced a highly-accurate finite-difference scheme to
compute second derivative terms in the Navier-Stokes equation. This scheme does
not use any upwinding, damping, or filtering operators as opposed to popular

turbulence modeling schemes such as implicit LES and Spectral Methods. The
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finite-difference scheme used to compute second derivative terms in Navier-Stokes
equations includes extra dissipation in the viscous terms. This method is shown

to behave like a spectral vanishing viscosity operator [19,20].

In order to compare the finite-difference extension of SVV with conventional
SVV, we use the compact differences formulation presented by Lele [1] to approx-
imate the first derivative and the second derivative terms. The first derivative

terms can be approximated by:

Uiyl — Ui—1 Uit — Ui—2 Ui4+3 — Ui—3
b
2Azx P 4Ax te 6Axr
(2.59)

/ / / / / o
Buy_g 4 oty +uy ot g+ Pug . = a

where u; = z; and u, = u/(z;) are values of function u and its first derivative at
node z; = (i — 1)Az, with Az being the uniform mesh spacing. The coefficient
set (o, 3, a,b, c) are derived by matching the Taylor Series of coefficient of various

orders. The coefficients are constrained by the conditions in equations (2.60) [1].

a+b+c=1+2a+ 20 (second order condition), (2.60a)
a+2*+ 3% = 22—:(0z + 22p3) (fourth order condition), (2.60Db)
a+2'%+ 3% = 2%(& + 2B) (sixth order condition), (2.60c)
a+ 2% + 3% = 2;—§(a + 2°) (eigth order condition), (2.60d)
a+ 2% + 3% = 22—5((1 + 2%3) (tenth order condition). (2.60e)

The coefficients of tridiogonal (5 = 0) and pentadiogonal (5 # 0) schemes to
approximate the spectral-like behavior of the first derivatives are given in Table
2.1.

The following finite-difference scheme can be used to discretize the second

derivative term in the Navier-Stokes as:
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Table 2.1: Coefficients of first derivative compact difference formulation according
to Lele [1].

Order of Accuracy Q 15} a b c
th 1 3

4 i 0 5 0 0
th 1 14 1

6 3 0 5 5 0
th 3 25 1

8 8 0 16 5 0

10th P U IV IR TV

2 20 12 150 100

Uip1 — 2U; +Uim1 Ui — 2UU;—2

Bui_y + aui’ ) +ui + oy, + Buiy, = a N +b AAZ2
Uity — 2UiU;3 Ujq — 2U5U; g
d 2.61
9Ax2 16Ax2 ’ (2.61)

where u; = z; and u = u"(z;) are values of function u and its second derivative
at node z; = (i —1)Ax, with Az being the uniform mesh spacing. The coefficient
set (a, B, a, b, c,d) ensures up to tenth-order accuracy by satisfying the conditions
in equations (2.62) [19,21].

a+b+c+d=1+2a+ 28 (second order condition), (2.62a)
a+ 2%+ 3%+ 4%d = ;L—:(oz 4 2213) (fourth order condition), (2.62b)
a+ 2% + 3+ 4%d = Z—i(a 4 2*B) (sixth order condition), (2.62c)
a+ 25 + 3% 4 45d = 2—5(04 4 298) (eigth order condition), (2.62d)
a+ 2% + 3%c 4 4%d = 18—0|!(oz + 2%83) (tenth order condition). (2.62¢)

The coefficients of schemes approximating the second derivative terms are given
in Table 2.2.
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Table 2.2: Coefficients of second derivative compact difference formulation ac-
cording to Lele [1].

Order of Accuracy « 15} a b c
th 1 6
4 i 0 : 0 0
th 2 12 3
6 11 0 11 11 0
gth 344 23 320 310 0
1179 2358 393 393
10th 344 43 1065 1038 79
899 1798 1798 899 1798

The resolution characteristics of different schemes can be compared by a mod-

ified wavenumber in the form of:

asin(kAz) + 2sin(2kAz) + £ sin(3kAx)
1 + 2a cos(kAx) + 20 cos(2kAx)

K (k) Az = (2.63)

A modified square wave number k” in Fourier space is related to the actual

wavenumber £ by:

E'(k)Ax? =

2a[1 — cos(kAx)] + g[l — cos(2kAx)] + %[1 — cos(3kAzx) + g[l — cos(4kAx)]

1 + 2« cos(kAx) + 20 cos(2kAx)
(2.64)

where k € [0, k] is the actual wave number. And k. = Ai is the cutoff wave
T

number associated with the grid size. The exact differentiation for the first and

second derivatives are given by k’(k) = k and k" (k) = k?, respectively.

The equations (2.63) and (2.64) can be used to compare the accuracy of the
compact difference formulation compared to the conventional spectral method.
The resolution Analysis and the error percentage compared to the traditional
spectral discretization for first and second derivatives are given in figures 2.9 and

2.10 respectively. Notice that the resolution analysis is independent of the grid
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specifications. Figures 2.9 and 2.10 indicate that the approximations in equations
(2.59) and (2.67) can accurately mimic the spectral-like behavior using finite-
differences. The tenth-order scheme covers the highest range of wavenumbers in

a domain of [0, 7].

Moreover, Lele [1] indicated that selecting the coefficients as («, 3, a,b, ¢, d) =
(2/11,0,12/11,3/11,0,0) results is an optimal sixth-order SVV-like behavior.
However, we showed in section 2.1.1 that we use a first-order accurate temporal
and second-order accurate spatial scheme. Therefore, we propose a lower-order

SVV-like polynomial.

According to Lele [1] a one-parameter family of fourth-order schemes is ob-

tained by selecting the coefficients as:

a= %(1 —a), (2.65a)
- %(-1 +100), (2.65b)
c=0. (2.65¢)

As a — 0 this family approaches the fourth-order central difference scheme.
For a = 10 the classical Padé scheme is obtained with (a,f,a,b,¢,d) =
(1/10,0,6/5,0,0,0). The coefficients lead to the following polynomial:

1 ” ” 1 " 6 Ujr1 — Qul + Ui—1
1041 +u; + Tott1 T 5 N ;

(2.66)

4
with truncation error of —a(lla — 2)htf(6),

Moreover, the second derivative term in the Navier-Stokes on a standard stag-

gered grid can be discretized as:
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Uip1/2 — 2U; + Ui—1/2 n 4bui+3/2 — 2u; + ui—3/2
Ax? 4Ax?

" " Z _
au;_y +u; +auy = 4a

Uits/2 — 2U; + Ui—5)2

4
+ac 9Az2

(2.67)

And, the fourth-order SVV-like behavior on a cell-centered staggered grid is
given by [1]:

3
a= §(3 — 10a), (2.68a)
1
b= 5 (460 — 1), (2.68b)
c=0, (2.68¢)

1
with truncation error of @(1 +2a)hif©).

A standard Padé scheme on a cell-centered staggered grid corresponds to
(v, a,b,c,d) = (1/46,24/23,0,0,0). Therefore, the fourth-order polynomial to

approximate the second derivatives is:

W+ iu// _ %qu/Q — 2u; + ui1)2
i—1 [ .

46 1 23 Az (2.69)
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Figure 2.9: Resolution analysis for first derivative approximations. (a) The mod-
ified wavenumber vs. the normalized wavenumber. (b) The error percentage of
higher-order polynomials compared to the spectral discretization.
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Figure 2.10: Resolution analysis for second derivative approximations. (a) The
modified square wavenumber vs. the normalized wavenumber. (b) The error
percentage of higher-order polynomials compared to the spectral discretization.

So far, we indicated that the finite-difference approximations are capable of
resolving the spectral-like resolution covering up to nearly T of a domain of [0, 7].
The next step to implementing Spectral Vanishing Viscosity method in finite-
differences obtaining an SVV-like behavior by selecting an appropriate viscosity

kernel.

According to Lamballais et al. [8] a fourth-order accuracy is obtained by choos-
ing 5 = 0 and d = 0 and satisfying conditions (2.62a) and (2.62b). The two
additional conditions are obtained using the cutoff wavenumber, k”|, = k”|. and

7r
an intermediate scale such as kAxz = 3 meaning k|9, = k”|,,. We choose the

two additional conditions in a way that the modified wave number at the selected

scales matches the respective wavenumber of a SVV kernel [19, 21].

K/ (k) = (L+ =2)k2, (2.70a)
2
2Ry Z (14 e k2 (2.70b)
3 v
(2.70c)

where ¢; = 0.437 is given by the SVV kernel at the intermediate scale. To obtain
a better fit for the vanishing property of the SVV steep and sharp kernels are
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given by ¢; = 0.22 and ¢; = 0.055 respectively. The value of Y controls the
v

SVV-like behavior of the kernel. Therefore, Y _ 0 disables the SVV operator.
v

Combining the conditions (2.62a), (2.62b), (2.70a), and (2.70b) and solving a

system of four equations leads to the following coefficients:

64k Ax® — 2Tk Ax® — 96

_ 2.71
“ 7 B4ky Ax? — 54k"Aa? + 48 (2.71a)
54K Ax? — 15K Az?k" Az? + 12

it e DT Fy 17+ 12 (2.71b)
64k" Az? — 54k Aa? + 48

y _ L92KIAT? — 216K/ Aa® 4 24k Aa?ky, Ax® — 48 2.716)

- 64k" Ax? — bAk!Aa? + 48 ’ e
4k" A 2 _ k'A 2/{3”A 2_1

:5 CAxt — IR Ak, Ax 08 (2.71d)

64k Ax? — b4k! Ax? + 48

Furthermore, Lamballais et al. [8] obtained a sixth-order accurate scheme by
setting = 0 and d = 0, constrained by the (2.62a), (2.62b), (2.62¢c), and (2.70a)

conditions leading to the following coefficients:

272 — 45k Aa?

“ T 416 — 90k AL (2.72a)
48 — 135k Ax?
_ c 2.72
“ = 1664 — 360k"Az?’ (2.72b)
528 — 81k Az
~ 208 — 45K/ Ax?’ (2.72¢)
432 + 63k" Ax?
OO O (2.72d)

© 7 1664 — 360k Ax?’

In addition, Deskos et al. [21] proposed a sixth-order accurate scheme setting

f = 0 and conditioned by (2.62a), (2.62b), (2.70a), and (2.70b).
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1 320k Ax? — 1296

T 2T 405K7AZ? — 640k, Ax? + 1447 (2.73a)

L A320K/AG/S — 3207, Ax® — 140K/ Aak, Aa? + 256 @.730)
05K Az? — 640k Ax? + 144 ’ |

) _ 2LI5K/AG — 1792k, Aa? — 280K/ Aak), Ac? + 1328 2730
105K Ax? — 640K Ax? 1 144 ’ ‘

e 7695k Ax? /8 4 288k Ax? — 180k A2kl Ax? — 2574 (2.734)
105K Az? — 640K Az? 1 144 ! |

 _ 198K Ax? + 128K Ax?* — 40k Ax?k! Ax* — 736 (2.73¢)

405k Ax? — 640k" Az? + 144

In a similar manner, we derive a fourth-order accurate scheme with 5 = 0,
¢ =0, d =0, and conditioned by (2.62a), (2.62b), and (2.70a).

1" 2 __ 16
o= ICCNM—Q?;G, (2.74a)
QkCAZE -3
N
= GAZ 16 (2.74b)
8k Ax? — 14
= GhAZ 16 (2.74c)

The extra dissipation introduced by the coefficients is represented by spectral

viscosity as:

k" — k2
k2

) (2.75)

vs =1

where vy is the spectral viscosity and v is the molecular viscosity.

The coefficients can be adjusted in a way that they mimic an SVV kernel that

reads the conventional SVV kernel of Karamanos et al. [7]:
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0 m < mk.
Vsyy = . (276)
k. —k

—(——)2 <k<

vy exp

The standard SVV kernel reads the intermediate wavenumbers using m = 0.3.

Figure 2.11 plots the normalized spectral viscosity for sixth-order accurate
SVV-like schemes against the normalized wavenumber. The Karamanos et al.
kernel [7] is also plotted for reference. The sixth-order optimal scheme of Lele is
highly under dissipative as it does not include the artificial dissipation introduced
by viscosity. The sixth-order Deskos et al. scheme closely reads the Karamanos
kernel covering almost % of the wavenumbers. The value of % can be adjusted
to control the SVV behavior.

Figure 2.12 plots the normalized spectral viscosity for fourth-order accurate
SVV-like schemes of Lele, Lamballais, and the scheme we derived in this note
accordingly against the normalized wavenumber. The Karamanos et al. kernel [7]
is also plotted for reference. The fourth-order scheme of Lele is highly under
dissipative. Whereas, the fourth-order Lamballais et al. and SVV schemes closely
read the Karamanos kernel covering almost % of the wavenumbers. The SVV
operator is adjusted using the @. We would like to avoid viscosity amplitudes
larger than one to prevent extrya dissipation and thus to guarantee numerical
stability.

Finally, we indicate that our fourth-order SVV scheme is capable of precisely
mimicking spectral-like behavior as indicated in figure 2.13. Fourth-order approx-

imations of Lele and Lamballais are given for reference.

We apply the fourth-order SVV-like compact-difference formulation to the gov-
erning equations of the gas phase as follows. Notice that the fluid properties p,

1, and v represent the properties of gas.

The momentum equation for incompressible flow with constant density and
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Figure 2.11: The plot of sixth-order accurate SVV-like schemes. (a) The nor-
malized associated spectral viscosity of Lele optimal sixth-order accurate scheme,

Karamanos et al. [7], Deskos et al. [21] sixth-order accurate with ¢;

0.437,

Steep SVV (¢; = 0.22), Sharp SVV (¢; = 0.055) plotted against the normalized
wave number. (b) The SVV operator spectral viscosity scaled by the magnitude

v
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Figure 2.12: The plot of fourth-order accurate SVV-like schemes. (a) The nor-
malized associated spectral viscosity of Lele fourth-order accurate scheme, Kara-
manos et al. [7], Lamballais et al. [8] fourth-order accurate, and the fourth-order
SVV plotted against the normalized wave number. (b) The fourth-order SVV
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Figure 2.13: The plot of resolution analysis for SVV-like fourth-order schemes.
(a) The modified square wave number vs. the normalized wave number. (b) The
error percentage of SVV-like polynomials compared to the spectral discretization.

viscosity is given as:

o P f
&Y vV = —V—+uv2v+—, (2.77)
ot p p

where A = v.Vv and D = vV?v are the advection and diffusion terms respec-
tively. f represents the surface tension forces and v is the molecular kinematic

viscosity.

We apply the Spectral Vanishing Viscosity using a dissipation operator vD =
[v + v,]V?v in which v, is the spectral viscosity as given by equation (2.75).

Therefore, the momentum equation can be rewritten as:

?9_‘2: +v.Vv = —% + [V + v, VAV + /g (2.78)

We apply a first-order time integration to the momentum equation:

n

n+l 1
A AL (Vi D), (2.79)
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where Dy, = [V + 4] Vv is the diffusion term including the spectral viscosity.

We use the projection method introduced in section 2.1.1. The predictor and

projection steps are obtained accordingly:

v —v" N
vl v ]
=—(— . 2.80b
A = (Vi) (2.50D)

The component-wise diffusion term is:

u  *u  O%u
D" — y \ 2.81
T [V+V](8$2+8y2+822) ( a)
" Pv v %
Dy = [V—f-l/s](@ﬁ—a—yz‘i‘@), (2.81b)
n Pw  Pw  Q*w
D! =[v+ ”S](a:ﬁ + o + 5.2 ). (2.81c)
We write equation (2.81) on the staggered grid as:
(DY) ir1y25k = [V + v ((Wy)iv1y2,50 + (g )iv1/2,5k + (U2 )ix1/2,5k), (2.82a)
(D )igr1/2e = [V 4 vs]((v3)igr1/2k + (V) )igeiyze + (U)ijr1/2.4), (2.82b)

(DD)ijkrry2 = [V + v (W))ijrr1s2 + (wy)igrsre + (W )ijrr12).  (2.82¢)

The second derivative terms in equation (2.82) are approximated by the fourth-
order SVV-like polynomial in equation (2.74). We approximate the terms multi-

plied by « using a second-order central differencing scheme.
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i+1/2,5.k =
w/i1/2:3 Az? 4Ax?

Uit gk — 2Ui—1/2,5k + Wit1 5,k Uir5/2,5k — 2Uip3/2,5k T Wit jk
-« -«

Ax? Ax?

(2.83)

(W) _ Vig+3/2k — 20; 4172,k + Vij—1/2.k n bvz‘,j+5/2,k — 205 j41/2,k T Vij—3/2.k
Ug)ij+1/26 = @ A2 AN 72

Vij+1,k — 20i5-1/2k + Vi j+1k Vij+5/2k — 2Vij+3/2k + Vij+1k
2 T 2 :
Az Az
(2.84)

p _ Wijk+3/2 — 2Wijk+1/2 + Wijk-1/2 p Wik t5/2 ~ 2W; jret1/2 + Wi jk—3/2
(wr)i,j7k+1/2 =a Ax2 + AN T2
_ awi,j,kﬂ — 2Wijk—1/2 + Wijht1 _ awz‘,j,k+5/2 — 2Wijk+3/2 T Wijkt1
Az? Ax?

(2.85)

The discretized form of other terms in equation (2.82) are given in Appendix
C. Substituting these terms in equation (2.82) results in the discretization of the

diffusion terms.

52



Chapter 3

Mathematical Models

3.1 Falling Liquid Films

This section presents the governing equations in the case of the isothermal falling

liquid film.

3.1.1 Governing Equations

Consider an isothermal thin liquid film flowing down a plate angled at (3, as
sketched in figure 3.1. 8 = 0 is equivalent to the horizontal direction and 5 = 90
is the vertically falling film. The streamwise component of gravity (g sin ) drives
the flow. The Cartesian coordinate system (z,y, z) is introduced such that x,y, z
corresponds to streamwise, cross-stream, and spanwise directions respectively. In
such system, the plate is positioned at y = 0 and the interface is located at

y = h(x, z,t). The following assumptions should be taken into account [13]:

e The liquid is incompressible, meaning that the density remains constant.
This assumption holds true for thin films of average thickness less than 1mm in

which buoyancy can be neglected. Notice that the film thickness cannot be on
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mterface

Figure 3.1: A gravity-driven viscous film flowing down an inclined plate. The
location of the interface is referred to as y = h(z, z,t). The figure is inspired
by [13].

the scale of 100nm because intermolecular interactions will be introduced in this

range [13].

e The liquid is Newtonian and thus it obeys a linear stress-strain relation-
ship [13].

e The plate is solid, therefore, a no-slip and a no-penetration boundary con-

dition is applicable at the wall.

e The one-fluid approach holds true for this problem in the sense that the
viscous stress from the gas is negligible compared to the viscous stress from
the liquid which leads to assuming small air to liquid dynamic viscosity ratio

(e.8. phair/ Hwater = 1072). Whereas, the opposite is true for kinematic viscosity
(e'g-ayair/ywater ~ 10) [13]

e Surface tension o is constant in the isothermal case.
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Considering the assumptions, the continuity and the momentum (Navier-

Stokes) equations simplify to:

V.v =0, (3.1)

ov

pa +pA=-Vp+D+F, (3.2)

where v(u,v,w) is the velocity vector with components in z,y,z directions re-
spectively. A = V.(vv) is the advection term and D = V.u(Vv + Vv7) is the
diffusion term (also known as the viscous term). F = (gsin 3, —gcos 3,0) is the

contribution of body force with g being the gravitational acceleration.
The following boundary conditions are present:
e At the plate y =0

The no-slip and no-penetration boundary conditions lead to:

u=v=w=0. (3.3)

e At the free surface y = h(x, z,t)

As a result of isothermal assumption, no evaporation occurs on the interface,

therefore, the material derivative of (y — h) remains zero at all points on the

interface.
Sy ) =0 (3.4
VA . '
.., D 0 . . o . . "
with DI~ 7 + v.V being the material derivative. Using this definition, the

boundary condition simplifies to:

Dy 0h
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The recent relationship means fluid particles of the free surface will remain

there at all times and they will be advected with the velocity of the surface [13].

The numerical representation of the free surface will be discussed in 2.1.2.

3.1.2 Base State Solution

The free-surface system described in 3.1.1 has a trivial or base state solution also
known as the Nusselt flat film solution [13,22].

gsinf, - gsin 3 _
ulzquzd(y) pLQT(2hNy - y2> + pGT(Y - h’N)y7 (36)
Ugas(Y) = w(%@ y*)+hy gsmﬁ( PG(L—L))—i—YhNgsmﬂ(p—G—p—G),
2pa ) 2ug  pr L Ja
(3.7)
v(y) =w(y) =0, (3.8)
P(y) = poo + pg cos B(hy — y). (3.9)

Equation 3.6 describes the velocity profile in the liquid film (0 < y < hy).
Whereas, equation 3.7 characterizes the velocity profile in the gas (hy <y < Y).
The two relations culminate in a semi-parabolic velocity profile, which stems from
the streamwise component of gravitational acceleration balancing viscous forces.
oL, Pc, Mr, and pug are the density of the liquid, the density of the gas, the
dynamic viscosity of liquid and the dynamic viscosity of the gas respectively. hy
corresponds to the height of the flat film. Y is the cross-stream length of the
domain. The parameters are indicated in figure 3.2. The Nusselt flat film flow in

the isothermal case will develop soon after the inlet to reach the fully developed
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flow after which an instability develops [13]. The base state solution will be used

as the initial condition for the velocity and pressure solvers in the numerical tool

to study the hydrodynamic instability.

a) b)

gas

u(y)

liquid liquid

gas

y=hy

Figure 3.2: a) The schematic of the Nusselt flat film solution. b) The semi-
parabolic velocity profiles for liquid and gas at a particular .

3.1.3 Non-dimensional Equations, Scalings and Parame-

ters

The gravitational acceleration g induces the flow in falling liquid films. Whereas,

the kinematic viscosity v resists the flow. The balance between the two gives rise

to the Nusselt flat film solution [13]. A dimensional analysis of the streamwise

component of gravity (3.10) and the kinematic viscosity (3.11) forms the base for

defining dimensionless parameters and non-dimensional governing equations.

: L,
gsin i~ .

(3.10)

(3.11)



The dimensionless parameters [, and t, can be easily obtained from 3.10 and
3.11.

L, = (—V2 )'? (3.12)
v gsinf3’ ' '
1%
_ /
— ((g Sme)1 5, (3.13)

where [, is the viscous gravity length and ¢, is the time scale based on streamwise

gravity acceleration and the kinematic viscosity.

Now, we use the Nusselt flat film solution to introduce non-dimensional pa-

rameters and equations.

(fL’,y7Z)* — EN(J:?va)) (314&)
h* — hyh, (3.14b)
" — t_”l”t, (3.14c)

hy

712
(u, v,w)" = ==, 0,w) (3.14d)
I,h

PT— Poo + Pt—ZNp- (3.14e)

The non-dimensionalization processes in ( 3.14a) to ( 3.14e) result in dimen-

sionless parameters and equations.

hy = -~ (3.15)

is the dimensionless Nusselt flat film thickness based on viscous gravity length [,,.

Accordingly, the non-dimensional form of equations (3.1) and (3.2) are:

o8



Opu + Oyv + O, w = 0, (3.16)

3Re(Ou + udyu + v0yu + wo,u) = —0,p + Oppu + Oyyu + O,,u + 1, (3.17a)
3Re(0v + u0,v + v0yv + wO,v) = —0yp + Oga¥ + Oyyv + 0,,v — Ct,  (3.17b)
3Re(Ow + udyw + voyw + wo,w) = —0,p + Oppw + Oyyw + 0, w. (3.17¢)

Consequently, the dimensionless form of boundary conditions (3.3) and (3.4)

are:

e At the plate y = 0:

u=v=w=0. (3.18)

e At the free surface y = h(x, z,t):

oh oh oh

v

The following dimensionless groups and parameters are important in studying
falling liquid films. We will see their application in defining specific case studies

in section 4.1.

— The inclination number is the ratio of the cross-stream component of grav-
itational force to the streamwise component. Its value vanishes for a vertical
plate in which hydrostatic pressure is not present. Therefore, it also quantifies

the hydrostatic pressure effect in falling films [13]:

Ct = cot . (3.20)
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— The Kapitza number, named after Leonidovitch Kapitza (1894-1984) is the
ratio of surface tension force to the force of inertia independent of the flow rate.
The Kapitza number is a function of liquid properties and the plate inclination

angle:

ol, o
h= pr2  p(gsin B)1/3p4/3’ (3.21)

where o is the surface tension coefficient. ol, is the surface tension force and pv/?

is the inertia force [13].

— The Reynolds number represents a comparison between inertia and viscous

forces. Defined as:

- ﬂNBN . CIN - gSlHﬁB?V
v v 32

: (3.22)

gsin Bh%,

where uy = is the average velocity of Nusselt flat film solution and

_ v
hy is the Nusslet flat film thickness, which is a control parameter of the film

thickness in experiments. The specific volumetric flow rate gy is defined as [13]:

h sin Bh3
N = /0 u(y)dy = gg—yN (3.23)

Using (3.15) and (3.12) we can write the dimensionless Nusselt flat film thick-

ness as:

hy = (3Re)/3. (3.24)

— The Weber number is a comparison between the surface tension pressure

and the viscous normal stress created by the gravity at the film surface:

60



o

We——2 1
¢ pgh% sin 3 h%

(3.25)

In the flows with large We the effect of surface tension pressure is dominant.
Whereas, in the flows with small We gravity defines the fluid behavior. Surface
deformability due to the flow can be understood from Weber number. Large
We corresponds to low deformability since the pressure generated by the viscous
forces (responsible for surface deformation) cannot compete with surface tension

pressure [13].

— The Froude number is the ratio of inertia gravitational forces [23]:

N

Fr=

3.

U (% (3.26)

(BNgsinﬁ)%

Notice that the Nuseelt film solution is controlled by the flow rate, thus the

dimensionless parameters in 3.20 to 3.26 change with the flow rate.

3.1.4 Two-dimensional Waves: Primary Instability

In this section, we introduce the concept of primary instability which is the linear
stability of the base state with respect to infinitesimal perturbations. The lin-
ear nature of the governing equations allows us to decompose the perturbations
into normal modes leading to the Orr-Sommerfeld eigenvalue problem, which is a
strong classic theory in the instability analysis of falling liquid films. The insta-
bility analysis is not the primary purpose of this document, therefore the theory
of primary instability will not be discussed here. For further information on this
subject refer to [13] and [9]. However, the Orr-Sommerfeld theory will be used in

section 4.1 for the sake of validating the DNS solver.
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Chapter 4

Validation and Discussions

4.1 Direct Numerical Simulation (DNS) Solver

In this section, we validate the two-fluid DNS solver, which we developed in

section 2.1.1 in the example of hydrodynamic instability of falling liquid films.

4.1.1 Hydrodynamic Instability of Falling Liquid Films

The surface wave instability phenomenon was introduced in section 1.4.1. In this
section, we investigate the temporal stability of falling liquid films using our DNS
solver elaborated in section 2.1.1. The domain length is settled to L, = 27” in
which & is the chosen wavenumber. The domain is represented by a rectangle.
The bottom edge corresponds to the inclined surface, at which a no-slip boundary
condition is applied. Whereas, an open boundary condition is applied on the top.
Periodic boundary conditions are set for the sides. The initial conditions are a

combination of the Nusselt film solution as in equations (3.6) and (3.7).

Moreover, an initial disturbance is applied to the interface in the form:
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h(z) = hy(1 + Acos(kx)), (4.1)

where the amplitude of the disturbance, A, is approximated as 1% of the initial
film height hy. The disturbance is added in order to trigger the instability of the
film. For a stable configuration, the disturbance fades away with time and the
flow converges to the Nusselt film solution (figure 4.3(a)). On the other hand, for
an unstable flow, the disturbance grows linearly at the beginning, followed by the

non-linear region, which finally leads to the rupture of the film (figure 4.3(b)).

The DNS tool is verified by comparing the root mean square velocity (U,s)
to the growth rate obtained from the linear stability analysis. U,,,, is calculated

at every time step for the liquid phase as follows:

1 &

> (ulw,y.zt) = UY))?| (4.2)

NI

Urms = |:_

np
where U(Y) is the initial velocity field of Nusselt flat film solution introduced in
(3.1.2) and np is the total number of grid points.

A stable case is studied as shown in figure 4.1. Both Urms and Vrms values
decline following a fluctuating pattern, which closely agrees with the growth rate
predicted by Orr-Sommerfeld linear instability theory. The fluctuations are due
to wavenumbers other than the initial mode trying to emerge. However, the
overall pattern indicates that the initial disturbance is damped as expected from

a stable case. The decrease in disturbance amplitude is clearly observed in figure
4.3(a).

Similarly, hydrodynamic stability analysis is performed on an unstable case.
Figure 4.2 shows that the growth rate predicted by Orr-Sommerfeld theory per-
fectly agrees with the evolution of the instability found by DNS with an error
margin within less than 1 percent. Likewise, Vrms values increase with a linear
growth rate as predicted by linear instability theory. The unstable nature of the

simulation is clearly observed in figure 4.3(b).
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All in all, the results follow the growth rate predicted by the Orr-Sommerfeld

theory. Thus, we conclude our two-fluid isothermal DNS solver is valid.

—DNS
- - Orr-Sommerfeld Growth Rate |

—DNS
---Orr-Sommerfeld Growth Rate |

rms)

log(U

-10

L L L L L L _16 L L L L L L
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time Time

-11

Figure 4.1: The U,,,s and V,,,,s values in a stable case. We consider an isothermal
stable film falling down an inclined surface with Re = 2, Ka = 250, § = 15° and
k = 1.2566. The simulation resolution is 150 x 100.

We developed a parallel computing code, which uses the MPICH library. The
rectangular three-dimensional domain is divided to ns,, ns,, and ns, subdomains
in z, y, and z directions respectively. Each subdomain corresponds to a separate
process. Whereas, the interface is attributed to a single process. The total

number of processes is:

Nprocesses = NSz SyNS, + 1. (43)
Figure 4.4 indicates that the MPI is successfully implemented as the results

from serial and parallel simulations closely match. Furthermore, the presented

studies are mesh independent.
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Figure 4.2: The U,,s and V,,,, values in an unstable case. We consider an
isothermal unstable film falling down an inclined surface with Re =5, Ka = 10,
£ = 85° and k = 0.4488. The simulation resolution is 150 x 100.
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Figure 4.3: The Maximum amplitude in stable and unstable cases. (a) Stable
case in which disturbance vanishes as the disturbance amplitude reaches zero.
(b) Unstable case in which disturbances are amplified due to unstable nature of

the flow.
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Figure 4.4: A comparison between Parallel and Serial simulations in the unstable
case. The growth rate resulting from the Parallel simulations agrees with the
serial simulation.

4.2 Large-Eddy Simulation (LES) Solver

In this section, we validate the SVV solver, which we developed in section 2.2.2.
first, we investigate the stability of our SVV solver in the benchmark problem
of turbulent double layer shear flow. Then, we study the accuracy of the SVV

solver using the benchmark problem of turbulent channel flow.

4.2.1 Double Layer Shear Flow

We test the LES Spectral Vanishing Viscosity solver explained in section 2.2.2
in the case study of a turbulent double shear layer flow. The double shear layer
includes two longitudinal shear layers that are located at 1/4 and 3/4 of a periodic
domain. The transverse perturbation imposed on the flow results in shear-layers
rolling up to form two counter-rotating vortices created by the Kelvin-Helmholtz
instability mechanism [24,25]. Consider a periodic square domain of length L = 2

and a turbulent flow with v = 10™*, and Re = 10000. The initial velocities are
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described as:

u(y) = tanh(e(y — 0.5)), ifo0<y<l1 (4.4a)
u(y) = tanh(e(1.5 — y)), ifl<y<2 (4.4b)
v(x) = —d cos(mx), (4.4c)

(4.4d)

where € = 40 is the thickness of the layer and § = 0.05 controls the amplitude of

the transverse perturbation.

The double layer shear flow is a well-known test case to study the stability
of numerical schemes [24]. Any numerically induced disturbances will appear in

the form of further spurious vortices that make the simulation reach its stability
threshold.

In a similar study, Kirby and Sherwin [26] investigated the double layer shear
problem using conventional SVV operators. Figure 4.5 compares the vorticity
contour captured at the non-dimensional time ¢ = 1.87 to that of Kirby and
Sherwin. The SVV solver remains stable and produces a vorticity pattern in

agreement with [26].

4.2.2 Channel Flow

We examine the effectiveness of the SVV solver by studying turbulence statistics
in the case of a single-phase fully developed turbulent channel flow. Periodic
boundary conditions are implemented in the streamwise and spanwise directions.
Consider a rectangular domain with L, = 5,L, = 2, and L, = 2 as in [7]. The
Reynolds number based on wall shear velocity (u,) and channel half width (J) is

given as:
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a) b) ©)

Figure 4.5: A comparison of vorticity contour in double layer shear flow at t =

1.87. The simulation resolution is 200 x 200. a) The solution of SVV solver with
%~ 0. b) The solution of Kirby and Sherwin [26] using first-order in time
v

conventional SVV. ¢) The solution of our SVV solver compared to that of Kirby
and Sherwin.

5
Re, = “; ~ 180. (4.5)

The pressure-driven flow is given by [27]:

dp/u?
Ly =" (4.6)

Other non-dimensional mean flow variables are:

120
Re,, = UV ~ 3300, (4.7)
Cp= 1wl _g18 x 10~° (4.8)
Y i ’
U, /ur = 15.63, (4.9)
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where U, is bulk velocity, Re,, is Reynolds number based on bulk velocity and
the full channel width, C is the skin friction coefficient and 7,4 is the wall shear

stress [28].

The dimensionless wall distance y™ is defined as:

yur
yt="0 (4.10)

Figure 4.6 shows the turbulent intensities normalized by the wall shear velocity
against the non-dimensional wall distance. The values calculated from the SVV
solver closely follow the trend of the turbulent intensities of Karamanos et al. [7]
obtained from conventional SVV as well as DNS results of Kim et al. [28]. The
discrepancies between the two methods partly stem from the difference between

the resolutions and the element spacings in the cross-stream direction.

e e e i
]
o

Normalized Turbulence Intensity

40 50 60 70 80
y+

Figure 4.6: A comparison of channel flow turbulence intensities obtained from
the SVV solver(red), the conventional SVV of Karamanos et al. [7](blue) and
the DNS solver of Kim et al. [28](black) in the case of single-phase channel flow.
— — Upms, —-UpMS, .. Wrms. The simulation resolution is 100 x 400 x 100.
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4.3 Hybrid DNS/LES Solver

We combine the two-fluid flow DNS solver and the SVV turbulent flow solver to
generate the hybrid DNS/LES solver. We use the solver to simulate the test case

of the laminar falling liquid film in presence of turbulent gas.

4.3.1 Turbulent Falling Liquid Films

We investigate the case of the unperturbed laminar falling liquid film in the
presence of co-current and counter-current turbulent gas. The no-slip and slip
boundary conditions hold at the bottom and top boundaries respectively, while
the streamwise direction is periodic. Figure 4.7 shows a sketch of the problem.
The turbulent gas is perturbed by imposing a cosine wave, whereas, the liquid

film and the interface are initially unperturbed.

The base state solution introduced in section 3.1.2 is implemented as the initial

condition in the liquid film. The gas is perturbed by:

Ugas(y) = ury (1 — cos(my)) rand, (4.11)

where uy is the velocity of film at the interface and rand is a random number

between 0 and 1.

Figure 4.8 indicates the liquid film in presence of shearing turbulent gas with
an initially flat interface. We observe that the shearing turbulent gas induces
perturbations in the liquid film to the point that cosine-like wave patterns form in
the liquid. Furthermore, figure 4.10(a) shows that the amplitude of the interface

noticeably grows in the presence of turbulent gas.

Similarly, the unperturbed liquid film is affected by the co-flowing turbulent
gas as shown in figure 4.9. Growth in the amplitude is observed in figure 4.10(b),

however, unlike the case of shearing gas, in this case, the disturbances are smaller
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a) b)

interface interface

Figure 4.7: Long-wave perturbations form in the presence of turbulent gas. The
evolution of interface is the subject of study. Case study: a) falling liquid film
in presence of a co-current turbulent gas. b) falling liquid film sheared by a
turbulent gas.

in scale and are decaying.

We conclude that our hybrid DNS/LES solver is effective in studying falling
liquid films in presence of turbulent gas. A numerical tool that uses the front
tracking method to accurately simulate the evolution of the interface in the case
study of falling liquid films is unique. Furthermore, using a Spectral Vanishing
Viscosity method to model turbulence combined with a front tracking two-fluid

solver is a novelty in numerical studies of falling liquid films.
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Figure 4.8: Falling liquid film in presence of counter-current turbulent gas. The
flow properties are Rejguia = 2, Regqs = 40000, Ka = 250, f = 15°. The
simulation resolution is 150 x 100. The initially unperturbed interface is affected
by the counter-flowing turbulent gas. Cosine-like waves are induced in the film.
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Figure 4.9: Falling liquid film in presence of co-current turbulent gas. The flow
properties are Rejiguia = 2, Regqs = 40000, Ka = 250, 8 = 15°. The simulation
resolution is 150 x 100. The initially unperturbed interface is affected by the
co-flowing turbulent gas.
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Figure 4.10: a) Time track of the leading hump of the interface in presence of
turbulent counter-current gas. b) Time track of the leading hump of the interface
in presence of turbulent co-current gas.
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Chapter 5

Conclusions and Outlook

5.1 Summary

Numerical modeling of two-fluid flow is a complicated task. In this work, we use
the prestigious front tracking method to accurately simulate the evolution of the
interface. The two-fluid flow DNS solver is validated against the Orr-Sommerfeld
linear instability theory in the case study of hydrodynamic instability of falling
liquid films. The DNS solver has excellent agreement with the Orr-Sommerfeld
theory in the region of the linear stability for isothermal films. Furthermore, The
two-fluid flow DNS tool is useful in understanding the stability of falling liquid
films.

DNS of turbulent flow is inefficient in terms of both computational resources
and simulation time, especially in simulations of multiphase flow. Therefore, the
Large Eddy Simulation (LES) technique is used, which explicitly resolves only
the large scales and models the small scales (subgrid scales). Spectral Vanish-
ing Viscosity (SVV) is an LES approach for simulating high Reynolds number
turbulent flows. SVV is an alternative LES model, which can control the small-

est scales without extra-dissipation at a large scale. An extension of the SVV
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method from spectral space to finite-differences is proposed, which uses high-
order compact difference formulation to approximate the viscous terms in the
Navier-Stokes equations. This scheme is advantageous over conventional SVV
due to its straightforward implementation. Furthermore, it does not require up-
winding, which makes achieving numerical stability easy in this scheme. In this
research, a fourth-order extension of the SVV to finite differences is implemented
in the SVV solver. We validated the stability and the accuracy of our SVV solver
in the benchmark problems of double layer shear flow and turbulent channel flow

respectively.

Finally, we use the hybrid DNS/LES solver to investigate the case study of
falling liquid films in presence of turbulent gas. Falling liquid films in presence of
turbulence are significantly present in a wide range of engineering applications.
However, numerical simulation of falling films is complex due to their multiphase
nature. We developed a numerical tool, which accurately simulates the interface
evolution using the front-tracking method. The hybrid DNS/LES solver is used
to study the case of gravity-driven falling liquid film in presence of co-current
and counter-current turbulent gas. The initially unperturbed interface undergoes

oscillations as the turbulent gas induces a rise in the interface amplitude.

5.2 Future Work

We showed that the two-fluid DNS solver accurately models gravity-driven
isothermal falling liquid film. It is an efficient platform to conduct stability
analysis of falling films. The current tool is capable of capturing surface wave in-
stability. However, it can be expanded to account for other phenomena in falling

films including the Marangoni effect, evaporation, etc.

We used the hybrid DNS/LES solver to study the case of falling liquid films
in presence of turbulent gas. However, with slight modifications, the solver can
be used to account for other two-fluid systems such as bubbles in turbulent flow
field.
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The numerical scheme of the hybrid DNS/LES code can be increased in order
to incorporate the higher-order extensions of the SVV operator. An optimal and
practical scheme is six-order accurate, which requires increasing the accuracy of

the spatial discretizations and modifying the number of ghost nodes.
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Appendix A

Discretization of Diffusion Terms

The discretized form of y and z components of the diffusion terms introduced in

section 2.1.1 are:
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Appendix B

Discretization of Advection

Terms

The discretized form of y and 2z components of the advection terms introduced

in section 2.1.1 are:

n n n n
1 Uiyyojr T ui+1/2,j+1,k>(vi,j+l/2,k T Vi1 12,k )—

(Ay)ZjH/z,k = E[( 9 9
”?71/2,j,k + “?71/2,j+1,k ijJrl/Q,k + Uﬁl,jﬂ/z,k
( . X . I+
L[(U2j+3/27k + U2j+1/27k)2 _ (U2j+1/27k + Uirfj—l/ka’ )2] + i[(ij,k-&-l/Q + ij-i-l,k-i-l/Q)
Ay 2 2 Az 2
(U?,jﬂ/z,k + U?,j+1/2,k+l) _ (ijfl/Q,kfl/Z + ijH/z,kq/z)(UZj,k + U7 1 )
2 2 2 ’
(B.1a)
Ay 1 u?+1/2,j,k + u?+1/2,j,k+1/2 ij,k+1/2 + w?+1,k,k+1/2 _ “?71/2,]',/% + U?A/z,j,kﬂ
(A2 = 5 . X § )~ ( : )
wzj,kﬂ/z + w?—1,j,k:+1/2 1 U2j+1/2,k + U2j+1/2,k+1 ij,k:-i—l/Q + w2j+1,k+1/2
( _ 1+ 2 g ) g -
'U?,ijl/2,k + Uijl/ZkJrl w?,jkﬂ/z + w;fjfl,k+1/2
( : X : )
1 w?. + w;‘. w:‘. et w?.
— Jok+3/2 Jk+1/2\9 ( g k—1/2 Jrk+1/2 )2] (B.1b)
Az 2 2

81



Appendix C

Discretization of Second

Derivative Terms in SVV

The discretized form of y and z components of the second derivative terms intro-

duced in section 2.2.2 are:
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