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ABSTRACT

SEQUENTIAL REGRESSION TECHNIQUES WITH
SECOND ORDER METHODS

Burak Cevat Civek
M.S. in Electrical and Electronics Engineering

Advisor: Stileyman Serdar Kozat
July 2017

Sequential regression problem is one of the widely investigated topics in the ma-
chine learning and the signal processing literatures. In order to adequately model
the underlying structure of the real life data sequences, many regression methods
employ nonlinear modeling approaches. In this context, in the first chapter, we
introduce highly efficient sequential nonlinear regression algorithms that are suit-
able for real life applications. We process the data in a truly online manner such
that no storage is needed. For nonlinear modeling we use a hierarchical piecewise
linear approach based on the notion of decision trees where the space of the regres-
sor vectors is adaptively partitioned. As the first time in the literature, we learn
both the piecewise linear partitioning of the regressor space as well as the linear
models in each region using highly effective second order methods, i.e., Newton-
Raphson Methods. Hence, we avoid the well-known over fitting issues by using
piecewise linear models and achieve substantial performance compared to the
state of the art. In the second chapter, we investigate the problem of sequential
prediction for real life big data applications. The second order Newton-Raphson
methods asymptotically achieve the performance of the “best” possible predictor
much faster compared to the first order algorithms. However, their usage in real
life big data applications is prohibited because of the extremely high computa-
tional needs. To this end, in order to enjoy the outstanding performance of the
second order methods, we introduce a highly efficient implementation where the
computational complexity is reduced from quadratic to linear scale. For both
chapters, we demonstrate our gains over the well-known benchmark and real
life data sets and provide performance results in an individual sequence manner

guaranteed to hold without any statistical assumptions.

Keywords: Piecewise linear regression, hierarchical tree, second order methods,

sequential prediction, big data.
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OZET

IKINCI DERECEDEN YONTEMLER ILE ARDISIK
BAGLANIM TEKNIKLERI

Burak Cevat Civek
Elektrik Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Siilleyman Serdar Kozat
Temmuz 2017

Ardigik baglanim problemi, makine 6grenmesi ve sinyal isleme literatiirlerinde
genig Ol¢iide incelenmektedir. Gergek hayat veri dizilerinin altinda yatan yapiyi
bagarili bir sekilde modelleyebilmek adina bir¢cok baglanim yontemi dogrusal
olmayan yaklagimlar kullanmaktadir. Bu baglamda, birinci boliimde, gercek
hayat uygulamalari i¢in son derece verimli ardigik dogrusal olmayan baglanim
algoritmalar1 sunulmaktadir. Elde edilen veriler depolama ihtiyaci duyulmadan
gevrimici olarak iglenmekedir. Dogrusal olmayan modelleme igin, baglanim
uzaymin uyarlanir olarak parcalandigi, karar agaci kavramina dayali hiyerargik
parcali dogrusal bir yaklagim kullanilmaktadir. Literatiirde ilk defa, oldukca
etkili ikinci dereceden Newton-Raphson yontemleri ile, bolge sinirlar: ve her bir
bolgedeki dogrusal modeller ogrenilmektedir. Parcali dogrusal modellerin kul-
lanilmasi ile, yaygin olarak karsilagilan asiri uyma sorunundan kaginilmakta ve
var olan algoritmalara kiyasla énemli 6lciide performans elde edilmektedir. Tkinci
boltimde, gergek hayat biiyiik veri uygulamalar: i¢in ardigik kestirim problemi
incelenmektedir. Ikinci dereceden Newton-Raphson yontemleri, birinci derece-
den algoritmalara kiyasla “en iyi” kestirici performansini asimptotik olarak c¢ok
daha hizl bir gekilde elde etmektedir. Fakat, oldukca yiliksek hesaplama yiikii se-
bebiyle bu yontemlerin kullanimi biiyiik veri uygulamalarinda kisitlanmistir.
Bu durumda, ikinci dereceden yontemlerin {istiin performansindan faydalan-
mak amaciyla, hesaplama karmasikliginin karesel seviyeden dogrusal seviyeye in-
dirgendigi bir uygulama sunulmaktadir. Her iki boliimde elde edilen kazanimlar
iyi bilinen kiyaslama ve gercek hayat veri setleri tizerinden gosterilmekte ve istatis-

tiksel varsayimlar olmaksizin garantilenen performans sonuglari elde edilmektedir.

Anahtar sozciikler: Parcali dogrusal baglanim, hiyerarsik agac, ikinci dereceden

yontemler, ardigik kestirim, biiyiik veri.
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Chapter 1

Introduction

Recent developments in information technologies, intelligent use of mobile devices
and Internet have procured an extensive amount of data for the nonlinear mod-
eling systems [1,2]. Today, many sources of information from shares on social
networks to blogs, from intelligent device activities to large scale sensor networks
are easily accessible [3]. Efficient and effective processing of this data can signifi-
cantly improve the performance of many signal processing and machine learning
algorithms [4-6]. In accordance with the aim of achieving more efficient algo-
rithms, many regression techniques are currently employing nonlinear modeling

approaches since the real life data sequences have highly nonlinear structures.

In the first chapter, we investigate the nonlinear regression problem that is one
of the most important topics in the machine learning and the signal processing
literatures. This problem arises in several different applications such as signal
modeling [9,10], financial market [11] and trend analyses [12], intrusion detection
[13] and recommendation [14]. From a unified point of view, in such problems,
we sequentially observe a real valued vector sequence x, s, ... and produce a
decision (or an action) d; at each time t based on the past @1, xs,...,x;. After
the desired output d; is revealed, we suffer a loss and our goal is to minimize
the accumulated (and possibly weighted) loss as much as possible while using a

limited amount of information from the past.



Traditional regression techniques show less than adequate performance in real-
life applications having big data since (1) data acquired from diverse sources are
too large in size to be efficiently processed or stored by conventional signal pro-
cessing and machine learning methods [15-18]; (2) the performance of the con-
ventional methods is further impaired by the highly variable properties, structure
and quality of data acquired at high speeds [15-17]. In this context, to accommo-
date these problems, we introduce sequential regression algorithms that process
the data in an online manner, i.e., instantly, without any storage, and then dis-
card the data after using and learning [18,19]. Hence our methods can constantly
adapt to the changing statistics or quality of the data so that they can be robust
and prone to variations and uncertainties [19-21]. In order to introduce nonlin-
earities, we employ piecewise linear models due to their considerable power of
adequately approximating nonlinear models. In piecewise linear modeling, the
space of the regression vectors is partitioned into several distinct regions and a
linear model is assigned to each region. We use the notion of decision trees to
determine the region boundaries. Different from the current literature, we adap-
tively train both the region boundaries and the linear models in each partition
using the second order adaptation algorithms. As a result of this chapter, we

obtain highly efficient hierarchical sequential nonlinear regression algorithms.

In adaptive signal processing literature, there exist methods which develop an
approach based on weighted averaging of all possible models of a tree based par-
titioning instead of solely relying on a particular piecewise linear model [22,23].
These methods use the entire partitions of the regressor space and implement a
full binary tree to form an online piecewise linear regressor. Such approaches
are confirmed to lessen the bias variance trade off in a deterministic frame-
work [22,23]. However, these methods do not update the corresponding parti-
tioning of the regressor space based on the upcoming data. One such example is
that the recursive dyadic partitioning, which partitions the regressor space using
separation functions that are required to be parallel to the axes [24]. Moreover,
these methods usually do not provide a theoretical justification for the weighting
of the models, even if there exist inspirations from information theoretic delibera-

tions [25]. For instance, there is an algorithmic concern on the definitions of both



the exponentially weighted performance measure and the “universal weighting”
coefficients [19, 23,26, 27| instead of a complete theoretical justifications (except
the universal bounds). Specifically, these methods are constructed in such a way
that there is a significant correlation between the weighting coefficients, algorith-
mic parameters and their performance, i.e., one should adjust these parameters
to the specific application for successful process [23]. Besides these approaches,
there exists an algorithm providing adaptive tree structure for the partitions, e.g.,
the Decision Adaptive Tree (DAT) [28]. The DAT produces the final estimate
using the weighted average of the outcomes of all possible subtrees, which results
in a computational complexity of O(m4?), where m is the data dimension and
d represents the depth. However, this would affect the computational efficiency
adversely for the cases involving highly nonlinear structures. In this work, we
propose a different approach that avoids combining the prediction of each sub-
trees and offers a computational complexity of O(m?2%). Hence, we achieve an
algorithm that is more efficient and effective for the cases involving higher non-
linearities, whereas the DAT is more feasible when the data dimension is quite
high. Moreover, we illustrate in our experiments that our algorithm requires less
number of data samples to capture the underlying data structure. Overall, the
proposed methods are completely generic such that they are capable of incor-
porating all Recursive Dyadic, Random Projection (RP) and k-d trees in their
framework, e.g., we initialize the partitioning process by using the RP trees and
adaptively learn the complete structure of the tree based on the data progress to

minimize the final error.

In the second chapter of the thesis, we investigate the widely studied sequential
prediction problem for high dimensional data streams. Efficient prediction algo-
rithms specific to big data sequences have great importance for several real life ap-
plications such as high frequency trading [29], forecasting [11], trend analysis [12],
financial market [30] and locational tracking [31]. Unfortunately, conventional
methods in machine learning and signal processing literatures are inadequate to
efficiently and effectively process high dimensional data sequences [32-34]. Even
though today’s computers have powerful processing units, traditional algorithms

creates a bottleneck even for that processing power when the data is acquired



at high speeds and too large in size [32,33]. These problems bring an essential
requirement for an algorithm that is both computationally feasible and highly

effective in terms of performance.

In the current literature, there exist second order sequential prediction algo-
rithms, i.e., Newton-Raphson methods, that provide sufficiently high performance
in terms of both convergence and steady-state error rates. However, the compu-
tational complexity of the second order methods is in the order of O(M?) for a
feature vector of length M. Hence, their usage in real life big data applications
is prohibited because of this extremely high computational need. Different from
the second order methods, the first order algorithms offer a computational com-
plexity in the order of O(M), which leads the big data applications to use the
first order algorithms. However, these methods perform insufficiently compared
to the second order methods. As a result, in the sequential prediction literature,

there is a need for outperforming algorithms with low computational demands.

In sequential prediction, the consecutive feature vectors are the shifted versions
of each other, i.e., for a feature vector of ®; = [xs, 241, ..., z:_ ], the upcoming
vector is in the form of @, 1 = [x411, 24, ..., wr_pr41)7. To this end, we introduce
second order methods for this important case with computational complexity only
linear in the data dimension, i.e., O(M). We achieve such an enormous reduction
in computational complexity since there are only two entries changing from x; to
¢ 1, where we avoid unnecessary calculations in each update. We do not use any
statistical assumption on the data sequence other than the shifted nature of the
feature vectors. Therefore, we present an approach that is highly appealing for
big data applications since it provides the merits of the Newton-Raphson methods

with a much lower computational cost.

Overall in this thesis, all vectors are column vectors and represented by lower
case boldface letters. For matrices, we use upper case boldface letters. The
(?-norm of a vector x is given by ||x|= vzTx where &7 denotes the ordinary
transpose. The identity matrix with n X n dimension is represented by I,,. The

n dimensional vector with all zero entries is denoted by 0,



Chapter 2

Highly Efficient Hierarchical
Sequential Nonlinear Regression

Algorithms Using Second Order
Methods

For nonlinear regression, we use a hierarchical piecewise linear model based on
the notion of decision trees, where the space of the regressor vectors, x, xo, . . .,
is adaptively partitioned and continuously optimized in order to enhance the
performance [10,22,35]. We note that the piecewise linear models are extensively
used in the signal processing literature to mitigate the overtraining issues that
arise because of using nonlinear models [10]. However their performance in real
life applications are less than adequate since their successful application highly
depends on the accurate selection of the piecewise regions that correctly model
the underlying data [23]. Clearly, such a goal is impossible in an online setting
since either the best partition is not known, i.e., the data arrives sequentially,
or in real life applications the statistics of the data and the best selection of the

regions change in time.



To this end, as the first time in the literature, we learn both the piecewise lin-
ear partitioning of the regressor space as well as the linear models in each region
using highly effective second order methods, i.e., Newton-Raphson Methods [36].
Hence, we avoid the well known over fitting issues by using piecewise linear mod-
els, moreover, since both the region boundaries as well as the linear models in
each region are trained using the second order methods we achieve substantial
performance compared to the state of the art [36]. We demonstrate our gains
over the well known benchmark and real life data sets extensively used in the
machine learning literature. We also provide theoretical performance results in
an individual sequence manner that are guaranteed to hold without any statistical
assumptions [18]. In this sense, the introduced algorithms address computational
complexity issues widely encountered in real life applications while providing su-

perior guaranteed performance in a strong deterministic sense.

This chapter is organized as follow. We first present the main framework
for nonlinear regression and piecewise linear modeling in Section 2.1. Then, we
propose three algorithms with regressor space partitioning and present guaranteed
upper bounds on the performances in Section 2.2. We then demonstrate the
performance of our algorithms through widely used benchmark and real life data

sets in Section 2.3.

2.1 Problem Description

We work in an online setting, where we estimate a data sequence y; € R at time
t > 1 using the corresponding observed feature vector &; € R™ and then discard

x; without any storage. Our goal is to sequentially estimate y; using x; as

U = fi(x)

where fi(+) is a function of past observations. We use nonlinear functions to
model 3, since in most real life applications, linear regressors are inadequate
to successively model the intrinsic relation between the feature vector x; and

the desired data y; [37]. Different from linear regressors, nonlinear functions are
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Approximation of a Nonlinear Model with a Piecewise Linear Model

Underfitting

Generated Data

Feature Space

Figure 2.1: Inadequate approximation of a nonlinear model. The feature space is
not partitioned sufficiently.

quite powerful and usually overfit in most real life cases [38]. To this end, we
choose piecewise linear functions due to their capability of approximating most
nonlinear models [39]. In order to construct a piecewise linear model, we partition
the space of regressor vectors into K distinct m-dimensional regions S}, where
U,ﬁil Sft = R™ and S* N S7" = () when i # j. In each region, we use a linear
regressor, i.e.,

i = W@ + c, (2.1)

where w, ; is the linear regression vector, ¢;; is the offset and g, ; is the estimate

corresponding to the i’ region. We represent 7;; in a more compact form as
. T
Yti = Wy ;& (2.2)

by including a bias term into each weight vector w,; and increasing the dimension

of the space by 1, where the last entry of x; is always set to 1.

To clarify the framework, in Figs. 2.1, 2.2, 2.3, we present a one dimensional
regression problem, where we generate the data sequence using the nonlinear

model

Yy = exp (xt sin(47rxt)) + v,



Approximation of a Nonlinear Model with a Piecewise Linear Model

Overfitting

Generated Data
[
T

0 01 02 03 04 05 06 07 08 09 1

Feature Space

Figure 2.2: Approximation of a nonlinear model which results in overfitting prob-
lem.

where x; is a sample function from an i.i.d. standard uniform random process and
v; has normal distribution with zero mean and 0.1 variance. Here, we demonstrate
two different cases to emphasize the difficulties in piecewise linear modeling. For
the case given in Fig. 2.1, we partition the regression space into three regions
and fit linear regressors to each partition. However, this construction does not
approximate the given nonlinear model well enough since the underlying partition
does not match exactly to the data. This situation is known as the underfitting
issue. Another problematic case is represented in Fig. 2.2, where the partitions
are selected as quite smaller regions compared to the underfitting situation. In
this case, the algorithm memorize the data structure rather than learning it. This
case is known as the overfitting situation. In order to better model the generated
data, we use the model shown in Fig. 2.3, where we have eight regions particu-
larly selected according to the distribution of the data points. As these three cases
imply, there are two major problems when using piecewise linear models. The
first one is to determine the piecewise regions properly. Randomly selecting the
partitions causes inadequately approximating models as indicated in the under-
fitting and overfitting cases demonstrated by Figs. 2.1 and 2.2 respectively [35].
The second problem is to find out the linear model that best fits the data in each

distinct region in a sequential manner [23]. In this thesis, we solve both of these



Approximation of a Nonlinear Model with a Piecewise Linear Model

Desired Fitting

Generated Data

i I ! I I I I I 1 il |

Feature Space

Figure 2.3: An adequate approximation of a nonlinear model. The underlying
structure of the data sequence is sufficiently captured.

problems using highly effective and completely adaptive second order piecewise

linear regressors.

In order to have a measure on how well the determined piecewise linear model
fits the data, we use instantaneous squared loss, i.e., €2 = (y; — 9;)* as our
cost function. Our goal is to specify the partitions and the corresponding linear
regressors at each iteration such that the total regression error is minimized.
Suppose w;, represents the optimal fixed weight for a particular region after n

iteration, i.e.,
n
* : 2
w, = arg min E e; (w).
W

Hence, we would achieve the minimum possible regression error, if we have been
considering w;, as the fixed linear regressor weight up to the current iteration, n.
However, we do not process batch data sets, since the framework is online, and
thus, cannot know the optimal weight beforehand [18]. This lack of information
motivates us to implement an algorithm such that we achieve an error rate as
close as the possible minimum after n iteration. At this point, we define the

regret of an algorithm to measure how much the total error diverges from the



possible minimum achieved by w}, i.e.,

Regret(A) = Z H(wy) — e; (wy,),
=1

where A denotes the algorithm to adjust w; at each iteration. Eventually, we con-
sider the regret criterion to measure the modeling performance of the designated

piecewise linear model and aim to attain a low regret [18].

In the following section, we propose three different algorithms to sufficiently
model the intrinsic relation between the data sequence y; and the linear regressor
vectors. In each algorithm, we use piecewise linear models, where we partition
the space of regressor vectors by using linear separation functions and assign a
linear regressor to each partition. At this point, we also need to emphasize that
we propose generic algorithms for nonlinear modeling. Even though we employ
linear models in each partition, it is also possible to use, for example, spline
modeling within the presented settings. This selection would cause additional
update operations with minor changes for the higher order terms. Therefore,
the proposed approaches can be implemented by using any other function that
is differentiable without a significant difference in the algorithm, hence, they are
universal in terms of the possible selection of functions. Overall, the presented
algorithms ensure highly efficient and effective learning performance, since we
perform second order update methods, e.g. Online Newton Step [40], for training

of the region boundaries and the linear models.

2.2 Highly Efficient Tree Based Sequential

Piecewise Linear Predictors

In this section, we introduce three highly effective algorithms constructed by
piecewise linear models. The presented algorithms provide efficient learning even
for highly nonlinear data models. Moreover, continuous updating based on the

upcoming data ensures our algorithms to achieve outstanding performance for

10



Figure 2.4: Straight Partitioning of The Regression Space

online frameworks. Furthermore, we also provide a regret analysis for the intro-

duced algorithms demonstrating strong guaranteed performance.

There exist two essential problems of piecewise linear modeling. The first
significant issue is to determine how to partition the regressor space. We carry
out the partitioning process using linear separation functions. We specify the
separation functions as hyperplanes, which are (m — 1)-dimensional subspaces of
m-~dimensional regression space and identified by their normal vectors as shown
in Fig. 2.4. To get a highly versatile and data adaptive partitioning, we also train
the region boundaries by updating corresponding normal vectors. We denote the
separation functions as p; and the normal vectors as m;; where k is the region
label as we demonstrate in Fig. 2.4. In order to adaptively train the region
boundaries, we use differentiable functions as the separation functions instead of

hard separation boundaries as seen in Fig. 2.5, i.e.,
1

1+ e~ TiMk (23)

Ptk =

where the offset ¢, is included in the norm vector n.; as a bias term. In Fig.
2.5, logistic regression functions for 1-dimensional case are shown for different
parameters. Following the partitioning process, the second essential problem is
to find out the linear models in each region. We assign a linear regressor specific

to each distinct region and generate a corresponding estimate ¢ ,, given by
gt,"’ = wg:rmt (2.4)

where w, , is the regression vector particular to region 7. In the following subsec-

tions, we present different methods to partition the regressor space to construct

11



Separation Functions for 1-Dimensional Case
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Figure 2.5: Separation Functions for 1-Dimensional Case where {n = 5,¢ = 0},
{n =0.75,c = 0} and {n = 1,c = —1}. Parameter n specifies the sharpness, as
¢ determines the position or the offset on the z-axis.

our algorithms.

2.2.1 Partitioning Methods

We introduce two different partitioning methods: Type 1, which is a straightfor-

ward partitioning and Type 2, which is an efficient tree structured partitioning.

2.2.1.1 Type 1 Partitioning

In this method, we allow each hyperplane to divide the whole space into two
subspaces as shown in Fig. 2.4. In order to clarify the technique, we work on
the 2-dimensional space, i.e., the coordinate plane. Suppose, the observed feature
vectors @y = [xy1, 242]" come from a bounded set {2} such that —A < z; 1,245 <
A for some A > 0, as shown in Fig. 2.4. We define 1-dimensional hyperplanes,
whose normal vector representation is given by m,; € R* where k& denotes the

corresponding region identity. At first, we have the whole space as a single set
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Figure 2.6: Tree Based Partitioning of The Regression Space

{Q}. Then we use a single separation function, which is a line in this case, to
partition this space into subspaces {0} and {1} such that {0} U{1} = {Q2}. When
we add another hyperplane separating the set 2, we get four distinct subspaces
{00}, {01}, {10} and {11} where their union forms the initial regression space.
The number of separated regions increases by O(k?). Note that if we use k
different separation functions, then we can obtain up to % distinct regions

forming a complete space.

2.2.1.2 Type 2 Partitioning

In the second method, we use the tree notion to partition the regression space,
which is a more systematic way to determine the regions [10,35]. We illustrate
this method in Fig. 2.6 for 2-dimensional case. First step is the same as pre-
viously mentioned approach, i.e., we partition the whole regression space into

two distinct regions using one separation function. In the following steps, the

13



partition technique is quite different. Since we have two distinct subspaces after
the first step, we work on them separately, i.e., the partition process continues
recursively in each subspace independent of the others. Therefore, adding one
more hyperplane has an effect on just a single region, not on the whole space.
The number of distinct regions in total increases by 1, when we apply one more
separation function. Thus, in order to represent p + 1 distinct regions, we spec-
ify p separation functions. For the tree case, we use another identifier called the
depth, which determines how deep the partition is, e.g. depth of the model shown
in Fig. 2.6 is 2. In particular, the number of different regions generated by the
depth-d models are given by 2¢. Hence, the number of distinct regions increases
in the order of O(2¢). For the tree based partitioning, we use the finest model of
a depth-d tree. The finest partition consists of the regions that are generated at
the deepest level, e.g. regions {00}, {01}, {10} and {11} as shown in Fig. 2.6.

Overall, Type 1 partitioning is defined as the straight lines splitting the whole
regressor space into two separate regions. Differently, Type 2 partitioning has
a recursive tree structure, where each separator function performs the splitting

operation on just a single region, not on the whole space. Using Type 1 parti-

tioning, the mean square error after n iteration is given by 7 = > (y; — gt(”)?,

=1
where le) is defined as

~(1) (1
t

i = pigpy o 0 o

1)gt,00 + Pio (1- Di1 Vo1 + (1 — Pro )p (1) (1)

1) ~ N
N gto+ (1 —p) A =) gen.

)

) )

When using Type 2 partitioning, the mean square error definition becomes (5 =

> (e — ?),5(2))2, where QIEQ) is defined as
=1

?31:(2) = pi?ng?o)ﬂt,oo +P§,2s))(1 - pg?o))@t,m +(1— pg?})pg?@t,w +(1— pfs)z)(l - Pgi))ﬁt,u-

Here, starting from the initial step, i.e., t = 1, Type 2 partitioning has the flex-

ibility of choosing p% = pgo) and p%) = pg) = pgll) at each iteration. Hence,

all possible models generated by Type 1 partitioning can also be achieved by

)

Type 2. However, reverse is not possible if pg?o) =+ p§2 . Consequently, the re-

lation 7 = > (y — gz > > (ye — 92 = 2 holds for all ¢ > 1, implying
t=1 t=1
that Type 2 partitioning achieves a better steady state mean square error perfor-

mance compared to Type 1. However, Type 1 partitioning requires less number
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of parameters to generate the same number of regions. To this end, in online
settings, Type 1 partitioning might outperform in the transient region in terms
of sequential regression error, even if Type 2 partitioning finally offers a better
steady state performance. Therefore, both Type 1 and Type 2 partitioning have

their own advantages.

2.2.2 Algorithm for Type 1 Partitioning

In this part, we introduce our first algorithm, which is based on the Type 1 par-
titioning. Following the model given in Fig. 2.4, say, we have two different sep-
arator functions, p;o,p;1 € R, which are defined by m;g,n;1 € R? respectively.

For the region {00}, the corresponding estimate is given by
gt,OO = wz:()ofvta

where w; oo € R? is the regression vector of the region {00}. Since we have the

estimates of all regions, the final estimate is given by

Ut = PropeaYeoo + Peo(l — pe1)Yeon
+ (1 —pro)peabeio + (1 —pro)(I —pea)yen (2.5)

when we observe the feature vector a;. This result can be easily extended to the

cases where we have more then 2 separator functions.

We adaptively update the weights associated with each partition based on the
overall performance. Boundaries of the regions are also updated to reach the best
partitioning. We use the second order algorithms, e.g. Online Newton Step [40],
to update both separator functions and region weights. To accomplish this, the

weight vector assigned to the region {00} is updated as

1
I, p—t
Wit1,00 = Wi oo — EAt Ve,

(2.6)
= w0 + Betpt,opt,lAt_lwty
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where [ is the step size, V is the gradient operator w.r.t. w;o and A; is an

m X m matrix defined as

t
A=) V V] tel,, (2.7)
i=1
where V;, = Ve? and € > 0 is used to ensure that A, is positive definite, i.e.,
A; > 0, and invertible. Here, the matrix A; is related to the Hessian of the error

function, implying that the update rule uses the second order information [40].

Region boundaries are also updated in the same manner. For example, the

direction vector specifying the separation function p; ¢ in Fig. 2.4, is updated as

1
—1w 2
Niy10 = Neo — EAt Ve;

2 . R
=Ny + Eet[pt,lyt,()o + (1 = pe1)eon (2.8)

A A _ 3}? 0
— Peadeao — (1 = pe1) 1] A, 18nt7 )
£0

where 7 is the step size to be determined, V is the gradient operator w.r.t. mn;g
and A; is given in (3.4). Partial derivative of the separation function p;o w.r.t.

T is given by

Opro ilft@_thn"O 9.9
ongy (14 e~ TiMeo0)2 (2.9)

All separation functions are updated in the same manner. In general, we derive

the final estimate in a compact form as

ge=> i (2.10)

re€ER

where 1@,74 is the weighted estimate of region r and R represents the set of all
region labels, e.g. R = {00,01, 10,11} for the case given in Fig. 2.4. Weighted

estimate of each region is determined by

K
Yor = o | [ Brri: (2.11)
=1

where K is the number of separation functions, P represents the set of all separa-
tion function labels and P(i) is the i element of set P, e.g. P = {0,1}, P(1) =0,
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and p; p(;) is defined as

A Pr.p(i) ;1) =0
De,p(i) = . , (2.12)

L—ppe r(i)=1
where 7(i) denotes the i’ binary character of label 7, e.g. 7 = 10 and r(1) = 1.
We reformulate the update rules defined in (2.6) and (2.8) and present generic
expressions for both regression weights and region boundaries. The derivations

of the generic update rules are calculated after some basic algebra. Hence, the

regression weights are updated as

1
Wi,y = Wyyp — 6 1V 2
2 0y
= w, + 56,514_1 i
7 ) K )
9 0 (yt,r H pt,P(i)) (2-13)
=w;, + =, A il
" * ﬁet ! Z awtr
reER ’
9 K
= W, + BetAt Ty Hﬁt,P(z)
i=1
and the region boundaries are updated as
_ . lA—lv 2
Nip1 e = Ny n t €y
2 9Ys Opix
=+ e A
ok e apt,k ony
2 awt 7‘:| apt k
=+ e A —
i n e _;% apt,k ant,k
K (2.14)
- 6( I e »>)
-~ 2 X =) O
=N, + —e A Yt.r P B
n Ler Ptk My K
2 Ip
= Nk + —€tAt ! Z ytr Hpt P(5) :| Lk
N “reR
3751

where we assign k = P(i), i.e., separation function with label-k is the i'* entry
of set P in the last equality. Since we use the logistic regression function, we can

use the following equality to calculate the partial derivative of p, w.r.t. 1,4,
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Algorithm 1 Straight Partitioning

1
1: Aal =-I,
€
2: fort <+ 1,n do

@

25:

26:

27:
28:
29:
30:

31:

32:

33:
34:
35:

U < 0
for all » € R do
Ytr < wg}wt
wt,r — gt,r
Vir <
for i <+ 1, K do
if 7(¢) := 0 then
De,p(i) < Pt,P(i)
else
Pe.pi) < 1 = pipgi)
qnd if X
Vi <= YirDe P
Vir < Vi,Dep@)
end for
for i + 1, K do )
Qi p(i) < (—1)7"(@) (%Dt,r/ﬁt,P(i))
end for )
Qt — Qt + wt,r
end for
et < Yt — Yt
for all » € R do
vt,r — —2etVt,r
ANV, VT A
Al Al - e
’ ’ 1+ Vt,rAt—l,rvtﬂ"

1
Wit1,y < Wey — BAt,,}Vt,r
end for
for 1 + 1, K do
k <« P(1)

Vig < —Qetat,kpt,k(l - pt,k)wt

1 ~1 Atjl,kvtkaZkAtjl,k
Ag <Al — T A=l
1+ Vi A Vi
L
Nyy1k < Ny — ZAt,kvt,lc

end for

end for
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Ope i
L Pe(l — Dri)

on
1 e~ T Mk
T 0t (14 @iy (2.15)
@ T Mk

(14 e~ Tl Mer)2’

In order to avoid taking the inverse of an m xm matrix, A;, at each iteration in
(2.13) and (2.14), we generate a recursive formula using matrix inversion lemma
for A;! given as [4]

ALVIVI AL
1+V7IAL VY,

A=A — (2.16)

where V; = Ve? w.r.t. the corresponding variable. The complete algorithm for

Type 1 partitioning is given in Algorithm 1 with all updates and initializations.

2.2.3 Algorithm for Type 2 Partitioning

In this algorithm, we use another approach to estimate the desired data. The
partition of the regressor space will be based on the finest model of a tree structure
[10,22]. We follow the case given in Fig. 2.6. Here, we have three separation
functions, p; q, pro and p; 1, partitioning the whole space into four subspaces. The
corresponding direction vectors are given by n, o, 1.9 and n, ; respectively. Using

the individual estimates of all four regions, we find the final estimate by

Ut = Pr.aPeob00 + Peoll — peo)dio
+ (I = pra)peadeio + (1 —pio)( —pe1)Gen (2.17)

which can be extended to depth-d models with d > 2.

Regressors of each region is updated similar to the first algorithm. We demon-
strate a systematic way of labeling for partitions in Fig. 2.7. The final estimate

of this algorithm is given by the following generic formula
2(i
=Y Vera) (2.18)
j=1
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Figure 2.7: Labeling Example for the Depth-4 Case of the Finest Model

where R, is the set of all region labels with length d in the increasing order for,
i.e., Ry = {0,1} or Ry = {00,01,10,11} and R4(j) represents the j entry of set

Ry. Weighted estimate of each region is found as
d
wt,r = ?)t,r Hﬁt,ri (219)
i=1

where r; denotes the first i—1 character of label r as a string, i.e., r = {0101}, r3 =
{01} and r = {e}, which is the empty string {e}. Here, p;,, is defined as

~ Ptr; 7T(i) =0
ptﬂ“z‘ = . (220)

1=pty, r(i) =1

Update rules for the region weights and the boundaries are given as a generic
form and the derivations of these updates are obtained after some basic algebra.

Regressor vectors are updated as

2
B
20

Wit1,r = Wiy +

d
e Ay Hﬁt,ri (2-21)
i=1



Algorithm 2 Finest Model Partitioning (Part-1)

1
1: Agl +~— -1,
€
2: for t < 1,n do
3: Qt < O
4 for j + 1,2? do
5: T4 Rd(j)
6: ?)t,r < wtjjrmt
7 wt,r — gt,r
8 Ve,r +— 1
9: for : < 1,d do
10: if (i) < 0 then
11: ﬁt,n’ < pt,ri
12: else
13: ﬁt,’l‘i <_ 1 - pt,Ti
14: end if
15: ¢t,r < ¢t,rﬁt,ri
16: Yt,r S ’Yt,rﬁt,m
17: end for
18: Ut < Y + Vir
19: end for
20: > Continues on the next page!

and the separator function updates are given by

od—£(k) d
2 _ . R Ops
Tt f = Mok +2¢A 1 |: Gt 1 r(£(k)+1) p ,T¢:| )
t+1 bk e ]Zl tr(—1) H 5 | Dy (2.22)

ok

where 7 is the label string generated by concatenating separation function id k
and the label kept in j*" entry of the set Rq—g(k)), i.e., 7 = [k; Ria—e(ry (j)] and £(k)
represents the length of binary string &, e.g. ¢(01) = 2. The partial derivative of
Pei W.I.t. My is the same expression given in (14). The complete algorithm for

Type 2 partitioning is given in Algorithm 2 with all updates and initializations.
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Algorithm 3 Finest Model Partitioning (Part-2)

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

32:

33:

34:
35:
36:
37:

38:

39:
40:
41:
42:

fori <« 1,2¢—1do
k< P(1)
for j « 1,2%%) do
r < concat[k : Rq_ou(J)]
i (1O, )
end for
end for
et < Yr — U
for j « 1,2% do
r 4 Rq(j)
Vir < —2eY,Tt
A;_llvt,rvz:rA;—ll,r

Al — AL —
t,r t—1,r —1
]_ + Vg:'f'At—l,T‘Vtar

1
Wi,y < Wyyp — BAt,rlvt,T
end for
for i + 1,29 — 1 do
k < P(1)

Vig < _2€tat,kpt,k(1 - pt,k)wt
-1 T A-1
AL Al Atfl,kvtykvt,kAtfl,k
ek S Ak T 1+vE AL v
tk‘t—1k Vitk

1
-1
Nyy1,k < Ny — EAt’kVt’k

end for

end for

> End of the Algorithm

2.2.4 Algorithm for Combining All Possible Models of

Tree

In this algorithm, we combine the estimates generated by all possible models of

a tree based partition, instead of considering only the finest model. The main

goal of this algorithm is to illustrate that using only the finest model of a depth-

d tree provides a better performance. For example, we represent the possible

models corresponding to a depth-2 tree in Fig. 2.8. We emphasize that the last

partition is the finest model we use in the previous algorithm. Following the case

in Fig. 2.8, we generate five distinct piecewise linear models and estimates of
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Figure 2.8: All Possible Models for the Depth-2 Tree Based Partitioning

these models. The final estimate is then constructed by linearly combining the
outputs of each piecewise linear model, represented by gzgt, A, Where \ represents

the model identity. Hence, 9, is given by

b =vl ¢, (2.23)

where qAbt — [ggm, qgw, s QAﬁt,M]T, v, € RM is the weight vector and M represents
the number of possible distinct models generated by a depth-d tree, e.g. M =5
for depth-2 case. In general, we have M =~ (1.5)2d. Model estimates, QASt,,\, are
calculated in the same way as in Section 2.2.3. Linear combination weights, vy,

are also adaptively trained using the second order Newton-Raphson methods, i.e.
o . lA_l 2
Vi1 = V¢ 0 + Vet ('Ut) (224)
2
= v + ;At let(’ut)gbt, (225)

where p and A; ' have the same definitions given in the paper, V is the gradient

operator w.r.t. the weight vector v; and e;(v;) is defined as

er(vi) =y — v/ ¢y (2.26)

2.2.5 Universality of the Presented Algorithm

In this thesis, we propose generic methods applicable to nonlinear regression. For

the nonlinear modeling, we use piecewise linear models because of their ability
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to sufficiently approximate nonlinear models while providing resilience to overfit-
ting. However, it is also possible to use, for example, spline modeling within the
presented tree based setting since the proposed approach is generic. This choice
results in an algorithm, where a polynomial model is assigned for each region in-
stead of a linear model. First, assume we use Type 1 partitioning, for the region

{00}, a basic quadratic m-dimensional spline model is defined as

Jeoo = &l wiy + (xF o 2l )wip, (2.27)

where x; € R™ is the observation vector, wﬁ}&o, wg?o)o € R™ are the weight vectors

of region {00} corresponding to linear and quadratic terms respectively and o
denotes the Hadamard product. We ignore the offset term just for the sake of
notational simplicity. The final estimate is the same as that is given previously,
ie.,

Ut = Pr.oPe1Ue00 + Pro(l — pe1)Ueor + (1 — pro)pe1leo (2.28)

+ (1 = peo)(1 — pea1)Yea

In these settings, the weight vectors can be updated using the same adaptation

algorithm that uses straight partitioning method with minor differences. We

update the weight vectors separately, i.e., the vector wﬁ,lo)o is updated as

1 1 I _ 1
'w§+)1,00 = wi,o)o - EAt 1V€ (WE 0)0> wg 0)0)
(2.29)

2
1 1 2
Eo)o + At Pt optlmtet('w(o)o ’U’g,o)o)v

where V is w.r.t. the w§}30 and A; ! has the same definition given in the original

manuscript. Similarly, the vector wﬁ}o is updated as
1
2 (1
'w5+)1 00 — w§(30 —A; Vel (w, ) 'w,E o)o)
) (2.30)
2
goo + uAt ProPea (T 0 xt)et(’wE 0)07 wl(f 0)0)
where V is w.r.t. the 'wg?o)o. Consequently, we demonstrate that the update rela-
tion of the weight vectors corresponding to the first order terms are not affected
by the selection of spline modeling. We only need to perform a secondary up-

date operation since there exist weights corresponding to the second order terms.
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Table 2.1: Computational Complexities

Algorithms FMP SP S-DAT DFT DAT

Complexity || O(m?2%) | O(m?k?) | O(m?4%) | O(md2?) O(m4?)

Algorithms GKR CTW FNF EMFNF VF

Complexity || O(m2%) O(md) O(m™n™) O(m™) O(m™)

However, as shown in (2.30), there is only a minor change from x; to (x; o ;)
for this update rule. As a final comment, the proposed tree based approach can
be implemented by using any other function that is differentiable without a sig-
nificant difference in the algorithm, hence, it is universal in terms of the possible

selection of functions.

2.2.6 Computational Complexities

In this section, we determine the computational complexities of the proposed
algorithms. In the algorithm for Type 1 partitioning, the regressor space is parti-
tioned into at most k2+—2k+2 regions by using k distinct separator function. Thus,
this algorithm requires O(k?) weight update at each iteration. In the algorithm
for Type 2 partitioning, the regressor space is partitioned into 2% regions for the
depth-d tree model. Hence, we perform O(2¢) weight update at each iteration.
The last algorithm combines all possible models of depth-d tree and calculates
the final estimate in an efficient way requiring O(4%) weight updates [28]. Sup-
pose that the regressor space is m-dimensional, i.e., ; € R™. For each update,
all three algorithms require O(m?) multiplication and addition resulting form a
matrix-vector product, since we apply second order update methods. Therefore,
the corresponding complexities are O(m?k?), O(m?2¢) and O(m?49) for the Al-
gorithm 1, the Algorithm 2 and the Algorithm 3 respectively. In Table 2.1, we
represent the computational complexities of the existing algorithms. “FMP” and

“SP” represents Finest Model Partitioning and Straight Partitioning algorithms
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respectively. “DFT” stands for Decision Fixed Tree and “DAT” represents De-
cision Adaptive Tree [28]. “S-DAT” denotes the Decision Adaptive Tree with
second order update rules. “CTW” is used for Context Tree Weighting [23],
“GKR?” represents Gaussian-Kernel regressor [41], “VF” represents Volterra Fil-
ter [42], “FNF” and “EMFNF” stand for the Fourier and Even Mirror Fourier
Nonlinear Filter [43] respectively.

2.2.7 Logarithmic Regret Bound

In this subsection, we provide regret results for the introduced algorithms. All
three algorithms uses the second order update rule, Online Newton Step [40], and
achieves a logarithmic regret when the normal vectors of the region boundaries
are fixed and the cost function is convex in the sense of individual region weights.
In order to construct the upper bounds, we first let w; be the best predictor in
hindsight, i.e.,

w}, = argmin » _ e} (w) (2.31)
w o
and express the following inequality

* * /8 * *
ei (wy) — e (w;,) <V (w; —w}) — §(wt —w;)'V, Vi (w; — wy,) (2.32)
using the Lemma 3 of [40], since our cost function is a-exp-concave, i.e.,
exp(—ae?(w;)) is concave for « > 0 and has an upper bound G on its gradi-

ent, i.e., ||V < G. We give the update rule for regressor weights as
1

Wi = W, — 6At_1vt' (2.33)

When we subtract the optimal weight from both sides, we get
Wiy — W, = Wy — W, — %A;lvt (2.34)
AM%H—wm:Amm—wm—%Vt (2.35)

and multiply second equation with the transpose of the first equation to get

1
Vi(w, —w;) = %VfAt_th + g(wt —w)TAy(w, — w?) 256
2.36
- §(wt+1 —w;)  Ay(wey —wy).
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Then, summing up all T" iteration gives,
- * ]' - T A—1
;Vt('wt — 'wn) = %tzzl:vt At Vt

03 oy — ) (A~ A ()

t=1

+
NN

(w1 — wy)T Ap(wry — w}) (2.37)

+ 5wy — )" Ao, —w})

where the inequality is satisfied by removing the term g(wTH —w)T Ap(wryg —
w?), which is indeed positive, since Ar is guaranteed to be positive definite. We
transfer the term g S (wy —wi) (A — Ay)(w, — wr) to the left hand side
to get the right hand side of inequality (10). Thus, we have

- 1 O _ s . .
; St S % ; vat 1Vt + E(wl — wn)TAO('wl — 'wn), (238)
where S; is defined as
S, & Vl(w, —w) — g(wt —w)"'V, Vi (w, —w). (2.39)

Since we define Ay = eI, and have a finite space of regression vectors, i.e.,
|w; — w|* < A% we get

n n

> cilw) =) e(w))

t=1 t=1

1 O _ 3
—> VIAT'V, + e’
28 < 2

IN

(2.40)

1 — 1
<—)Y VIAlv, + —,
2&2; Y

where we choose € = ﬁ and use the inequalities (10) and (17). Now, we specify

an upper bound for the first term in LHS of the inequality (19). We make use of
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Lemma 11 given in [40], to get the following bound

T = r A1 m G*n m 9 02 492 m
— < - . < -
25t§:1VtAt Vt_2510g( - +1 2ﬁlog(GnﬁA —|—1)_2510g(n),

(2.41)

where in the last inequality, we use the choice of §, i.e., 8 = £ min{ 357, o}, which
implies that % < 8(GA + é) Therefore, we present the final logarithmic regret

bound as
n

Z e (w;) — Z e (wy) <5 <GA + é)mlog(n). (2.42)

2.3 Simulations

In this section, we evaluate the performance of the proposed algorithms under
different scenarios. In the first set of simulations, we aim to provide a better
understanding of our algorithms. To this end, we first consider the regression of
a signal that is generated by a piecewise linear model whose partitions match the
initial partitioning of our algorithms. Then we examine the case of mismatched
initial partitions to illustrate the learning process of the presented algorithms.
As the second set of simulation, we mainly assess the merits of our algorithms by
using the well known real and synthetic benchmark datasets that are extensively
used in the signal processing and the machine learning literatures, e.g., California
Housing [44], Kinematics [44] and Elevators [44]. We then perform two more
experiments with two chaotic processes, e.g., the Gauss map and the Lorenz
attractor, to demonstrate the merits of our algorithms. All data sequences used
in the simulations are scaled to the range [—1, 1] and the learning rates are selected

to obtain the best steady state performance of each algorithm.

2.3.1 Matched Partition

In this subsection, we consider the regression of a signal generated using a piece-

wise linear model whose partitions match with the initial partitioning of the
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Error Performances of the Proposed Algorithms
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Figure 2.9: Regression error performances for the matched partitioning case using

model (2.43).

proposed algorithms. The main goal of this experiment is to provide an insight

on the working principles of the proposed algorithms. Hence, this experiment is

not designated to assess the performance of our algorithms with respect to the

ones that are not based on piecewise linear modeling. This is only an illustration

of how it is possible to achieve a

generated by a nonlinear system.

performance gain when the data sequence is

We use the following piecewise linear model to generate the data sequence,

.
T
wi T + Uy

’wQTazt + vy

wlx, + v

| wix, + v,

where w; = [1,1]7, wy = [-1, —1]

vector x;

,xlng >0 and xI'n; >0

,xling>0and xI'n, <0
(2.43)

,xling <0and zIn, >0

,xing <0and xIn; <0

T ny=[1,0]" and n; = [0,1]". The feature

= [241,212]" is composed of two jointly Gaussian processes with [0, 0]
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mean and I, variance. v, is a sample taken from a Gaussian process with zero
mean and 0.1 variance. The generated data sequence is represented by ¢;. In this
scenario, we set the learning rates to 0.125 for the FMP, 0.0625 for the SP, 0.005
for the S-DAT, 0.01 for the DAT, 0.5 for the GKR, 0.004 for the CTW, 0.025 for
the VF and the EMFNF, 0.005 for the FNF.

In Fig. 2.9, we represent the deterministic error performance of the specified
algorithms. The algorithms VF, EMFNF, GKR and FNF cannot capture the
characteristic of the data model, since these algorithms are constructed to achieve
satisfactory results for smooth nonlinear models, but we examine a highly non-
linear and discontinuous model. On the other hand, the algorithms FMP, SP,
S-DAT, CTW and DAT attain successive performance due to their capability of
handling highly nonlinear models. As seen in Fig. 2.9, our algorithms, the FMP
and the SP, significantly outperform their competitors and achieve almost the
same performance result, since the data distribution is completely captured by
both algorithms. Although the S-DAT algorithm does not perform as well as the
FMP and the SP algorithms, still obtains a better convergence rate compared to
the DAT and the CTW algorithms.

2.3.2 Mismatched Partition

In this subsection, we consider the case where the desired data is generated by a
piecewise linear model whose partitions do not match with the initial partitioning
of the proposed algorithms. This experiment mainly focuses on to demonstrate
how the proposed algorithms learn the underlying data structure. We also aim

to emphasize the importance of adaptive structure.

We use the following piecewise linear model to generate the data sequence,

(
wlz, +v, ,xlnyg>05and xln;, > -0.5

wliz, +v, ,xlng>05and xln; < —-0.5

<
(2.44)
wiz, +v; ,xlng <05 and xlny, > —0.5

\wfmt + v ,w?no < 0.5 and mtTng < —-0.5
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Figure 2.10: Regression error performances for the mismatched partitioning case
using model (2.44).

where w; = [1,1]7, wy = [1,-1]T, ng = [2, —1]T, ny = [-1,1]T and n, = [2,1]T.
The feature vector @; = [z41, T,2]" is composed of two jointly Gaussian processes
with [0,0]” mean and I variance. v, is a sample taken from a Gaussian process
with zero mean and 0.1 variance. The generated data sequence is represented by
U¢- The learning rates are set to 0.04 for the FMP, 0.025 for the SP, 0.005 for the
S-DAT, the CTW and the FNF, 0.025 for the EMFNF and the VF, 0.5 for the
GKR.

In Fig. 2.10, we demonstrate the normalized time accumulated error perfor-
mance of the proposed algorithms. Different from the matched partition scenario,
we emphasize that the CTW algorithm performs even worse than the VF, the
FNF and the EMFNF algorithms, which are not based on piecewise linear model-
ing. The reason is that the CTW algorithm has fixed regions that are mismatched
with the underlying partitions. Besides, the adaptive algorithms, FMP, SP, S-

DAT and DAT achieve considerably better performance, since these algorithms
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(a)

Figure 2.11: Training of the separation functions for the mismatched partitioning
scenario (a) FMP Algorithm (b) DAT Algorithm.

update their partitions in accordance with the data distribution. Comparing these
four algorithms, Fig. 2.10 exhibits that the FMP notably outperforms its com-
petitors, since this algorithm exactly matches its partitioning to the partitions of

the piecewise linear model given in (2.44).

We illustrate how the FMP and the DAT algorithms update their region
boundaries in Fig. 2.11. Both algorithms initially partition the regression space
into 4 equal quadrant, i.e., the cases shown in ¢ = 0. We emphasize that when the
number of iterations reaches 10000, i.e., ¢ = 10000, the FMP algorithm trains its
region boundaries such that its partitions substantially match the partitioning of
the piecewise linear model. However, the DAT algorithm cannot capture the data
distribution yet, when ¢ = 10000. Therefore, the FMP algorithm, which uses the
second order methods for training, has a faster convergence rate compared to the

DAT algorithm, which updates its region boundaries using first order methods.

2.3.3 Real and Synthetic Data Sets

In this subsection, we mainly focus on assessing the merits of our algorithms. We

first consider the regression of a benchmark real-life problem that can be found
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Figure 2.12: Time accumulated error performances of the proposed algorithms
for California Housing Data Set.

in many data set repositories such as: California Housing, which is an m = 8
dimensional database consisting of the estimations of median house prices in the
California area [44]. There exist more than 20000 data samples for this dataset.
For this experiment, we set the learning rates to 0.004 for FMP and SP, 0.01
for the S-DAT and the DAT, 0.02 for the CTW, 0.05 for the VF, 0.005 for the
FNF and the EMFNF. Fig. 2.12 illustrates the normalized time accumulated
error rates of the stated algorithms. We emphasize that the FMP and the SP

significantly outperforms the state of the art.

We also consider two more real and synthetic data sets. The first one is
Kinematics, which is an m = 8 dimensional dataset where a realistic simulation
of an 8 link robot arm is performed [44]. The task is to predict the distance of
the end-effector from a target. There exist more than 50000 data samples. The
second one is Elevators, which has an m = 16 dimensional data sequence obtained

from the task of controlling an F16 aircraft [44]. This dataset provides more than
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Figure 2.13: Time accumulated error performances of the proposed algorithms
for Kinematics and Elevators Data Set.

50000 samples. In Fig. 2.13, we present the steady state error performances of
the proposed algorithms. We emphasize that our algorithms achieve considerably

better performance compared to the others for both datasets.

Special to this subsection, we perform an additional experiment using the
Kinematics dataset to illustrate the effect of using second order methods for the
adaptation. Usually, algorithms like CTW, FNF, EMFNF, VF and DAT use the

gradient based first order methods for the adaptation algorithm due to their low
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Figure 2.14: Time accumulated error performances of the proposed algorithms
for Kinematics Data Set. The second order adaptation methods are used for all
algorithms.

computational demand. Here, we modified the adaptation part of these algo-
rithms and use the second order Newton-Raphson methods instead. In Fig. 2.14,
we illustrate a comparison that involves the final error rates of both the modi-
fied and the original algorithms. We also keep our algorithms in their original
settings to demonstrate the effect of using piecewise linear functions when the
same adaptation algorithm is used. In Fig. 2.14, the CTW-2, the EMFNF-2, the
FNF-2 and the VF-2 state for the algorithms using the second order methods for
the adaptation. The presented S-DAT algorithm already corresponds to the DAT
algorithm with the second order adaptation methods. Even though this modifi-

cation decreases the final error of all algorithms, our algorithms still outperform
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Figure 2.15: Regression Error Rates for the Gauss map.

their competitors. Additionally, in terms of the computational complexity, the
algorithms EMFNF-2, FNF-2 and VF-2 become more costly compared to the
proposed algorithms since they now use the second order methods for the adap-
tation. There exist only one algorithm, i.e., CTW-2, that is more efficient, but it

does not achieve a significant gain on the error performance.

2.3.4 Chaotic Signals

Finally, we examine the error performance of our algorithms when the desired
data sequence is generated using chaotic processes, e.g. the Gauss map and the
Lorenz attractor. We first consider the case where the data is generated using

the Gauss map, i.e.,
yr = exp (—az}) + 8 (2.45)
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Figure 2.16: Regression Error Rates for the Lorenz attractor.

which exhibits a chaotic behavior for @« = 4 and § = 0.5. The desired data
sequence is represented by y; and x; € R corresponds to y;_1. xp is a sample
from a Gaussian process with zero-mean and unit variance. The learning rates
are set to 0.004 for the FMP, 0.04 for the SP, 0.05 for the S-DAT and the DAT,
0.025 for the VF, the FNF, the EMFNF and the CTW.

As the second experiment, we consider a scenario where we use a chaotic signal
that is generated from the Lorenz attractor, which is a set of chaotic solutions

for the Lorenz system. Hence, the desired signal y; is modeled by

Yo = Y1+ (0(U-1 — ye1))dt (2.46)
wp = U1 + (Y—1(p — ve_1) — uy_q)dt (2.47)
Vp = Vi1 + (Yr—1Up—1 — Pri—1)dL, (2.48)

where § = 8/3, 0 = 10, p = 28 and dt = 0.01. Here, u; and v; are used to
represent the two dimensional regression space, i.e., the data vector is formed as
x; = [ug,v;]7. We set the learning rates to 0.005 for the FMP, 0.006 for the SP,
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0.0125 for the S-DAT, 0.01 for the DAT, the VF, the FNF, the EMFNF and the
CTW.

In Fig. 2.15 and 2.16, we represent the error performance of the proposed
algorithms for the Gauss map and the Lorenz attractor cases respectively. In
both cases, the proposed algorithms attain substantially faster convergence rate
and better steady state error performance compared to the state of the art. Even
for the Lorenz attractor case, where the desired signal has a dependence on more

than one past output samples, our algorithms outperform the competitors.

Before concluding the Simulation section, we need to emphasize that it is a
difficult task to provide completely fair scenarios for assessing the performance
of nonlinear filters. The reason is that, for any particular nonlinear method, it is
very likely to find a specific case where this method outperforms its competitors.
Therefore, there might exist some other situations where our methods would not
perform as well as they do for the cases given above. Nevertheless, we focus on
the above scenarios and the datasets since they are well-known and highly used
in signal processing literature for performance assessment. Hence, they provide

a significant insight about the overall performance of our algorithms.
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Chapter 3

Efficient Implementation Of
Newton-Raphson Methods For

Sequential Prediction

There exists a significant amount of data flow through the recently arising appli-
cations such as large-scale sensor networks, information sensing mobile devices
and web based social networks [3,17,45,46]. The size as well as the dimension-
ality of this data strain the limits of current architectures. Since processing and
storing such massive amount of data results in an excessive computational cost,

efficient machine learning and signal processing algorithms are needed [6,47].

In this chapter, we investigate the sequential prediction problem, which is a
specific case of sequential regression where the consecutive feature vectors are the
shifted versions of each other, for high dimensional data streams. In order to mit-
igate the problem of excessive computational cost, we introduce sequential, i.e.,
online, processing, where the data is neither stored nor reused, and avoid “batch”
processing. [34,48]. One family of the well known online learning algorithms in
the machine learning literature is the family of first order methods, e.g., Online
Gradient Descent [36,40]. These methods only use the gradient information to

minimize the overall prediction cost. They achieve logarithmic regret bounds,
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which are theoretically guaranteed to hold under certain assumptions [40]. Gra-
dient based methods are computationally more efficient and feasible compared to
other families of online learning algorithms; i.e., for a sequence of M-dimensional
feature vectors {x;}1>0, where &; € R, the computational complexity is only
in the order of O(M). However, their convergence rate remains significantly slow
when achieving an optimal solution, since no statistics other than the gradient is
used [16,34,36]. Hence, it requires much more iteration for the first order algo-
rithms to reach the steady state, compared to more complicated learning meth-
ods. Even though gradient based methods suffer from this convergence issue,
they are extensively used in big data applications due to such low computational
demand [49].

Different from the gradient based algorithms, the well known second order
Newton-Raphson methods, e.g, Online Newton Step, use the second order statis-
tics, i.e., Hessian of the feature vector, in each iteration to obtain the optimal
solution [40]. Hence, they asymptotically achieve the performance of the “best”
possible predictor much faster [48]. Existence of logarithmic regret bounds are
theoretically guaranteed for this family of algorithms as well [40]. Additionally,
the second order methods are robust and prone to highly varying data statistics,
compared to the first order methods, since they keep track of the second order
information [48,50]. Therefore, in the sense of convergence rate and steady state
error performances, Newton-Raphson methods considerably outperform the first
order methods [34,36,38,48]. However, the second order methods offer a quadratic
increase in the computational complexity, i.e., O(M?), while the gradient based
algorithms provide a linear relation, i.e., O(M). Hence, the computation time
required to perform a single iteration is O(M) times longer for the Newton-
Raphson methods. As a consequence, it is not usually feasible for real-life big

data applications to utilize the merits of the second order algorithms [49].

Overall, in this chapter, we introduce an online sequential prediction algorithm
that ) process only the currently available data without any storage, i) efficiently
implements the Newton-Raphson methods, i.e., the second order methods iii)
outperforms the gradient based methods in terms of performance, iv) has O(M)

computational complexity same as the first order methods and v) requires no
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statistical assumptions on the data sequence. We illustrate the outstanding gains
of our algorithm in terms of computational efficiency using several sequential real
life and synthetic big datasets and compare the resulting error performances with

the regular Newton-Raphson methods.

This chapter is organized as follow. We first provide the problem description
in Section 3.1. We then present an highly efficient implementation for the second
order methods in Section 3.2. We then demonstrate the performance of our
algorithm through simulations based on two different real life big datasets in
Section 3.3.

3.1 Problem Description

We study sequential prediction, where we sequentially observe a real valued data
sequence {x;}t>0, ©r € R. At each time ¢, after observing {xy, x1—1, ..., %t—pr41},

we generate an estimate of the desired data, 2;11 € R, using a linear model as
U
Ti41 = Wy Ty + ¢, (31)

where ; € RM represents the feature vector of previous M samples, i.e., ; =
(26, 241, .o, i_pr41)T. Here, wy € RM and ¢; € R are the corresponding weight
vector and the offset variable respectively at time t. With an abuse of notation,
we combine the weight vector w; with the offset variable ¢;, and denote it by

wy = [wy; ¢, yielding

ZJASH_l = fw;fa:t, (32)
where @; = [x;;1]. As the performance criterion, we use the widely studied
instantaneous absolute loss as our cost function, i.e., f;(w;) = |le||, where the

prediction error at each time instant is given by

€t = Tt —QAﬁ't.

We adaptively learn the weight vector coefficients to asymptotically achieve

the best possible fixed weight vector w,,, which minimizes the total prediction
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error after n iteration, i.e.,

n

w,, = arg minZ||a7t+1 —wl x|,
WeRM t=0

for any n. The definition of w, is given for the absolute loss case. To this
end, we use the second order Online Newton Step (ONS) algorithm to train
the weight vectors. The ONS algorithm significantly outperforms the first order
Online Gradient Descent (OGD) algorithm in terms of convergence rate and
steady state error performance since it keeps track of the second order statistics

of the data sequence [34,36,40]. The weight vector at each time is updated as
1L
Wi = W1 — ;At 1Vt, (33)

where 1 € R is the step size and V; € RM corresponds to the gradient of the
cost function ¢;(w;) at time t w.r.t. wy, ie., V; = V{,(w;). Here, the M x M

dimensional matrix A; is given by
t
A=) VI +aly, (3.4)
i=0

where a > 0 is chosen to guarantee that A; is positive definite, i.e., A; > 0,
and hence, invertible. Selection of the parameters p and « is crucial for good
performance [40]. Note that for the first order OGD algorithm, we have A; = Iy,
for all ¢, i.e., we do not use the second order statistics but only the gradient

information.

The requirement of the matrix inversion operation results in a computational
complexity in the order of O(M?3) for an M x M dimensional matrix [34]. Hence,
direct use of (3.4) and performing an inversion operation at each iteration causes a
bottleneck for big data applications with high dimensional feature vectors. How-
ever, note that (3.4) has a recursive structure, where, at each time ¢, we update

the matrix A; using the relation
A=A, +V,V], (3.5)

with an initial value of A_; = oI ;. We then get a straight update from A; " to
A; ! using the matrix inversion lemma [4]
AZNVIVIAL

1+VIA VY,
42
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Then, the computational complexity for computing the matrix A; "' is reduced to
the order of O(M?). Multiplying both sides of (3.6) with V; yields

ALV,
AV, = s S R (3.7)
! 1+VTALV,
Using (3.7) in (3.3) yields
—w, | — — . 3.8
We =MW1= [1 T VIALY, (38)

Although the second order update algorithms provide faster convergence rates
and better steady state performances, computational complexity issue prohibits
their usage in most real life applications [4,36,38]. Since each update in (3.6) re-
quires the multiplication of an M x M dimensional matrix with an M dimensional
vector for ; € RM, the computational complexity is in the order of O(M?), while
the first order algorithms just need O(M ) multiplication and addition. As an ex-
ample, in protein structure prediction, we have M = 1000 deeming the second
order methods 1000 times slower than the first order OGD algorithm [51]. Hence,
when the data dimension grows, the computation time required to perform each

iteration increases dramatically.

In the next section, we introduce a sequential prediction algorithm, which
achieves the performance of the Newton-Raphson methods, while offering O(M)
computational complexity same as the first order methods. To generate the highly
efficient algorithm, we utilize the sequential nature of the feature vectors xy, i.e.,
only two entries change from x; to ;. We aim to eliminate the unnecessary

calculations without losing any information.

3.2 Efficient Implementation for Complexity

Reduction

In this section, we construct an efficient implementation that is based on the

low rank property of the update matrices. Instead of directly implementing the
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second order methods as in (3.6) and (3.8), we use unitary and hyperbolic trans-
formations to update the weight vector w; and the inverse of the Hessian-related

matrix A;".

We work on time series data sequences, which directly implies that the feature
vectors x; and x;.; are highly related. More precisely, we have the following

relation between these two consecutive vectors as

(o1, ] = [Xfy1, Te-prs1)- (3.9)

This relation shows that consecutive data vectors carry quite the same informa-
tion, which is the basis of our algorithm. We use the instantaneous absolute loss,
which is defined as

C(wy) = |[de1 — wim]. (3.10)

Although the absolute loss is widely used in the machine learning applications,
it is not differentiable when e, = 0. However, we resolve this issue by setting a
threshold € close to zero and not updating the weight vector when the absolute
error is below this threshold, [|e;|| < €. From (3.6) and (3.8), the absolute loss

results in the following update rules for w, and A;*,

1 Al
w, = wy_; £~ [;——1‘%1] , (3.11)
pll+xy Aoy
1 1 A;11‘Bt$tTAt_11
Al =4 - T - (3.12)

T A—1 ’
1 + Ty Atflwt

since V; = £x; depending on the sign of the error.

3.2.1 Givens and Hyperbolic Transformations

The proposed algorithm requires unitary and hyperbolic transformations and we
briefly give the definitions of Givens and Hyperbolic rotations in this subsection.
These transformations are used to zero out the specific elements of a vector. We
introduce the definitions for two dimensional vectors, which is sufficient for our

case.
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3.2.1.1 Givens Rotation

This rotation is called as a unitary transformation, which implies that the N x N
transformation matrix H ¢ satisfies the equality HoHG = HLHg = Iy, ie.,

T we seek for

H is orthogonal [52]. For the 2-dimensional vector v = [vy, vo]
an orthogonal 2 x 2 dimensional matrix H g such that the transformed vector v,
which is given as ©7 = v” H has the form [v3, 0]7, where the norm is preserved,

i.e., v3 = v} + v3. Such a transformation matrix H is given as

iy -
Ho=—2— v, 2|, (3.13)
VUit e = 1
U1

where we assume that vy # 0 [52]. When v; = 0 case occurs, we choose H ¢ as

Yy [g ;] | (3.14)

which simply interchange the elements of the transformed vector.

3.2.1.2 Hyperbolic Rotation

Different from the unitary Givens rotation, the ©-unitary transformation matrix
H ;5 is required to satisfy the equality HHB@HEB = HYI;B@HHB = O, where
© is a diagonal matrix with entries +1 [52]. For the 2-dimensional vector v =
[vl,vg]T, 2 x 2 dimensional Hyperbolic rotation matrix H gp has two different

forms depending on the ratio [1|. When || > 1, Hyp is given as

Vg
H U S (3.15)
HB — — 44— ) .
v} — 03 —Z—i 1

and the transformed vector © results in the form of © = [v3, 0]7, where vZ = v?+v3.

For the opposite case, i.e., |Z—;| < 1, the transformation H yp is given by

U1
H 2 S (3.16)
HB — = — ) .
v3 — v? —Z—: 1
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where the transformed vector  has the form v = [0, v3]7 where v3 = v? +v3 [52].
In the following subsection, we introduce our algorithm based on the elimination

property of Givens and Hyperbolic transformations.

3.2.2 Construction of the Algorithm

It is clear that the complexity of the second order algorithms essentially results
from the matrix-vector multiplication, A; ' x; as in (3.11). Rather than getting
matrix A; !, from A;', and then calculating the multiplication A; |2, individ-
ually at each iteration, we develop a direct and compact update rule, which
calculates A; ' x, from A; 'a,_; without any explicit knowledge of the M x M

dimensional matrix A;*,.

Similar to [4], we first define the normalization term of the update rule given
in (3.11) as
n=1+xl Az, (3.17)

Then, the difference between the consecutive terms 7, and 7,_; is given by
Me— M1 = T A @ — @ Am . (3.18)

We define the (M + 1) x 1 dimensional extended vector &; = [z, ] ;|7 and get

the following two equalities using the relation given in (3.9),

A0
=1+ |01 M] i, (3.19)
0y, O
0 0%
N1 =14+ & D (3.20)
Therefore, (3.18) becomes
M — MNt—1 = igﬂAtflfkt, (321)
where the update term A;_; is defined as
AL 0 0 of
Ay 2 [ - M] _ [ Ml] . (3.22)
0y O Oy A,
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This equation implies that we do not need the exact values of A;', and A,
individually and it is sufficient to know the value of the defined difference A; 4
for the calculation of 7,. Moreover, we observe that the update term can be
expressed in terms of rank 2 matrices, which is the key point for the reduction of

complexity.

Initially, we assume that 2; = 0 for ¢ < 0, which directly implies A"1 = A~} =
17,/ using (3.4) and (3.5). Therefore, A_; is found as

1
A_; = = diag{1,0,...,0,—1}. (3.23)
(6%

At this point, we define the (M + 1) x 2 dimensional matrix A_; and the 2 x 2

dimensional matrix I1_; as

1
Alz\/j 0 0 0
alo 0 ... 01

to achieve the equality given by

' 1 0
I, = , (3.24)
0 —1

Ay = A_TI_ AT (3.25)

Here, we make an initial assumption that the low rank property of A; holds for
all t > 0. At the end of the discussion, we show that the assumption holds.
Therefore, by using the reformulation of the difference term, we restate the

term given in (3.21) as
=11+ & ATl A&y (3.26)
For the further discussion, we prefer matrix notation and represent (3.26) as

\(/)m] = [\/m i?Atq] O¢1 \/Tm] ) (3-27)

t—1Tt

v o] [
where ©,_; is defined as
1 0
0, I,

0,1 = (3.28)

We first employ a unitary Givens transformation H¢, in order to zero out the
second element of the vector [,/7;_1, 7 A;_1] and then use a ©,_;-unitary Hyper-

bolic rotation Hyp, i.e., HHB,t@tAHEB’t = O,;_1, to eliminate the last term.
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Consequently, we achieve the following update rule

i of| = [y @A) H (3.20)

where H,; represents the overall transformation process. Existence of these trans-
formation matrices is guaranteed [4]. This update gives the next normalization
term 7, however, for the (¢ + 1) update, we also need the updated value of
A1, ie., Ay, explicitly. Moreover, even calculating the A; term is not sufficient,
since we also need the individual value of the vector A;',x; to update the weight

vector coeflicients.

We achieve the following equalities based on the same argument that we used
to get (3.19) and (3.20)

Al AL 0
1%t (S OM g (3.30)
0 o, 0

0 0 0f
) = K (3.31)
Ay my O A

Here, by subtracting these two equations, we get

A;llzl:t . 0
O A;_lgmt—l

We emphasize that the same transformation H;, which we used to get /7, also

+ ATy (3.32)

transforms A;_; to A; and A;}th_l to A;_llazt, if we extend the transformed

vector as follows

T

Nt—1 Zy Ay T

0

| 0 H = (V" 2 (3.33)
At g Q

Me—1

~1
Ay

where we show that ¢ = \/—%[a:tTA[fl,O]T and Q = A;. We denote (3.33) as

BH, = B, where B represents the input matrix and B states the output matrix

of the transformation. Then, the following equality is achieved

Bo, \B' = B0, ,B” (3.34)
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since H; is ©,_; unitary, i.e., BHtG)t_lHtTBT — BO, ,BT. Equating the

elements of matrices in both sides of (3.34) yields

0 -
q\/ = 1 + A1y,
AT
T (3.35)
1 0 0
qq" + QI Q" = — 1 1 + A1
M1 | A, 51| | A 5T

We know from (3.32) that the left hand side of the first term in (3.35) equals to
[x7 A; %, 0]" and q is given by

A—l
W [ t;)lwt} . (3.36)

Hence, we identify the value of Q matrix using the second term in (3.35) as

T 0 OL
QI, Q" = 0 Ale, xl AL
M
Ne—1

A oy 0 oy (3.37)
+ o7 0| lo7 A

M M t—2
—qq",

where we expand the A, ; term using its definition given in (3.22). We know
that the term W%A;_lzwt,lwf_lA;_IQ equals to the difference A;!, — A, | using
the update relation (3.12). Therefore, substituting this equality and inserting the
value of q yields

0k Ain] |04 AL

. A7Y o] [0 oy
0, 0 of, Al
| Ym Y Mm t—2

—1 —1
S A ) IO
A7l 0y 0 Oy
~ o7, o]_ loﬂ A;_lj
— A,
= AJLAT
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Algorithm 4 Fast Online Newton Step

1: Choose @ > 0
2: Choose window size M
3: Determine the step size

e JLro 00"
T Valo0 o001

1 0
st 0]
1 of
6: © = [02 H}
7 Xy = OM
8: wg = 0y
9: N-1 = 1
11: while ¢t > 0 do
12: fkt = [.Z't, .’B?]T
13: jt—l—l = thCUt
14: € = Typ1 — Ty
V-1 fi%r/\t—l
15: B = 0
o
Pi—1
16: Determine a Givens rotation H¢, for B
17: B=BHg,
18: Determine a Hyperbolic rotation H g, for B
N
19: {pt} A = BHHB,t
0 t
20: if ¢, > € then
1
21: Wiy = Wy + — [ptm}
H Ur
22: else if ¢; < —e then
1
23: Wiy = Wy — — |:pt\/m:|
LT
24: else
25: Wiy = Wy
26: end if
27 Ty = ['Itaxt—17"'7xt—M+l r

28: end while
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This equality implies that II is time invariant, i.e., II;,_; = II; and @Q is given as
Q= A, (3.39)

Hence, we show that when the low rank property of the difference term A; is
achieved for ¢t =1 — 1, it is preserved for the iteration ¢ = ¢, for « > 0. Therefore,
the transformation in (3.33) gives all the necessary information and provides a

complete update rule. As a result, the weight vector is updated as

( 1[A Lz
wt_1+—|: = t:|,if€t>6
12 Anlt
4 1A,
Wi = w, ; — _{ 1&13316}7 ife, < —c o (3.40)
H Uz
(w1, otherwise

where the individual value of A; 'z, is found by multiplying (3.36) by V1t
which is the left upper most entry of the transformed matrix B, and taking the
first M elements. The complete algorithm is provided in Algorithm 4 with all

initializations and required updates.

The processed matrix B in each iteration has the dimensions (M + 2) x 3,
which results in the computational complexity in the order of O(M). Hence,
the presented implementation reduces the computational complexity of the sec-
ond order ONS algorithm significantly for the sequential prediction framework.
Moreover, since there is no statistical assumptions, we obtain the same error rates

compared to the regular implementation.

3.3 Simulations

In this section, we illustrate the efficiency of our algorithm on widely used syn-
thetic and real life sequential big datasets. We implement the proposed fast
Online Newton Step (F-ONS), the regular Online Newton Step (R-ONs) and
the first order Online Gradient Descent (OGD) with different settings to com-
pare their computational loads. We first work on a large chaotic sequence, i.e.,

Henon map [55], with 0.5 Billion samples and illustrate the total computation
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time and the corresponding mean square error (MSE) curves of each algorithm.
Then, we implement each algorithm on a large pseudo periodic time series which
again contains 0.5 Billion time instances and represent the total elapsed time
for each algorithm to reach the steady state. We finally use two different real
life big sequential datasets, one of which is the CMU ARCTIC speech dataset
where a professional US English male speaker reads 1132 distinct utterances [53].
The recording is performed at 16 KHz and there exist more than 50 million sam-
ples. The second real life dataset is a weather forecasting trace provided by Davis
Weather station in Amherst, Massachusetts [54]. Temperature data was collected
every 5 minutes during a period of 7 years from 2006 to 2013. There exist more
than 600 thousand samples. Hence, all four datasets are suitable for simulating
big data scenarios. The data sequences are scaled such that all samples are in

between [—1, 1].

3.3.1 Computational Complexity Analysis

As the first set of experiments, we examine the computation time of the proposed
F-ONS, the standard R-ONS and the OGD algorithms.

3.3.1.1 Chaotic Data Sequence

We first work on a chaotic sequence, e.g., Henon map [55], which is widely used in
sequential regression literature for evaluation purposes. The sequence is generated

from the following structure
ry=1—az? |+ B o. (3.41)

This structure is known to exhibit a chaotic structure when the parameters are
selected as @ = 1.4 and § = 0.5 [55]. The initialization values z_» and z_;
are chosen from a normal distribution with zero-mean and unit-variance. Using
(3.41), we have generated 0.5 Billion sequential data instances and used them

to evaluate the performance of the proposed efficient algorithm. In Fig. 3.1,

52



Comparison of Computation Time of the Algorithms
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Figure 3.1: Comparison of the total computation time with different feature
dimension for processing 0.5 billion data points generated from (1). F-ONS :
Fast Online Newton Step, R-ONS : Regular Online Newton Step, OGD : Online
Gradient Descent.

we illustrate the total computation time of each algorithms, e.g., the proposed
F-ONS, the standard R-ONS and the first order OGD, with respect to different

feature dimensions for processing a total of 0.5 Billion samples.

On this large chaotic sequence, we demonstrate that the proposed F-ONS
algorithm provides a significant reduction on the computation time especially
when the dimension of the feature vector M is high. Even though both the
OGD and the F-ONS have the same order of time complexity, i.e., O(M), the
computation time of the first order OGD is smaller. This is an expected result
since the F-ONS performs additional transformation operations in each iterations.
The most significant observation of Fig. 3.1 is that increasing the dimensionality
of features results in only a linear increase on the time complexity of the proposed

F-ONS, even though it is a second order algorithm.

3.3.1.2 Pseudo Periodic Synthetic Time Series

As the second dataset, we use a Pseudo Periodic Synthetic Time Series [56],

obtained from UCI KDD dataset archive. The sequence is generated by the
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Total Elapsed Time to Reach the Steady-State
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Figure 3.2: Comparison of the total elapsed time for which the algorithms reach
the steady-state. F-ONS : Fast Online Newton Step, R-ONS : Regular Online
Newton Step, OGD : Online Gradient Descent.

following function
7
g=>» sin (27r(22+’? + rand(Qi))z?), (3.42)
=3

where the vector ¢ consists of uniform samples on the [0, 1] interval with a fixed
step size of 2-107Y. The sequence generated from (3.42) appears highly periodic
but it never exactly repeats itself. Therefore, this dataset creates a reasonable
framework for sequential prediction problem. The total number of instances
in this pseudo periodic sequence is 0.5 billion similar to the previous dataset.
The function rand(2’) generates a random value from the uniform distribution
between 0 and 2°. Here, all the data points are scaled to the [—1,1] interval. For
this dataset, we illustrate the total elapsed time of each algorithm to reach their

steady state error rates.

In Fig. 3.2, we represent the total elapsed time of each algorithm to reach
their steady-state regions for M = 64 case. It is a significant observation that
the second order F-ONS reaches the steady-state faster compared to the first
order OGD algorithm. The reason is that F-ONS requires much less number of

samples for convergence [34]. Even though the R-ONS processes the same number
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Figure 3.3: Total elapsed times for both Regular and Fast implementations of
Online Newton Step algorithm with different data dimensions M. Two different
dataset length n is chosen to examine the corresponding effect.

of samples with the F-ONS; it takes much more time for the R-ONS to complete

processing.

3.3.1.3 Real Life Speech Dataset

We now examine the computation time of both the proposed efficient ONS and
the regular ONS algorithms on a real life speech dataset. We first work on the
two partitions of CMU ARCTIC speech dataset with lengths n = 5 - 107 and
n = 2.5-107, and measure the corresponding total processing times. Sequences
of different lengths are chosen to illustrate the effect of increasing data length.
For both sequences, we choose feature vectors, ¢, € RM, with several dimensions
ranging from M = 16 to M = 128. In Fig. 3.3, we demonstrate the computation

time comparisons of the regular and the fast implementations of ONS algorithm.
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As expected from our results, complexity of the regularly implemented ONS al-
gorithm shows a quadratic increase with respect to the dimension of the feature
vectors, M. However, the proposed efficient implementation provides a linear
growth on the computational complexity of the ONS algorithm. A substantial
observation from Fig. 3.3 is that, with an increasing dimensionality of the space
of feature vectors, the reduction in the complexity becomes outstanding. We also
observe that the growth in the dataset length causes the same linear effect on both
algorithms, i.e., doubling the total length n results in the doubled computation

times.

3.3.1.4 Real Life Temperature Trace Dataset

We then consider the real life weather forecasting temperature dataset, where in
this case the total length of data sequence is not as much as the previous ones.
Therefore, we specifically concentrate on much larger values for the dimension
of the feature vectors. Here, we choose the dimension of the space of feature
vectors ranging from M = 100 to M = 1000 and the total length of data se-
quence is n = 6-10°. In Fig. 3.4, we illustrate the relative gain of the introduced
fast ONS algorithm with respect to the regular implementation of ONS and the
OGD algorithm in terms of the total computation times. We observe that the
relative computation time gain of the presented algorithm shows a significant im-
provement in comparison with the regular ONS, as the data dimension increases.
However, we also observe that the relative gain falls into the negative region when
compared with the first order OGD algorithm. This is an expected result, since
the OGD uses only an M dimensional vector in each iteration, whereas the fast
ONS uses a (M +2) x 3 dimensional matrix and performs additional transforma-
tion operations to update the weight vectors. Besides, the negative gain remains

constant, since both algorithms eventually have the complexity in the same order

of O(M).

As a result, all these experiments illustrate examples of why it is nor preferred
to implement the second order methods for the real life big data applications,

even though they outperform the first order algorithms in the sense of error
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Figure 3.4: Relative gain of computation time for Fast implementation of Online
Newton Step algorithm with respect to the Regular implementation of Online
Newton Step and the Online Gradient Descent algorithms with different data
dimensions M. Total data length is chosen as n = 6 - 10°.

performance. Hence, our algorithm provides the well-known merits of the second

order methods, while offering a considerably low computational complexity.

3.3.2 Numerical Stability Analysis

We theoretically show that the introduced algorithm efficiently implements the
R-ONS algorithm without any statistical assumptions or any information loss.
Hence, both the R-ONS and the F-ONS offer the same error performances. How-
ever, there might occur negligible numerical differences as a consequence of the
finite precision of real life computing systems. In the second part of the experi-
ments, we examine the effects of the numerical calculations on the MSE curves.
We also represent the MSE curve of the OGD for performance comparison. For

each algorithm, the learning rates are selected to achieve the best performance

o7



Numerical Stability Analysis

0.34 T I T T
——R-ONS
—-©- F-ONS
0.32f —— OGD
—
e}
5
2 0.3
3
=
o
5]
C o028
<
]
=

0.26

0.24

Data Index (n) (a) 10%

Figure 3.5: Mean square error rates of each algorithm are presented for the data
dimension of M = 64.

in each case. We work on all the dataset used for computational complexity

analysis.

3.3.2.1 Chaotic Data Sequence

The mean square error curves for the chaotic data sequence, e.g., Henon map [55],
are represented in Fig 3.5 for all the F-ONS, the R-ONS and the first order OGD

algorithms.

Here, we illustrate that the proposed efficient implementation is numerically
stable for the processed chaotic large data sequence. It is also demonstrated
that the first order OGD algorithm cannot outperform the second order ONS
algorithms as expected. In this experiment, we only present the first 50 thousand
samples since the algorithms reach the steady state after this much samples. The

data dimension is selected as M = 64 for each algorithm.
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Figure 3.6: Mean square error rates of each algorithm are presented for the data
dimension of M = 64.

3.3.2.2 Pseudo Periodic Synthetic Time Series

For the second analysis, we again use the Pseudo Periodic Synthetic Time Series
dataset [56] and illustrate the mean square error curves of each algorithm in Fig.
3.6. Same as the first scenario, this experiment also represents that F-ONS is not
affected by any computational precision related issues. Moreover, the considerable
difference on the convergence rates of the first and the second order algorithms

is also illustrated for this case.

3.3.2.3 Real Life Speech Dataset

In this case, we consider the real life CMU ARCTIC speech dataset with n = 5-10%
samples since we observe that the F-ONS and the R-ONS algorithms reach the
steady state for this n. The dimension of the feature vectors is again chosen as

M = 64, and the learning rates are determined as 0.003 for both algorithms. We
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Figure 3.7: Mean Square Error curves for both Regular and Fast implementations
of Online Newton Step algorithm. Data dimension is chosen as M = 64 for both
cases.

demonstrate the comparison of mean square error curves in Fig. 3.7. A direct and
significant observation is that the efficient implementation is again numerically
stable. There is no observable difference between the mean square error curves

in terms of both convergence and steady state for this real life case.

3.3.2.4 Real Life Temperature Trace Dataset

We work on the temperature tracking dataset as well for the numerical stability
analysis. In this case, we increase the dimension of feature vectors to M = 400
for all algorithms. Here, we examine the effect of large dimensionality on the
numerical performance of the proposed algorithm and also compare the error
performances with the first order OGD algorithm. Similar to the previous cases,
we only represent the first 500 samples since the second order algorithms reach

the steady state at this point. The learning rates are set to 0.001 for the regular
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Figure 3.8: Mean Square Error curves for both Regular and Fast implementations
of Online Newton Step algorithm and the Online Gradient Descent algorithm.
Data dimension is chosen as M = 400 for all cases.

and the fast ONS and 0.1 for the OGD algorithm. In Fig. 3.8, we illustrate the
corresponding mean square error curves. Same as the previous analysis, the fast
ONS algorithm shows numerically no difference compared to the regular ONS
algorithm. Hence, even for such high dimensional feature vectors, the proposed
algorithm remains numerically stable. Additionally, we illustrate that the first
order OGD algorithm again shows less than adequate performance in terms of

convergence rate.

To conclude, the negative gain of computation time observed in the previous
experiment becomes insignificant when we consider the mean square error analysis
given in this section. Considering the MSE curves of the OGD algorithm, we
observe that the second order F-ONS and the R-ONS algorithms considerably
outperforms the OGD algorithm in terms of both convergence and steady-state
error rates. This reveals the significance of complexity reduction for the second

order algorithms. By the proposed efficient F-ONS algorithm, we provide the
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merits of the second order methods with a reduced complexity that is on the

same level with the first order algorithms.
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Chapter 4

Conclusion

In the first chapter, we introduce three different highly efficient and effective
nonlinear regression algorithms for online learning problems suitable for real life
applications. We process only the currently available data for regression and then
discard it, i.e., there is no need for storage. For nonlinear modeling, we use piece-
wise linear models, where we partition the regressor space using linear separators
and fit linear regressors to each partition. We construct our algorithms based
on two different approaches for the partitioning of the space of the regressors.
As the first time in the literature, we adaptively update both the region bound-
aries and the linear regressors in each region using the second order methods,
i.e., Newton-Raphson Methods. We illustrate that the proposed algorithms at-
tain outstanding performance compared to the state of art even for the highly
nonlinear data models. We also provide the individual sequence results demon-
strating the guaranteed regret performance of the introduced algorithms without

any statistical assumptions.

In the second chapter, we investigate online sequential data prediction prob-
lem for high dimensional data sequences. Even though the second order Newton-
Raphson methods achieve superior performance, compared to the gradient based
algorithms, the problem of extremely high computational cost prohibits their us-

age in real life big data applications. For an M dimensional feature vector, the
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computational complexity of these methods increases in the order of O(M?). To
this end, we introduce a highly efficient implementation that reduces the com-
putational complexity of the Newton-Raphson methods from O(M?) to O(M).
The presented algorithm does not require any statistical assumption on the data
sequence. We only use the similarity between the consecutive feature vectors
without any information loss. Hence, our algorithm offers the outstanding per-
formance of the second order methods with the low computational cost of the
first order methods. We illustrate that the efficient implementation of Newton-
Raphson methods attains significant computational gains, as the data dimension

grows. We also show that our algorithm is numerically stable.
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