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ABSTRACT

In this thesis, we study the problem of blow-up of solutions of second order non-
linear parabolic equations and numerical analysis of blow-up of solutions. Firstly,
blow-up of solutions in semilinear heat equation d;u = Au + f(u) is explained by us-
ing three methods namely concavity method, eigenfunction method and comparison
method. Secondly, the finite difference approximation to the initial boundary value
problem for semilinear heat equation dyu = 0%u + u? is studied. Two convergence
results are shown; the convergence of finite difference solution to the exact solution

and the convergence of numerical blow-up time to the exact blow-up time.
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OZETCE

Bu tezde ikinci mertebeden dogrusal olmayan parabolik denklemlerin ¢oziimlerinin
sonlu zamanda patlamasi ve niimerik analizi incelenmistir. Oncelikle, yaridogrusal
181 denkleminin dyu = Au + f(u) ¢dziimlerinin sonlu zamanda patlamasi problemi,
isimleri "i¢ biikey metodu", "6zfonksiyonlar metodu" ve "karsilastirma metodu" olan
ic yontem ile aciklandi. Sonrasinda, baglangic-sinir deger probleminde sonlu fark
yaklagimi yaridogrusal 1s1 denklemi Oyu = 0?u + u? icin cahgildr. Iki yakinsaklik

sonucu gosterildi; sonlu fark ¢éziimiiniin tam ¢oziime yakinsakliga ve sayisal patlama

zamaninin tam patlama zamanina olan yakinsakligi.
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NOMENCLATURE

an open connected subset of R"
closure of €2

boundary of €2

Qx(0,7T)
Laplace Operator
— 0%u . .
Z E where u is a smooth real valued function given by
1=0 ‘
uw:Q— R and x1,x9, -+ ,x, are coordinates for 2 C R"

— partial derivative of u with respect to variable x
x
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Chapter 1

PRELIMINARIES

1.1 Introduction

It is well known that solutions of initial boundary value problems for non-linear evo-
lutionary partial differential equations (PDEs) may not exist for all time, some norm
of solution (the maximum norm, L? norm or H' norm) may tend to infinity in a finite

time. This is called the blow-up phenomena.

The question of blow-up of solutions of nonstationary nonlinear partial differen-
tial equations has received much attention during last decades. A number of methods
are developed to study the problem of blow-up of solutions of initial boundary value
problems for nonlinear parabolic equations, nonlinear hyperbolic equations, nonlin-
ear pseudoparabolic equations, nonlinear Schrédinger equations and other nonlinear
PDE’s (see, e.g., [2], [6], [16], [18] and references therein). Sufficient conditions on ini-
tial data guaranteeing blow-up of solutions in a finite time of these problems are found.
The main reason for investigation of this problems is not only because the problem of
blow-up of solutions of nonlinear PDE’s is important from theoretical point of view,
but mainly because these problems are modeling many processes of thermodynamics,

hydrodynamic, kinetics of chemical reactions, nonlinear optics, combustion theory.

One of the important question in the blow-up theory is the numerical study of

solutions that blow-up in a finite time.

This thesis is devoted to some methods of blow-up of solutions of initial boundary

value problems for nonlinear heat equations and their finite difference analogues.

The thesis is organized as follows:



2 Chapter 1: Preliminaries

In Chapter 1, we give some necessary information about functional spaces and
inequalities used in the squeal.

In Chapter 2, after introducing the concept of blow-up of solutions of semi-linear
parabolic equation, following the references [7], [8] and [9], we prove theorems about
blow-up of solutions of initial boundary value problem for semi-linear parabolic equa-

tions of the form

Ou = Au + f(u) in Qr =Q x(0,7), (1.1)
u=0 on 02 x (0,7, (1.2)
u(z,0) = ug(x) for z € Q. (1.3)

In Chapter 3, following 12|, we study the problem of blow-up of solutions of finite
difference approximation of the initial boundary value problem for the heat equation

with quadratic nonlinearity:

O = Ou + u? O<z<l, t>0 (1.4)
u(0,t) = u(l,t) =0 t>0 (1.5)
u(z,0) = ug(x) 0<z<L1. (1.6)

when the exact solution blows-up with the blowing-up time T™. It is shown first the
convergence of the finite difference solution to the exact solution in any time interval
0 <t <T,where T < T* and secondly the convergence of numerical blowing-up time
to the exact one.

We would like to note that the theory of numerical analysis of blow-up of solutions
is extended to the several directions in a number of publications (see, e.g., [1], [3], [4]

[13] and [17])

1.2 Function Spaces

Space of Continuous Functions

C°(9) is the space of continuous functions on Q with the supremum norm:

[flloe = sup [f ()|
e
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C"(Q) is the space of all functions f(z) defined on € and which are continuous on €2
with all their derivatives up to and including order r. The norm on this set is defined

as follows:

I £llcry =D sup|D*f(x)

la|<r e

C>(Q) is the set of all functions which are infinitely differentiable.

C° is the space of test functions, defined as :
C* ={n € C* : supp(n) is compact in Q}

where

supp(n) = {x € Q: n(x) # 0}

Lebesgue Spaces

LP(€Q) is the space of Lebesgue integrable functions for 0 < p < oo with the following

norm:
|ump:/kumwmwh 1 <p<oo
Q

Q.

/1l = esssup,eal f(z)], P

Note that the space LP(12) is a Banach space. L*(Q2) is a Hilbert space with the inner

product

mmzzj@mmm

Space of Locally Integrable Functions

LP

.(€2) is the space of locally integrable functions defined as follows:

LP

loc

() = {f : @ — R measurable : f|x € L(Q), VK C Q, K compact}

Sobolev Spaces H'(2) and H{ ()

Definition 1.2.1 (Weak Derivative). Assume that o = (o, .., ) is a given multi-

indezx, u and v are locally integrable functions over ). Assume that Vh € C°(Q)) the
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following equation is satisfied:

/QUQ»EWh@g¢n:(—l)ﬂjav¢@h¢mdx
where
dlolh(z)
dx{t..0xon

Then the function v is called a-th weak derivative of u on the domain ).

D%h(x) =

The Sobolev Space H' () is a Hilbert Space of all functions belonging to L?*(9)
with all their first order weak derivatives. The inner product and norm in H'(Q) is

defined as follows:

uwm®:A< Z%@%Z)M

ol = ( [ (e + Fu(a)f))

H} () is the completion of C2° in the sense of the norm H'(Q). So if u € H}(Q),
then u € H'(Q) and there exist a sequence {u,} C C>°(Q) such that

[tn, — ul gr(q) — 0 as n — o0

The inner product and the norm in H}(Q) is defined as follows:

(u,v) a0 /Vu -Vo(z)dx

ol = ( [ 19 )

1.3 Some Useful Inequalities

Lemma 1.3.1 (Cauchy-Schwarz Inequality). Let V' be an inner product space
with inner product (-,-). Then for any u,v € V, the following inequality holds:

|(w, 0)| < [ul][v]

Cauchy-Schwartz Inequality with e: For any € > 0 the following inequality

holds:
2

b < + b
a ca® + —
4e



Chapter 1: Preliminaries 5)

Lemma 1.3.2 (Holder Inequality). Let p,q € [0, 00| with % + % =1. Ifu e LP(Q)
and v € LY(Q), then uv € L*(Q) and

[wol] L1 () < Hull ooy V1] Loy

Lemma 1.3.3 (Young’s Inequality). If p and q are positive real numbers such that

]lj + é = 1. Then for any nonnegative a and b the following inequality holds:

a? bl
ab < — + —
p q

Young’s Inequality with e: For any € > 0 the following inequality holds:

Lemma 1.3.4 (Jensen Inequality). Assume that [ is a convez function in R. Let

Y € LY(Q) is a positive function and u € C(Q). Then the following inequality holds:

Jo fu(@))d(z)dx Joul( ¢
f Y(z)dz B ( fQ z) )
Proof. Let us consider
Jo ¥(x)dx

Since f is a convex function, there exist a number m such that

k():

f(u) = f(ko) +m(u — ko) (1.7)

Multiply both sides of equation (L.7)) by ¢ and integrate over €2, we will get

/Qf(u)qua: > f(ko)/g@bd:p%—m (/Q wpdz — k:o/Q@szx) (1.8)

Now, write the value of kg in the equation (1.8]). Hence we obtain

[ rstar > (f“fﬂ ) [ vt




Chapter 2

FINITE TIME BLOW-UP FOR PARABOLIC EQUATIONS

In this chapter, we discuss the methods and techniques for studying blow-up in a
finite time of solutions to initial boundary value problems for second order parabolic
equations. These methods are applicable to more general nonlinear parabolic equa-
tions under various boundary conditions, but for simplicity we study the initial bound-
ary value problem for nonlinear heat equation under homogeneous Dirichlet’s bound-

ary condition:

Ouu(x,t) = Au(z,t) + f(u) in Qpr =Q x (0,7), (2.1)
u(z,t) =0 on 002 x (0,7, (2.2)
u(z,0) = ug(x) for xz € Q.. (2.3)

It is well known that if the function f(s) is differentiable on R , then the problem
(2.1)-(2.3)) has a unique local classical solution.

We are going to discuss the question of global non-existence or blow -up of solutions

of this problem. Let us first recall the definition of blow-up.

Definition 2.0.1 (L* blow-up, [7]). We say that a solution u of the problem (2.1

blows-up in a finite time, if there exists a finite time T™ such that

max |u(z,t)| — +oo, as t— T
e

Remark. In the following calculations, we will use the inner product (,) and the

norm || - || defined as:

(u,v) :/qudx

lull® = (u, )
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2.1 Concavity Method

The concavity method introduced by H.A.Levine in 1973, is a powerful method for
proving finite time blow-up of the solutions of the Cauchy problem and initial bound-
ary value problems for nonlinear partial differential equations. The concavity method
is an energy method and its idea is based on a construction of a positive functional
U(t) = U(u(t)), depending on some norm of the local solution of the corresponding
problem and proving that the function W(¢) satisfies the following inequality

d? yo

V() <0, (2.4)

for some positive a, i.e. the function U=(¢) is concave function. Integrating this

inequality we find that

o veti(0)
V2 o T e

Hence we find that the function ¥*(¢) is bounded from below by a function that blows
up in finite time if ¥'(0) > 0. The blow-up must occur before or at the time

7(0)

T =
a¥’(0)

> 0.

So the following lemma holds true:

Lemma 2.1.1. (see [9]) Let V(t) be a positive, twice differentiable function, which

satisfies, for t > 0, the inequality

U(E)W(t) — (1+a) [T 1) >0 (2.5)

with some a > 0. If ¥(0) > 0 and ¥'(0) > 0, then there exists a time t; < % such

that WU(t) — 400 ast — t;.

Now, we will use Lemma(2.1.1)) to illustrate the concavity method by considering
the initial boundary value problem ({2.1)) with

fw) =P e (p>1) (2.6)
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Theorem 2.1.2 ( [7]). Let Q be a smooth domain. If f is given by (2.6) and uo(x)

satisfies
—1/ Vu (x)|2dx+L/ o ()| dz > 0
9 o 0 p+1 0 0 )

then the solution (2.1) must blow-up in finite time.

Proof. First, multiply the equation (2.1) by u and integrate over 2, and obtain

/Qu(x,t)atu(a:,t)dx:/Qu(x,t)Au(x,t)d:E%—/Q\u(m,t)|p+1dx

or

1d
—— [ W¥(x,t)dx = —/ ]Vu(x,t)\zdx—l—/ lu(z, t)|P da

The second equality gives
3O + IV = [ Jute, e (2.7
Next, multiplying (2.1) with d;u and integrating over Q2 gives
|0,u(t)||* = / Oyu(z, t)Au(x, t)dx +/ |u(x, t)|[POpudx
Q Q
or

ool = 5 [~519aOF + 5 [ fute ] (238)

Let
1
J(t):—§||Vu )12 +—/|uxt|pJr dx

Then (2.8)) gives
J'(t) = |dru(®)|* = 0

t
T / 10,u(r)|2dr
0
t
- / Ju(r)|2dr + A
0

which implies that

Introduce a new function
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where A > 0 is to be determined below. Then
'(t) = [lu(t)],

and

" d
V(1) = GOl = =2 TuO +2 [ s

where we used (2.7) in deriving the equality (2.9).
By comparing the terms in J(t) and (2.9), for § = 1(p — 1) > 0, we have

U(t) > 4(1+0)J(t) = 4(1 + 9) (J(O) + /0 H&u(7)\|2d7)
Clearly
U'(t) :2/0 Lu(m,7)&u(a:,7)dxd7+/Quo(x)2dx

It follows that,

o <a( [ era) ([ o)
([ uu(ﬂn?dff (/[ 10-utryar Ll el

N

~~
a

Next we use the Cauchy Schwartz Inequality with € (1.3.1)) and obtain:

(W(1))? <4 / lu(r)|2dr / 10,u(r)|2dr

t t 1
v (e [ luPar [ 10l + ) + ol
0 0 €
! 2 ! 2 1 4
~1(1+9) [ Ju@ldr [ ou(r|fdr + (HE) ol
0 0

(2.9)
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Combining the above estimates, we find that for a > 0,
U ()W (t)—(1 + a)V'(t)?

W(00(0) +4(1+) |1+ | u(rldr / 0ru(r)|Par + (1+3) bl

240+6) (500 + [ oatr)Par) ([ utr)Par+ )

(1+a) (41+e/||u i dT/ |1 0-u(T)| dT)
1+a( )HuoH

=4(1+6)J(0) /0 |u(r)||dr + 4(1 + 6).J(0) A

41+ 0) / |0yu(r)|dr / Ju(r)|dr

4(1 4 6) /t 16,u(r)|2dr A
— (14 a) —i—e/Hu \dT/ 10, u(7)|*dr
~ra) (1) (ol
Now we choose € and « small enough such that
140> (1+a)(l+e
By our assumption, J(0) > 0. Thus we can choose A to be large enough so that
' ()U(t) — (1 +a)V(t)? >0 (2.10)

The result (2.10) shows that ¥(¢) — oo by lemma (2.1.1). Below, we explain the
reason for that.

The inequality (2.10)) implies that
d [ V't
— # > 0’
dt \ wetl(t)

V() w(0)
Teri(f) = et (0)

so that,
fort >0
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or

1d

——— U *)| > A

adt [ ( )} 0

where
v'(0)
A :
0 o+l ()

Integrating last inequality we obtain:
U(t) < —Agat + U~%(0)
or

1
[W=(0) — Agat]

Ue(t) >

It follows from the last inequality that

t
:/ u(r)[Pdr + A
0

cannot remain finite for all . O]

2.2 Eigenvalue Method

Eigenvalue method, introduced by S. Kaplan in 1963, (see: [8]) is another powerful

method for proving finite time blow-up for nonlinear partial differential equations.

Theorem 2.2.1 ( [7]). Let Q be a bounded domain with O € C. Assume that f is
convez (i.e, f”" >0), and f(u) > 0 for u> 0 and the condition

/ f )\ " < 00, where M = (ug, ¢1),
1

s satisfied, where A\ is the ﬁrst eigenvalue of the Laplacian corresponding eigen-
function (bl. Let u € C(Qr) N C*(Qr) be a classical solution of R.1). If M :=
fQ uo(z) o1 (z)dx is sufficiently large, then the solution u of the problem ({2.1] . .

blows-up mn ﬁmte time.

Proof. Consider the eigenvalue problem

—A¢p=Ap in 9,
(2.11)

¢o=0 on 0.
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Let ¢ be the normalized positive eigenfunction corresponding to the first eigenvalue

A1 > 0 of the problem (2.11)). It is well known that
= inf{[|Vull p2qyiu € K}, K = {u € Hy(Q): [[ull 2 = 1}-

Let
ww_[ﬁ@ﬁ@@mx

It is clear that W(¢) is well defined on the existence interval of the solution u and

:me@@mm

Using equation (2.1) with the boundary condition (2.2)) and the equality —A¢(z) =
A1 () we find that

:me@@mm
= [ Autetynto)d + [ fayon(a)ds
—/VWWW@M+/ﬂmwm
/ w(w, 1) Ady (x dx+/f (2. 1))n () (2.12)
— T / F(u(z, )1 (2)da

Since fﬂ ¢1(z)dr = 1 and f is a convex function, we employ the Jensen inequality

(1.3.4) and obtain

| ftute0)n(ario > £ ( / u(x,t>¢1<x>dx) — F(u().

Substituting this into (2.12)) , we obtain

'(t) > =M W(t) + f(L(1)) (2.13)

/W> ds
— >t
wo) f(8)—Ais —

o ds
e —|
/\1/(0) f(s) = Ais '

which yields

and if we let
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we get

) /\Il(t) ds ( )
> — >t 2.14
' T(0) f(s) = Ais

If u remains finite for all ¢, then W(t) is defined for all ¢. However, we get from
that W(t) will blow-up in finite time as ¢ — A;, provided W(0) is large enough.
Therefore we conclude that w(z,t) must blow-up in finite time.

As an example, let f(u) = w? in equation (2.1). For that case equation (2.13))

becomes

U/ (t) > =\ U(t) + U2 (t)

Define a new function & = e**U(t) then we get
£/<t) = e)\lt\I//(t> + )\16)\1t\11(t> > 6)\1t\p2<t> _ ef)qté-Q(t)

for 0 <t <T. Thus

§(0)A
0= e e

if A\; — &£(0)(1 — e=1) £ 0. Now, suppose

Then we have

where

oo (52)

As a conclusion we can say that if

v(0) = /Qu(x,())gbl(())dx = /Quoqbldx > A\



14 Chapter 2: Finite Time Blow-up for Parabolic Equations

then the smooth solution u of (2.1))-(2.3) cannot exist or else,

/ u(z,t)pr(x)de — 00 as t—t
0

for some 0 < t; < t*. In this case we say u blows up at time t = t;. O

2.3 Comparison Method

For semilinear heat equations of the form
Ou = Au+ f(u)

blow-up can also be established by using the comparison principle. The comparison
method asserts that for a classical solution u(x,t) of - if there exist a
function v(z,t) such that v(z,t) < u(z,t) on Qpr = Q x (0,7) then the solution u
must blow-up if the subsolution v blows up in a finite time.

We will prove below the weak maximum principle for solutions of the second order
parabolic equation and show that a solution of the equation under some restrictions
on coefficients must attain its maximum or minimum only on the parabolic boundary
of the domain. Weak maximum principles yield the comparison principle for solutions
of nonlinear second order parabolic equations. Employing the comparison theorem we

will obtain a result on blow-up of solutions in a finite time of the problem (2.1)) - (2.3).

Weak maximum principle:
The idea of the comparison method is based on the following well known maximum

principle

Theorem 2.3.1 (Weak Maximum Principle, [10]). Suppose u € C(Qr) N C%(Qr) be

a solution of the equation

LU+CU:f(I,t), <x7t>€QT

in which

Lu = a(z, t)uz, + b(z, t)u, — wy
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where Qp = Q x (0,T), f and c € C(Qr), c(z,t) <0, f(x,t) >0 in Qp with a and
b are continuous functions and a(x,t) > m > 0 for some constant m. Then u attains

its mazirmum value on the parabolic boundary of the domain Qr, i.e. on the set
Br = {either x =0,z =L,t€[0,T], or =€ (0,L),t=0}.

Proof. Assume that the solution u(z,t) attains its maximum in Q7. We need to show
that this maximum must occur somewhere on the parabolic boundary Brp. For this

purpose define an auxiliary function:
v(x,t) = u(x,t) — €t.

By our assumption u has a positive maximum in Q7 so v has also a positive maxi-
mum in Qp if we take e sufficiently small. Assume on the contrary that the positive

maximum of v occurs at a point (zg,tg) in 7. Then we have
Vz(20,t0) = 0, vzu(o,t0) < 0.
Now, calculate v; :

Vg = Up — € = QUgy + bUuy +cu — f — €
= QUgp + v, +c(v+€t) — f—€
<cv+etc—e at (xg,tp)

< —e

Next, choose a number d > 0 such that v;(zg,t) < —e/2 for tg—d < t < t¢. Integration

gives

to d
v(wo, to) — v(wo, to — d) < / “far= - <o
to—d 2 2

This result contradicts with the assumption that v(x,t) has a positive maximum at

(xo,to). Therefore positive maximum must occur on the boundary Br. As a final

remark we can write:
max v = max(v + et) < maxv + €I’
) Q Q

= maxv + €I’ = max(u — et) + €I’ < maxu + €7
Br Br Br
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Since € is arbitrarily small we can conclude that max v < maxwu means the maximum

must occur somewhere on the boundary Bry. ! BT O]
Comparison Principle
Consider the semilinear equation

wup — a(x, t)uge — b(x, t)u, = f(z,u) (2.15)
on the domain Q7 := (0, L) x (0,7). Here a and b are continuous functions on Qr

and a(z,t) > m >0, V(x,t) € Qr. The function f is continuously differentiable on

[0, L] x R. By using the weak maximum principle we can prove the following:

Theorem 2.3.2 (Comparison Theorem, [10]). Suppose that f € C'([0,L],R) is a
given function and u,v € C?(Qr) N C(Qr) be two solutions of the problem (2.15)

under the assumptions written above. If u < v on the boundary By then u < v in Q.

[In our case, a(z,t) = 1,b(z,t) =0 and f(z,u) = f(u) in equation ([2.15)).]
Proof. Let w =u —wv. Then w <0 on Br and
a(z, t) Wy, + b(x, hw, —wy = f(x,v) — f(z,u) in Q.
By using mean value theorem we get:
flz,u) — flx,v) = fu(z,u")w, uw=0u+ (1 —-0)v for 0 <0 <1.
Therefore we have

a(x,t)wy, + b(z,Hw, + fuw —wy =0 on
(x,1) (z,1) ¢ T (216)

w <0 in BT
such that (2.16) has the form that we can apply the weak maximum principle. Since
u,v € C(Qr) and f, is continuous on [0, L] x R the function f,(u*(z,t)) is bounded
on Q. First assume f,(u*(x,t)) < 0 on Q7. Then by weak maximum principle w < 0

in Q7. Since if w were positive at some point in 27 that maximum must occur on Br,
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which is a contradiction. If the function f,(u*(x,t)) takes positive values in Q7 we

take a number A > 0 such that A > f, on Q7 and let w = We. Then W will satisfy

a(x, )Wy + Wy + (fu = MW =W, =0 in Qp

WSO on BT

Hence by weak maximum principle W < 0 in Q¢ which implies that w < 0in Qp. [

Thanks to this comparison theorem the following theorem holds true.

Theorem 2.3.3. Suppose that f € C'(R) such that the solution y(t) of the problem

(2.17)
y(0) = yo
such that
y(t) = 400, as t—Ty
for some Ty > 0. Suppose also that u(z,t) is a solution of the problem
Ou — 0*u = f(u), x € (0,L),t >0,
w(0,8) = 1 (1), u(L,t) = ¢o(t), t >0, (2.18)
u(@,0) = ¥(x), @€ (0,L).

\

where @1, ¢9, 0 are continuous functions such that

¢l(t) 2 Yo, ¢2(t) 2 Yo, vt > 07 ¢(x) 2 Yo, Va S [O7L]

and
$1(0) = yo, @2(L) = wo.

Then there exists T1 < Ty such that

max |u(x,t)| = +oo, as t — 1.
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Proof. 1t is clear that the ODE solution v(z,t)of (2.17)) is a solution of the problem:

/

O — 0%v = f(v)

v(x,0) =yo, x € (0,L)

v(0,t) = v(L,t) = yo
O

and v(x,t) < u(z,t) on (0,L). Then we have v(z,t) < u(z,t) V (x,t) € (0,L) xR
by comparison theorem. Since we are given y(t) = v(x,t) blows up as t — Tj;, we

conclude that max |u(x,t)| + oo as t — Ty, Ty < Tp.



Chapter 3

BLOW-UP OF SOLUTIONS OF FINITE DIFFERENCE
EQUATION

In this chapter, we study a finite difference scheme for the approximation to the

semi-linear heat equation

ou=0u+u’, 0<z<l, t>0 (3.1)
subject to the Dirichlet boundary condition

uw(0,t) =u(l,t) =0, t>0 (3.2)
and the initial condition

u(z,0) =a(z) 0<z<1, (3.3)

where a(z) is a non-negative not identically zero continuous function on the interval
[0, 1]. Our main goal is to understand character of blow-up of solution of the problem
(3.1)) - (3.3) employing numerical method. We assume that the exact solution blows-

up with the blowing-up time 7. Here blowing-up is considered in L? norm.

3.1 Blow-up in Semilinear Heat Equation

In this section we introduce a functional J(¢) and illustrate the blow-up occurrences

in equations (3.1)) - (3.3)). Let
1 1
J(t) = _§||8tu(t)||2 + g(ug(t% 1) (3.4)

in which (-,-) and | - || denote the inner product and the norm of L?(0,1):

(f.9) = / f@g(x)de  and  |fI2=(/.f).
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Now, we will prove the some lemmas about the properties of J(t) and the blow-up

solutions of (3.1)) - (3.3).

Lemma 3.1.1. The function J(t) is monotonically increasing:

Proof. Multiply the equation (3.1) by d,u and integrate over 0 < x <1

1 1 1
/ (atu(x,t))Qda::/ 8§u(m,t)8tu(:c,t)da:+/ u?(,t)Opu(z, t)dx
0 0 0
1 1
zatu(x,t)axu(x,t)—/ aztu(x,t)axu(x,t)dx—l—/ u?(z, )0z, t)dx
0 0

This leads to

1 1
|Opu(t)|)* = —/ Opru(z, t)Opu(x, t)dx +/ u?(x,)Opu(z, t)dr = %J(t) >0
0 0

]

Lemma 3.1.2. If J(0) > 0, then the solution blows up. The blowing up time T* is

bounded from above by the number

1
S 1 :
sl[u(0)]]

Proof. Multiply (3.1) by w and integrate over 0 <z <1

*

/0 e O, ) = /O i )P, ) + /0 Bt
= u(z, t)0pu(r,t) — /01 Opu® (z,t)dx + /01 u?(x,t)dx
This leads to
L@ = o, + (). 1) (35)

Our assumption is J(ty) > 0 and by Lemma (3.1.1) we have J(t) > J(ty) > 0 for
t > 1p.
Since

J(t) = —%Haxu(t)Hg + é(u?’(t), 1) >0
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we have:
2
—[|0su(t)]* > —3(W’(®),1)
Employing this inequality in (3.5 we obtain:
1d s 1,
-2 > = :

By the use of Holder’s inequality, the right-hand side of (3.6)) is made bounded from
below by |[u(t)||’. In fact, employing Hélder’s inequality

[1r@gta)ias < ([ 1f@pan( [ g

for f =u? g¢=1withp=2, ¢=3and obtain

o) ([ ) ([ o)

So we have
/01 () > (/ u2(x,t)d:c)2
or
(u(t),1) > [lu()|®
Thus implies
Lol = 2ulf (3.7

Now, put Z(t) = ||u(t)||>. Then (3.7) takes form:

R ORIEE
Integrating this inequality we get
207 - 207 >
or
702 ———
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Hence

3

where T, = Tucl’

]

Lemma 3.1.3. Given a nonnegative function ¢(x) that satisfies ¢(x) € C*(0,1], and
#(0) = ¢(1) =0, take the initial value a(z) as

a(z) = ag(z)

If
1, A0
— — 1
o> I 5]
then the solution of the problem blows up in a finite time.

Proof. For this concrete type of initial data we have

1 1 1 1
J(0) = =5 [|10.u(0)[* + 2 (u*(0),1) = =57/ + za®(¢*, 1)
2 3 2 3
Thus
@ L =S + 5a(’,1) b >0
2 3 Y )
i.e. J(0) > 0. Hence by Lemma (3.1.2)) the solution blows up. O

Lemma 3.1.4. Suppose that the solution blows up with the blowing-up time t = T™.
Then, there exists ty, to <T™ such that

J(to) > 0.
Proof. Thanks to Newton- Leibniz formula, we have
t
u(z,t) = / Oru(x, 7)dr 4+ u(z,0)
0

Hence

lu(z,t)| < /0 |0,u(x, 7)|dT + |u(z, 0)|
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and

2 2

lu(z, 1) < [/Ot|(97u(x,7')\d7'+\u(az,O)q <9 Uotmm(x,f)uf} + 9lu(z, 0)[2.

By Cauchy-Schwarz Inequality (1.3.1) we have
t t
lu(z, t)]* < 2/ dT/ |0,u(z, 7)[dr + 2|u(z, 0)[?
0 0
t
< 2T*/ Oz, 7)2dr + 2u(z, 0)2, 0 <t<T
0
By integrating both sides over [0, 1], it follows that
t
lu@®)|? < 2T*/ |0vu()|Pdr + 20u(O)|F 0 <t < T
0

Since ||u(t)||* tends to infinity as t — T*, so does fot |0,u(T)||*dr as t — T*.

Consequently,
t
J(t) = J(0) +/ |0,u(T) ||’ dr — 0o as t — T*-
0
we get J(to) > 0 for some ty < T*. O

Lemma 3.1.5. Solution of the problem (3.1)-(3.3) does not blow-up in a finite time
if and only of
J(t) <0.

Proof. Lemma (3.1.2)) says that if J(¢) > 0 the solution blows up and lemma (3.1.4))
states that if solution blows up then 3 ¢, < T, such that J(t;) > 0. Hence the
result. O

3.2 Finite Difference Scheme

In this section we consider the finite difference approximation for (3.1]) - (3.3]) with

fixed grid size h and time increment At,. Now, let us state the sufficient definitions.

2 =ixh(i=0,1,-- 1)
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denote the i-th mesh point on the z-interval [0, 1] with the mesh size of h =

%, and
we denote by t,, the n-th mesh point on the ¢ -axis, ¢ > 0, defined by
to - O
n—1
ty =tn1 +Atyy =Y Aty (Aty>0,k=0,1,2,--")
k=0
and the parameters 7 and \ defined as follows
7 = max Aty
1<j<n
A\ =T1/h?
The finite difference scheme is as follows:
D™ = D, Dzv"™ + (v"™)? (3.8)
Py Ul,n =0
V"0 = a(z;)

where D, denotes the forward difference in ¢, and D, and D; the forward and backward
differences in x, respectively. That is:
(

Dtvi,n = L(Uz’,nﬁ-l _ Ui,n)

; 1
Dyvin =1

(
\D@Ui’n — %(,Ui,n _ vi—l,n)

in which v*" = v(z;,t,) is the finite difference approximation of the solution (3.1]) at
point (z;,t,). The solution of (3.8)) satisfies:

Lemma 3.2.1. If 0 < X\ < 1, then v'* > 0 for all i (i = 0,1,---,1) and all
k(k=0,1,---,n)

Proof. Write (3.8) D" = D,Dzv"" + (v"")?  explicitly
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1 UH_Ln — phn n —Ui’n + Ui_l’n + ( in)2
_ v”
h h h

,Ui—l—l,n _ QUi,n + Ui—l,n) + (Ui,n)Z

Ui,n—l—l — /\nvi—i—l,n + (1 . 2)\n)vi,n + /\nvi—l,n + Atn(vi,n)Q

where A\, = At,/h* Since 0 < X, < 3 holds, v""™ assume nonnegative values
if v*" are nonnegative. By knowing that the initial value a(z) is nonnegative by
00 _

assumption (v a(x)), the proof is completed. O

3.3 Local Convergence

In this section, we will state the local convergence result in Proposition (3.3.1]) which
proves the convergence of finite difference solution of (3.1)) to the exact solution. In

this result, the parameter A\ plays a key role.

Proposition 3.3.1. Fiz A = 7/h? such that 0 < X < % Then the estimates

max [vF — u(zy, tr)| < co(T) - h?
. < :
OrEZa<XI|D voF — Oy, ty)| < er(T) - h
max | D, v — Opu(z;, )| < co(T) - h
0<i<i—1

hold for k =0,1,--- ,n—1, if t, lies in the interval [0,T), T < T*, and 7T is chosen
as

4
0<7< EU2/(4 4 2T

U = max |u(x,t)|

0<z<L1
0<t<T
R=1 2 Jax 07u(x, )| + 5% Jnax, ‘8 u(z,t)]
0<t<T 0<t<T

Here co(t), c1(t), and co(t) are some functions of t.
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Proof. By Taylor expansion theorem we have

Uir1 = u(wis, tr) = u(z; + h, ty) = u(z,, tr) + hou

(4,tk)
h? 3 (h)4 4
+ gam " (24,t) y ; (@4,tr) * 4! az u‘(‘ri"'elh’tk)
wi—1 = u(xi_1,ty) = u(x; — h,ty) = u(w;, ty) — hoyu _
T4yt
h? h3 (h)4
_axZ o _ax?) N a:4
* gy % U (zitr) O (zi,tk) 4 4! ‘(l‘i—@hvfiﬂ)
Aty)?
W = (g, teny = wl@g, e+ Aty) = u(y, te) + Atydyu +( ,k) (0 u
(xi7tk) 2 (Z‘i,tk-i-HAtk
which gives
n+1 n
u; T —ul 1
0, =4 " ZAt(0%u).
et (z4,tK) At 2 ( tU)
and
i1 — 2u +uy P
*u _ Wiy T SU Ui + — [0, u(z; 4 010, ty) + 0. u(z; — Osh, 1))
(x4,tk) h? 24

Then we can write

1
o = Dyu(x;, tg) — éAtkafu

(24,tr) (it +rAty)

1
c(ﬁu = D,D;u -+ ﬂ[ﬁfu(xi + Kih, t) + a;lu(a:i — Koh, ty)].

(zi 7tk)

Define €** by

The €% satisfies

Dye* = Dy (v"* — u(zy, ty))
= D™ — Dyu(xy, ty) — r*
= D, Dzv"" 4+ (v"%)? — Dy Dpu(ws, ty) — (u(xi, t))* — ro*
= D, Dze"* + R (v (g, ty)) — rF

= DDz 4 R (W% 2u(ay, ty,)) — r*
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in which

) 1 1
rik = §Atk8t2u(azi, ty + 0AL,) + ﬂ[(?fu(xi + Kih, tg) + &fu(xi — Kkah, ty)]

0<f<l1l O0<kri <l O<rya<l1

Let E¥ = max |¢/*|- Then we have
0<i<I

EFY < EF + At EF(E* +2U)+ Aty -7+ R, k=0,1,2,

E°=0.
Let us consider the Cauchy problem

W — y(y +2U) + 7R,

(3.9)
EY =0.

By induction we can show that E* is bounded from above by the solution y = y(¢) of

the problem (3.9) at ¢ = t. It is not difficult to see that

-1

u(t) = TR (VTR _ 1) [1_U—VU2—7362mt}
U+ VU2 —-7TR U+VU?—-7TR

is the solution of the problem (3.9), provided that U? — 7R > 0 and that the denom-
inator U + vU? — 7R # 0. Consequently we have

R TR -
EF < y(t.) < T 20T _ 1y |1 — 2UT
_y( k:) U+ /—U2—TR<€ )|: 4(U2—7TR)6 :|
SC()(T‘)'h2

under the condition

0 < 7R < 4U?/(4 + UT).

Now, since



28 Chapter 3: Blow-up of Solutions of Finite Difference Equation

by definition, we obtain the following estimate

‘vai’k — Opu(x;, tk)|

—_

1 . )
—(w(w;, t) — w1, ty)) — Opu(w;, ty) — E(ez,k _ Ez—l,k)

IA
>

h 1. .
< = |02u(w; — Oh, )| + —(JeF] — |15
2 h
<c(T)-h.

Similarly we get,

1

; 1 . . . )
Dzvz,k — E(UZ+1J€ . Uz,k) il 5(“7;4’1 + €z+1,k —u; — Ez,k)

Dyv™* — Qpu(z;, tr)| = E(uiﬂ —u;) — Oyu(zy, tg) + E(e’“’k )
h 1. :
< . |8§u(a:z + Gh,tk)‘ + E(\e”lﬂ — |€"F))
< C2(T) -h

3.4 Convergence of Numerical Blow-up Time

In this section, we will define differential inequality J" as a discrete analogue of .J (1)
and we will illustrate the numerical convergence result in Proposition (3.4.4)) after

explaining some useful lemmas.

where I
(f.g) = Zh i gim
with the norm =
17711 = (7 7
Now we will show that J” has similar properties to J(t). First we prove the following

lemma:
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Lemma 3.4.1. Fiz A\ such that 0 < A < % Then J" is monotonically increasing,

i.e.,

D,J" = —(J"tt — Jm) > 0.
! Atn< )2

Proof. By direct computation we get

2 SR
=At Zh D) (v™) (Atn)zzh(D vhm)2 (200" 4 L)
and
_% >~ MDY — (D))

1
=— Aty Y W(DzDw"")(Dpv*™) — — At Z h|D; Dyv*™|

=0

I
=At, > W(Dw"")(DyDav™) — = At th Dyt

=0

In the last equality we employed the indentity

Z h(Dzv')(Dzw') = — Z h'(Dy Dzw') (3.10)

which holds for each v* and w' (i = 1,2,---,I — 1) under the Dirichlet boundary
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0

conditions v° = v = 0 and w® = w! = 0. Hence we have

A 1
Dy Jn = (Jjntt — jm
: Atn( )
1 1 I 1 I I I
= 1,n+1 - i,n+1\3 wn\2 _ — 1,m\3
Atn< 22Zh(D v ) —i—S;h( )° + ;h(va ) ;(v )
I—-1 I
= (Di"")(DyDzv™") = 5(Aty) > h(DzDyv™")
=0 =0
I 1
+AthhDU”l zn (Atn)zh(szn) (2 zn+vzn+1)
=0 =0
I—-1
=) I Dy Dzv'™ + (v")?}
1=0

I
1 . ; 4
r §Atn ZE:O h(Dv"")*{20"" + v 1}

1
1 )
- 54, §. 'h|Dy D"

I-1
h| D' ——At Zh|D D'
0 =

7=

It may be proved that
I , K )
> Dz’ < o5 > hju|
i=0 i=0

holds for any w® (i =0,1,2,---,I) with a choice of K = 4. Thus, D,J" is bounded

from below as

S At, 2T in
DyJ Z( - h2)Zh|Dv ]
The right-hand side is non-negative if 0 < A < 2 3 [

Lemma (3.4.1)) yields the following lemma.

Lemma 3.4.2. Fiz )\ such that 0 < A\ < % If J* > 0 for some k, then there exist a
positive constant C’, independent of h, such that

1 .
S |F = Cl™|* - for all n > k.
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Proof. Multiplying both sides of the difference equation

Dtvi,n — D:EDjvi,n 4 (Ui,n)2

by $h(vi"*! 4 v*") and summing up the resulting equation over i = 1,2,--- , 1 — 1
we obtain

= =

5 h(vi,n—i-l + Ui,n)DtUi,n — 5 h(vim—i-l + Ui’n){DxDjUi’n + (Ui,n)Q}

1

i=1 7

I-1 . .
1 ) : (Uz,nJrl £ Uz,n)
Z h(pbrtl imy\* v
LM

zn+1)2 (Uz’,n)Z 1

I—
1 _ o
——E — 2D, |lvi"
2 £ At S Dl

while the right-hand side may be rewritten as

h<vi,n+1 4 Ui’n){Dfo’Ui’n 4 (Uz‘,n)Q}

||F1N

1
2

-1
— Z h(v™™ + 2At D™ (D, Dzv™™ + (v°™)?)

-1 s
= " " (D Do + (v'")?) + Ach Dyv™)?
-1
> - S D+ Sy
i=1 i=1
The last inequality follows from
-1 -1 s
hv*™" D, Dyv™™ + h(v"™)3 + Z At h(D,v"™)?
% 2N g L O
-1 -1 =
= — h(Dzv"™)? + h(vo™)3 + = At h(D;v"™)? (3.11
;();()QZ;M)()

and
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Let us note that in (3.11)) we used the identity (3.10)).
Hence it follows that

1 , I-1 )

SO = = D S hIDso ™+ (07 1)

=1

("3 1), n>k

v
W

A in3
> Cllo™"||"
Since
1< 1
It = =5 o Dat P+ (041 1) >0 by assumption

T
) 2 .
— E h(Dzv"")? > —g((v”k)?’, 1) for some k
i=1

and by Holder’s inequality (1.3.2)),

(W), 1)

]

In the following lemma we will define time increment At, and the numerical

blowing-up time T*(7) :

Lemma 3.4.3. Suppose that there exists k for which J* > 0 and ||v*|| > 1, under the

condition of 0 < A < 2, A =7/h*(T = max At;)- Choose At, as
0<j<k—1

At, = T1/||V"|| for n>k

Then “the numerical blowing-up time” T*(7) defined by

n—1
T*(r) = lim t, = JLIEOZAQ
=0

n—oo
s finite and bounded from above as

) ) - ( 1+2C*T+1>
T(1) <t + — 1+2CT
Clv*] 2
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Proof. By Lemma (3.4.2]) we have

Lo m2 ~ Afln3
S Dello™ " = Cll"|

2 2
(Il 1> = o)

&l
AT o]

N | —
vV

o > (1 + QOAthU"H) lo™)”

= (1 +2C7) v

which yields

n—k
o™ > (\/1 + 2(57) 0|, n >k

Thus, the discrete time ¢, is estimated as

n— m—k
T Zl 1
B [0*]] “= \ /1 + 207
. —(Vi+207+1)
< i+ = V1+2CT
Cllv 2

Here the last inequality follows from

n—1 m—k 0o 1 m
< —
mk(\/1+207> m:0<\/1+207>
1
siHi———
Vi1+20r

B V14 20T
V1+20T -1
_1+207+V1+2C07

20T
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n—1 m—k
1
bn <t + —F—
[ 0¥ n; <\/1 + 207)

cp T 14207+ V14207
ST 20
. 1 1+207+V1+207
e 2

1 (Vi+26r+1)
<thn+—=——\V1+2CT
Cllvk] 2
[l

Now, we are ready to state the result on convergence of the numerical blowing-up

time.

Proposition 3.4.4. Suppose that the solution u(z,t) blows up ast — T, T* < 4o00-
Let
1
At,, = At,(T) :Txmin{l,—}, n=20,1,2---

[[o"]
Under the condition of fized A = 77, 0 < A < %, the quantity liﬁ)lf*(T) exrists and is
equal to the exact blowing-up time T, that is
n—1
li li A
iz [n;r&l; (r)

Proof. We prove the proposition by showing that

— T

lim inf 7*(7) > T*
710

lim sup 7*(7) < T*-
710

Firstly, suppose

t'= limi%nf T*(r) < T*

would hold. Then we could take a sequence {7,}, 7, > 0, such that

~

T*(r,) < 40, 6 = (T* —1')/2

7,—0 as p— o0
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Since .
tn(Tu) = Z Aty (1)
k=0

tn(7,) is a strictly increasing sequence, so we have

A

tn(74) < Too(y) <t + 0
and by lemma (3.4.3)), for every finite difference solution v*" = v*"(7,), we have

to(1,) <t/ +0<T*
|lv™(T,)|| = 00 as n — oo

This contradicts Proposition (3.3.1)).
Now suppose t’ = lim sup T* (1) > T* would hold. We will first deal with the case
710
t” is finite. The case of ¢ = oo may be treated in a similar way. Take a sequence

{7.}, 7, > 0, such that

A

T*(1,) >T*+ (M —1)0, d=(t"—-T*)/M

7,—0 as pu— o0
in which M is an arbitrary number satisfying M > max{4,2C(t" — T*)}- By our
assumption u(x,t) blows up as t — T, so by lemma (3.1.4) 3t =Ty, To < T so
that

lu(To)ll =

J(Tp) > d >0 (dis some fixed constant,)

Put 79 = min{(T* — Tp)/2,&0}, where &, is the unique positive root of

(1+2C¢) <1+ \/1+2ég> = 3.

Thanks to Proposition (3.3.1)), we could find a time step number & so that

;

[0 1] > [lu(To)ll = 55

JE > J(Tp) — ¢

To <t <Tp+ 7'0(< T*)
\
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would hold simultaneously for a sufficiently small 7, where 7, € {7,}, 7, < 7
Clearly ||[v*|| > 1 and J* > 0- Let this number k be denoted by k = k(7). In virtue
of Lemma (3.4.3)), it would hold that

) 1 —1+4/1+2C¢
T*(TM/) < tk(’r N+ = A/ (1 + 20&)

2

1 -
< tk(T,;)52cg§

<T*+35 < T* + (M — 1)6,

This contradicts the supposition. [
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CONCLUSION

In this thesis, we study the subject of blowing up solutions in a finite time of
initial boundary value problem for the semilinear heat equations. We illustrate three
methods for finding sufficient conditions on the sufficiently data which guarantee blow-
up of corresponding solutions of initial boundary value problem for semilinear heat
equations. After introducing the concept of blow-up solutions, we study the problem
of blow-up of solutions of finite -differece analog of the initial boundary value problem
for semilinear heat equation following [12|. First, we establish blow-up of solution of
the finite -difference equation and then we studied the relation between the numerical
blow-up time and the exact blow-up time. Finally we demonstrate the corresponding
result on convergence of blow-up time of finite difference equaion to the blow-up time

of the original problem obtained in [12].
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