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ABSTRACT

NONLINEARITIES IN QUANTUM CORRELATIONS OF TWO TIME-LIKE
SEPARATED MEASUREMENTS

Gharib Masouleh, Hamideh
M.S., Department of Physics

Supervisor: Prof. Dr. Sadi Turgut

September 2021, 40| pages

When two time-like separated measurements are done on an observable with 3 or
more eigenvalues, such as angular momentum of an spin-1 particle, the result of
the measurements correlation is nonlinear in terms of the first measurement outcome
while linear in the other. This thesis is the study of this nonlinearity in quantum corre-
lation of such measurements as well as showing the results of simulation on quantum
simulator gasm and experiment on the quantum computer ibmg-manila. The results

confirm the non-invasive nature of quantum measurements.

Keywords: quantum correlation, Leggett-Garg inequalities, time-like separated mea-

surement, qiskit, ibmq



0z

IKI ZAMANSAL-AYRIK OLCUMUN KUANTUM
KORELASYONLARINDAKI DOGRUSALSIZLIK

Gharib Masouleh, Hamideh
Yiiksek Lisans, Fizik Bolimii

Tez Yoneticisi: Prof. Dr. Sadi Turgut

Eyliil 2021 , 40| sayfa

Bir spin-1 parcaciginin acisal momentumu gibi 3 veya daha fazla 6zdegere sahip bir
gozlemlenebilir iizerinde iki zamansal-ayrik dl¢tim yapildiginda, 6l¢iimler korelasyo-
nunun sonucu ilk 6l¢iimiin sonucu acisindan dogrusal degilken digerinde dogrusaldir.
Bu tez, kuantum simiilatorii gasm iizerinde simiilasyon sonugclarini ve kuantum bilgi-
sayar ibmqg-manila iizerinde deneyi gostermenin yani sira, bu tiir 6l¢iimlerin kuantum
korelasyonundaki dogrusalsizlifin ¢alismasidir. Sonuglar, kuantum 6l¢iimlerinin in-

vaziv olmayan dogasin1 dogrulamaktadir.

Anahtar Kelimeler: kuantum korelasyon, Leggett-Garg esitsizlikler, zamansal-ayrik

Olclim, qiskit, ibmq
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CHAPTER 1

INTRODUCTION

Starting from Bell’s inequality [1]] there are many inequalities in the study of quantum
information theory. And what they do is prove a set of assumptions wrong when they
are violated and help us get a better understanding of quantum mechanics. Bell’s pa-
per in 1964 [1]] showed that if the measurements of two entangled particles depended
on hidden variable theories then this would set a constraint on each half of entangled
particle, this constraint became known as Bell’s inequality. In 1975 Alain Aspect [2]
proposed in detail an experimental setup that would test the Bell’s inequality and fi-
nally between 1980-82 [3] [4]] by increasingly complex setups experimentally showed
that the Bell’s inequality is violated. Violation of Bell’s inequality debunks the need
for existence of any hidden variable theory and shows that there can be certain non-
local actions in quantum theory, that is even when two events are too far away in
distant yet close in time so that there can be no communication even at the speed
of light, there still can be an interaction between them. To this date there has been
several similar inequalities known as Bell-type and they have also been tested ex-
perimentally to show that hidden variable theories are inconsistent with the physical
world. Next comes the Leggett-Garg’s inequalities in 1985 [5]], produced by a set
of assumptions on macrorealism and non-invasive measurement, and the violation of
it in quantum mechanics shows that we cannot understand time evolution classically
and distinguishes macrorealistic theories from quantum mechanics. The violation of
Leggett-Garg inequalities prove the assumption of non-invasive measurements wrong

since it is not a quantum mechanical assumption itself. [6]]

Bell’s inequality looks at correlation of space-separated particles whereas Leggett-

Garg’s is based on correlation of time-separated measurements. While looking at



similar correlations we notice that if an observable with 3 or more eigenvalues is
measured twice with a time-like separation the correlation of the measurements turn
out to be nonlinear in the first one. What we do here is looking for a way to quantify
this nonlinearity to be able to see it via simulation on a quantum computer. We take
angular momentum as such observable and measure it in an arbitrary direction, and
immediately after that we measure it in another direction. We repeat this for a set
of directions which their unit vectors add up to zero. Even though in such situations
the sum of angular momenta is zero, the sum of correlations is not. This can be
understood as the fact that there cannot be any non-invasive measurements in quantum

mechanics.

In the next chapter, we review the literature related to our discussion. We have a
look at definition of measurements in quantum mechanics and explain what is a mea-
surement in the standard basis which would be used in the quantum circuits. Then
we introduce the quantum logic gates that will be used in the simulation. We ex-
plain Leggett-Garg inequalities, its assumptions of macrorealism and non-invasive

measurement and manifestation of its violation.

In Chapter[3] we have a look at correlation of space separated measurements for spin
% particles or Pauli matrices, then we look at correlation of time separated measure-
ments of the same spin % particles and we see a nonlinearity of the correlation in terms
of the first measurement. We extend the study to spin-1 particles and measurement
of angular momenta and we see the same kind of nonlinearity, we look for ways to
quantify this nonlinearity, we consider two different scenarios, one with 3 angles on
a surface and one with 4 angles forming a tetrahedron and make theoretical calcula-
tions of the expected probabilities for each possible outcome. We will also talk about

possible Leggett-Garg type inequalities that can be formed.

In chapter 4] we use the gates we see in chapter 2 and using proper rotations explain
how we create two quantum circuits that could be coded via giskit for the examples we
created in our theoretical work. For both cases we give the result of our simulation
on ibmq’s qasm simulator [/] and also on quantum system ibmg-manila [8]. We
also calculate the 50 for our measurements and show that the results are within an

acceptable range of calculations.



And finally in the last chapter we discuss our experimental results, we will consider
possible noise sources for the results and argue their agreement with our calculations.
We also talk about how the nonlinearity in the correlation we found goes against

assumption of non-invasive measurement and conclude this study.






CHAPTER 2

PRELIMINARIES

In this chapter we will talk about and review some concepts that we would be needing
in this study. The first section talks about postulate of measurements in quantum
mechanics and explains what we mean when we measure a qubit in our circuits.
Section 2.2 introduces the quantum logic gates needed for our simulation. And finally
the last section 2.3 talks about Leggett-Garg inequalities and the assumptions of the

original paper [J5].

2.1 Measurement in Quantum Mechanics

One important postulate of quantum mechanics is measurement. When we say mea-
surement, we mean testing or manipulation of system which results in a numerical
value. Assuming we repeat the process on an ensemble of equivalent systems then
the average of the results of measurements is what quantum mechanics predicts for
us i.e., quantum mechanics gives us the probability of each viable result. A closed
quantum system is subject to unitary time evolution but when there is an observer
interacting with the system this no longer applies. A measurement is a set of oper-
ators that when applied to the state of the system gives us a probabilistic result and
based on the result leaves the system in a new state. Thus, measurement in quantum
mechanics is invasive and collapses the state. A quantum measurement is described
by a collection of measurement operators { M,,} which act on the state space of the
system and the index m refers to possible outcomes of measurement. Let us say the
state right before the measurement is |¥) then the state after measurement is
V (UM, M| 0)

2.1)
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with the probability of each outcome of measurement m as:

p(m) = (U|M}, M, |¥) (2.2)
and
> MM, =1 (2.3)

Which is called the completeness relation and satisfies the fact that sum of probabili-

ties is 1. [9]]

Then we have a type of quantum measurement called projective measurement, de-
scribed by a Hermitian operator on the state space of the system being observed, M,
called an observable. With P, being the projector onto the eigenspace of M with

eigenvalue m, the spectral decomposition of our observable is
M =Y "mP, (2.4)

The eigenvalues m correspond to possible outcome measurements of the observable.

As we measure state |¥) the probability of measuring m is

p(m) = (U|Py|¥) (2.5)

And for outcome m, the state immediately after measurement collapses to

P |¥) 2.6)

p(m)

An important element that we will use in our quantum circuits is measurement, but in
quantum computers and qiskit, measurement is restricted to a projective measurement

of a qubit in the standard or computational basis which is represented by a ‘meter’

1
symbol on the circuit plot (Figure [2.1). The standard basis states are |0) = and
0
1) = and are eigenvectors of Pauli matrix o,. Measurement in the basis states
1

is what is called as measurement in the computational basis. In order to measure in
any other basis, one should first rotate the states to the standard basis and then perform

a measurement.



Figure 2.1: Measurement in the computational basis

2.2 Quantum Gates

Similar to how a classic computer uses wires and logic gates in an electrical circuit
to transfer and manipulate information. A quantum computer uses a quantum circuit
with wires and quantum gates to represent the language of quatum computation and
the changes to the system [9]]. Here we will have a look at the gates we will be using

in our circuit.

The simplest non-trivial gate is probably the NOT gate or Pauli-X gate, this flips the

state from |0) to |1) and vice versa

X=0,= 2.7)

Next gate is the Hadamard, it moves the standard basis states from poles of the Bloch
sphere and creates a superposition of |0) and |1). It can be represented by a rotation

of 7 about (3 + 2)/+/2 axis.

H= 7 (2.8)

also Hadamard takes the states from standard basis to the eigenstates of o,
HIO)=|+)  H[)=]|) 2.9)

These were both single qubit gates, meaning that they only act on one single qubit.
The most general form of single qubit gates is the U3-gate with the matrix represen-

tation

0 Asin ¢

Us (0,00 = | %2 TCsng (2.10)
A Si(3+2) og O '

¢ gip ¢ 9
e'?sin 5 COS 5



with the 0, ¢ and )\ being the Euler angles. This gate is carried out using two X90 or
7 /2 pulses in IBM computers [[10]

T T
U3(6,0, %) = Ru(6) Rel(—2) R(0) Ru(5) R () @11)

From equation we can see that
X = U3(r,0,0) H= U3(g, 0, 7) (2.12)

There are also multiple qubit gates that act on 2 or more qubits. We will look at a

specific type of multiple qubit gates called controlled gates. In these gates one qubit

acts as the control while the others would be the target. In general, for a unitary gate
Uoo Uo1

U= we have a Controlled-U gate acting on 2 qubits with the first qubit
Uip U1l

being control and the second the target as below [11]

(2.13)

Uopo Uo1

CU =

This gate performs the U-gate when the control qubit is |1) and leaves the circuit

o O O =
o O = O

U Uil

unchanged otherwise. From here we can see that Controlled-NOT and Controlled-

Hadamard are

1 0 0 0
01 00
—— CNOT = (2.14)
— 0001
0010
1 00 O
010 O
CH = (2.15)
i 0 01 1
0 01 -1



2.3 Leggett-Garg Inequalities

Legget-Garg inequality named after Anthony James Leggett and Anupam Garg is the
result of their 1985 paper "Quantum mechanics versus macroscopic realism: Is the
flux there when nobody looks?" [S]]. These kind of inequalities are used to tell apart
theories that support macrorealism from those supporting quantum mechanics. In

their original paper, Leggett and Garg start with making two assumptions:

1. Macrorealism(MR): "A macroscopic object, which has available to it two or
more macroscopically distinct states, is at any given time in a definite one of

those states."

2. Noninvasive measurability(NIM): "It is possible in principle to determine
which of these states the system is in without any effect on the state itself, or

on the subsequent system dynamics."
while in a later publication in 2008 Leggett adds a third assumption [|12]

3. Induction:"Causality propagates only forward in time, that is, an event can-
not be offered by any future events, whether or not the latter lie inside its light

cone"

They propose a quantum system that; when measured produces a value () = +1, then
they measure the system at 2 different times and at least at one other time between
those two times. The simplest case would be to measure at t;,t and t3 where ¢; <

ty < t3. Here for an ensemble of systems prepared at an earlier time ¢, we define

i) Joint probability densities such as p(Q1, Q2), p(Q1, @2, Q3), which are con-

sistent with one another, that is

Z p(Q1, Q2,Q3) = p(Q1, Q3) (2.16)

Q2=%1

ii) Correlation functions as K;; = (Q;Q;)

To deal with the problem of non-invasive measurement, Leggett-Garg gives the idea

of an ideal negative measurement. That is we design a device that only interacts

9



strongly with the system when for example () = +1 and does not do anything when

(Q = —1, then we can be sure that the system is in state () = —1

Now let us say that (); = +1 then there will be the following possibilities for the

measurements
Qi=+1 Q2=+1 @Q3=+1
Qi=+1 Q2=-1 Q3=+1

(2.17)
Qi=+1 Qa=-1 Q3=-1
Q=41 Q:=+1 Q3=-1
which would give the C;; values as [13]]
K12 - ‘|—]. K23 - +]. Klg — +]_
Kiy=—-1 Ky3y=-1 Kj3=+1
12 23 13 (2.18)
Kip=-1 Kyy=+1 Kiz=-1
Kipy=+1 Ky=-1 Kiz=-1
Writing the same values for (); = —1 and even adding a fourth measurement (), we
can see that
1+ Kip+ Koz + K320 (2.19)
and
| Ko + Kos| + | K1y — Koy <2 (2.20)

violation of equations[2.19/and[2.20|by quantum mechanics proves our initial assump-
tions to be wrong. Since non-invasive measurement is not a quantum mechanical

assumption in itself, the violation proves it to be wrong rather than macrorealism.

2.4 Temporal Bell Inequalities

Bell inequalities use space-like separated measurements while Leggett-Garg inequal-
ities use time-like separated measurements. Therefore, Leggett-Garg’s are also re-
ferred to as temporal Bell inequalities. In an online lecture [6], Sir Anthony Leggett

uses this approach and gives a more clear derivation of above inequalities.

As in previous section, consider the two-state system that when measured has a value

() = £1 and divide the ensemble of measurements into three:

10



FEi: Q measured at t; and to
FE5: Q measured at t5 and 3

FE5: Q measured at ¢; and t3

Then using the experimental average of each of these sub-ensembles we can write

Kea:p = <Q1Q2>exp + <Q2Q3>exp - <Q1Q3>exp (221)
whereas, as we will also see in section 3.2, the quantum correlation of measurements
. 0 Q
at ¢; and ¢; for a simple two-state Hamiltonian H = is
Q0

Building on the fact that macroscopic realism means that all the quantities )1, ()2, Q3
exist at the same whether they are measured or not and using some algebra Leggett
gives

Q1Q2 + Q203 — Q:1Q3 < 1 (2.23)

We would have the similar for an ensemble

(Q1Q2) s + (Q2Q3).,,, — (Q1Q3),,, <1 (2.24)

By the assumption that measurements are non-invasive, <Qin>exp = (QiQj) s>

macroscopic reality gives the inequality

Kuyr<1 Temporal Bell Inequality (2.25)

Now if we choose ty — t; = t3 — 3 = 55 then using the equation we find

3
Kow =3 (2.26)

which violate the temporal Bell inequality.

11






CHAPTER 3

THEORETICAL CALCULATIONS

This chapter will discuss our theoretical calculations and ideas. First we will consider
correlation of two space-like separated measurements of spin 1/2 particles as the sim-
plest case. Then in section 3.2 we calculate the correlation of two time-like separated
measurements, again for an observable with two eigenvalues. And in the last section
we look at correlation of measurement for a 3 level system ie. an observable with 3
eigenvalues. Then we take angular momentum as an example of such observable and

calculate expected results for two different cases.

3.1 Correlation of Space-Like Separated Measurements of Two Qubits

Suppose Alice and Bob have two entangled particles at distant places. Alice does a
measurement of n component of pauli spin matrix o> and Bob measures m compo-

nent aﬁ. The matrix for correlation of measurements, C, can be written as

C(fl, m) = 0m0ny = niij’ij (31)

while

Cij = (0" @ 0;7) (3.2)

13



For the Bell states we have (first one the singlet, and the triplet)

—1
_ 1t =1 _
) =" (W) = 1
L _1_
L -
V) = w C(v4) = +1
-1
- - (3.3)
+1
@,y = T - W cen-|
- +1_
1) = o) y _
D) = v 4 C(®-) = +1
L +1_
We can see that det(C') = —1 for Bell states and more generally for entangled states
of 2 qubits of the form
1) + o [41) )
. + « _ _ _ 2
W) = Ny C(¥) c c® <0 (3.4)
1

c is the concurrence, a value between 0 and 1, It is equal to 1 for maximally entangled

states. It is defined as [[14]]

(W) = |(w|¥) (3.5)

where |U) is the spin flip of |¥). For a single qubit pure state the spin flip is |¥) =
o, |¥*) and for 2qubits or more the same transformation should be applied to each

qubit. Therefore the concurrence of states in equation [3.4]is

fo 2 (3.6)

Vita?

14



3.2 Correlation of Time-Like Separated Measurements of A Single Qubit

We want to find the correlation between two consequent measurements on the same
state. Let us start with a state |W(¢;)) at time ¢ = ¢;, first we measure o which would
result in a collapse and give values a; = 41 and leave the collapsed state as |a;).
(subscript 1 to show the first measurement). Then after some time at ¢ = ¢, the state

has evolved with time and is
|W(te)) = Ulty — t1) |ay) 3.7

we measure o again at time ¢5. In order to find the correlation between the measure-
ments we write is as statistical average of product of 2 measurement results. Note

that correlation is not expectation value of Heisenberg picture

a6z = (ox(t2); ok(t1)) 7# (ok(t2)on(tr)) (3.8)

(prob. of getting a; for oy at t1) = P(ay) = |(ay|¥(t1))]? 39)

(prob. of a for oy (t2) given that 1% meas. is a1) = P(az|a1) = |{az|¥(t2))|

therefore,

a1a2 Zagal ag\al (a1 ) (310)

where we have
> aaP(aslar) =Y a2 W(t2))* = (¥(t)]ow|¥(t2)) (3.11)

= (@|U'(ty — t1)oxU (ts — t1)|a) (3.12)

as a result

m = Zal <a1|UT(t2 — t1>O'kU<t2 — t1)|a1> ]<a2|\11(t2)>]2 = <A27 A1> (313)

ai
we see that the result is linear in A, but not in A; (unless A;is dichotomic like oy,
i.e., has eigenvalues 1 which is the case for Leggett-Garg inequalities). Taking the
Hamiltonian as H = %Q 0, , and for when oy, is perpendicular to the direction of

magnetic field (here Z) we can see that
a1 = <O'k(t2), O'k(tl)> — COS Q(tg — tl) (314)

15



3.3 Nonlinearity in Measurement Correlation of Angular Momentum (Spin-1

Particles)

As we saw in equation [3.13] for any observable that has 3 or more eigenvalues the av-
erage of the product of results or correlation between two measurements is nonlinear
in terms of the first measurement. Our job is to find a way to quantify this nonlinear-
ity. As the simplest case, we consider a 3-level system of spin-1 particles and their
angular momentum J. We can think of a spin-1 system as the addition of 2 spin-%

particles, therefore the eigenstates of J. correspond to the spin triplet states

1) =]s=1Lm,=+1) =)&)

- (mel+mslt) 19

1) =ls=1Lm,=-1)=[h o)

|0y = |s =1,ms =0)

S5

With the eigenvalues +1, 0 and -1 respectively. And of course there is the spin singlet
state for s = 0 which we do not need

1

s=0,ms=0
| ) 7

(M) - elt) (3.16)

Similar to the previous section we make 2 consecutive measurements on the system
but instead of measuring Pauli matrices we would be measuring components of an-

gular moment or in general J,,, that is for unit vector 7

n= nxi + nyj' + nzl% ni + nz + ng =1 (3.17)

-

J, component of angular momentum along 7 is
Jo=J-t=n-J = Jon, + Jyn, + J.n, (3.18)

We measure J, at time ¢; and then measure J,,, at time t,. The system is a spin with

magnetic moment, so the Hamiltonian is,

—

H=—ji-B=—kJ-

]}

(3.19)

and if B = Bb then
H = (const) J, (3.20)

16



its effect is spin precession, and after some time state will be still up but along some

other direction. As simplest case, we forget about time and therefore direction along

magnetic field. We assume that they are measured almost at the same time, immedi-

ately after each other.

(Jm(0%); J(07))

(3.21)

Next, we need to find the eigenstates of J,,. We can think of spin-1 particle as com-

posed of 2 spin half particles. For example, if we know the spin up along arbitrary

direction for a spin half particle, by adding their spins we can write spin up along any

arbitrary direction for spin-1 particle. It is readily seen that spin up and spin up along

direction 7 in terms of spin up and down in 2 direction are

and

1, = cos g [1) +sin & |4y ¢

1y = —sin De= 1) +cos § |1

Vs = |T> ® M
1005 = \/(m ® [1)a + e ® 1))

‘i>ﬁ = |\L>n ® H/>n

after some calculations we find the eigenstates of .J,, as

5 0
1), = cos® 3¢ Z¢|1)+\/_sm cos—|0>+sm

10)

n

_ 0 6
1), = sin® 7€ €7 [1) — v/2sin - cos—|0>+cos

Spectral decomposition of .J, is

In

therefore,

= (+1) [ (L1 + (0)[0); 7 0] + (= 1) 1),

e
- %(sjn e 1) + V2 cos 0 |0) + sin Gew 1))

0
et
“e )

a (1l

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



In order to find the correlation between two measurements of angular momentum we

write
(i Ju) = 3 @@l Tnlan) (aa @ ) = D an - ()@ WO (327)
where <f > and a® = 0 or 1 so it simplifies to
(o T = 100 (1 (LD (0)* + | (1w (0)) ) (3.28)
now referring to equation [3.26|it is easily seen that
(i Jn) = 1+ 2 J,%) (3.29)

Therefore we can write

> s ) = D0 G- ) s - T i - )

=<(m®f®f)-(2m®m®m)>

even if > . ¢;n; = 0, we have Y . ¢i1i; ® 11; ® 11; # 0 so we can conclude that for
Zi I, =0

(3.30)

> (i Jn) #0 (3.31)

i
Even though we can see this nonlinearity in any set of n; directions, in order to see
the nonlinearity better, we will pick two cases with the most symmetry. The first case
is N=3 unit vectors that lie on a surface and have a 120° with each other. The second
case is for N=4 unit vectors in space that form a tetrahedron. In both cases, the m
direction of second measurement and also the initial state |¥) are chosen in a way

that would maximize the outcome.

We also note that looking at equation [3.29]it can be seen that for a completely un-
polarized state the nonlinearity is lost. An unpolarized state is one for which we an

equal distribution of possible states so its density matrix would be
1 1
p= 52(1: an) (as| = 31 (3.32)

The expectation of J2 is independent of 7 and always equal to % therefore, in such

case the correlation is linear in terms of n as well.
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3.3.1 J, Measurement in 3 Directions on x-y Plane

The first case to consider is that of N=3 unit vectors that lie on a surface. But before
we set any values for the angles, we need to find the maximum value of correlation.

First we look at the matrices for J,, and J> are

cos \% sin fe* 0
Jp = \/LE sin fe'? 0 \/Li sin Qe (3.33)
0 %@ sin fe'® —cosf
% ﬁ sin 20e =" %e_m’
J?: = #ﬁ sin 20¢? sin? ¢ #ﬁ sin 20e =% (3.34)
sir122 0 621'(]5 ﬁi qin 2861'47 1+c352 0

Since we are on the x — y axis, this means 0 = 7 and simplifies the matrices

0 e 0

1 ) )
Sy = % ei? 0 e~ (3.35)

0 ¢ 0

1 0 e %o

9 1
=510 2 o0 (3.36)
e () 1

If we name the angle of m as ¢,, , then 1 - 1i; = cos (¢,, — ¢;) and taking the state

as

0 (3.37)



we can find the expected result of sum of correlations as an expectation value of %

D i) =Y (cos (b — &) Jn”)

i¢7n
N (3.38)
=1 0 2 0 expectation value is 1
e"m (1

which means the maximum value of sum of correlations for directions adding up to
zero on x — y plane is %. The direction m can be any direction on x — y plane, which

we will choose it to be , and the initial state is

1
1
U) = — .
V) NG 0 (3.39)
1

Let us also find the value of each correlation for now called as I'; = (J,,,; Jy,,)-

cos (¢ — ¢i) (1 + cos (pm + 2¢;))

(W[, |W) = ; (3.40)
By plugging in our angles ¢,,, =0, 1 =0, 2 = %” and ¢3 = %” we have,
(Jm; Jny) =1
(s Iny) = —% (3.41)
(i Ju) =

Next, we want to see the probabilities of each measurement outcome. First measure-
ment is J,,, in the state ¥ and it has three possible outcomes. The probability of each

possible outcome is as follows

P, = +1) = |, (1w = 0
P(J, = 0) = [,(0]¥)[* = sin® ¢, (3.42)
P, = +1) = (T = &

respectively. Next, we measure .J,,, or in

For ¢,, = i—%” they give probabilities %,g,%

20



our case J,, so the conditional probabilities for ¢,, = :I:%7r are

P(00]00) = | (1]1)4]* = 1/16
P(01]01) = | (0]0)4]* = 4/16
P(01]00) = | .. (0]1)4]* = 3/16 (3.43)
P(00[11) = |, (1]T)s|* = 9/16
P(01]11) = |, (0]T)s|* = 6/16

Having in mind that for joint probabilities we have need to multiply conditional prob-
abilities with the probability of each outcome of J,. It can also easily be seen that for
¢, = 0 there is a 50-50 probability for outcome of .J,, to be £1. And the conditional

probabilities are

P(00]00) = |, (1]1)a]* = 1 P(11]11) = |, (1|T)a)* = 1 (3.44)

Table 3.1: probability of each outcome of measurement

outcome J, J, probability for ¢, = i%” probability for ¢,, = 0
0000  +1 +1 735 = 0.008 5
0001 +1 O S22 0.047 0
0011  +1 -1 5 = 0.070 0
0100 0 +1 2 0.281 0
0101 0 0 25 220.188 0
0111 0 -1 36 >~0.281 0
1100 -1 +1 755 = 0.070 0
11or - -1 0 95 = 0.047 0
1 -1 -1 e 22 0.008 3

Just as in equation [3.10| we can write the value of 3.41]in terms of outcome probabil-
ities.

(T In) = Z mnP(m,n)

= P(0000) — P(0011) — P(1100) + P(1111)
We can see that the probabilities of table agree with equations.

(3.45)
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3.3.2 J, Measurements in 4 Directions That Form a Tetrahedron

Let us do a similar measurement for the 4 unit vectors that form a tetrahedron as in

figure[3.1] The unit vectors are

ﬁgzé

2v/2
na—g( 3 T+ 3

(3.46)

2 in 2 1
cos2ma . sin 7TO[Z)> _ 52 fora = 0.1,2

The unit vectors and their corresponding components of angular momentum add up

to zero
3
Z Jp. =0 (3.47)
a=0
But
3
S s ) = 1= (¥|G]w) (3.48)
a=0
where G is as below
5 z —éL 2é,
. 4 Tty
— 2 2 4 N ~ ~ ~ _
G = Zonajna = § —€4 —2Z (3 (ei - \/§ ) (3'49)
B 2 ey z

First we choose an m direction and calculate the eigenvectors of G. We choose the
eigenvector corresponding to the smallest or largest eigenvalue as |¥) then choosing
any of the unit vectors or m = n; will give us the extremum value. We choose m = 2

We find the minimum and the corresponding initial state as

- 8
D ) ==5 ¥ =10), (3.50)

a=0

Also for the expected value of each set of measurements using eq[3.34] and taking

0
W) = | "% (3.51)
0
we have,
(J,; Jn,) = cosf <Jna2> = cosfsin® 6 (3.52)
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Y

Figure 3.1: 4 unit vectors towards the corners of a tetrahedron

Therefore

-8
<Jz7 ‘]n0> = 2_7
<Jz; Jm> = __8
22 (3.53)

As in the previous section, in order to see the probabilities of each outcome, we look

at probable outcomes of J,, first

P(J, =+1) = ]n(1|\11)|2 = %(singzﬁ — cos 8 cos <b)2
P(J, = 0) = |.(0]¥)]* = sin @ cos ¢* (3.54)
P(J, =+1) = ]n(T]\IJ>|2 = %(sin¢+ cos 0 cos (b)2

It can be seen that for the n, case the probability of J, is 1 and for other n; the

probabilities are g, %, % respectively. Then we calculate the conditional probabilities.
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For 714 P(01]01) =| .. (0]0)5|> = 1, and for the rest of directions we have,

The joint probabilities are shown in table [3.2]

(1[1)al* = 1/9
(0[0)al* = 1/9
2 (011)al” = 4/9 (3.55)
(1T)al* = 4/9
(0[1)a]” =4

Table 3.2: probability of each outcome of measurement

outcome I, Im probability for 7, 11, 1
0000 +1 +1 = = 0.049
0001  +1 0 232 (.198
0011  +1 -1 16 ~0.198
0100 0 +1 o 20.049
0101 0 0 & = 0.012
0111 0 -1 a7 = 0.049
1100 -1 +1 18 > (.198
1101 -1 0 £ = 0.198
1111 -1 -1 o = 0.049
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3.4 Nonlinearity in Correlation of Two Time-like Measurements and Leggett-

Garg Inequalities

As we saw in section 2.3 and 2.4, Leggett-Garg inequality is a way of showing that
the assumption of non-invasive measurement does not hold in quantum mechanics
by violation of the inequality. So one might wonder if this nonlinearity could give a
value higher than % of equation Using for 3 consecutive measurements in

time we have the simplest case of Leggett-Garg inequality as below

(Jn(t3); Jim(t2)) + (Im(t2); Ji(t1)) — (Ju(ts); Si(t1)) < 1 (3.56)

By plugging in values, it can be seen that the inequality is violated but the left side
is again the maximum % Therefore, the nonlinearity in quantum correlation of two
time-like measurements for an observable with more than 2 eigenvalues can be con-
sidered another way to show the same thing as Leggett-Garg inequality does, that is

the assumption of non-invasive measurements is wrong.
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CHAPTER 4

EXPERIMENTAL RESULTS

In order to see the results of measurement experimentally, we will use qiskit a module
based on python designed to run quantum simulations and we use :bmgq as a provider
for quantum computer simulators, first we use quantum gasm simulator, which is
a classical computer that simulates a quantum computer with minimal noise. And
then we run the same code on ibmq — manila the quantum system available with the

lowest CNOT noise.

4.1 Measuring J, in 3 Directions on x-y Plane

The first part of our circuit is to prepare the initial state that is equation

1
1
U= 4.
V) 7 0 4.1)
1

All qubits in giskit are by default start at |0) unless initialized or set to any other value,

therefore we start by |00) and apply a Hadamard to the first qubit

H ‘00> + ‘10>
00) = |[+0) = ——— 4.2
00) = |+0) 7 4.2)
then we apply a CNOT with the first qubit being the target
00 10 00 11
00) + [10) enor_ 00) + [11) 43)

V2 V2

Figure show the part of circuit that prepares the initial state.
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D
AN

Figure 4.1: Initial State for 3 Directions on x-y Plane

Then we to take the standard basis states to the eigenstates of angular momentum ./,

that is
[mims) ljm)

1) M =li=1Lm=1)

) S LD+ =li=1m=0)

1) (M) =) =15 =0,m =0)

[ H=li=1m=-1)
To find the gate or gate combination (2, first we apply a CNOT (2.14) on the initial
qubits.

|00 |00

) )

01)  onor, |01

.

110) 111)
111) 110)

Then we apply an upside-down Controlled-Hadamard (2.13) that is the second qubit

is the control.

100) 100)
0y en, D) = 5(01) +[11))
11) [—1) = J5(I01) — |11))
10) |10)

And a final CNOT will give us what we need

00) 00)
+1) = (101 + 111 onor.  25(101) + [10))
-1) = J(jo1) — [11)) (1) — [10))
|10) ]11)

Figure [4.2] shows this circuit. Note that because of the symmetry, the same circuit

takes the eigenstates of ./, back to the standard basis.
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Figure 4.2: The circuit taking standard basis to spin-1 basis.The input is 00, 01 or 11

and the output is |m)
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1
R

Ay
D
AN

Figure 4.3: Circuit for ./, measurement

In the next step we want to transform the qubits from Z direction to n, we do this by
applying a rotation on each of the qubits.

(Dn @ Dp) [m), = m) (4.4)

n

What we see in figld.3]is that the circuit rotates the qubits from 7 to Z direction and
then decodes from J, basis to the computational basis to take a measurement since
it is the basis that our quantum computers measure in them. Note that at this point a
collapse of quantum state has occurred. Immediately after our first measurement we
need to take the second measurement, so we do the inverse of the operations to take
back the states to J,, direction. Then we use another transformation that would take
the states to m direction or for our case  direction and decode to have the qubits in

the computational basis. What we described can be seen in fig. 4.4

In order to find the transformations we need, we refer to the most general unitary gate,

U3-gate, which we saw its matrix representation in equation [2.10|as below

0

0 _ ot 0
COS 5 €

2
€' sin g e+ cog g

Agin

U3(0,¢,A) =
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Dy D S—A

Figure 4.4: Circuit for ./, measurement

it has the inverse

cos ¢ —e gin ¢
U3~ (0,¢,\) = 2 | ? 4.5)
—e M gin g e~ cos g
we can easily see that
U371 ('97 ¢7 )‘) = U3 (_67 _)\7 _(b) (46)

Therefore transformation that rotates .J, to the direction of .J,, is the unitary matrix

D, = U3 (g . o) 4.7)

with the inverse rotating .J,, to J, and being the first unitary gate in our circuit as
Dt = U3 (~5,0,~0n) (4.8)

also the third unitary rotates the states from .J,, to .J,. direction as below
T
a0

D, ' =
U3(—3

0,0) (4.9)

Figure [4.5]is an example of how the complete circuit looks like in qiskit. The circuit
also has 4 classical bits, it takes the result of first measurement and writes it in the
first and second bits whereas the result of second measurement is written on third and

fourth bits.

Running these circuits on qasm for a total of 10000 shots and 10 runs we find that the
results are within the acceptable 50 range of our calculations. Figure 4.6]shows these

results. Note that the outcomes should be read from top to bottom in giskit.

The average of 10 runs each consisting of 10000 shots on qasm are as follows

(Jz; Jny) = 1.0000
(Jo; Jny) = —0.12604 (4.10)

(Jui Jng) = —0.12515
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Figure 4.5: qiskit circuit for the measurement in 75 direction in 37; case

Let’s name the summation of correlators as I'

Then the standard deviation of T is

oP=V = ] 2 (T; —T) (4.12)
where
I = 0.74881
o = 0.00545 (4.13)
50 = 0.02726

The results of gasm simulator agree with our theoretical values nicely, but when
we run the same circuit on an actual quantum computer, the actual noise of circuit
changes the results. Figure [4.7] shows the result for the same circuit ran on ibmg-

manila.

The average of 10 runs each consisting of 8000 shots on ibmqg-manila are as follows

(Ju; Jny) = 0.82057
(Jo; Jny) = —0.10504 (4.14)

(Ju; Jng) = —0.11375
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Figure 4.6: Probabilities of each outcome for ¢; = 0, ¢ = 27/3 ¢p3 = 477/3 respec-

tively by gasm

And the mean and standard deviation of I" are

I' =0.60179
o = 0.03283
b0 = 0.16416
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tively by ibmg-manila

4.2 Measuring J, in 4 Directions That Form a Tetrahedron

The biggest part of the circuit for the tetrahedron case is the same as 3n directions

one. The thing that changes is the initial state which is |¥) =

angles of the unitary gates. To prepare the initial state we only need an x-gate as in

figure [4.8]

q0

0.228

0.158

0.093

0.072

0.046

o —{x}—

Figure 4.8: Initial state for tetrahedron case
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Figure 4.9: qiskit circuit for the measurement in 73 direction in tetrahedron case

As for the transformations, the unitary taking J, to J,,
D,, = U3(arccos %1, ®n, 0) (4.16)
with the inverse taking J,, to J,
D, ! = U3(— arccos %1,0, —bn) 4.17)

Note that there is no need for a third unitary since our second measurement is in .J,

direction. Figure .9 shows an example of the whole circuit in giskit.

Just as in the previous case we run each set of measurements 10 times for 10000
shots each on qasm simulator and see that the results agree with our theoretical values

nicely. The figure [4.10|shows an output for the qasm simulation.

The average of 10 runs each consisting of 10000 shots on qasm are as follows

(J2; Jng) = —0.29388

(Jo; Jny) = —0.29995

- (4.18)
(J; Iny) = —0.29665
(Jei Jng) =0
Naming the summation of correlators as I' we have
I = —0.89048
o = 0.00994 (4.19)
50 = 0.04972
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Figure 4.11: Probabilities of each outcome for n; for i=0 to 3 respectively by ibmg-

manila

And the average of 10 runs each for 8000 shots on ibmg-manila is

we also have

(T3 Jng) = —0.20941
(J.; Jp,) = —0.20035 @20,
(J; Jny) = —0.22831
(J; Jns) = 0.04716
' = —0.64534
o = 0.051597 (4.21)
50 = 0.25799

Figure 4.T1| shows an example of ibmq-manila output for our set of measurements
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CHAPTER 5

CONCLUSIONS

In this study we started with correlation of measurement of two entangled spin 1/2
particles or space-like separated measurements, we extended the study to time-like
separated measurements and observed that for cases that are not dichotomic i.e. ob-
servables with 3 or more eigenvalues, the average of product of outcomes or the
correlation function is nonlinear in terms of the first measurement in time. Then by
taking the measurements to be very close in time we assumed that spin precession

does not affect the system.

Then we looked for a way to quantify this nonlinearity and concluded that if we have
a set of measurements in the direction of n; for which the summation of unit vectors
are zero, then summation of angular momenta in those directions are zero as well
but the correlation of them with measurement in a second arbitrary direction is not
zero. To be able to show our results quantitatively we chose two symmetric cases
of unit vectors for measurements. Firstly, 3 vectors on a surface with the second
measurement on the same surface and secondly, 4 vectors in space that would form
a tetrahedron. For both cases we calculated the expectation of correlation function
and all the outcome possibilities. In chapter 4 we designed a circuit on qiskit and
simulated our measurements both on qasm, a classical computer simulating quantum

computers and on ibmg-manila, a quantum computer.

The results that we had were within the 50 range of theoretical values in all cases.
But we saw a rather great difference between the values of quantum computer :bmgq —
mantla and that of theoretical values or even qasm. This noise is mostly caused by
the number of CNOT gates that we have in our circuit. That is the reason, as we

mentioned before, that we chose ibmq — manzila the system available with the lowest
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CNOT noise value. A possible solution could be a circuit that does the same job but
with a lesser number of gates and CNOTs. There was also deviation from mean in
the results which was mostly observed when measurements were done on the same
quantum system but at different times and/or days, this is probably caused by the

condition of the system itself.

We talked about how the assumption of non-invasive measurability is proved wrong
by the violation of Leggett-Garg inequalities. We can say that by proving the nonlin-
earity in the correlation of two time-like measurements we have also confirmed that
measurements are not non-invasive and that this is another way of showing the same
thing as Leggett-Garg inequalities. And finally, we looked at whether or not the max-
imum value of temporal bell inequality [2.25|that the quantum mechanics gives can be
exceeded by this nonlinearity, and we found the maximum to be the same as the one

quantum mechanics offers which is g
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