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ABSTRACT

COST CONSTRAINED SENSOR SELECTION AND
DESIGN FOR BINARY HYPOTHESIS TESTING

Berkay Oymak
M.S. in Electrical and Electronics Engineering
Advisor: Sinan Gezici
Co-Advisor: Orhan Arikan
January 2020

We consider a sensor selection problem for binary hypothesis testing with cost-
constrained measurements. Random observations related to a parameter vector of
interest are assumed to be generated by a linear system corrupted with Gaussian
noise. The aim is to decide on the state of the parameter vector based on a set of
measurements collected by a limited number of sensors. The cost of each sensor
measurement is determined by the number of amplitude levels that can reliably
be distinguished. By imposing constraints on the total cost and the maximum
number of sensors that can be employed, a sensor selection problem is formulated
in order to maximize the detection performance for binary hypothesis testing. By
characterizing the form of the solution corresponding to a relaxed version of the
optimization problem, a computationally efficient algorithm with near optimal
performance is proposed. In addition to the case of fixed sensor measurement
costs, we also consider the case where they are subject to design. In particular,
the problem of allocating the total cost budget to a limited number of sensors
is addressed by designing the measurement accuracy (i.e., the noise variance) of
each sensor to be employed in the detection procedure. The optimal solution is
obtained in closed form. Numerical examples are presented to corroborate the
proposed methods.

Keywords: Detection, sensor selection, cost constraint.
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OZET

IKILI HIPOTEZ TESTI ICIN BUTCE KISITLI SENSOR
SECIMI VE TASARIMI

Berkay Oymak
Elektrik ve Elektronik Miihendisligi, Yiksek Lisans
Tez Danigmani: Sinan Gezici
Ikinci Tez Damsmant: Orhan Arikan
Ocak 2020

Biitge kisith olgiimlere dayanan ikili hipotez testi icin sensor se¢gme problemi in-
celenmektedir. Olgiimlenen rastsal gozlemler, ilgili parametre vektoriine bagh
olarak Gauss giiriiltiilii dogrusal bir sistem tarafindan olugturulmaktadir. Kisith
sayida sensor tarafindan yapilan 6lgiimlere dayanarak, parametre vektortintin du-
rumunun tespit edilmesi amaclanmaktadir. Her bir sensor ol¢iimiiniin maliyeti,
sensoriin  guvenilir olarak ayirt edebildigi genlik seviyesi sayisiyla orantilidir.
Toplam 6lgiim biitcesine ve kullanilabilecek sensor sayisina iist limit getiril-
erek, ikili hipotez testinin tespit bagarimini maksimize etmek tizere sensor se¢me
problemi kurgulanmaktadir. Bu optimizasyon probleminin dogrusal gevsetmeye
ugramig halinin ¢6ziimiiniin karakterize edilmesiyle en iyiye yakin bagarima ulagan
ve etkili bir sekilde hesaplanabilen bir ¢oziim algoritmasi 6nerilmektedir. Olgiim
maliyetlerinin sabit oldugu duruma ek olarak, bu maliyetlerin tasarim parame-
treleri kabul edildigi durum ele alinmaktadir. Bilhassa, tespit icin kullanilan
sensorlerin ol¢giim hassasiyetini tasarlamak araciligiyla toplam biitgenin kisith
sayida sensore paylastirilmasi problemi incelenmektedir. Problemin en iyi sonucu
kapali formda elde edilmektedir. Onerilen ¢oziimlerin basarimlar sayisal Grnekler

araciligiyla sunulmaktadir.

Anahtar sézcikler: Tespit, sensor se¢gme, maliyet kisiti.
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Chapter 1

Introduction

1.1 Motivation

With the increasing availability of sensors, performance of detection and estima-
tion methods based on information gathered from multiple sensors has become
more important. While various optimality criteria, such as Bayesian detection
and estimation, Neyman-Pearson detection, and minimum variance unbiased es-
timation are investigated extensively in the literature [1], additional challenges
arise from practical considerations in sensor networks. These challenges are com-
monly related to limited resources such as power, bandwidth, number and quality

of the sensors in the network.

1.2 Related Work

There exist several studies in the literature that focus on the objective of maximiz-
ing detection/estimation performance in sensor networks while satisfying system-
level constraints related to communication bandwidth, transmission power, and

sensor costs [2-11]. In [2], the optimal cost allocation problem in a sensor network



is investigated for centralized and decentralized detection, where it is assumed
that sensors with higher costs provide less noisy measurements. Detection per-
formance is assessed according to Bayesian, Neyman-Pearson and .J-divergence
criteria, and optimal cost allocation strategies are provided. The works in [3]
and [4] address performance of parameter estimation with cost-constrained mea-
surements in sensor networks. In [3], the problem of optimal cost allocation to
measurement devices is investigated in order to maximize the average Fisher infor-
mation about a vector parameter. A closed-form solution is obtained for the case
of Gaussian noise. On the other hand, in [4], the authors focus on the minimiza-
tion of the total measurement cost while satisfying several estimation accuracy
constraints. Closed form solutions are obtained when the system measurement
matrix is invertible and the noise is Gaussian. Extensions that take into account
the uncertainty on the system measurement matrix are also analyzed. In [5], a
distributed detection problem in the presence of transmission power constraints
on sensor nodes and communication bandwidth constraints between sensors and a
fusion center is considered. By assuming independent and identically distributed
(i.i.d.) sensor measurements, multiple and parallel access channel models are
investigated under bandwidth constraints. An asymptotically optimal decision
strategy is obtained for a multiple access channel, where each sensor transmits
its local likelihood ratio with constant power to a fusion center. In [6], a detection
problem in sensor networks is investigated, where costs due to performing mea-
surements at each sensor as well as those due to transmissions from sensors to a
fusion center are considered. The solution under such cost constraints leads to a
randomized scheme that specifies when sensors should transmit data and make
measurements. Examples in which the joint optimization over all sensor nodes

decouples into individual optimizations at each sensor node are presented.

In addition to communication bandwidth and transmission power constraints
in sensor networks, limitations on the number of actively used sensors are also
important. In fact, the number of sensors activated simultaneously has direct
implications on both communication bandwidth and total power consumption.
Commonly, it is desirable to constrain the number of active sensors without

sacrificing performance. Thus, the sensor selection problem arises naturally in



resource constrained sensor networks. Some applications of sensor selection are
sensor coverage [12], target localization [13,14], discrete event systems [15], Inter-
net of Things [16] and sensor placement [17,18]. The information theory frame-
work is also employed as a basis for sensor selection in [19-22]. To highlight main
aspects and challenges in the sensor selection problem, we summarize several re-
lated papers in the literature. In [23], sensor selection is carried out to determine
the most informative subset of sensors in a wireless sensor network (WSN) for a
detection problem. It is shown that the sensor selection problem is NP-hard, and
computationally efficient algorithms are provided to obtain near optimal solutions
under Kullback-Leibler (KL) and Chernoff criteria. In [24], sensor selection prob-
lem is formulated for parameter estimation under Gaussian noise. A heuristic
method based on convex relaxation is described in order to approximately solve
the problem. Numerical experiments are provided to demonstrate the proposed
method. Also, additional constraints to the sensor selection problem are outlined
for which the proposed method remains effective. An entropy based sensor selec-
tion approach in the context of target localization is proposed in [25]. The sensor
selection problem is addressed to minimize the estimation error in target localiza-
tion in [26], where an optimization problem is formulated in which the number of
sensors employed for measuring the target position is constrained. An algorithm
to obtain an approximate solution is presented, and it is shown that the estima-
tion error is not higher than the twice of the minimum achievable error. The
reader is referred to [27] for commonly employed sensor selection schemes in tar-
get tracking and localization. The study in [28] focuses on the optimal design of a
WSN using different classes of sensors, where each class of sensors has a cost and
measurement characteristic. The aim is to find the optimal number of sensors to
choose from each class so that the detection performance based on the symmetric
KL divergence is maximized. It is shown that KL divergence and number of sen-
sor of each class are linearly related. Results indicate that it is optimal to choose
all sensors from the class with the best performance to cost ratio. In [29], sensor
selection problem is formulated for state estimation of dynamic systems such as
those found in large space structures. In the problem statement, it is required

to select a measurement subsystem out of several candidates. A sensor selection



policy is presented as an on-line algorithm which selects the measurement sub-
system that provides the maximum information along the principal state space
direction associated with the largest estimation error. The work in [30] investi-
gates a failure diagnosis system, in which each subset of sensors can be used to
make a diagnosis observation with a certain cost and failure detection probability.
It is aimed to determine the cheapest combination of sensors that guarantee a
certain probability of failure detection when a certain number of observations are
made. A method that identifies this subset with the minimum number of trials is
proposed. In [31], spectrum sensing with multiple sensors is considered. The aim
is to find a subset that guarantees reliable sensing performance. It is pointed out
that it is crucial to select sensors that experience uncorrelated fading; meaning
that, they should be spatially separated. Assuming limited knowledge on sensor
positions, iterative suboptimal algorithms that are based on correlation measure,
estimated sensor position, and radius information are proposed and compared
with random sensor selection. In [32], a dynamic sensor selection algorithm is de-
vised for a wearable sensor network that performs real-time activity recognition.
It is shown that by utilizing the selection algorithm, a desired level of classification

accuracy is sustained while increasing network lifetime significantly.

1.3 Owur Contribution

Noted from the aforementioned literature, optimal resource allocation to improve
detection performance in cost constrained sensor networks is considered in vari-
ous studies. However, an in-depth analysis of the sensor selection problem under
cost constraint related to the measurement quality of the employed sensors is
lacking in the literature. In this work, we propose an optimal sensor selection
method that minimizes the Bayes risk while satisfying a total cost constraint re-
lated to the measurement accuracy of the sensors. As in most sensor selection
problems, the corresponding optimization problem emerges as a zero-one integer
linear programming problem [33], which is known to be NP-complete [34]. Al-
though there exist methods to find an optimal solution to such problems, such as

the branch and bound method given in [34,35], they turn out to be practically
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ineffective in terms of the running time unless (][V() is small, where N, is the num-
ber of available observations and K is the number of sensors (equivalently, the
effective number of observations that can be measured by the sensors). In this
thesis, we first relax the binary constraint (that a sensor is either selected or not)
into a linear constraint, which leads to a linearly constrained linear optimization
problem. Then, the form of the solution to the relaxed problem is characterized
and a numerical algorithm with reduced computational complexity is presented
to obtain the solution. Based on the solution of the relaxed problem, a feasible
set of sensors are selected using a local optimization approach. The effectiveness
of the proposed approach is demonstrated by depicting the performance differ-
ence between the bound provided by the solution of the relaxed problem and
the objective value attained by the proposed sensor selection algorithm. Also,
comparisons with alternative heuristic approaches are provided to highlight the
efficiency of our method. As an extension, we also consider the case where sensors
(i.e. their noise variances) are subject to design, and a joint sensor selection and
design method is developed. The optimal solution to this joint problem is given
in closed form, where the parameter of the solution can be determined by a prac-

tical algorithm. Numerical examples are presented to illustrate the effectiveness

of the proposed approach.

The main contributions of this thesis can be summarized as follows:

e The problem of sensor selection using cost-constrained measurements is for-
mulated in order to determine the binary state of a parameter vector so that
the corresponding Bayes risk is minimized under a linear system model cor-

rupted with Gaussian noise.

e [t is shown that the solution to the linearly relaxed problem contains at most
two non-integer elements and an approximate solution with near optimal

performance is developed based on this observation.

e The optimal solution is obtained in closed form when the accuracy, mea-

sured by the noise variances, of individual sensors is also subject to design.



1.4 Organization of the Thesis

The rest of this thesis is organized as follows. In Chapter 2, we present the linear
system that generates the random observations and the measurement model used
to acquire the samples employed for detection. In Chapter 3, an approximate
solution is developed for determining which sensors (at most K out of Nj) are
employed to collect the measurements when the cost of each sensor measurement
is given. In Chapter 4, we analyze the problem of joint sensor selection and design.
In Chapter 5, we provide numerical examples to evaluate the performance of the

proposed methods. We conclude with some remarks in Chapter 6.



Chapter 2

System Model

Let ® € R’ represent a parameter vector of interest. This parameter vector
is processed by a noisy linear system and the corresponding observations are

expressed as
r;=hl®+n;, i=1,...,N, (2.1)

where n; is the system noise in the ith observation and h; is an L x 1 vector
representing the coefficients of the linear system related to observation i. The

observations in (2.1) can be measured by N, potential sensors as follows:
ylzmz—l—ml, 221,,N8 (22)

where m; is the measurement noise of the ith sensor (which can also be considered
as quantization noise since a measurement error commonly occurs due to the finite

number of quantization levels in a measurement device [36]).

In a more compact manner, the observations in (2.1) and the potential mea-

surements in (2.2) can be expressed as

x=H'®+n and y=x+m, (2.3)
respectively, where H = [hy, hy,... hy,] is the L x Ny system matrix, x =
(21,29, xn]T, no= [ny,ng,...onn]t Yy = [y, y2,--,yn]T, and m =
[ml,mQ,...,mNS]T.



As in [4] and [24], the noise components are modeled as independent Gaussian
random variables with zero mean, that is, n; ~ N'(0, 02 ) and m; ~ N(0, o2, ) for
i=1,..., N,s. In the vector notation, n ~ AN (0, ¥) and m ~ N (0, X,,,), where
¥ = diag{o},,00,,...,00, } and B, = diag{o}, ,07,,...,05, }. In addition,

it is assumed that the measurement noise m is independent of the system noise

n.



Chapter 3

Sensor Selection for Binary

Hypothesis Testing

Since N, can be very large in various scenarios, it is an important problem to
choose a subset of the N, available observations for measurement in an optimal
manner, which is called the sensor selection problem in the literature [13,15,23,24,
26,31,32,37]. In particular, the aim is to optimize a certain performance metric
while making measurements with at most K out of N, potential sensors. To
represent the selection operation, we define a selection vector z = [z, 2o, . . ., 2n,]T
that specifies whether the ith sensor is selected (i.e., z; = 1 if the ith sensor is
selected and z; = 0 otherwise). We denote the number selected sensors as k,
that is, 17z = k, where 1 represents a column vector of ones and k < K. For
notational convenience, we also introduce an injective function f : {1,2,...,k} —
{1,2,..., Ny}, where f(i) denotes the index of the ith selected sensor. Then, we
construct a k x Ny selection matriz Zi, in which k of the columns are unit vectors
€N, 1,EN,2---,€en,k (€j; is defined as a column vector of length j and it has a 1
at the ith position and 0 elsewhere), and the other columns are zero vectors. In

the selection matrix Z, the column indices of the unit vectors specify the selected

sensors. It is noted that Z can be constructed from z and f as follows:

row(Z) = ef ;py, i=1,2,...k (3.1)



n ~
| |x X
0 HT —() Z

o
<

Select k Sensors

Linear System with

. . Measurement Model
Gaussian Noise

Figure 3.1: System block diagram.

where row;(Z) denotes the ith row of Z. Also, z can be obtained from Z simply
as z = diag(Z*Z), where diag(Z*Z) represents a column vector consisting of the
diagonal elements of ZTZ. As an example, for N, = 4, when the second and third
observations are selected, we have k = 2,z = [0,1,1,0]7, f(1) =2, f(2) =3
and we construct the selection matrix as Z = 8 (1) (1) 8 .

Based on the selection matrix Z, the sensor selection operation can be ex-

pressed as
y£Zy=Z7Zx+Zm=x+m. (3.2)

Namely, k& out of Ny observations are measured via k sensors. The resulting

system and measurement model is illustrated in Fig. 3.1.

For the cost of making a sensor measurement, we employ the measurement cost
model proposed in [36]. In that model, the cost of a measurement is determined
by the number of quantization levels it can reliably distinguish, which is related
to the ratio of system and measurement noise variances. Specifically, the cost of

making a measurement via sensor i is given by [36]
2

¢; = 0.5 log, <1 4+ I ) (3.3)

o2

my

10



Similar to [2-4], we consider the expression in (3.3) as the cost of making a
measurement with sensor 7 in our problem formulation. The important properties
of this cost model are that it is nonnegative, monotonically decreasing, and convex
with respect to afni. Considering sensor 7 with observation z;, a higher cost is

associated with a more accurate measurement, y; (see (2.2)).

Suppose that the parameter vector © takes one of two possible values. Namely,
there exist two hypotheses defined as Hy : ©® = Oy and H; : ® = O, where the
prior probability of H; is denoted by m;. The conditional probability distribution
of the selected measurements y in (3.2) can be specified, based on the system

model in Chapter 2, as
y|Hi~N(ZH"®,,Z(Z+%,)Z") (3.4)

for i € {0,1}. To determine the true hypothesis, we employ the Bayes rule,
denoted by dp(y), which minimizes the Bayes risk among all possible decision
rules [1]. Assuming uniform cost assignment (UCA), the Bayes rule reduces to
the maximum a posteriori probability (MAP) decision rule, which achieves the
following Bayes risk (equivalently, the average probability of error) [2]:

r(dp) = moQ (M + g) +mQ (g — %) (3.5)

where 1y and 7 denote the prior probabilities of Hy and H;, respectively, and

1

a2((zH"©, - ZH'0,)" (Z(S + Tm)Z")”
1/2
x (ZH'©, - ZH'©,) ) (3.6)
The expression in (3.6) can also be written as
a4 —((©1 - ©0) HZ" (Z(3 + T,)Z") ™"
1/2
x ZHT (@, — (—)0)> (3.7)

Based on the definition of the selection matrix Z, d in (3.7) can be stated, after

some manipulation, as

N,
~_ (b (©1 — ©9))?
d= | St (3.8)
i=1 n; m;

11



The aim is to minimize the Bayes risk r(dp) under a total cost constraint by
making measurements with at most K sensors. Since it is known that r(dp) in
(3.5) is a monotonically decreasing function of d [2], maximizing d is equivalent to
minimizing the Bayes risk. Therefore, we propose the following sensor selection
problem for binary hypothesis-testing:

Ns

maximize E ZiDi
z
i=1

N5
subject to Z zic; < COp (3.9)
i=1

Ns

<k

i=1

nef{0,1}, i=1,2,...,N,
where ¢; is given by (3.3) and p; is defined as

.o (0/(©1-69)"

(3.10)

o2 + 02,
Due to its combinatorial nature, the problem in (3.9) can be very complex to
solve unless (]}2) is small. To simplify the problem, the last constraint can be
relaxed as 0 < z; < 1,7 =1,..., N, and a suitable optimization algorithm can
be employed to obtain a solution for z. Then, the K largest elements of that
solution can be used to determine the selected sensors (observations). Relaxing
the last constraint, we obtain the following convex optimization problem:
Ns

maximize E ZiDi
z
i=1

N
subject to Zzici < Cr (3.11)
i=1

N

IR,

=1

0<z<1, i=12...,N,

The problem in (3.11) is a linearly constrained linear optimization problem.

Hence, it can be solved efficiently via linear/convex optimization algorithms [3§]

12



such as the simplex method [39] and the interior point method [33]. The solution
to (3.11) provides a performance upper bound on the original problem in (3.9);
hence, it can be used to evaluate performance of suboptimal solution methods. In
addition, the solution to (3.11) can be used as an initial point for developing close-
to-optimal solutions of (3.9) with low computational complexity, as discussed

towards the end of this chapter.

It is possible to specify the form of an optimal solution to (3.11) based on

theoretical analysis. Towards that aim, we first provide the following two lemmas:

Lemma 1. Let By, By, ..., By, denote the sets of indices of K largest p;’s. As-
sume that there exists j € {1,2,..., Np}, such that Cp > Ziij ¢i, where ¢; is as
defined in (3.3). Then, z* is a solution to (3.11) (and also to (3.9)), where the
elements of z* are given by

0, id¢B,

2 = . (3.12)
1, ieB,

Proof: Please see Appendix A.1.

To clarify the definition of the sets in Lemma 1, consider an example in which
Ny =5, K = 3, and [p1,p2, p3, p5,05] = [20,18,22,5,18]. Then, the sets in the
lemma are obtained as B; = {1,2,3} and By = {1, 3,5} with N, = 2. Basically,
Lemma 1 states that if the cost budget allows the use of any best K sensors, it

is optimal to select them.

Lemma 2. Suppose that the optimization problem in (3.11) is feasible and let
By, By, ..., By, denote the sets of indices of K largest p;’s. If Cp < Ziij ¢; for
all j € {1,2,..., N}, then there exists a solution z* to (3.11) that satisfies

Ns
>z =Cr (3.13)
=1

Proof: Please see Appendix A.2.

Based on Lemma 1 and Lemma 2, the following proposition is obtained related

to the solution of the relaxed problem in (3.11).

13



Proposition 1. Suppose that the optimization problem in (3.11) is feasible.

Then, there ezists a solution z* to (3.11) that is characterized as either of the

following:

a) N 2 = K with

=1 "1

{0}, €Sy
z; €q{1}, ie€eS , i=12,...,N;
[0,1], iGSQ

where Sy, S1, and Sy are disjoint sets of indices such that

SoUSiUSs ={1,2,...,N,},

1Sl = Ns— K —1, |Si|=K—1, |Ss|=2.

b) SN 2F < K with

=11

{0}, iesS
Z;KE {1}, 1€ 57 1=1,2,..., N
[0,1], 1€ .5,

where Sy, S1, and Sy are disjoint sets of indices such that

SoUS1US: ={1,2,..., Ny}, [So| =1

Proof: Please see Appendix A.3.

(3.14)

(3.15)

(3.16)

(3.17)

Proposition 1 states that when the problem in (3.11) is feasible, its solution can

be expressed to include at most two non-integer elements. To utilize Proposition 1

for obtaining a solution of (3.11), we first consider the following problem in which

14



the number of selected sensors is forced to be equal to K.

N
maximize Zzl-pi
“ i=1
Ns
subject to Zzici < Cr (3.18)
i=1
N

=1

0<z<1, i=12...,N,

For this problem, Proposition 1 implies that a solution z* conforming to (3.14)
and (3.15) can be found. In particular, K — 1 or K elements of such a solution
are one, and Ny — K — 1 or Ny — K elements are zero. This characterization
is helpful for obtaining the solution of (3.18) in a low-complexity manner. An
algorithm is proposed for this purpose, which is presented as Algorithm 1. The
algorithm initially checks whether any set of sensors with K largest p;’s satisfy the
cost constraint. If no such sets exist, the algorithm searches for the two possibly
non-integer components of the solution by enumerating all (Jg) combinations of
sensor indices. For each combination, all sensor indices are partitioned into three
disjoint sets (a set for which z; = 1, another set for which z; = 0, and finally a
set for which z; € [0, 1]). Finally, it is checked whether the KKT conditions can
be satisfied for this partition.

15



Algorithm 1 Solution of Problem in (3.18), Part 1

1: obtain B, ..., By, as sets of indices of K largest p;’s.
2: if Ik e {1,...,Np} s.t. X ,cp ¢ < Cr then
3: éz == 1, 1 € Bk

4: Z; = 0, 2 ¢ By,
5: else
6: for all (1\;) combinations of sensor indices a,b do
7 if ¢, # ¢, then
8: init S, 57, S, as empty sets
9: calculate = (po — po)/(ca — )
10: calculate v = (pyCca — PaCp)/(Ca — )
11: add every sensor index s that satisfies
ps = jics + v to S
12: add every sensor index s that satisfies
Ds > pcs + v to S
13: add remaining sensor indices to S|
14: M « |S)|, N « |57|
15: if N <K <N + M then
16: let C's; consist of indices of cheapest
(K — N) sensors in 5
17: let Eg; consist of indices of most expensive
(K — N) sensors in S
18: if Zie(sgucsé) ¢; < Cp and
19: OT S Zie(SiUEsé) C; then
20: X[)<—Ogé7t:0
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Algorithm 2 Solution of Problem in (3.18), Part 2

21: while Zz’e(sguxt) ¢; < Cp and
22: t <min{K — N, M+ N — K} do
23: let m; be index of cheapest sensor in X,
let n; be index of most expensive sensor
in S5\ Xy
24: X1 = (X \ {m:}) U {n;}
25: t=t+1
26: end while
27: T=t-1
25 b = X\ {ma}
20: 250 =9\ (X7 U{nr})
30: if ¢,,, = c,, then
31: a=0
32: else s e
33: o = — ) 2
nr m

34: end if
35: zZi=1, ie STUSy

22':0, ZGS(/)USQO

22' = Q, 1= nr

2?1‘ =1- a, 1= mr
36: break
37: end if
38: end if
39: end if
40:  end for
41: end if
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Remark. If the number of sets that contain sensor indices with K largest p;’s is
large, the computational complexity of Algorithm 1 can be high. However, such a
scenario is not practical since p;’s are commonly distinct for different sensors as
they depend on system parameters and noise levels (see (3.10)). For example, h;

can represent the channel for the ith observation.

Although Algorithm 1 can be used to solve (3.18), it is not directly applicable
to the relaxed problem in (3.11). However, we argue that, with a suitable change
of parameters, a solution to (3.11) can be obtained by applying Algorithm 1 on

an equivalent problem in the form of (3.18). To this aim, we define the following

optimization problem:

maximize
z

N,
)3
1=1
N
subject to ZE@» < Cr (3.19)
z;sl
2

where

0, i=N,+1,Ny+2,...., N+ K (3.20)
A pi, =12, N,

0, i=N,+1,N,+2,....,N,+ K

with ¢; and p; being defined in (3.3) and (3.10), respectively. A solution z* of the

problem in (3.11) can be obtained from a solution z* of (3.19) as follows (please

see Appendix A.4 for details):

Z=z,i=1,2,...,N, (3.21)



It is important to note that the optimization problem in (3.19) can be solved via

Algorithm 1 as it is in the same form as that in (3.18).

The main idea behind the problem formulation in (3.19) is to introduce K
virtual observations, which induce no cost and no performance gain, in addition
to the Ny actual observations. In this way, solving the new problem with N, + K
observations by choosing exactly K sensors becomes equivalent to solving the
relaxed problem in (3.11) by choosing less or equal to K sensors. This conclusion
mainly comes from the introduction of slack variables to the problem in (3.11) as

explained in Appendix A.4.

Based on our results related to the relaxed optimization problem in (3.11), we
propose a suboptimal solution procedure for the original optimization problem in
(3.9) as follows:

Proposed Suboptimal Solution to (3.9):

1. Obtain the equivalent relaxed problem in the form of (3.19). Calculate its

solution as z* via Algorithm 1.

2. Generate a new vector z from z* by setting the K largest entries of z* to

one and other entries to zero.

3. Run the local optimization algorithm on z (Algorithm 2), and denote the

resulting selection vector as z’.

4. Obtain the proposed suboptimal solution z to (3.9) from z' by using the

relation

5=2.i=12..., N, (3.22)

It should be noted that the main aim of the second step is to modify z* in such
a way that its components satisfy the last constraint in (3.9) (i.e., the solution of
(3.9) must be a binary vector). However, setting the K largest entries of z* to one

may lead to a violation of the total cost constraint (32~ %;¢; > Cr). Therefore,
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a local optimization algorithm is applied for both generating a feasible solution
and improving the objective value achieved by feasible solutions. The local opti-
mization algorithm starts with z, which is obtained in Step 2, as described above.
If z violates the total cost constraint, the algorithm checks for a swap between
selected and unselected sensors which makes the new selection feasible. On the
other hand, if z is feasible, then the algorithm seeks to improve the objective
value again via swaps. It terminates when no swaps can improve the objective
value. Finally, the proposed suboptimal solution z is constructed from the first
N, entries of z/, which is obtained in Step 3. The pseudo-code of the local opti-
mization algorithm is provided in Algorithm 3. The terms ‘objective value of S’
or ‘cost of S’ denote the objective value or the cost corresponding to the solution

in which the selected sensors are the ones that have their indices in set S.
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Algorithm 3 Local Optimization

el e el e
el

15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

get Sl
get S
thisCost = cost of S;
if thisCost > Cr then
feasibility = 0
else
feasibility = 1
end if
thisObjVal = objective value of Sy
top:

:fori=1to K do

for j =1to Ny — K do
Si Sy Sl, S(,) — S(]
Acost = cost of jth element in Sy —

cost of ¢th element in S;
if thisCost + Acost < Cr then

exchange ith element of S with
jth element of S
newObjVal = objective value of S}
if feasibility = 0 then
S1 S;, So S(l)
feasibilty = 1
thisCost = thisCost + Acost
thisObjVal = newObjVal
goto top
else
if newObjVal > thisObjVal then
S1 Si, So — Sé)
thisCost = thisCost + Acost
thisObjVal = newObjVal
goto top.
end if
end if
end if
end for
end for

> set of selected sensors
> set of unselected sensors
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Chapter 4

Joint Sensor Selection and Design

for Binary Hypothesis Testing

In Chapter 3, the sensor selection problem is investigated under a cost constraint
in order to minimize the Bayes risk for a given binary hypothesis testing prob-
lem by considering fixed measurement noise variances for the sensors; i.e., fixed
values of o7, ,07,,,...,00 . In this chapter, we focus on the joint selection and
design of sensors by optimally determining both the number of sensors and their
measurement noise variances (i.e., costs). To that aim, let o2, denote the vector
of measurement noise variances, defined as

T
2 a2 2 2
o, = [aml,am,...,amNs . (4.1)

Since the aim is to optimize the selection vector z and o2, jointly, we extend the

sensor selection problem in (3.9) (also see (3.3) and (3.10)) as follows:
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maximize 5 2

z,02, — 0'721, + O',,Qn,
N o2
subject to 0.5 Z;ZZ log, (1 + 0727;) < Cr (4.2)

Ns
=1

% €{0,1}, i=1,2,... N,

In other words, the Bayes risk is to be minimized over both z and o2, under

the cost constraint.

Before investigating the solution of the optimization problem in (4.2), we first
consider the problem for a fixed z and present the following optimization problem

over a2 (called the measurement noise variance design problem):

(b7 (©, — 6))”

maximize 5
o, : o 402,
ZEZl (3 (3
o?
subject to 0.5 Z log, (1 + 071) < (Op (4.3)
1€ My
O'zni = 00, 1€ ZO
where sets Zy and Z; are defined as
Zo={ie{1,2,...,Ns}|z =0}, (4.4)
Zy={ie{1,2,...,Ng}|z =1}. (4.5)

The problem in (4.3) is analyzed in [2]. It is shown that since a convex function is
maximized over a convex set, the solution of (4.3) lies at the boundary. Namely,
the solution can be obtained by an iterative algorithm that can be outlined as

in Algorithm 4, where the following definitions are used for the simplicity of the
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expressions:

p; = (hi (0 — @0))2, (4.6)
T
p? = s, ] (4.7)
T
o2 £ [07211,07212, o ,UT%NJ . (4.8)

Algorithm 4 Optimal Variance Design [2]

1: get z, u? o2
2: le{ZE{l,,NS}|ZZ:1}
3: while Z; # () do

1

U,%l_ 1Z11
4 o= (220T [Licz, 7) 1
5. Smp={i€{l,...,N;}| (i € Z1) & (o2, > ap?) }
6: if Sins # 0 then
- .

i = arg min o>

JESing "
8: VAR A \ {Z}
9: else
10: break
11:  end if
12: end while \
Tn, .
13: 02, = { Moo L& i=1,2,..., N,
0, else

Algorithm 3 will be useful for obtaining the solution of the joint optimization

problem in (4.2), as discussed in the following.

Based on (3.3), the measurement noise variance of the ith sensor can be stated
in terms of its cost as 072, = o2 /(2*% —1). Then, the joint optimization problem

m;

in (4.2) can equivalently be expressed as
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N 2 (02¢;
(R
— 1 (2 1)
maximize Zj——
z,c 02 22¢i
i=1 g

subject to z'c < Cp (4.9)

N;
SesK
=1
5 e{0,1}, i=1,2..., N,
¢ >0, i=1,2,...,N,
where
Cé [Cl,CQ,...,CNS] . (410)

Remark. Setting either ¢; = 0 or z; = 0 effectively results in not selecting the

sensor with index 1 .

The solution of (4.9) is specified by the following proposition.

Proposition 2. Let B denote the set of indices corresponding to K largest values
of i oz fori=1,2,..., Ny (break ties arbitrarily). Then, a solution to the joint

optimization problem in (4.9) is (z*,c*), where the elements of z* are given by

=< . i=1,2,...,N, (4.11)
0, else

and c* is an optimizer of the problem in (4.9) when z is fized as z = z*. (Namely,

c* can be obtained via Algorithm 4 and (3.3) by setting z = z* in (4.9).)

Proof: Please see Appendix A.5.

Proposition 2 states that it is optimal to allocate all the cost budget to K
sensors with largest values of x? /o2 ratios among indices ¢ = 1,2,..., N,. In-
tuitively, these ratios can be regarded as the SNR values of the sensors; hence,
the sensors with highest SNRs are selected. It is also interesting to note that

the joint problem considered in this chapter leads to a simpler sensor selection

25



solution than the sensor selection problem considered in Chapter 3 for sensors
with fixed measurement noise variances. In addition, it is noted that the solution
of (4.2) includes cases in which measurement noise variances of some sensors are
set to infinity, which corresponds to assigning no cost to those sensors. In fact,

this is equivalent to not selecting (using) those sensors at all.
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Chapter 5

Numerical Examples

In this chapter, we provide examples for both the sensor selection problem in
Chapter 3 and the joint sensor selection and design problem in Chapter 4. All
the examples are carried out in the same simulation setting, which is described
as follows. We consider the linear system in Fig. 3.1 with Ny, = 100 potential
sensor measurements. Parameter vector © is a vector of length 20, which is
equal to ®g under hypothesis Hy and equal to ®; under hypothesis H;. The
entries of @¢ and ©, are i.i.d. with each component being uniformly distributed
in the closed interval of [0,1]. H is a system matrix of size 20 x 100 and is
considered to be known in advance for the considered problems. The entries of

the system matrix H are i.i.d. random variables that are uniformly distributed in

2

=, and

the interval [—0.1,0.1]. The entries of the system noise variance vector, o
the measurement noise variance vector, o2, also come from a uniform distribution

in the interval [0.05, 1].

In order to present statistically meaningful results, we obtain 10000 realizations
for the described random variables ®¢, ©®1, H, 02, and o2,. For each realization,
we solve the corresponding optimization problem with the described methods and
obtain the values of the objective function. We then average out the objective
values for different realizations to provide the final results. Note that for the joint

sensor selection and design problem, the realization of o2, is irrelevant since it is
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considered as an optimization variable, and determined via the solution method.

5.1 Sensor Selection for Binary Hypothesis
Testing

In this part, we consider the sensor selection problem for the described binary
hypothesis testing problem and focus on the formulation in (3.9). We investigate
the performance of the proposed suboptimal solution to (3.9) in Chapter 3. We
also present two different sensor selection strategies for comparison purposes,

which are described as follows:

e Simple Selection Strategy: In this strategy, the sensors are sorted in a
descending order according to their p; values (please see the definition in (3.10)).
Then, the top K sensors are selected. If the total cost of the selected sensors
exceeds the cost budget, the most expensive selected sensor is exchanged with
the cheapest unselected sensor. This procedure is repeated until the budget

constraint is satisfied.

e Selection with only Local Optimization: In this strategy, the cheapest
K sensors are selected and the local optimization algorithm (Algorithm 2) is

executed based on this initial selection.

In Figures 5.1 to 5.7, the proposed solution (based on relaxation and local
search), the simple selection strategy, and the selection with only local optimiza-
tion strategy are labeled as ‘Proposed’, ‘Simple’, and ‘LocalOpt’, respectively. In
addition, ‘Relaxed’ denotes the objective value achieved by the solution of the
linear optimization problem in (3.11), which is the relaxed version (3.9). Hence,
the curves labeled as ‘Relaxed’ provide performance bounds in the considered

scenarios.

In Figures 5.1 to 5.4, the performance of the considered strategies is presented

versus the normalized total cost parameter (Cr divided by the cost of cheapest
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K sensors) for 4 different values of K. For the performance metric, the objective
value in (3.9) achieved by each strategy is employed, which corresponds to d?,
with d being given by (3.8). From Figures 5.1 to 5.4, it is observed that the
performance of all the strategies improves as the total cost budget Cr and/or the
number of selected measurements, K, increase. Also, it is noted that the rate of
performance improvement decreases as Cp increases; hence, there is a diminishing
return in increasing the cost budget. In addition, it is noted that the proposed
strategy has the best performance and achieves very close performance to the
performance bound (‘Relaxed’) especially for high values of C7. The selection
with only local optimization strategy outperforms the simple selection strategy,
which has the worst performance. Although the gap between the performance
bound and the selection with only local optimization strategy is significant for
all values of the cost budget in case of low K values, it becomes quite small for

higher values of K in the region of high cost budgets.

—Relaxed
= = Proposed

1 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2
C_r / cost of cheapest K sensors

Figure 5.1: Performance of different strategies versus normalized cost, together

with the performance bound obtained from the relaxed problem in (3.11), K = 20.

29



1.4 . .

—Relaxed
= = Proposed
127 —-—-LocalOpt |
........ Slmple
1 [ |
N‘o
0.8+ 7
0.6 8
0.4r 7

1 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2
C_r / cost of cheapest K sensors

Figure 5.2: Performance of different strategies versus normalized cost, together

with the performance bound obtained from the relaxed problem in (3.11), K = 25.

1.4 . !
—Relaxed
= = Proposed
1.2 —-—-LocalOpt |

0.4r 7

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
C_r / cost of cheapest K sensors

Figure 5.3: Performance of different strategies versus normalized cost, together

with the performance bound obtained from the relaxed problem in (3.11), K = 30.
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1.4 T T
—Relaxed

= = Proposed
| |===-LocalOpt

0.4 1

1 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2
C_r / cost of cheapest K sensors

Figure 5.4: Performance of different strategies versus normalized cost, together

with the performance bound obtained from the relaxed problem in (3.11), K = 40.

In Figures 5.5 to 5.7, the performance of the strategies are plotted versus K
for two different cost budgets. Similar conclusions to those in Figures 5.1 to 5.4
are made. Namely, the proposed strategy achieves the best performance, which
is close to the upper bound. It is also noted that that as K increases, the gap
between the proposed strategy and the performance bound decreases, which is a
desirable property. A similar argument holds for the gap between the performance
bound and the selection with only local optimization strategy when C7 is equal
to 1.45 or 1.85 times the cost of the cheapest K sensors. However, when Cr is
equal to 1.05 times the cost of the cheapest K sensors, the corresponding gap

does not reduce with K.
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1.4 T T
—Relaxed

= = Proposed
1.2r ==-==LocalOpt h

Figure 5.5: Performance of different strategies versus K, together with the per-
formance bound obtained from the relaxed problem in (3.11), Cp = 1.05 times

cost of cheapest K sensors.

1.4 . !
—Relaxed
= = Proposed
127 ====LocalOpt ]

0.6F .o

0.4 q
20 22 24 26 28 30 32 34 36 38 40
K

Figure 5.6: Performance of different strategies versus K, together with the per-
formance bound obtained from the relaxed problem in (3.11), Cp = 1.45 times

cost of cheapest K sensors.
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= = Proposed
1.2r ==-==LocalOpt

0.4 1

20 22 24 26 28 30 32 34 36 38 40
K

Figure 5.7: Performance of different strategies versus K, together with the per-
formance bound obtained from the relaxed problem in (3.11), Cp = 1.85 times

cost of cheapest K sensors.
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5.2 Sensor Selection and Design for Binary Hy-
pothesis Testing

In this part, we provide numerical results for the joint sensor selection and design
problem given in (4.2). To obtain the proposed optimal solution to (4.2), we uti-
lize the approach described in Proposition 2. In addition to the proposed optimal
solution, we also present results for two suboptimal sensor selection and design

strategies for comparison purposes. These strategies are explained as follows:

e Allocate Equal Cost to Best K Sensors: In this strategy, the sensors are
sorted in a descending order according to the values of u? /o2 . Then, the top K
sensors are selected and a cost of Cr/K is allocated to each of them. Therefore,
the measurement noise variance for a selected sensor (call sensor j) becomes

02

2l n;
O, = QQCT/KJ — (5.1)

e Allocate All Cost to Best Sensor: As in the previous strategy, the
sensors are sorted in a descending order of 17/ 0',2” ratios, and the top K sensors
are selected. Then, all the cost is allocated to the sensor with the highest /0?2
ratio, and the other sensors are allocated zero cost (i.e., infinite measurement noise
variance). If the best sensor has index j, then its measurement noise variance is
given by

0.2

2 nj
Om; = 3500 —1° (5.2)

In Figures 5.8 to 5.10, the performance of the proposed strategy (labeled as
‘Optimal’) is evaluated by plotting d? against the total cost budget Cr for vari-
ous values of K. In addition, the performance of the “allocate equal cost to best
K sensors” strategy (labeled as ‘EqualCost’) and the “allocate all cost to best
sensor” strategy (labeled as ‘AllCostBest’) is presented in the same figure. It is
observed that allocating all the cost to the best sensor achieves the same perfor-
mance as the proposed optimal strategy for very small values of Cp. However,

as Cr increases its detection performance diverges significantly from the optimal

34



performance. The main reason for this is that, for very low cost budgets, the
optimal strategy assigns non-zero cost only to the best sensor. As the cost bud-
get increases, the optimal approach requires assigning non-zero costs to multiple
sensors to benefit from the diversity of sensor measurements. It is also noted from
Figures 5.8 to 5.10 that the detection performance achieved by allocating all the
cost to the best sensor quickly reaches a constant level as C'r increases since only
one sensor is utilized all the time. On the other hand, the strategy that allocates
equal costs to the best K sensors yields a close performance to the proposed opti-
mal strategy at high cost budgets; however, its performance becomes the worst at
low values of Cp. From the three plots in Figures 5.8 to 5.10, it is also noted that
as K increases, the optimal strategy offers more significant benefits with respect
to the other strategies. Moreover, the convergence of the strategy that allocates
equal costs to the best K sensors to the optimal strategy occurs at higher values
of Cr as K increases (which is related to the fact that a larger value of K leads

to the distribution of the cost budget among more sensors).

In Figures 5.11 to 5.13, the detection performance of the considered strategies
is plotted with respect to K for some fixed cost budgets; namely, Cr = 1, Cr = 5,
and Cr = 10. From the figure, it is first noted that the strategy of allocating all
the cost to the best sensor achieves a constant performance with respect to K
since it only employs one sensor. It is also observed that the performance of the
optimal strategy improves with K up to a certain value. After that value, the
optimal strategy does not allocate any positive cost to new sensors but rather
keeps the previously selected sensors. (This is possible since zero cost can be
assigned to a sensor in the problem formulation in (4.9).) In addition, the value of
K after which the optimal strategy has constant detection performance increases
as the cost budget Cr gets larger. On the other hand, the performance of the
strategy that allocates equal costs to the best K sensors first increases and then
decreases with respect to K. The increasing part occurs since allocating the
cost budget Cp to a larger set of sensors is beneficial up to some point due
to the diversity in the sensor measurements. However, after some value of K,
distributing Cr among a large number of sensors equally becomes unfavorable

since each sensor starts getting a low cost of Cr/K, which corresponds to low
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quality sensor measurements. Moreover, it is noted that the value of K after
which the performance starts degrading gets larger as the cost budget increases.
Overall, Figures 5.8 to 5.13 illustrate the advantages of the proposed optimal

strategy in various scenarios.

25 . .
— Optimal
= = EqualCost
2 +|==—=AllCostBest =

Figure 5.8: Performance of different strategies versus Cr, K = 6.

25 . .
— Optimal
= = EqualCost
2 +|==—=AllCostBest .

Figure 5.9: Performance of different strategies versus Cr, K = 15.
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—Optimal
= = EqualCost
2 +|====AllCostBest .

Figure 5.10: Performance of different strategies versus Cr, K = 25.
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1.4 -|= = EqualCost 7
—-==AllCostBest
1.2 7
1 [ -
08" ,
06+ .
04~ (-:---._--:-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_:
02} T eeeeee o __ .-
O 1 1 1 1 1
0 5 10 15 20 25 30

Figure 5.11: Performance of different strategies versus K, Cr = 1.
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Figure 5.12: Performance of different strategies versus K, Cp = 5.
1.6 \ \
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Figure 5.13: Performance of different strategies versus K, Cr = 10.

38



Chapter 6

Conclusion

We have formulated and investigated a sensor selection problem for binary hy-
pothesis testing in order to minimize the Bayes risk via sensor selection in the
presence of a constraint on the total cost of sensors. Due to the combinatorial
nature of the problem, we have first performed linear relaxation of the selection
vector and obtained a relaxed version of the original problem. For calculating
the solution of the relaxed problem, a low complexity algorithm has been devel-
oped based on some theoretical results. Then, a local search algorithm has been
used to generate a solution to the original problem. Via numerical examples,
we have showed that linear relaxation along with local optimization proves to
be a practical method to provide close-to-optimal solutions for the proposed cost
constrained sensor selection problem. We have also observed that when the cost
constraint is strict, utilizing only local optimization produces solutions that are

quite close to those obtained via linear relaxation followed by local optimization.

As an extension, we have regarded the measurement noise variances of sen-
sors as additional optimization variables, and proposed a joint sensor selection
and design problem. Based on theoretical results, a practical approach has been
proposed to obtain an optimal solution to this joint problem. Numerical exam-
ples have been presented to evaluate the proposed approaches and to provide

comparisons with other techniques.

39



Bibliography

1]

H. V. Poor, An Introduction to Signal Detection and Estimation. New York:
Springer-Verlag, 1994.

E. Laz and S. Gezici, “Centralized and decentralized detection with cost-

constrained measurements,” Signal Processing, vol. 132, pp. 8-18, 2017.

B. Dulek and S. Gezici, “Average fisher information maximisation in pres-
ence of cost-constrained measurements,” Electronics Letters, vol. 47, no. 11,
pp- 654-656, 2011.

B. Dulek and S. Gezici, “Cost minimization of measurement devices under
estimation accuracy constraints in the presence of gaussian noise,” Digital
Signal Processing, vol. 22, no. 5, pp. 828-840, 2012.

K. Liu and A. M. Sayeed, “Optimal distributed detection strategies for wire-
less sensor networks,” in Proc. 42nd Annual Allerton Conference on Com-

mun., Control and Comp, 2004.

S. Appadwedula, V. V. Veeravalli, and D. L. Jones, “Energy-efficient detec-
tion in sensor networks,” IEEE Journal on Selected Areas in Communica-
tions, vol. 23, no. 4, pp. 693-702, 2005.

A. Ribeiro and G. B. Giannakis, “Bandwidth-constrained distributed estima-
tion for wireless sensor networks-part i: Gaussian case,” IEFFE transactions

on signal processing, vol. 54, no. 3, pp. 1131-1143, 2006.

40



8]

[10]

[12]

[13]

[14]

[15]

[16]

J.-J. Xiao, S. Cui, Z.-Q. Luo, and A. J. Goldsmith, “Power scheduling of
universal decentralized estimation in sensor networks,” IEEFE Transactions
on Signal Processing, vol. 54, no. 2, pp. 413-422, 2006.

S. Cui, J.-J. Xiao, A. J. Goldsmith, Z.-Q. Luo, and H. V. Poor, “Estimation
diversity and energy efficiency in distributed sensing,” IEFE Transactions
on Signal Processing, vol. 55, no. 9, pp. 4683-4695, 2007.

J. Li and G. AlRegib, “Rate-constrained distributed estimation in wireless
sensor networks,” IEEFE Transactions on Signal Processing, vol. 55, no. 5,
pp- 1634-1643, 2007.

G. Thatte and U. Mitra, “Sensor selection and power allocation for dis-
tributed estimation in sensor networks: Beyond the star topology,” IEEFE
Transactions on Signal Processing, vol. 56, no. 7, pp. 2649-2661, 2008.

V. Gupta, T. H. Chung, B. Hassibi, and R. M. Murray, “On a stochastic
sensor selection algorithm with applications in sensor scheduling and sensor

coverage,” Automatica, vol. 42, no. 2, pp. 251-260, 2006.

S. P. Chepuri and G. Leus, “Sparsity-promoting sensor selection for non-
linear measurement models,” IEFE Transactions on Signal Processing,
vol. 63, no. 3, pp. 684-698, 2014.

L. M. Kaplan, “Global node selection for localization in a distributed sensor
network,” IEEFE Transactions on Aerospace and Electronic systems, vol. 42,
no. 1, pp. 113-135, 2006.

S. Jiang, R. Kumar, and H. E. Garcia, “Optimal sensor selection for discrete-
event systems with partial observation,” IEEE Transactions on Automatic
Control, vol. 48, no. 3, pp. 369-381, 2003.

C. Perera, A. Zaslavsky, P. Christen, M. Compton, and D. Georgakopoulos,
“Context-aware sensor search, selection and ranking model for internet of
things middleware,” in 2013 IEEE 14th international conference on mobile
data management, vol. 1, pp. 314-322, IEEE, 2013.

41



[17]

[18]

[20]

[21]

[22]

[24]

[25]

[26]

D. C. Kammer, “Sensor placement for on-orbit modal identification and

7

correlation of large space structures,” Journal of Guidance, Control, and

Dynamics, vol. 14, no. 2, pp. 251-259, 1991.

L. Yao, W. A. Sethares, and D. C. Kammer, “Sensor placement for on-orbit
modal identification via a genetic algorithm,” AIAA journal, vol. 31, no. 10,
pp. 1922-1928, 1993.

F. Zhao, J. Shin, and J. Reich, “Information-driven dynamic sensor collabo-

ration for tracking applications,” IEEFE Signal processing magazine, vol. 19,
no. 2, pp. 61-72, 2002.

F. Zhao, L. J. Guibas, and L. Guibas, Wireless sensor networks: an infor-

mation processing approach. Morgan Kaufmann, 2004.

E. Ertin, J. W. Fisher, and L. C. Potter, “Maximum mutual information
principle for dynamic sensor query problems,” in Information processing in

sensor networks, pp. 405-416, Springer, 2003.

M. Chu, H. Haussecker, and F. Zhao, “Scalable information-driven sensor
querying and routing for ad hoc heterogeneous sensor networks,” The In-
ternational Journal of High Performance Computing Applications, vol. 16,
no. 3, pp- 293-313, 2002.

D. Bajovic, B. Sinopoli, and J. Xavier, “Sensor selection for event detec-
tion in wireless sensor networks,” IEEE Transactions on Signal Processing,
vol. 59, no. 10, pp. 4938-4953, 2011.

S. Joshi and S. Boyd, “Sensor selection via convex optimization,” [EFEE

Transactions on Signal Processing, vol. 57, no. 2, pp. 451-462, 2009.

H. Wang, K. Yao, G. Pottie, and D. Estrin, “Entropy-based sensor selec-
tion heuristic for target localization,” in Proceedings of the 3rd International

Symposium on Information Processing in Sensor Networks, pp. 36-45, 2004.

V. Isler and R. Bajcsy, “The sensor selection problem for bounded uncer-
tainty sensing models,” in Proceedings of the jth international symposium

on Information processing in sensor networks, p. 20, IEEE Press, 2005.

42



[27]

28]

[30]

[31]

[32]

[33]

[34]

H. Rowaihy, S. Eswaran, M. Johnson, D. Verma, A. Bar-Noy, T. Brown,
and T. La Porta, “A survey of sensor selection schemes in wireless sensor
networks,” in Unattended Ground, Sea, and Air Sensor Technologies and
Applications IX, vol. 6562, p. 65621A, 2007.

M. Lazaro, M. Sanchez-Fernandez, and A. Artés-Rodriguez, “Optimal sensor
selection in binary heterogeneous sensor networks,” IEEE Transactions on
Signal Processing, vol. 57, no. 4, pp. 1577-1587, 2009.

Y. Oshman, “Optimal sensor selection strategy for discrete-time state esti-
mators,” IEEE Transactions on Aerospace and FElectronic Systems, vol. 30,
no. 2, pp. 307-314, 1994.

R. Debouk, S. Lafortune, and D. Teneketzis, “On an optimization problem in
sensor selection,” Discrete Fvent Dynamic Systems, vol. 12, no. 4, pp. 417—
445, 2002.

Y. Selen, H. Tullberg, and J. Kronander, “Sensor selection for cooperative
spectrum sensing,” in 2008 3rd IEEE Symposium on New Frontiers in Dy-
namic Spectrum Access Networks, pp. 1-11, IEEE, 2008.

P. Zappi, C. Lombriser, T. Stiefmeier, E. Farella, D. Roggen, L. Benini,
and G. Troster, “Activity recognition from on-body sensors: accuracy-power
trade-off by dynamic sensor selection,” in European Conference on Wireless

Sensor Networks, pp. 17-33, Springer, 2008.

T. H. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein, Introduction to
Algorithms. MIT Press, 2009.

A. Schrijver, Theory of Linear and Integer Programming. John Wiley &
Sons, 1998.

E. L. Lawler and D. E. Wood, “Branch-and-bound methods: A survey,”
Operations Research, vol. 14, no. 4, pp. 699-719, 1966.

A. Ogzcelikkale, H. M. Ozaktas, and E. Arikan, “Signal recovery with
cost-constrained measurements,” IEEE Transactions on Signal Processing,
vol. 58, no. 7, pp. 3607-3617, 2010.

43



[37] F. Bian, D. Kempe, and R. Govindan, “Utility based sensor selection,” in
Proceedings of the 5th International Conference on Information Processing
i Sensor Networks, pp. 11-18, 2006.

[38] S. Boyd and L. Vandenberghe, Conver Optimization. Cambridge University
Press, 2004.

[39] G. B. Dantzig, Linear Programming and Extensions. Princeton University
Press, 1998.

44



Appendix A

Proofs of Lemmas and

Propositions

A.1 Proof of Lemma 1

Consider the optimization problem in (3.11) in the absence of the cost constraint.
Then, it is easy to verify that z* defined in the lemma is a solution to (3.11) as
it corresponds to K largest p;’s. Since it is assumed that Cp > .. B, Cis the
cost constraint is already satisfied for z*. Hence, z* is a solution to (3.11) in the
presence of the cost constraint, as well. As the elements of z* are either zero or

one, it also becomes the solution of (3.9).

]

A.2 Proof of Lemma 2

Assume that z' is a solution to (3.11) with the objective value v/ = S0 2! pi,

where vazsl zic; < Cp. Then, 2’ satisfies one of the following conditions:
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a) ZNS =K

1=1"1

b) SV 2/ < K and

i=1 "1

SN 2tpi < Yiep, pir Vi € {12, Ni}

¢) SN 2 < K and

=11
35 € {1,2,..., Ny} such that sz\il 2= Ziij Di

Suppose (a) holds. Then, we prove by contradiction that z’ is not a solution to
(3.11). It can be shown that, for any B; with j € {1,..., Np}, there exist indices
a and b such that a € B;, b ¢ B, z, < 1, z; > 0, p, > pp, and ¢, > ¢, since
> _iep, ¢ > Cr and S 2/ = 1. (This can also be proved by contradiction, which
is not included for brevity.) Then, z” can be constructed from z' by choosing a

sufficiently small positive € as follows:

z i #a,b

/ y —
z;—€, 1=2Db

The objective value v” achieved by z” satisfies the following relation:

N Ny N,
= Z zé’pi = Z ngi + e(pa — pb) > Z zl’.pi = (A.2)
i=1 i=1 i=1

In addition, by choosing € as

Cr—SN e
O<e§min{ a Elzlz’c,l—z;,z,’)}, (A.3)
Cq — Cp
it is guaranteed that z” in (A.1) satisfies the constraints in (3.11); i.e.,

N, N,
Z zle; = Z zic; + €(cy — ¢q) < Or (A.4)
i=1 i=1
0<z'<1,i=1,...,N; (A.5)



Since z” achieves a higher objective value than z’ and also satisfies the constraints
in (3.11), it is deduced that z’ cannot be a solution to (3.11). That is, in case

: : N, -
(a), a selection vector z’ with ) ." zic; < Cp cannot be a solution.

Suppose (b) holds. Similarly to (a), we prove that a higher objective value
can be attained by constructing a feasible selection vector z”. For any B; with
Jj € {1,...,Np}, there exists an index a such that z/, < 1, p, > 0 and a € B,.

Then, consider
(A.6)

where € is sufficiently small; i.e.,

Ca

Cr — SN 2tc, e
0<e§min{ T2 B ,1—2(’1,K—E z;} (A.7)
i=1

The resulting objective value associated with z” satisfies

N,

N Ns
=Y =S el > S = (A.8)
=1 =1 =1

7" is feasible since

N, N,

2 = Z Zici +€(cy) < Cr (A.9)
i=1 i=1
N, N,
Z 2= 2i+e<K (A.10)
i=1 i=1
0<2'<1,i=1,....N,. (A.11)

Since z” achieves a higher objective value, z' is not a solution. That is, in case

N /

(b), a selection vector z" with > . z/c; < Cp cannot be a solution.

Suppose (c¢) holds. Then, z’ is a solution to (3.11). In this case, we argue
that there exists another solution z” which satisfies vazl zl'c; = Cp. To that
aim, define S £ {a : a € B;,p, > 0}. Since Zi\]:sl 2ip; = Zz‘ij pi, it implies

that 2z = 1 Vi € S. Then, using the inequality ZNS zi < K, it is inferred that

=11
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|S| < K and p; = 0 Vi € B;\S. Then, we have
ZCZ':ZCZ Z cl>C'T>chZ>ch (A.12)
i€B; ieS 1€B;\S €S

Rearranging the terms, we get
Z Ci>OT_ZCz’>O (Al?))
Evidently, we can find {w; };ep,\s such that

Z w;c; = Cp — Z @ (A.14)

1€B;\S i€S

where 0 < w; < 1,4 € B;\S. Then, we construct a new solution z” as follows:

1, eS8
’Zz{l = w; , 7 & BJ\S . (A15)
0, else

7" achieves the same objective value as z’ as shown below:

N
V' = Zz;'pi = sz‘ + Z w;ip;
i—1

i€s i€B;\S
N
:ZP¢+ Z pz‘ZZPiZZzz’»pi:v’ (A.16)
i€s i€B;\S i€B; i=1

Also, z" is feasible by (A.14) as noted in the following;:

Ns
Zzz’»'ci = ch- + Z w;c; = Cp (A.17)
i—1

i€8S 1€B;\S
N
oA =8I+ > wi<|S|+|B\S|=K (A.18)
= i€B;\S
Therefore, z” is a solution that satisfies Efv 1 z'c; = Cp. In other words, in case

(c), for any solution z’ with SV 2/¢; < Cr, there exists an alternative solution

z' with SN = Cr.

zlz

zlz
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Overall, it is shown that when Cr < ZiEB]- ¢; for all j € {1,..., N}, either

a solution must satisfy (3.13) (in cases (a) and (b)), or there exists a solution
satisfying (3.13) (in case (c)).

[

A.3 Proof of Proposition 1

Let By, Ba, ..., By, denote the sets of indices of K largest p;’s (break ties arbi-
trarily). Consider the case that there exists j such that Cp > >~ p, Ci- Then,
by Lemma 1, a solution to (3.11) can be expressed as

0, i¢B;

7 = (A.19)
1, ieB;

which conforms to the characterization in (3.14) and (3.15).

Consider the case of Cr < Ziij ¢; for all j € {1,2,...,N}. In this case,
there exists a solution z* to (3.11) that satisfies Cp = S°0° zf¢; by Lemma 2.
z* should satisfy the following Karush-Kuhn-Tucker (KKT) conditions with an

equality constraint for the total cost:

N,

d g -K<0 (A.20)

=1

Ns

> zei—Cr=0 (A.21)

=1

0<z <1 i=12...,N, (A.22)
Ns

v (Z zF— K) =0 (A.23)
i=1

A >0, i=1,2,... 2N, (A.24)
Nizi =0, 1=1,2,..., N; (A.25)
Avosilzi —1) =0, i=1,2,...,N, (A.26)
—Pi— N+ AN +pc+rv=0,1=1,2...,N; ( )
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where A1, Mg, ..., don,, p, and v are the KKT multipliers. From (A.23)—(A.27),
it is observed that if z € (0,1) we get

Ns

sz‘:K = p; = uc; +v
=1 (A.28)

N

Y H <K = pi=pe
i=1
Suppose that there exists a solution z’ to (3.11) (32N, zle; = Cr), where
SV 2 = K and z' does not satisfy the property in (3.14) and (3.15), meaning
that it has M > 2 non-integer components; i.e., z; € (0,1). In this case, we argue
that there exists another solution to (3.11) that satisfies (3.14) and (3.15). Define

sets of indices S, S} and S} as

SiE{i2=0,i=1,2,...,N,}
S1E{i2=14i=1,2,...,N,} (A.29)
SyE2{i:z=(0,1), i=1,2,..., N}

)

and let N £ |S}|. Then, we have

|Sy| = M > 2 (A.30)
Sl = Ny — M — N (A.31)
0<KN<K<N+M<N, (A.32)
» #=K-N. (A.33)

S

Also, define set Cg, as the indices of K — N elements of S4 with minimum ¢;’s
(i.e., cheapest sensors). Similarly, let Eg have the indices of K — N elements
of S5 with maximum ¢;’s (i.e., most expensive sensors), where ties are broken

arbitrarily. It is clear that

Z i < Z Zie; < Z Ci . (A.34)

i€Cgy €S} icEgy

20



Starting with the set of indices X = Cg;, let

Xipr = (X \ {me}) U {ne}

m; = argmin ¢;, ¢ € X,
i

ny = argmax ¢;, i € Sy \ X,
i

(A.35)

Note that ¢, < ¢p,. For some integer T', where 0 < 7" < min{(K — N), (M +

N — K)}, the following relation holds:

ZCiSZzgciS Z Ci-

i€eXp ’iESé 1€X 41

It is possible to find « € [0, 1) such that

Z ¢+ (1 —a)em, +acy, = Z 2ic; .

1€eXr\{mr} i€S)
In particular,
0, Cny = Cmyp
o =
Ziesé Zici_ZiexT Ci o >ec
Cnp—Cmop 5 nr mr

(A.36)

(A.37)

(A.38)

Let S, = Xr \ {mr} and S5, = S \ (X7 U {nr}), and consider selection vector

z with
( . 1 !
. 1, i€ STuUSh
ZZ: .
a, 1=nr
([l —a, 1=mr

Here, we basically split up S} into four disjoint sets as
Sy = Sy U Sy U {mr} U {nr}
Also it is noted that
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In the following, it is shown that z* in (A.39) satisfies the condition in (A.21);

i.e., the cost constraint.

N
Z Zie; = Z ¢+ acy, + (1 —a)e,, (A.42)
=1 1€S1USY,,
= Z ¢ + Z ¢+ acn, + (1 —a)em, (A.43)
i€sy i€XT\{mr}
= Z ¢+ Z zie; (A.44)
i€s] 1€S)
N
= Z Zie; (A.45)
=1
=Cp (A.46)

where (A.42) follows from (A.39), (A.43) is due to the definition of SY,, (A.44)
is based on (A.37), (A.45) follows from definitions in (A.29) and finally (A.46) is

due to Lemma 2.

To prove that z* is a solution that satisfies the property in (3.14) and achieves

the same objective value as z’, consider following equalities:

Ns
i=1

= Zpi + Z 2ip; (A.48)
i€S] ST

= Zpi + “Z zie; + VZ z; (A.49)
i€S] 1€S) i€Sy

:Zpi‘i‘ﬂ Z Ci+(1_a)cmT+ach

€S, i€Xr\{mr}

+v(K—N) (A.50)

= Zpi + Z 27 (ue; + v) (A.51)
i€S] S

“Sn Y (A5
i€S] S
N

= Z 2ip =v" (A.53)
i=1
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where (A.48) follows from the definitions in (A.29), (A.49) is due to (A.28), (A.50)
is based on (A.29) and (A.37), (A.51) follows from (A.39)-(A.41), (A.52) is due
to (A.28), and finally (A.53) is based on (A.39) and (A.40).

Based on the preceding arguments, it is proved that z* is also a solution to
(3.11). From (A.39), it is noted that z* satisfies (3.14), where

Sy = S U Sh
S = S| U Sk (A.54)

Sy = {HT, mT}

Ne ey = Cr) such that

=1

Suppose there exists a solution z’ to (3.11) (>
Zﬁvjl 2z} < K, where z' does not satisfy (3.16); i.e., z’ has M > 1 non-integer

components. We argue that there exists another solution satisfying (3.16). De-
fine sets of indices S}, S} and S} as in (A.29). Then, the following relation holds:

0< Z Zie; < Z Ci (A.55)
€S} €S}
Let Xo =0 and

Xt+1 = Xt U {nt}

A .56
n, = argmax ¢;, i € Sy \ X; ( )

7

Here, X; represents the set of indices in S} with ¢ largest ¢;’s. Hence |X;| = t.

Then, for some integer T', where 0 < T' < ine% 2], we get
Z ¢ < Z Zie; < Z G (A.57)
i€EXp iESé ’iEXT+1
It is possible to find « € [0, 1] such that
Z ¢ + acy, = Z Zie; (A.58)
1€Xr i€8S)

where

Zi ) ZiCi — Zz G
o= €% X (A.59)

Cnyp
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. / /
Since D ieqr 2iCi S D iexy G T (Ziesg zl — T) Cny, We have

(ZiEXT ¢+ (Zie% z; — T) CnT> - Zz‘eXT Ci

a <
Cny
(ZieSé %= T) Crr (A.60)
= o
= Z 2 —T
i€Sy
Let
Syn = Xr, Sy =5\ (XrU{nr}), (A.61)
split .S into four disjoint sets as
So = Soq U S5, U {nr} (A.62)

and consider the selection vector z* defined as

0, i€ SjuUsSy
=91, iesiusy . (A.63)

a, L=nrp

It is noted that z* satisfies the total number of sensors constraint as shown below:

Ns
>z =181+ [Sh| +a (A.64)
=1

<S4 [Xp| + > 2 -T (A.65)

i€Sy
=[S+ ) 2 (A.66)
i€S,
N,

= 4<K (A.67)

Here, (A.64) follows from (A.63), (A.65) is due to (A.60), (A.66) follows from
(A.56), and finally (A.67) is based on (A.29).

o4



The total cost constraint is also satisfied since

N
XS: Zie; = Z ¢ + acn, (A.68)
i=1

1€S1USY,,

= Z ¢ + Z c; + QCppr (A69)

i€s) ieXr

= Z ¢+ Z zie; (A.70)
1€8] IS

Ng
=1

where (A.68) follows from the definition of Z in (A.63), (A.69) is based in (A.29),
(A.70) is due to (A.58), and (A.71) follows from the definition of z'.

Also, z* achieves the same objective value as z’ since

N
v = ZS Zip; = Zpi - Z Zipi (A.72)
=1

S ST

= Zpi T+ Z zic; (A.73)
i€S] i€S)

= Zpi + (Z ¢+ Ozch> (A.74)
€8] 1€Xr

=Y pit > 2 (uey) (A.75)
i€S] USIA

=>"pi+ > #p (A.76)
i€S] i€Sy
Ng
i=1

where (A.72) is based on (A.29), (A.73) and (A.76) follow from (A.28), (A.74) is
due to (A.58), and (A.75) is based on (A.63) and (A.62).

Overall, it is shown that if there exists a solution to (3.11) that does not
satisfy neither a) (i.e., (3.14) and (3.15)) nor b) (i.e., (3.16) and (3.17)), then
there always exists an alternative solution which satisfies either a) or b) in the

proposition. Thus, when the relaxed problem in (3.11) is feasible, there exists a
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solution satisfying either a) or b), as claimed in the proposition.

A.4 Conversion of Inequality

(3.11) into Equality Constraint

Constraint

in

Consider the relaxed optimization problem in (3.11). A slack variable s is added

to convert the inequality constraint on the number of selected sensors into an

equality constraint as follows:

maximize

Z,S

N
subject to Zzici < Cr

=1
N,

ZZZ'—FS:K

=1

0<z<1, i=12,..., N,

s>0

(A.78)

Then, we can substitute the slack variable s with a column vector s of length K,

and obtain the following equivalent problem based on the definitions in (3.20):

N K

maximize E ziﬁi—{—g SiDN+i
z,S

=1 =1

N, K
subject to Z ZiC; + Z $iCN,+i < Cp

=1 i=1

N K
Z Zi + Z S; = K
=1 =1

(A.79)



The last constraint can simply be replaced with

0<s;<1, i=1,... K. (A.80)

Finally, letting Z = [z”, s”]”, we obtain the problem in (3.19) Hence, a solution
to (3.19) can be used to obtain a solution to (3.11) by dropping the indices that

correspond to the slack variables.

A.5 Proof of Proposition 2

To simplify notation, we denote the objective function in (4.9) as F'(z,c), that

is,
Ng 2 2,
pi (2% —1)
Flze) 2y o~ A81
(z,c) i:1z 072”2% ( )

Let (z,c) be any feasible solution to the problem in (4.9). We argue that there

exists ¢ = [}, ¢, ... ,C’NS]T such that
F(z*,c') > F (z,c) (A.82)

and (z*,c’) is feasible, where z* is as defined in (4.11). To justify this claim, we
define ¢’ in the following way: First, consider any bijection ¢ from {i |z = 1,2; =
0} to {j|z; =0,2; = 1}. Then, let

i, 2r=12z=1
C{L': Cg(i)a zle,zi:(), 7::1727"‘7]\[3' (A83)
0, else

It is noted that ¢, > 0 for i =1,2,..., N,. Also,

(Z*)TC/ _ Z ¢ + Z Cq(4) (A.84)

ic{k|zj=1, 2z, =1} ie{k| zj;=1, 2,=0}
iE{k|zZ:1,zk:1} ie{k|z;:O,zk:1}
=z'c¢c<Cr. (A.86)
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Hence, (z*,c’) is feasible. Then, we consider the objective values, F'(z*,c’) and

F (z,c), and compare them as follows:

F(Z*,C/) _ Z i (2 o — 1)

0—2 2261'
i€{k |zt =1,2,=1} i
2 2¢,05
1% (2 g(i) — 1)
- i {k| z} 0} o2 2260 (A.87)
1 zp=1,zp= z
B Z 7 (2% —1)
- o2 22¢i
ie{k|zx=1} i
3 pi (2% — 1)
2 2261'
ie{k| z;=0,2,=1} Tni
2 2¢,(5
7% (2 g(i) — 1)
i i€ {k| 2 0} 02 2% (4.88)
A zp=1,z= K
pi (2% —1)
- F(Z,C) e Z g 0_2 22Ci
ie{k|z};=0,z,=1} i
2 (92¢9(1) — 1
+ Yy b ( ) (A.89)

2 02¢c,(;
02 2%
ie{k|zj=1,2,=0} i

2 (22c9() — 1
= F(z,c) — Z Hot ( )

2 2¢Cq(5
o 2%Cq(i)
ie{k|z}=1,2,=0} Ty (i)

2 (92¢9(1) — 1
+ Y b ( ) (A.90)

2 02¢c,(;
02 2%
i€{k |z} =1,2,=0} i

2% — 1\ [ 2 My
= F(Z,C) + Z <W> (0_2. — 0_29 (Agl)

ie{k|zf=1,2,=0} Ty (4)
> F(z,c) (A.92)
By definition, :TQ > :294 fori € {k|zf =1,z =0} and g(i) = 5 € {k| 2z} =
O _ i
0,z = 1} since i € B and j ¢ B. Moreover, (22;1) > 0 for x > 0. Therefore,

each element in the summation term in (A.91) is larger than or equal to zero.

Hence, the inequality in (A.92) follows. Finally, we have
F(z*,c*) > F(z",c') > F(z,c) (A.93)

since c* is a solution of (4.3) for z*. Thus, we conclude that no feasible solution

(z,c) produces an objective value larger than (z*,c*), which makes (z*,c*) an

o8



optimal solution.
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