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ABSTRACT

GEODESIC CONNECTEDNESS AND
COMPLETENESS OF TWICE WARPED PRODUCTS

Begiim Ategli
M.S. in Mathematics
Advisor: Biilent Unal

September 2017

We introduce the semi-Riemannian geometry. We give some results about Rie-
mannian and Lorentzian manifolds. We explained the Lorentzian causality. We
focus on the causality of space-times. We define the Lorentzian distance. We com-
pare Lorentzian geometry with Riemannian geometry. We review the Lorentzian
warped products and their causality.

We focus on the completeness of Lorentzian manifolds and Lorentzian warped
products. Then we focus on geodesic connectedness. We give some information
about the geodesic connectedness of multiwarped space-times. Lastly, we anal-
yse the relationship between connectedness and completeness of twice warped

products under a given condition.

Keywords: Lorentzian causality, Lorentzian completeness, geodesic connected-

ness, multiwarped space-times, twice warped products.

il



OZET

IKILI BUKULMUS CARPIMLARIN JEODEZIK
BAGLANTILILIGI VE TAMLIGI

Begiim Ategli
Matematik, Yiksek Lisans
Tez Danigmani: Biilent Unal
Eylil 2017

Yari-Riemann geometrisini tanttik. Riemann ve Lorentz geometrisiyle ilgili
bazi sonuclar verdik. Lorentz nedenselligini agikladik. Uzay-zaman nedenselligi
tizerinde yogunlagtik. Lorentz uzakligini tanimladik. Lorentz ve Riemann ge-
ometrilerini kiyasladik. Lorentz biikiilmiig ¢arpimlar ve nedenselligini gozden
gecirdik.

Lorentz manifoldlarinin ve Lorentz biikiilmiis ¢arpimlarinin tamlig: tizerinde
yogunlagtik. Sonra jeodezik baglantililiga odaklandik. Coklu biikiilmiig uzay-
zamanlarin jeodezik baglantilihigiyla ilgili bilgi verdik. Son olarak, baglantililik
ve tamlik teoremlerini ikili biikiilmiig ¢carpimlara bazi sartlarda uyguladik.

Anahtar sozciikler: Lorentz nedenselligi, Lorentz tamligi, jeodezik baglantililik,

coklu biikiilmiig uzay-zamanlar, ikili biikiilmisg carpimlar.
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Chapter 1

Introduction

Riemannian geometry has a wide research area and results. As another field of
the semi-Riemannian geometry, Lorentzian geometry is the theory behind gen-
eral relativity and has lots of similarities with Riemannian geometry. However,
because of some differences, Lorentzian geometry follows a different way. Since
we define an indefinite metric tensor, we consider three types of curves and sub-
spaces: Spacelike, timelike and lightlike curves and subspaces. This brings about

a wider and more complex research on Lorentzian manifolds.

By Hopf-Rinow theorem we know that for any Riemannian manifold, geodesic
and metric completeness are equivalent. Also, completeness guarantees the exis-
tence of geodesic connectedness. On the other hand, we cannot claim the valid-
ity of Hopf-Rinow theorem for Lorentzian manifolds. Metric completeness and
geodesic completeness are inequivalent. In addition, unless we consider some
constraints, geodesic connectedness and completeness do not have a direct re-
lationship. The aim of this thesis is to study the relationship between geodesic

connectedness and completeness of Lorentzian manifolds under a given condition.

In Chapter 2, we recall some basic concepts of semi-Riemannian geometry using
[1] and [6]. In Section 2.1, we define connections and the connection coefficients.

By these, we give the geodesic equations and some other basic definitions of



manifold theory. In Section 2.2, we define metric tensor g and semi-Riemannian
manifold M. In Section 2.3, we refer to geodesic connectedness of a Riemannian
manifold. The main theorem about completeness of Riemannian manifolds is
the Hopf-Rinow theorem and it provides the equivalence of metric and geodesic
completeness as well as finite compactness of a Riemannian manifold. In section
2.4, we explain the causality of Lorentzian spaces. A tangent vector v is defined
as spacelike (respectively, timelike, lightlike) if g(v,v) > 0 or v = 0 (respectively,
g(v,v) <0, g(v,v) = 0 and v # 0) and the causal character of the subspaces
is determined by the class of the vector. A Lorentzian manifold (M, g) is time-
oriented if (M, g) admits a timelike vector. In Section 2.5, we introduce the
causality of space-times. A space-time is a Lorentzian manifold with a time
orientation. In Section 2.6, we give the definition of Lorentzian distance function.

In Section 2.7, we compare Riemannian and Lorentzian manifolds by the help of

[5]-

In Chapter 3, we define and give some properties of warped products (see
[1], [6]). In Section 3.1, we introduce Riemannian warped products. Let (M, g)
and (H,h) be two Riemannian manifolds and let f : M — (0,00) be a smooth
function. A Riemannian warped product (M, g) is a product manifold M = M x H
with metric tensor § = g @ f?h. In Section 3.2, we define Lorentzian warped
products. We refer to the causality of Lorentzian warped products. In Section

3.3, we give the definition and causality of multiply warped products (see [12]).

In Chapter 4, we give a detailed explanation and some examples for Lorentzian
completeness and geodesic connectedness. For further details, one can read [1],
2], [9], [12]. In Section 4.1, we introduce the geodesic completeness, metric com-
pleteness and finite compactness. Geodesic completeness can be separated into
three classes called spacelike, timelike and null completeness. Any of these types
do not imply the others. In addition, geodesic completeness, metric completeness
and finite compactness do not imply each other. Then we give some theorems and
lemmas about the completeness of multiply warped products. In Section 4.2, we
introduce geodesic connectedness of Lorentzian manifolds. We focus on multiply

warped space-times and their geodesic connectedness.



In Chapter 5, we analyze the relationship between geodesic connectedness and
completeness of twice warped products. In Section 5.1, we give the connectedness
condition for twice warped products by Theorem 3 of [2]. In Section 5.2, we give
the completeness conditions using Theorems 4.7 and 4.8 of [12]. In Section 5.3,
we compute the relationship between geodesic connectedness and completeness

of twice warped products under a given condition.



Chapter 2

Preliminaries

2.1 Connections

In this work we will assume that any manifold M is smooth, paracompact and
Hausdorff. T'M will denote the tangent bundle, 7,M will denote the tangent

space at p € M. For any arbitrary chart (U, x) for M, (z!, ..., 2™) will denote local
0 0

(‘)Il?"'? ox™

space. Details can be found in [1].

coordinates on M and will denote the natural basis for the tangent

Let p € M and ~ be a smooth curve that passes through p. A smooth mapping
X :a,b] = TM such that X(t) € T,y M for all t € [a,b] is called a vector field
along . X(M) denotes the set of all smooth vector fields defined on M.

Let §(M) denote the ring of all smooth real-valued functions on M. For all
fiheF(M) and X, Y, V., W € X(M), a function

vV X(M) x X(M) — X(M)

with properties

1 Ve(X +Y)=VyX + VY



2. Vi (X) = fVv X + fV X

3. Vv(fX)=fVyX+V(f)X

is called a connection.

The connection coefficients I'}; of V with respect to (z',...z") are defined by

0 = 0
R T o 2.1.1
va/ar (ax]> o ] axk ( )

A vector field X along v is said to move by parallel translation along -~ if
V., X(t)=0.

Definition 2.1.1. A smooth curve v : (a,b) — M is said to be a geodesic if '

moves by parallel translation along ~.

Hence ~ is called a geodesic if

V,YI’V/ = 0. (212)

Equation 2.1.2 is called the geodesic equation of ~.

A smooth curve v that has a reparametrization as a geodesic is called a pre-
geodesic. A parameter for which v is a geodesic is called an affine parameter.
If the domain of some affine parametrization is the whole real line, then a pre-

geodesic is called complete.

Using the connection coefficients in equation 2.1.1, we can write the geodesic

equations in coordinates:

d?z* Zn: Lk dx' da?

dt? igr dr

INES

If X,Y € X(M) have local representations

5



X = ZX’ —andY ZYZ W

then the local representation of VY is

VyxY = Z (Z X7 o + Z Tk Xﬂ”) %

1,j=1

and VY is called the covariant derivative of Y with respect to X.

The Lie bracket of ordered pair of X and Y that acts on a smooth function f

is defined as
(X, Y](f) = X(Y(f)) = Y(X(f)))-
The local representation of the Lie bracket is

YT _9XI\
X, Y] = Z (X oz’ -r oz’ ) dad”

ij=1

If V is a vector field, the derivation Ly such that

1. Ly(f)=Vfforall f € F(M) and

2. Ly(X) =[V,X] for all X € X(M)

is called the Lie derivative relative to V.

Definition 2.1.2. A vector field X is called a Killing vector field if Lxg = 0, i.e.,
the Lie derivative of the metric tensor vanishes.
The function T : X(M) x X(M) — X(M) given by
T(X,)Y)=VxY - VyX — [X,Y]

is called as the torsion tensor of V. In local coordinates, it is expressed as

T = Z T*dx’ ®i®d:ﬂ

i,5,k=1



where the torsion components are

k _ 1k k
Ti"; =Ty — Ty

The function R which assigns to X,Y € X(M) the f-linear map R(X,Y) :
X(M) — X(M) is called curvature and defined by

R(X,Y)Z =VxVyZ —VyVxZ — VixyZ.

Let w € Ty M be a cotangent vector at p and z,y, 2 € T), M are tangent vectors
at p. A (1,3) vector field

R(w,z,y,2) = (w,R(X,Y)Z) =w(R(X,Y)Z)

is called as the curvature tensor and in local coordinates it is expressed as

R = Z kma ® dr! @ da* @ da™

i,5,k,m=1
where the curvature components are
, or:e . ori. ” ,
S = ot~ o (T The = T Thua).

a=1

2.2 Semi-Riemannian Manifolds

In this section we will use [1] and [6].

Definition 2.2.1. Let b be a symmetric bilinear form on a vector space V. The
largest integer that is the dimension of a subspace W C V such that b|W is

negative definite is called the indez of b.

Definition 2.2.2. A symmetric nondegenerate (0,2) tensor field g on M of con-

stant index is called a metric tensor.

So, for all p € M, g € TY(M) smoothly assigns to each p a scalar product g,
and each g, has the same index. Nondegenerate means that for any v € T,M,
there is some w € T, M such that g,(v, w) # 0. If g;; are components of g in local

coordinates, then nondegeneracy is equivalent to the condition that det(g;;) # 0.

7



Definition 2.2.3. A smooth manifold M furnished with a metric tensor g is

called a semi-Riemannian manifold.

The index v of g on a semi-Riemannian manifold M, where 0 < v < n =dimM,
is called the index of M. If v = 0, then M is a Riemannian manifold and for all
p € M, the metric induced on the tangent space is Euclidean. If v = 1, then M
is a Lorentzian manifold and for all p € M, the metric induced on the tangent

space is Minkowskian.

Example 2.2.4. The dot product on R"

(Up,wp) =V -w = Zviwi

where v, = ) v'0; is a metric tensor on R”. Hence, R" is a Riemannian manifold,

and it is called the Euclidean n-space.

Example 2.2.5. For any integer v with 0 < v < n, there is a metric tensor
(Up, wp) = — Zviwi + Z v w?
i=1 j=v+1

on R™ of index v. The resulting semi-Riemannian manifold is called semi-
Euclidean space and denoted by R}. For v = 0, we observe the metric tensor

in Example 2.2.4. For n > 2 and v = 1, R} is called Minkowski n-space.

The metric tensor of R can be written as
g = Z edu’ @ du',

where

-1 for 1 <i<wv,
€, =
+1 for v <i<n.

Definition 2.2.6. (i) Two tangent vectors v,w € T,M are called orthogonal
if g(v,w) = 0 and denoted by v L w.

(ii) A vector v # 0 is called as a null vector if g(v,v) = 0. The set of all null

vectors in T, M is called null cone at p € M.

8



(iii) If g(v,v) = %1, then v is a unit vector.
(iv) Norm of a vector v is defined as |v| = +/|g(v,v)].

Definition 2.2.7. For a semi-Riemannian manifold (M, g), there is a unique
connection V called Levi-Civita connection such that for all X\ Y, Z € X(M),

L. Z(g(Xv Y)) = g(vZX’Y> +g(X= vZY)?

2. [X,Y]=VyY — VyX.

Let g% represents the (2,0) tensor given by

Z giagaj = 5;
a=1

for 1 < 4,7 < n. The connection coefficients of a semi-Riemannian manifold is

given by

1 < o 09i;  0q;
rh = 1§ ok (D 09y i)
o2 29 (axﬂ Ox * ox!

a=

Definition 2.2.8. The Riemann-Christoffel tensor R is a (0,4) tensor such that

RW,Z,X,Y) =g(W,R(X,Y)Z).

The components of Riemann-Christoffel tensor, or covariant curvature compo-

Ukm Zgaz jkm*

Definition 2.2.9. For each p € M, the Ricci curvature is a symmetric bilinear
map Ricy, : T,M x T,M — R defined as

nents are

Ric(v, w) E glei,e)R ez,v ei, W)

- Zg(ei, ei)g(R(es, w)v, ei), (2.2.1)

where {ey, ..., e,} is an orthonormal basis for 7, M.

9



If v and w are expressed in local coordinates such that

v:;v%andw:;w%,

then the Ricci curvature can be expressed as
n
. 7 y
Ric(v,w) = E R;jv'w’,
ij=1
where

n
_ a
Rij - § :ij
a=1

are the Ricci curvature components.

Definition 2.2.10. If f € §(M), df is a (0,1) tensor field on M. For any vector
field Y, the gradient of f, denoted by gradf, is the (1,0) tensor field defined by

Y(f)=df(Y) = g(gradf,Y).

In local coordinates,
" 0f 0
d == & i
grad f MZ:lg Py

Definition 2.2.11. The Hessian is a symmetric (0,2) tensor field defined as
H! =V(Vf),

i.e., the second covariant differential of f.

The formula of H/ related to gradf for arbitrary vector fields X and Y is
HY(X,Y) = g(Vx(gradf),Y).
Definition 2.2.12. The Laplacian is defined as
Af = div(gradf),
where div(gradf) denotes the divergence of the gradient of f.

10



Definition 2.2.13. The trace of the Ricci curvature is called scalar curvature
and denoted by 7. That is,

T=)Y R
a=1
Scalar curvature can be defined by

n
T= E g(e;, e;) Ric(e;, e;),
i=1
where eq, ..., e, is an orthonormal basis.

Corollary 2.2.14. [6] dT = 2divRic.

For indefinite metric tensors, we can define three types of vector classes.

Definition 2.2.15. A tangent vector v to M is

1. spacelike if g(v,v) > 0 or v = 0,
2. null or lightlike if g(v,v) =0 and v # 0,

3. timelike if g(v,v) < 0.

Null and timelike vectors are also called nonspacelike or causal.

A curve v on M is spacelike (respectively, timelike, null) if all of its tangent

vectors ' are spacelike (respectively, timelike, null).

Lemma 2.2.16. (Lemma 2.1, p.26) [1] Let V be a real vector space of dimension
n > 2. Let g and h be two nondefinite nondegenerate arbitrary inner products on

V. Suppose for any v € V' that
g(v,v) =0 <= h(v,v) =0.

Then

1. g has the same index as either h or —h,

11



2. there exists a number X\ # 0 such that for any v,w € V.

h(v,w) = Ag(v,w).

Furthermore, if the index of g is v and v #n — v, then

1. A >0 if g and h have the same index,
2. A< 0 if g and —h have the same indez.

Corollary 2.2.17. (Corollary 2.2, p.28) [1] Let V' be a real vector space of di-
mension n > 3. Let g and h be two inner products on V of index 1. Suppose g

and h have the same null vectors. Then there exists a constant A > 0 such that

h=\g.

Theorem 2.2.18. (Theorem 2.3, page 28) [1] Let M be a smooth manifold of
dimension n > 3. Let g and h be two Lorentzian metrics on M. Suppose for all

v € TM that g and h satisfy the condition
g(v,v) =0 <= h(v,v) =0.

Then, there exists a smooth function Q : M — (0,00) such that for any v,w €
TM
h(v,w) = Qg(v,w).

Definition 2.2.19. Let F': (M, g) — (N, h) be a global diffeomorphism between
two semi-Riemannian manifolds. If there exists a smooth function
Q: M — (0,00) such that for all v,w € T,M and p € M

h(F*U, F*’LU) = Q(p)g(v, w)a
then F'is called a global conformal transformation.

Corollary 2.2.20. (Corollary 2.4, p.29) [1] Let (M,g) and (N,h) be two
Lorentzian manifolds of dimension n > 3. If F': M — N satisfies

g(v,v) =0 <= h(F.w, F.v) =0,

then F is a global conformal transformation of (M, g) onto (N, h).

12



2.2.1 Geodesics on a Semi-Riemannian Manifold

Definition 2.2.21. Let v : M — (0,00) be a curve. Then the speed of ~ is
defined as /. If |[¢/| = 1, then ~ is said to have unit speed parametrization (or arc

length parametrization).

Definition 2.2.22. Let M be a semi-Riemannian manifold and ~ : [a,b] — M

be a piecewise smooth curve segment in M. The arc length of ~ is

Lo)= [ Wlas

Lemma 2.2.23. (Lemma 12, p.131) [6]

1. A monotone reparametrization does mot change the length of a piecewise

smooth curve segment.

2. If v is a curve segment and |y| > 0, then there is a strictly increasing

reparametrization function ¢ such that 4 = v(¢) is a unit speed curve.

Proposition 2.2.24. (Proposition 24 p.68) [6] Let v € T,M. Then there is a

unique geodesic v, 1 M such that

1. The initial velocity of y, is v, i.e. v.(0) = v.

2. The domain I, of y, is the largest possible. If av: J — M is a geodesic with
initial velocity v, then J C I and oo = ~y,|J.

Because of 2., the geodesic 7, is said to be mazimal or geodesically inextendible.

Definition 2.2.25. Let p € M and D, be the set of vectors v € T,M such that
the inextendible geodesic v, is defined at least on [0, 1]. The ezponential map of
M at p is the function

exp, : D, — M

such that exp,(v) = 7,(1) for all v € D,,.

exp, carries lines through the origin of 7),M to geodesics of M through p.

13



Proposition 2.2.26. (Proposition 30, p.71) [6] Let p € M. Then there exists a
neighborhood U of 0 in T,M on which the exponential map exp, is a diffeomor-
phism onto a neighborhood U of p in M.

Let S C V where V is a vector space. If v € S implies for all 0 < ¢ < 1, then
S is called starshaped about 0. If U and U are defined as in Proposition 2.2.18
and U is starshaped about 0, then U is a normal netghborhood of p.

Let ¢ € U, and v = exp,'(q). Clearly, v € U and the map p(t) = tv lies in U.
Then, the geodesic segment o = exp, o p which lies in ¢/ and runs from p to q.

This geodesic segment is called as radial geodesic.

Proposition 2.2.27. (Proposition 31, p.72) [6] Let U be a normal neighborhood
of p € M. Then for any q € U, there exists a unique radial geodesic o : [0,1] — U
from p to q inU. Furthermore, o'(0) = exp,*(p) € U.

Definition 2.2.28. Let / be a normal neighborhood of a point p € M. For
q € U, the function

r(q) = lezp, (a)|
is called as radius function of M at p.
Lemma 2.2.29. (Lemma 13, p.132) [6] Let v be the radius function, U be a

normal neighborhood of p and let ¢ € U. If o is the radial geodesic from p to q,
then L(o) = r(q).

2.2.2 Sectional Curvature

Let (M, g) be a semi-Riemannian manifold. A plane section is a two-dimensional
linear subspace E of T),M. For Lorentzian manifolds, degenerate planes are called
null (or lightlike).

Let E be a plane section of a Lorentzian manifold and {v, w} be a basis for E.

Then we have the following classification:

14



1. timelike plane if g(v,v)g(w,w) — [g(v,w)]* < 0,
2. degenerate plane if g(v,v)g(w,w) — [g(v,w)]* =0,

3. spacelike plane if g(v,v)g(w,w) — [g(v,w)]* > 0.

Let E be a nondegenerate plane section with basis {v, w}, where

v:z:v—amdw—z:waacz

The sectional curvature of E is given by

g(R(w,v)v,w)
g(v,v)g(w, w) — [g(v, w)]?
_ R(w, v, w,v)
— g(v,v)g(w,w) — [g(v, w)]? (2.2.2)
Z Rijkmwi?)jwkvm

DY Gij V"I grwkw™ — 3 gijviwi]?

K(p,E) =

Let w be a unit vector at p € M. For {ey,...,e,_1,€, = w} an orthonormal
basis, let E; =span{e;,w}, 1 <i < n —1. If (M,g) is a Riemannian manifold,
then by equations 2.2.1 and 2.2.2,

n—1 n—1
Ric(w,w) = ZQ(R(% ww, ;) = Z K(p, E;).
i=1 i01

If (M,g) is a Lorentzian manifold and w is a unit timelike vector, then by
equations 2.2.1 and 2.2.2,

n—1 n—1
Ric(w,w) = ZQ(R(% ww, e;) = — Z K(p, E;).
i=1 i01

Let W =", Wwe2 5. be a tangent vector. Then W* are called contravari-

ant components. The values W, = >""_, go,W* are covariant components. So,
S Wiyda? is cotangent to W. If

Z WeW W, Ryjeaie W) # 0,

c,d=1

15



then the generic condition is said to be satisfied for a vector W at p € M. If this

condition does not hold, then W is nongeneric.

Lemma 2.2.30. (Lemma 2.5, p.33) [1] If Rapea are the components of the cur-
vature tensor with respect to an orthonormal basis {vy,...,v,} of T,M and, then

W = v, satisfies the generic condition if and only if there exist b and e with
1<be<n-—1and Ry = 0.

Proposition 2.2.31. (Proposition 2.6, p.34) [1] Let W € T,M be a nonnull
vector. Then, for all nondegenerate plane section E containing W, the sectional

curvature K (p, E) vanishes if and only if W is nongeneric.

Proposition 2.2.32. (Proposition 2.8, p.36) [1] Let W € T,M be a nonnull
vector with Ric(W, W) # 0. Then, W is generic.

2.3 Riemannian Manifolds

Lemma 2.3.1. (Lemma 14, p.133) [6] Let M be a Riemannian manifold, U be a
normal neighborhood of p € M and let ¢ € U. Then the radial geodesic segment

o :10,1] = U from p to q is the unique shortest curve in U.

Definition 2.3.2. Let (M, g) be a Riemannian manifold. Let €, , be the set of
piecewise smooth curves in M from p to q. The Riemannian distance
d: M x M — [0,00) is defined by

d(p,q) = inf{L(7) : v € Qyq} > 0.

The function d : M x M — [0, 00) has the following properties:

L. d(p,q) =0 <= p=gq,
2. d(p,q) = d(q,p) for all p,q € M,

3. d(p,q) < d(p,r)+d(r,q) for all p,q,r € M.
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Thus, (M, d) is a metric space.

The set N.(p) = {q € M : d(p,q) < €} is called the e-neighborhood of p.

Proposition 2.3.3. (Proposition 16) [6] Let M be a Riemannian manifold and
p € M. Then,

1. N(p) is normal for e > 0 sufficiently small.

2. Let N (p) be normal and g € N.(p). Then the radial geodesic o from p to q

18 the unique shortest curve in M from p to q and

L(o) =1(q) = d(p,q)-

A curve segment 7y from p to g is called a minimizing curve segment from p to

q if L(v) = d(p, q).

2.3.1 Geodesic Completeness of Riemannian Manifolds

Definition 2.3.4. A Riemannian manifold (M, g) is called geodesically complete
if for all p € M, the exponential map exp, is defined in 7, M.

For the proofs of the following, [6] should be checked.

Theorem 2.3.5 (Hopf-Rinow). (Theorem 21, p.138) [6] For a connected Rie-

mannian manifold M, the following conditions are equivalent:

1. M s complete as a metric space under Riemannian distance d.
2. There exists a point p € M from which M is geodesically complete.
3. M s geodesically complete.

4. Bvery closed bounded subset of M s compact.
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Proposition 2.3.6. (Proposition 22, p.138) [6] If M is a complete connected
Riemannian manifold, then for any p,q € M, there exists a minimizing geodesic

segment which joins p and q.

A Riemannian manifold M that has a minimizing geodesic segment defined
as in Proposition 2.3.6, is called convex. If we throw the minimizing condition,
we will call it geodesically connected. So, by Proposition 2.3.6, every complete

Riemannian manifold is convex.

Corollary 2.3.7. (Corollary 23, p.138) [6] A compact Riemannian manifold is

complete.

2.4 Lorentzian Causality

This section contains a summary of the references [1], [6] and [7].

Let V be a Lorentzian subspace and let W is a subspace of V. If g is a scalar

product on V', then one and only one of the following types is valid for W

1. g|W is positive definite. Then W is spacelike.
2. g||W is nondegenerate of index 1. Then W is timelike.

3. g|W is degenerate. Then W is null or lightlike.

The type of W is called as the causal character of W. If v € V, then the
causal character of the subspace span{v} is the same as the causal character of

the vector v.

Proposition 2.4.1. (Proposition 1.1.3, p.20) [7] Let W € V be a subspace.

1. W is timelike (spacelike) if and only if W is spacelike (timelike).

2. W is lightlike if and only if W N W+ 2 {0} if and only if W is lightlike.
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Lemma 2.4.2. (Lemma 26, p.141) [6] If v is a timelike (respectively, space-
like, lightlike) vector, then span{v}= is spacelike (respectively, timelike, lightlike)
subspace and V = span{v} & span{v}+.

Corollary 2.4.3. (Corollary 1.1.5, p.20) [7] Two lightlike vectors are orthogonal

if and only if they are collinear.

Lemma 2.4.4. (Lemma 27, p.141) [6] If W is a subspace of dimension > 2 in a

Lorentzian vector space, then the following are equivalent:

1. W s timelike, so as a vector space, W is Lorentzian.
2. W contains a timelike vector.

3. W contains two linearly independent lightlike vectors.

Lemma 2.4.5. (Lemma 28, p.142) [6] If W is a subspace of a Lorentzian vector

space, then the following are equivalent.

1. W s lightlike, i.e, degenerate.
2. W contains a lightlike vector but does not contain a timelike vector.

3. WNA = L—{0}, where A is the nullcone of V' and L is a one-dimensional

subspace.

Let 7 denote the set of all timelike vectors in a Lorentzian vector space V.
Then for any v € T,
Clw)={weT:g(v,w) <0}

is the timecone of V' containing v. The opposite timecone is
C(—v) = —-C(v) ={w e T : g(v,w) > 0}.

Lemma 2.4.6. (Lemma 29, p.143) [6] Two timelike vectors v and w in a Lorentz
vector space V' are in the same timecone iff g(v,w) < 0. So, w € C(v) if and
only if v € C(w) if and only if C(v) = C(w)
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Proposition 2.4.7. (Lemma 30, p.143) [6] Let V be a Lorentzian vector space

and let v and w be two timelike vectors in V. Then

1. |g(v,w)| > |v||w|, with equality if and only if v and w are collinear.

2. Let v and w be two timelike vectors in the same timecone. Then |v|+ |w| <

|v 4+ w|, with equality if and only if v and w are collinear.

3. If v and w are in the same timecone of V', then there is a unique number
¢ > 0 such that
g9(v,w) = —|v||w| cosh ¢

The number ¢ in (3) above is called the hyperbolic angle between v and w.

A vector field X on a manifold M is called timelike if g(X, X) < O at all p € M.
A Lorentzian manifold (M, g) is called time oriented if (M, g) admits a timelike
vector field X € X(M).

The vector field X divides all causal vectors into two distinct classes:

Definition 2.4.8. Let M be a time-orientable Lorentzian manifold and X be a
smooth vector field that fixes a time orientation on M. For any p € M, a nonzero
causal vector v € T,M is called future directed (respectively, past directed) if

g(X,v) <0 (respectively, g(X,v) > 0).

2.5 Causality Theory of Space-Times

For a detailed research, one can use [1].

Definition 2.5.1. A space-time is a Lorentzian manifold with a time orientation.
Let (M, g) be a space-time and p,q € M. We will write

1. p < q if there is a smooth future directed timelike curve from p to ¢,
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2. p < q if either there is a smooth future directed nonspacelike curve from p

togor p=gq.

q and ¢ < ), then
q and ¢ < 1), then

Let p,q,r € M. If p < g and ¢ < r (respectively, p

AN IN

p < r (respectively, p < r). If p < g and ¢ < r (or if p
pLr.

Definition 2.5.2. Let (M, g) be a space-time and p,q € M.

1. The chronological past of p is defined as I~ (p) = {q € M : ¢ < p},
2. The chronological future of p is defined as I'T(p) = {q € M : p < ¢},
3. The causal past of p is defined as J~(p) = {q € M : ¢ < p},

4. The causal future of p is defined as J™(p) = {qg € M : p < q}.

Lemma 2.5.3. (Lemma 3.5, p.56) [1] For anyp € M, I~ (p) and I*(p) are open
sets of M.

In general, J~(p) and J*(p) are neither open nor closed.

Definition 2.5.4. If p € I (p), then there is a closed timelike curve through p.

Such a space-time is said to have a causality violation.

Definition 2.5.5. Let (M, g) be a space-time.

1. (M,g) is called chronological if it does not contain any closed timelike

curves.
2. (M, g) is called causal if it does not contain any closed nonspacelike curves.

Proposition 2.5.6. (Proposition 3.10, p.58) [1] If a compact space-time (M, g)

contains a closed timelike curve, it cannot be chronological.

Definition 2.5.7. Let p,q € M. If either I~ (p) = I~ (q) or I (p) = I'*(q) implies
p = ¢, then the space-time (M, g) is called distinguishing.
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Definition 2.5.8. Let U C M be an open set. If no nonspacelike curve intersects

U in a disconnected set, then U is called causally convex.

Definition 2.5.9. Let p € M. If p has arbitrarily small causally convex neigh-
borhoods, then the space-time (M, g) is called strongly causal at p. If (M, g) is

strongly causal at every point of M, then the space-time is called strongly causal.

Definition 2.5.10. Let 7 : [a,b) — M be a curve in M and let p € M. If

lim (t) = p,

t—b—

then p is called the endpoint of v corresponding to t = b.

Definition 2.5.11. A nonspacelike curve which has no future (respectively, past)
endpoint is called future (respectively, past) inextendible. A nonspacelike curve

~ which is both future and past inextendible is said to be inextendible.

Definition 2.5.12. An inextendible curve + is called imprisoned if it has a com-

pact closure.

Let 7y : [a,b) — M be a future directed nonspacelike curve and K be a compact
set. If there is some ty < b such that v € K for all ty < ¢t < b, then ~ is called
future imprisoned in K. If there is an infinite sequence t,, 1 b with y(t,) € K for

all n, then v is called partially future imprisoned in K.

Proposition 2.5.13. (Proposition 3.13, p.63) [1] If (M, g) is a strongly causal
space-time, then there is no inextendible nonspacelike curve which is future or

past imprisoned in any compact set.

Let Lor(M) denote the space of all Lorentzian metrics on M. Let B = {B;}
be a fixed countable covering of M by coordinate neighborhoods such that each
compact subset of M intersects only finitely many of B;’s and with the property
that the closure of B; lies in a coordinate of M. The fine C" topologies on Lor(M)
can be defined by using the finite covering B.

Definition 2.5.14. Let U(g) be a fine C° neighborhood of g in Lor(M) such
that each g; is causal. Then then the space-time (M, g) is called stably causal.

22



Definition 2.5.15. If for each pair p,q € M the set J(p) N J (q) is compact,
then a strongly causal space-time (M, g) is called globally hyperbolic.

A space-time is (M, g) is causally simple if it is distinguishing and J*(p) and
J~(p) are closed in M.

Proposition 2.5.16. (Proposition 3.16) [1] If a space-time is globally hyperbolic,

then it is causally simple.

Remark 2.5.17. For a space-time, globally hyperbolic = causally simple
—> stably causal = strongly causal = distinguishing = causal —

chronological.

Theorem 2.5.18. (Theorem 3.18, p.66) [1] Let (M, g) be globally hyperbolic and
p,q € M with p < q. Then there is a nonspacelike geodesic from p to q with length
greater than or equal to the length of any other future directed nonspacelike curve

from p to q.

Definition 2.5.19. Let p € M. The space-time (M, g) is called vicious at p if

IT(p)UI (p) =M. (M,g) is called totally vicious if it is vicious at every point
of M.

2.6 Lorentzian Distance

In this section we will review some facts from [1].

Let (M, g) be a Lorentzian manifold of dimension n > 2 and p,q € M with
p < q. §,, will denote the set of all future directed piecewise smooth nonspacelike
curves 7y : [0,1] — M such that v(0) = p and (1) = ¢q. Let v € Q,, and let
0=ty <..<t, 1 <t,=1bea partition such that v|(¢;,¢;_1) is smooth for
i=0,1,..,n—1

The Lorentzian arc length L = L, : €, , — R is defined as




Definition 2.6.1. For any p € M the Lorentzian distance
d=d(g) : M x M — RU{oco} of (M,g) is

0 if g & J"(p)
sup{Ly(7) : v € Qpq} if g € J*(p).

d(p,q) =

Lemma 2.6.2. (Lemma 4.2, p.137) [1] For any space-time (M, g),

1. If p € I (p), then d(p,p) = oo. So, either d(p,p) = 0 or d(p,p) = oo for
all p € M.

2. d(p,q) = oo for all p,q € M iff (M, g) is totally vicious.
3. If (M, g) is vicious at p, then (M, g) is totally vicious.

Remarks 2.6.3. 1. If p # ¢ and d(p,q) and d(q,p) are finite, then either
d(p,q) = 0 or d(gq,p) = 0.

2. If d(p,q) > 0 and d(q,p) > 0, then d(p,q) = d(q,p) = oc.

Definition 2.6.4. If for any p,q € M with d(p,q) < oo, then the space-time
(M, g) is said to satisfy the finite distance condition.

Corollary 2.6.5. (Corollary 4.7, p.142) [1] Let (M, g) be a globally hyperbolic
space-time. Then d : M x M — R is continuous and (M, g) satisfies the finite

distance condition.

Definition 2.6.6. Let p,q € M with p < gand p #¢q. If y € Q,, and L(y) =
d(p, q), then ~ is called mazimal.

Corollary 2.6.7. (Corollary 4.17, p.147) [1] If p < q but p & q, then there

exists a maximal null geodesic which joins p to q.

Lemma 2.6.8. (Lemma 4.23, p.158) [1] Let (M, g) be a space-time and p,q € M.

1. g € I™(p) iff d(p,q) > 0.

2. d(p,q) = oo iff (M, g) is totally vicious.
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3. d is 0 on the diagonal A(M) = {(p,p) : p € M} of M x M iff (M,g) is

chronological.

4. There is some x € M such that exactly one of d(p,z) and d(q,x) (respec-
twely, d(z,p) and d(z,q)) is zero iff (M, g) is future (respectively, past)

distinguishing.

5. There exists a neighborhood U of g in the fine C° topology on Lor(M) such
that for all ¢ € U and p € M d(g')(p,p) = 0iff (M, g) is stably causal.

Definition 2.6.9. Let v : [a,b] — (M, g) be a future directed nonspacelike curve.
If L(y) = d(v(a),v(b)) and L(v|[s,t]) = d(v(s),~(t)) for all s,t € [a,b], then ~ is
called maximal segment.

Lemma 2.6.10. (Lemma 4.36, p.168) [1] If v : [0,1] — (M, g) is a mazimal
null geodesic segment and I(vy) denotes the domain of vy extended to be a future

inextendible null geodesic starting from 0. Then

1. Forr e JT(y(s))NJ~(y(t)) and s,t with 0 < s <t <1,
d(y(s),r) = d(r,¥(t)) = 0
and 1 lies on v(I1(7)).
2. Ifp,q € JT(7(s)) N J=(1(1)), then d(p,q) =0,
3. Chronology holds at all points of J*(7(0)) N J~(y(1)).

Lemma 2.6.11. (Lemma 4.37, p.169) [1] If v : [0,1] — (M,g) is a causal

maximal segment, then

1. For p,q € Jt(v(0)) N J(y(1)) with p < q, the distance d(p,q) is finite.
2. Chronology holds at all points of J*(v(0)) N J~(v(1)).

Lemma 2.6.12. (Lemma 4.38, p.170) [1] If v : [0,1] — (M,g) is a mazimal
timelike segment, then causality holds at all points of ([0, 1]).
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Lemma 2.6.13. (Lemma 4.59, p.170) [1] Let p € (M, g). The strong causality
of (M,g) fails at p iff there exists a point ¢ € J~(p) with ¢ # p such that for
v,y € M x<pandq <y impliesx <y..

Proposition 2.6.14. (Proposition 4.40, p.170) [1] If v : [0,a] — (M, g) is a
mazximal timelike geodesic segment, then for any to € [0,al, the causality holds at

p = (to).

2.7 Riemannian and Lorentzian Geometry

In this section we will give a brief comparison of Riemannian and Lorentzian

geometry.

1. The Riemannian metrics are always positive definite while the Lorentzian

metrics are indefinite.

2. Lorentzian manifolds have the concept of spacelike, timelike and lightlike

vectors and curves.
3. A Lorentzian manifold can have time orientation.

4. For two vectors, Riemannian geometry gives triangle inequality and the
angle betveen them. In Lorentzian geometry, reverse triangle inequality

holds and the hyperbolic angle between two vectors can be defined.

5. Lorentzian distance d(p, q) from the point p to the point ¢ is defined as 0

unless there is a future directed piecewise smooth nonspacelike curve from

p to gq.

6. The statements of Hopf-Rinow theorem do not hold in Lorentzian geometry.
For example (see [5]), let R?/Z? be the two-dimensional torus with the
projection of the metric ¢ = —2dudv + (cos*(v) — 1)du®. Let u = z + t,
v = x — t. Then the geodesic v(t) = (1/t — ¢, arctan(t)) is incomplete. So,

compactness does not imply completeness.
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7. Lorentzian completeness can be studied in weaker classes (timelike, null and
spacelike geodesic conpleteness) as well as stronger classes (b.a complete-

ness, b-completeness will be given in Section 4.1.).
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Chapter 3

Warped Products

3.1 Riemannian Warped Products

A detailed explanation about this subject can be found in [1] and [6].

Let (M,g) and (H,h) be Riemannian manifolds. Then there is a natural
product metric gy on the product manifold M x H such that (M x H, go) is also

a Riemannian manifold.

If f: M — (0,00) is a smooth function, then the product manifold
(M x H,g & f*h)

is called a warped product and shown as M x; H. The function f is called the

warping function.

M is called the base of the warped product and H is called the fiber of the
warped product. The fibers and leaves of the warped product are defined as
p1 X H=n"1(py) and M x py = n~Y(p2), respectively, where p; € M and p, € H.
The vectors tangent to fibers are wvertical and the vectors tangent to leaves are

horizontal.
Definition 3.1.1. Let M x H be any product manifold.
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1. If X € X(M), then the lift of X to M x H is X € X(M x H) such that
drn(X) = X and dn(X) = 0.

2. If Y € X(H), then the lift of Y M x H to M x H is Y € X(M x H) such
that dr(Y) =0 and dn(Y) =Y.

The set of all horizontal lifts is denoted as £(M) and the set of all vertical lifts
is denoted as £(H).

It is proven by Bishop and O’Neill that if (M, g) and (H,h) are complete

Riemannian manifolds M x; H is a complete Riemannian manifold.

Proposition 3.1.2. (Proposition 35, p.206) [6] Let X,Y € £(M) and VW €
L(H). Then

1. DxY € £(M) is the lift of DxY on M.

2. DyxV = DyX = (Xf/f)V

3. norDyW = II(V,W) = —((V, W)/ f)grad.
4. tanDyW € £(H) is the lift of VyW on H.

Corollary 3.1.3. (Corollary 36, p.207) [6] The leaves M x q are totally geodesic
and the fibers p x H are totally umbilic.

Proposition 3.1.4. (Proposition 38, p.208) [6] Let v = (y1,72) be a curve in
M x¢ H. v is a geodesic iff

1. v = (7, 73) f o ygradf in M,

" o__ -2 d(fo’yl) !
2. 2= o s 2 in H.

Let A be a covariant tensor on M. The lift A of Ato M x; H is m,(A). When
A:X(M) x ... x X(M) is a (1,s) tensor, for vy,...,v5 € T(p (M) we can define

A(vy, ..., vs) as the horizontal vector at (p, ¢) that projects to A(dmvy, ..., dnvs) in
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T,M. Then A is zero on the vectors when any one of them is vertical. These
definitions are also valid for lifts from H. The lifts to M x; H of the Riemannian

curvature tensors of M and H are expressed as ¥ R and R, respectively.

Proposition 3.1.5. (Proposition 42, p.210) [6] Let R be the Riemannian curva-
ture tensor of M xs H. If XY, Z € £(M) and U,V,W € £(H), then

1. RxyZ € £(M) is the lift of ™ Rxy Z on M.
2. RyxY = (HI(X,Y)/f)V.

3. RxyV = RywX =0.

4. RxvW = ((V, W)/ f)Dy(gradf).

. vaU = HvaU - ((gradf, gradf)/fQ)«V, U>W = <VV, U)V)

Equations 1. to 5. are called tensor equations.

In the following corollary, we will consider the Ricci curvature of a warped
product. Let ¥ Ric be the lift of the Ricci curvature of M and  Ric be the lift

of the Ricci curvature of H.

Corollary 3.1.6. (Corollary 43, p.211) [6] If d = dimH > 1, X, Y are horizontal
and V,W are vertical on M x; H, then

1. Rie(X,Y) = MRic(X,Y) — (d/f)H! (X,Y).
2. Rice(X,V) =0.

3. Ric(V,W) = HRic(V,W) — (V,W) f# where

= ﬂ (gradf, gradf) .
f f?
and Af is the Laplacian on M.

+(d-1)

Corollary 3.1.7. (Exersice 13, p.214) [6] Let M be a Riemannian manifold and
H be a semi-Riemannian manifold with dimension d. Then, the scalar curvature
Of M Xf H is

=M S+ /2 —2dAf/f — d(d —1)(gradf, gradf)/ f2.
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3.2 Lorentzian Warped Products

In this section we will restrict our attention on Lorentzian warped products ana-
lyzed in [1].

Let m: M x H— M and n: M x H — H be the projection maps. These
maps are given m(m, h) = m and n(m, h) = h where (m,h) € M x H.

Definition 3.2.1. Let (M, g) be a Lorentzian manifold, (H, h) be a Riemannian
manifold and f : M — (0,00) be a smooth function. The manifold

M=Mx H

with the Lorentzian metric

g=9&fh,
where p € M and v, w € T;M is called the Lorentzian warped product and denoted
by M x f H.

3.2.1 Causality

Lemma 3.2.2. (Lemma 3.54, p.96) [1] The warped product M x; H is time
oriented iff either (M, g) is a one-dimensional manifold with a negative definite

metric or (M, g) is time oriented where dimM > 2.

Lemma 3.2.3. (Lemma 3.55, p.96) [1]
Let M = (a,b) with —oo < a < b < oo be given the metric —dt* and (H,h) be
any Riemannian manifold. Then the warped product (M, g) is stably causal for

any smooth function f: M — (0,00).

Corollary 3.2.4. (Corollary 3.56, p.97) [1]
Let M = (a,b) with —oo < a < b < 0o be given the metric —dt* and (H, h) be any
Riemannian manifold. Then, the warped product (M x; H,g) is chronological,

causal, distinguishing and strongly causal for any smooth function
f:M —(0,00).
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Lemma 3.2.5. (Lemma 3.59, p.98) [1] If p = (p1,p2) and q = (q1,q2) are in
(M,g) and p < q (respectively, p < q) in (M,g), then p1 < q1 (respectively,
P1 g Q1) m (Mag)

Lemma 3.2.6. (Lemma 3.60, p.99) [1] Let p = (p1,b) and g = (q1,b) are in the
same leaf n=1(b) of (M,g). Then, p1 < qi (respectively, p1 < qi) in (M, g) iff
p < q(respectively, p < q) in (M, 7).

Proposition 3.2.7. (Lemma 3.61-62-64, p.100-101) [1] Let (M,g) be a space-
time and (H,h) be a Riemannian manifold. (M, g) is chronological (respectively,
causal, strongly causal, stably causal) iff (M,g) is chronological (respectively,

causal, strongly causal, stably causal).

Theorem 3.2.8. (Theorem 3.66, p.101) [1]
Let M = (a,b) with —oco < a < b < oo be given the metric —dt* and (H,h) be a
Riemannian manifold. (H,h) is complete iff (M,g) is globally hyperbolic.

Theorem 3.2.9. (Theorem 3.67, p.101) [1] If (H, h) is a Riemannian manifold
and R x H is given the metric —dt> ® h. Then, the following are equivalent:

1. (H,h) is geodesically complete.
2. (R x H,—dt* & h) is geodesically complete.
3. (R x H,—dt* ® h) is globally hyperbolic.

Theorem 3.2.10. (Theorem 3.68, p.101) [1] Let (M,g) be a space-time and
(H,h) be a Riemannian manifold. (M,g) is globally hyperbolic iff

1. (M, g) is globally hyperbolic.

2. (H,h) is a complete Riemannian manifold.
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3.3 Multiply Warped Products

We will review [12].

Definition 3.3.1. Let (M, g) and (H;, h;) be semi-Riemannian manifolds and
let f; : M — (0,00) be smooth functions where i € {1,2,...,m}. The product
manifold M = M x H; x ... x H,, with the metric g = ¢ ® f?h1 @ ... ® f2h,, is
called a multiply warped product and written as M Xy Hy X ... Xy H,,.

Remark 3.3.2. Let (M, g) and (H;, h;) be Riemannian manifolds. Then
(M x Hy X ... X Hyy g® ffhy @ ... @ f2hy,) is also a Riemannian manifold.

Definition 3.3.3. Let (H;, h;) be all Riemannian manifolds and (M, ¢) be either
a Lorentzian manifold or a one-dimensional manifold with a negative metric —dt.
Then (M X Hy X ... x Hy,),9® fih1 @ ... & f2hy,) is called a Lorentzian doubly
product.

Remark 3.3.4. Let (M x H; X ... X Hp,g ® fihy @ ... ® f2h,,) be a semi-
Riemannian warped product. Then any geodesic v : I C R — M where
v = («, By, ..., Bm) satisfies the following:

1. B;: I — H; where i € {1,...,m} is a pre-geodesic in H;.
2. (fioa)*hi(Bl, ) =c; for alli € {1,...,m}.

3. There is a point ty € I such that a(ty) =0 and ¢; =0 for all i € {1,...,m}
or a(ty) = 0 and grady(fi)(a(ty)) = 0 for all i € {1,...,m} if and only if «

is a constant.

4. ¢; = 0 if and only if §; is constant for some i € {1,...,m}.

3.3.1 Causality

Theorem 3.3.5. (Theorem 5.1, p.293) [12] If M = (a,b) x Hy X ... x H,, is a
Lorentzian multiply warped product with the metric g = —dt* ® fEhy @ ... f2h,
and —oo < a < b < oo, then (M,g) is stably causal.
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Theorem 3.3.6. (Theorem 3.2, p.293) [12] If M = M x Hy x ... X H,, is a
Lorentzian multiply warped product with the metric § = g & fthy ® ... D f2hm,

then we have the following:

1. The space-time (M, g) is chronological (respectively, causal) if and only if
(M, g) is chronological (respectively, causal).

2. The space-time (M, g) is strongly causal (respectively, stably causal) if and
only if (M, g) is strongly causal (respectively, stably causal).

Theorem 3.3.7. (Theorem 3.8, p.293) [12] Let M = M x H, X ... X H,, be a
Lorentzian multiply warped product with the metric g = g & fih1 @ ... ® f2hn,
and let (H;, h;) be complete for any i where 1 < i < m. Then (M,g) is globally
hyperbolic if and only if (M, g) is globally hyperbolic.

Corollary 3.3.8. (Corollary 3.4, p.293) [12] Let M = (a,b) x Hy x ... x H,, be a
Lorentzian multiply warped product with the metric § = —dt* @ fEh1® ... D f2 hy,.
Then (H;, h;) is complete for any i where 1 < i < m if and only if (M,g) is
globally hyperbolic.
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Chapter 4

Lorentzian Completeness and

Connectedness

4.1 Completeness

For any Riemannian manifold, we know by Hopf-Rinow theorem that metric
completeness and geodesic completeness are equivalent. Also, the existence of

these conditions implies the existence of minimal geodesics.

In this section we will see the analogous conditions for Lorentzian manifolds.
One can check [1] and [12] for details.

4.1.1 Existence of Maximal Geodesic Segments

In the Lorentzian case, geodesic completeness does not imply the existence of

maximal geodesic segments. The following is an example which shows this fact.

Example 4.1.1. [1] The universal covering (M, g) of two-dimensional anti-de

Sitter space is a geodesically complete space-time where
M={(z,t) eR*: —7w/2 < x < 7/2}
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with the metric
ds* = sec® v(—dt* + dz?).

There are two points p,q € M such that p < ¢ but all future timelike geodesics
from p are focused at the future timelike conjugate point » € M. So, there is no

timelike geodesic from p to q.

Now we will consider the class of globally hyperbolic space-times.

Theorem 4.1.2. (Theorem 6.1, p.200) [1] Let (M,g) be a globally hyperbolic
space-time. Then for p,q € M with ¢ € J*(p), there exists a maximal geodesic
segment v € U 4.

4.1.2 Geodesic Completeness

Since null geodesics have zero length, they cannot be parametrized by arc length.

In this subsection we will use affine parameters.

Definition 4.1.3. If a geodesic « in (M, g) with affine parameter ¢ can be ex-
tended to be defined for —oo < ¢ < oo, then this geodesic is called complete.

Let s and t be affine parameters for a curve v : I — M. Then by geodesic
equations, there exists a,b € R such that s(t) = at + b for all ¢ € I. So the
completeness or incompleteness of a geodesic is independent of the choice of affine

parameter.

Definition 4.1.4. A space-time (M, g) all of whose timelike (respectively, null,
nonspacelike, spacelike) inextendible geodesics are complete is called timelike (re-

spectively, null, nonspacelike, spacelike) geodesically complete.

Lemma 4.1.5. (p.154) [6] A spacelike or timelike pregeodesic 7y : [0,b) — M has
infinite length if and only if it is complete.

Example 4.1.6. [6] Consider the semicircular pregeodesic v(t) = (sint,cost),
0 <t < /2 of the Poincaré half-plane with metric g(v',~) = sec? . Then

w/2
L(vy) = / sec’ tdt = oo.
0
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So the Poincaré half-plane is geodesically complete.

If all inextendible geodesics are complete, then the space-time (M, g) is called

geodesically complete.

The following theorem shows the relationship between any to types of geodesi-

cal completeness.

Theorem 4.1.7. (Theorem 6.4, p.203) [1] Any two of timelike, null and spacelike

geodesic completeness are not logically equivalent.

Example 4.1.8. [1] Consider the Minkowski two space (R?, g) with the metric
g = dr* — dt?. Let ¢ : R? — (0,00) be a smooth function which conformally

changes the metric g to § = ¢g for R? and which has the following properties:

1. ¢p(x,t)=1ifx < —lorz>1,
2. ¢(z,t) = ¢(—=x,t) for all (x,t) € R?

3. ¢(0,t) goes to zero like t~* as t — oo

So, (R?, g) is null and spacelike complete but timelike incomplete.

Theorem 4.1.9. (Theorem 6.5, p.206) [1] Let (M, g) be distinguishing, strongly
causal, stably causal or globally hyperbolic. Then there is a smooth conformal
factor Q : M — (0,00) such that (M,Qg) is null and timelike complete.

Definition 4.1.10. Let v : J — M be a C? curve with g(v/(t),+'(t)) = —1 for
all t € J. ~ is said to have bounded acceleration if there exists a number B > 0
such that [g(V., ' (t),V,+/(t)) < B for all t € J.

Definition 4.1.11. A space-time (M, g) all of whose future (respectively, past)
directed, future (respectively, past) inextendible, unit speed, C? timelike curves

with bounded acceleration have infinite length is said to be b.a. complete.

Remarks 4.1.12. 1. Geodesic completeness does not imply b.a. complete-

ness, even for globally hyperbolic space-times.
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2. B.a. completeness implies timelike geodesic completeness.

3. B.a. completeness does not imply spacelike geodesic completeness.

Definition 4.1.13. Let V : I — T'M be a smooth vector field along . The
generalized affine parameter = u(y, Eq, ..., E,) is

u(t) = / Sovis)eds, ter

where Vi: [ - R for 1 <i<n.

Definition 4.1.14. Let (M, g) be a space-time such that every C! curve of finite
arc length as measured by a generalized affine parameter has an endpoint in M.

Then (M, g) is called a b-complete space-time.

Remark 4.1.15. B-completeness implies b.a. completeness but b.a. complete-

ness does not imply b-completeness.

4.1.3 Metric Completeness

The Hopf-Rinow theorem does not hold for Lorentzian manifolds. We need two

definitions to talk about the metric completeness of Lorentzian manifolds.

Definition 4.1.16. Let {x,} be a sequence with z, < ;4. for n,m = 1,2, ...
and d(x,, Tpim) < By (Or Ty < @ and d(Tpym, ©n) < B, for all m > 0, where
B, — 0 as n — oo. If this sequence is convergent, then The causal space-time

(M, g) is called as timelike Cauchy complete.

Definition 4.1.17. Let (M, g) be a space-time. If for any B > 0 and for each
sequence of points {z,} with p < ¢ < z,, and d(p,z,) < B for all n

(or z, < ¢ < p and d(x,,p) < B) {z,} has an accumulation point in M, then
(M, g) is called as finitely compact.

Although finite compactness requires all closed metric balls of a Riemannian
manifold be compact, in Lorentzian case, the subsets {¢ € J + (p) : d(p,q) < €}

of a space-time are noncompact in general.
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Lemma 4.1.18. (Lemma 6.11, p.211) [1] For a globally hyperbolic space-time
(M, g), the following are equivalent:

1. (M, g) is finitely compact.

2. For any B > 0, {x € M : p < q < z,d(p,x) < B} is compact for all
p,q € M with q € IT(p) and {x € M : v < q < p,d(x,p) < B} is compact
for all p,q € M with p € I (q).

Theorem 4.1.19. (Theorem 6.12, p.212) [1] Let (M, g) be a globally hyperbolic

space-time.

1. (M, g) is timelike Cauchy complete iff (M, g) is finitely compact.

2. If (M,g) is nonspacelike geodesically complete, then (M, q) is timelike

Cauchy complete and hence finitely compact.

Remarks 4.1.20. 1. Finite compactness does not imply timelike geodesic

completeness.

2. Timelike Cauchy completeness does not imply timelike geodesic complete-

ness.

The above remarks is also valid for globally hyperbolic space-times.

Example 4.1.21. [1] The globally hyperbolic space-time given in Example 4.1.6

is finitely compact but timelike geodesically incomplete.

Let (M, g) be a Riemannian manifold. Then we have the following:

Theorem 4.1.22. [1] Let (N, h) be a complete Riemannian manifold and
F : M — N be an embedding of M where F(M) is a closed subset of N. Then

M s a complete Riemannian manifold using the induced metric.

In the Lorentzian case, closed embedded submanifolds need not be complete.
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Example 4.1.23. [1] The (z,y) plane with the usual Minkowski metric

n = dx? — dy? is a complete Lorentzian manifold.On the other hand, let

||
F(x) = (m,/o (1-— e_t)l/th)

be an embedding of R!. It is an incomplete closed spacelike submanifold of the

Minkowski space.

4.1.4 Completeness of Lorentzian Warped Products

In the Riemannian case, we have the following theorem:

Theorem 4.1.24. (Theorem 4.14-15, p.300) [12] Let M = M x Hy x ... x Hy,
be a Riemannian multiply warped product with the metric g ® f2h1 @ ... D f2 M.
Then (M, g) is a complete Riemannian manifold if and only if (M, g) and (H;, h;)

are complete Riemannian manifolds for all i € {1,...,m}.

In this section we will focus on the Lorentzian multiply warped products of

the form

M = (a,b) x Hy X ... X Hy,
where —oco < a < b < oo, with the metric tensor
Gg=—dt* @ fih © ... D f2 .

Theorem 4.1.25. (Theorem 4.2, p.295) [12] Let (M, ) be a Lorentzian multiply
warped product. Then we have the following:

1. (M, g) is future directed null geodesic past incomplete if lim+ ftc fi(s)ds < o0
t—a

for some i € {1,...,m} and for some ¢ € (a,b),

2. (M,g) is future directed null geodesic future incomplete if

lirgl fct fi(s)ds < oo for some i € {1,...,m} and for some ¢ € (a,b).
t—b—

Theorem 4.1.26. (Theorem 4.3, p.296) [12] Let (M, g) be a Lorentzian multiply

warped product. Then we have the following:
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1. (M, g) is future directed timelike geodesic past incomplete if
lim [EV/ 1+ fi(s)ds < oo for some i € {1,...,m} and for some ¢ € (a,b),
t—a

2. (M,g) is future directed timelike geodesic future incomplete if

lirgl fct V1+ f(s)ds < oo for some i € {1,...,m} and for some ¢ € (a,b).
t—b—

Theorem 4.1.27. (Theorem 4.4, p.296) [12] Let (M, g) be a Lorentzian multiply
warped product. Then we have the following:

1. (M, ) is future directed spacelike geodesic past incomplete if
lim+ j;c fi(s)ds < oo and f; is a bounded function on (a,c) for some
t—a

i €{l,....m} and for some c € (a,b),

2. (M,g) is future directed spacelike geodesic future incomplete if
lirgl fct fi(s)ds < oo and f; is a bounded function on (c,b) for some
t—b—

i€ {l,...m} and for some c € (a,b).

Lemma 4.1.28. (Lemma 4.5, p.296) [12] If (M,g) is a Lorentzian multiply
warped product, 7 : [0,0) — M where v = («, B, ..., fm) is a geodesic for some
d > 0 and (H;, h;) are complete for all i € {1,...,m}, then the following are

equivalent:

1. ~v is extendible as a geodesic past o.
2. « is continously extendible to 0.

3. d/[0,6) is a compact subset of T M.
4. «]0,9) is a compact subset of M.

Lemma 4.1.29. (Lemma 4.5, p.296) [12] Let (M, g) be a Lorentzian multiply
warped product, v : [0,8) — M where v = («, B4, ..., Bm) 18 a future directed
geodesic, D = g(v/,v') and (f; o a)*hy(Bl, B8!) = ¢;. Then we have the following:

1. ]ftl_igl_ fct(—D + 3" ¢/ f2(s))"V2ds = oo for some c € (a,b), then v is a

future complete geodesic.
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2. If tl_lgfr [S(=D+ 3" i/ f2(s))"V2ds = oo for some ¢ € (a,b), then v is a

past complete geodesic.

Let B={fi,..., fm} and let {fi, ..., fu} be some subset of B for some
ke {1,....,m}. Then we define

fla' 7.fk’ Hfz and

h[flv"w ] Zz 1f1 z-l—l fl?

We will assume that h[f1] = 1 for any f;.

For the following results let D = 1 for spacelike geodesics, D = 0 for null

geodesics and D = —1 for timelike geodesics.

Theorem 4.1.30. (Theorem 4.7, p.297) [12] Let (M, g) be a Lorentzian multiply
warped product. Suppose that (H;, h;) is complete for all i € {1,...,m} and any
B=A{fi,.., fm}. Then

1. All future directed null geodesics are future complete if and only if

t1_1>Ibn_ fctf[fl,...,fk](s)/\/h[ﬂ,...,fk](s)ds = oo for some ¢ € (a,b), for all

ke {1,...,m} and for all subsets {fi,..., fu} of B.

2. All future directed null geodesics are past complete if and only if

tl_ig[}rj;cf[fl,...,fk}(s)/\/h[ﬁ,...,fk](s)ds = oo for some ¢ € (a,b), for all

ke {1,...,m} and for all subsets {fi,..., fu} of B.

Theorem 4.1.31. (Theorem 4.8, p.298) [12] Let (M, g) be a Lorentzian multiply
warped product. Suppose that (H;, h;) is complete for all i € {1,...,m} and any
B=A{fi,.., fm}. Then

1. All future directed timelike geodesics are future complete if and only if
tl_igl_fctf[flw' /\/f fl?" ( )_I_h[fla afk]( )dS = o0 fO?" some
€ (a,b), for all k € {1,...,m} and for all subsets {fi, ..., fx} of B.
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2. All future directed timelike geodesics are past complete if and only if
tg{g ch[fh X fk}(s)/\/f[fla X fk](s) + h[fla X fk](S)dS = f07" some
€ (a,b), for all k € {1,....m} and for all subsets {fi,..., fx} of B.

Theorem 4.1.32. (Theorem 4.9, p.298) [12] Let (M, g) be a Lorentzian multiply
warped product. Suppose that (H;, h;) is complete for all i € {1,...,m} and any

B={fi,. fm}. Then

1. All future directed spacelike geodesics are future complete if and only if either

lim L FUfs e Bl () /AL frs ooos il (8)ds = 00 or f[frs e Fil (8)/ /DL f1s oons i) (5)

is an unbounded function on (c,b) for some ¢ € (a,b), for all k € {1,...,m}
and for all subsets {fi, ..., fr} of B.

2. All future directed spacelike geodesics are past complete if and only if either

lim j;cf[fl, ooy Tl () N/ BLf1s s frl(8)ds = 00 or ff1, oy fil(8)/A/Bf1s s fi](5)

t—a+
is an unbounded function on (a,c) for some ¢ € (a,b), for all k € {1,...,m}

and for all subsets {fi, ..., fr} of B.

Corollary 4.1.33. (Corollary 4.10, p.298) [12] Let (M, §) be a Lorentzian mul-
tiply warped product. Suppose that (H;, h;) is complete for all i € {1,...,m}.

1. If (M, g) is timelike complete, then (M, g) is null complete.

2. 0 < inf(f;) < sup(fi) < 0 for any i € {1,...,m}, then (M,g) is timelike
complete iff (M, g).

Theorem 4.1.34. (Theorem 4.12, p.299) [12] Let (M, §) be a Lorentzian multiply
warped product. Then (H;, h;) is a complete Riemannian manifold for all i €

{1,...,m} if (M, g) is spacelike, null or timelike complete.

Proposition 4.1.35. (Proposition 4.13, p.300) [12] Let (M, g) be a Lorentzian
multiply warped product. If (M,g) is spacelike (respectively null, timelike) com-
plete, then (M, g) is spacelike (respectively null, timelike) complete.
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4.2 Geodesic Connectedness

By Hopf-Rinow Theorem it is known that a complete Riemannian manifold is
convex and hence geodesically connected. However, neither completeness nor
compactness implies geodesic connectedness of a Lorentzian manifold. In this

section we will give some conditions of Lorentzian geodesic connectedness by [2]
and [9].

Definition 4.2.1. Let (M, g) be a Lorentzian manifold. If any p,q € M can be

joined by a causal geodesic, then (M, g) is called geodesically connected.

Definition 4.2.2. Let § be a plane with a Lorentzian metric. If there exists a
diffeomorphism of S onto R? which takes null geodesics into an axis-parallel line,

then S is called normal.

Theorem 4.2.3. (Theorem 5, p.3093) [9]

1. A normal Lorentzian plane is geodesically connected.

2. The universal covering of a complete torus with a Killing vector field K # 0

18 normal and hence, it is geodesically connected.

The pseudosphere S7 is the set of spacelike vectors of norm 1 in R}. The
Lorentzian pseudosphere ST is called as de Sitter space-time. The Lorentzian

pseudosphere is globally hyperbolic.
Remark 4.2.4. If v > 0, then S} is not geodesically connected.

Theorem 4.2.5. (Theorem 7, p.3094) [9] Let n > 2 and p,q € S with
(p,q)1 > —1 where {.,.)1 is the usual Lorentzian inner product of RM. Then,

p and q are connectable by a geodesic.

A Lorentzian manifold (M, g) which has a globally defined timelike Killing

vector field K is called stationary.
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Let M =R x My with where M, is arbitrary manifold and let
g = —bdt* + 2w @ dt + go

where

1. b is a positive function on My,
2. wis a 1-form on M, and

3. go is a Riemannian metric.

Then M is called a standard stationary space-time.

Theorem 4.2.6. (Theorem 8, p.3096) [9] A standard stationary space-time is

geodesically connected if the following conditions hold:

1. go is complete.
2. 0 < inf(b) < sup(b) < co.

3. The go-norm of w(x) has a sublinear growth in M, i.e, an upper bound of
the norm of w(z) is Ady(x,po)* + B, where A,B are some real numbers,

a€ (0,1), po € My and dy is the go-distance on M.

4.2.1 Multiwarped Space-times

A Lorentzian multiply warped product of the form
M = (a,b) x Hy x ... X Hy, with § = —dt* + fthi + ... + f2hn

is called a multiwarped space-time.
If m =1, then M is called as the Generalized Robertson- Walker space-time.

Let z € Hy X ... X Hy, and I = (a,b). The set L{z| = {(t,z) : t € I} is the line

at x.
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Let m = 1. If any point z = (¢,x) € I x F and any line L[z'] can be joined by
both a future and a past directed causal curve, then the space-time is geodesically

connected. Equivalently, the spacetime is geodesically connected if

/ = / N (4.2.1)

Example 4.2.7. [2] De Sitter space-time is a generalized Robert-Walker space-

for some ¢ € I. [2]

time with f; = cosh. It does not satisfy the condition 4.2.1 and it is not geodesi-

cally connected.

Definition 4.2.8. If any two points of a Riemannian manifold can be joined
by a distance minimizing geodesic (not necessarily unique), then that manifold
is called weakly convex. If this geodesic is unique, then that manifold is called

strongly conve.

Theorem 4.2.9. (Theorem 1, p.3) [2] If any point of multiwarped space-time

(M, g) where (H;, hy) is weakly convex for alli € {1,...,m} can be joined by both

a future and a past directed causal curve, then (M,g) is geodesically connected.

Proposition 4.2.10. (Proposition 1, p.9) [2] Let (M, g) be geodesically connected
and Hyy1, ..., Hy be strongly convex for some r € {1,...,m — 1}. Then

(a,b)x Hy x...x H, is geodesically connected with the metric —dt*+ fig,+...+ f2g,.

Remark 4.2.11. If the strong convexity condition is replaced by weak convexity,
then Proposition 4.2.10 does not hold. See Example 4.2.24.

Theorem 4.2.12. (Theorem 2, p.13) [2] Let (M, g) be a multiwarped space-time
and let (H;, h;) be weakly convez for all i € {1,...,m}. Let p = (to, 21, ..., ) and
q = (ty, 2, ...,2")) be two distinct points in M and ty < ti. Then the following

ey Loy

conditions are equivalent:

1. There exists a timelike geodesic which joins p and q.

2. There exists ¢y, ...,Cp > 0 with ¢; + ... + ¢, = 1 such that

to 9 ([ C1 Cm
Vc_/ I <F+ ...+—2) > (4.2.2)
to 1 m
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for all i, where l; = d;(x;, x}) and equality holds in jth equation if and only
Zf Cj = 0.

3. q€It(p).

Theorem 4.2.13. (Theorem 2, p.13) [2] Let (M, g) be a multiwarped space-time
and let (H;, h;) be weakly convez for all i € {1,...,m}. Let p = (to, 21, ..., ) and

/

q = (th,x),...,x.,) be two distinct points in M and ty < tj. Then the following

ooy m

conditions are equivalent:

1. There exists a timelike or null geodesic which joins p and q.

2. There exists ¢y, ..., => 0 with ¢y + ... + ¢, = 1 such that the equation 4.2.2
hold for all i € {1,...,m}.

3. q € J(p).

Theorem 4.2.14. (Theorem 9, p.3098) [9]

1. If (H;, hy;) is convex for all i € {1,...,m}, then any two causally related
points of the multiwarped space-time (M, §) can be joined by a causal

geodesic.

2. The multiwarped space-time (M, g) is geodesically connected if (Hy, h;) is

geodesically connected for all i € {1,...,m} and

b
/ﬁﬂﬁ%m+mwmzw
/%%ﬁuw+mawzw (4.2.3)

for alli € {1,...,m} and for some ¢ € (a,b).

Theorem 4.2.15. (Theorem 3, p.14) [2] Let (H;, h;) for all i € {1,...,n} be
weakly convex fibers of the multiwarped spacetime (M, g). Then (M, g) is geodesi-

cally convex if it satisfies
b
/ﬁ%ﬁﬂm+mﬂﬂﬂﬂ=w
/ﬂ%ﬁﬂm+mﬂ4ﬂﬂzw (4.2.4)
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for alli € {1,...,m} and for some c € (a,b).

Lemma 4.2.16. (Lemma 4, p.14) [2] For all ¢, ...,c;, >0, ¢1 + ... + ¢, = 1, the

equations 4.2.4 imply
b 2 f C Cm,

/

/c i (% TS D) (4.2.5)
a 1 m

for alli € {1,....m} and ¢,d € I, D € R such that the denominators of the

integrals do not vanish.

At the extremes of the interval I, the behavior of the functions

. m C;
fet) =
2 7700
is important to show geodesic connectedness.

Definition 4.2.17. Let f : I — R be a smooth function, m; = liminft — bf(?)
and m, = liminf ¢t — af(¢).

1. When b < oo (respectively, a > —o0), there exists € > 0 such that if
0 <€ <e, then f(b—€) > my (respectively, f(a +€) > m,).

2. When b = oo (respectively, a = —o0), there exists M > 0 such that if
M’ > M, then f(M') > my (respectively, f(—M') > m,).

Then the extreme b (respectively, a) is called a (strict) relative minimum of f.

Remark 4.2.18. Let ¢i, ..., ¢, > 0, ¢ +...+¢,, = 1 such that f¢ reaches a relative
minimum in b (respectively, in a). Then fcb f[2(;—12 +o+ B - my)~Y? = oo
(respectively, [* f[%}%i +o - mq)~Y/? = 00) holds for all i anc some ¢ € [
close to b (respectively, a). Here close to b (respectively, a) means ¢ € (b — €, b)
(respectively, ¢ € (a,a + €)) if the extreme is finite or ¢ > M (respectively,

¢ < —M) if the extreme is infinite, where € and M are as in Definition 4.2.17.
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Theorem 4.2.19. (Theorem 5, p.26) [2] Let (H;, h;) be weakly convez for all
i. Then any multiwarped space-time (I x Hy x H,,,g) verifying the condition in

Remark 4.2.18 1s geodesically connected.

Example 4.2.20. [2] Consider R x (fr, ry) x S? with the metric
2k ¢ 2 2 2
—(1=—+5)ds"+— 1— —l— dr + r?(df? + sin*0d¢?),
rooor

where

e ¢ k are constants, k is positive, e # 0, €2 < k?,
or_=k— (K- r  =k+ (k> —e)V2 re(r_,ry),
e s R and

e 0, ¢ are usual spherical coordinates.

This space-time is called Schwarzschild space-time and its metric is the interme-

diate zone of usual Reissner-Nordstrom space-time. Since diverges on the

fQ(t)
extremes of the interval and has relative minima which satisfy the condition in

Remark 4.2.18, this space-time is geodesically connected.

Lemma 4.2.21. (Lemma 13, p.27) [2] Let (I x Hy X Hy,g) be a multiwarped
space-time and let (Hy,hy), (Ha, he) be weakly conver. Assume that condition
in Remark 4.2.18 holds for all ¢ € [0,1] except for ¢=1 and i=1. Then the
multiwarped space-time is geodesically connected if for all x4, xl, € Hy, there exists

a sequence {7y, n}nen of geodesics of Hy joining them with diverging lengths Ly,.

Example 4.2.22. [2] When e = 0 in Example 4.2.20, the condition in Remark
4.2.18 does not hold for f; However, by Lemma 4.2.21, the multiwarped space-

time in Example 4.2.20 with e = 0 is geodesically connected.

Example 4.2.23. [2] Schwarzschild space-time in Example 4.2.20 is geodesically
connected since Hy is a sphere and any o, 2, € Hs can be joined by a closed

geodesic.

Example 4.2.24. [2] Schwarzchild black hole (I x Hy x Hy, —dt? + fZhy + f2hs)
is geodesically connected but its part (I x Hy, —dt* + f£hy) is not geodesically
connected by considering the condition in Lemma 4.2.21 for the fiber (Hy, hq).

49



Chapter 5

Twice Warped Products

In this chapter, we will analyse geodesic connectedness and completeness of the

multiwarped space-times when m = 2. We call such products as twice warped

space-times.

5.1 Connectedness

By Theorem 4.2.15, we get the following result:

Corollary 5.1.1. Let M = I x4, Hy Xy, Hy and let c € I = (a,b). Then, (M, g) is

geodesically connected if (Hy, hy) and (Ha, he) are weakly convez and the following
holds:

1. lim f

—_— S f—
t—b— f2+f2+f1f2
2. lim f 1 ds=
t—b— f1+f2+f1f2
3 lm [(2——L ___ds =00,
t—a+ ft I 1+12+52 12
4. lim cfl%ds:oo.

t—sat V1 f2 A b R iR
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5.2 Completeness

By Theorem 4.1.30 we get the following results:

Corollary 5.2.1. Let M = I xg, Hy Xy, Hy and let ¢ € I = (a,b). Then all

future directed null geodesics are future complete if and only if

1. lim [ fids =

Jim [, fids = o0

‘ 1 t -

2 Jim . fads = oo
_Nhfe .

't—>b f \/f2+f2 ~ &

Corollary 5.2.2. Let M = I Xy, Hy x4, Hy and let ¢ € I = (a,b). Then all

future directed null geodesics are past complete if and only if

1. tl_l)lg}rﬁ frds = o0
2 tlircgﬁ fads = 00

hmft AP g — 0.

J t—at 7t \/fE+f2

By Theorem 4.1.31, we get the following results:

Corollary 5.2.3. Let M = I Xy, Hy Xy, Hy and let ¢ € I = (a,b). Then all

future directed timelike geodesics are future complete if and only if

1. 1 ds =
tfé“f m 0,
2. lim ds = 00
t—b— f \/f2+1
3. hmf _ fifo
t—b— f1+f2+f1f2

Corollary 5.2.4. Let M = I xg, Hy Xy, Hy and let ¢ € I = (a,b). Then all

future directed timelike geodesics are past complete if and only if
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1. hmft L s = o0,

t—a+ 12 1

2 tl—lgift \/Q_Hds = %

ds = 00.

3. f fife
t—)a+ R N

5.3 Relationship between Completeness and

Connectedness

Case 1. Suppose lim —; K #0. (%)

s—at

Corollary 5.3.1. Let M = I xy, Hy x4, Hy with a > —00, b < 0o be geodesi-
cally connected. Then (M, g) can be neither null past complete nor timelike past

complete.

b f 1 _
Proof. By Corollary 5.1.1, we can choose some c € (a,b) where |, ﬁmds =

00. Since a > —o0, b < 00, the integrand must be unbounded. We can choose

any ¢; € (a,b) such that ¢ < ¢; < b. Also, since (*) and fi, fo are continuous,

% is continuous and bounded in (a,c). So

fi,f2—=0ass—a.

0, W must be unbounded. So,

Null past completeness fails since f: frds < oo. Timelike past completeness

\/fz_

Corollary 5.3.2. Let M = I X g Hy Xy, Hy with a > —00, b < 0o be null past

fails since —4— = , /1 — 211:—>0ass—>a 1ef ds < 00. O

fE+1 fit

complete. Then (M, §) cannot be geodesically connected.

Proof. By Corollary 5.2.2, fi, fo — oo and —22_ — 00 as s — a*. Then,

VI3
lim £ ——L = /== = 0. So ‘L1 < s So
s—at T2 \/FR+ 412 f2 & 1+f2/f1+f2 Jo % P2 N1+ P2+ 1252 ’

geodesic connectedness fails. O]

Corollary 5.3.3. Any M = I xy;, Hy x;, Hy with a > —o0, b < oo and the

condition (*) cannot be timelike past complete.
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Proof. Since # < 00, fac\/% < 00, i.e, (M,g) cannot be timelike past
complete. 0
Corollary 5.3.4. Let M = I x;, Hy Xy, Hy with I = (—00,b),b < oo and
Sgr_noo m — 00. Then geodesic connectedness of (M, §) does not imply

either null past completeness or timelike past completeness of (M, g).

Example 5.3.5. Let f1, fo : (—00,0) be defined as fi(s) = =, fa(s) = 5. Then
lim £ =2, Then, [ L—— 2L __ds=o00but [*_fids < oo for all c. So,

s——oco f2 % f2 \/FR+ 13+ 1213

M is not null past complete. Similarly ffoo J’:;H ds < oo for all c. So, (M, g) is
1

not timelike past complete.

Corollary 5.3.6. Let M = I x;, Hy X, Hy with I = (—00,b),b < oo and

lim —L—— =L < 0co. Then geodesic connectedness of (M, g) implies null
R Sy o g f (M, g) imp

past completeness of (M,g).

Proof. Let lim —L——
f $——00 1/ f12+f22+f12f22

of f; and f5 goes to 0 as s — —oo. Then, \/J;gfjp = 1+£22/f§ > 0. So, the integrals
1 2

in Corollary 5.2.2 diverges, i.e. (M,g) is null past complete. O

= L > 0, then f;, fo < co. By Condition (*), none

Corollary 5.3.7. Let M = I x;, Hy X, Hy with I = (—00,b),b < oo and

SE{H@W = L < co. Then geodesic connectedness of (M,g) implies

timelike past completeness of (M, g).

Proof. Let lim ——~L1——
roof- Let I A
none of f; and fo goes to 0 as s — —oo. Then, —LA— > 0, —2— > 0 and

= L > 0, then fi, fs < co. By Condition (*),

fifo _ 1 . . .
= > 0. So, the integrals in Corollary 5.2.4 diverges,

VIRHBHRE Y 13+ & Y &
i.e. (M,g) is timelike past complete. [

Corollary 5.3.8. Let M = I x;, Hy X, Hy with I = (—00,b),b < oo and
lim f, = oo, lim fy = co. Then null past completeness of (M,g) does not
s——00 s——00

imply geodesic connectedness of (M, ).

Example 5.3.9. Let fi,f> : (—00,0) — (0,00) be defined as fi(s) = s
f2(s) = 2s%. Then, ffm%m < oo for all ¢ € (—00,0). So (M, g)

is not geodesically connected.
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Corollary 5.3.10. Let M = I X Hy X;, Hy with I = (—o0,b),b < oo and
lim f; =1 < oo, hm fo = ly < co. Then null past completeness of (M,g)

§——00

implies the condztzons 3. and 4. in Corollary 5.1.1.

: . . 1
Proof. Since SEIPOOfl =1 < OO’SEIPOOfQ =l < o0, \/W — 1 >0 as
s — —o00. So, the integrals in 3. and 4. of Corollary 5.1.1 diverges. m

Corollary 5.3.11. Let M = I X Hy X;, Hy with I = (—o0,b),b < oo and
lim f; = oo, lim fy =occ. Then timelike past completeness of (M, g) does not
s——00 s——00

imply geodesic connectedness of (M, §).

Example 5.3.12. Let fi, fo : (—00,0) — (0,00) be defined as fi(s) = —s,
fo(s) = s*.Then, [°_ %m < oo for all ¢ € (—o0,0). So (M, g) is not

geodesically connected.

Corollary 5.3.13. Let M = I xy, Hy Xy, Hy with I = (—o0,b),b < oo and
lim f1 =1 < oo, hm fo =l < 0o. Then timelike past completeness of (M, g)

S——00

implies the condztzons 5’. and 4. in Corollary 5.1.1.
Proof. Similar to the proof of Corollary 5.3.10. O

Case 2. Suppose slgz?— % = K #0. (**) Then, slggl_ % =+ #0.

Corollary 5.3.14. Let M =1 X g Hy X g, Hy with a > —o00, b < oo be geodesically
connected. Then (M, §) can be neither null future complete nor timelike future

complete.

Proof. By Corollary 5.1.1, we can choose some ¢ € (a,b) where f 2 \/f_

2+f2
0o0. Since a > —00, b < 00, the integrand must be unbounded. We can choose any
c1 € (a,b) such that a < ¢; < ¢. Also, since (*) and fi, fo are continuous, % is

continuous and bounded in (¢, b). So 72 must be unbounded. So, fi, fo —

1
D RS
0 as s — b~. Null past completeness fails since fac fids < oo. Timelike past
ds <

completeness fails since \/f—l_ = =—0ass— b7, ie, f

1
1241 fi+l f2 N

Q.
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Corollary 5.3.15. Let M = I x4, Hy x4, Hy with a > —o0, b < 0o be null future

complete. Then (M, §) cannot be geodesically connected.

Proof. By Corollary 5.2.2, fi, f» — oo and —22_ — o0 as s — a*. Then

\ 12413
lim &4 —L = /1 __ —0 So [‘L—L ___ < . So
sat 2 FE+13+1213 f2(1+f2/f1+f2 f 2/ fi+I3+11 13 ’

geodesic connectedness fails. O]

Corollary 5.3.16. Any M = I x, Hy Xy, Hy with a > —00, b < oo and the

condition (**) cannot be timelike future complete.

Proof. Since \/f—;— f \/m < 00, i.e, (M, g) cannot be timelike future
complete. O

Corollary 5.3.17. Let M = I x Hy Xy, Hy with I = (a,00),a > —oo and
Sli_{gom — 00. Then geodesic connectedness of (M,g) does not imply

either null future completeness or timelike future completeness of (M, g).

Example 5.3.18. Let f1, f2 : (0,00) — (0,00) be defined as fi(s) = =, fa(s) =
Then lim £ = 2. Then, [~ ﬂ+d3 = oo but fc fids < oo for

500 12 ¢ fo\fr2yr24r252

all ¢ € (0,00). So, M is not null future complete. Similarly [ \/_ds < oo for

1
2¢2 "

all ¢ € (0,00). So, (M, g) is not timelike future complete.

Corollary 5.3.19. Let M = I xy, Hy Xy, Hy with I = (a,00),a > —o0 and
Sli_glo m =L< ?o Then geodesic connectedness of (M, g) implies null
future completeness of (M, g).

Proof. Let lim —————
f s—o0 \/ fE+ [+ 212

= L > 0, then f1, fo < co. By Condition (**), none

_ fife
of f1 and f5 goes to 0 as s — —oo. Then, NG 1+f1 /f2 > (. So, the integrals
in Corollary 5.2.1 diverges, i.e. (M, g) is null future complete. ]

Corollary 5.3.20. Let M = I x4, Hy xy, Hy with I = (a,00),a > —oo and
SILIEO m = L < co. Then geodesic connectedness of (M, g) implies time-

like future completeness of (M, g).
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Proof. Let lim —L—
f s—o0 \/ i+ [+ L2

none of f; and f goes to 0 as s — oo. Then, —L— > 0, —2— > 0 and

V21 VI S

= L > 0, then fi,f < oo. By Condition (**),

f1fo _ 1 . . .
= > 0. So, the integrals in Corollary 5.2.3 diverges,

N R & Y &
i.e. (M,g) is timelike future complete. O

Corollary 5.3.21. Let M = I xy, Hy x4, Hy with I = (a,00)

,Q
lim f, = oo, lim f, = co. Then null future completeness of (M,g) does not
s——00 §——00

imply geodesic connectedness of (M, §).

> —o0 and

Example 5.3.22. Let fi,f> : (0,00) — (0,00) be defined as fi(s) = s

fQ(S) = 232_ Then, ff%ﬁm < oo for all ¢ € (—O0,0) So (M,g)

is not geodesically connected.

Corollary 5.3.23. Let M = I x;, Hy xy, Hy with I = (a,00),a > —oo and

lim fi =1 < oo, lim fo =1y < co. Then null future completeness of (M, g)
S——00

§—>—00

implies the conditions 1. and 2. in Corollary 5.1.1.

P?”OOf. Since sli>n;1<>f1 =l < OO,Sh_)IEOfQ =1 < o0, m — 1 >0ass— oo.
So, the integrals in 1. and 2. of Corollary 5.1.1 diverges. O

Corollary 5.3.24. Let M = I xy, Hy Xy, Hy with I = (a,00),a > —oo and
lim f; = oo, lim fo, = oo. Then timelike future completeness of M does not
S§—00 5—00

imply geodesic connectedness of (M, §).

Example 5.3.25. Let fi,fo @ (0,00) — (0,00) be defined as fi(s) = s,
fo(s) = s.Then, [°_ %m < oo for all ¢ € (—0,0). So (M,g) is
not geodesically connected.

Corollary 5.3.26. Let M = I x4, Hy xy, Hy with I = (a,00),a > —oo and
lim f; =, < oo, lim fo = Iy < oo. Then timelike future completeness of (M, g)
$§—00 §—00

implies the conditions 1. and 2. in Corollary 5.1.1.

Proof. Similar to the proof of Corollary 5.3.23. O

o6



Bibliography

1]

[10]

J. K. Beem, P. Ehrlich, K. Easley, Global Lorentzian Geometry, Second Edi-
tion, Markel Dekker, New York, 1996, pp. 1-214.

J. L. Flores, M. Sdnchez, Geodesic Connectedness of Multiwarped Spacetimes,
J. Differential Equations 186 (2002), 1-30.

G. J. Galloway, Notes on Lorentzian Causality, ESI-EMS-IAMP Summer
School on Mathematical Relativity, Miami, 2014.

R. Lépez, Differential Geometry of Curves and Surfaces in Lorentz-
Minkowski Space, Int. Electron. J. Geom. 7 (2014), 44107.

O. Miiller, M. Sanchez, An Invitation to Lorentzian Geometry, Jahresber.
Dtsch. Math.-Ver. 115 (2014), 153183.

B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Aca-
demic Press, New York, 1983, pp 1-211

R. K. Sachs, H. Wu, General Relativity for Mathematicians, Springer-Verlag,
New York, 1977, pp. 1-22.

M. Sanchez, Geodesic Connectness in Generalized Reissner-Nordstrom Type
Lorentz Manifolds, General Gravity and Gravitation 29 (1997), 1023-1037.

M. Sénchez, Geodesic Connectedness of Semi-Riemannian Manifolds, Third
World Congress of Nonlinear Analysis 47 (2001), 3085-3102.

M. Sanchez, On Geometry of Generalized Robertson-Walker Spacetimes:
Geodesics, General Relativity and Gravitation 30 (1998), 915-931.

o7



[11] B. Unal, Doubly Warped Products, Differential Geometry and its Applica-
tions 15 (2001), 253-263.

[12] B. Unal, Multiply Warped Products, Journal of Geometry and Physics 34
(2000) 287-301.

o8



	Introduction
	Preliminaries
	Connections
	Semi-Riemannian Manifolds
	Geodesics on a Semi-Riemannian Manifold
	Sectional Curvature

	Riemannian Manifolds
	Geodesic Completeness of Riemannian Manifolds

	Lorentzian Causality
	Causality Theory of Space-Times
	Lorentzian Distance
	Riemannian and Lorentzian Geometry

	Warped Products
	Riemannian Warped Products
	Lorentzian Warped Products
	Causality

	Multiply Warped Products
	Causality


	Lorentzian Completeness and Connectedness
	Completeness
	Existence of Maximal Geodesic Segments
	Geodesic Completeness
	Metric Completeness
	Completeness of Lorentzian Warped Products

	Geodesic Connectedness
	Multiwarped Space-times


	Twice Warped Products
	Connectedness
	Completeness
	Relationship between Completeness and Connectedness


