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ABSTRACT

DEFORMATIONS OF SOME BISET-THEORETIC
CATEGORIES

Ismail Alperen OGUT
Ph.D. in Mathematics
Advisor: Laurence John Barker
September 2020

We define the subgroup category, a category on the class of finite groups where the
morphisms are given by the subgroups of the direct products and the composition
is the star product. We also introduce some of its deformations and provide a
criteria for their semisimplicity. We show that biset category can be realized
as an invariant subcategory of the subgroup category, where the composition is
much simpler. With this correspondence, we obtain some of the deformations
of the biset category. We further our methods to the fibred biset category by
introducing the subcharacter partial category. Similarly, we also realize the fibred
biset category and some of its deformations in a category where the composition

is more easily described.

Keywords: biset functor, fibred biset functor, subgroup category, partial category,

semisimplicity, semisimple deformation .
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OZET

IKILI KUME KURAMLI BAZI KATEGORILERIN
DEFORMASYONLARI

fsmail Alperen OGUT
Matematik, Doktora
Tez Danmigmani: Laurence John Barker
Eyliil 2020

Objeleri sonlu gruplar, morfizmalar: direk ¢arpimlarin alt gruplari olan, kompo-
sizyonu ise yildiz ¢arpimi ile verilen altgrup kategorisini tanimliyoruz. Bu kate-
gorinin bazi deformasyonlarini olugturup yaribasitlikleri i¢in bir kriter veriyoruz.
Ikili kiime kategorisinin, daha basit kompozisyona sahip olan altgrup kategorisinin
bir degismez kategorisi olarak goriilebilecegini gosteriyoruz. Bu baglanti sayesinde
ikili kiime kategorisinin bazi deformasyonlarini elde ediyoruz. Ayrica, alt karak-
ter kismi kategorisini tanimlayarak yontemlerimizi lifli ikili kiime kategorisine
genigletiyoruz. Benzer sekilde, lifli ikili kiime kategorisini ve bazi deformasyon-

larini, kompozisyonu daha basit olan bir kategoride elde ediyoruz.

Anahtar sozciikler: ikili etki izleci, lifli ikili etki izleci, altgrup kategorisi, kismi

kategori, yar1 basitlilik, yari basit deformasyon.
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Chapter 1

Introduction

The Burnside ring B(G) of a finite group G is defined to be the Grothendieck ring
of isomorphism classes of finite G-sets. It has relations with some fundamental
properties of G; a result due to Dress appearing in [12] states that G is solvable
if and only if 0 and 1 are the only idempotents of B(G).

An approach towards studying the structure of B(G) involves embeddings into
a suitable ghost ring; i.e., a ring where the multiplicative relations are easier to
obtain. An example of this would be the embedding of B(G) into [y 4 Z via

the mark homomorphism.

The double Burnside group B(G, H) of two finite groups G and H is defined
to be the Grothendieck group of finite G-H-bisets; the sets with a left G action
and a right H action that commute with each other. Biset functors, brought out
by Bouc in [10], is mainly concerned with studying the biset category B, where

the double Burnside groups constitute the morphism sets.

Certain subcategories of B attracted some attention, one example is the bifree
biset category B?, which is the subcategory of B formed by allowing only the
bifree bisets as morphisms, that is, by replacing B(G, H) with B4(G, H); the
bifree double Burnside group. Although the result has independently been proven
by other authors, In [9], Boltje and Danz utilized the ghost ring theme to obtain
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the semisimplicity of B2. A striking result by Ragnarsson and Stancu in [16] is
the correspondance between the saturated fusion systems on a finite p-group P

and the idempotents of Z,) B> (P, P), where p denotes a prime.

Letting A be a multiplicatively written abelian group, a more general version
of the Burnside ring, called the monomial Burnside ring B4(G) is given by Dress
in [13]. This was achieved by equipping the G-sets with one-dimensional charac-
ters, which are called fibres. A consequence of this structural enrichment is the
possibility of realizing some representation theoretic rings, such as the Green ring
Rr(G) or the trivial source ring T(G), as subrings of BA(G) via the linearization

map.

By adopting Dress’ generalization for the Burnside ring, one can define the
fibred biset category B4, which was studied by Boltje and Coskun in [7]. It could
possibly be the playground for some of the representation theoretic categories,

such as the trivial source category T or the bifree trivial source category T2.

We are interested in simplifying the multiplicative difficulties that are present
in the biset and the fibred biset category. Similar to Boltje and Danz, we overcome
this by introducing ghost algebras. These algebras will also allow us to obtain

the deformations.

Let K be a field of characteristic zero. We shall study a family of categories
that are indexed by monoid homomorphisms ¢ : N* +— K* whose role will be to
control the coefficients that appear in the composition. These will consitute the
deformations of the subgroup category S. It is a category where the objects are
the class of finite groups and letting F, G and H be objects of S, its morphisms
are given by the subgroups of the direct products. For morphisms U < F' x
and V < G x H of §, their composition is given as U x V < F x H, which is
the subgroup consisting of elements f x h for which there exists a ¢ € GG such
that f x g € U and g x h € V. Letting K denote any collection of finite groups,
we will also focus on the full subcategories S where objects is given by K. We
will see that the subcategory Sk is not semisimple if I contains a nontrivial

group. However, we also will show that this is more or less an isolated instance



and one can recover the semisimplicity by considering an ¢ that is algebraically

independent over IC, that is, the set {{(q)} is algebraically independent over Q.

In the particular case of £ being the inclusion of natural numbers, we will see
that B can be realized as a subcategory, and one side of the Bouc’s theorem which

says, By is semisimple if and only if every G € K is cyclic, can be generalized.

We will extend our approach to the fibred biset category B4 by equipping the
morphisms of & with subcharacters to define the subcharacter partial category
S4. Similary, ¢ will determine the deformations. We will realize B4 and its defor-
mations as invariant subcategories. However, the resolution of the semisimplicity
results that are analogous to those of the subgroup category remains for future

studies.
The thesis is organized as follows;

In Chapter 3, we define the subgroup category and obtain the deformations of
the biset category.

In Chapter 4, we adopt the theme initiated in the previous chapter to the
fibred biset category.

We finish by a chapter on the semisimplicity of the deformations of the biset
category, we prove that the subgroup category is semisimple if ¢ is algebraically
independent and we will also show that, in the case where every element in K is
cyclic, the semisimplicity holds for the certain deformations of the biset category

that are not algebracally independent.

Let us note that Chapters 3 and 5 are based on [4] whereas Chapter 4 closely
follows the paper [5].



Chapter 2

Preliminaries

2.1 Subgroup structure of the direct and star
products of groups
Let F,G and H be groups and U < F' x GG and V < G x H two subgroups. One
can obtain the following subgroups of G and H by using the structure of U:
"Left projection of U":p1(U) ={f € F': f x g € Uforsomeg € G},
"Right projection of U":po(U) ={g € G : f x g € Uforsome f € F'},
"Left kernel of U": k1 (U) ={f € F: f x 1€ U},
"Right kernel of U": ky(U) = {9 € G:1x ge U}.
It is clear that ki (U) < pi(U), ko(U) < po(U) and ki (U) x ko (U) < U.
Moreover, we have

nU) o, U ~, p2(U)
k(U)  k(U) x ky(U) — ka(U)

where the isomorphisms are given by the canonical projections onto the first and

the second coordinates. With this observation, we can make one more definition



about U:

n n. _ pl(U) ~ U p2<U)
Thorax of U":q(U) = ) - ) <) kal)

I

Goursat’s Theorem provides a way to classify the subgroups of a direct product

by the five subgroups given above. We omit the straightforward proof.

Theorem 2.1.1 (Goursat). Let F' and G be two groups. Then there is a
bijective correspondence between the subgroups U < F x G and the quin-
tuples (P, Ky, K, Ko, Py) such that K1 < P, < F, Ko < P, < G and
k : PI/Ky « Py/Ks is an isomorphism. The correspondance is such that
U<+ (m(U), k1(U), ky, k2(U), p2(U)) where ki (U) = ky(yka(U)) for x x y € U.

From now on, whenever we need to indicate more details about a subgroup of
a direct product, we will use the notation U = A(py(U), k1 (U), ku, k2(U), p2(U))
and for a group G we also set A(G) = A(G,1,id, 1,G) where id denotes the

identity homomorphism on G.

Before we define an operation between subgroups of direct products, let us
recall a fundamental lemma which will allow us to understand their structure

more thoroughly. Proofs of the next two lemmas are easy.
Lemma 2.1.2 (Zassenhaus’ Butterfly Lemma). Given groups
ko(U) <p2(U) <G > pi(V) B ki (V)

we have

(P2(U) 0 p1 (V) o (U) p2(U) N (V) ~ (2(U) i (V)R (V)
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(p2(U) Nkt (V))ka(U)  (p2(U) N R (V) (R2(U) Npa(V))  (ka(U) Npr (V) kr (V')

We let the star product of U and V, denoted U * V, to be the subgroup
W < FxH,where W ={fxh:fep(U),he€p(V)st.f xgeUgxhce€
V forsome g € G}. A quick application of the butterfly lemma yields;

Lemma 2.1.3. ZW) & PalU) (V) ~ P2V)
Fi(W)  (p2(U) N R (V) (R2(U) Np2(V)) - Ra(W)




Given any group X, we let [X] to denote its isomorphism class. We say X is
a factor group of a group Y when X is isomorphic to a quotient of a subgroup of
Y, in which case we write [X] < [Y].

Next proposition follows directly from Lemma 2.1.3.

Proposition 2.1.4. Letting U,V be as before and W = U % V', we have [q(U)] >
[g(W)] < [g(V)]

Proposition 2.1.5. For every W < F x H, there exists U < F x q(W),V <
q(W) x H such that W <U %V

Proof. PickU = A(p1(W), ki(W), ¢,1,q(W)) and V = A(q(W), 1,9, ka(W), p2(W))
where ¢ and v are the isomorphisms such that oy = Ky . O

2.2 Bisets and fibred permutation sets

2.2.1 Bisets

For a more detailed discussion, see Section 2 of [11].

Letting F, G and H be finite groups, we define an F-G-biset X to be a set

with left F' action and a right GG action such that the actions commute.

Letting Y be a G-H-biset, the product X x5 Y of bisets X and Y is defined
to be the set of G-orbits of the cartesian product X x Y with the G-action given
by

g-(zxy)=xz9"" % gy.

The product becomes an F'-H-biset via the actions

flx xgy)h = (fr) xXa (yh).



Let G°? denote the group obtained by reversing the group operation of G, that
is f -op g = gh for the elements f and g from the underlying set of G. We can
see an F' — G-biset X as an F' x G°P-set. So the transitive bisets are of the form
(F' x G)/U, for some U, < F' x . One can decompose X into transitive bisets,
that is;

xX= || Fxao)/u

2€[F\X/C]
where = runs over the representatives of F-G-orbits on X and U, denotes the

stabilizer of z in F' x (.

We let [%] to denote the isomorphism class of the transitive F'-G-biset with

point stabilizer U.
The product of isomorphism classes of two bisets can be given more explicitly
in the transitive case by the following statement, which is Lemma 2.3.24 in [11].

Lemma 2.2.1 (Mackey product formula ). Let F,G and H be finite groups and
letU<FxGandV <G x H. Then

LT ]

p2(U)gp1(V)CG

where g 1s running over the double coset representatives.

The Burnside group of G, denoted with B(G), is the Grothendieck group of
the isomorphism classes of finite G-sets where for G-sets X and Y, we can define

addition on their isomorphism classes as their disjoint union, that is,

[X]+[Y] = [XUY].

Similarly, we can make B(G) into a commutative ring by defining their multi-

plication as
[X]-[Y]=[X xY].

We will use B(F,G) to denote the Burnside group B(H x G°P), which cor-
responds to the Grothendieck group of isomorphism classes of finite F-G-bisets

and is usually called the double Burnside group.
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In the case F' = G, one can define the double Burnside ring B(G, G) with the

product X given above.

We finish this section by giving a descriptive picture for the double Burnside
group B(F,G).

Remark 2.2.2. As an abelian group,

BF.G)= B Z{F[X]G].

UepxagFxG

where U runs over the representatives of the conjugacy classes of subgroups of
Fx@.

2.2.2 Fibred permutation sets

Monomial Burnside rings were introduced by Dress in [13]. We will provide a
brief coverage that is concerned mainly with subcharacters. We refer the reader

to [2| for further details.

Let A be a multiplicatively written abelian group and G be a finite group. Let
AG denote the set AxG = {(a,g),a € A,g € G}. An A-free AG-set with finitely
many A-orbits is called an A-fibred G-set. We call A-orbits fibres.

Let AX be an A-fibred G-set where X is a set of representatives of fibres.
Letting A \ AX denote the set of fibres of AX, we say that AX is transitive as
an AG-set if and only if A\ AX is transitive as a G-set.

A group homomorphism p : A < G is called an A-character of G. Given
V < G and an A-character v of V| we call the pair (V,v) an A-subcharacter.

The group G acts on A-subcharacters via conjugation, that is 9(V,v) = (9V, 9v)
and v (%) = v(v) for all v € V.

Let A,G/V denote a transitive A-fibred G-set such that V' is the stabilizer of
a fibre Az and ve = v(v)x for all v € V.

9



Remark 2.2.3. Given A subcharacters (V,v) and (W, w) then A,V/V is isomor-
phic to A,G/W if and only if (V,v) is G-conjugate to (W,w). Moreover, every
transitive A-fibred G-set is of the form A,G/V.

Now suppose S = AX and T = AY are both A-fibred G-sets. The addition
on their isomorphism classes is defined by their disjoint union, that is,
[S]+[T]=[SUT]
The multiplication is defined as [S] - [T] = [S x T] where
SxT={sxt:s€8,tcT,sxt=(as,a 't),ac A}

that is, S x T is generated by the A-orbits. This construction makes S xT" an A-
fibred G-set. The monomial Burnside ring is defined to be the Grothendieck ring
Ba(G) generated by the isomorphism classes of A-fibred G-sets with operations;
[AX] + [AY] = [AXUAY] = [A(XUY)| and [AX] - [AY] = [AX x AY]| =
[AXY].

Remark 2.2.4. As an abelian group,

Ba(G) = P 2Z[AG/V]
V]

where [V, v] runs over the representatives of conjugacy classes of A-subcharacters.

A version of the two sided constructions that were introduced for B(G) can
be defined similarly, that is we let BA(F,G) = BA(F x G). The isomorphism
class of an A-fibred F' x G-biset where the stabilizer of an A-orbit is (U, ) will
be denoted with [%] .

2.3 Projective modules and the structure of finite

dimensional algebras

In this section, we will briefly cover the structure of finitely generated algebras,

focusing mainly on the non-semisimple case. The content is well known, more
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elaborate discussions can be found in Chapter 3 of [1| or Chapter 7 of [18]. We
shall omit all the proofs.

Throughout this section, unless we state otherwise, we will let A be a unital

finite-dimensional algebra over an algebraically closed field k of characteristic p.

There is a strong connection between the structure of the regular A-module
and the category of A-modules. When A is semisimple, this connection yields
the famous Artin-Wedderburn Theorem, which decomposes A into direct sum of

matrix algebras over division algebras over k.

In the case where A is not semisimple, the relation, though not as explicit,
still survives. Plainly, A still decomposes as a direct sum, but of indecomposable
modules, which are, in this case, not necessarily simple. We are going to see that
this decomposition can be associated with the simple A-module via projective

indecomposable summands.

For an A-module P, let J(P) denote the Jacobson radical of P. The following
important property of projective modules gives us some insight on their relation

with simple A-modules:

Proposition 2.3.1. Let P be a projective A-module. Then J(P) is the unique
mazximal ideal of P, hence P/J(P) is simple and each simple A-module arises in

this way.

It is possible to provide the relation given above in a more explicit way by

making use of idempotents that appear in the following decomposition:

Proposition 2.3.2. Let A be a ring. There is a bijection between the decom-
positions 4A = A1 @ --- @ A, of the regular module into submodules and the
decomposition 1 = e; + - - - + e, of the identity into orthogonal idempotents given

by A; = Ae;. Moreover, A; is indecomposable if and only if e; is primitive.

The next theorem is an explicit description of the simple A-modules and their

projective covers:

11



Theorem 2.3.3. Up to isomorphism, there is a bijection between the simple A-
modules S and the projective indecomposable modules Ps given by Ps/J(Ps) = S.
Moreover, Ps is the projective cover of S if and only if Ps = Ae and eS # 0 for
a primitive idempotent e that annihilates any simple A-module T that is not

isomorphic to S.

Assembling everything together, we obtain this final description for A:

Theorem 2.3.4. Fach Ps is isomorphic to a summand of 4A. More explicitly,
2A = P(Ps)s
5

is a decomposition of the reqular A-module into projective indecomposable A-

modules where ng is the multiplicity of S in A/ J(A) .

2.4 Posets and mobius inversion

Posets will play an important role in the semisimplicity results that we will obtain
in the upcoming sections. We are going to provide an account on them that is
more or less self contained. The reader can use [17] for more details on the

subject.

We call a set P a partially ordered set, or poset in short, if there exists a

binary relation <p which satisfies,

o Forallx € P, x <p =z,
o For x,y,z € P,if x <p y and y <p = then x =y,

o For x,y,z € P,if x <p yand y <p z then z <p 2.

We will drop the subscript of <p when no confusion can arise.
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Given two posets P and Q, a function p : Q < P is called a poset map if p
is order preserving, that is, given z,y € P, if x <y, then p(x) < p(y).

We sometimes will restrict our attention to subsets P’ of P, which naturally

will inherit the poset structure, so we call P’ a subposet of P.

Some natural subposets to consider are the ones that are defined by considering

intervals such as,

o [2,z] ={y€P:2 <y <z} aclosed interval

o (,2)={y € P:x <y< z}, an open interval.

A subposet P’ of P is called convex if for every z,z € P’, the interval [z, z]

is contained in P’.

The lowerset of x in P, denoted with <, (z) is defined as the set {y € P :
y <z}

We call a nonempty subset I C P an ideal of P if for every x € I, the lower
set <, () is contained in I and for every pair of elements z,y € I , there exists

an element z € I, such that, z,y €<, (2).

Now let us focus on locally finite posets; the posets where every interval consists
of finitely many elements. The main tool we use to understand a locally finite
poset will be the Mobius function mobp : Z < P x P, which is defined by the

relations

e mobp(z,x) =1 for all x € P,

® > cy<.mObp(z,2) =0 forall z < zin P.

We call an ideal I principal order ideal if it has the form I =, (z) for some
zeP.

13



The following is 3.7.1 in [17].

Proposition 2.4.1. Let P be a poset in which every principal order ideal is finite.
Let A be a multiplicatively written abelian group and o,7 : A < P two functions.

Then the following are equivalent:

o o(x)=>,.,7() forallz €P

o 7(x) =3 ,,0(y)méb(y,z) for allx € P.

We call o the sum function of 7 and 7 the totient function of o.

A subposet C C P, where every pair of elements is comparable, that is, if

x,y € C, then z <y or y < z, is called a chain.

Now suppose that P satisfies the assumption of 2.4.1. The height of an
element = € P is defined to be the height of <p (z), the maximum cardinality of

the chains C contained in the lower set of .

Given two posets P and Q, their direct product P x Q is a poset with relation
(p,q) <pxo (P, ¢') if and only if p <p p" and ¢ <o ¢'.

The next result is 3.8.2 in [17].

Proposition 2.4.2. Let P and Q be two posets with the property that every
interval |a,b] has finitely many elements. If (p,q) <pxo (P',q'), then

mébp.o((p, q), (P, ¢')) = mdbp(p, p')mdbe(q, ¢').

A poset map p : P < P is called a retraction if for all u € P we have
p*(u) = p(u) < u. We end this section with a result that provides a way to refine

the poset maps via retractions, it is Lemma 4.1 from [9].

Lemma 2.4.3 (Boltje-Danz). Let P be a poset in which every principal order
tdeal is finite and A be an abelian group. Let o : A < P be a map such that, for
allu € P, we have, o(u) = o(p(u)). Let o’ be a map on P" where p(P) = P’ such

14



that o' = o on P', 7 and 7' the totient functions of o and o’. Then T vanishes

for allv e P — P and 7(v) = 7'(v) for allv € P'.

Proof. Let v e P — P’ let v/ = p(v), so v < wv. Then we have

0=0(v)~o(p(v) =o(v) —o() = 3 7(0) = 3 () =7(w)+ 3 T(w).

u<pv r<pv’ w<v,wLv!
Since p is a poset map and w < v, we have p(w) < p(v) =, so p(w) # w which
implies w ¢ P’, because otherwise for some ¢t € P, p(t) = w, p(p(t)) = p(w) so
w = p(w). Suppose that 7(s) = 0 for every s which has lower height than wv.
Then, > ., 4 7(s) = 0, so by induction on the height of v, we obtain 7(v) = 0.
Now let v € P’, refining the index of )

w<v,wLv’ T(w) we get

o) =7)+ Y tw)= > 1w)=0'@) =7+ Y 7w

W< prv w<prv W< prv
Similar to above, supposing that 7(s) = 7/(s) for every s which has lower height
than v, we get Zs<7;./v T(s) = Zw<7ﬂ 7'(w) so by induction on the height of v we
obtain 7(v) = 7'(v). O

2.5 Local semisimplicity and corner subalgebras

In order to be able to exploit the structural properties we have previously pre-
sented for finite-dimensional algebras in the infinite-dimensional case, we are go-

ing to introduce the concept of local semisimplicity.

Let A be a ring and B be a subring of A. We call B a corner subring if it sat-
isfies BAB < B. We call a ring monomorphism v : A < C' a corner embedding
if v(C) is a corner subring of A. We call A locally unital if every finite subset

of A is contained in a subring of the form eAe where e is an idempotent of A.

The following proposition follows from the Theorem 6.2¢g in [14] .

Proposition 2.5.1 (Green). Let B be a corner subring of a locally unital ring A.

Then B is locally unital. Moreover, there is a bijective correspondence between
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the isomorphism classes of the simple A-modules [S] satisfying BS # 0 and the
simple B-modules [T, determined by the condition T = BS.

We call A locally semisimple if A is locally unital and eAe is semisimple for

every idempotent e of A.

Now let K be an algebraically closed field of characteristic zero. Let us briefly
provide a way to see a K-linear category as an algebra over K. Let C be a small
category and KC denote its K-linearization. Then the algebra C,), associated with
KC is the algebra with elements B, 4EObi(C) C(x,y) that inherits its multiplication
from the composition defined on the morphisms of KC. Furthermore, in the case
where we are dealing with two incompatible morphisms, for example when the

codomain and the domain do not match, the product is defined to be zero.

The next remark will allow some structural properties of the finite dimensional

algebras to be realized by some particular infinite dimensional algebras.

Remark 2.5.2. Let C be a small K-linear category. Let O be a set formed by
some of the objects of C and let Cp denote the full subcategory of C on O. Then

the following are equivalent:

e ( is locally semisimple,
e Every full subcategory of C is locally semisimple,

e Cp is semisimple for every finite set O of objects of C.
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Chapter 3

Deformations of the biset category

3.1 The subgroup category

We define the subgroup category to be the category & where the objects are
finite groups. For two finite groups R and S, the S-morphisms R < S are the
subgroups of R x S. If R, S and T are finite groups, U < Rx Sand V < S x T

are subgroups, then their composition is given by their star product U x V.

Let K be any nonempty set of finite groups and let Sx denote the full subcat-
egory of S on K.

In order to consider the deformations of the subgroup category, letting K to
be a field of characteristic zero, we will be using a monoid homomorphism ¢ from
N* to the unit group K*, which, in some cases will be taken as algebraically
independent with respect to K, that is, the set {{(q)} where ¢ runs over the
prime divisors of the orders of the groups that are contained in K does not satisfy
any nontrivial polynomial equation with coefficients from the minimal subfield Q
of K.

Consider elements F, G, H, I € K and subgroups U < F'x G,V < Gx H W <
H x I. For ease of notation, set ¢(F) = {(|F|) for any F' € K.

17



We define an associative algebra whose composition *, is given as
Usxe V=0UV)UxV
where
o(U, V) =l(ka(U) Ny (V).
For associativity we need

(U V)xo W =0(UV)UxV)x, W
=o(UV)o(UxV, W)U %V « W

to be equal to

=Usx, (Vx, W)=Ux, ac(V,W)(V W)
=o(U,V«W)o(V,W)U %V % W.

That equality holds by the following relation, which is Proposition 3.5 from [9].

Proposition 3.1.1 (Boltje-Danz). o(U,V)o(U x V,W) = o(U,V « W)a(V,W).

Proof. Let A be the collection of paths one can take to obtain the element 1 x 1
in the x-product U x V x W, that is,

A={gxh:1xgeUgxheV,hx1leW}
The projections and kernels of A can be expressed as
pi(A) = ko (U) Nk (VW) ki (A) = ko (U) Nk (V),
p2(A) = k(U x W) N Ey (W) ka(A) = ko (V) N k1 (W),

Since q(A) = Zigﬁ; =~ Zigﬁ;, we get

ko (U) N ki (V5 W) k(U % W) 0 k(W)
() Nk (V) ka(V) Nk (W)

giving us the equality
|ko(U) Nk (V)| - |k2(U s« W) Nk (W)| = |k2(U) Nk (V x W) - ko (V) 0 k(W)
O

18



The twisted category algebra, Ax = K,Sk, is defined to be the algebra over
K with a basis consisting of formal elements sg’G where U < F x G, with its

multiplication *, given by

F.G GH _ F.H
sy ke sy = o(U,V)sihy-

feXe!

The identity element on GG, denoted with idg’c, is s )

Let us note that we can extend the above construction to the subgroup cat-
egory. When we do so, we will drop the subscripts and let A = K,S. Given a

Aj-module M, its evaluation at G, expressed as M (G), is given as idg’C.M

We call the K-basis {s;/“ : F,G € K,U € Sk(F,G)} the square basis. CGiven
G € K, we let End,(G) denote the subalgebra of Ax generated by the elements
{s5% .U <G xG}.

The main tool that we use when investigating the structure of Ax will be the
concept of seeds. We define an S-seed for K to be the pair (E, W) where E is
a factor group of an element of K, and W is a simple KAut(E)-module. The
equivalence of two seeds (E, W) and (E’,W’) is determined by the existence of
a group homomorphism 6 : E < E’ such that W 2 Iso’(W’) where Iso’(W') =
Ind’(W’) = Res’” (W) and Ind’ and Res’ ' denotes the induction and restriction

of modules via 6.

The following is a classification of simple Ax-modules by seeds, but with a

relatively strong assumption:

Theorem 3.1.2. Assume K owns an isomorphic copy of every factor group of
every element. Every S-seed for K can be realized with a group in IC, that is, for
each K-seed, there exists an equivalent S-seed (E, W) with E € K. Moreover,
there is a bijective correspondence between the isomorphism classes [S] of sim-
ple Axc-modules and the equivalence classes [E,W| of S-seeds for K which can
be expreessed with the condition that [E] is minimal with respect to the partial
ordering on factor groups such that S(E) # 0 and W = Res"®(S(FE)) where
e Endy(F) < KAut(E) is the algebra monomorphism induced by extending
the map si’(g) « 0 K-linearly for 0 € Aut(F).
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Proof. The first statement follows from the fact that given any seed (E',W’),
by the closure assumption on C, one can work with the equivalent seed (E, W)
where E € K. The rest of the statement follows from Theorem 2.4 of 6], because
by Proposition 2.1.5, every morphism F' < G factorizes through a group 7" € K
such that [F] > [T] < [G]. O

The next lemma tells us precisely when a simple module vanishes:

Lemma 3.1.3. Let K satisfy the assumption of the Theorem 3.1.2. Also let [S]
and [E, W] be the correspondents of each other in the sense of the same theorem.
Then S(G) # 0 if and only if [E] < [G].

Proof. If S(G) # 0, then, by the minimality of [E], we must have [E] < [G].
So suppose that there exists an isomorphism ¢ : £ < B/Y where Y < B < G.
Also, let us work with the equivalent seed where representative E is included
in K. Let = be a nonzero element from S(F). Let I = A(F,1,¢,Y,B) and
J=A(B,Y,¢ ', 1, FE) Then

sPOSSEr = o(I, )t e = E(Y)si’(g)x =UY)x #0.

Hence S(G) # 0 because 55"z € S(Q). O

Our next aim is to generalize Theorem 3.1.2. Let I be any collection of finite
groups and let X' O IC be a collection which satisfies the closure hypothesis of the
Theorem 3.1.2. In that case, given S-seed (E, W) for I, there is a corresponding
simple Ax/-module S’. By Proposition 2.5.1 and Lemma 3.1.3, AxS’ is a simple
module for Ag. For us to be able to work with this module we are going to need

the following lemma on the independence of the choice K'.

Lemma 3.1.4. Let K, K’ and S’ be as above. Then the simple module NS’ is
independent of the choice of collection K'.

Proof. Suppose K" is another such collection, let £ = K’ U K”. Let S” and S"”
be the simple Axr and Ag» modules corresponding to the seed (E,WW). Then
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S" = ArS" and S” = AxnS”. Repeated use of Proposition 2.5.1 gives

AICS/ g AICAIC’ Sl/l g A]CS,” g AICAIC” S/l/ g AICS”

Now we are ready to generalize the Theorem 3.1.2:

Theorem 3.1.5. Let KC be any collection of finite groups. Then [S] <> [E, W]
characterizes a bijective correspondence between the isomorphism classes [S] of

simple Axc-modules and the equivalence classes [E, W]of S-seeds for K.

Proof. Letting K" O K be as above, the simple Ag-module S’ corresponding
to the seed (E,W) yields to the simple Ax-module AxS’. To finish the proof,
observe that every simple Ag-module is realized this way by Proposition 2.5.1

and there is a bijective correspondence with the simple Ax-modules. O

Next, we will provide a way to describe simple Ax-modules more explicitly.
Let G € K, Y <B < G and ¢ : E < B/Y be an isomorphism. We let i, :
Enda, (G) < KAut(E) to be the algebra monomorphism that satisfies

-1 G,G
pe(e) = L(Y) 15A(B,Y,¢—1e¢,Y,B)

for e € Aut(E).

Theorem 3.1.6. Let K be any collection of finite groups and let S be the simple
Axc-module with seed (E,W'). Then the following determine S':

e Forany G € K,S(G) # 0 if and only if [E] < [G].

o Given an idempotent k of KAut(E), then ps(k)S(G) # 0 if and only if
KW £ 0.

o [E] is minimal such that given an S-seed (E',W') satisfying the above con-
ditions, then [E] < [E'].
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Proof. Lemma 3.1.3 allows us to assume that F € K, whence first and the
last conditions follow. So we prove the second condition. Recall that W =
Res"®(S(F)). Therefore kW # 0 if and only if ug(k)S(E) # 0. Now suppose
that kW # 0. Let [ = A(E,1,¢,Y,B), J = A(B,Y,¢" 1,1, E) and € € Aut(E).
Then

_ EE _ _EG.GG ce 1 ke cr 1
ME(E)—SA(E)—SI SA(B,Y,¢~1edY,B)SJ m_sl 1o (€)s m

Since k is a K-linear combination of such €’s, the equality holds for k£ as well. Thus
579 1s(e)s5FS(E) # 0, which implies f14(e)s5FS(E) # 0, so we get, 115(€)S(G) #
0.

For the other direction suppose that i4(k)S(G) # 0, hence s§% up(k)siS(G) #
0, which implies ug(k)S(F) # 0. Therefore kW # 0. O

3.2 S-endomorphisms of cyclic groups of prime or-

der

When G = C, and A = {(q) where ¢ is a prime, the complexity of End,(G) is
just enough so that it is relatively easy to investigate its structure, at the same

time, it is nontrivial enough for us to obtain important consequences.

Our analysis in this section will enable us to decide the semisimplicity of Ax

when KC contains a cyclic group of prime order.

Let us present the statement which encapsulates our calculations regarding
End,(G):

Proposition 3.2.1. Ends(G) is not semisimple when A =1 and G = C,.

Proof. The basis elements of Ends(G) can be given as
_ GG _ GG _ GG _ GG _ .G
50 = Six15 801 = Sixgy 510 = Sgx1y S11 = Sgxagy Sd = Sa()
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where the diagonal subgroup A(d) = {(¢% g) : ¢ € G)} is determined by the

automorphisms of G where the image of g is given by ¢¢ for d € (Z/q)*. For ease

of tracking, let us introduce a multiplication table for the basis elements:

*¢ | So | So1 | S10 S11 Sd
So | So | So1 S0 So1 S0
So1 | So | So1 | ASo | ASo1 | Sio
S$10 | S10 | S11 | S10 S11 S0
511 | S10 | S11 | AS10 | As11 | S1o
Sd | So | So1 S0 So01

Now let r = Asg — sg1 — S109 + S11, then

Sor = ASg — So1 — So + So1

So1T" = )\80 — So1 — )\80 + )\801

5107 = ASg — 511 — S10 + 511

S11r = )\810 — S11 — )\810 + )\811

Sqr = )\SQ — So1 — So + So1
TSo :)\80—80—810‘1'810

TS01 = ASo1 — So1 — S11 + S11

rS19 = )\SO — /\S(] — S10 + )\810

rs11 = )\801 — )\501 — 511 + )\811

rSq = /\S() — 810 — Sg + S10-

Letting A\ = 1, we see that all of the equations above vanish, which makes

Kr an ideal and r* = 0. So Kr is nil, Hence Kr C J(Ends(G)).

follows.
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3.3 Deformations of the biset category

In this section, we will construct the deformations of the biset category.

The biset category B, introduced by Serge Bouc, is defined to be the category

where
e the objects are finite groups,

e the morphism set for finite groups F' and G is B(F,G) and the composition
operation for u € B(F,G) and v € B(G, H) is the element uov € B(F,G) where

UOV=1uXpg.

One can extend the coefficients and work with the K-linear biset category
KB objects of which are again the finite groups, the morphisms are however the
K-linear extension K ®z B(F,G) and the composition is the K-linear extension
of composition of B. KB is actually a K-linear category since the morphism sets

are K-modules and the composition is K-bilinear.

Now we will introduce the K-linear category K,B, which will constitute the
deformations of KB . The objects of K, B are finite groups and the morphism
sets K,B(F, G) are the K-modules generated by the set {diy® : U €pra S(F,G)}

and the composition is given by the formula

FGGH Cko(U) NIk (V) g
W= D O Aeev)] o (31)

p2(U)gp1(V)CG
The following two lemmas will give the well definedness of the right hand side of

the equation above.

Lemma 3.3.1. Right hand side of the FEquation 3.1 is independent of the coset

representatives.

Proof. Suppose § = t1gt;* with (u,t;) € U, (ta,v) € V. Then
o) (7 % @D ) = WD 5 00 = (b 4 (tlgtglvl)((t27U)V)
= U % ez Dy,
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This means the #-product still correspond to the same basis element upon the
changing of the coset representatives. To finish the proof, we compare the coeffi-

cient |k (U) N 19 ke (V)| with |ko(U) N 9%, (V)]. We have

ko (U) N9k (V)] = [Tha(U) 059 (ky (V)]
= "k (U) 192" (2 (V)] = [k (U) N 1292 Ky (V)]

because "ko(U) = ko (U), 2k (V) = Ky (V). -

Lemma 3.3.2. The right-hand side of the Equation 3.1 remain unchanged if one

replaces U and V' with their conjugates.

Proof. To show the independence on the conjugates, letting =,y € G, it is enough
to check whether the s-products of U x @DV and 2] « @9y~ D@DV and the co-
efficients of the basis elements corresponding to them are equal. Previous lemma
lets us work with the coset represented by § = xgy~'. If we take (m,n) € Ux@DV
and let ¢ be such that (m,t) € U, (t,n) € @YV then (m,*t) € 1*)U and since
(g™ D) (DY) = @oDY | we also get (“t,n) € @ov D@DV g0 U x @Dy =02)

U« @oy™ DDy Independence when conjugating on the other coordinates are

clear since [%} and [fﬁéf} represent the same isomorphism class. The inde-
pendence of the coefficient |ko(U) N9(k1 (V)| follows from the fact that the two
sets {ko(U) N9 (ky(V)} and {4®ky(U) N *9ky (V) } are equal, which can be seen

by rewriting the proof above for the situation (m,n) = (1,1) . O

If associativity holds, then K,B becomes a K-linear category with identity
morphism dg’(%), and in the case £(n) = n for every n € N*, K, B corresponds to

KB via identifying dj;” with [£€].

As the next step, we will realize K,B as an invariant category of K,S(F,G),

similar to the theme of Theorem 4.7 in [8].
There is a K(F' x G)-module structure on K,S(F, G) given by the action

fxg FG _ FG
SU = SfXgU.
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Let og(g) = Sg’(%,g,c) where A(G,g,G) = {9 x b : b € G}. Then the module

action can also be given by

9y = op(fzog(g™).
Since K is of characteristic zero, KG is semisimple, the principal block of KG
is eq = ) geq 7oy Let

1
—F.G F.G FG
Sy = O'F(GF)SU O'(;(QG) = —|F| : | | E Sfng'
fEF,geG

Let K,S be the category whose objects are finite groups and the morphisms
F + G are given by the F' x G-fixed submodule

K,S(F,G) = (K, S(F,G)"“= P K5,
UerxgS(F,G)

The identity morphism on G is the element og(eq) = Eg’((é). In order to confirm

the identification K,B <> K,S, we will need the following statement which is
Lemma 4.2 in [9)].

Lemma 3.3.3. With the notation above,

UL V] = [p2(U)pr (V)] - [R2(U) O R (V)] - [U 5 V.

Proof. Let (U, V) = {f x gx h: fxgeUgxhe&V}. Given an element
fxgxhel(UV), ffe F,iWw € H then f' x g x b’ € T'(U,V) if and only if
ffix1xhh 1t el(UV), thatis f'f~! € ky(U) and 'h™! € ky(V'). Therefore

U V)| = [p2(U) N pr (V)] - [ (U)] - [k2 (V)]

because
poU) (i (V) = {92 3/ bt f x g x h € T(U, V).
Similarly, given ¢’ € G then f x ¢ x h € T'(U,V) if and only if 1 x ¢'g7' x 1 €
(U, V), that is, ¢’g7" € ko(U) Nky (V) and we get
DU V)| = [k (U) 0k (V)] - U V]
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since
UxV={fxh:3geGst. fxgxhel'(UV)}
By a similar argument to above, we also have |U| = |p2(U)| - |k1(U)| and |V| =
Ip1(V)| - |[k2(V')]. Bringing everything together, we obtain
|Ul- V]
p2(U)] - [p1 (V)]

INU, V)| = p2(U) Npr(V)| = [k2(U) Mk (V)] - [U % V.

Hence

lp2(U)] - [p1 (V)]
lp2(U) N p1 (V)]

= p2(U)p1 (V)] - [k2(U) N kr (V)] - [U V],

Ul- V] = k2 (U) 0k (V)] - U V]

Let the K-linear isomorphism ¢ : K,S(F,G) + K,B(F,G) be given by

IGIst©

VF’G(dF7G)
v o

Now we are ready to prove the associativity of the composition of K,B by

making use of the fact that we can see K,S as an invariant category of K,S.

FG

Theorem 3.3.4. Composition is associative on K, B, v"°% is an isomorphism of

K-linear categories which acts as identity on objects.

Proof. We are to show that
FG( F.G\ GH( GHY _  FH(FG GH
v (dy T ) (dyT) = vt (dy T dy)
so that v is an algebra map. We have

FG ( ) G,H __ FG 1
sy oalea)sy” = E :SA(GgG)SV
gEG

FG a1
Su ZSQXIV@

geG

= G 1) R (V)

gelG
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Then

5p050 ! = op(er)sy“ocleq)oa(ea)sy  onlen)
= F(eF)SE’GUG( G)SxG/HUH(eH)
ZO’F f ﬂ k1(9X1V))SU5X1VO'H €H g[};ﬁXlV
QGG geG
1 _
=@ > p(U)gp(V)(ka(U) Ny (V)5 g,fjxlv
p2(U)gp1(V)CG
1 Ul 1* (V)] _RH
= === ks (U) N k(9 o
|G‘ Z |]€2<U) ﬂkl(QV)L 3 |U*9X1V| ( 2( ) 1( )) U*g 1y
p2(U)gp1(V)CG
Hence
OG5 HL a0 0k
Ul - V] U2V Jko(U) N (0V)] U=V

p2(U)gp1(V)CG
_ _FH/FG ,GH
v (dU dy )-

The isomorphism v gives the associativity of the composition of K,B since the

composition of K,S is already associative. O
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Chapter 4

Deformations of the fibred biset

category

4.1 The partial category of subcharacters

In this section, we are going to generalize the theme we have initiated on the
subgroup category and that will allow us to realize the deformations of the fibred

biset category.

In our generalization, we will equip the subgroup category with some additional
structure by incorporating subcharacters. In addition to the requirement of the
agreement of codomain and domain, we will impose some more conditions on

compatibility of morphisms.

Let X be a set. A set P, equipped with a relation ~ and a multiplication,
that is, a map P 3 ¢ < (¢,1) on the elements (¢, 1) € P which satisfy ¢ ~ 9,

is called a small partial category on X if the following conditions are satisfied:

e Given 0,¢,¢ € P, such that 6 ~ ¢ and ¢ ~ 1, then 6 ~ ¢ if and only if
O¢p ~ 1, in which case 0(¢)) = (0¢)1). When this associativity condition
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holds, we will write 8¢ as ambiguities can no longer arise.

e P contains a family of idempotents {id” : z € X} which satisfy id? ~ id”,
id”id? = id” and for all ¢ € P, a filtration condition, existence of unique
elements x,y € X such that idf ~ @~ id;) and idf cp=0¢- idf. Note that
in this case we identify x and y as the codomain and domain of ¢ and write
cod(¢) = z and dom(¢) = y.

We can identify the P-morphisms x < y with the set

P(z,y) = {¢p € P:cod(¢) = x,dom(¢) = y}.

In the case when ¢ ~ 1 for all ¢,1 € P satisfying dom(¢) = dom()) (e.g. in

the subgroup category) , P becomes a small category.

Now let us define the partial category S, a generalization of the subgroup cat-
egory. The objects of S# are finite groups. The morphism set S (F, G) consists
of the subcharacters of F' x G. Given A-subcharacters (U, u), (V, u), (W, w) from
SA(F,Q),S84(G,H) and SA(H,I), we let (U, p) ~ (V,v) if u(1 x g)v(gx 1) =1
for all g € ko(U) N k1 (V), whence we define p * v to be the A-character of U %V
given by (u* v)(f x h) = p(f,g)v(g,h). To finish our definition, we give the

following proposition on the associativity of the composition.

Proposition 4.1.1. Defining the composition by (U, ) *x (V,v) = (U * V, u*v)
when (U, ) ~ (V,v) makes S become a partial category.

Proof. We are to show that the composition is associative and identity morphisms

exist. For associativity, we need

(UxVipxv)x (Ww)= (U pu)* (VW vx*w)

One thing to check is that the compatibility relations of the subcharacters that
appear on both sides should agree, that is, if (U, u) ~ (V,v)and (U * V, pxv) ~
(W,w), then, we must have, (V,v) ~ (W,w) and (U, u) ~ (V * W,v *w) and the

implication should work in the opposite direction as well.
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So suppose the "if" direction, then p(1x g)r(gx1) = 1for all g € ky(U)Nk1 (V)
and
1= (pu*xv)(1xhwhx1)=p(lxgr(gxhwhx1l)

for all h € ko(V) N k(W) and g € G. Letting g = 1, we obtain
1=p(1x1)v(lxhwhxl)=v(lxhwhx1l)
which gives (V,v) ~ (W,w). Then

n(1x g)(v*w)(g x 1) = p(l x g)r(g x h)w(h x 1)

and letting h = 1 and g € ko(U) Nk (V), we get

n(1x glv(g x Dw(l x 1) = p(l x g)r(gx 1) =1.

Therefore (U,p) ~ (V * W v % w). The other direction follows from similar

arguments.

Hence if we have incompatibility of subcharacters on one side of the equation,
we will have it on the other side as well and both sides will vanish. It remains to
prove associativity in the case when all sucharacters appearing are compatible,

assuming which gives

(pxv)xw(f x i) = (uxv)(f x hw(h x i) = p(f x g)v(g x h)w(h x i)
= pu(f x g)(v*w)(g x i) = (ux (vxw))(f x i)
leXe.

To finish the proof, we observe that, given a finite group G, we have idgA = SA(C)1
where A(G) = {yxy : y € G} and 1 denotes the trivial A-character. O

Let us note that we can work with the situation where the set of objects is a

set G and in that case we shall be working with the small partial category Sé‘.
Let 553 denote the subcharacter (U, ;1) as an element of SA(F, G).
As a set, we define R;S* to be such that R,SA(F,G) = D pyesare ngf

In order for us to be able to introduce the deformations of 84, we need to

e o . FG
provide its linearization so that a coefficient before s;; makes sense. One can
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see R;S4 as an R-linear category by considering the R(F x G)-module structure

of S4(F,G) given by the evident action of f x g € F x G on the subcharacter

FxG

(U, 1) to define the action on s;;7.~.

Taking the multiplication to be given by

F.G GH _ FH
SU,;L * USV,V - U(UJ V)SU*V“LL*V

we shall obtain deformations of the partial category.

4.2 Deformations of the fibred biset category

We let the R-linear A-fibred biset category RB* to be the category whose objects

are finite groups and whose morphisms are given as

RBAF.G)= D [F . G} .

U
[Uvu]eFXGSA(F7G) ’ ILL

The composition is defined by
FxG GxH| Z FxG
U, Vv | p Ux9V, 9y

where g runs over those double coset representatives satisfying po(U)gp1 (V) C G

such that (U, ) ~ 9(V,v). The identity RB*-morphism on G is [%} where 1

denotes the trivial character.
Now let
A . FG
RBA(F,G) = ) Rdy;"
[U,pl€pxaSA(F,G)

where dgf is a formal symbol determined uniquely by F,G and [U, p].

We shall realize the fibred biset category as an invariant subalgebra of R,S4.
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We can realize R;B* as an R-linear category on G by defining

dF,GdG,H Z )NKk(V)) rm
| ﬂ kl )| Ux9V,ux9v

where g runs same as before.

Let us present the K(F x G)-module structure on K,S(F,G) given by the

action

f><g F.G _al F.G
SU, SquUqu/J,

and write / (sgf)g =7 X971(5515). To complete the realization of the fibred biset
category as an invariant category, we introduce R,S4, the category where the

objects are finite groups and the morphism sets are given as

RSAFG) = @  Esy

[U,,U,] €Fx GSA (FvG)

—-FG __ 1 f(EG\g
where 57 = Fig D rergec’ (U )

Let us briefly present the map v : R,S4 < R,B4 which is given by the collec-
- F,.G
tion of maps vrg : RiSA(F,G) + RyBA(F,G) where vpg(dy,) = . The

|G|SUH
next theorem describes the composition of these basis elements and will imply

U]

that v is an algebra map:

Theorem 4.2.1. Let F,G,H € G. Let [U, u] € SAF,G] and [V,v] € SAG, H].
Then

S
0T W~ 160 2 @) Ak 10 %oV

where g runs over representatives of the double cosets pa(U)gp1 (V) C G such that
(U, p) ~2(V,v).

Proof. Observing that (U, u)x(V,v) = (U, )¢ +%(V,v) for all g € G and applying

the definition for the basis elements yields
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1 1
—F,G-G,H ) f( F,G)g 9( G,H)h
SULSVY = Tor AT E Sy —_— E Sy
o | | . | | feF,geG ” | | ' | | g€G,heH i

1 F.G G,H
=T 2 ) )"

feF,geG,heH

1 _
=3l D ke (U) 0 ks (VS s
Yy

where y runs over those elements of G such that (U,u) ~ ¥Y(V,v). We have
(U, ) ~ ¥ (V,v) and [k (U) Nk (*V)| = [ka(U) N (V' V)] for all y' € pa(U)ypi (V).
So .
Suusve = g7 2 P (D)gn (VI Ra(D) N RV Sy s
9

Since |pa(U)gpr(V)| = |p2(U)p1(?V)| and [9V| = |V|, the result follows from
Lemma 3.3.3. [l

Now we are ready to complete the definition of R,S*(F,G) by obtaining that

its composition is associative.

Theorem 4.2.2. The composition for R84 is associative and R,B4 is an R-
linear category on G. The maps vpq, for F,G € G, determine an object-identical

isomorphism of R-linear categories v : R, SA < RyBA.

Proof. Theorem 4.2.1 implies that VF’G(dgf) : VG,H(d‘G/”f) = VFH(dgi . d‘G,f) By
R-linearity, the composition is associative. The identity R,B%4-morphism on G is

G,G
dA(G),l' O

The following is the immediate consequence, let us mention that it appears
as Corollary 5.2 in [5], but that version contains a typo. Below is the corrected

version:

Corollary 4.2.3. RB* can be realized as an invariant category of RS? by let-
ting £(n) = n for all n € Z*, that is, R,S* = RBA via identifying |G|§5f >

U] | 58]
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Chapter 5

Semisimplicity of the deformations

of the biset category

5.1 Semisimplicity and algebraic independence

In this section we are going to define another basis for the subgroup category and
use it to obtain a relation between the local semisimplicity of A and the algebraic

independence of /.

We define {t'“ : I < F x G} to be the K-basis for K,S(F,G) given by the

following relations:

S56 = STHEC G S mab(U, 1)stiC

I<U U<I
for any U < F' X G in the first equation and I < F' X G in the second equation. Let
S(U) denote the set of subgroups of a finite group U. If we present the functions

0 :K,S(F,G) « S(F xG), o(U)=s,°,

7 K,S(F,G) « S(F x @), 7(I)=tF,

then clearly o(U) = > ;.;7(I) and now it follows that the defining relations

given above for the basis elements are equivalent by Proposition 2.4.1.
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We call the set {t/'“ : I < F x G} the roundbasis of A. The point of
introducing the round basis is that, in certain cases, we will see that consideration
of their products provides significant simplifications. Before we investigate the
round basis more in detail, we need to define the machinery we require. Let
P ={(UV)eS(FxG)xS(GxH):K<UxV,(UV)<(I,J)} Inwords,
it is the collection of pairs (U, V') in which K appears in their *-product. The

next definition will describe the coefficient of ¢5" in the product t1°9t5". We let

' = Y mdb(U, N)méb(V, J)o(U, V).
UV)err’

We call the pair (I, .J) compatible, if their projections match, that is, po(I) =
p1(J). For such a pair, notice that we have py(IxJ) = py(I) and po(I*J) = pa(J).

Given an element W € S(F x H), and a subgroup K < W, we call K an
adequate subgroup of W if it is projectively W, that is, p; (K) = p1 (W), p2(K) =
p2(W). Let ad(W) denote the set of all adequate subgroups of W. Notice that if
(I,J) is compatible and K € ad(I x J), then p;(K) = pi(I), po(K) = pa(J). The

next result can be seen as combination of the statements 3.9, 4.2, 4.3 of [9].

Theorem 5.1.1 (Boltje-Danz). Let F,G, H be finite groups, I € S(F x G) and

J € S(G x H). Then

F, H I1,J,F.H
.t GtG J

ZKeS(FxH) KUK -
eFor any K € S(F x H), if tﬁg‘] appears in the above multiplication, then (I,.J)

is compatible and K € ad(I * J).

oIf t1 G5 £ 0, then (I,.J) is compatible, in which case, for all K € ad(I * .J),
one can 'r’eﬁne the index of the coefficient TK to the compatible elements of 73[[<J,
thIat is, TR = > vyerts Wbz (U, V), (1, 1))o (U, V) where R ={(U,V) €
Pi’: p2(U) = pi(V)}-
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Proof. We directly calculate
ST = > méb(U, D Y méb(V, J)sp
Ues(I) Ves(J)
= Y wdb(U,)méb(V, J)sila(U, V)
UeS(I),VeS(J)

= Y méb(U, Nmdb(V, J)o(U,V)- >t
(UV)<(,J) K<UxV

Collecting the coefficient of tf{’H yields

= ) > méb(U, Nmsb(V, No(U, V)t = > mleeh

KeS(FxH) (U,V)EPII(’J KeS(FxH)

Now let T (U, V) ={fxgxhe FXGxH:fxgeU fxhe K gxheV}

and consider the retraction given by
p: (Suv,Tyv) « (U, V) € P’

where Syy ={f xg: fxgxheTgUV)}and Tyy ={gxh: fxgxhe
Ik (U,V)}. To make an appeal to Lemma 2.4.3 we need to check a few things.
Firstly, the codomain of p lies in PII(’J since by definition Sy y * Tyy > K and
(Svv,Tuyv) < (U, V) < (I,J). Secondly, o(U,V) = o(Syv,Tuv) since letting
IxgeUgxleV,thenlxgx1el'y(UV)solxge Syy,gx1eTyy.
Lastly, we have p*(U,V) = p(U,V) = (Syv,Tvyv) < (U, V). Moreover, from

Proposition 2.4.2, we obtain
mob (U, I)mob(V, J) = mé.)bp[[(,J((U, V), (1,J)).

Hence 757 = Z(U,V)GPIQ" méb,]);{,(]((U, V), (I,J)a(U,V)so 7y’ is the totient func-
tion of o (U, V'), therefore by Lemma 2.4.3, T[I(’J = 0 for all (/, J) that is not of the
form (Sy.yv, Ty ). So 727 # 0 implies (I,.J) to be compatible and K € ad(I * .J).

To finish the proof, observe that ps(Syv) = p1(Tyv) and if po(U) = pi(V),
then Sy = U and Tyy =V so P(PII{J) = R%J' =

Now we are ready to discuss a relationship between the local semisimplicity of
A and the semisimplicity of its objects. Next lemma describes the multiplication

of the round basis elements for some particular cases;
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Lemma 5.1.2. Let F,G, H be finite groups, I € S(F x G) and J € S(G x H).

o Suppose I = A(A,1,¢,1,B) and J = A(B,Y, ¢, Z,C). Then tFG GH _
™ and K = I+ J = A(A,0(Y), 00, Z,C) where ¢ : A/¢(Y) < B/Y s the

tsomorphism induced by ¢.

o The result above is symmetric, that is, if I = A(A, X,¢,Y,B) and J =
A(B,1,4,1,0), then t;t5" = 132" where K = I+ J = A(A, X, ¢y, v~ 1Y), C)
where 1 : B]Y < C/[~'(Y) is the isomorphism induced by ¢.

Proof. We will show that there is only one adequate subgroup of I*.J, that can be
obtained as a result of *-products of the subpairs (I’, J") < (I, J), itself, then the
previous theorem will imply that there is only one nonzero term in tFG GH Take
L € ad(I*J). Then P}’ = {(I,V):V < J,L < I+V} because there is no proper
subgroup of I with left projection equal to p;(I). Now Té’”’ = > y<;mob(V, J)
which is nonzero only if V' = J and since mob(J,J) =1, we get L =1x J = K.
The form of K can be seen from the Lemma 2.1.3. The second statement can be

proven with similar arguments. O]

Lemma 5.1.3. Given B < G € K, then si’(%) = ZYGS(B) ti’g,) as a sum of
mutually orthogonal idempotents of End,. (G).

Proof. We have t$ ALY )tA(Y) t$ ( A =% ( y and (A(Y), A(X)) is compatible

if and only if A(Y) = A(X) so tgg,)ti&) = 0 by Theorem 5.1.1. O

Lemma 5.1.4. GivenA<F€lC9G>B then {si’” : U € S(A x B)} and
{t8Y . I € S(A x B)} are K-bases for SA JACE, G)SA(B

Proof. We have si’&)tf,Gsi(%) =0 for all I' € S(F x G) — S(A x B) because
such I"’s are incompatible with A(A) and A(B). O

Proposition 5.1.5. Let LM C K,k : L < M be a function and, for each
G € M, let kg : k(G) « G be a group monomorphism. Then there is a corner

embedding Ny < Ay given by sk,g)xk(c)z vy < sg’G for F,G € M,U € S(F x G).
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Proof. For any F' € M, let kp(F') denote the isomorphic copy of F' in k(F). Now

consider the corner Subalgebra SA((F) k() Ap(K(F), k:(G))sZ((i(G of Ay with basis
given by {s}} FVME) . U < kp(F) x /'ig< )}. The result follows from the previous
lemma. [

Corollary 5.1.6. Given G € K, then the algebra Endgs(G) = KS(G,G) is
semisimple if and only if G is trivial. In particular, KSx s locally semisimple if

and only if every group in IC is trivial.

Proof. 1f G is trivial then Endgs = K so we have the semisimplicity in that case.
Supposing GG to be nontrivial, A < G to be a subgroup of prime order, we see
that Endgs(A) is not semisimple by 3.2.1. Since Endgs(A) is a corner subalgebra
of Endgs(G), the result follows. O

Corollary 5.1.7. Suppose K has an element H, such that, every element of IC
1s isomorphic to a subgroup of H. Then A is locally semisimple if and only if

Endy(H) is semisimple.

Proof. Endy(H) being semisimple implies every endomorphism algebra End, (A)

where A < H to be semisimple, therefore every group in K is trivial. n

Corollary 5.1.8. Suppose for every pair F,G from IC, there exists H € IC such
that F' and G are isomorphic to some subgroups of H. Then A is locally semisim-

ple if and only if every object of A has a semisimple endomorphism algebra.

Proof. This hypothesis implies the one of the previous corollary in the case where
K is finite. Now the result follows from Remark 2.5.2 O

Our next objective is to describe the relationship between the algebraic inde-
pendence of ¢ and the semisimplicity of Ax. Given a simple Ax-module S, and
its projective cover Ai, semisimplicity of Ax is equivalent with S being projective

or not, that is, S = Ai. So let us briefly investigate the projective Ag-modules .
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We define the dual of a Ax-module M to be the Ax-module M such that,
M’ (G) is the dual of M(G) and given s € A(F,G) we get s° : M*(G) + M*(F)
as adjoint of the action of s : M (F) < M(G).

Lemma 5.1.9. Given an S-seed (E,W) for K, then Sgy, = Sp

Proof. The simple module Sy, ;; would have minimal group E because Sgw (E) #
0 if and only if Sy (E) # 0. So it remains checking the structure of
Res*?(S"(E)).

We finish the proof by taking ¢ € W and identifying ¢ <> ¥ where ¢ € S™(E)
is such that 1(s) = p(Res"#(s)) for s € S(E). O

Lemma 5.1.10. Given a finite group E, then the simple Ax-modules having

manimal group E are all projective if and only if they are all injective.

Proof. Suppose all simple A-modules with minimal group E are projective. If we

check the diagram

x Ly

gl
ok

Se.w

where f is a monomorphism, we are to show existence of the map h which
makes the diagram commute. After considering the following addition to the

diagram
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it becomes clear that the map g yields to a map ¢* : X~ « SfE’W of duals given
by the composition g o ¢, similar argument works for a map f : X «+ Y of

duals. So we obtain the following diagram:

X <Ly

Since f is a monomorphism, f is an epimorphism and since all simple A-
modules are projective, S*EW is also projective, giving us the existence of the

map h’, which gives rise to the map h, hence Sy is injective.

Now let epi(E, L) denote the set of group epimorphisms F < L and let
A(¢) = A(B, 1, ¢, ker(¢), L) € S(E, L),>(¢) = A(L, ker(¢),¢~", 1, E) € S(L, E)
where ¢ is the isomorphism induced by ¢ as before.

For those L that are isomorphic to a subgroup of an element of I and all factor
groups E that are realized as a quotient group of L, we define a square matrix 7%

where rows and columns are indexed by epi(E, L) such that Tk (¢, 1) = TZ((%DM,

coeflicient of ti’gg) in tf(g)tf(f)

Next theorem gives a criteria for Ax to be locally semisimple.

Theorem 5.1.11. Suppose that the matriz TE is invertible for every finite group
L that is isomorphic to a subgroup of an element of K and every subquotient E

of L. Then Ay is locally semisimple.

Proof. By the Remark 2.5.2 and Lemma 3.1.4, we can assume that C is closed
under subquotients up to isomorphism. Ax can be realized as a full subcategory
of a collection K that satisfy the desired closure condition and the remark gives

the equivalence of local semisimplicities of Ax and Ax.
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Let (E,W) be an S-seed for K. By Theorem 2.3.4 every full subcategory of
Ay obtained by considering a finite set of objects is a direct sum of projective
covers, it suffices to prove that the simple Ax-module Sg v is projective because
of the relation between local semisimplicities of Ax and Axs in constructed the
Remark 2.5.2. Since K is assumed to contain an isomorphic copy of F, we can

progress by assuming E € IC by the arguments in the beginning.

Suppose that the claim holds for every simple module Sy with [E'] < [E],
that is, Sg s is projective, so all simple modules with minimal group [E’'] are
projective, hence by the previous Lemma, Sgr - is injective. As we have done
before, let £ = End,,(E), through pp, we can regard W as a simple £-module
which is annihilated by &_.

Let i be a primitive idempotent of £ such that iWW # 0. Then ¢ can also be seen
as a primitive idempotent of Ax and iSg w # 0, because iSgw(E) = iW # 0, by
Theorem 2.3.3 we see that this is the condition for the indecomposable projective
Ax-module P which satisfies P = A to be the projective cover of Sg . Now
if P is simple, there is nothing to prove, so suppose that the unique maximal
submodule @ of P is nonzero, recall that J(P) = @ for projective indecomposable

modules by Proposition 2.3.1.

We have P(E) = id%Axi = &i, which is the projective cover of W. The
unique submodule of P(F) is Q(F) and it satisfies Q(E) = E.i. Moreover, £
annihilates every simple KAut(FE)-module and since KAut(F) is semisimple, we

can realize the KAut(£)-module W as a quotient, that is (£/€.)i = W.

Suppose that Q(E) # 0. Then ) must contain a simple module with the
minimal group less than or equal to [E]. The "equal" case is not possible by
the given form for () above, because £. would annihilate those simple modules.
If Spw C Q for [E'] < [E], then Sg - is injective which is a contradiction.
Therefore Q(E) = 0 and E. annihilates P(E).

So we naturally assume that Q(G) # 0 where G is of minimal order. Since
Q(G) C P(G) = Ax(G, E)i, letting v € A(G, E) be such that vi # 0 and
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vi € Q(G) implies v being a K-linear combination of elements of the form sg’E

G,E G.E _E,E
for V< G x E and we have s;;” = s/ S A(pa (V) ea (V) Lpa (V) ea (V)

E.E G.E.
If ¢(V) 2 E then SA(pa(V) ko (V) Lkn (V) pa (V) € E<, 50 5771 = 0. So those

G.E . . . . . .
s,/ ’s does not appear in the K-linear combination mentioned above, which forces

ko(V) = 1, so the basis elements that appear should satisfy sg’E =D i<v t?’E
where ko(J) = 1. If po(J) # E, then we can write t?’E as K-linear combination
of elements Sv' where ¢(V') < E, as we have just seen, should vanish after

multiplying with . So we have py(J) = E and ko(J) = 1.

Now given B < @G, then by the minimality of G, if B < G then Q(B) = 0,
therefore ¢ A(B)m = 0, which forces p;(J) = G, since otherwise we would get a
term in Q(B) satisfying tA(B tJ Ei £ 0 So the left projection of J should match
the right projection of A(G), that is,

G,E
ve @ Kegy

Peepi(E,G)
Given w € &, one can decompose as w = w. + w— where w. € £ and
wo =y . Aut(B) OA(e) (w)tif) for some coefficients Oa () from K.

The simple factors contained in Ax€. are all isomorphic to Sg/ w- for some
(E',W') with [E'] < [E] because E. annihilates those simple modules with
minimal group isomorphic to E. Since () cant realize such Sg w/’s, we get
QNA€. = @. It means () does not contain vi. unless vi. is zero, in which case

vi— must be nonzero, otherwise vi. = vi € @ — {0}. So let
. G.E
W
YEepi(F,G)
where v(¢)) € K.
Let u = > sconiima) u(gb)tf(g be arbitrary where u(¢) € K. Since vi— # 0,

we get v(v)) # 0 for some 1. Furthermore, Ax(E,G)Q(G) = Q(E) = 0 hence

wvi = 0 so ww(iz) = —uv(ic) € E<.
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Picking out the coefficients of ti’(EE) gives

0=0am)(uviz) = Y u(@)TE(¢, ¥)v(¥).

#p€epi(E,G)

Since (u(¢) : ¢) was arbitrary, and (v(z)) : ¢) is nonzero, it gives a contradic-
tion with T being invertible since otherwise its columns would not be linearly

independent. O

To finish our preparation for proving the local semisimplicity in the case when

¢ is algebraically independent, we need one last statement:

Lemma 5.1.12. Let [ = <(¢), J = >(¢0) where ¢ € epi(A, B) and i) € epi(C, B)
for subgroups A, B,C of F,G and H. Let K = A(f) where 0 : A < C is an
isomorphism. Suppose that K < IxJ, then [xJ = (¢ x1)(B) and K € ad(I*J).

Letting S < B run over those subgroups which satisfy K < (¢ x ¢)(S), we get

! = ES: mob (S, B)l(ker(¢) N S N ker(v)).

Moreover, if ker(¢) = ker(¢) then K = I % J and ti 15" = 707t

Proof. Firstly, let us note that from the forms that are given for I, J, K clearly K
is an adequate subgroup of [+ .J and I *J = (¢ x ¢)(B) and in the case ker(¢) =
ker(¢)) clearly K = I % J and so by Theorem 5.1.1 we get tf’GtSJ’H = TII(’thgH.

So let us prove the formula for 77, Let M = ker(¢) and N = ker(¢). Also
let (R,T) < (B, B) be such that K < (¢ x ¢)(RNT). Now if K < Ug * Vy for
some (Ug, V) < (1, J), then we must have

Ur = <(¢r) = A(A, 1,6r, M N R, R), Vi = >(r) = A(T,T A N, 47", 1,0)

where ¢p and ! are the isomorphisms obtained from restricting ¢ to R/M N R
and ¢ to T'/T N N. Moreover, if we let S = RN T and consider the retraction
1,J J .
pr. on Py’ given by
P (Un, Vi) = (A(A, 1,65, M N 5, 5), A(S, SN N, ¢35, 1,0))
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we will see that it preserves ¢, because
ko(Ug) Nky(Vi)=MNRNTNN=MNSNN
= kQ(A<A7 17@7 Mn S7 S)) N kl(A(S7 SN Nv 1/1_517 17 O))
Also notice that the image of pﬁ;‘] is precisely Rﬁ;‘]. Recall that

e’ = Y mdb(U, Dmdb(V, J)(kx(U) N ki (V)
U,v)erL’
so applying the Lemma 2.4.3 yields
e’ = Y méb(U, Hmdb(V, J)((M N ps(U) N N).
UV)ery’

Since M and N are fixed, there is only one variable po(U) (which is equal to
p1(V)), and it is bounded above by B, letting S = p2(U) = p1(V), 2.4.2 implies

! = ES: mo6b (S, B)l(ker(¢) NS Nker(v)).

]

Theorem 5.1.13. If( is algebraically independent, then A is locally semisimple.

Proof. We are to show that T% is invertible. Let [], be the set of prime divisors
of the orders of the elements of K. Let A\, = ¢(q) for each ¢ € [[. Let O be the

integral domain generated over Q by A,.

Any o € O can be expressed uniquely as a polynomial expression in (A, : ¢ €

[ 1) with coefficients in Q by algebraic independence of /.
Let len(n) denote the number of prime factors of n up to multiplicity.

We may assume that E, L € K. So let ¢ € epi(F, L). Then by the previous

lemma

Th(9,¢) = Tamy ¥ = S mb(S, L)l(ker(¢) N S).
SES(L):A(E)<¢(S)
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The term which has the highest degree in this element satisfies S = L because
L/FE = ker(¢) and its coefficient, given by mob(L, L), is 1. So the highest degree

d satisfies d = len(%) = len(|ker(¢)]).

On the off-diagonal entries TZ((QBSDW), that is, when we have ¢ € epi(E, L) —
{¢}, the degree is less than d because the element with highest degree is
mob(L, L)l(ker(¢) Nker(y) N L) and Lemma 5.1.12 implies ker(¢) # ker(y) so
clearly ((ker(¢)Nker(¢)) < |ker(¢)|. By the structure we obtained for the matrix

TE, we see that its determinant can’t vanish, so it is invertible.

5.2 Semisimplicity of the deformations of the biset

category

Now we are ready to prove two of our main results. Let (2 = K,By. In Theorem
3.3.4, we have seen that 0 can be seen as the corner subalgebra of Ay, so the

next statement follows;

Corollary 5.2.1. If Ag is locally semisimple, then Q is locally semisimple.

We finish this section with a generalization of one side of Serge Bouc’s theorem
which states that KBy is semisimple if and only if every group in & is cyclic, which

can be found as Theorem 1.1 in [3].

As preparation, let us recall a proposition that is due to Philip Hall [15]:

Proposition 5.2.2 (Philip Hall). Let (n) = n¢ for d € Z* and {(G) =
> v<g PU), equivalently, o(G) = > .oméb(U,G)(U). Then, ¢(G) is the

number of generating sets for G of size d.

Proof. Given any list of d elements (g1, ..., gq) of G (not necessarily distinct), let
us associate it with the subgroup U < G such that U = (g1, ..., ga). Then clearly
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there are p(U) many d-tuples we associate with U. To finish, observe that the

total number of all d-tuples is n. O

Now let Q4 = K,B%, that is, the deformation of K,Bx given by homomor-
phisms where ¢(n) = n? for a positive integer d, likewise let A% to denote the
deformation of the subgroup category given by the monoid homomorphisms that

are obtained in the same way.

Theorem 5.2.3. If every group in K is cyclic, then A% =2 QL and Q% is semisim-

ple.

Proof. 1f every group in K is abelian, then clearly x = Agx. Let E and L be
cyclic groups such that [E] < [L] and K contain an isomorphic copy of L . We

will to show that the matrix T% is invertible.

Let ¢,1 € epi(F, L) and M be the unique subgroup of L with order |%|, in
which case ker(¢) = M = ker(¢)). Then by Lemma 5.1.12

ELtLE E.E EE
«@)b(v) = Ta@)lam)

where 0 = ¢ ot If ¢ = 1, then, A(f) = A(FE). Taking S as it appears in the

Lemma 5.1.12 we obtain

t

TE($, 1) = Talr Zmob (S, L)6(SNM).

Considering the retraction p(S) = S N M and using Proposition 5.2.2 gives

> mdb(S, M)i(S) = (M)

S<M
which clearly is nonzero since M is a cyclic group so its minimal generating set is
of size one. If ¢ # 1, then A(0) # A(E) so tA(E) does not appear in the product
tELt therefore TE(¢,v) = 0. So the matrix T% is nonzero multiple of the

Ae) "> (¥)
identity matrix, which clearly is invertible. O
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