G U"%@ T.C.
_n_'ag %. ISTANBUL UNIVERSITY
‘:}, &4 INSTITUTE OF GRADUATE STUDIES IN
S

SCIENCE AND ENGINEERING

M.Sc. THESIS

OPTIMIZATION PROBLEM WITH SECOND ORDER
SEMILINEAR DIFFERANTIAL INCLUSION

SUKRAN KESKIN

Department of Mathematics

Mathematics Programme

W

SUPERVISOR \W

Assist. Prof. Dr. Giilseren CICEK

June, 2019

ISTANBUL



This study was accepted on 10/7/2019 as a M. Sc. thesis in Department of Mathematics,
Mathematics Programme by the following Committee.

Examining Committee Members

f’—____—(
Assist. Prof. Dr. Giilseren CICEK (Supervisor)
Istanbul University
Faculty of Science

Assist. .Prof. “(Ozkan DEGER

aculty of Science

Academic Title Name SURNAME
University
Faculty

PIge  Terib
Prof. Dr. Nese DERNEK
Marmara University
Faculty of Science and Arts

Academic Title Name SURNAME
University
Faculty



As required by the 9/2 and 22/2 articles of the Graduate Education Regulation which was
published in the Official Gazette on 20.04.2016, this graduate thesis is reported as in
accordance with criteria determined by the Institute of Graduate Sttudies in Science and

Engineering by using the plagiarism software to which Istanbul University is a subscriber.



FOREWORD

Along with my mastership graduate study, with her knowledge and experience, I would like
to state my appreciation to Ms Giilseren CICEK who has supported me all the time during this
process.

I am grateful to my dear husband Mr Abdullah KESKIN who supported me in every subject
during my thesis studies and for his patience. Thank you very much to my parents who
supported me and gave me confidence to finish the thesis.

June 2019 Siikran KESKIN



TABLE OF CONTENTS

Page

FOREWORD  .iiitiiininnisensesssisssisesssssssissssssessssssssssssssssssssssssssssssssssssssssssssssssssassssssss i
TABLE OF CONTENTS ii
LIST OF SYMBOLS AND ABBREVIATIONS.....cciniinninsnisrensaisssnssesssnssssssesssnssasssessns jii
OZET cnntccstcnscssssssssssssssssssssssssssssssasssssssssssssssssssssassssssssssssssssssssssses v
SUMMARY ciiintnsensttnsaissesssesssisssissessstsssssssssssssssssssssesssssssssssssssssssssssssssssssssssssssssss vi
1. INTRODUCTION ...cuienuinrunssecsancsensssssssssassssssasssssssssssssssssssssasssssssssssssssssssssassssssssssssssassssssas 1
2. MATERIALS AND METHODS ...cuucuiiniisiiirinsninnnsesssnssssssesssessssssssssssssssssssssssssssssssssssss 4
2.1. CONVEX SETS AND CONVEX CONES.......ccccootimiiiniinieieneeneeentesieete e 4
2.1.1. COMNVEX SEES .ttt ettt et ettt st ettt e sht e et esbeeebeesbbe e b e sbeeeseens 4
2.1.2. CONVEX COMES ...enviiirieiiieiieiteete ettt ettt ettt ettt st e sbee e bt e saeesbeesaneeneesaeeeneens 6

2.2. CONVEX FUNCTIONS ..ottt ettt ettt ettt sttt sstesbeentesneenseenee e 7
2.2.1. SUDAITRIENtIAlS ....eeeeieeiiiiciieicce e 8
2.3. MULTIVALUED LOCALLY ADJOINT MAPPINGS .....cccceoiiiiiiieieeeeeeeee 10
2.3.1. Locally Adjoint Mappings to Convex Multivalued Mappings..........c.ccceeevuerunnne. 10
2.3.2. DUAL FUNCHONS ...ttt ettt e 11

2.4. CONVEX PROGRAMING PROBLEMS .......cooiiiiiiiiiiienieieeieeeeseee st 14
2.4.1. Needed Facts and Problem Statement ...........cccccooueeiiiiiiiiiiniiiniiicececeeee, 14
B.RESULTS eriiineinensnssnisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssasssssssssss 20
3.1. CONDITIONS OF OPTIMALITY ..ooouteitieieiieieeiestestt ettt 20
4. DISCUSSION ...uuiiriiiinsnnssanssnssssssssssnssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssassssssas 38
5. CONCLUSION AND RECOMMENDATIONS.....ccceevtrricsersessuessassesssnssssssesssessassssssas 42
REFERENCES .....oooiiiiniininninnninnisnsssnssesssssssisssssssssssssssssssssssssssssssssssssssssssssssssssssasssssssssss 43
CURRICULUM VITARE ..uuuiuiiniceisensnissensnsssissssssessssssssssssssssssssssssssssssssssssssssssssssssssassssssss 45

ii



LIST OF SYMBOLS AND ABBREVIATIONS

Symbol Explanation

R : Real numbers field

R" : n—dimentional Euclidean space

c : Subset

<-,-> : Scalar product

|| || : Norm

conv 4 : Convex hull of set 4

Aff 4 : Afine hull of set 4

rel int 4 : Set of relative interior points of set 4
int A : Set of interior points of set A

K’ : Dual cone of cone K

dom f : Definition set of f

epif : Above the graph set of f

f : Dual function of f

0 f(x,) : Subdifferantial set of f* at the point x,
cone 4 : Cone of set 4

gphF : Graph set of F

0" gphF : Recession cone of F

F *( y*) : Dual function of multivalued function F
F'(,2) : Local dual function of multivalued function F

N,(x,x) : Hamiltonian function of multivalued function F

iii



Abbreviations

*

AMF
LDM
LDM F*
CTD
CUA
DAP
NSC

CF

CP
CMM
op

DP

MF

CS

CC

E-L

s.s

iff

Explanation

: Adjoint multivalued F°

: Locally dual mapping

: Locally dual mapping F~

: Cone of tangent directions

: Convex upper approximation

: Discrete approximation problem
: Necessary and sufficient condition
: Convex function

: Convex problem

: Convex multivalued mapping

: Optimization problem

: Discrete problem

: Multivalued function

: Convex set

: Convex cone

: Euler-Lagrange

: Sufficiently small

: If and only if

iv



OZET

iKiNCi MERTEBEDEN YARIDOGRUSAL DiFERANSIYEL iCERMELI
OPTIMIZASYON PROBLEMI

YUKSEK LiSANS TEZi

SUKRAN KESKIN

istanbul Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dah

Damisman : Dr. Ogr. Uyesi Giilseren CICEK

Bu tez c¢aligmasinda, ikinci mertebeden diferansiyel icermeli yaridogrusal Bolza tipli
optimizasyon problemi iizerinde durulmus ve farkli smir kosullar1 altinda problemin
¢Ozlimiiniin optimalligi i¢in yeterli sartlar1 formiile etmek amaglanmaistir.

[k boliimde tez icin gerekli olan konveks kiimeler, konveks fonksiyonlar ve subdiferansiyel
gibi tanimlar ve teoremler verilmektedir. Tezin asil kisminda ikinci mertebeden diskret ve
diferansiyel icermeli yaridogrusal optimizasyon problemleri incelenmis ve optimallik icin
gerek ve yeter kosullar formiilize edilmistir. Ayrica discret yaklasim probleminin optimalligi
icin gerek ve yeter kosullar belirlenmistir. Limite gecilerek diferansiyel icermelerle
olusturulmus optimal problemin yeter kosullar1 elde edilmistir. Son bdoliimde genel
degerlendirmeler ve Oneriler verilmistir.

Haziran 2019, 54 sayfa

Anahtar Kelimeler: Konveks kiime, konveks fonksiyon, ¢okdegerli fonksiyon, diskret ve
diferansiyel icerme, ikinci dereceden diskret optimizasyon problemi, Euler-Lagrange

icermesi, yerel dual fonksiyon.



SUMMARY

OPTIMIZATION PROBLEM WITH SECOND ORDER SEMILINEAR
DIFFERENTIAL INCLUSION
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In this thesis, second order semilinear discrete and differential inclusions, Bolza type
optimization problems are studied. It is intended to formulate the sufficient conditions in
different state conditions for the solution of optimization.

Firstly, definitions and theorems, such as convex set, convex functions, subdifferential
required for the thesis are given. In the chief part of the thesis, second order discrete and
differential semilinear optimization problems are studied and for the optimization, necessary
and sufficient conditions are formulized. Besides, for the sake of optimization of discrete
approximation problem, necessary and sufficient conditions are determined. Shifting to limit,
necessary conditions of the optimal problem with differential inclusions are attained. In the
last chapter, general evaluations and suggestions are submitted.

June 2019, 54 pages

Keywords: Convex set, convex function, multivalued function, discrete ve differential
inclusion, second order discrete optimization problem, Euler-Lagrange inclusion, locally dual
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1. INTRODUCTION

In this thesis the Bolza Problem for the second order semilinear differential inclusion will be

analysied.
min J[z()]= j:.g (z(0),0)dt + ¥ (2(b), 2'(b)) (1)
z"(t) e Az(t)+ F (2(1),2'(t)),  t€[a,b] )
z(a)eM,, z'(a)eM,, 3)

here F:R* — P(R") is a multivalued function(MF), g(.,¢):R" x [a,b]—) R is a continuous

function according to z, W:R" — R is proper single valued function, M, and M, are

subsets of R”.

The intent of the problem is to detect a trajectory Z(¢), convincing (2) almost everywhere

(a.e) on [a,b] and the boundary conditions (3) at # =« that minimizes the Bolza functional

J [z(-)]. The functions, multifunction and sets in the problem are convex then the problem is

named convex problem.

The studies intended to develop the optimization theory began in the 17th century. The
workings that started by Descartes and Fermat were maintained in order to acquire optimals
by the other mathematicians. The analysis improved by Newton and Leibnitz plays an
significant role improvement of optimization theory. This study enabled the optimal
conditions to emerge for the sake of mathematical function and independent factors that

determine the function.

In 1947 by G.B Dantzig, the Simplex Method in terms of the solution of the Lineer
optimization problem(OP) was promoted. Later on, required factors in the interest of optimal
with Kuhn-Tucker conditions that H.Kuhn and A.Tucker worked on were constituted.

Dynamic Programming model and solution were improved by R.Bellman and Maximum



Principle of Optimal Control by Pontryagin [1] was adapted to the problem of discrete and
continuous problem. In recent years, optimization field takes interest to a great extent.
Particularly, user friendly software development, high speed processor including neural
networks due to fast development of computer techology is still an active investigation field.
Besides maths programming methods are used in deverse fields such as agriculture, medicine,

military, fields, satellite orbits, engineering, economy and radiotherapy.

Variation analysis is a branch that is involved in the OPs of maths. The knowledge regarding
this subject was mentioned in Rockafellar [2]. Especially, second order problems that include
discrete and differential inclusions were examined in Aitalioubrahim [3] and Benchohra [4]
In general, concerning these problems, it was studied over existence and validity
[5,6,7,8,9,10]. MFs, discrete, discrete approximation and problems including differential
inclusion problems that are about the comparison of ordinary and partial differential inclusion
is viewed in Mahmudov [11]. Especially high order discrete and differential inclusion OPs

were studied in Mahmudov [12].

First valid outcomes in terms of second order differential inclusion were mentioned by Yarou
and Haddad [8]. In this case, Cauchy problem is thought for the sake of infinite dimension
state and secondary degree differential inclusion. In the finite dimensional case, Cernea [9]
and Lupulescu [10] studied the non-convex problem. As for some cases, in Hilbert space, it
was studied by Ibrahim and Alkualibi [13]. Mahmudov [14] studies Bolza Problem that
includes optimal control theory with second order differential inclusion. As an additional
discrete approximation problem(DAP) has been studied after getting necessary and sufficient
condition(NSC) of second order discrete inclusion. In order to get optimal condition, local

dual condition and equivalent theorems are used.

Generally, in the investigation made so far, it has been studied over the existence and validity
of the second order differential inclusion problems. Optimization of second order discrete
inclusion problems were examined in Mahmudov [15]. Cigek and Mahmudov [16] formulate
Mayer problem for second order differential inclusions with preliminary boundary
liminations. In article [17], Boris S. Mordukhovich has been studied optimal control of
semilinear unlimited evoluation inclusions with functional constraints. Leisure time

optimization with second-order differential inclusions for endpoint constraints has been



introduced in [18]. Also semilinear OP with second order differential inclusions for nonlinear

boundary values concerned in [19].

A mathematical programming problem occurs by means of optimization, minimization or
maximization of the objective function under definite constraints. An optimization model is

designed and a solution is acquired. This operator is called maths programming.

This thesis includes five chapters. In the first chapter, the history of optimality is given and

the sources are concerned.

In the second chapter, convex set(CS), convex cones(CCs), convex functions(CFs), duality,
subdifferential, multivalued mapping and locally dual mapping(LDM) are defined. The
problem which is worked in [14] is given and the NSC for the optimality are explained. The

methods in practice utilised along with this thesis are cited.

In the third chapter, OPs with second order semilinear discrete and differential inclusions are
examined. Firstly, using the definition of LDM and NSC are formulated for the discrete
problem( DP). Using the equivalence relations, NSC are formed for the optimization of DAP
and performing the limit, optimal problem with sufficient optimality conditions defined by

second order semilinear differential inclusions are established.

In the fourth chapter, the methods in chapter three are applied on non-convex problem and

sufficient conditions are formulated.

In the last chapter, general evaluations and suggestions are submitted.



2. MATERIALS AND METHODS

In this chapter we study some definitions and theorems of Convex Analysis. In this thesis the
vector z in n— dimensional real Euclidean space Z =R" will be considered. We also study

its dual space Z~ = R". The inner product of two vectors ze Z and z" € Z" is denoted by
<Z’ Z*> — Z ZiZl'*
i=1

where z' and z' are the componets of z and z [11].

2.1. CONVEX SETS AND CONVEX CONES

At that part we study some definitions and theorems for CSs and CCs.

2.1.1. Convex Sets

Definition 2.1. [11],[20] Let A4 be a subset of R” and 4 is convex if
az +a,z,€d, a+a,=1, a,a,20, Vz,z, € A

Open sets and subspaces are convex.

Lemma 2.1. [11],[20] (i) Let Viel, 4 cR" be CSs then 4= N 4; is convex.

(i) 4,...., 4 = R" be CSs then o 4,,...,a, 4, are CSs if @,,a,,...,q, are constants.

Definition 2.2. [11] Let B is open unit ball in R", then B= {z:||z||<1}. z 1S an interior

point of 4 € R" if there exists a number & >0 such that z+ B < A.

Definition 2.3. [11] If for z,,...,z, there exists nonnegative «,,...,&, such that



z=oz,+...tQ,z
a20,i=L..1 a+..+a =1 (1)
then z is called a convex combination of points z,...,Zz,.

Definition 2.4. [11] Let A< R" be a given set. The convex hull of 4, conv 4 is the set that

has all convex combinations of points of 4, that is
conv A={oyz, +..+ .z, a,...a, 20, oy +..+a, =1, z,,...,z, € A}.

Theorem 2.1. (Carathéodory Theorem). [20] Any z € conv A can be represented as a convex

combinations of #n+1 or fewer elements of A.

Definition 2.5. [11] Let 4 be a CS. The relative interior of A4 is the interior of 4 for the

topology relative to the afine hull of 4 and is denoted by reint 4, that is z e reint 4 iff

ze Aff4 and (AffA)N B(z,6) < A fora 6 >0.

Lemma 2.2. [11]Let AcR beaCS.If z,eri4 and z, € 4 forall a e [0,1] then we have

az;+(1-a)z, e A

Definition 2.6. [11] A hyperplane is a set defined by
H = {ZER" :<s,z>:a}

where a € R, seR", s #0.

Definition 2.7. [11] H ,(z')=sup {<z, Z*> A A} is the support function of a nonempty set

4 in R”.



Theorem 2.2. [11] Let A be a closed CS. Then z € 4 iff
<Z,Z*> <H,z) (2)

forall z' e R".

2.1.2. Convex Cones

Definition 2.8. [11] TcR" bea CS. T isaCCif zeT and a >0 imply that azeT.

Definition 2.9. [11] The set of vectors z" € Z" =R" which <z, z*> >0 holds for all zeT is

called the dual cone(DC) of T and is denoted by 7. It can be written as:
T = {z* ez :<z,z*>20, ‘v’zeT}.

Definition 2.10. [11] A< Z be an arbitrary subset. A vector z € Z is called a tangent

direction of A at a point z € 4, if there exists a function ¢(«) such that z+az +p(a) e 4

for suffeciently small & >0 and & 'p(a) > 0 as a4 0.

Definition 2.11. [11] The set of tangent directions of A is called the tangent cone of A4
(CTD) denoted by T,(z). T,(z) is not unique. If 4 is convex, then

T(z)=cone(Ad—z)={z:Z=a(z,-2), z,€ 4, a >0} (3)
isCTD to 4 at z.
Theorem 2.3. [11] Suppose T,,...,T, are CCs then either
(AT, N.nT,)) =T +T, ..+ T,
or z; €T, such that not all zero and

z, +z,+..+z,=0.



2.2. CONVEX FUNCTIONS

Let /:R" > [—00,00] be defined then its domain is
dom f ={z: f(z) <+oo}.
The epigraph is
epif = {(z,zo) izyeR, z, 2 f(z)}[ll].

Lemma 2.3. [11] Let f be a proper function. That is let dom ' # & and f(z) <+ for

zedom f then ¢, 20, a,20, a,+a,=1 such that
flaz +a,z,)<a, f(z)+a,f(z,).
Lemma 2.4. [11] dom f is convex if f is CF.
Lemma 2.5. (Jensen’s inequality) [20]. If f is a proper CF. Then for
a 20,i=L..,m and o, +...+a, =1 we get
flaz+.+a,z)<af(z)+..+a, f(z).

Lemma 2.6. [11] Let for each ie/l functions f;(z) be convex then f(z)=sup f(z) is
iel

convex.

Definition 2.12. [20] A function f on R" is positively homogeneous if for every z one has

flaz)=af(z), a>0.

Example 2.1. [11] For zeR", f(z2)= ||z|| and applying the Definition 2.12

fe=loz]=ald|=as )

then we see f(z) is positively homogeneous function.



Theorem 2.4. [11] Let f is a proper CF and f is connected in neighborhoods of some point

z'edom f. Then f is continuous at z'.

Theorem 2.5. [11] Ifa CF f is continuous at z' then f satisfies the Lipschitz condition in
B(z',¢) then

[f(2)- f(2") <]z
Theorem 2.6. [11] If f is continuous on rel int(dom f'), then f is a proper CF.

2.2.1. Subdifferentials

CFs generally can not be differentiated but there are many properties that such functions

satisfies.

Definition 2.13. [11] The directional derivative of f at x with respect to a vector

re X =R" is defined to be the limit

f(zr)=lim f(Z+05;)—f(Z)
if it exist.
Lemma 2.7.[11] Let f be a proper CF. If z, edom f then f'(z,,7) exists for Vr e R".
Definition 2.14. [11] Let f be a proper CF. If for each » € R"
S =1 (z)2(z=z,.2")

is satisfied then we say a vector z is a subgradient of f at z, € dom f.

Lemma 2.8. [11] Let f be a proper CF. Then for z is a subgradient of f at z, € dom f* iff

for each r e R”

f(zy,r)2 <r,z*>.



Lemma 2.9. [11] f'(z,,7) is a positively homogeneous CF of r.

Definition 2.15. [11] The subgradients of f at a point z, form the subdifferential of f at

z,, simply denoted by 0 f(z,). Therefore

0f(zy)= {z* f(2)=f(z)) 2 <Z—ZO,Z*>, Vz}z
Generally, 0 f(z,) # then f is subdifferantiable at z,.
Lemma 2.10. [11] The subdifferential set 0 f(z,) is closed and convex.

Theorem 2.7. [11] 0 f(z,) # % if the directional derivative f'(x,,7) is closed and
[(zy,r) =sup {<r,z*> .z e af(zo)}.

Remark 2.1. [11] The subdifferential set 0 f(z,) is nonempty bounded set for a CF f,

continuous at z,. Then Theorem 2.7 has the form
f(zy,r)= max {<r,z*> iz e af(zo)}.

Theorem 2.8. [11] The subdifferential is the single gradient vector if f is a CF differantiable

at z,, in that case

0f(z,)= {f '(Zo)}-

Theorem 2.9. [20] (Moreau-Rockafellar) Let f,, f, are proper CFs and f = f, + f,, then for

each z
0f(z)D0 f,(2)+0 f,(2).

If the CFs relint (dom f;),i =1,2 intersect then for each z

0f(2)=0£(2)+0 f,(2).
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Theorem 2.10. [11] Let define 4={z: f(z) <0}, where f is a CF. Let there exist z, € 4

such that f(z;) <0. If directional derivatives at z, are closed and f(z,) =0 then
[cone (A- ZO)]* =—cone 0 f(z,)
where cone(A4-z,) is a cone generated by 4 - z,.

2.3. MULTIVALUED LOCALLY ADJOINT MAPPINGS
2.3.1. Locally Dual Mappings to Convex Multivalued Mappings

Let X and Y are finite dimensional Euclidean spaces and let denote the X xY by W. M be

an arbitrary subset of W = X xY. Then the multivalued mapping F is defined by
F(z)={y:(z,y)eM}.

The set M is called the graph of MF F and is denoted by gphF,
gphF ={(z,y):y € F(2)}

and later on, we get
domF = {z:F(z) # @},

|F@)| =sup{|y]|: ye F()} [11].

Definition 2.16. [11] Let F' is multivalued mapping such that

1) If gphF is convex, then F' is convex.
2) If F(z)is convex in Y, then F is convex valued.

3) If gphF is closed, then F is closed.

4) F is bounded if there exist a constant C > 0, such that ||F (Z)” =C(1+ ||z||)
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2.3.2. Dual Functions

Definition 2.17. [11] The recession cone of a convex mapping F defined by
0" gphF = <{(z,y) (z+az,y+ay)egphF,a>0,V(z,y) e gphF}.
Then, multivalued mapping F~ defined by
F () ={z":(z",=y") (0" gphF)"}
is the adjoint to the convex F briefly denoted by DM F".

Lemma 2.11. [11] The DM F"is bounded iff dom /' = X.

Let us introduce some definition to define the locally dual mappings (LDM).

NGy =sup{(r.y"):ye F(2) } ¥ ¥ =R’ @

is Hamiltonian function. If F(z) =& we put N(z, y') =0,

Moreover,
Ry =inf {(z.2) ~(y.0"): (z.0) € gphF J; ()
it is exact that
R(z",y")=inf {<z,z*>—N<z, y>} (6)
for vx e R”
R(z,y)<(z,2)=N(z").
Moreover, we get

R(z,y)=~(-N(,y) (2.
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Take a point z € gphF' and the cone T, (z) = cone(gphF —z) or
T,r(2)= {E:E: a(z,—z),a>0,z € gphF}

is defined.

It is not hard to explain that

T, (2)={Z :z+0aZ € gphF for s.s a >0}.

F(zy)={yeF@2):(») ) =Ny} (7)
is the argmaximum set of F.

In order that gphF, =T,,.(z) the multivalued mapping F,

F.(@)={y:@.y) el ()}
1s defined [11].

Definition 2.18. [11] Let F be a CMM. The multivalued mapping F*, from X into Y~
defined by

F' (o) ={z" (=) el (2.0}

is called the locally dual mapping (LDM) to F' at the point (z, y)e gphF. Here Tg;hF (z,y) 1s

the DC of T, (z, ).

Theorem 2.11. [11] Suppose F': X — P(Y) is a CMM, in order that

0.N(z,y")=-0. [—N(z, y*)] then LDM F* can be described as

O.N(z,y"), yeF(z,y)

F*(y*;(z,y))={ o e F(zy)
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Lemma 2.12. [11] Let F* be LDM of F then z is an element of the LDM F" iff
R(z',y)= <z, z*>— N(z,y").

Theorem 2.12.[11] Let F': X — P(Y) be a bounded, closed, convex MF and ¥ be a proper

CF suchas domY¥ = X. Let define function
f(z)= myin{‘P(Zay) 1y e F(2)}
then f is CF and for an arbitrary z, € dom F' the subdifferential of function f is defined by
of (z))={z = F'(-y"sx,):(z.y) €0, ¥ (x,) }:
where X, =(z,,),) and ¥, € F(z,) is a point that make the function ¥ minimal.

If ¥ is differantiable, ¥ and ‘Ify are the vectors of partial derivatives with respect to z and

y, in combination then 0 f(z,) is defined by
0 f(2)) =¥, (x)— F (=¥, (x,); %))

¥ is continuous on X by the Theorem 2.12 and there exists the subdifferential of 0_'¥'(x) at

an arbitrary point.

Theorem 2.13. [11] Let ¥:Z — R be a CF continuous in z on some neighborhood of z,

and y € 4 then
f(@)=min{¥(z,»): v 4}
and suppose that the minimum is attained at y, € 4 where z = z,. Then

0f(z,)= {z* (25,1,) €0, ¥(x,), ¥ € [cone (A—yo)]*}.
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Example 2.2. [11] Let F(z)=Az+V, here VY isa CS and N: X —Y is an operator.
Then

N(z,y*):slip {<y,y*>:yeF(z)}:<Az,y*>+31jp {<v,y*>:veV}:<Az,y*>+NV(y*)
and by Eq.(7) we have
R(z*,y*):ir;f{<z,z ~N(z,y )} mf{ 2.2 =AY ) =N, (y )}

Thus,

. . —OO’ A*y *i Z*’
R(Z 5y ):{ * *® ok *
NV(y )9 A y =z.

If y,=Azy+v,, v, €V
F(Zony) {yOEAZ +V: <y09 > N(zy,y )} {VOEV Voay N, (y )}
:{VOEU:_y*GTV*(VO)}a

where T, (v,) = {V:Vza(v—vo), Va>0,ve V}.

Ay, -y e [cone (7 —v, )]*,

From Theorem 2.11, we conclude that F’(y";x,) = .
3%) { @, -y [cone (V-v,)]*.

2.4. CONVEX PROGRAMMING PROBLEMS
Necessary notations can be found in [11].

2.4.1. Needed Facts and Problem Statement
Let R” be an Euclidean space which is n— dimensional including variable z. Suppose that

F:R” — P(R") is a multivalued mapping and ¥ : R*" — R" is proper distict valued
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function where R*" = R” xR". M, and M, are convex subsets of R". The graph of F is
gphF = {(z, w,x):z e F(z, w)}.

The domain of F is signified by dom F" and defined as
dom F' = {(z,w) F(z,w)# @}.

Let us define the Hamiltonian function multivalued mapping F

N, (z,w,x")=sup {<x,x*>:zeF(z,w)}, x eR",

and argmaximum set for multivalued mapping F

F(z,w;x" ) =sup {xeF(z,w):<x,x*>:NF(z,w,x*)}.

For convex F , we get Np(z,w,x") =— if F(z,w)=.
For V(z,w,x) € gphF' at the point (z,,w,,X,) € gphlF’
T (29, Wy, %,) = cone[gphF —(z, wy, x,) |
={(Z,w2):Z=a(z-z), w=a(w-w,), X =a(x—x,)}
The LDM of convex F at the point (z,,w,,x,) € gphF is defined
Fr (x5 (200w %) = { (2 W) (27w, =X ) € T, (200 . %) } [11],

Now we deal with the second order discrete model given by Mahmudov [14]:
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-1
min ) g(z,.1) 8)

t=2
z,,€F(z,z,), t=0,.,L-2 9)
Z,€EQ,, Z €Q, (10)

where z, eR", g(.,1):R" x[O,l]—) R is real-valued function F(R")— P(R") is real valued

function, ¢ is a natural number, «,, t=0,1 fixed vectors. If F is convex MF and g(.,?) is

proper CF, the state problem is convex.
For {z, }IL: , =1z, :1=0,1,...,L} is called the feasible trajectory for the problem (8)-(10).
At first; we approach the convex problem (8)-(10). Let indicate vector v which defined by

v=(2y,2,-,2,) € R"**" and describe in the R"**" the following CSs
S, ={v=(20:2/,2,)| (222,1,2,.,) € gPIF }, 1 =0,1,..,.L =2
M, = {v = (ZO,Zl,...,ZL)| Z, = 050}
M, = {v = (zo,zl,...,zL)| z, = al}
Principally, we estimate the DCs T : ), T ; (v) and T ;2 (v) [14].
Lemma 2.13. [14] Let 7, ,.(z,,2,,,Z,,) be CTD for (z,,2,,,,2,,,) € gphF.
Then the DC of the set S, is

T ) ={V' = (021 (Z 02000 710) € Ty (2o 2 )s 7 =0, k1,041,042
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Theorem 2.14. [14] Let (8)-(10) be convex problem then the trajectory {zto }tL:O is optimal if

there exist not equal to zero vectors z,* , zz, a): ,t=0,...,L—1, and a number « that equals 0 or

1 and are fulfilled discrete E-L inclusion and transversality inclusion:

0) (2 =00, € F (2032, 710 7) )= 2 0,8(2,,0)x {0}, £ =0,..,. L =2, @, =0,

axg(§090) = axg(glal) = O)
(i) w, ,—z, , € ad g(Z,,,L-1), z, =0.

In addition, if reqularity condition is fulfilled then the above conditions are sufficient for the

trajectory {Z, }f:() :

Now let examine the CP stated by Mahmudov [14]

min J [2()]= j g (z(0),1)dt + ¥ (2(1)) (11)
z'(t) € F(z(1),z'(t)), t<[0,1] (12)
z(0)=a,, z'(0)=q, (13)

where «,,«, are fixed vectors.

The intent of the CP is to formalize the optimality conditions that the feasible arc Z(¢)

satisfies.

Let us identify this problem with the following DAP:

min J[z()]= D 1g(z(t),0)+¥ (z(1-h)), (14)
A’z(t) € F(z(t),Az(t)), t=0,h,2h,..,.1-2h, (15)

2(0)=a,, Az(0) =g, (16)
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The problem (11)-(13) is reduced to (14)-(16). Using mapping

w—z

O(z,w)=2w-z+I’F (Z, j newwritten as follows the problem (14)-(16) is

minJ, [zO)]= Y. 1g(z(@),0)+ ¥ (z(1-1)),

2t +20) e Q(2(t), 2(t +1)), t = 0,1,...,1 =21
2(0)=q,, z(1)=a,+18.

By the Theorem 2.16 there exist {a) (¥) }, {z*(t)} and a number « = ¢, that takes values 0 or

1 and satisfies

(' O-a' (0.0 (t+1))e Q' (' (¢ +2D);
(17)
(Z(0),2(t+1),2(t+2))-l10,g(Z,,1)x {0}, t =21,...,1-21,

o' (-)-z'(1-Dead ¥ (1-1), 2 1)=0 (18)

Theorem 2.15. [14] g(-):R" x[0,1] > R and ¥ are proper CF, F isa CMM of z and F
is continuous throughout some feasible curve {zo (1) }, t=0,/,...,1. If there exist a number «,

that takes values 0 or 1 and vector pairs {z*(t), a)*(t)} that satisfies the discrete E-L and

transversality inclusions

@ [z*(t)—a)*(t)+a)*(t+l)—Z*(t+2l a)*(t+l)—22*(t+2l)J

I’ /
(19)
e F" (2" (¢4 20);(2(0), (1), A2(0)) )~ @ D g (Z(1),1) < {0}, £ = 21,.., 1= I;
(ii) o' (1-D) 2" (1= e ald¥ (3(1-1)), z'(1) =0. (20)

Respectively then feasible curve {Z(¢)} is optimal curve for the DAP.
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Theorem 2.16. [11] Let the problem (11)-(13) be convex problem. If there exist a pair of

complete CFs {Z*(Z),v* (1) }, te [0, 1] that satisfies second order E-L inclusion

(z‘)(dzj;(t ), dv;t(t) W (z)) e F* (2" (0: G0, 20, 2"(0)) ae. 1 €[0,1], @1)
@) v (1) +% ed¥(2(D), z (1)=0, (22)
(i) d;z; Oy GO.20:2 ) tefo.1], 23)

then Z(¢) is optimal trajectory for (11)-(13).

At the next section, our main problem is handled and optimality conditions are obtained.

Utilizing the definitions in Mahmudov [11].
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3. RESULTS

We begin with the CP given in Introduction of this thesis:

min J[2()]= [ g (z(0),¢)dt + ¥ (2(b), (b)) (1)
z"(t) e Az(t)+ F (z(t), z '(t)), te [a,b] (2)
z(a)eM,, z'(a)eM, 3)

The aim is to formalize optimality conditions for the feasible arc Z(#) that satisfies the

conditions (1)-(3).
3.1. CONDITIONS OF OPTIMALITY

Let now study the following DP

min Y g(z,1) @)

t=2,.,L—1
z,,€F(z,z,,), t=0,.,L-2 (5)
z,eM,, z,—z,eM, (6)

and L is a constant natural number, {z,}" ={z:¢=0,..,L} is a feasible solution for the DP

(4)-(6).

Condition 3.1. [14] If one of the conditions
(i) (z°,z),,2",) erel int (gphF), z! e rel int (dom g(.,?)),

(i) (z°,2,,z,,) €int gphF, t =0,...,L -2

is fulfilled by z’ € R" we say steady condition is supplied for (4)-(6).
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Now let us obtain NSC for second order DP.
Let us define a vector v e R"*" and following CSs

S = {v = (ZO,...,ZL)| (z,,2,,,,2,.,) € gphF}, t=0,1,...L - 2.
M, = {v=(zo,...,zL)| z, €M, }
M, = {v:(zo,...,zL)| z,—zy€M,, z,e M, }
At first we should estimate the cones T (v), T, ];] (v) and T ;[2 ().
Lemma 3.1. [14] Let 7, (z,,2,,,2,,,) be CTD, where
(zt,zHl,sz)e gphF. Then,
T;(v) = {v* = (Z;,...,ZZ)‘(Z:,Z:H,ZLZ) IS Tg’;hF(zt,zM,ZHz), ZZ =0, k= t,t+l,t+2}.

Lemma 3.2. [16] Let 7,, (z,) be the CTD at the point z, € M, to the set M, and T,, (z, —z,)

be the CTD at point z, —z, € M, to the set M,. Then
T;l v)=3v =(Z;,...,ZZ)‘ z eT,:;l (z,), z, =0, tzl,...,L} and
T];[z v)= {v* :(Z;,...,ZZ)‘Z; +z eTA;] (z,), z, € TAZZ (z,—z,), z, =0, t# 0,1}.
Proof . [16] Since v+av e]\;l1 iff z, €T}, (z,), then we have
T, (v)= {\7 =(Zy>-Z,)| Ty €Ty, (zo)} and hence
T, )= =Gz 20Ty (2), 2 =0, £=1,.,L}

Let v+a\7€M2 fors.s a >0, then (z, +az,)—(z, +az,) € M, and
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(zy+az))eM,. So z, €T, (z,) and 7, -z, €T, (2, —z,) since (z, —z))+a(z,—Z,) € M,.
We obtain
T, ) ={7=GZ)| % €T3, (20) 5—=F, €T, (2,-2,)

By the Definition 2.9, v' € T, (v) iff

<v*,V>= <zZ,Ek>ZO,VVeTM2(v).

T
k=0

Let add and subtract <z1 ,EO> to the last inequality. Then after some calculations we get the
inequality
<zg +zf,20>+<zf,21 —EO>+<Z;,EZ>+...+<22,EL>2O,

for all z, €T, (z,) and Zz -Z €T, (z,-z,) and z; arbitrary for k#0,1. By using the

arbitrariness of components z,, k #0,1 we have z,t =0, £#0,1 and the inequality takes the

form

<z; +zl*,20>+<zl*,fl —EO>ZO, z, €T, (z) and Z —Z, €T, (z,—z)). The last expression

gives us that z, +z, €T, AZI (z,) and z, €T, AZ (z, —z,). Then we derive
TM2 v)= {v :(zo,...,zL)‘ zy+z €Ty (2)), 2, €T (2, — 2), 2, =0, t;tO,l}.

Theorem 3.1. Let (9)-(11) be CP then the trajectory {Zto }tL:O is optimal if there exist not all

equal to zero vectors z,* ,zz,a): ,t=0,..,L—1, and a number « that equals 0 or 1 and are

fulfilled discrete E-L inclusion and transversality inclusion:
(@) (2~ 0. € F' (2,3 (G 2 By) )0, g(2,0)x {0}, £=0,..,L =2,

0.2(%,0)=0. 2(3,1) =0,
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(i1) 60271 _ZZ—I €a0,g(z,,,L-1), ZZ =0

(iii) @, €Ty, (2,), —2,—72, €T, (Z), =2 €Ty, (2, - %),

respectively.

In addition, if steady condition is fulfilled then these conditions are sufficient.

Proof. Stating f(v)=g(z,,,z,) and CS P, let handle this problem as mathematical

programming problem.

minimize f(v)

. L-2 r ~ (7)
subject to P = (ﬂ S)YNM, NM,.

t=0

Since {Eto }io is optimal therefore v =(Z,...,Z,) is a solution of (7). By the Theorem 3.4 in

[11] there exist

V() eTy (), t=0,1...,L-2, vy eT, (), v €Ty, (),

not all zero, and the number a € {O, 1}, such that
* T_2 * * * %
av’ :Zv () +v, +v, VW €0, (), (8)
t=0

0% % % % %k % ~
where v =(0,0,ZZ,Z3 seesZy 152 ), z, €0, g(z,,1).

By the Lemmas given above we get

* *

v (t)=(0,0,..,0,z ,z ,2.,,0,...,0),
(Z: (Z)7 Z;:.l (t), Z;:.z (t) € Tg;hF (thgH.])EH.z)) t= 07 17"':L - 27 (9)

vy =(2,,0....0), z, €Ty (5,);
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vl* = (Z:,Z:,O,...,O); z: -|—z: IS TA:] (Zy)s z: IS T;;z (2, -2Z,).
Representing (8) component-wise we derive
0= z; +2z, +2,(0)
0= z: +zl*(l)+zl*(0)

oz, = 2+ 2 (1) +2(0)

az, =z (t)+z (t-1)+z (t-2)

0(3272 = szz (L-2)+ Z;z (L=3)+z,,(L-4)

—

az,

= ZZ—] (L-2)+ ZZ—] (L-3)

-1
az, =z,(L-2).
From the definition of LDM and using (9), we get
(2, (1,2, (D)) € F' (=2, (1) (2,21, 2,,5), £ =0,1,..., L=2. (10)

*
=0,

. * *
Determine the new formulaes —z,,,(t)=z,,, and z,,, = @,,,,

t=0,1,...,L -2, as aresult

(_Z; _Z:sa)l*) € F*(Z;;(EO’EI’ZZ))

(-2, — @], 0,) € F(z;3(2,,5,,5,)). (11)

We generalize the formula (11) as
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(z -, 0,) € F (z,:(2.2,.5.,) ) t=0,1,..,L-2,
where @, eTA’;1 (Z,), —2y—2, eT]:;1 (), -2z, eT]:;2 (Z,-2,)-
Inthe end, for t=L—1 and t=L we get az, , =z, (L-2)+z, (L-3), az, =z,(L-2),

or on the regarded notations

aEL*—l = COZ—I - 22—1
. (12)

oz, =-z,.
Therefore (@, | —z, ,,—z,)€a0g(Z, ,,Z,).
The proof is completed.

Let / be a scale on the ¢ —axis and z(¢) = z,(f) be a uniform net function on [a,b]. The first

and second order difference operators are as follows

Az(t) = w and

Az(t+1)=Az(t) _ z(t+20)=2z(t+1)+2(t)
! I

A’z(t) =

Now we write the following second order DAP to formulae NSC of optimality.

min J, [z(.)]= ) > 1g(z(0),0)+ ¥ (z(b—1),Az(b-1)) (13)
A’z(t) € Az(t) + F(Z(t),AZ(t)), t=a,a+l,a+2l,..,b-2l (14)
z(a)eM,, Az(a)eM, (15)

Here, by (14) we obtain

2(t+20)=2z(t +1) + z(£)
12

€ Az(t)+ F(z(1), Az(1)),
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z(t+2D)=2z(t+1)+z(t) e Z2AZ(t)+l2F£Z(t), Z(t+13—z(t)j’
2(t+20) € —z(t) + P Az(1) + 2z(t +1) + 12 F(Z(;),Mj,

2(t+20) e (PA-Dz(t) +2z(t +1) + ZZF(Z(,;)’ z(t+ l? _Z(f)j'
Let us denote
(I2A—I)z(t)+2z(t+l)+l2F(z(t),Mj _ Q(Z(t), Z(t+l)) i

we get z(t+20) e O(z(t),z(t +1).

If we write z(¢t) =z, z(t+[)=w, z(t+2])=x and x € O(z,w) we obtain

xeQ(z,w)= (ZZA—I)z+21w+l2F[z, WI_ZJ

Now we write the following second-order DAP

min J,[z()]= D) 1g(z(),0)+ ¥ (z2(b—1),Az(b-1)) (16)
2(t+20) e Q(2(t),z(t +1)), t=a,a+l,a+2l,...b—21 (17)
z(a)eM,, z(a+l)-z(a)elM, (18)

By the Theorem 3.1 if there exist, not all equal to zero, a pair {a) 1),z (t) }and a number o
taking values O or 1 that satisfies the conditions
(' (O)-0' (1), &'t +1)eQ ("t +2D); (2(0),2(t+1),2(t+21)))

(19)
—aldg(2(t),t)x{0}, t=a,a+1l,a+2l,...,b-2I,
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w (a)eT, (Z(a), —z(a)-z (a+])eT, (z'(a), —z (a+]) €T, (Z(a+])~Z(a)),
(&' (b-D-2"(b=1),~Z'(b))ealog (' (b-1),Z (b)),
then the curve {Z(¢)}={Z(r):t =a,a+1,...,b}is optimal for the problem (16)-(18).

The function ¥ in (13)-(15) and (16)-(18) gets into

¥ (2(b—1)~Az(b—1))=1g(2(b—1), 2(b))
(0’ (b-D-2'(b-1),-2"(b))e a 0¥ (2(b-1).2(D)),
where P (2(b—1),2(b)) =¥ (2(b~1), Az(b~1)).
Lemma 3.3.[16] Let P(.,.) be proper CF written by (23) in other words

w—2Zz

P(z,w)=V¥ (z, j Then we get the following equivalent inclusions

(z',w)e 8”‘1’(20, w"), (2%, w’) € dom¥

0_ 0
(E*+v_v*,lv_v*)eb“}’(zo,w lz ]

Proof [16].
Let relate Q" in (19) to F~.

Lemma 3.4. Let F:R"xR" — P(R") bea CMM and Q be mapping defined as

O(z,w) = (le—I)z+2Iw+le(z, Wl_zj.

Then the following inclusions are equivalent

(20)

21

(22)

(23)

(24)

(25)
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* *_ * *_ * _ _ 2 _ _
(l,)[z +w —x —A*z*,Z 2w jeF[x*;[z,wlZ,x (I"A-1)z 2IWD’

I’ l I’
(26)
24_1# eF(z, WI_Z;Z*j, z eR",
(i) (2, w)eQ (x";(z,w,x), x€ O(z,w;x"), (27)

where Q(z,w;x") is the argmaximum set of mapping Q
O(z,w,x )= {x e (z, w)|<x, x*> =N,(z,w, x*)}.
Proof. Let 77 =(z,w,X) € T,,,,(¢), be given then from the definition of CTD

n+amn € gphQ or

(z+az,w+aw,x+ax) e gphQ, x+ax eQ(z+az,w+aw)

x+a)?e(le—I)(z+aE)+2I(w+0nT/)+12F(z+aE,W+awl_z_azj

x+ax—(PA-I1)z+az)-20(w+aw) ele(z+aZ, W*“W;Z_“Zj

[x-(P4-Dz-21w]+[ eX ~(PA-DoZ -2l ] e le(z+aE, WZ_Z + W;Z j then

[x-(PA-Dz=21w]+a[T-(*4- D7 - 217 ele(z+aE,wl_Z +a W_Zj,

dividing both side by [°, we get

(1% 4 _ _ =_ (]2 4_ = _ — _ = =
{x ("4 lz])z ZIW}ra[z ("4 lz])z ZIW}EF(ZJraZWI Z+awl Z).
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— — = (]2 4_ B I
Then[zmz,wlzmwlz,x (IAIZI)Z 2w ¥ (lAZzl)z 26w

J € gphF

In other words

b

(_ Ww-z )?—(le—1)2—21ij

Z’ b lz

— — 2 — —_—
: o7 (,w z x=(PA-1)z 2IWJ

z
hF 2
8p: l l

here T

gphF

2
[z,wl Z,x 4 ZZI)Z 21w) isa CTD to gphF.

Conversely, we get (Z,w,X) € T,,,,(z,w,x) from the inclusion (28)
s0, (28) and (29) are equivalent.

Let (z',w)eQ (x;(z,w,x)), xe€O(z,w;x"), thatis (27) holds.
On the other hand (z',w,—x)eT g;hQ (z,w,x) means that

<E, z*> + <vT/, w*> —<)T,x*> 20, (z,w,x)eT,,,(z,w,x).

w—z x—(PA-1)z—2w
1’ I’

Letbe (1,,7,,—7)eT,,, [z, J then from definition of DC

— * W_E * )?_ IZA_I 2_21/_1} *
(i) (2 ,y2>_< 4= ,7>Zo

(Z.07 )+ (Wly)=(%.y )+ {(PA- Dz, )+ (2,7 ) 2 0

(28)

(29)

(30)

(207, ~l+ P Ay =y )+ (Wly, + 27 ) =(%,7") 20, (Z,%,X) €T,,,(2,w,x) then by (30)

z =12}/1* —17/; +12A*y* —}/*,
w =17;+27*,

*

X*:}/
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* Z*+W*_x* *® ok * W*—Zx* * *
= /2 _Ax772: / s X =) .

As a result from definition of LDM, we get

* * * * o * _ _ 2 _ _
z +w2 —-X A w —2x cF'| X Z’w Z’x (4 2I)Z 2w . G1)
/ / / [
This means (26) holds. Also since
2 — —
xeO0(z,w,x ) and x-( 4 2])2 20w € F(z, w2 ;Z*j then
[

—_— — 2 — =
Q*(x*;(zjw,x));t@ andF* (x*;(z’wl Z,x (l A IZI)Z ZIWj]#:@

By the relation between LDM and Hamiltonian function
F(x";(z,w, x)): 0., N(z,w,x'), xe F(z,w,x")

holding for convex mapping F, where 0. N(z,w, x)=-0, [—N (z,w, x*)] , we find that

W

— — 2 — — -
F* [x*;(z’wl be (l A IZI)Z 2Iw]]:az,wNF (Z’Wl Z"x*j7 Where

— 2 — pa— —
X (ZAI2])Z 2IWEF(Z’W Z;x*J.

Therefore we may rewrite (26) as

(z +va2 —-X —A*x*,w —12x JeaZ’WNF(Z’wl—z’x*).

From the definition of subdifferential, we have
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After some necessary arrangements we obtain that

<2w1 _Zl’X*>+12NF [W“Wl l—Zl ax*j—<2W—Z,x*>—12NF [z, wl_z,x*)

(32)
< <W1 —w,w*>+<z1 —Z,Z*>.
Using the connection between the Hamiltonian functions N, and N,
Ny(z,w,x ) =(2w=z,x )+ I'N, (z,wl_z,x*), (33)

the inequality (32) is replaced with inequality
NQ(ZI,WI,X*)—NQ(Z,W,X*) < <z1 —z,z*>+<w1 —w,w*>
which implies <z*, w*> €0, ,N,(z,w,x"). Since

O (x';(z,w,x)) = 0., Ny(z,w, x"), xeQ(z,w;x"), then we conclude that (27) holds.

Lemma 3.5. [16] Let 7}, (z(/)—2(0)) be the CTD of the set IM, at point Z(/)—2(0) and

T,,,(Az(0)) be the CTD of the set M, at AZ(0), then

T, (G~ 2(0)) =T, (AZ(0)).
Moreover the connection between the DCs
T, (Z(D)—=2(0)) =T, (AZ(0))

holds.
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Proof [16].

Theorem 3.2. Let DAP be CP. If there exist, not all equal to zero, a number ¢, taking values

0 or I and {z*(t), v (t)} that satisfy
(A2 O+ A () - ALt +2D).' (1))
€ F' (2" (t+20):(B(0), A2(1), A°2(1) - Az(t) ) a0 g (2(1), 1 )x {0} (34)

t=a+2l,a+3l,..b-2I

(" b-D+Az"(b—1),—z"(b) )e a 0¥ (2(b—1), AZ(b 1)), (35)
—z (a+]) e TAZZ (Az(a)),
Vi(a)+ Az (a) e T; (2(a)) (36)

respectively, then the curve {Z(r)}, t =a,a+1,...,b, is optimal for DAP. There

o (1)=2Z"(t+1])
1 .

V(1) =

Proof. By the Lemma 3.4 the conditions (i) and (i) for CP gets into the form

(z*(t)—a)*(t)Jra)*(tJrl)—Z*(t+21) 42D a)*(t+l)—22*(t+21)j

IS !
(37)
€ F' (2" (1 +20); (3(t), A2(1), A*2(2))),
t=a,a+l,a+2l,a+3l,...b-2l;
[w*(b‘l)l‘z*(b‘” , ‘Z*Z(b)j cadB(E(b-1),2(b)) (38)

o'(a) €T}, (2(a))
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—z'(a)-z (a+1) €T, (£(a)), (39)
—Z (a+l)e TAZ (AZ(a))

respectively, just it is considered that LDM is homogeneous on the primary content. (38) is
obtained from (19) by signing /Z(r) and Ia@(¢), and again with z'(f) and @’(¢) individually.
The third inclusion in (15) we obtain the third inclusion of (39) in the consequence of Lemma

3.5. Under the steady condition, (37)-(39) are also sufficient for optimality.

Let

MG ) e 3 G R

z(-—0 (O+o t+)—z (1+2])

12 A2 (t+21)

_ Z ()= (@)=2z2t+D+D (t+D)+z (t+2])
12

—AZ(t+2D)

_ Z(t+2D) =2z (t+1)+z (1) . VD=V (@)

12 1 Az (t+20)

=N+ A (6)- A2 (1 +21). (40)

So from (37) and (40), (29) holds. However by (38) and Lemma 3.1

(a)* (b—1)=2Z"(b)+z (b)—z (b—1) —Iz"(b)
T

z je a O (E(b—1),A5(b-1))

and hence, by the formulae written above this inclusion is (30) or
(V' B-D+AZ"(b-1),~2'(b) Je a 0¥ (Z(b 1), A2(b~1)).

Using first and second inclusion in (38) by the properties of CCs we obtain
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o (a)-2z (a+D)+z (a+])-z (a)
l

e T, (2(a)).

o (a)-2z (a+])
[

Since v'(a) = , the last inclusion turns into V' (@) + Az (a) € TA; (Z(a)).

Theorem 3.3. Let g(.,1):R"x[a,b] >R and ¥:R" >R be continuous CFs. Let MF is

convex. If there exist absolutely continuous functions {z*(t),v* () }, t €[a,b] that satisfy the

continuous E-L second order differential inclusion

(dzZ(@) av()
(I)L a2

- A*Z*(t),v*(t)],

e F (' (0; (B 2 (0,2 () - Az(t)))~ adg(5(t),0)x {0}, €[a,b],

dz" (b)
dt

(i) (v* (b)+ ’ —z*(b)j eo¥ (Z(b), z '(b)),

dz" (a)
dt

(iii) —z"(a) € Ty, (2'(a)), v'(a)+ e Ty (2(a)),

respectively, and

(iv) ddz; 9 )_ Az(t) e F (2(1),2'(t),2"(t)), t €[a,b],

where F(z,w;x" )= {x e F(z, w)|<x, x*> =N(z,w, x*)} is the argmaximum set for MMF then

Z(t), t e [a,b] is optimal.

d’z"()
dt*

There z'(?), tela,b], its first order derivative and el ([a,b]) are absolutely

continuous functions. Besides

2 *
V), te [a.b] is absolutely continuous and d c‘:’t(.) el’ ([a,b]).
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Proof. Using F (x';(z,w,x)= 0N (2, W, x); xeF(z,w;x), —0g(..t)=0(-g(.,t)) and

condition (i),

42 (@0)  dvi()
dr’ dt

A2 (@), (r)j €0 | NE®, 20,2 (0 )2 (2(0),0) . (41)

Using the definition of subdifferential set of the Hamiltonian function, (41) can be replaced by

the inequality

N, (20.2'0).2° () )= N, (2. 2'(0), 2" (6) )~ g (2(0).1 )+ g (2(1).1)

dzz (t) av’ (@)
dt

<z(l) £(0), Az (t)> +{z'(0) - 20V (). (42)

Furthermore by the definion of N, , we can rewrite (42) in the form we get

<ddj(t)—A (0).z (r>>_< j(t)—A (t)z(f>> g (z(0.0)+g (2().1)

dzz (t) dv'(t)
dt

<z(z) 2(0), z*(r)>+<z'<r>—z'(t),v*(z)>

arranging the operations

d’z(t) dzz(t)
dt®  df

(r>> (Az() = 42(2),2" (1)) — g (2(0),1) + g(Z'(1), 1)

<z<r) (1), (”> <(z) (), ‘”“)> (2(0)= 20, 42 (0)+ (2O =20V ()

more specifically we write

g(Z@)J)—g(f(f),t)Z<W’Z*“)> (A=)~ z(r))z<t>>‘<z(t>—~(r) dZ(t)>
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—%<Z(z) — 30,V (z)} + <Z(t) —E(t),A*z*(t)>.

By using equality <A(z(t) - 2(1)), z*(t)> = <z(t) —3(t), 42 (t)> the last inequality becomes

g (z(0.1)-g (3(,1) =L <w (;)> <(t)_~(t) dz <r>>

(43)
—%<Z(l) —Z2(0).v' ().

Integrating (43) over the integral [a,b] and considering that z(.), Z(.) are feasible we get

I[g(z(t) )-g(Z(). t)]dt>.|'{dt<w ()> <z(r)—~(;) dz (t)>}h

dt
~(2(b) = 2(b), v (B)) +(z(a) — Z(a).V"(a)).

If we calculate the integral in the right side of the above inequality then

J [g(z(z»r)—g(i(z),r)]dr2<@,z*w)>—<w,5@>

—<z(b)—~<b> i (b)> <(a> 2a). & (“)> EOREOR0) (44)

+ <z(a) —Z(a), v*(a)>.

Rearranging (44), then it follows that

I[g(Z(t) 1)—g(z(1), t):'dt<<z(b)_~(b) dz (b)> < (a)-Z(a), dz (a)>
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+<di§a)_d2(a) ()> <dz(b) dz(b) (b)>
t dt dt dt

+(2(0) = 2(b),v' (B)) ~(2(a) ~ 2(a),V (@)

and hence

j[g(za) 0)-g (=(0), z)]dz<<z<b>—~(b) @z ) , (b)> <dj§f) £0, (b)>

(45)

dz(a) d(a) - dz()
+<7—7, ()> <z(a) Z(a),——+v ()>

Applying (ii ) and (iii ) with all feasible arcs z(t), t€ [a,b], the relations

<z(b> A (”) (b)> <dﬁf) "j”) (b)><\P(z(b>z'<b)) W ()2 () (46)

and

- . dz" (a)
<z(a) Z(a),v (a)+ % >Z 0

<dz(a) _ di(a) _ (a)> 50
dt dt

holds. Thus (45),(46) and last inequalities imply.
j [ g (2(0),1)- g (z(t),1) ) dt + ¥ (2(b),2'(b) ) - ¥ (2(b), 2 (b)) < 0, (47)

J [Z(t)]S J [Z(t)] which means Z(¢), t € [a,b] is optimal.
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4. DISCUSSION

Now we are going to derive the optimality conditions for the non-convex problem

min J[2()]= [ g (z(0),¢)dt + ¥ (2(b), (b)) (1)
z"(t) e Az(1) +F(Z(t),z'(t)), te [a,b] ()
z(a)eM,, z'(a)eM,, 3)

where the functions, MF and sets are non-convex, A is nxn matrix.

Condition 4.1. [14] Let the CTD T,,.(Z,,Z,,,Z,,) in the problem (1)-(3) be local tents,
where Z, are the points of the feasible arc {Z, }f:o' Assume in addition that g(Z, ,,Z,) admits
a continuous CUA & (.,Z,) at the point (Z, ,Z,), which ensures that the subdifferential

0g(z, 1,2,)=0h(0,z, ,z,) is defined.

Theorem 4.1. Let (1)-(3) is non-convex. If there are absolutely continuous functions

z (1), v (1), te[a,b] ensuring the conditions

o (dzz*z(t) AO
dt dt

~AZ )+ (@), v*(t)J eF (2 (1);(Z(1),2'(t),2"(t) - AZ(t)), tela,b],

(ii) g(z,1)— g (3(1),1)> <z* (t),z— E(t)>, VzeR”,

dz" (b)
dt

(iii) W (z,v)— ¥ (3(b), Z'(b))> <v*(b)+ ,z—z(b)>—<z*(b),v—z'(b)>, V(z,v) e R”,

dz" (a)

(v) =z (a) e Ty, (ZY(@)), V(a)+ %

e Ty (Z(a)),
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d’3(t)
) < %

— A3(1),z (t)> N, (20.2'0).2° (). tela.b]
then arc z(¢), t € [a,b] is optimal.
Proof. For MF F the LDM on the point (z,w,x) € gphF is defining as follows;

F*(x*;(z,w,x)):{(Z*’W*):N(Zl’wl’x*)_N(Z’w’x*)S<Z*’Zl —z>+<w*,w1 —w> }

(2, W,,x) € gphF |
xeF(z,w;x")

By condition (i) and definition of LDM in the non-convex case we get

Ny (20,2'0),2" (1) )= N, (20),2'0), 2" (0))

dzz (z) dv'(t)
dt

< <z(t) O A2 +2 (t)> +{z( -2,V

using condition (v) and definition of Hamiltonian function we obtain

d*z(t) d*5(t)
<dt Az(t),z (t)> < " Az(t), z (t)>

dzz (z) dv'(t)
dt

< <z(t) Z(1), A2 O+ z*(t)> +(z\(-2'0),V")

applying necessary operations

y <d2((z<r> ~ (1))

o ,z*<r)> (A(z() - z(t))z(r)>—<z(r)—~(r> (”>

22020 O)+ (20~ 50,47 O) (20~ 50,2 0). )

From inequality we may simplify this expression since
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(A(z(t) - 2(0)). 2" (1)) = (2() - 2(¢t), 4'2" (1)) and

also, by conditions (i7) and (iii) the expression (4) becomes

(Z(l) t) g( @), t)> <M ()> <dZ () ,z2(t)— Z(Z)>

)
d o
—E<Z(z) —Z(6),v"(1)).
Integrate (5) over the interval [a,b] then,
d(z(t) - 2(1)) dz' (1) N
I[g(z(t) 1)-g(2(0),1)]dt > j L{X% (t)> dt< 20 (02 (t)>}
(6)
~(2(b) = 2(b),v" (b)) +(z(a) - 2(a),v" (a)).
If we calculate the integral in the right side of the above inequality then
I[g(z(r) ()-g (2(0). t)]dt<<z<b)—~(b> ¢ (”)> <<a) 2(a), @) (“)>
. <dja)_d§(a) ‘@ )> <dz(b) dz(b) (b)>
t dt dt dt
+(2(b)=2(b),v" (b))~ (z(a) ~ 2(a), V" ()
and hence
j [¢(=(0).)- g (1), t)]dt<<z(b> 0 L0, (b)> <di§b> £, (b)>
t dt
dz(a) di(@) . \_ N O
+< 5 ” ,Z (a)> <z(a) Z(a), o +v(a)>. (7)

Using transvesality condition (iii ), for all feasible arcs x(¢), t € [a,b] the relations
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P (z(b)) - W(2(b)) > <z(b) —Z(b),v" (b) + %> (2" (b),v—-2'(b))

Thus (7), (8) and last inequalities imply

j [ g(z(0).0)- g ((t).1) | dt + ¥ (2(b),z'(b) ) - ¥ (2(b), 2 (b)) 2 0

then we obtain J [E(t)]é J [z(t)] so Z(t), t e [a,b] is optimal.

(8)
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5. CONCLUSION AND RECOMMENDATIONS

Through the thesis, it has been studied over multivalued functions, local dual functions,
discrete and differential inclusion problems in convex analysis by assigning fundemantel
concepts. Convex functions are analyzied by supplying features of convex sets and convex
cones. Optimization problems with second order semilinear differential inclusion are studied.
First of all, basic description and theorems concerning convex analysis are given. Later on
introduction to multivalued functions, dual functions, discrete and differential inclusion
optimization problems are given. In the discussion section, in the light of Mahmudov’s
studies, second order semilinear differential inclusion of convex and nonconvex problems are
discussed. When we change the boundary conditions, optimization problems gets formed as a

totally different optimization problems.

My intent is to improve the outcomes required regarding the optimization out of this thesis in

the mentioned ascept in my following studies.
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