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ABSTRACT

Immersed Boundary Method for Fluid-Fluid-Solid Three Phase Flows

Berk Altunkeyik

Master of Science in Mechanical Engineering

July 1, 2020

Multiphase flows can be observed in a broad range of industrial and natural pro-

cesses, and their ubiquity puts them in a significant position in computational fluid

dynamics (CFD). This importance also brings a requirement of understanding the

underlying physics in detail and one way to achieve this goal is to do high fidelity

simulations based on the first principles in a computational environment. These

multiphase systems can contain fluid-fluid interactions, fluid-solid interactions and

often both of them, therefore various methods have been developed and success-

fully applied to a wide range range of problems of practical importance in the last

few decades. The multiphase flow systems are particularly of interest in micro-

robotic applications such as a chemotherapy delivery operation to a cancerous area

by a remote-controlled microswimmer and in biological flows such as the flow in

human lungs. The ultimate goal of this thesis is to develop a new high-fidelity

numerical method for simulations of fluid-solid interactions and combine it with

a front-tracking algorithm to simulate fluid-fluid-solid interactions in three phase

systems.

In the present study, an immersed boundary method (IBM) is developed to treat

fluid-solid interfaces that are fully or partially immersed in a host fluid. Using the

front-tracking framework, the solid-fluid interfaces are represented by a Lagrangian

grid that consists of marker points located at the vertices of a 3D triangular surface

mesh. The direct forcing method developed by Uhlmann [152] is used to impose the

no-slip and no-penetration boundary conditions on the interface. The Newton-Euler

equations are solved for the rigid body dynamics of the fully immersed undeformable

solid particles in a Lagrangian frame and tightly coupled with the continuum flow

equations solved on a fixed Eulerian grid. For this purpose, quantities calculated

on the Lagrangian grid are smoothed onto the Eulerian grid with a distribution

function and the same distribution function is also used to transfer quantities from
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the interface to the Eulerian grid in a conservative manner similar to the distribu-

tion/interpolation operations in the front-tracking method.

The hybrid immersed-boundary/front-tracking (IBM/FTM) solver is then vali-

dated for several benchmark cases. First, it is applied to simulate a single stationary

rigid sphere exposed to a uniform flow at different Reynolds numbers and the re-

sults are found to be in good agreement with the results in the literature. Then,

sedimentation of a single sphere in a resting fluid is simulated for various Reynolds

numbers and the results are compared with the experimental results of Mordant

and Pinton [102]. The method is demonstrated to be convergent in terms of spatial

and temporal errors. The numerical method is also validated for a wide range of

Reynolds numbers studied experimentally by Cate et al. [27]. Finally, the method is

used to simulate particulate flows involving many particles and preliminary results

are obtained. The method is found to be robust and the results look qualitatively

accurate but a more rigorous quantitative comparison must be done for the vali-

dation, which is a subject of a future study. The method is totally developed in

the front-tracking framework and can be readily used to simulate three phase flows

involving fluid-fluid and fluid-solid interfaces.
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Çok fazlı akışlar endüstriyel süreçlerden biyolojik akışlara kadar pek çok alanda

gözlemlenebilir ve bunların yaygınlığı hesaplamalı akışkan dinamiğinde (CFD) önemli

bir konuma getirir. Bu önem aynı zamanda temel fizikleri ayrıntılı olarak anlama

gereksinimini de beraberinde getirir ve bu hedefi başarmanın bir yolu hesaplamalı bir

ortamda temel prensiplere dayanan yüksek doğrulukta simülasyonlar yapmaktır. Bu

çok fazlı sistemler sıvı-sıvı etkileşimlerini, sıvı-katı etkileşimlerini ve sıklıkla da her

ikisini de içerebilir, bu nedenle son birka 10 yılda farklı yöntemler bulundu ve geni bir

uygulamalı problem yelpazesinde çok başarılı oldukları gösterildi. Üç fazlı sistem-

ler, özellikle uzaktan kumandalı bir mikroyüzücü ile kanserli bir bölgeye kemoter-

api verme operasyonu gibi mikrorobotik uygulamalarında veya insan akciğerindeki

akış gibi biyolojik akışlarla ilgilidir. Bu çalışma, sıvı-katı etkileşimleri için yeni bir

sayısal yöntem geliştirmeyi ve bu yeni çözücüyü üç fazlı sistemlerin içindeki sıvı-sıvı-

katı etkileşimlerini simüle etmek için bir ara-yüz izleme algoritması ile birleştirmeyi

amaçlamaktadır.

Bu çalışmada, bir akışkana tamamen veya kısmen gömülmüş sıvı-katı ara yüzüne

müdahale etmek için bir Daldırılmış sınır (IBM) algoritması geliştirilmiştir. Katı-

sıvı ara yüzleri Ara-Yüz İzleme Metodunun iskeletini kullanarak, ara yüz izleme

yöntemine benzer şekilde bir 3 boyutlu üçgensel yüzey ağının köşelerinde bulunan

işaret noktalarından oluşan bir Lagrangian ızgarası ile temsil edilmektedir. Kay-

mazlık ve nüfuz etmezlik sınır koşullarını dayatmak için Uhlmann’ın [152] geliştirdiği

doğrudan zorlama yöntemi kullanılmıştır. Tamamen akışkana gömülmüş katı par-

tikülün cisim dinamikleri için Newton-Euler denklemleri bir Lagrangian ızgarasında

çözülür ve Eulerian ızgarasında çözülen akışkan denklemleri ile sıkıca eşleştirilir.

Çözüm süreci boyunca, Lagrangian ızgarasında hesaplanan değişkenler bir dağıtım

fonksiyonu ile Eulerian ızgarasına yumuşatılmıştır ve aynı dağıtım fonksiyonu nice-

likleri ara yüzden Eulerian ızgarasına ara-yüz metodundaki dağıtım/interpolasyon
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operasyonlarına benzer şekilde korunarak transfer etmek için de kullanılmıştır.

Bu hibrit Daldırılmış Sınır Metodu/Ara-Yüz İzleme Metodu (IBM/FTM) çözücü,

birkaç olayı simüle etmek için kullanılmıştır. İlk olarak, sabit bir katı küre, farklı

Reynolds(Re) sayılarında tekdüze bir akışa maruz bırakılır ve sonuçların literatürdeki

sonuçlarla oldukça uyuştuğu bulunur. Ardından, dingin bir akışkanda tek bir kürenin

düşüşü çeşitli Reynolds sayıları için gözlenir ve sonuçlar Mordant ve Pinton’un [102]

deneysel sonuçları ile kıyaslanır. Metodun mekansal ve zamansal hatalar açısından

yakınsak olduğu gösterilmiştir. Sayısal yöntem ayrıca Cate et al.’ın [27] deneysel

olarak çalıştığı geniş bir aralıktaki Reynolds sayıları ile de doğrulanır. Son olarak,

IBM/FTM metodu pek çok parçacığın dahil olduğu çok partiküllü akışları simüle

etmekte kullanılır ve ön sonuçlar elde edilmiştir. Yöntemin güçlü olduğu tespit

edilmiştir ve sonuçlar niteliksel olarak doğru gözükür ama onaylama için daha titiz

niceliksel kıyaslar yapılmalıdır ancak gelecekte yapılacaktır. Yöntem tamemen Ara-

Yüz izleme iskeletinde geliştirilmiştir ve üç fazlı sıvı-sıvı ve sıvı-katı etkileşimlerinin

olduğu akışlarda kullanılmaya hazırdır.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

The multiphase flow refers to flow systems that contain fluid-fluid, fluid-solid

and fluid-fluid-solid interfaces such as bubbles, droplets, interfacial flows and solid

particles immersed in a host fluid. Multiphase flows are ubiquitous in natural pro-

cesses and engineering applications [10, 94]. Examples of natural processes include

pyroclastic flows from volcanoes, avalanches, sediment-laden river flows, sandstorms,

cloud and planetary flows as well as biological flows such as blood cells flow in blood

vessels, pulmonary flows, and the motion of suspended micro-organisms in water

(e.g., plankton). Examples of engineering and technological applications include

food processing, particulate flows in fluidized beds, slurry transportation, oil-well

drilling and pulp fibers in paper making.

The multiphase flows are complex mainly due to discontinuous variations of ma-

terial properties across the phase boundaries and non-linear interactions of phases.

Therefore modeling of multiphase flows is a difficulty task which requires under-

standing of the inherently complex interactions of phases in a broad range of flow

conditions. Although the effort to simulate multiphase flows started as early as

the beginning of the computational fluid dynamics, the problem has proved to

be formidable and thus the progress has become slow. The main difficulty arose

from the requirement of tracking moving and deforming phase boundaries. Great

progress has been made in interface-resolved simulations of multiphase flows in last

few decades, see for instance, Tryggvason et al. [147]. However, the focus has been

on two-phase flow fluid-fluid or fluid-solid systems and fluid-fluid-solid three phase

flow systems have remained unexplored in spite of wide range of applications in

conventional technologies such as fluidized bed reactors [113] as well as in emerging
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technologies such as microfluidics [85] and soft robotics [134]. It is emphasized here

that different methodologies have been developed to treat fluid-fluid and fluid-solid

interfaces. Therefore, a unified approach needs to be used for interface-resolved

simulations of three-phase fluid-fluid-solid flows. In this regard, the front-tracking

method offers a distinct advantages since it is essentially based on the immersed

boundary method developed to simulate fluid-solid interactions.

In the present work, we aim to develop a high-fidelity numerical method for

treatment of fluid-solid interactions to rigid particle-laden incompressible viscous

flows as part of a long term project in which the ultimate goal is to develop a com-

putational tool for interface-resolved direct numerical simulations of flows involving

both fluid-fluid and fluid-solid interfaces. For this purpose, an immersed boundary

method is developed in the front-tracking framework and is shown to be a viable tool

for simulation of the fluid-solid multiphase flows. Since the method is implemented

in the existing front-tracking code that has been developed and successfully used to

simulate a wide-range of fluid-fluid multiphase flows involving multi-physics effects

such as surface tension, surfactant and viscoelasticity, its extension to fluid-fluid-

solid systems is straightforward. Furthermore, the method can be readily extended

to simulate flows involving strong fluid-solid interactions where solid undergoes a sig-

nificant deformation. Since the front-tracking method plays a vital role and forms

the backbone of the present immersed boundary method, we briefly describe the

front-tracking method in the next section.

1.1 Front-Tracking Method

The front-tracking method was developed by Tryggvason and Univerdi [155] in early

90s and has been successfully applied to a vast class of fluid-fluid multiphase flow

systems for a wide range of flow regimes from highly laminar to fully turbulent

cases [146,147]. It is a hybrid Eulerian-Lagrangian method and is essentially based

on the immersed boundary method developed by Peskin [115] in 1970s to simulate

blood flow in the heart. Before discussing the details of the front-tracking method,

the numerical methods developed for interface-resolved simulations of fluid-fluid
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multiphase flows are first briefly reviewed.

Since the very beginning of the computational fluid dynamics(CFD), multiphase

flows have found a major position in the field, and some early techniques such

as Marker-and-Cell (MAC) method [60] have been developed to simulate multi-

phase/multifluid flow systems including the effects of surface tension. Capturing

the interface on a stationary Eulerian grid is the oldest and is still the most popular

approach used, for instance, in the MAC method in which marker particles are used

to identify each fluid and in the Volume-of-Fluid (VOF) method in which a marker

function is used for the same purpose [62]. The VOF method can be considered

as a successor of the MAC, because in the VOF formulation the marker points are

changed with the marker function. The original MAC and VOF methods suffered

from several deficiencies such as excessive parasite currents and artificial loss or in-

crease of droplets/bubbles even when the flow is full incompressible. A number of

algorithms have been developed to overcome these deficiencies in the VOF method

and have been successfully applied to a wide range of multiphase and interfacial

flows. A comprehensive review of the VOF method can be found in Scardovelli and

Zaleski [131]. Zaleski et al. [58] have recently created a Parallel Robust Interface Sim-

ulator (PARIS) based on the VOF and demonstrated the performance of the method

with impressive results for a wide range of multiphase flows of practical importance.

Although the color function evolves by a simple looking advection equation, it turns

out that tracking of interface between phases is a notoriously difficult task. Alter-

native Eulerian-Eulerian techniques such as the level set method [112, 141] and the

phase-field method [70] have been developed. However, the main drawback of the

Eulerian approaches is that the interface does not remain thin and approximation

of surface tension results in excessive parasite currents [131].

Unlike the VOF and level-set methods, Ryskin and Leal [128, 129] used two

separate boundary fitted grids in each fluid domain to simulate deformable bub-

bles with high accuracy. Since this pioneering work, similar methods have been

developed and successfully applied to simulate fluid-fluid multiphase flows. The

boundary-fitted grids are mostly employed for steady and unsteady motions of sim-

ple geometries and free surfaces. This method is usually based on the arbitrary
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Lagrangian-Eulerian (ALE) methodology [61]. Takagi and Matsumoto [143] applied

this method to simulate motion and deformation of a single 3D bubble and reported

impressive results.

Lagrangian methods have a distinct advantage of eliminating numerical diffu-

sion and thus keeping the phase boundary thin throughout the simulations. La-

grangian methods are also often called mesh-free methods or particle methods. The

smoothed particle hydrodynamics (SPH) [100] is one of the most common exam-

ple of Lagrangian methods. Even though SPH has been widely used in simulating

free surface flows, it has been also extended to the other fields such as solid me-

chanics [89]. However, the method has suffered from difficulties in imposing the

boundary conditions and high computational cost for each particle in kinetic-energy

spectrum problems. Examples of the Lagrangian methods include the breakup of a

viscous drop by Oran and Boris [111], initial deformation of a buoyant bubble by

Shopov et al. [133], and the recent studies on the motion of the spherical particles

in three dimensional flows by Johnson and Tezduyar [77]. Even if this method offers

remarkable accuracy for simple geometries, it is troublesome to employ it for com-

plex three-dimensional cases or increasing number of particles because of excessive

computational cost.

To overcome disadvantages of the Lagrangian methods, Glimm et al. [52] devel-

oped the most primitive version of the front-tracking method (FTM), and Richtmyer

and Morton [125] used the term “Front-Tracking” for the first time in the literature.

In the original FTM, a front is employed to mark the interface with the Lagrangian

points on a fixed Eulerian grid and each phase is treated separately. In this study,

the framework developed by Tryggvason and Unverdi [155] is used to create the

fluid-solid interface and it can be distinguished from the original FTM by the one-

field formulation in which a single set of governing equation is written and solved for

the entire computational domain. In this approach, a separate Lagrangian grid is

used to represent the fluid-solid interface in the same way as done for the fluid-fluid

interfaces in the front-tracking method. In fact, it is not necessary to use a separate

Lagrangian mesh if the solid object is non-deformable since the interface can be

determined from the information about the location of the center of the mass of the
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object and its orientation. However, a separate Lagrangian grid is used because the

ultimate goal of this project is to simulate the interactions of flexible soft bodies with

the flow, where tracking the fluid-solid interface is required. This also facilitates the

use of the same data structure both for solid and fluid particles in three-phase flow

simulations. As far as in our knowledge, the combined strategy has been employed

frequently for fluid-fluid interfacial flows [104,105,107,109,144,146] but not used for

fluid-fluid-solid interactions in three-phase flows.

Following Tryggvason and Unverdi [155], the one-field formulation is used in the

present study where one-set of flow equations is written for the entire computational

domain and the surface tension is included as a body force in the momentum equa-

tions in the case of the fluid-fluid interfaces. In addition, a stationary staggered grid

is used for the flow equations. This method was examined for two and three dimen-

sional bubbly flows for various test cases. The motion of two dimensional bubbles for

a range of Reynolds number between 1 to 100 were investigated by Jan [71] and the

interactions of bubbles with each other and unsteady mixing layers were examined

by Loth et al. [91]. In addition, Tryggvason and Juric [79] modified the algorithm

for simulations of dendritic solidification of pure materials. Some other impressive

applications of FTM include parallel 3D simulations of bubbly flows involving many

bubbles [25, 103] and head-on collision and coalescence of drops by Nobari [108].

Olgac and Muradoglu [109] used FTM to investigate the effects of soluble and in-

soluble surfactants on liquid layer in the Bretherton problem. Izbassarov and Mu-

radoglu [107] developed a robust and highly efficient finite-difference/front-tracking

method (FD/FTM) for interface-resolved simulations of viscoelastic multiphase flow

systems.

In this project, a Lagrangian grid is used to track the solid-fluid interface and a

discontinuous marker or indicator function is constructed based on the Lagrangian

grid to identify the fluid and solid domains. The Lagrangian grid consists of marker

points located at the corners of triangular surface mesh. The Lagrangian marker

points move according to the rigid-body dynamics and local flow velocity interpo-

lated from the Eulerian grid on which the flow equations are solved. The marker

function is computed at every time step using the standard procedure [146]. The
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marker function and its properties will be discussed in Chapter 2 in detail. The

Lagrangian grid is also called front that marks the location of the fluid-solid inter-

face. Figures 1.1 and 1.2 show structure of 2D and 3D fronts, respectively. As seen,

the marker points are located at the end points of line segment and at the corner

of a triangular surface mesh in 2D and 3D, respectively. The line segments in 2D

and the triangular elements in 3D are called front elements. Linked lists are used

to track the connectivity of the marker points and the front elements. A separate

front (or Lagrangian grid) is used for each solid-fluid interface to facilitate commu-

nication in parallel computations. In the case of deformable particles, the fronts are

regularly restructured to keep the front elements nearly uniform and comparable to

the Eulerian grid size since the front elements may get too small or too large as the

interfaces undergoes large deformations. The details of the method can be found

in Tryggvason et al. [146]. Note that restructuring of the interface is not needed in

the present study since the solid particles are assumed to be rigid but the method is

developed and implemented such that restructuring can be switched on if needed.

Figure 1.1: The structure of the Eulerian and the Lgrangian grids in 2D. The La-
grangian grid consists of marker points and a piece of the Lagrangian marker points
is called a front element. Linked lists are used to define and maintain the connec-
tivity of the marker points and front elements.
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Figure 1.2: The structure of 3D Lagrangian and Eulerian grids (left) and connec-
tivity of the front elements (right).

1.2 Fluid-Solid Interactions

In the most general definition, fluid-structure or fluid-solid interaction (FSI) is de-

fined as the interaction of a movable or deformable solid structure with an internal

or surrounding fluid flow. Some popular and common examples of fluid-solid inter-

action problems include aeroelasticity [26, 167], sedimentation, biological flows and

biomechanics [3, 44, 101], complex flows in irregular domains [149, 151] and some

other interdisciplinary problems [12, 18, 35, 47, 64, 90, 135, 136, 159]. Coupling of the

fluid and solid domains has proved to a formidable task mainly due to inherent

non-linearity of interactions and the stiffness caused by the large disparity of length

and time scales of solid and fluid dynamics. In addition, treatment of the boundary

conditions at the moving and deforming fluid-solid interfaces makes the problem

extremely complicated and poses a challenge in computational sciences.



Chapter 1: Introduction 8

The numerical methods for the fluid-solid interactions can be categorized under

two main classes according to mesh structure: (i) Body-conforming mesh and (ii)

non-body conforming mesh methods. Both methods have some subclasses but before

explaining them comprehensively, it is important to understand their differences. In

the body-conforming mesh methods, as the name suggests, the interface is considered

as a part of the solution, therefore, the mesh covers the interface as the part of

the domain. When the solid body is moved or deformed, re-meshing is required

to make the grids in the solid and fluid domains match at the interface, so the

interface conditions are imposed in each domain as the physical boundary conditions.

In the non-body conforming mesh methods, re-meshing is not required because a

Lagrangian grid or marker points are employed to maintain communication between

the solid and fluid domains. We next explain body-conforming and non-conforming

methods separately.

1.2.1 Body-Conforming Mesh Methods

In body-conforming mesh methods, the aim is to solve fluid and solid parts in a

synchronized way using grids on solid and fluid domains that perfectly match at

the interface. A computational grid conforms with the body of the solid particle

or the structure and as a result it employs an accurate description of the bound-

ary conditions at the interface. The entire solution procedure can be summarized

as follows. The flow equations are first advanced for a time step on the fluid do-

main assuming the front position is fixed at the previous time level. Then, the

flow-induced stresses are evaluated at the interface and passed to the solid domain

to be used as the boundary conditions in advancing the solid equations. Finally,

the solid constitutive equations are advanced for a time step. At the end of this

process, the location of the fluid-solid interface is advanced and the mesh is up-

dated accordingly. For the solid-body or structure, it is important to compute the

stresses on the bearing members while the location of the physical boundary is im-

portant for the fluid dynamics. This mismatch between the fluid domain and the

solid body creates compelling challenges for the body-conforming mesh methods. In
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some extreme cases, according to the fidelity of the grid, even gaps can be observed

in the portions of the interface where the mismatch is large. The requirement of

re-gridding at every time step is another disadvantage of body-conforming methods

since computational cost becomes extremely large in complex geometries. Brown [24]

and Onishi et al. [110] developed two different algorithms to transfer interface data

based upon the shortest distance and normal projection to handle the fluid-solid

coupling. Appa [6], Guruswamy [59] and Kapania et al. [80] developed and modified

a method that creates a virtual front to cover the interface between fluid and solid

object and called it mortar method. Farhat [38] and Zhang et al. [165] achieved

a second order accuracy in time with a body-conformal method for fluid-structure

interaction problems. Zhang et al. [165] used two different algorithms based from

the Runge-Kutta and hybrid linear multi step method to simulate an aeroelastic

flutter problem. Vierendeels [33] introduced a reduced-order model (ROM) to sim-

ulate the fluid-solid interactions of a heart valve and showed that the method is

stable. Wood et al. [160] added an extra sub-iteration step between fluid dynamics

and structure analysis computations to reduce the numerical error in the problem

studied by Vierendeels [33]. The body-conforming methods are good at resolving

particles with a high accuracy but numerical accuracy stats to deteriorate in the case

of moving or deforming interfaces, computational cost also tends to increase. Hu et

al. [65] developed a body-conforming method where the flow equations are solved

implicitly with a finite-element formulation and the particle velocity is updated using

an arbitrary Lagrangian-Eulerian (ALE) technique. They computed the migration

and sedimentation of solid spheres in Newtonian and viscoelastic fluids. Although

they obtained stable and accurate results, the computational cost and difficulty of

the mesh generation make this method inconvenient for the multiphase problems

with moving boundaries. Ferziger and Peric [76] observed that the body conforming

methods may affect the accuracy and the convergence properties of the solver in an

adverse way. Therefore, even for simple geometries, generating a body-conformal

grid can involve a cumbersome iterative process. The level of difficulty of generating

an acceptable grid hardens proportionally with the complexity of the shape of the

body. Quarteroni and Valli [123] used a structured grid method where the volume
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is divided into subdomains and an individual grid is generated in each subdomain.

However, the communication between each subdomain required development of a

highly complicated parallel algorithm. In recent years, Baum et al. [72], Ramamurti

and Sandberg [124], and Tezduyar [145] have made some remarkable progress in

moving boundary simulations with body-conformal grids but the body conforming

mesh methods are still applicable to relatively simple geometries and the computa-

tional cost increases prohibitively with the complexity of the geometry.

1.2.2 Non-Body Conforming Mesh Methods

In the non-body conforming mesh methods, the momentum equations are discretized

on the Cartesian grid which brings the advantage of generating the grid easily. While

remeshing is eliminated with these methods, imposing the boundary conditions be-

comes complicated. The Cartesian grid methods or non-body conforming mesh

methods are widely used for Euler equations [2, 14, 34, 114]. The cut-cell method

belongs to the family of the Cartesian grid methods in which the boundary grid

cells are enlarged and finite volume is used to approximate the fluxes [69]. The

two dimensional viscous incompressible flows were simulated with a finite volume

approach by Ye et al. [162]. In the cut-cell method, a co-located grid is usually

used. The identification of the cells cut by the interface and how the boundary

cells are combined are the key ingredients of the method. Implementation of the

cut-cell method is relatively ease in 2D but it becomes extremely complicated in

3D especially in the case of existence of deforming interfaces. In addition, numer-

ical instability arises when the boundary cells are too small or cell aspect ratio is

too large. The fictitious domain method is another common non-body conforming

method used to simulate the particle-laden flows and fluid-structure interactions.

Glowinski et al. [53] combined finite-element method with the splitting technique

to achieve a Lagrange multiplier-based fictitious domain algorithm to model viscous

flow around a NACA0012 airfoil. The viscosity penalization method (VPM) is the

remarkable and prominent concepts used in the fictitious domain method. Ritz and

Caltagirone [126] used VPM to obtain a continuous hydrodynamics model for fluid-
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particle systems, and Angot [5] published a benchmark paper about VPM in 1999.

In this method, viscosity inside the particle is assumed to be much much larger than

that of the bulk fluid. The method has been demonstrated to be highly successful

for some applications but the large viscosity ratio may cause numerical instability

when the solver is not capable of coping with the viscosity jumps between the bulk

fluid and the alleged fluid inside the particle.

1.3 Immersed-Boundary Method

Immersed Boundary Method (IBM) developed by Peskin in 1972 [115] has become

one of the most widely used non-body conforming methods for fluid-solid interac-

tions. Peskin used the original IBM to model moving elastic boundaries in fluid-

structure interaction problems, especially in biological flows such as cardiac me-

chanics and related blood flows. The main advantage of the IBM is to impose the

boundary conditions on a non-body conforming grid to solve the flow equations.

The IBM can be seen as a combination of a mathematical formulation and numeri-

cal scheme. The mathematical formulation consists of both Eulerian and Lagrangian

variables, and linked by a Dirac delta function to transfer necessary variables be-

tween Eulerian to Lagrangian grids and vice versa. In the Peskin’s original method,

Eulerian variables are defined and solved on a fixed Cartesian mesh while the La-

grangian quantities move freely on a curvilinear Lagrangian mesh. The curvilinear

mesh is chosen due to the wavy geometry of the heart valves. The interactions

and exchange of the Eulerian and Lagrangian variables are done using a smoothed

approximation to the Dirac delta function constructed in different ways.

The Cartesian grid methods can be seen as a premature version of the IBM to

simulate inviscid flows with complex embedded solid boundaries. The Cartesian

grid methods have evolved and been supported by similar but limited capabilities

with the IBM [13, 30, 34, 150, 162]. Anderson et al. [4], and Scardovelli and Za-

leski [131] have reviewed various applications of the Cartesian grid methods for the

liquid-liquid and liquid-gas multiphase flow systems but and not the fluid-solid cou-

pling. Using a Cartesian grid facilitates the combination of IBM method with the
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numerical methods developed for simulations of multiphase flows including the com-

mercial software packages and existing solvers such as the fast Poisson solver [142],

the level-set method [1] and the structured multigrid solvers [88,163]. Although it is

mostly used in the finite difference method context, the IBM can also be used with

the finite element and finite volume methods because the cost of the grid generation

is negligible especially in non-deformable body problems and only the points at the

vicinity of the front need a special treatment [46, 121]. Moreover, Gilmanov and

Sotiropoulos developed a hybrid Cartesian/IBM solver for 3D complex flows [49].

This versatility and capacity of operating with a variety of discretization methods

make the IBM to be an appropriate solution strategy in a wide range of applications.

Some successful and popular explications of IBM include the simulation of the car-

diac mechanics, locomotion of aquatic animals [41, 43], sperm motility [42], 2D and

3D models of bacterial swimming, wave propagation in the cochlea [16] and spiral

cochlear geometry [51], flow with suspensions of the particles and fibers [45,138,140],

model of viscoelastic networks [19], and turbulent flow simulations [39].

The IBM was first used to simulate flow patterns around heart valves in the

Peskin’s landmark paper [115]. The leaflet of a human heart valve is an example

for the flexible immersed boundaries that move with the fluid and exert forces on

the flow. The key ingredient of the method is to replace the boundary with a force

field defined on grid points of a rectangular domain. In Peskin’s original IBM, the

boundary is assumed to have no mass, or neutrally buoyant and there is the same

fluid on each side of the boundary. As a result, the force field has the same effects

as the physical boundary. This force is defined as a function of the position of the

boundary. Peskin defined a force density in such way that the force field is singular

and zero everywhere except along the boundary. Since the force is determined by

the boundary configuration, it depends on the elastic properties of the interface. In

this formulation, fluid domain is initialized on the fixed Eulerian grid, but forces

are matched with the Lagrangian force points. Peskin extended the applicability

spectrum of the algorithm with the Chorin’s projection scheme [29] that contains

the prediction and correction steps. Zhu and Peskin [168] came up with another IBM

for the flow of a soap film between two nylon wires. The new IB method included an



Chapter 1: Introduction 13

added mass density term but the variations of the mass density made fast-Fourier

transfer methods inapplicable. Therefore, a multigrid method was used to solve

pressure Poisson equation. The algorithm was validated using the experimental

data [164].

In 1999, Roma et al. [127] combined the IBM with a adaptive mesh refinement

technique. The implicit formulation of IBM is improved and combined with a multi-

level self adaptive grid on the locally refined meshes. They introduced a new compu-

tational method that employs an encapsulated adaptive mesh refinement [15,74,98].

In this implementation, they covered the vicinity of the immersed boundary with

the finer rectangular grid patches that follow the boundary motions and each mesh

communicated with each other to transfer properties. Elastic force density was a

function of the unit tangent to the position and tension of the immersed boundary

in this new method.

Peskin and McQueen [119] observed that a second order fluid solver only per-

forms a first order behavior at the grid points near the boundary, which requires

to increase the resolution of the grid at the vicinity of the immersed boundary. As

a remedy to this problem, Berger [13] employed a composite grid which covers the

refined regions with respect to their rankings. In this formulation, the physical vari-

ables such as pressure and velocity are located in a marker-and-cell staggered grid

fashion. In addition, the Dirac-delta function used transfer quantities between Eu-

lerian and Lagrangian grids is defined different than the Peskin’s original method by

the reducing the bandwidth of distribution from 4 to 3 points. Fauci and Peskin [43]

developed a model for the aquatic organisms as a massless object with elastic bound-

ary immersed in a viscous incompressible fluid. Fauci [40] used a similar numerical

approximation for the boundary segment as used in the Peskin’s original method.

The method was then extended for the swimming sheet problem, and also applied

to some other problems in 2D. Beyer [16] used the IBM to model the cochlea in the

inner ear. This computational model can be seen as a modified version of Peskin’s

original method in 2D with the main difference that the force calculations are per-

formed semi-implicitly. In addition, a fully implicit version of this algorithm has

been developed later for the similar problem where the outer boundary is assumed
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to be rigid while inside membranes are flexible. Beyer [17] also used the IBM to

solve one dimensional heat transfer using a Crank-Nicholson algorithm on a uniform

Cartesian grid. In 2002, Peskin [118] presented an immersed boundary method in

which the temporal discretization is done by a second order Runge-Kutta method

and the Eulerian variables are located on a fixed Cartesian mesh while the La-

grangian variables are located on a curvilinear mesh that moves in the same way as

the original IBM. In this formulation, instead of mass density, an elastic (potential)

energy is stored in the material at each time step.

In the all papers mentioned, the motion of the embedded body depends on the

flow field and boundary configuration, and only the forces between artificial spring

elements are known. These methods are generally called the continuous forcing

method. In this approach, the solid boundaries are modeled as a product of very

rigid connected springs, as a result, the force term depends on two free constants.

The free constants, α and β as used in the literature need to be tuned according to

the flow. Mohd-Yusof [99] understood the main drawbacks of the method developed

by Peskin and McQueen [119] and its variants [56], and proposed a new IBM that

makes the immersed force independent of these two free constants. Fadlun et al. [36]

performed the first example of the full 3D simulations in complex flow with moving

boundaries by this new IBM formulation called the direct forcing method. Fadlun

et al. [36] demonstrated that the new method is a second order accurate and highly

efficient in computing the laminar flow over a 3D ribbed channel.

Mittal and Iaccarino [96] reviewed IBM comprehensively with all the formula-

tions including the continuous and the direct forcing algorithms. They also dis-

cussed the some drawbacks of IBM such as difficulties of imposing the boundary

conditions and remedies for these deficiencies. They reviewed the applications of

IBM to a broad spectrum of flow problems including the flow past flapping fila-

ments [164,168], the flow past a pick-up truck [67], the flow past a sphere [84], and

bodies in free fall [92, 97].

In 2008, Mittal et al. [95] introduced a sharp interface immersed boundary

method which employs a ghost-cell methodology in addition to the direct forcing

method to handle highly complex shaped stationary or moving bodies. The method
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shares the same fundamental ideas with the ghost-cell method of Ghias [48].

Since the boundary moves and deforms, and the flow field is generally unsteady,

the force and the position of the boundary are functions of time. Feedback forcing is

the method developed by Goldstein et al. [54,55,130] to address these issues. In this

method, the forcing term contains two negative constants α and β, and they multiply

the velocity difference between the velocity of the boundary and the velocity field of

the flow. This force density is a feedback to the velocity difference between the flow

field and solid object. It pushes the particle velocity to be equal to the flow velocity

at the front, i.e., when the velocity on the boundary is different from that of the

flow, the forcing is switched on. However, big values of α and β make the forcing

equation too stiff making the time step extremely small and thus simulations are too

expensive. Therefore, Goldstein et al. [54] had to restrict the time step to keep the

CFL number constant at a finite value. This limitation renders the feedback forcing

method too expensive for the fully three-dimensional multiphase flows. In the direct

forcing IBM, a virtual force field that contains no free constants, is defined. Fadlun

et al. [36]published a landmark paper about this method. The continuous and direct

forcing methodologies are briefly described below.

1.3.1 The Continuous Forcing Immersed Boundary Method

In the continuous forcing approach, a suitable forcing function is applied to the

entire computational domain, then flow equations are discretized and solved with

this additional force term. This method is also known as feedback forcing IBM is

a version of continuous forcing formulation. This method has versions for elastic

boundaries, rigid boundaries, Lagrange multiplier methods and immersed interface

method. In the Peskin’s original method, the fluid-solid interface is represented as

a set of massless elastic fibers and the boundary force is determined by the inter-

face configuration according to the Hooke’s law at every time step [86, 115, 117].

Goldstein et al. [54,55] have used various versions of continuous forcing approach to

simulate objects with rigid boundaries. The virtual boundary method also belongs

to the continuous forcing IBM and its distinctive feature is to treat the interface as
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a fictitious boundary buried into the fluid region and desired body force depends on

free constants. It has been found that the selection of the free constants is not easy

and inappropriate selection may create oscillations and numerical stability [66,139].

Khadra et al. [83] developed another formulation for the rigid boundaries based on

the assumption that the entire simulation is done on a porous medium governed by

the Navier-Stokes-Brinkman equations [23]. In this method, the force term is de-

termined according to the permeability of the medium which also serves as a color

function used to set the viscosity and velocity fields. When the corresponding free

constants are selected appropriately, this method can be made identical to the feed-

back forcing method. Even though the continuous forcing methods are successfull for

elastic boundaries, time step restrictions and unstable behaviors of force term make

them burdensome for moving rigid body problems. Especially for high Reynolds

numbers, this method poses requirement of increasing the number of grid points,

and it may result in inaccurate representation of the sharp interface otherwise [96].

1.3.2 The Direct Forcing Immersed Boundary Method

In the direct forcing or discrete forcing IBM, a non-physical force is added to the

flow momentum equations. Because of its simplicity and efficiency, this method

is the most convenient approach at the present and unlike the feedback forcing, it

doesn’t require any free constants or parameters [75]. Since it doesn’t have the free

parameters such as α or β, it has no additional stability restrictions but is highly sen-

sitive to the discretization method used in the numerical algorithm. Over the years,

this method has undergone some modifications depending on the physical problems.

Verzicco [39, 66, 157] utilized this approach to simulate various flows in 2D and 3D

including turbulent flows about bluff bodies. Tseng and Ferziger [148] developed

an efficient ghost-cell based IBM in the large-eddy simulations (LES) framework

and successfully applied it to simulate complex ocean flows. Balaras [11] performed

LES for the flow past 2D and 3D bodies, and also modeled solidification problems.

His scheme includes a novel interpolation procedure for solid boundaries and it has

been validated for the Stokes flow around a circular cylinder. Later, Balaras and
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Vanella [156] combined the solver with an adaptive mesh refinement method and

applied the new solver to study a wide range of fluid-structure interaction prob-

lems in a similar nested mesh formulation with Roma et al. [127]. Griffith [57] also

developed a new adaptive IBM with second order accuracy for three dimensional

blood flow analysis in the heart. Zhang and Zheng [166] improved the extrapolation

and the interpolation schemes of [164] and used the direct forcing concept of [75]

to achieve a second order accuracy. Uhlmann [152] published his landmark paper

about the direct forcing approach in 2005. In this method, the solid particles are

assumed to contain the same fluid as the continuous phase but the no-slip boundary

conditions are imposed at the fluid-solid interface using the direct forcing method

and the Newton-Euler equations are solved for the rigid body dynamics to update

the position of the rigid bodies. Later, this method has been successfully applied to

simulate the heavy-particles in laminar and turbulent flows [153,154]. Breugem [21]

used the Uhlmann’s method as an elementary idea for the particle-laden flows and

modified it for a better approximation of the boundary conditions, internal treat-

ment of particle, and enhancement of numerical stability. The method has been also

extended for porous media problems with a penalization direct forcing model [22],

and a soft collision model was added to account for inter-particle and particle-wall

collisions [20]. Costa [31] improved the collision model using the lubrication theory

and parallelized the code, and then applied it to simulate particle-laden turbulent

flows using more than 1000 fully-resolved particles. Wang et al. [158] used a multi

direct forcing scheme to impose the no-slip and no-penetration conditions. They

used an inner iteration to obtain the correct force field that gives the desired ve-

locity on the Lagrangian points. Breugem et al. [8, 120] employed an analogous

method to simulate several flows. Kempe and Fröhlich improved the IBM in several

aspects including the cost reduction of Eulerin-Lagrangian transfer operations for

a better imposition [82]. They used three-point version of the Roma’s regularized

delta function and the Lagrangian force points are distributed unevenly in contrast

with the Uhlmann’s algorithm where the points are distributed evenly. Deen et

al. [32] combined the IBM with the front-tracking method for moving deformable

and non-deformable particles, which took roots from the front tracking algorithm
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of van Sint Annaland and IB model of van der Hoef et al. [63], and a hard sphere

discrete particle approach was employed for the particle-particle interactions. Yang

and Stern [161] took the advantage of combining the direct forcing with the frac-

tional step method and taking the fluid solver part out of the predictor-corrector

step. In addition, they investigated different complex geometries including rectangu-

lar plates and bodies in fluttering and tumbling motions. Some other considerable

discrete forcing applications with finite-element, finite-volume and various other

methods have been performed by Ikeno [68], Choi [28], Mark [93], Munjiza [73].

1.4 Outline of the Present Study

In this study, a direct forcing method is combined with a front-tracking algorithm

to simulate dynamics and interaction of rigid particles dispersed in a continuous

fluid. The method is developed entirely in the front-tracking framework so that it

can be readily used to simulate three phase flows involving both immiscible fluid

particles (bubbles or droplets) and solid particles dispersed in a continuous fluid.

This thesis is organized as follows: In Chapter 2, the mathematical formulation of

the flow equations and rigid body dynamics is explained in detail. In Chapter 3 the

flow solver, IBM, and transfer operations between Eulerian grid and Lagrangian grid

are discussed. The present IBM/FTM solver is validated for several test cases and

the results are presented and discussed in Chapter 4 where the preliminary results

for a particulate flow involving many rigid spherical particles are also presented.

Finally some conclusions are drawn and the possible future extensions of this work

are outlined in Chapter 5.
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Chapter 2

MATHEMATICAL FORMULATION

In this section, the flow and solid body dynamics equations are discussed. The

fluid flow is governed by the incompressible Navier-Stokes equations while the rigid

body dynamics is modeled by the Newton-Euler equations. Flow equations are

described here in the context of IBM/FTM.

2.1 Flow Equations

Since the ultimate goal is to simulate fluid-fluid-solid three phase flows, following

Tryggvason and Unverdi [146, 155], the one-field formulation is used for the flow

equations. In this formulation, a single set of flow equations is written for the

entire computational domain with variable material properties in each phase and the

surface tension is included into the momentum equations as a source term acting

at the fluid-fluid interface using a three-dimensional Dirac delta function. In the

front-tracking framework, a color function (also called the indicator function), I,

is employed to distinguish domains occupied by different phases. In a two-phase

system, the indicator function varies between zero and unity, and the front is located

at I = 0.5 contour. Note that the indicator function is constructed based on the

location of the front as will be explained later. The indicator function can be defined

as

I(x, y, z, t) =

∫
V

δ(x− x′)δ(y − y′)δ(z − z′)dV (2.1a)

where δ is a three-dimensional Dirac delta function, V is the volume, and x′, y′, z′

are the points where the function is evaluated. In the two-phase fluid-solid system,

the indicator function can be given by

I(x, y, z, t) =

 0 solid

1 fluid.
(2.1b)



Chapter 2: MATHEMATICAL FORMULATION 20

Once the indicator function is determined, then the material properties are set in

each phase, for instance, the density field is computed as

ρ(x, y, z, t) = ρfI(x, y, z, t) + ρp(1− I(x, y, z, t)), (2.2)

where ρf and ρp are the fluid and solid densities, respectively. Note that the viscosity

field is defined only in the fluid domain. In the present IBM formulation, the flow

equations are solved in the entire computational domain using a uniform viscosity

field, i.e., the viscosity in the solid domain is set equal to the fluid viscosity, but the

force field is constructed such that the no-slip and no-penetration boundary condi-

tions are imposed at the fluid-solid interface. The flow inside the solid domain does

not have any physical meaning. The material properties remain constant following

a fluid particle, therefore density and viscosity evolve by

Dρ

Dt
= 0,

Dµ

Dt
= 0, (2.3)

where D/Dt is the material derivative. The mass conservation equation is given by

∇ · u = 0 (2.4)

The Navier-Stokes equations can be written for a Newtonian fluid as

∂ρu

∂t
+∇ · ρuu = −∇p+∇ · µ(∇u +∇uT ) + ρfb + ρf, (2.5)

where u is the velocity field, p is the pressure, µ is the viscosity, fb is the body

forces and the last term f is the immersed boundary force. In the case of fluid-fluid

interactions, an additional surface tension force can be added to Eq. 2.5 as done

in [106,146].

2.2 Rigid Body Dynamics

Various methods have been proposed to treat the boundary conditions at the fluid-

solid boundaries. In some studies, solid particles are allowed to move with the

fluid flow. In the present formulation, we use the direct forcing method developed

by Uhlmann [152] in which the solid spheres obeys their own linear and angular
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momentum equations known as the Newton-Euler equations. The Navier-Stokes

equations are solved fully coupled with the Newton-Euler equations. For the pth

solid particle, the Newton-Euler equations can be written as

mp
dUc

dt
=

∮
∂V

σσσ · ndA+ (ρp − ρf )Vpg + Fc (2.6a)

Ip
dΩΩΩ

dt
=

∮
∂V

r× (σσσ · n)dA+ Tc (2.6b)

where Uc and ΩΩΩ denote the translational velocity and the rotational velocity vectors

of the particle, respectively, σσσ = −pI +µ(∇u +∇uT ) is the stress tensor exerted by

the fluid on the solid particles, g is the gravitational acceleration, r = r = (x−Xc)

is the position vector with respect to the centroid of the particle and n is the unit

vector normal. In a many particle system, the particle-particle interactions result

in the collision force, Fc, and the collision torque Tc. In the present study, the

particle-particle interactions are ignored, i.e., Fc = 0, Tc = 0. The Navier-Stokes

equations (Eqs. 2.4, 2.5) and the Newton-Euler equations (Eqs. 2.6a-2.6b) are

solved fully coupled. The no-slip boundary conditions require that the flow velocity

at the solid-fluid interface is given by

uf = up = Uc + ΩΩΩ× r, (2.7)

where up is the particle velocity used to compute the virtual force field using the

IBM as discussed in the next chapter.
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Chapter 3

NUMERICAL METHOD

The ultimate goal of the present study is to develop a high-fidelity numerical

method for efficient simulations of fluid-fluid-solid three-phase flows. For this pur-

pose, we aim to develop a direct-forcing method of Uhlmann [152] in the framework

of the front-tracking method [107, 146]. The flow solver is essentially the same as

that described by Muradoglu and Tryggvason [107]. The numerical method includ-

ing the flow solver is described here for completeness but emphasis is placed on the

new ingredient, the direct-forcing immersed boundary method.

3.1 Flow Solver

The flow equations are discretized on a Cartesian staggered grid on which the scalar

fields are located at the cell centers while the velocity components are located at

the cell faces. For the spatial discretization, second order central differences are

used except for the convective terms for which a third order QUICK scheme [87] is

used. The mass and momentum conservation equations of the flow are solved via a

modified version of Chorin’s projection method [29]. In the Chorin’s original method,

the time integration is divided into two sub-steps. In the first step, the effects of

pressure are ignored and the Navier-Stokes equations are integrated in time to obtain

the unprojected velocity field u∗ that does not satisfy the mass conservation. In the

second step, the mass conservation is used to compute the pressure field, and then

the velocity field is corrected by adding the effects of the pressure field to obtain

the physical velocity field the new time level un+1 that satisfies both the momentum

and mass conservation equations. The superscript n denotes the nth time level.

However, there is an additional time step in our formulation when the immersed

boundary force is added into the unprojected velocity. The discretized forms of the
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momentum and mass conservation equations can be written as

ρnun+1 − ρnun

∆t
= rhsn −∇p+ fn+1/2, (3.1a)

∇ · un+1 = 0, (3.1b)

where rhs denotes the contributions from the advective, the diffusive and the body

force terms. In the original projection method, Eq. 3.1a is divided into two steps as

ρnu∗ − ρnun

∆t
= rhsn + fn, (3.2a)

ρnun+1 − ρnu∗

∆t
= −∇hpn+1, (3.2b)

where u∗ is the temporary unprojected velocity field. In the present study, the

projection method is slightly modified to accommodate the IBM. In the modified

projection method, Eq. 3.2a is further divided into two substeps as

ρnu∗ − ρnun

∆t
= rhsn, (3.3a)

ρnu∗∗ − ρnu∗

∆t
= fn, (3.3b)

where u∗ and u∗∗ are the provisional velocities that do not satisfy the mass con-

servation equation. The approximation of the force field fn is discussed in the next

section. Finally, the effects of the pressure are added as

ρnun+1 − ρnu∗∗

∆t
= −∇p. (3.4)

Taking divergence of Eq. 3.4 and using the incompressibility condition ∇·un+1 = 0,

we get the pressure Poisson equation given by

∇ · 1

ρn
∇p = − 1

∆t
∇ · u∗∗, (3.5)

which is solved using HYPRE library [37]. Once the pressure field is obtained, the

velocity field is corrected as

un+1 = u∗∗ − ∆t

ρn
∇p, (3.6)
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where un+1 is the projected velocity that satisfies both the mass and momentum

equations at the new time level.

The flow equations are discretized on a Cartesian staggered grid on which the

scalar fields are located at the cell centers while the velocity components are located

at the cell faces. The method described above is only first order accurate in time but

a second order time accuracy is recovered by using the trapezoidal rule as described

by Tryggvason et al. [146].

3.2 Immersed Boundary Method

In the present scheme, the direct forcing method [152] is adapted to be used in

the front-tracking framework such that it can be readily combined with the front-

tracking method designed for the fluid-fluid multiphase flow simulations. The main

idea is to enforce the desired velocity at the selected grid nodes that coincide with the

surface of the immersed object or front as described below. Since we use Lagrangian

marker points to create the front and the Eulerian grid is used for solving the flow

equations, interpolation and distribution schemes are required to transfer variables

between the Eulerian grid and Lagrangian grids. The force term f is computed

on the Lagrangian grid and it needs to be distributed onto the Eulerian grid to

be added to the flow momentum equations in a conservative manner. In addition,

the particle satisfies the rigid body dynamics, as a result, its position with respect

to the domain should be updated at each time step. This operation is done on

the Lagrangian elements but the marker points and consequently the interface are

advanced in a similar way with the original FTM in advancefront subroutine. An

elaborated summary of the code can be found in Appendix.

Using an explicit Euler method, the time-discretized momentum equation can

be written as

un+1 − un

∆t
= rhsn + fn. (3.7)

In Eq. 3.7, rhsn includes the convective, the viscous and pressure terms. Since

the flow velocity must match the velocity of the solid boundary, the force term can
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be computed as

fn =
ud − un

∆t
− rhsn, (3.8)

where ud is the desired velocity computed at the front element centers using Eq. 3.11.

For the sake of simplicity, ther terms at the right hand side can be written as

ũ̃ũu = un −∆trhsn. (3.9)

In each time step this ũ̃ũu is evaluated on the Eulerian grid and interpolated onto

the Lagrangian element centers. The transfer operation in both directions will be

discussed in Section 3.3. The force acts only on the fluid-solid interface but is

smoothed onto the neighboring Eulerian grid cells using a distribution function

that approximates the Dirac delta function. In addition to that, the net force and

moment acting on the rigid sphere should be known to solve the Newton-Euler

equations. The force term F is first evaluated at each element center and then

distributed on the neighboring Eulerian grid using Peskin distribution function in

a similar fashion as done for the surface tension in the fluid-fluid multiphase flow

simulations. Even though it is harder to transfer quantities from the Eulerian grid

to the Lagrangian grid [122] and more vulnerable to loss of accuracy during the

operation, it is compulsory for our combined solver due to fluid-solid coupling. The

force at the interface is computed as

Fn =
Ud − Ũ̃ŨU

∆t
(3.10)

In Equation 3.10 and henceforth, the upper case letters denote the Lagrangian vari-

ables while lower case letters are used for the Eulerian variables. Here, Ud is the

desired particle velocity on the Lagrangian element centers of the immersed bound-

ary and is computed as

Ud(Xl) = Uc + ΩΩΩ× (Xl −Xc). (3.11)

In Equation 3.11, Xl is the coordinates of the corresponding marker element in vector

notation, and Uc, ΩΩΩ, and Xc are the translational velocity, the rotational velocity and

the coordinates of the centroid of the embedded body, respectively. Since Eq. 3.11
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is satisfied on the Lagrangian elements, all of the variables are denoted by capital

letters. In the present work, the body is rigid and non-deformable, therefore Xl−Xc

remains constant. To calculate the desired velocity Ud, linear and angular velocities

of the particle should be updated at each time step, which is done as follows:

Un+1
c = Un

c −
∆t

Vp

ρf
ρp

∑
Fn∆Vl

+
1

Vp

ρf
ρp

(

∫
Vpi

un+1dV n+1 −
∫
Vpi

undV n) + ∆t(1− ρf
ρp

)g + ∆t
Fc

n+1 + F n
c

ρpVp

(3.12a)

ΩΩΩn+1
c = ΩΩΩn

c −∆t
ρf
Ip

∑
rl × Fn∆Vl

+
ρf
Ip

(

∫
Vpi

r× un+1dV n+1 −
∫
Vpi

r× undV n) + ∆t
Tc

n+1 + T n
c

Ip
(3.12b)

Equations 3.12a and 3.12b denote the linear and angular momentum conservation

of the rigid particle or front in our terms. 2nd terms at these equations are the

opposites of IBM forces and torques exerted on the interface which are equal to 0

elsewhere, 3rd terms are the inertia of fluid inside the particle where Vpi is the volume

inside the particle and its detailed calculations can be found in Appendix. However,

since Uhlmann [152, 154] observed that doesn’t affect much we consider it as 0 and

didn’t apply any special treatment inside the particle. The next two correspond to

buoyancy and particle-particle collision terms. In this work, only single particles

are considered or in many particle systems interactions aren’t taken into account

therefore the last term is also 0 but it will be useful in the future fluid-fluid-solid

interaction problems.

3.3 Transfer Operations

One of the key ingredients and distinguishing common features of FTM and IBM is

the need to exchange quantities between the Eulerian and Lagrangian grids. This is

achieved by means of regularized delta functions in a similar fashion as the Peskin’s

original distribution function [116,118] to interpolate and spread quantities between

Eulerian and Lagrangian grids. For instance, the predicted velocity, ũ̃ũu, is transferred
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from the Eulerian grid to the Lagrangian grid to compute the force at the element

centers. Then, the force is smoothed back onto the neighboring Cartesian grid point

to be added to the flow momentum equations as body force. The torque is only

needed in the rigid body dynamics, so there is no need to transfer it to the Eulerian

grid. The smoothing operations can be considered as an approximation of the δ

function on the Eulerian grid because the interface is represented by a δ function.

We need a function δh that approximates δ function in the discrete form, so that

the predicted velocity is interpolated from the Eulerian grid onto the marker points,

i.e.,

Ũ̃ŨU(Xl) =
∑

ũ̃ũu(x)δh(x−Xl)h
3, (3.13)

where h denotes the Eulerian grid spacing, Xl represents the position vector of the

element centers on the interface and x represents the location of the velocity on the

staggered Eulerian grid. After interpolating Ũ̃ŨU onto Lagrangian grid, the force term

is calculated. This force term is stored to be used in the Newton-Euler equations and

is also distributed onto neighboring Eulerian grid points to enforce the boundary

conditions at the fluid-solid interface. In Eq. 3.14, the immersed force is the sole

quantity transferred to the Eulerian grid because the torque is not needed for the

Navier-Stokes equations. Transfer operation of the force from the Lagrangian grid

onto the Eulerian grid can be written as

f(x) =

Np∑ Nl∑
F(Xl)δh(x−Xl)∆Vl (3.14)

where Np the total number of rigid particles, Nl is the number of the Lagrangian

elements and ∆Vl is the volume of each Lagrangian element. ∆Vl is obtained by

the multiplication of the element area with the unit grid size. The discrete delta

function, δh, must have some desirable properties as summarized below:

• It is a smooth functions, i.e., it is differentiable everywhere.

• It is a compact support.

• It satisfies the divergence free condition when it is used to interpolate the

incompressible velocity field.
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• Its bandwidth is not small to avoid numerical instabilities and wiggles and not

too large to avoid excessive numerical error.

• It approximates the Dirac delta function and converges to the Dirac delta

function in the limit as the grid is refined, i.e., as h ⇒ 0. This property can

be expressed mathematically as∑
δh(x−Xl)h

3 = 1, (3.15)

∑
(x−Xl)δh(x−Xl)h

3 = 0. (3.16)

Equations 3.15 and 3.16 make sure that the transfer operations are consistent

and conservative, i.e., the total amount of force exerted on the fluid is the

same as that computed at the interface. This condition is expressed as:

∑
f(x)h3 =

Np∑ Nl∑
F(Xl)∆Vl (3.17)

∑
x× f(x)h3 =

Np∑ Nl∑
Xl × F(Xl)∆Vl (3.18)

Three dimensional discrete delta function δh used for the transfer operations can be

written as the product of three one dimensional delta functions as

δ3Dh (x−X) = δ1Dh (x−X)δ1Dh (y − Y )δ1Dh (z − Z). (3.19)

The one-dimensional discrete delta functions is given by

δ1Dh (x−X) =
1

h
d(r) (3.20)

where d(r) is a continuous distribution function also known as Peskin’s cosine func-

tion defined as

d(r) =

 (1/4h)(1 + cos(πr/2h)) |r| < 2h

0 |r| ≥ 2h
(3.21)

In the parallel implementation, before the Eulerian to Lagrangian interpolations,

point coordinates, element coordinates, position of the element centers, and the
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position of the front centers are taken from the Front side, and ũ̃ũu is interpolated

onto the element centers. This information is transferred from the Domain to Front,

and force calculation is done there. At spreading operation from the Lagrangian to

the Eulerian grid, the force terms and element centers are sent back to Domain and

entire process is repeated for every time step.
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Chapter 4

RESULTS AND DISCUSSION

In this chapter, the results are presented and discussed. The method is first

applied to simulate the uniform flow past a single stationary sphere to observe

the qualitative behavior of the force vector and the vorticity field. In particular,

the force and pressure distributions, and velocity field are examined inside and

outside of the sphere. The method is then validated for the various test cases

by comparing the computational results with the experimental data. Note that

we only considered and presented 3D case in this study although the method can

also be used to simulate 2D flows. Since the base solver is essentially the same

as the FTM code of Muradoglu [106] and it ha been validated for a wide range

of single and fluid-fluid multiphase flows, validation for single phase flow is not

repeated here. For the validation of the IBM, simulations are performed for rigid

particle sedimentation and the results are compared with the experimental results of

Mordant and Pinton [102]. Additional validation simulations are also performed to

simulate rigid sphere sedimentation for the cases of density ratio of around unity and

for relatively low Re numbers, and the results are compared with the experimental

data of Cate et al. [27]. Note that it has been reported in the previous studies that

the density ratio close to the unity may cause some numerical difficulties. We aim

to overcome these difficulties. Finally, the method is applied to simulate particulate

flows involving many solid spherical particles to demonstrate the capability of the

present algorithm for such cases albeit the simulations are done only for highly dilute

concentrations to avoid particle-particle interactions as particle-particle interactions

are not yet included in the present solver. We note, however, that a particle-particle

interaction can be easily incorporated into the present solver.

A uniform flow past a stationary sphere is usually used to compute the drag

force, FD and compare it with the experimental data. However, instead of the drag
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force, the general behavior of the force field and IBM solver are considered in this

study to examine accuracy of the method qualitatively only. The flow configuration

is similar to that used by Johnson and Patel [9, 50, 78]. We consider a uniform

laminar flow pasts a sphere at varying Reynolds numbers from 50 to 300. The rigid

solid sphere is placed at the center of the square domain and a uniform velocity is

specified in z-direction at the inlet (the south boundary) and the pressure boundary

conditions are applied at the outlet. The no-slip boundary conditions are applied on

other boundaries. All the units are in the SI units. Figure 4.1 shows the constant

contours of the IB force, fzsolid, in z direction. Note that the force is multiplied by

1000 for ease of interpretation and since we are only interested in how symmetric

the force is distributed rather than its magnitude. As seen, the force is distributed

in the vicinity of the interface and the distribution is quite symmetric showing

the accuracy of the force distribution algorithm. Figure 4.2 shows the pressure

distribution around the sphere. This figure clearly shows the expected symmetry of

the pressure distribution with respect to the axial line passing through the center of

the sphere, which can be considered a good indication for the accurate distribution

of the force as well as accurate computation of the flow. The pressure distribution

is qualitatively in good agreement with [137]. Figure 4.3 shows the velocity vectors

in and around the stationary rigid sphere in a uniform flow. This case is similar to

that studied by Mittal et al. [95] that has been widely studied both experimentally

and computationally. The simulation is first performed for the Reynolds number,

Re = 100 and then repeated for different Reynolds numbers. As also shown by

Gilmanov et al. [50], the flow separation occurs behind the sphere as can be clearly

seen in the velocity vector plot in Fig. 4.3. The wake region behind the sphere is

also clearly seen in this figure. The vortices are formed in wake region and it is

observed that the increasing Re results in shortening of the wake region. However,

the horizontal distance in the wake region is not affected by the Reynolds number.

These results are consistent with the computational results of Gilmanov et al. [50].

For the same case, the streamlines and velocity vectors are plotted in Fig. 4.4.

The red arrows indicate the velocity vectors while black lines are the streamlines.

Streamlines are created with random seeds issuing from the surface of the rigid
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Figure 4.1: Immersed boundary force distribution around a spherical solid sphere in
a uniform flow.

sphere. Total number of 50 random seeds are used to visualize the streamlines in

TECPLOT. The deflection of the flow velocity is clearly seen in the wake region

as well as the velocity vectors follow the streamlines. Figure 4.5 shows the flow

inside the rigid solid sphere. As can be clearly seen in this figure, the flow velocity

is zero at the solid-fluid interface showing that the no-slip boundary conditions are

properly enforced on the surface of the sphere. As mentioned before, the flow inside

the sphere is not physical and has no influence on the flow around the sphere.

Since the results in stationary sphere fulfill the aim of capturing the velocity field

correctly and characteristics of wake region, and satisfaction of NS/NP, the dynamic

motions of the rigid particle can be examined in the next section.
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Figure 4.2: Pressure distribution around the stationary sphere in a uniform flow.
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Figure 4.3: Vorticity and velocity fields around the sphere for Re = 100.
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Figure 4.4: Streamlines around the stationary sold sphere in a uniform stream for
Re = 100.
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Figure 4.5: The flow field inside the solid rigid sphere for Re = 100. The flow
inside the sphere is not physical and has no influence on the physical flow around
the sphere.
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4.1 A Single Sedimenting Sphere

In these 3 cases, a single rigid sphere is released and the sedimentation is observed

and compared with Mordant and Pinton’s experimental results [102]. Previously,

these cases were simulated by Uhlmann [153] and initially the flow field and the

particle are at rest. Then, particle is released by two tweezers without any velocity.

In Mordant’s experimental setup, ultrasonic waves were used to detect the velocity.

The sedimentation is only under the influence of gravity and buoyancy as the driven

forces at the experiment and also simulations. In addition, Mordant and Pinton

compared their experimental data with a simulation by a Runge-Kutta based solver.

In Figure 4.6, a zoomed image of the rigid spherical body is attached and triangular

elements on the particle can be seen.

Figure 4.6: The rigid spherical body with triangular elements

In our test cases, all quantities associated with the particle are non-dimensionalized

according to reference values. The reference velocity and time are given as respec-

tively, uref =
√
|g|Dp, tref =

√
Dp/|g| where Dp is the diameter of the particle. The

flow field is periodic in all directions. The reason of using periodic boundaries is to

create the effects of large container as the experiment. In the cases that no-slip walls

are used in boundaries, the velocity of the particle was less than the periodic results

which contradicts the objectives of this study. We aimed to complete development of

the flow field with triply periodic boundaries, and prevent wall effects in horizontal

plane. In cases density ratio, viscosity and channel length are changed to determine

their effects on the particle velocity and the flow field. The particle Reynolds num-
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bers, Rep are kept constant to obtain a duplicate model of the experiments. Rep is

given as

Rep =
upDp

ν
(4.1)

where up is the particle velocity. The physical properties of the fluid and solid

sphere used in the experimental study by Mordant and Pinton [102] are summarized

in Table 4.1. The domain length in y-direction, Ly is changed in Case 3 but in

other directions it is held constant in all cases and domain corresponds to Ω =

1.25×Ly×1.25. The particle position is xc = 0.625×yc×0.625, where yc corresponds

to initial location of the particle center in y axis and 9.5 in Case 1 and 2, and 14.5

in the last case. The gravity is taken into consideration in its pyhsical value, gy =

−9.81m/s2. Particle diameter is given as Dp = 1/6m. Since the horizontal velocities

are negligeble compared to vertical velocity component, grid points in y-direction

where the motion occurs, is chosen more than the other directions. However, huge

differences in number of grid points in different directions resulted in inaccuracies

in terminal velocities.

Case Number 1 2 3

Density Ratio ρp/ρf 2.56 2.56 7.71

Domain Length Ly[m] 10 10 15

Kinematic Viscosity ν[m2/s] 0.005416368 0.00104238 0.00267626

Rep 41.17 362.70 280.42

Table 4.1: The physical properties of the fluid and solid sphere used in the experi-
mental study by Mordant and Pinton [102], and the domain length in y-direction.

In the following Figure 4.7, our results and experimental data are presented and

found in a good agreement. The dashed and straight lines with the same color

represent the same Rep case for experiment and simulation results in Figure 4.7.

The number of grid points in y-direction, Ny corresponds to 480, 512, and 512 in

the given order for 3 cases and for other directions various grid sizes are used. The

respective CFL numbers are 0.3 for Rep = 41.17 and Rep = 362.70 cases and 0.1 for
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Figure 4.7: Change of vertical terminal velocity in time is investigated for Rep =
41.17, Rep = 362.70 and Rep = 280.42 cases denoted with green, red, and black in
order and compared with the experimental data. Dashed lines represent experiments
and straight lines are used for present study for the same Rep number

Rep = 280.42 in the figure. In the presented solver, it is optional to select fixed CFL

number or fixed time step, and all simulations are done with fixed CFL numbers

which selects the necessary time step itself. In first case Rep = 41.17, time step

corresponds to 0.002 which is close to Uhlmann and Patankar’s [132]. On the other

hand, in Case 3 ∆t ≈ 1.5× 10−3 at the beginning but in time it is diminished up to

∆t ≈ 7.5 × 10−4. For all 3 cases change of the horizontal velocity components are

given in Figures 4.8 and 4.9. The blue, red and black lines represent the cases in

numerical order. In Rep = 41.17 case horizontal velocities, u and w didn’t change

significantly because of the lack of asymmetric vortex shedding. However, in other

cases Rep = 362.70 and Rep = 280.42, the lateral motion can be observed from

the shift in u/uref and w/uref . Horizontal velocities in both direction reach the

O(10−4). In Uhlmann’s report [152], these variables are given with the ups and
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Figure 4.8: Horizontal velocity component u is non-dimensionalized and its change
over dimensionless time is investigated for Rep = 41.17, Rep = 362.70, and Rep =
280.42 that are represented with blue, red and black lines.

downs, however in the present study change in horizontal velocities are much stable

and linear. Moreover, since the sphere is located symmetrically in x and z axis, the

velocity components u/uref and w/uref evolved almost identically.

In Figure 4.10, first test case is tested and the transient behaviour of the particle

is achieved to capture successfully. However, the difference between the terminal

velocities can be seen although the error percentage is below 5%. The experimental

outcomes are drawn again for comparision with the simulation results. To under-

stand the grid effects, 128 and 480 as the grid numbers in y-direction are tried but

for this case it doesn’t provide a significant change. In both Ny number, the CFL

number is fixed to 0.3. It can be seen that, the solver performs higher accuracy in

higher particle Reynolds number cases in terms of terminal velocity. On the other

hand, declines in viscosity affect the accuracy in transient region. One of the pos-

sible reasons is the internal treatment of the solid particle. The IBM force in only
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Figure 4.9: Horizontal velocity component w is non-dimensionalized and its change
over dimensionless time is investigated for Rep = 41.17, Rep = 362.70, and Rep =
280.42 that are represented with blue, red and black lines.

applied on the boundaries and inside of the rigid body isn’t treated. At the low

viscosity cases with higher density ratios such as Rep = 280.42, the viscosities inside

and outside of particle are same but density jump is higher which may lead to create

this problem as observed in VPM studies mentioned in Introduction.
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Figure 4.10: Effects of the grid size in y-direction for Rep = 41.17 case on di-
mensionless vertical terminal velocity comparision with the experimental data over
dimensionless time

As mentioned earlier, In Figure 4.11, Rep = 362.70 case is simulated with differ-

ent grid sizes in y-direction. The positive effect of increasing grid number is evident.

It does not only change the accuracy of terminal velocity but also makes the velocity

change near to the transition zone. The CFL number is 0.3, and the grid numbers

Nx and Nz are kept constant at 100, which resulted in 8.5 grid to resolve particle

which will be explained in the next Section. Before 100 as the grid number in x

and z directions, less numbers were tried and it is seen that the increments in both

direction resulted well in terms of accuracy but also altered the total computational

time negatively. The error calculation in terminal velocity is given as

ε =
utr − vter

utr

(4.2)

where ε is the error, and utr, vter are the experimental terminal velocity and terminal

velocity in simulations respectively. In Case 2, ε% ≈ 3 which can be considered as

satisfactory.
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Figure 4.11: Effects of the grid size in y-direction for Rep = 362.70 case on di-
mensionless vertical terminal velocity comparision with the experimental data over
dimensionless time

In Figure 4.12, density ratio is the highest in all cases. The grid and CFL

number effects are investigated in this Rep = 280.42 case together. First, CFL

number, Nx and Nz are kept fixed at 0.3, 100 and 100 respectively. Ny = 128 and

Ny = 512 cases are compared and as expected the latter one performed better and

closer to experimental. Then CFL number effects are investigated on Ny = 512

case with 2 CFL numbers 0.3 and 0.1. Decline in CFL number also lead to lower

error percentage in terminal velocity, even though it only changed transition region

slightly.At CFL=0.3, the error percentage is around 5% but at CFL=0.1 it turns

into 2% in terminal velocity.

In addition, several simulations are perfomed for the same computational setup

with Rep = 362.70 case in Figure 4.13 but the density ratios are less or equal to

1. Since the configuration didn’t give exactly in [81], a similar setup is created.

When the density ratio corresponds to ρp/ρf = 1, the rigid object stays stationary.
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Figure 4.12: Effects of the grid size in y-direction for Rep = 280.42 case and CFL
number for Ny = 512 cases on dimensionless vertical terminal velocity comparision
with the experimental data over dimensionless time.

In given dimensionless time, the vertical velocity in each simulation with different

density ratio tends to plot an inclined line, and the acceleration has an inverse

proportion with the ratio. On the other hand, it is observed that when ρp/ρf ≤ 0.5

instabilities start to occur. Between t/tref = 0.5 and t/tref = 1.0, the cyan line

expresses ρp/ρf = 0.5 critically increase and decrease at the same time step, which

shows that the solver can not handle this value. Therefore, it is showed that the

combined numerical method can be employed for buoyant particles with a ratio

limitation.

According to results given in this Section, the presented algorithm is able to

capture some characteristic features of sedimentation cases. The solver is examined

with various settings from different aspects of dynamic movements of suspended

particles. The accuracy in terminal velocity is higher than the transient field be-

cause of the viscosity effects. However, it should be highlighted that this combined
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Figure 4.13: Terminal velocity in y-direction is non-dimensionalized and its change
over dimensionless time is investigated for buoyant cases with various density ratios,
ρp/ρf = 0.9, 0.8, 0.7, 0.6, 0.5, 1.0

method can operate in a broad range of Reynolds number and reflect the behaviour

of rigid particles driven by gravity for three dimensional flows. In addition to that,

the combined algorithm can be used for buoyant rigid particles with a density ra-

tio restriction at ρp/ρf = 0.5. In the next section, sedimentation problems are

investigated with higher resolution for density ratios close to one.

4.2 Sedimentation of Particles with Density Ratio Around Unity

In these validation section, sedimentation of a rigid sphere in a viscous fluid is

simulated for density ratios around unity. The ambient fluid is quiescent and flow is

induced solely due to the motion of the sphere. Previously, Apte et al. [7], Kempe

and Frohlich [82] have simulated these cases and compared their results with the

experimental data of Cate et al. [27] who examined four cases with the particle

Reynolds number ranging between 1.5 and 31.9. In the experimental study, a nylon
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sphere was released into a quiescent container filled with various silicon oils. They

also performed Lattice-Boltzman (LB) simulations and the results are compared

with the experimental data. The parameters used in the experimental study are

summarized in Table 4.2. In the present simulations, all parameters are taken equal

to the physical values and the results are presented in SI units.

Case Number ρf [kg/m3] µf [Ns/m2] ut[m/s] Rep

1 970 373 0.038 1.5

2 965 212 0.060 4.1

3 962 113 0.091 11.6

4 960 58 0.128 31.9

Table 4.2: The experimental conditions for the four cases of the sedimentation of a
nylon sphere used in the experimental study by Cate et al. [27] and are simulated
in the present thesis.

In all the cases, the particle density and diameter are ρp = 1120kg/m3 and

dp = 0.015m, respectively. The computational domain is 6.67Dp×13.33Dp×6.67Dp

in the x, y and z directions, respectively, and the initial position of the particle

is (xp, yp, zp) = (3.33DP , 8.5Dp, 3.33Dp). The gravitational acceleration acts in the

negative z direction. The no-slip wall conditions are applied on the top and bottom

walls of the container while the periodic boundary conditions are applied in other

directions. All the four cases are simulated but the Rep=11.6 and 31.9 cases are

chosen for a further investigation. In Figure 4.14, the cases summarized in 4.2 are

simulated using a 64× 256× 64 grid resolution. The maximum error percentage in

terminal velocity is obtained for the Rep = 31.9 case as 4.7% based on the particle

Reynolds number Rep in the steady state.

In Figure 4.15, the numerical results for Rep = 11.6 and Rep = 31.9 cases

are compared with the experiment data. The simulations are performed using a

64 × 256 × 64 grid resolution. In this figure, the symbols indicate the experiment

data while the solid lines are the numerical results. The same color is used for the

experimental and numerical results for the same case. Note that the experimental
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Figure 4.14: Change of the terminal velocity v in time for Rep = 1.5, Rep = 4.1,
Rep = 11.6, and Rep = 31.9 corresponds to green, blue, red and black straight lines
in order.

data are not provided for the time interval between t = 0.2 and t = 0.4. In the

previous numerical studies, it has been reported that the density ratio around unity

causes some numerical instabilities and some special treatments for stable solutions.

In the simulations, no special treatment is required and stable solutions are obtained

for all the cases without any sign of numerical instability. As can be seen in Fig. 4.15,

the present results are in good agreement with the experimental data and the dif-

ference is well within the experimental uncertainty. Note that, the density ratio is

about the same and only difference is the viscosity in these two cases. Therefore,

the results can be interpreted as the impact of the viscosity on the terminal velocity

of a solid sphere.

The grid convergence is examined for Rep = 31.9 case and the results are shown

in Fig. 4.16. The number of the grid points used to resolve the solid sphere can be
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Figure 4.15: Comparison of the computational results with the experimental data
for Rep = 11.6 and Rep = 31.9 cases for the time evolution of the particle velocity.
The symbols and the lines denote the experimental data and the computational
results, respectively. Red and black colors indicate Rep = 11.6 and Rep = 31.9
cases, respectively.

given by

Nr =
dp
h

=
dp

Ly/Ny

, (4.3)

where Nr is the number of grid points inside the particle, h is the Eulerian mesh

width, Ly is the length of the domain in the y-direction, and Ny is the total number

of grid points in the y-direction. In Fig. 4.16, the simulations are performed using

64 × 64 × 64, 64 × 192 × 64, and 64 × 256 × 64 grid resolutions which correspond

to the number of points in the particle about 5, 15, and 20, respectively. As can

be seen in this figure, a full grid convergence is not yet achieved but the difference

between results obtained using successively refined grid get smaller, which can be

considered as an evidence that method is grid convergent. Further simulations must

be performed on finer grids to achieve fully grid independent solutions.
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Figure 4.16: The grid convergence of the numerical method for the Rep = 31.9 case.
Simulations are performed using 64× 64× 64, 64× 192× 64, and 64× 256× 64 grid
resolutions which correspond to the number of points in the particle about 5, 15,
and 20, respectively.

The velocity contours are plotted in In the Figs. 4.17-4.24 for the Rep = 1.5 and

Rep = 31.9 cases at four different times. In the case 1, from t = 0 s to t = 0.63 s

(Fig. 4.17), the velocity field gets larger in time. However, between t = 0.63 s to

t = 1.56 s (Fig. 4.18), the contours concentrate at sides but elongate through the

top region. At t = 3.5 s (Fig. 4.19), when the sphere is about to reach the bottom

of the container, the velocity field expands and finally becomes nearly invisible and

stationary at t = 4.0 s (Fig. 4.20). In the case 4, the velocity contours expand

vertically between t = 0.3 s and t = 0.6 s (Fig. 4.22), and also the flow speed

behind the sphere increases. In Fig. 4.23, the sphere has a long region at the

back and contours spread to the sides at the bottom part of the container. In Fig.

4.24, the sphere hits the ground and the contours take the longest and narrowest

shape. It can be seen that the contours for the higher Reynolds number case, i.e.,
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Rep = 31.9, the velocity contours become narrower and longer compared to the

Rep = 1.5 case. In the case 1, the velocity contours become asymmetric about the

direction of the motion, which is consistent with the observations by Apte et al. [7].

In both cases, the velocity contours at the time when the sphere hits he bottom wall

are qualitatively similar to those observed by Cate et al. [27] experimentally and

Apte et al. [7, 27] computationally.

Figure 4.17: Velocity contour for the
Rep = 1.5 case at t = 0.63 s.

Figure 4.18: Velocity contour for the
Rep = 1.5 case at t = 1.56 s.
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Figure 4.19: Velocity contour for the
Rep = 1.5 case at t = 3.5 s.

Figure 4.20: Velocity contour for the
Rep = 1.5 case at t = 4.0 s.

Figure 4.21: Velocity contour for the
Rep = 31.9 case at t = 0.3 s.

Figure 4.22: Velocity contour for the
Rep = 31.9 case at t = 0.6 s.



Chapter 4: Results and Discussion 52

Figure 4.23: Velocity contour for the
Rep = 31.9 case at t = 1.1 s.

Figure 4.24: Velocity contour for
Rep = 31.9 case at t = 1.3 s.

Figures 4.25, 4.26 and 4.27 show the streamlines plotted for the case 4 at t = 0.6,

1.0 and 1.3. As seen in these figures, large vortices are created on both sides of the

sphere as it falls on the bottom wall. The effects of the bottom wall can also be seen

clearly in Fig. 4.27.
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Figure 4.25: The streamlines plotted for the case 4 at t = 0.6 s. (Rep = 31.9)
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Figure 4.26: The streamlines plotted
for the case 4 at t = 1 s. (Rep = 31.9)

Figure 4.27: The streamlines plotted
for the case 4 at t = 1.3 s. (Rep =
31.9)

4.3 Many Particle System

In this section, combined solver is used to simulate particulate flows including many

particle systems. In this case, sedimentation of the multiple particles is observed

similar to particle-laden flows. Since the presented work does not have any colli-

sion model, particle-particle interactions are not taken into consideration in these

simulations, which is justified only for very dilute cases. The results are evaluated

only qualitatively as preliminary results for the fluid-fluid-solid three phase flows.

Simulations are preformed for the case of 40 particles that are initially located uni-

formly in the rectangular domain filled with a liquid of The kinematic viscosity

ν = 0.01m2/s as shown in Fig. 4.28. The particles have the same size with the

diameter of Dp = 0.015 m and start to sink solely due to gravitational acceler-

ation of g = 9.81 m/s2 from the rest. The size of the computational domain is

0.2 m × 0.2 m × 0.2 m. All particles are assumed to be identical with the den-

sity ratio of ρp/rhof = 2.56. The flow parameters are the same as those used by

Uhlmann [153] except for that the number of the particles is reduced to 40 instead

of 63 for the sake of simplicity.
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Figure 4.28: The initial distribution of particles for the particulate flow simulations
involving 40 particles. All other flow parameters are the same as those used by
Uhlmann [153].

Figure 4.29 shows time evolution of the average vertical velocity of the particles

vavg defines as

vavg =

∑Np

i=1 vpi
Np

, (4.4)

where Np and vpi are the total number of particles and the vertical velocity of ith

particle, respectively. The magnitude of the average vertical velocity increases until

the dimensionless time t/tref ≈ 5 when the particles that are initially located at the

lowest position reach the bottom of the container. The particle distribution is shown

at t/tref ≈ 5 in Fig. 4.30. Note that, since some of the particles are positioned at

lower in vertical direction, the average velocity is less than the reference velocity,
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uref as in [102,153].
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Figure 4.29: The time evolution of the dimensionless average terminal velocity of
particles in the 40 particle system.
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Figure 4.30: Particle distribution at t/tref = 5 in the 40 particle system.

The steamlines and constant contours of the magnitude of the vertical velocity

component are shown In Figs. 4.31 and 4.32, respectively, for the many particle

system. Since the particles become stationary at the bottom, streamlines can not

be observed in that region.
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Figure 4.31: Streamlines computed for the 40-particle system is plotted at t/tref = 5.

Figure 4.32: Constant contours of the magnitude of the vertical velocity component
for the 40-particle system are plotted t/tref = 5.
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Even though the interaction between particles are not implemented in the present

hybrid solver, the preliminary results show that the method is capable of simulating

particulate flows involving many rigid particles in a dilute particle concentration. A

model for particle-particle interactions is needed for simulations of particulate flows

with a dense particle concentration. Since the present results are only preliminary,

they can be interpreted only qualitatively. A more rigorous study is required for a

quantitative interpretation, which will be subject of a future study.
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Chapter 5

CONCLUSIONS

In this study, a combined IBM/FTM solver is developed for interface-resolved

simulations of viscous incompressible three phase fluid-fluid-solid flows in 3D. The

front-tracking framework is employed to treat the fluid-rigid body boundary condi-

tions, and coupled with the one-field formulation and Chorin’s projection scheme to

handle 3 phase problems. Direct forcing immersed boundary method (IBM) is used

to impose the boundary conditions on the solid surface. The direct forcing IBM

is selected since it is easy to implement, does not require specification of any free

parameter and highly compatible with the front-tracking method. In the present

method, a separate Lagrangian grid is employed to represent the fluid-solid interface

in a similar fashion as used for the fluid-fluid interfaces in the front-tracking method.

The communication between the Lagrangian and Eulerian grids is maintained using

the distributions and interpolation schemes similar to the front-tracking method.

Although the method has been implemented and validated only for the fluid-solid

interfaces, the fluid-fluid interface treatment is retained in the code so that it can

be readily used for simulations of three-phase fluid-fluid-solid multiphase flows.

The method is first applied to simulate flow around a stationary solid sphere in

a uniform flow for various Reynolds numbers. These simulations are performed only

using relatively coarse grids because the main purpose of this test is to examine the

numerical properties of the method qualitatively, i.e., we examine the distribution of

the IBM force field, satisfaction of the no-slip boundary conditions at the fluid-solid

interface, symmetry of the solution at low Reynolds number. The numerical results

are found to be qualitatively convincing.

After the qualitative validation, the method is validated quantitatively for two

test cases for which experimental data are available. The first quantitative test case

deals with the sedimentation of a rigid spherical particle in an otherwise quiescent
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viscous fluid. Simulations are performed for various values of the kinematic viscosity,

the density ratio, and channel length to access the performance of the method for a

wide range of flow conditions. In particular, simulations are performed for the par-

ticle Reynolds numbers of Rep ≈ 41 and Rep ≈ 362. The results are generally found

to be in good agreement with the experimental data with the maximum deviation

of 5%. It is found that the discrepancy between the numerical and experimental

results is slightly larger in the transient period (i.e., 5%) and decreases down to 3%

in the steady motion. Simulations are also performed for various grid resolutions

and time steps, and the method is shown to be convergent both in terms of spatial

and temporal errors. Then, simulations are performed for the density ratio close to

the unity and the method is found to be stable and robust, which is in contrast with

the Uhlmann’s direct forcing method [152] which requires some special treatment to

prevent numerical instability for the density ratio close to unity. The present solver

is applied to simulate four different cases for Rep ranging from 1.5 to 31.9 and the

density ratio is close to unity. For all four case, the results are found to be in good

agreement with the experimental results, i.e., deviation of the numerical particle

velocity from the experimental one is about 3% in the steady motion. The constant

contours of vertical velocity and streamlines are also computed and plotted for all

the cases and found to match with the previous studies.

Finally, the method is applied to simulate flows involving many particles and

the preliminary results are presented. The results are found to be qualitatively

convincing but a more rigorous analysis is required for a quantitative assessment.

The results clearly show that the present method is applicable to the particulate

flows involving many particles in dilute concentrations. However, a particle-particle

collision model must be incorporated to reliably use the present method for the

simulation of flows with denser concentrations.

Several issues are left for a future study. The performance of the method dete-

riorates in the transient motion of particles, which is attributed to neglecting the

effects of the inertia of the fluid in the solid particle. As mentioned in thesis, the

solid particle is assume to contain the same fluid as the ambient fluid. Breugem [20]

stated that neglecting the fluid inertial in the volume occupied by the solid particle
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can affect the transient motion of the particle and results in 9% deviation. Addition

of the inertia term that can be calculated numerically or analytically can improve

the performance of the present method especially in the transient motion. Another

important issue is that the immersed boundary force is computed and added to the

momentum equation only once in the present implementation. It is known that the

predicted IBM force may not fully enforce the no-slip boundary conditions at the

fluid-solid interface, and it may be needed to perform an inner iteration to make

sure that the boundary conditions are fully satisfied. Instead of applying direct

force just once at each time step as is done here, the force can be computed and

applied for several times in an inner loop until the no-slip boundary conditions are

fully satisfied. This is called as multi-forcing method. Such an inner iteration has

not been incorporated in the present algorithm but it is a good idea to examine the

effectiveness of multi-forcing method in the future. The multi-forcing and internal

treatment can improve the accuracy of the solver significantly especially in the cases

involving complex geometries. In the present study, the method is only applied to

simulate rigid particles. However, in many applications such as biological flow and

soft robotics [3], the solid body undergoes significant deformations. The present

framework is suitable to allow the flexibility of the solid objects but with consid-

erable algorithm development and implementation. It is however relatively easier

to modify the present algorithm to simulate rigid objects with different geometrical

shapes such as an ellipsoidal body as studied by Zaleski et al. [58]. Finally, the

method can be readily used to simulate the fluid-fluid-solid multiphase flows involv-

ing only rigid spherical particles. However, in a three phase model, solid and fluid

particles interact with each other, so proper collision models must be incorporated.

The lubrication theory and soft-sphere collision model may be used to make the

model more realistic as well as computationally efficient.
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Appendix A

A.1 General Schematic of the Code

The combined algorithm is built on the FTM code [106]. Entire code is written with

Fortran language and operated with 2 processes. MPI and HYPRE libraries [37] are

used for parallelization and pressure solver. The general scheme is given in items:

• Initialization of the domain and front according to input file.

• Start of the computational time.

• Calculation of the diffusive, convective, and body force terms to obtain first

unprojected velocity from Equation 3.2a.

• Calculation of the ũ̃ũu with additional discretized pressure gradient term.

• Interpolation of the ũ̃ũu from Eulerian grid to Lagrangian element centers as Ũ̃ŨU .

• Computation of the force and torque terms, F and T on the immersed bound-

ary from Equation 3.10.

• Transfer of the force term to Eulerian grid as f , and calculation of the second

unprojected velocity in Equation 3.3b.

• Solving Poisson Equation and velocity correction.

• Updating the density field.

• Updating the linear and angular velocities of the particle Uc and ΩΩΩc, and

advancing the front.

• New time step.
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During these operations, element centers and other interface information trans-

ferred to Lagrangian to Eulerian. Results are saved in MATLAB format to get

necessary graphics and Paraview format to visualize them in 3D. In addition, TEC-

PLOT is used for stationary sphere figures.

A.2 Spherical Particles

A.2.1 Force Points

In [152] and following articles, the Lagrangian Force Points(LFPS ) are distributed

according to volume of the particle. This model was designed to place LFPS evenly

and number of the LFPS is given in Equation A.1 and detailed analysis can be

found in [152,154].

Nl ≈
π

3
(12

r2p
h2

+ 1) (A.1)

Nl is the number of LFPS, rp is the radius of the particle, and h is the mesh

width. However, it is observed that change in number of LFPS doesn’t impact

the solution significantly. Because of this and easiness of the FTM formulation, the

sphere is divided into triangular elements in the presented study. While the spherical

object is added to the domain, points and elements are created simultaneously. The

advantage of this method is preventing to recreate and relocate force points on each

time step.

A.2.2 Newton-Euler Equations

In Equations 3.12a and 3.12b, discretized linear and angular momentum equations

are provided for rigid particle. These equations can be taken into consideration as

a final version of Newton-Euler Equations. In this section, the evolution of these

equations will be explained in detailed. Equations are provided simply in 2.6a and

2.6b and the integral terms are defined on the fluid-solid interface ∂V . According

to Cauchy, we can write the hydrodynamic force and torque terms as given at the

below; ∮
∂V

σσσ · ndA = −ρf
∫
Vp

fdV +−ρf
d

dt
(

∫
Vpi

udV ) (A.2a)
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∮
∂V

r× (σσσ · n)dA = −ρf
∫
Vp

r× fdV +−ρf
d

dt
(

∫
Vpi

r× udV ) (A.2b)

The first terms of A.2a and A.2b are the negative versions of the immersed forces of

fluid-solid coupling. The properties that were given in Section 3.3 turn these terms

to sum over element centers. It can be written as;

−ρf
∫
Vp

fdV = −ρf
∑
ijk

fijk∆x∆y∆z (A.3)

The other terms at right hand side of Equations A.2a and A.2b are named as rate-

of-change terms and comprehensive calculation can be found at [20,152].

When all the terms given in Equations A.2a, A.2b are put into 2.6a and 2.6b, the

final version of the Newton-Euler equations are obtained and they are discretized in

this thesis.


