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ABSTRACT

STURMIAN THEORY IN IMPULSIVE HYPERBOLIC EQUATIONS
PHD THESIS
KUBRA USLU ISLER
BOLU ABANT iZZET BAYSAL UNIVERSITY
INSTITUTE OF GRADUATE STUDIES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR: PROF. DR. ABDULLAH OZBEKLER)
BOLU, JANUARY -2023
IX + 54 PAGES

In this thesis, we investigate the Sturmian theory in impulsive hyperbolic equations.
We obtained some Sturm-type comparison results for hyperbolic equations on a
rectangular region in the plane and on a rectangular prism in 3-space under the
impulse effects with fixed moment.

The results obtained in Chapter 2, extend the results of Kreith (1969) and Kreith
(1973) for Sturmian comparison results on hyperbolic equations to linear and
nonlinear hyperbolic equations under fixed moment of impulse effects on a
rectangle.

Chapter 3 deals with new Sturmian comparison results for hyperbolic equations on
a rectangular prism under the appropriate initial conditions.

In Chapter 4, we present new Sturmian comparison results for a pair of linear
impulsive hyperbolic equations on a rectangular prism having fixed moments of
impulse actions. We extend obtained results to nonlinear impulsive hyperbolic
equations.

In the last chapter, we give some conclusions and recommendations about exciting
problems those would have interesting results in future.

KEY WORDS: Hyperbolic equations, Sturm comparison theorem, Impulsive
hyperbolic equations.

Vi



OZET

IMPALSIF HIPERBOLIK DENKLEMLERDE STURM TEORISi
DOKTORA TEZi
KUBRA USLU ISLER
BOLU ABANT iZZET BAYSAL UNIVERSITESI
LiSANSUSTU EGITiM ENSTITUSU
MATEMATIK ANABILiM DALI

(TEZ DANISMANI: PROF. DR. ABDULLAH OZBEKLER)
BOLU, OCAK - 2023
IX + 54 SAYFA

Bu tezde, impalsif hiperbolik denklemlerde Sturmian teorisini arastirdik. 2
boyuttaki dikdortgensel alanda ve 3 boyuttaki dikdortgenler prizmasi iizerinde sabit
zamanli impalsif hiperbolik denklemlerde Sturmian teorisi i¢in baz1 sonuglar elde
ettik.

Ikinci boliimde elde edilen sonuglar, hiperbolik denklemlerdeki Sturmian
karsilastirma sonuglar1 icin Kreith (1969) ve Kreith (1973) sonuglarimi bir
dikdortgen iizerinde impals etkisi sabit zamanli dogrusal ve dogrusal olmayan
hiperbolik denklemlere genisletir.

Ucgiincii boliim, uygun baslangic kosullar1 altinda bir dikdortgenler prizmasi
tizerindeki hiperbolik denklemler i¢in yeni Sturmian karsilastirma sonuglarini ele
alir.

Dordiincii boliimde, dikdortgen bir prizma tizerindeki impals etkisi sabit
zamanli lineer hiperbolik denklem ¢ifti i¢in yeni Sturmian karsilagtirma sonuglarini
sunduk. Elde edilen sonuglar1 lineer olmayan impals etkisi sabit zamanl1 hiperbolik
denklemlere genislettik.

Son boéliimde, ileride ilging sonuglart olacak problemler hakkinda bazi
sonuglar ve Oneriler veriyoruz

ANAHTAR KELIMELER: Hiperbolik denklemler, Sturm karsilastirma teoremi,
Impalsif hiperbolik denklemler.
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1. INTRODUCTION

One of the fundamental goal of the qualitative theory of differential equations is
to investigate positive (negative), oscillatory (nonoscillatory) solutions of them. If
solution of a differential equation exists, then it is crucial to know about the unique-

ness, the number of solutions or separation of the zeros of the solutions.
Let z and y are nontrivial solutions of

"+ por =0;  po €R,

Y+ vy = 0; 1 € R,

respectively. Then

(i) vy > 0 = y has a zero on every interval [ty, 00);
(i) po < 0 = x has at most one zero on any interval [ty, 00);

(ili) v > po = a zero of y separates each successive zero of x.

for some t; € R. These observations serve as the most basic demonstrations of
the oscillation, nonoscillation, and separation of zeros, respectively. Additionally,
they contribute as the impetus for a sizable and expanding amount of mathematical
literature. The result given by French mathematician J. C. Francois Sturm who

published his ground-breaking research on this topic in |Sturm| (1836).

The most of the fundamental results in this theory are applicable to self-adjoint

Sturm-Liouville equations
(k(t)x") + p(t)x = 0; k(t) >0, (1.1)
(m@®)y") +qt)y=0;  m(t) >0, (1.2)
where p, ¢, k, and m are real-valued continuous functions on an interval J C R.

Theorem 1.0.1 (Sturm comparison theorem, Sturm| (1836)). Let t1,ty be two suc-
cessive zeros of x(t) of (I.LI) on J. If k(t) = m(t) > 0 and p(t) < q(t) for
t € [t1,ts), then any solution y(t) of (1.2) has a zero in (ty,t3).

1



Mauro [Picone| (1909), an Italian mathematician, who was established the Picone
identity to provide the Sturm comparison result for self-adjoint equations. Remov-
ing the equality requirement on leading coefficients in (I.1)) and (1.2]), Picone estab-

lished so called the "Picone’s identity":

(ke)'y - m<t>a:y'}] = [qt) — p(t))® + [k(t) — m(£)] (')’

which hold for differentiable functions z, y, k(t)x’ and m(t)y’ with y # 0. Follow-

ing generalization of Sturm’s theorem based on Picone’s identity.

Theorem 1.0.2 (Picone’s theorem, Picone|(1909)). Let t; and ty be two consecutive
zeros of a nontrivial solution x of (L1) on J, and let k > m > 0 and p < q on
[t1,t2]. If either p(t) — q(t) # 0 or k(t) — m(t) Z 0, then any solution y of (1.2)

has a zero on (ty,ts).

Since impulsive differential equations are utilized to simulate a wide range of ac-
tual phenomena that are found in fields like chemistry, engineering, biology, and
physics, theory of the impulsive differential equations has became one of the very
important subject of differential equations. Furthermore, impulsive differential equa-
tions offer a wider range of applications than the related topic of ordinary differen-
tial equations. Much work has been done in this area in last few decades. Numerous
scientific fields outside of mathematics have also exploited impulsive differential
equation solutions. Examples include problems with the threshold theory in biol-
ogy, problems with optimum control theory, chemistry, engineering, etc. The first
Sturmian comparison result for impulsive equations was published by |Bainov et al.

(1996)) in which the pair of impulsive Hill’s equations

"+ p(t)xr = 0; t ,
p(t) # Tk (1.3)
Ax =0, Ax'+ prx=0; t =1y,
and
"+ q(t)y = 0; t # Th,
y' +at)y # T (1.4)
Ay =0, Ay + qy=0; t=rT1

were considered. By Az(7;.), we mean Az(7;,) = 2(7) — 2(7,, ), where

z(r7) = lim 2(t) and z(7,) = lim 2(¢).
k t~>7'k+ k =1y

Note that z is continuous at t = 7y, if and only if Az(7) =0, k € N.

2



Theorem 1.0.3 (Sturmian comparison theorem, |Bainov et al. (1996)). Suppose that

(i) p, ¢ € PLC(I);
(ii) Equation (I.4) has a solution y(t) such that y(t) # 0 for t € (t1,t2) and
y(ta) = y(t2) = 0;
(ili) p(t) > q(t) fort € (t1,t2) and pr, > qi. for ty, € (t1,t2) (k € N) hold;

(iv) p—q > 0in some subinterval of (t1,ts) or pr, — qi, > 0 for some t), € (t1,12).

Following that every solution x of equation (1.3)) has at least one zero in (t1,15),
where PLC(I), I C [tg, 00), the set of functions z : I — R which are continuous
for t # Ty, continuous from the left with discontinuities of the first kind at t = Ty,

ie z(1, ) = z(7).

Fix ¢y € R and let {7} be a defined sequence in [ty,0), t; > 0. The space of
functions PLC*(I) is defined to be the set of functions z such that 2/ € PLC([) for
j=0,1,... k

Ozbekler and Zafer| (2005) obtained Sturm-type comparison results for second-

order half-linear impulsive equations of the form

k() (")) + p(t)D(z) = O; t % T, 03
Az =0,  AkH)D() + ppd(z) = 0: t =1, '
and
(OO + () B(y) = 0 e
Ay =0, Am(t)@(y') + qp®(y) = 0; t =T,

where ®(s) = [s]*ts, a« > 0. {7}, {pr} and {qi.} are sequences of real numbers

with 7, < 7j41. The functions p, ¢, k, m are in PLC|[t(, 0o) with k, m > 0.
Note that (I.5]) and (1.6)) become linear when o = 1.

Theorem 1.0.4 (Picone-type comparison theorem, Ozbekler and Zafer (2005)). Let
t1 and ty be two consecutive zeros of a solution x of (1.3) in J. Consider that
m < kandp < qon [t1,ts], and that p;, < qx, k € N, for which t, € [t1,t5]. If
either p — q £ 0ork —m % 0 or pr — qx Z 0, then any solution y of must

have a zero in (t1,t5).



Thereafter, Ozbekler and Zafer (2006) obtained a Picone-type formula for the second-

order non-selfadjoint impulsive differential equations of the form

(kr(t)x") +ri(t)x’ + pi(t)x = 0; t # T, (07

Az =0, Ak (t)r" + ppx = 0; t =Tk, .
and

(k‘g(t)y/)/ + rg(t)y’ + p2<t)y = 0; t 7& Tk, (1 8)

Ay =0, Ako(t)y + vpy = 0; t =1,

where {1} and {1} are real sequences, and k;, r;, p; € PLC(I) with k;(t) > 0,
j=1,2,forallt € I. They employed the Picone’s formula:

x 2

g{ykl (1)’ - xk2<t>y'}

[ {fo- - it )

+ [kl(t) - ]{Zg(t)]{l’/ + 2T2(t) =3 Tl(t))]r2(t>}

(k1 (t) — Ka(t
kZ(t) / / TQ(t) ’ 2.
+ ) (wy—xy - 2k;2(t)xy) }dtthlSTZ};tz(Vk—Mk)x ;o y#0,

The recent decades, although the Sturmian theory on partial differential equations
have advanced quite quickly, to the our knowledge no work exists with regard to

impulsive case in the literature.

Kreith (1969) obtained some remarkable comparison results for hyperbolic equa-
tions; he also derived some oscillation criteria for same equations, see also (Kreith),
1973, Theorem 3.8). In view of the Sturm comparison theorem interpretation with
the simple harmonic motion, Kreith| (1969) considered the pair of hyperbolic equa-

tions

utt_uxx+fl(x7t)u:0 (19)
Vgt — Vg + fo(x,t)v =10 (1.10)

illustrating how two vibrating strings with the same density and elastic constant
move as they oscillate regarding the equilibrium lines © = 0 and v = 0 under
the effect of continuous restorative forces f; and fs, respectively. If fo > fi, itis
reasonable to assume that equation (I.9) should oscillate faster than equation (L.10)
in some way. However, experience with enable easy that allow variable separation

reveals that this is not the case in the absence of an auxiliary condition. Physically,
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it is important to analyse finite strings that are elastically bounded at the ends, with
the string that is to oscillate more faster being firmly bound. For problems with
hyperbolic beginning boundary values, it is feasible to create a mathematical form

of the Sturm comparison theorem.

Theorem 1.0.5. (Kreith, 1973, Theorem 3.8) Let u > 0 be a solution of equation

(1.9) on the rectangle
R={(x,t) :x € (x1,29), t € (t1,2)}

satisfying

u(z,ty) = u(x, ty) 1 <z < 29,

Ux(l'l,t) - Ul(t tl S t S t2a

~—
g
—~
8
~
~
N~—
I
o o o

ux(xQ,t) + O'Q(t)u(.iﬁg,t) tl S t S t2.

If fo(x,t) > fi(z,t) on Rand 7;(t) > 0;(t), j = 1,2 fort € [t1,ts], then every
solution v of (I.10) satisfying

has a zero in R.

In this thesis we research Sturmian theory in impulsive hyperbolic equations. This
thesis consists five chapters. In introduction part, a brief history of Sturmian com-
parison and some Sturm oscillation results are given for some well-known differen-
tial equations. In Chapter two, a Sturm comparison criterion is given for a pair of
impulsive hyperbolic equations on a rectangular domain in a plane. As some results
of them, Sturm oscillation criteria for impulsive hyperbolic equations were given
too. Moreover, we investigate how impulse reactions affect oscillatory behavior. In
the third Chapter, Sturmian theory for hyperbolic equations on a rectangular prism
in three-space and their oscillatory properties are investigated. Chapter four is about
a Sturm comparison criterion to a pair of impulsive hyperbolic equations on a rect-
angular prism in three-space and their oscillatory properties. The last Chapter is the
conclusion and recommendation part in which we mentioned a few problems that

would have interesting consequences.



2. STURM COMPARISON RESULTS FOR
IMPULSIVE HYPERBOLIC EQUATIONS ON A
RECTANGLE

In this chapter we give new Sturm-type comparison results for linear and nonlin-
ear impulsive hyperbolic equations under constant moments of impulsive effects.
The conclusions obtained expand those in Kreith (1973)) for Sturmian comparison
theory on linear hyperbolic equations to linear and nonlinear impulsive hyperbolic
equations. It has been demonstrated how impulse reactions can significantly alter

oscillatory behavior.

2.1 Introduction

For the purpose, fix xg,tp € R and let [ C [zg,00) and J C [tp,00) be nonde-
generate intervals. It is assumed that the sequence of real numbers {7} } is strictly

increasing and unbounded, i.e.
o <TI <M< - <7 <., k € N.
Let Jiwp :={t € J:t =73,k € N},E=1 x Jand
Eimp =1 X Jimp = {(:z:,t) ceE:t=m,ke N}.

Denote by Cipp (E , R) the set of functions v : £ — R satisfying

(i) v(z,t) € C(E,R) on (z,t) € E\ Einp;

(ii) There exists limits

lim v(z,t) =v(z,7;7) and lim  v(z,t) =v(z, 7 );
(z,t) = (x,71) (x,t)—=(x,7g)
t>Tg <7

foreach k € Nand z € I;
(iii) v(x,t) is piecewise left continuous function at each 73, k € N, i.e.

lim v(z,t) =v(z, %)
(I,t)%(z,'rk)
t<Tg

forallk € Nand z € I.



In this chapter we explore the impulsive hyperbolic equations in the form

Az + Fy(x,t)z = 0; (,t) € Dimps .
with the initial conditions
Ze(x1,t) —ay(t)z(x1,t) = 0; teJ,
(01,8) = ay(t)2(an, 1 / 02
2z (T, t) + ao(t)z(xe,t) = 0; teJ

where
(i) D = (x1,292) x J, Av(z,7) = v(z,77) — v(z,77), and that {7} is an
unbounded sequence of real numbers which is strictly increasing ;
(i) @;(t) : R — R are continuous functions for j = 1, 2;

(iii) F,F,:D — R, k € N, are continuous functions.

We remark that Av(z, 1) = 0, k € N, if and only if v(z, t) is continuous at (z, 7% ).

It is claimed that function z is the solution of (2.1))-(2.2)) if

e 2cC (@,R) and z; € Gy, (@,R);

e there exist partial derivatives zy;, 2., on D \ Dimp and z provides the first

equation in (2.1)) on D \ Djyp;

e 2 provides the second equation in (2.1I)) on D;y,, and initial conditions (2.2))

on.J.

Inspiring by the Sturm comparison theorem’s simple harmonic motion interpreta-

tion, Kreith (1973) considered the pair of hyperbolic equations
Uy — Uge + f1(z, t)u =0,
Vit — Upy + fg(x,t)’l] =0.

Motivated by Kreith’s results, we provide an extension of his conclusions for the

continuous solutions in the pair of hyperbolic impulsive initial value problems in

the form (2.1)-(2.2), i.e. the problems

utt_uzx+f(xvt)uzov (Ivt) 6I_I\l_[imp7
Au =0, Auy + fr(z,t)u = 0; (z,t) € ILimp

(2.3)



satisfying the initial conditions

Uz (x1,t) — ri(t)u(z, t) = 0; t € [t1,ta],
Uy (T2, t) + 1o(t)u(ze, t) = 0; € [t1, 2],
and that
Vg — Vge + g, t)v = 0; (z,t) € 1\ Himp,
Av =0, Avy + g (z, t)v = 0; (2,t) € Himp
satisfies the initial conditions
Uy (21, t) — s1(t)v(ze,t) = 0; t € [t1,ta],
Uz (22, t) + so(t)v(xe,t) = 0; t € [t1,ta],
where
II = {(I,t) TS (ZL’l,CCQ), t e (tl,tg)},
and

Mimp = {(2,1) : x € (21,22), t = Th, k € N}.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

Further it is assumed that r;, s; : J — R, j = 1, 2, are functions that are continuous

defined on [t;,t5] C J, and that f,g, fr,gr : II — R, k € N, are continuous

functions. The sequence {7} is defined as previously.

2.2 Linear Comparison Result

The first main consequence of this chapter is as follows.

Theorem 2.2.1. Let u > 0 be a solution of (2.3)-(2.4) on 11 satisfying u(x,t;) =

u(z,ty) = 0forall x € [xq,x3).

If the inequalities

g(x,t) > f(z,t); (z,t) € I,
Sj(t) > T'](t), t e [tl,tg] (] = 1,2),
and that
gr(x,t) > fr(x,t); (z,t) € Ilimp (kK €N)

hold, then any solution v of ([2.3)-([2.6) has a zero in 1.

8
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Proof. Contrary assume that v doesn’t have a zero in II. Let’s assuming that v > 0
in II. Multiplying first equations of (2.3) and (2.5)) by v and u, respectively, then

subtract the equations, as may be seen, the identity

[ou, — uvtL — [ou, — uvx]x = [g(z,t) — f(z,t)]w (2.12)

holds for each (x,t) € II. Integration both sides to equation (2.12) over II, we

obtain

//H [9(z,t) — f(z,t)]uvdzdt = //H { [ou, — th]t — [vu, — uvx}x}dxdt.

(2.13)

The functions under integration in (2.13)) have jump discontinuities at 75, so we have

to split the region II into (n + 1)-partitions in a way that

HO = {(Q},t) S (131,372), t e (tl,Tl]}, (214)
I = {(Ivt) RS (I17I2), te (TkaTk—l-l]?k = 1727 RN (e 1}7 (215)
IL, .= {(x,t) : x € (x1,22), t € (Tp, t2)} (2.16)

so that each integral can be applied to Green’s theorem. We also see that each of

the preceding partitions is

(a) ﬁ IL,, = 0, and

m=0
(b) II = LnJ IT,,,.
m=0

If we apply the Green theorem to the integration of the right hand side on (2.12)) on

II,, then we attain

//Hk [g(z,t) — f(z,t)]uvdzdt = //Hk {[Uut — uvy], — [vu, — va}x}dxdt

= 55 [vux — uvz}dt + [’uut — u’ut} dz, (2.17)
Al

where the boundary of each partition OIl, k = 1,2,...,n — 1, is piecewise smooth

and positively oriented.

Then the sum of the integrals
Tk
% [ou, — uv,|dt = / [v(z1, t)ug (21, t) — u(wy, t)vg (1, )] dt
Oy, ’le_l

—/? [0(22, )z (22, 1) — u(ws, t)vy(zo, )] At (2.18)

k—1



and

% [Uut — uvt} dr = / ) (vut - uvt) (ac, Tk)dx - / 2 (Uut - uvt)(x77—]:__1)d‘r
8Hk

1 1

(2.19)

give the last integral in (2.17) for £ = 1,2,...,n — 1. Due to the initial conditions
(2.4) and (2.6) provided by u and v, respectively, (2.18) turns out to be

&énk [vu, — uv,|dt = /T [r1(t) — s1(8)Ju(wy, t)v(z, t)de

+
k—1

-/ " el - s O] ulan ol dt (220)

+
k-1

fork=1,2,...,n — 1. In view of (2.19) and (2.20), (2.17) turns to

//H k (z,t) — f(z,t)]uvdzdt

/k [r1(t) = s1(t)Ju(ay, t)o(wy, t)de

k-1

+ /:k [72(t) — s2(t) Ju(@a, t)v (2o, t)dE

k—1

+/=’”2 (vut — uvt) (x, )dx — /962 (vut — uvt) (z, 7, )dz. (2.21)

x1 1

On the other hand, by using (2.17)), and initial conditions (2.4) and (2.6) we obtain

//H 0 (z,t) — f(z,t)]uvdzdt

515 [vum — uvx} dt + [vut — uvt} dz
oIl
2

= /7'1 [U(l’la t)ua:(QTl, t) — U(l‘l, t)Ux(be tﬂ dt + / (vut _ UUt) ([L’, Tl)dflf

t1 z1
z2

_ /Tl [v(xg, )y (22, 1) — u(ws, t)vx(xg,t)]dt — / (vut — uvt) (x,t;)dx

_ /tn [r1(t) = s1(t) Ju(a, tyv(ar, )dt+/t” [r2(t) — sa(t) Ju(aa, t)v(ao, t)dt
+ / (vuy — wvy) (z, 7)d — / (vuy — wwy) (2, t1)da (2.22)

10



for m = 0 and

// ) (z,t) — f(z,t)]uvdzdt

75 [vuz — uvx} dt + [vut — uvt] dz
all,,

— /j [o(z1, t)ug (21, t) — u(wy, t)vg (21, )] dt + /I2 (vuy — uvy) (2, to)da

n z1

_ /j [0(22, t)ug (2, t) — u(we, t)vy (22, )] dt — /I2 (vuy — wvy) (z, 7,7 )da

n

t2

= /j [r1(t) = s1(t)]ular, t)o(z, )dt+/+ [r2(t) — s2(t)]u(za, t)v(2a, t)dt

n n

T2 T2
—I—/ (vut — uvt)(m, to)dz — / (Uut — uvt) (z,7.7)dx. (2.23)
form = n.

Obviously, as a result of (a) and (b), we have

//H [g(x,t) Sz t)]uvdxdt

_ //H ot~ f(x,t)}uvdxdwni // (9(z,8) — F(z,t)] uvdadt

k=1 Y/ Ik

+ //n [9(z,t) — f(,t)]uvdzdt. (2.24)

Using (2.21)), 2.22) and (2.23), (2.24) yields

// (z,t) — f(z,t)]uvdzdt

_/ [7"1(15) —81(t)}u(:1:1,t) (21, )dt—l—/2 [rg(t) —Sg(t)}U(Qa’t)U(xQ’t)dt

t1 t1

+/ 2 (Uut — uvt)(x,t2)dx —/ : (Uut — uvt) (x,t1)dx

_ /m Z A(vut — uvt) (x,7)dz. (2.25)

1 k=1

Since Au = Av = 0 at (z, 7%), k € N, the term under sum in (2.25)) becomes

n

Z A(vut — uvt) (r, 1) = Z [v(x, k) Auy(x, 7)) — u(x, 7)) Avy(, Tk)] .(2.26)

k=1 k=1
The impulse conditions in the second line of (2.3) and (2.5)) for u and v, respectively,

(2.26)) turns out to be

n

Z A(vuy — wvy) (2, 1) = Lok(@,70) = fulz, ) Ju(z, m)v(z, 7). (2.27)

k=1 k=1

11



Using (2.27) and u(z,t;) = u(x,t2) = 0, (2.25) becomes

/z2 [U(I, t)ue(x, 1) — v(z, to)ue(x, t2)} dz

t1

//n [f(z,t) — gz, )| uvdzdt + / 2 [r1(t) — s1() ]z, t)v(zq, t)dt

+/ [r2(t) — sa(t) | u(wa, t)v(2, t)dt

t1

+ /m2 [fk(x,Tk) — gk(x,Tk)]u(x,Tk)v(x,Tk)dx. (2.28)

1

Conditions (2.9)—(2.11) of Theorem [2.2.T]and (2.28) imply that

/I2 [v(:mtl)ut(x,tl) — v(x,tQ)ut(x,tg)]da: < 0. (2.29)

r1

However u,(z,t1) > 0, us(x,t2) <0, v(x,t;) > 0and v(z,t3) > 0in II, we get
0 <ov(z, t))u(z, t1) — vz, to)uy(x, ta) (2.30)

for all z € [x1, x9], Which contradicts with (2.29). This contradiction proves that v
can not be a positive solution of (2.5)-(2.6) on II. The case v(z,t) < 0 in II can be
proved by letting v = —z in II. Then z becomes a positive solution of (2.5)-(2.6) in
I1. Repeating the same proof for z, we obtain that v can not be a negative solution of

([2.3)-(2.6) on II. Therefore v has a zero in II. Theorem [2.2.1] has been proved. [

Remark 2.2.2. When the impulse effects are removed in equations (2.3)) and (2.5),
the results obtained in Theorem [2.2.1|cover those given in |Kreith| (1973)) (i.e. The-

orem|1.0.5).
Remark 2.2.3. Theorem[2.2.1|can also be proved for a negative solution u of (2.3))-

(2.4) in 11, and hence positivity of u can be replaced by "having no zero" in Theorem

[2.2.1] This applies to all Sturm comparison theorems in this chapter.

As a result of Remark [2.2.3] we can deduce the oscillation criteria:

Corollary 2.2.4. If the inequalities

g(x,t) > f(x,1); (z,1) € IT, (2.3D)
si(t) > r;(t); teft,oo) (j=1,2) (2.32)

and that
gr(x,t) > fr(x,t); (z,t) € II},, (k€N) (2.33)

12



hold for all t* > t, then (2.3)-(2.6) is oscillatory whenever (2.3)-(2.4)) is oscillatory,

where
I = {(2,1) : 2 € (21,2), t € [t*,00)} (2.34)
and

I =A{(z,t):x€d, t€[tr,oo), t =1,k € N}

imp —
Conditions (2.9)—(2.T1) of Theorem [2.2.1| can be weakened by the following con-
clusion.

Corollary 2.2.5. Let u(z,t) > 0 be a solution of 2.3)-(2.4) on Il satisfying u(z,t,) =

u(x,te) = 0 forall x € [xq,xs] and assume that

g(x,t) > f(x,t); (x,t) € I, (2.35)
Sj(t) Z T](t), t e [tl, tg] (] — 17 2), (236)

and that
gk($7t) Z fk(xat)) (JT,t) € 1_Iirnp (k: € N) (237)

are provided. If either

(i) meas{(z,t) € I1: g(x,t) — f(x,t) >0} > 0or
(ii) meas{t € [t1,t2] : s;(t) —r;(t) > 0,5 = 1,2} > 0, or that

(11) Gro (2, Thy) > fro (T, Ty )» ko € N, for which (x, 7)) € imp,

then each solution v(x,t) of (2.5)-(2.6) has a zero in I1.

Proof. Contrary assume that v doesn’t have a zero in II. Let” assuming that v(z, t) >

0 in II. Following the similiar methods as in the proof of Theorem [2.2.1 we obtain

equation (2.28). All conditions of Corollary [2.2.5|imply that (2.29) and (2.30) hold.
The same contradiction establishes that v has a zero in II. Corollary has been

proved. [

Eventual oscillation results are immediate.

13



Corollary 2.2.6. Assuming that the inequalities

g(x,t) > f(x,t); (x,t) € TI*, (2.38)
sj(t) > r;(t); te[t,oo) (j=1,2) (2.39)

and that
gr(z,t) > fr(x,t); (z,t) eI}, (k€N) (2.40)

hold for all t* > t. If either

(i) meas{(z,t) € I*: (g — f)(z,t) >0} > 0 or
(il) meas{t € [t*,00) : (s; —r;)(t) > 0,7 = 1,2} > 0, or that

(ill) gro (T, Tho) > fro (T, Thy ) for which (x, ) € 115 (ko € N),

imp

then 2.3)-(2.6)) is oscillatory whenever (2.3)-(2.4) is oscillatory.

Corollary 2.2.7. Suppose there exists a domain 11 C I1* for a given t* > t, for
which either the conditions of Theorem [2.2.1] or Corollary [2.2.5| hold, then (2.5)-

(2.6)) is oscillatory.

If we replace the strict inequalities (2.9)-(2.11)) in Theorem [2.2.1| by the inequalities

glat)> f(z,t);  (xt) €TL, (2.41)
s;(t) > ri(t); teft,t) (j=1,2), (2.42)

and
(@) > ful ), (o) €My (k€N), (2.43)

then as an alternative of Theorem[2.2.1] we get the following one.

Theorem 2.2.8. Let v > 0 be a solution of (2.3)-(2.4) on 11 satisfying u(x,t,) =
u(x,ty) = 0 for all x € [x1,xq]. If @A41)-2.43) hold, then any solution v of
[@.3)-(2.6) has a zero in T1.

Proof. We can suppose that v > 0 in II. Utilizing the same techniques of the proof

of Theorem [2.2.1] we get equation (2.28)). Conditions (2.41)—(2.43)) imply

/12 [o(z, t)ue(, 1) — v(2, t)u(z, t2)]dz < 0. (2.44)

1

14



On the other hand inequality (2.44) together with (2.30)) yield
v(x, t))ug(z, 1) — v(z, ta)us(x, t2) =0 (2.45)

for all x € [z1,25]. Since us(x,t;) > 0 and us(x,t2) < 0, is possible only
when v(x,t;) = v(x,te) = 0 for all z € [x1, xs]. Otherwise uy(x,t1) = u(z,ty) =
0 for all z € [x1,x2] which is not possible. This contradiction proves that v can
not be a positive solution of (2.3)-(2.6) on II. The case v < 0 can be proved as in
the proof of Theorem Therefore v has a zero on II. Theorem has been
proved. [

2.3 Nonlinear Comparison Result

In this section we deal with the pair of more generic problems of the form

- Ugy + F 7t7 = 07 7t ) )
U — U (z,t,u) (z,t) # (z,7%) (2.46)
Au =0, Auy + Fi(x,t,u) = 0; (x,t) = (x, %),
and
- Uxx + G 7t7 = 07 7t ) )
Uit — (z,t,v) (z,t) # (z,7) (2.47)
Av =0, AUt"’Gk(xataU) =0; (.’ﬂ,t) = (maTk)

satisfying initial conditions (2.4)) and (2.6)) respectively.

‘We consider that

(i) F,F,,G,Gy : R® — R, k € N, are continuous functions which are odd

functions with respect to their third component;
(ii) p(6), q(6) € PLC(J) for which
nF(g,0,m) < p(d)n* and nG(&,0,m) = q(d)n*; (2.48)
(iii) {px} and {qx} are real-valued sequences for which

nFL(&,6,m) <pen? and nGR(€,0,1) > qun’; k € N. (2.49)

The second main consequence of this chapter is as follows.
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Theorem 2.3.1. Let u > 0 be a solution of (2.46)-(2.4) on 11 satisfying u(x,t,) =
u(x,te) = 0 forall x € [x1,xs). Assume that (i)-(iii) hold. If the inequalities

q(t) > p(t); t € [ty,ta], (2.50)
Sj(t) >’f‘j(t); t e [tl,tg] (j: 1,2) (251)

and that
4k > Dk (2.52)

hold for each k € N for which Ty, € [t1,t2], then each solution v of 2.47)-2.6) has

a zero in 11

Proof. Consider that v > 0 is in II. Multiplying first equations of (2.46)) and

by v and u, respectively, then subtract the equations, we obtain
[vut — uvtL — [Uu,; — uvx}x =uG(z,t,v) — vF(z,t,u) (2.53)
holds for each (z,t) € II. Then using (2.48)), (2.53)) becomes
[vuy — uvy], — (v, —wvg] > ug(t)o — vp(t)u = [q(t) — p(t)uv.  (2.54)

Integrating both sides of (2.34) over IT we get

// uvdxdt < // { VU — uvt — [qu - uvx]x}dxdt. (2.55)

Since the terms under integration have jump discontinuities at 7;’s, we split the
domain IT into (n + 1)-partitions in a manner that (2.14)—(2.16) satisfying (a)-(b)
so that as in the proof of Theorem [2.2.1] we can apply the Green theorem to each
integral on II,,, m = 0, ..., n. Using initial conditions (2.4)-(2.6)) to each integrals

and summing up of them, we obtain

// uvdxdt

—/ [r1(t) = s1(t) | u(ay, t)v(ay, )dt+/2 [ra(t) — sa(t) | u(ws, t)v (2o, t)dt

t1 t1

—i—/ ) (vut — uvt)(a:,tg)dx —/ 2 (vut — uvt)(x,tl)dx

1

/I2 Z A VU — uvt) (z, 7 )dz. (2.56)

Since Au = Av = 0 at (x, 7%), k € N, the term under the sum above becomes

n

Z A(vut — uvt) (x, %) = Z [v(x, i) Aug(x, 71) — ulx, 7)) Avg(z, Tk)] .(2.57)

k=1 k=1
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Using the impulse conditions in (2.46) and (2.47) for u and v, respectively, and
using (2.49), (2.57) turns out to

Z A(’Uut — UUt) (ZL’, Tk;) = Z [U(x7 Tk)Gk<x7 Tk U(I7 Tk))

k=1 k=1

— v(z, ) By (@, 7, u(z, 73,) )]

)=

[u(z, ) qev(z, 7o) — u(z, 73) prv(, 7))

o

Sl

—_

lax — prlu(z, 7)v(x, 731). (2.58)

B
Il
—

In view of (2.58), (2.56) becomes
/ [, t)u(z, t1) — v(z, to)uy(w, t2) | da

1

< / [ (0) = su(0)]ule, o(en, ) + / " ra(t) = so(®)]uls, Do, )t

+t //H { [p(t) — q(t)}uv}dxdt ‘

T2
+/ Z [pk - qk]u(x,Tk)v(ac, 7 )d. (2.59)
1 k=1
Conditions (2.50)—(2.52) of Theorem[2.3.1]and (2.59) imply that
2
/ [U(:r,tl)ut(x,tl) — v(a:,tg)ut(:v,tz)]d$ < 0. (2.60)
1

However w;(z,t1) > 0, u(z,t3) <0, v(z,t1) > 0 and v(x,t3) > 0 in I1, we have
again (2.30). This contradicts with (2.60) which proves that v can not be a positive
solution of (2.47)-(2.6) on II. The case v < 0 can be done like in the proof of
Theorem [2.2.1] Therefore v has a zero in II. Theorem [2.3.T has been proved.  [J

As a result of Theorem [2.3.1] we have the eventual criterion.

Corollary 2.3.2. Assuming that (i)-(iii) hold. If the inequalities

q(t) > p(t); t € [t", 00), (2.61)
si(t) > r;(t); telt',oo) (j=1,2) (2.62)

hold for each t* > t,, and that
qk > Pk (2.63)

foreach k € N for which 7, > tg, then 2.47)-(2.6) is oscillatory whenever (2.46)-
(2.4) is oscillatory.
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Conditions (2.50)—(2.52)) of Theorem [2.3.1] can be weakened by the following con-

clusion.

Corollary 2.3.3. Let u > 0 be a solution of [2.46)-(12.4) on 11 satisfying u(z,t,) =
u(x,ty) = 0 forall x € [x1,xs). Assume that (i)-(iii) hold. If the inequalities

q(t) > p(t); t € [ty ts], (2.64)
Sj(t) Z T](t), te [tl, tg] (] = 1, 2), (265)

and that
qk = Dk (2.66)

hold for each k € N for which 1, € [t1, t5]. If either

(i) meas{t € [t1,t2] : q(t) — p(t) >0} > 0or
(i) meas{t € [t1,to] : 5;(t) —r;(t) > 0,5 = 1,2} > 0, or that

(ili) qr, > pk, for some ky € N,
then any solution v of R.47)-(2.6) has a zero in 11

Proof. Contrarily assume that v > 0 in II. Equation (2.59) is obtained by following
the analogous methods as in the proving of Theorem [2.3.1] Conditions of Corollary

imply that (2.60) and (2.30) hold. Same contradiction illustrates that v has a
zero in I1. Corollary [2.3.3]has been proved. O

The oscillation criterion is as follows.

Corollary 2.3.4. Assuming that for a givent, > 0, there exists the interval (t1,t3) C
[t., 00) for which either the conditions of Theorem or Corollary hold,

then (2.47)-(2.6) is oscillatory.

If strict inequalities (2.50)—(2.52) are ruled out in Theorem [2.3.1] namely,

q(t) > p(t); t € [ty tal, (2.67)
s;(t) > r;(t); tet,ta] (j=1,2) (2.68)

and that
qr > pr foreach k€ N for which 74 € [t1, 5], (2.69)

then as a alternative result for Theorem[2.3.1] we get the following one.
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Theorem 2.3.5. Let u > 0 be a solution of (2.46)-(2.4) on 11 satisfying u(x,t,) =
uw(z,ty) = 0 forall x € [xy1,x5]. Assume that (i)-(iii) hold. If conditions (2.67)—
[2.69) hold, then any solution v of 2.&7)-(2.6) has a zero in 1L

Proof. Contrary assume that v > 0 in II. Using the same techniques of the proof of

Theorem [2.2.1] we get equation (2.59)). Conditions (2.67)—(2.69) imply that

/952 [o(z, t)u(z, t1) — v(z, to)ue(z, )] dz < 0. (2.70)

1

On the other hand inequality together with (2.30) yield (2.45) for all z €
[z1,x9). Since wi(z,t1) > 0 and wi(x,t2) < 0, (2.45) is possible only when
v(z,t1) = v(x,tz) = 0forall x € [z, z5]. Otherwise u;(z,t1) = u(z,t2) = 0 for
all x € [z, ] which is not possible. This contradiction proves that v can not be a
positive solution of (2.47)-([2.6) on II. The case v < 0 is as similar just like in the
proof of Theorem so it can be omitted. Therefore v has a zero in II. Theorem
[2.3.5has been proved. O

Corollary 2.3.6. Assume that (i)-(iii) hold. If the inequalities

q(t) > p(t); t € [t*,00), (2.71)
SO >t telrioo) (=12 @7)

hold for all t* > t,, and that
Qr = Dk (2.73)

for each k € N for which 1, > t*, then 2.47)-(2.6) is oscillatory whenever (2.40))-
(2.4) is oscillatory.
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3. STURM COMPARISON RESULTS FOR
HYPERBOLIC EQUATIONS ON A RECTANGULAR PRISM

In this chapter, new Sturmian comparison results are obtained for linear and non-
linear hyperbolic equations in a rectangular prism in three-space. The results we
obtained are extension of the Sturmian comparison theorem for linear hyperbolic
equations on a rectangular region in the plane made by |[Kreith (1969). An applica-

tion is also presented via an eigenvalue problem.

3.1 Introduction

In our case, we fix xg,yo,to € R. LetJ = (z1,22) C [79,00), d = (y1,y2) C
[Y0,00), and K = (t1,t3) C [to, 00) be three non-degenerate intervals and define

the domain (a rectangular prism) as
N=IxJxX. (3.1)

In this chapter, we provide some comparison results to the continuous solutions of

the pair of hyperbolic equations

uy — Au+ f(z,y,t)u =0 (3.2)
and

vy — Av+g(x,y,t)v =0 (3.3)

for (x,y,t) € ), satisfying the initial conditions

Uy (T, y, 1) + (=) *rp(H)u(ag, y, t) = 0; (y,t) € I x X, (3.4
uy( e ) + (Dra(u(eye ) = 0. (o0) €Tx K,
and
Ve (2r, y, ) + (=1 Fsp(t)v(ag, y, ) = 0; (y,t) € J x X, 3.5)
vy (@, Yk, 1) + (= 1) sppa ()0 (2, yi, 1) = 05 (z,t) € Tx X

for £k = 1,2, respectively, where f,g € C(Q,R), Tk, Sk € C(J_C,]R{), (k =
1,2,3,4), and that A is the usual Laplace operator in R?, i.e.

0? 0?
A= — + —.
0%x * 0%y
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A nontrivial function z(z,y, t) is said to be a solution of (3.2)-(3.4) if

e z: () — Ris a continuous function;

e 2 has second-order partial derivatives z,,, z,, and z; for each (z,y,t) € €,

and that z satisfies equation (3.2));

e 7 satisfies the initial conditions (3.4)) on (2.

A solution z of (3.2)-(3.4) is said to be oscillatory if a sequence exists {(,,}>>, of

real numbers such that z(z, y, (,) = 0 with

lim ¢, = 0.

n—00
Otherwise z(z, y, t) is said to be nonoscillatory. Moreover, if all solutions are oscil-
latory, then (3.2))-(3.4) is said to be oscillatory . The similar definitions given above
are also valid for (3.3)-(3.5). Motivated by Kreith| (1969); a remarkable comparison
result obtained on the rectangular domain in the plane, we provide some analogous

conclusions for continuous solutions of a pair of linear hyperbolic initial value prob-

lems (3.2)-(3.4) and (3.3)-(3.5) on a rectangular prism in Section[3.2] The obtained
results are extended to the nonlinear problems in Section[3.3]

3.2 Linear Comparison Results

In this section, we offer Sturm comparison results for linear hyperbolic initial value

problems.

The first main consequence of this chapter is as follows.

Theorem 3.2.1. Let u > 0 be a solution of (3.2)-(3.4) satisfying the boundary

conditions
u(z,y,t1) = u(z,y,tz) = 0; (z,y) €I x4, (3.6)
which is positive on I x § x K. If
9(z,y,t) > f(z,y,1); (z,y,t) € Q, 3.7
and
sk(t) > ri(t); teX (k=1,2,3,4) (3.8)
are satisfied, then each solution v of (3.3)-(3.3) has a zero in ).
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Proof. Contrarily assume that the solution v of (3.3)-(3.5) does not have a zero in
(2. We can suppose that v > 0 in 2. Multiply equations (3.2)) and (3.3) by v and w,

respectively, then subtract the equations, we can observe that the identity

[uvx — vux}x + [uvy — vuy]y + [Uut — th]t = [g(x, y,t) — f(z, y,t)}uv (3.9)

holds for each (z,y,t) € Q. Integration both sides of equation (3.9) over (2, we

attain

///Q l9(a,y,t) — f(z,y, ) uvdV
_ ///Q { [w, = vug ]+ [uv, —vu, ]+ [vu, — uvt}t} v,  (3.10)

where dV is the volume element. Note that 2 is a simple solid region with the

piecewise smooth boundary 8, so using divergence theorem to the smooth vector

field F on (2 defined by
F(z,y,t) = (v, — vuy)i+ (uvy, — vuy)j + (vuy — uoyk, (3.11)

the right hand side of (3.10)) turns out to be
///Q { [uvy — vug) 4 [uvy, — vuy}y + [ouy — uvt]t} dv
= // Ve FdV (: /// div FdV)
Q Q

= ﬂF o NdJ5, (3.12)
8

where N is the unit outward normal on the surface 8§ (= 99), d.S is surface area

element and the V is the usual nabla (gradient) operator defined by

Ve=i—+j—+k-. (3.13)
x "0y

81 ={(x,y,t) v =11, (y,t) €I x K}, (3.14)
8y = {(z,y,t) : v = 1y, (y,1) € J x K}, (3.15)
83 = {(x,y,t) 1y =1, (x,t) €T x X}, (3.16)
8s={(z,y,t) :y =1s, (2,t) €T x K}, (3.17)
8s = {(z,y,t) : t =ty,(z,y) €I x J} (3.18)



and
8¢ = {(z,y,t) : t =to,(x,y) €T x J}. (3.19)

Then the (surface) integral in (3.12)) can be represented as

6
ﬂF eNds =) // F e N,dS, (3.20)
$ j=1 9 8;

where the vectors Nj are the unit outward normal vectors for the surfaces 3;, j =

1,...,6, and hence we have

#FoNdS:// F.N1d5+// F.N2d5+// F o N3dS
8 51 52 53
+// F.N4ds+// F-N5ds+// FeNgdS. (3.21)
Sa 85 86

Since Nl = —i, N2 =1, Ng = —j, N4 =], N;, = —k and Nﬁ = k, the integrals
on the right hand side of (3.21)) become

. to Y2
// FeN;dS = — // FeidS = —/ / [uv, — vug|(zq,y,t)dydt, (3.22)
81 81 t1 1
R to Y2 4
// F e N,dS = // FeidS = / / [uv, — vug|(xe, y, t)dydt, (3.23)
82 82 t1 Y1
to T2
// Fe NgdS = — // FejdS = —/ / [uvy — vuy|(z, y1, t)dedt, (3.24)
53 53 t1 1
to T2
// F e N,dS = // FejdS = / / [uvy — vuy|(z, yo, t)dadt, (3.25)
84 84 t1 1
~ Y2 T2
// F e N;dS = — // F e kdS = —/ / [vuy — wvg)(x, y, t1)dzdy,
35 85 Y1 x1

(3.26)

and
R y2 a2
// F e N¢dS = // F e kdS = / / [vuy — uv)(z,y, to)dady.  (3.27)
Se S6 y1 Ja

Imposing initial conditions (3.4) and (3.5) in the integration on the right-hand side

of (3.22)—(3.25)), we get that
//S F o RydS = /t : / “i() = s1(Ou(@r, v, ol . Hdydt,  (3.28)
: "
//S F e NydS = /t § / yz[rg(t) — so(D)|ulza, y, t)v(ze, y, t)dydt,  (3.29)
2 —
//S F e NydS = /:2 /w [rs(t) — ss()]u(z, yr, t)v(z, yr, t)dadt (3.30)
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to i)
//F0N4d8:/ / ra(t) — sa(®)]ul@, o, 0(z, g, )dedt. (331
S84 t1 1

On the other hand, boundary conditions imply that (3.26) and (3.27) reduce to

. y2 o
// F e N5dS = —/ / o(z,y, t)u(z,y, t1)dzdy, (3.32)
S5 Y1 Ja1
. y2  paz
// F ¢ NgdS = / / v(x,y, to)u(z,y, ta)dady. (3.33)
S y1 J o1

Summing up equations (3.28)—(3.33), (3.20) can be expressed as

/ / .Z' yatl ut(x yatl) (x7y7t2)ut<x7y7t2)}dxdy

and

= /t /y2 [71(t) — s1(t)|u(zr,y, t)v(zy, y, t)dydt
. / / [ra(t) — sa(t)]u(ws, y, Yo (22, y, £)dydt

+ /t12 /ITQ [T3<t> — 83(t>]u(1‘, Y1, t)U(x, i, t)dxdt
+ /tlz /3612[7“4(75) — sa(®)]ulz, ya, )0 (z, yo, t)dzdt

+///Q [f(z,y,t) — g(z,y,t) | uvdV. (3.34)

Conditions (3.7)-(3.8) of Theorem [3.2.1|and (3.34) imply that

/ / v(z,y, t)ue(x,y, t) — v(x,y, b)u(z,y, t2)]dedy < 0. (3.35)

However u;(z,y,t1) > 0, wy(z,y,t2) <0, v(x,y,t1) > 0and v(z,y,tz) > 0in (2,
we have

0 S U(.ZU, Y, tl)ut(‘ra Y, tl) - U(I’, Y, t2)ut(‘ra Y, tQ) (336)

for all (z,y) € J x J, which contradicts with (3:35)). This contradiction proves that
v can not be a positive solution of (3.3)-(3.5) on 2. For the proof of the case v < 0
in Q, we let v = —z in €. Then z becomes a positive solution of (3.3)-(3.5)) in €.
Repeating the same proof for z, we obtain that v can not be a negative solution of

(3.3)-(3.5) in 2. Therefore v has a zero in 2. Theorem [3.2.1 has been proved. [

Remark 3.2.2. Theorem 3.2.1]can also be proved for a negative solution u of (3.2))-
(3.4) in €2, and hence positivity of u can be replaced by "having no zero" in Theorem

[3.2.1] This applies to all Sturm comparison theorems in this chapter.
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As a result of the Remark above, the oscillation conclusion is as follows.

Corollary 3.2.3. If
gz, y,t) > f(z,y,1);  (2,9,1) € D, (3.37)
and
sk(t) > ri(t); tet,o) (k=1,2,3,4) (3.38)

are satisfied for each t* > t, then (3.3)-(3.5) is oscillatory whenever (3.2)-(3.4) is

oscillatory, where

O ={(z,y,t) : (v,y) €I x J,t € [t",00)}. (3.39)

Conditions (3.7)-(3.8) of Theorem [3.2.1| can be weakened by the following conse-

quence.

Corollary 3.2.4. Let u be a solution of (3.2)-(3.4) providing the boundary condi-

tions (3.0), which is positive on I x J x K, and assume that

g(x,y,t) > f(z,y,t); (x,y,t) € Q, (3.40)
and

sp(t) >m(t);  teX (k=1,2,34) (3.41)

are provided. If either

(i) meas{(x,y,t) € Q:g(x,y,t) — f(x,y,t) >0} > 0or

(ii) meas{t € K : sp(t) — rp(t) > 0,k = 1,2,3,4} > 0,
then each solution v of (3.3)-(3.3) has a zero in ).

Proof. Contrary assume that v doesn’t have a zero in 2. We can say that v > 0

in 2. Following is the similiar steps as in the proof of Theorem [3.2.1) we get
equation (3.34). All conditions of Corollary [3.2.4]imply that (3.35) and (3.36) hold.

The similar contradiction shows that v has a zero in 2. Corollary [3.2.4 has been

proved. [

Following oscillation results are immediate.
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Corollary 3.2.5. Assume that

g(z,y,t) > f(z,y,t); (z,y,t) € Q, (3.42)
su(t) = (b teft,o0) (k=1,2,3,4)  (3.43)

are provided for all t* > to, where Q* is defined in (3.39). If either

(i) meas{(z,y,t) € Q* : g(x,y,t) — f(x,y,t) >0} > 0or

(ii) meas{t € [t*,00) : sk(t) —re(t) > 0,k =1,2,3,4} > 0,

then (3.3)-(3.3) is oscillatory whenever (3.2)-(3.4)) is oscillatory.

Corollary 3.2.6. Assume for a given t* > t,, there exists a region 2 C ¥, for
which either the conditions of Theorem[3.2.1| or Corollary[3.2.4| are provided, then

(3.3)-(B.3) is oscillatory.

If we replace the strict inequalities (3.7)-(3.8) in Theorem [3.2.1] by the inequalities

9(z,y,t) = f(x,y,1); (z,y,t) € Q, (3.44)
sE(t) > r(t); t€ti,ts] (k=1,2,3,4) (3.45)
as an alternative to Theorem [3.2.1] we acquire the following conclusion.

Theorem 3.2.7. Let u > 0 be a solution of (3.2)-(3.4) on 2 satisfying u(x,y,t1) =
u(z,y,t) = 0 for all (z,y) € I x 3. If B.44)-B.43) are satisfied, then each
solution v of (3:3)-(3.3)) has a zero in .

Proof. Contrary assume that v doesn’t have a zero in (. We can say that v > 0 in

Q. Using the exact same methods as the proof of Theorem [3.2.1, we get equation
(3.34). Conditions (3.44)-(3.45) of Theorem [3.2.7]imply that

y2 oo
/ / [U(x7y7t1)ut(‘ray7tl) - U(I7y7t2>ut<x7yvt2)] dxdy S 0. (346)
Y1 1
On the other hand inequality (3.46)) together with (3.36)) yield
'U(l', Y, tl)ut<m7 Y, tl) - U(ZE, Y, t?)ut(l‘a Y, t2) =0 (347)

for each (z,y) € J x J. Since w,(z,y,t1) > 0 and w(x,y,t2) < 0, @& is
possible only when v(x,y,t1) = v(z,y,ty) = 0 for all (z,y) € J x J. Otherwise
ug(,y,t1) = u(z,y,t2) = 0 for all (z,5) € J x J which is not possible. This
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contradiction proves that v can not be a positive solution of (3:3)-(3-3) on 2. The
proof of the situation v < 0 is explained as in the proof of Theorem hence it
is omitted. Therefore v has a zero on ). Theorem has been proved. O

3.3 Nonlinear Comparison Results

The results obtained for linear equations in prior section can be expanded to the pair

of nonlinear hyperbolic equations in the form

uy — Au+ F(u, x,y,t) = 0; (x,y,t) € Q, (3.48)
and

vy — Av + G(v, z,y,t) = 0; (z,y,t) € Q (3.49)

providing the initial conditions (3.4)) and (3.5)), respectively.

We consider that

(i) F(n,&,0,0)and G(n,&, 6, 5), k € N, are real-valued continuous functions on

R* which are odd functions with respect to their first component;

(ii) p(B),q(B) : KX — R are continuous functions for which

nFn,&,6,8) < p(B)n; (n,£.6,8) eRxQ,  (3.50)
nS(n, &, 6,8) = q(B)n*; (n,£.6,8) eRx Q. (3.51)

The second primary conclusion of this chapter is as follows.

Theorem 3.3.1. Let u(z,y,t) be a solution of (3.48))-(3.4) satisfying the boundary
conditions (3.6)), which is positive on J x § x K. Assume that (i)-(iii) hold. If

q(t) > p(t) and sg(t) >re(t) (k=1,2,3,4) (3.52)

hold for t € X, then each solution v of (3.49)-(3.3) has a zero in .

Proof. Contrary assume that v doesn’t have a zero in {2. We can say that v > 0 is in
Q2. Multiplying equations ((3.48)) and (3.49) by v and u, respectively, then subtract

the equations, as may be seen, the identity

[uvz — Uuz]w + [uvy — vuy}y + [vut — uvtL =uS(v,x,y,t) — vF(u, z,y,t)
(3.53)
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holds for all (z,y,t) € Q, u € C(IxJxK,R) and v € C (2, R). Then using
(3.50) and (3.57)) in the right-hand side of (3.53)), it turns out the inequality

[wv, —vuy) 4 [uv, — Uuy]y + [vuy —uv], > ug(t)v — vp(t)u
= la(®) =p@Juv. (3.54)

Integrating both sides of (3.54)) over 2 we get

///Q[q(t) — p(®)ulz, y, v(z, y, t)dV
< ///Q { [wv, — vu, |+ [uv, — vuy}y + [ouy — uvt]t}dv, (3.55)

where dV is the volume element. Repeating same steps as in the proof of Theorem

[3.2.1] we attain
Y2 X2
/ / {’U(xay7tl)ut($ay>tl) _U<x7y7t2)ut<x7y7t2)}dmdy

Y1 r1

<[ / 1) = 51 (Oluan, v, o, v, ) dydt

t1 Y1

) m/yQ[m(t)—sz(t)]u(x%y’t)v(xz’y’t)dydt

+ ///Q (t) — q(t)]uvdV. (3.56)

Conditions (3.52)) of Theorem [3.3.1]imply that
Y2 2
/ / [U(x7y7t1>ut(x7y7tl) - U(%%H)“t(%%@ﬂdxdy <0. (357)
Y1 1

However u:(x,y,t1) > 0, us(x,y,ta) < 0, v(z,y,t;) > 0 and v(x,y,t3) > 0 in
(2, we have again (3.36). This contradicts with and which proves that v can
not be a positive solution of (3.49)-(3.5)) on 2. The proof of the situation v < 0 is
explained as in the proof of the Theorem hence it is omited. Therefore v has
a zero in ). Theorem [3.3.1has been proved. [

The oscillation criteria are as follows as a conclusion of Theorem 3.3.11

Corollary 3.3.2. Assuming that (i)-(iii) hold. If

q(t) > p(t); t € [t 00), (3.58)
sp(t) > ri(b); teftoo) (k=1,2,34) (3.59)
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are provided for all t* > to, then (3.49)-(3.5) is oscillatory whenever (3.48)-(3.4) is
oscillatory.
Conditions (3.52)) of Theorem [3.3.1] can be weakened by the following conclusion.

Corollary 3.3.3. Let u be a solution of (3.48)-(3.4) providing the boundary condi-
tions (3.6), which is positive on J x J x K. Assume that (i)-(iii) hold. If

q(t) > p(t) and si(t) >ri(t) (k=1,2,3,4) (3.60)

hold for t € K. If either

(i) meas{t € K : q(t) — p(t) >0} > 0or

(i) meas{t € K : s,(t) — r(t) > 0,k =1,2,3,4} > 0,
then each solution v of (3.49)-(3.3)) has a zero in Q.

Proof. Contrary assume that v doesn’t have a zero in {2. We can say that v > 0 in (2.

Following the similiar steps as in the proof of Theorem [3.3.1] we obtain equation

(3.56). Conditions of Corollary [3.3.3] imply that (3.57) and (3.36) hold. Similar
contradiction illustrates that v has a zero in (2. Corollary [3.3.3]has been proved. [J

The following oscillation criterion is immediate.

Corollary 3.3.4. Assume for a given t* > 0 there exists an interval (t1,t3) C

[t*, 00) for which either the conditions of Theorem or Corollary are
provided, then (3.49)-(3.5)) is oscillatory.

If strict inequalities (3.52)) are ruled out in Theorem [3.3.1] namely,
q(t) = p(t); teX (3.61)
si(t) > ri(t); teX (k=1,2,3,4) (3.62)
then we have the pursuing alternative result for Theorem [3.3.1]

Theorem 3.3.5. Let u be a solution of (3.48))-(3.4) providing the boundary condi-
tions (3.6), which is positive on I x § x K. Assume that (i)-(iii) hold. If conditions
(3.61) and (3.62) are satisfying, then each solution v of (3.49)-(3.5) has a zero in
Q.
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Proof. Contrary assume that v doesn’t have a zero on €. We can say that v > 0 in

(). Using the same techniques of proof of Theorem [3.3.1, we get equation (3.56).
Conditions (3.61))-(3.62) of Theorem [3.3.5]imply that

Y2 T2
/ / [U(I,y7t1)Ut(ZL’,y,t1) - U(x,y,tg)ut(x,y,tg)]dxdy <0. (3.63)
1 z1

On the other hand inequality (3.63) together with (3.36)) yield forall (z,y) €
J x J. Since u(w,y,t1) > 0, up(w,y,tz) < 0, is possible only when
v(x,y,t1) = v(z,y,ts) = 0 for all (x,y) € I x J. Otherwise u;(x,y,t;) =
wy(z,y,t2) = 0 for all (z,y) € J x J. This contradiction proves that v can not
be a positive solution of (3.49)-(3.3) on Q2. The proof of the situation v < 0 is ex-
plained as in the proof of Theorem[3.2.1] and hence it is omitted. Therefore v has a
zero on §). Theorem [3.3.5has been proved. [

Corollary 3.3.6. Assume that (i)-(iii) hold. If

q(t) > p(t); t € [t*,00), (3.64)
se(t) >ty tefttoo) (k=1,2,34) (3.65)

are provided for all t* > t, then (3.49)-(3.3)) is oscillatory whenever (3.43)-(3.4)) is

oscillatory.

3.4 An Application

Consider the hyperbolic equation (3.2)) with only the time dependent potential f (1),

1.e.,
wy — Aw + f(t)w = 0; (z,y,t) €I x J x (L, 00) (3.66)
satisfying the initial conditions

wy(Tk, Yy, t) + (—1)k04kw<xkvy7 ) =0; (y,1) € J x [1?7 00), (3.67)

t
Wy (Y, t) + (—1) Qo (0, Y, )

where o, o, are real constants and £ > t,. Now, equation (3.66) allows a separation

of variables.
Setting w(x,y,t) = H(x,y)T(t), we can solve the eigenvalue problem (3.66))

AH = \H; (z,y) €T x g, (3.68)
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with the initial conditions

H (v, y) + (=1)*oy.H(xp,y) = 0; €d,
(T, y) + (=1) H (21, y) yed (3.69)
Hy(z,y) + (—1)f oo H (2, y1) = 0; x
for k = 1,2 and
T" + f()T = AT t € [t,00).

Applying Corollary [3.2.3] we derive an interesting oscillation criteria to a class of

hyperbolic equations of the form (3.66)-(3.67).

Theorem 3.4.1. Let w be a nontrivial solution of (3.66)-(3.67), and assume that

equation
T" + [f(t) = N]T =0 (3.70)
is oscillatory, where X is the first eigenvalue of (3.68)-(3.69).
If the inequalities
glz,y.t) > f();  (2,y,t) €T x J x [£,00), (3.71)
and
sp(t) > ay;  tE[t,00) (k=1,234) (3.72)

hold for every t > t, then each solution v of (3.3)-(3.5) has a zeroinJ x J x [t, 00).

For the elliptic case, analogous results with Theorem can be found in Kreith
(1964).

Remark 3.4.2. When the potential doesn’t depend on time variable; the method of
Theorem [3.4.T]also applies to equation

v — Av + Q(z,y)v = 0; (z,y,t) €I x J x (t,00),

under the analogous boundary conditions with (3.67).
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4. STURM COMPARISON RESULTS FOR
IMPULSIVE HYPERBOLIC EQUATIONS ON A
RECTANGULAR PRISM

In this chapter, new Sturmian comparison results are obtained for linear and nonlin-
ear impulsive hyperbolic equations on a rectangular prism under fixed moment of
impulse effects. Even the impulse effects are dropped, the obtained results are still

new and were presented in Chapter three.

4.1 Introduction

Kreith obtained a remarkable conclusion of the Sturm comparison theorem between
the pair of hyperbolic initial boundary value problems of the form and
which was published in a book by Kreith! (1969), see also (Kreith, 1973, pp. 24-26).
Thereafter we gave some Sturm-type comparison criteria for impulsive hyperbolic
equations on a rectangular domain in Ozbekler and Uslu Isler| (2020). In this chap-
ter we obtain some similar comparison results for a pair of impulsive hyperbolic

equations on a rectangular prism.

Fix zo,yo,t0 € R. Let J = (z1,22) C [209,00), d = (y1,%2) C [yo,00) and
K = (t1,t2) C [to,0) be three non-degenerate intervals and define the domain, a

rectangular prism, as
QO=IxJxX.
Furthermore, define the domains

Kimp :={t € X : t =7,k € N},
Qimp =7 x 3 X j(imp7
where {7, } is a sequence of real numbers which is unbounded and strictly increas-

ing, i.e.

W< << <Tp<-, (k € N).

Defined by Cinyp, (Q, R) the class of all functions v : 2 — R such that:
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(i) v(x,y,t)is a continuous function for (x,y,t) € Q\ Qimp;

(ii) There exist limits

lim  v(z,y,t) =v(z,y,7)
(@)= (@9,75)
t>Ty

and

lim  v(z,y,t) =v(z,y, 1)
(@)= (2.9,75)
t<Tg

for each k € Nand (z,y) € J x J;
(iii) v(z,y,t) is piecewise left continuous function at each 7, k € N, i.e.

lim V(.’L',y,t) = I/(x>ya7—k)
(z,y,t)—=(2,y,7L)
t<Tp

foreach k € Nand (z,y) € J x J.

In this chapter, we give some Sturm-type comparison consequences for the con-

tinuous solutions of the pair of impulsive hyperbolic initial value problems of the

form
uy — Au+ f(z,y, t)u = 0; (z,y,t) € 2\ Qimp, @1
Auy + fr(z,y,t)u = 0; (,y,t) € Qimp,
and
vy — Av + gz, y, v = 0; (,y,t) € Q\ Qimp, 42)
Avy + gi(z,y,t)v = 0; (x,y,t) € Qimp
satisfying the initial conditions
ug (2,9, 1) + (=1)r;(H)u(z;, y,t) = 0; (y.1) € ? X 3:<7 43)
uy(z,y;,t) + (—=1)7 0 (t)u(z, y;, t) = 0; (z,t) € I x X,
and
va(j, y,t) + (=1)s;(t)v(@;, 9, 1) = 0 (y,t) € I x X, 4.4)
w(@gpt) + (Diseo(e ) =0 (@) eTxK

for j = 1, 2, respectively, where f,g € C (Q,R), re, 80 € C (J_C, R), (=1,2,3,4,
Av(z,y,t) = v(x,y,t7) —v(x,y,t7),

and that A is two dimensional Laplace operator:

0? 0?
A =—+—.
0x? + 0y?

A nontrivial function z is said to be a solution of {.1)-(.3) if
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e 2cC (Q,]R) (i.e., Az(z,y,7;) = 0forall k € N)and z; € Cip (Q,R);

e there exist second-order partial derivatives 2y, 2, and z,, satisfying the first

line of equation @.1)) for each (z,y,t) € Q\ Qimp;

e 2 satisfies the second line of equation (4.1) in {2, and the initial conditions

in (4.3).

4.2 Linear Comparison Results

In this section we give some analogous conclusions for solutions of the pair of
linear impulsive hyperbolic initial value problems @.1)-(.3) and (4.2)-(4.4) on a

rectangular prism in three-space.

The primary conclusion of this chapter is as follows.

Theorem 4.2.1. Let u > 0 be a solution of @1)-@3) on I x  x K, satisfying the

boundary conditions

u(z,y,t,) = u(z,y,ts) = 0; (z,y) €T x J. (4.5)
If
9(@,y,t) > fz,y,1); (z,y,t) € Q, (4.6)
si(t) > r;(t); teX (7=1,2,3,4) 4.7)
and that
gr(@,y,t) > fulw,y, 1), (2,y,1) € Qump (kK EN) (4.8)

are satisfied, then each solution v of (4.2)-{.4) has a zero in €.

Proof. Contrary assume that v doesn’t have a zero in (2. We can say that v > 0 in €).
Multiplying first equations of (4.1)) and (#.2) by v and u respectively, then subtract

the equations, as may be seen, the identity
[uvx — vux}x + [uvy — vuy]y + [Uut — th]t = [g(a:, y,t) — f(x, y,t)}uv 4.9)

holds for all (z, y,t) € €. Integrating both sides of equation (4.9) over 2, we obtain

/// (z,y.t) = f(z,y, )] wwdV

= /// UVy — vuw]m + [uvy — vuy}y + [vut — UUtL} dv, 4.10)
Q
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where dV is the volume element. Due to the functions with integration have jump
discontinuities at the impulse points 7, we split the domain €2 into (n+1)-partitions

in the following manner:

Qo :={(z,y,t) : (z,y) €I x J,t € (t1,71]}, 4.11)
Qe :={(z,y,t) : (x,y) €I xJ,t € (Th, k1, k=1,2,...,n—1}, (4.12)
Q= {(x,y,t) : (z,y) €T X J,t € (Tpy1,t2)} (4.13)

such that each triple integral can be applied to the divergence theorem

/// { [u% — quh + [uvy — vuy]y + [vut — th]t} dV 4.14)
Qm

form = 0,1,...,n. We also see that each of the above partitions is

@ (=0
(=0
b Q=[]
£=0

Obviously, from (a) and (b), we have

/// (z,y,t) — f(z,y,t)]wodV
v ///QO [9(z,y.t) — flz,y,t)]JuvdV + Z///Q (2, y,1) — f(z,y,t)]uvdV
/// (z,y,t) — f(z,y,t) ] uvdV. (4.15)

Note that each 2,,, m = 0,1,...,n, is a simple solid region with the piecewise

smooth boundary §,,, so by using divergence theorem to the smooth vector field
F(z,y,t) = (v, — vuy)i+ (uvy, — vuy)j + (vuy — uoyk, (4.16)

on §,, m =0,1,..., n, the integral given in (.14) turns out to be

/// { [uvy — vug) 4 [uvy, — 'Uuy]y + [vu; — uvt}t} dv
= /// div FdV (— /// Ve FdV)

:# FeNdS  (m=0,1,....n), (4.17)
STn

where N is the unit outward normal to the surface 8,,, dS is the surface area ele-

ment, and the V is the usual nabla (gradient) operator defined by

v—lg—i__]g_'_ka

4.1
or Yoy ot (4.18)
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Since S, (= 09,,,), m = 0,1, ..., n,is the union of six regions, it can be expressed

as
6
Sm = Smu (4.19)
pn=1
where each 8,,,, © = 1,...,6, are disjoint, rectangular, oriented, closed surfaces.

Because of the fact that (4.19), the integration in the right hand side of can

be expressed as

/// { [uv, — qu]I + [uv, — vuy]y + [oue — UUtL} dv
Qin
6
:Z// FeN,,dS (m=0,1,...,n), (4.20)
pn=1 Smu

where each N,,,,, are the unit outward normal vectors to each surface 8,,, and de-

fined by

le = -1, Nm2

A

Nm4 = .] ) Nm5

I
\.'-"

_ja
k

Nm?)
R 4.21)
Nm6

_k7

form =0,1,...,n,and F is defined in (4.16). Now, we start with the first integral

in the right hand side on {#.13)). Taking m = 0 in (4.20) and using @.9) and @.21),
it can be displayed as

///ﬂo [9(z,y,t) — f(z,y,t)]uvdV = y][é F e NdS = zi://g F o N, dS,

(4.22)

where each surfaces 8, are defined by

S = {(z,y,t):x =21,y €J,t € [t1,7]},
So2 = {(z,y,t) 12 =29,y €J,t € [t1, 7]},
803 = {(z,y, 1) :y = yn,x € T, € [ty,m]},
Soa = {(x,y,1) :y =y, x € T, L € [ts, 1]},
Sos = {(z,y,t) : t =t1,(x,9) €T x I}

and

Sos = {(w,y,t) : t =7, (x,y) €T x J}.
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Then by using the initial conditions (4.3)) and (4.4), each integral on the right hand

side of (4.22)) turn out to be

// F e Ny dS = —// F eidS
801 S01

T1 Y2
== / / [uvx - qu] (:Eh Y, t)dydt
t1 Y1

= /tT1 /y2 [r1(t) — s1(t)]|u(zy, y, t)v(xy, y, t)dydt,

// FoNozdS:// F eidS
502 502

T1 Y2
= / / [uvx - Uuﬂﬁ] ('1727 Y, t)dydt
t1 Y1

:/tﬁ /92[T2(t)_32(75)]“(372»%75)@(3?2,y,t)dydt7

// FoNggdS:—// F e jdS
503 S03

= —/ / [uvy — vuy|(z, y1, t)dadt
t1 x1
T1 T2
=[] 00 = saloute . oG, s,
t1 x1

// F0N04d8:// F e jdS
804 S04

T1 Z2
= / / [uvy — vuy|(z, y2, t)dadt
t1 x1

— /tn /$2[T4(t) — sq(t)|ulz, yo, t)v(x, yo, t)dadt,

(4.23)

(4.24)

(4.25)

(4.26)

" Y2 z2
// F e NpsdS = — // FekdS = —/ / [vuy — uvy)(x, y, t1)dzdy
Sos Sos 1 Jm

and

(4.27)

R Y2 [a2
// F e NydS = // F e kdS = / / [vuy — uve|(x, y, 7 )dady.  (4.28)
806 So6 y1 Jz1
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Summing up equations (4.23))-(@.28), equation (#.22) turns out to be

///Q O l9(z,y.t) = f(x,y,1)]uvdV
Y SRR
+ [ra(t) = sa(D)ulwa,y, o, .t }dydt
/ / { ) = ss(®)lu(w, . ol 1,1
F[ra(t) — sa(®)]u(z, yo, o(z, yo, 1) }dxdt
" /yy | / {[U“t —uv(zy,m) = fou —uv(z,, tl)}dxdy. (4.29)

Similarly, by taking m = n in (4.20) and using (4.9) and (4.21)), the last integral in
the right hand side on (#.13)) can be displayed as

6
/// (x,y,t f(x,y,t)}uvde# FoNdSzZ// FoNn“dS,
Sn pn=1 Snu

(4.30)

where

81 ={(z,y,t) ;o =1,y €J,t € [y, 12},

8na = {(x,y,t) 1 x = 23,y € 3,1 € [T, 2]},

8n3 = {(;C,y,t) Y=Y, T E jat € [Tnth]}7

Sn4 = {(l’,y,t) Y =Y2, T € jat € [Tn7t2]}7

8ps = {(z,y,t) : t =7, (x,y) €T x J}
and

8ns = {(w,y,1) 1 t =to, (v,y) €T x J}.

Initial conditions (4.3)) and (.4)) imply that each integral of the right hand side on
(4.30) turn out to be

// FeN, dS = — // FeidS
Tll "
/ / UVy — Uuw 1'1, Y, )dydt
Y1

Y2
=/+/ [r1(t) — si(t)]ul1, y, t)v(z, y, t)dydt,  (4.31)
Tn Y1
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// FondS:// F eidS
Sn2 877,2

to Y2
= / / [uv, — vug|(za, y, t)dydt
mr

to Y2
= /+ / [Tg(t) - 82(t>]u(x27 Y, t)U(ZL‘27 Y, t>dydt7 (432)
Tn Y1

// FoNngdS——// F e jdS
Sn3 "
/ / [uvy, — vuy)(z, yp, t)dadt

= /+ / [r3(t) — s3(t)|u(z, y1, t)v(x, yp, t)dedt,  (4.33)

// FoNn4dS:// F e jdS
Sna Sna
t2  pro
:/ / [uvy — vuy|(z, yo, t)dadt
o

to T2
— [ o) = (Ot (o, e, @39

A~ Y2 z2
// FeN,;dS = — // F e kdS = —/ / [vuy — uvg)(z, y, 7.5 )dzdy
Sns Sns y1 J o1

(4.35)

N Y2 z2
// F e N,sdS = // FekdS = / / [vuy — uvy|(x, y, to)dady. (4.36)
8n6 8n6 Y1 1

By addition of integrals (4.3T)—(4.36)), equation (4.30) can be displayed as

/// (z,y,t) = f(x,y,t) JuvdV
/ /y2 { ri(t) — s1(O)]u(xy, y, )v(ay, y,t)

[ ( ) - SQ(t)]u(l‘% y,t 172, y7 dydt

/ / {T3 — ss()]u(z, y1, t)v(z, y1, 1)

- [ra(t) — sa ()], o, Oo(, yo 8 }dxdt

N /y2 /962 {[vut —uve|(z,y,t2) — [vuy — wv) (2, y, T;)}dxdy. (4.37)
Y1 T
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Finally, we will examine the integrals in the mid part of (.15)), i.e

///Qk [9(z,y,t) — f(z,y,t)]wdV = # F e NdS = Z /Sku F e N,,dS,

(4.38)

where

Skl = {(‘r)yat> 1T =1,y € gat € [TkaTk—i—l]}a

8k2 = {<x7yvt) X = T9,Y € gyt € [TkaTk—i—l]}a

8k3 = {(I,y,t) Y=y, € jat € [Tk>Tk+1]}7

Ska = {(%Z/Jf) Y =Y, T € j,t € [Tk,TkH]},

8k5 = {<$7y7t) it = Tk (xﬂy) € j X g}
and

Skﬁ = {(Z‘,y,t) t= Tk+1, (I?y) € j X g}

for k =1,2,...,n — 1. Then integration on the right hand side of (4.38]) become

// F.desz—// F eidS
Sk1 Sk1

Tk+1
/ / vy — vy (w1, y, t)dydt
Ty Y1

Tk+1 Y2
= /+ / [Tl (t) - Sl(t)]u(xl’ Y, t>U<x17 Y, t)dydta (439)
Th Y1

// FondS:// F eidS
Sk2 Sko

Th+1
/ / UVy — Uum](x% Y, )dydt
T Y1

Tk+1 Y2
= /+ / [7“2(15) - SQ(t)]u(x% Y, t)U(.’L'Q, Y, t)dydta (440)
Th Y1

// F e N,3dS = —// F e jdS
Sk3 Sk3
Tk+1 X2
= — /+ / [uvy — vuy|(z, y1, t)dadt
T x1

:/fﬂ/ [r3(t) = sa(t)]u(z, y1, t)o(w, yy, H)dadt,  (4.41)
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// FoNk4dS:// F e jdS
Ska Ska
Tk+1 T2
:/ / [uvy — vuy|(z, yo, t)dadt
T}j 1

- / ++ / [ra(t) = sa(O)]u(z, yo, t)v(z, y2, t)dadt,  (4.42)

~ Y2 z2
// F e N;;dS = — // FekdS = —/ / [vu, — vy (z, y, 7,1 )dedy
Sks Sks y1 Ja1

(4.43)

and

N Y2 T2
// F o N;sdS = // F e kdS = / / [vuy — uvg)(z, y, Thy 1 )dzdy (4.44)
Ske Ske y1 Jay

fork=1,2,...,n — 1. Integrals (4.39)-(#.44) yield

Ittt st

= [ [ = sttt
1ra0) = st g1, ) b

[ [ i - sson e

+ [ra(t) — sa(t)]u(z, yo, t)v(m,yg,t)}dxdt
Y2 xr2
+ / { — [vuy — vy (z, y,T,:_) + [vuy — uwvy] (2, y, Tk+1)}dxdy
v Jay

(4.45)

fork=1,2,...,n—1.
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Finally we add integrals (4.29), (4.37) and (4.43)) to obtain integral (@.13)) as

/// (2, .1) — F(, 5, )] uwdV
_ {/t +/n+ ++/+ +/i}/y 1 (8) = sy (D)]u(z, y, o (1, , 1)

+ [TQ t) - SQ(t)]u(x% y7 x?a y7 dydt

)
{/ / } — s3()]u(z, y1, t)v(z, 41, 1)
)

+ [ra(t) — sa(t)u(z, yo, t)v(z, Yo, t) pdadt

+ /:2 /“ {[Wt —uvy](x, y, ts) — [vuy — wvg (@, y, t1) + [vug — wv (z,y, 71)
e Z { [vuy — uo] (z,y, 7)) + [vuy — uvl(z, y, ml)}

— [vuy — wvy) (2, y, T, )}dzdy (4.46)

Using Au(z,y, 1) = Av(z,y,7) = 0, k € N, and the impulse conditions to the
functions u; and v; in the second lines of (4.1)) and (.2), respectively, (4.406) turns

into

—_

- [Uut - UUt] (Ia Y, Tl) + |:[Uut - UUt](CC, Y, T]:r) - [Uut - UUt](QT, Y, Tk-‘rl)
1

3

B
Il

+ [Uut - U’Ut] (37, Y, TnJr)

= Alvuy — uv)(x,y, )

k=1

= Z Alvuy — uvg) (e, y, 73)

t1 <7 <tg

= Z |:U($ay77—k)Aut(xaya7—k) - u(xayaTk)Avt(xay7Tk)

t1 <1 <t2

= Z (gi(@,y, ) — fu(, v, ) Ju(z, y, 7)o (2, y, 70). (4.47)

t1 <1 <t2

Using boundary conditions (@.3) and imposing (4.47) into (4.46)), we obtain the
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identity

B /: /:2 {[Tl(t) —si()]u(zy, y, vz, y,t)

ra(t) — s, y, o (e, g, }dydt
0

// {"’3 — s3(O)]u(z, y1,t)v(w, 1, t)

- [ra(t) — sa(O)]u, o, o, ya 8 }dxdt

/// (2,9,1) — g(z,y, )] wodV

+ Y feley ) — grl@,y, ) uv. (4.48)

t1 <1 <t2

Conditions (#.6)—@.8)) of Theorem [4.2.1] and (4.48)) imply that

Y2
/ / v(,y, t)u(z,y, t1) — v(x, y, to)ug(z,y, t) [dedy < 0. (4.49)

However u;(z,y,t1) > 0, us(z,y,t2) <0, v(x,y,t1) > 0and v(z,y,tz) > 0in 2,
we have

0 <wv(z,y, t1)u(x,y,t1) —v(z,y, ta)u(x, y, ta) (4.50)
for all (z,y) € J x J, which contradicts with (#.49). This contradiction proves that
v can not be a positive solution of (@.I)-(@.3)) on 2. For the proof of the case v < 0
in Q, we let v = —z in €. Then z becomes a positive solution of (@.1))-(@.3)) in €.

Repeating the same proof for z, we obtain that v can not be a negative solution of
(4.1)-@.3) on Q. Therefore v has a zero in 2. Theorem has been proved. [

Remark 4.2.2. Theorem[4.2.T|can also be proved for a negative solution u of (@.I)-
(4.3) in 2, and hence positivity of u can be replaced by "having no zero" in Theorem

|.2.1] This applies to all Sturm comparison theorems in this chapter.

As aresult of Remark [4.2.2] we have the eventual oscillation consequence.

Corollary 4.2.3. If

9(z,y,t) > f(z,y,t); (z,y,t) € Q, (4.51)
si(t) > r;(t); telt',oo) (1=1,2,3,4) (4.52)

and that
gk(l',y,t) > fk(xayat)u (l‘,y, ) € Q;kmp (k € N) (453)
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are provided for all t* > t,, then (4.2)-(@.4) is oscillatory whenever (A.1)-@.3)) is

oscillatory where
Q" ={(z,y,t) rx€dyed, tet’,oo)} (4.54)
and

QF  =A{(x,y,t):x €y, tethoo), t =,k € N} (4.55)

imp —

Conditions (4.6)-(4.8) of Theorem {.2.T] can be weakened by the following conse-

quence.

Corollary 4.2.4. Let u > 0 be a solution of @#1)-@3) on J x J x XK, satisfying the

boundary conditions (&.5)), which is positive on J x J x X, and assume that

9(x,y,t) > f(z,y,1); (z,y,t) € Q, (4.56)
s;(t) > r;(t); teX (j=1,2,3,4) (4.57)

and that
gk(l',y,t) Z fk(Iayat)v ($7yat) € Qimp (k S N) (458)

are provided. If either

(1) meas{(z, 1) € Q- g(z,y.) — f(,5,) > 0} > 0or
(ii) meas{t € K : s(t) — re(t) > 0,k = 1,2,3,4} > 0 or that

(i) gro (T, Y, Thy) > Sfro (2,9, Ty ) ko € N, for which (x,y, Ti,) € Qimps

then each solution v of (¢.1)-(@.3) has a zero in Q.

Proof. Contrary assume that v doesn’t have a zero in 2. We can say that v > 0 in

(2. Following the similar steps as in the proof of Theorem[.2.1] we obtain equation

(4.48)). All conditions of Corollary #.2.4imply that (4.49) and (4.50) hold. Similar
contradiction shows that v has a zero in 2. Corollary has been proved. [l

Following oscillation results are immediate.
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Corollary 4.2.5. Assume that

9(z,y,t) > f(z,y,1); (z,y,t) € 0, (4.59)
s;(t) > r;(t); telt,oo) (j=1,2,3,4) (4.60)

and that
gk(xayat) Z fk(xay7t)7 (C(],y,t) € Qfmp (k € N) (461)

are provided for all t* > t, if either

(i) meas{(z,y,t) € Q" : g(z,y,t) — f(z,y,t) > 0} > 0or
(ii) meas{t € [t*,00) : s;(t) —r;(t) > 0,5 =1,2,3,4} > 0, or that
(111) gk()(l’,y, Tko) > fko(x7y7 Tko)’ ko € N, fOl’ which (x,y, 7_ko) S Qikmp’

then [4.2)-@.4) is oscillatory whenever (@.1)-([.3)) is oscillatory.

Corollary 4.2.6. Assuming that for a given t* > t, there exists a region {2 C )
for which either the conditions of Theorem or Corollary are provided,

then (&.2)-@.4) is oscillatory.

If we replace the strict inequalities (4.6)-(4.8) in Theorem[d.2.1] by the inequalities

q(t) > p(t); (z,y,t) €, (4.62)
Sj(lf) > T‘](t), t e [thtg] (j =1, 2,374) (4.63)

and that
gk(x7y7t) Z fk(xay7t)7 (ZL‘,y,t) € Qimp (k: GN) (464)

as a result, Theorem [4.2.T] has the following alternate result.

Theorem 4.2.7. Let u be a solution of @.1)-(.3)) satisfying the boundary conditions
@3), which is positive on Ix I x K. If @#.62)-@.64) are satisfied, then each solution

v of @2)-@4) has a zero in .

Proof. Assuming the contrary that v does not have a zero in (). We can say that

v > 0in €. Using the exact same techniques as the proof of Theorem[4.2.1] we get

equation (4.48)). Conditions @#.62)—(#.64) of Theorem[4.2.7]imply that

Y2 T2
/ / |:U<'r7y7t1)ut(xay7tl) - U(x7y7t2)ut(x7y7t2)] dxdy S 0. (465)
1 1
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On the other hand inequality (4.65) yield
U(I7 Y, tl)ut<x7 Y, tl) - U(.ZU, Y, tQ)Ut(I7 Y, t2> =0 (466)

for all (z,y) € J x J. Since u;(z,y,t1) > 0 and u,(x,y,t2) < 0, @.66) is pos-
sible only when v(z,y,t;) = v(z,y,t) = 0 for all (z,y) € J x J. Otherwise
ug(,y,t1) = us(z,y,t2) = 0 for all (z,5) € J x J which is not possible. This
contradiction proves that v can not be a positive solution of [#.2)-@4) on . The
proof of the case v < 0 is explained as in the proof of Theorem [4.2.1] hence it is
omitted. Therefore v has a zero on ). Theorem has been proved. 0

4.3 Nonlinear Comparison Results

The results in previous section obtained for linear equations can be expanded to the

nonlinear hyperbolic equations of the form

Utt—AU—FHT(U,Qf,y,t) :0; (-Tvy?t) GQ\Qimpa (467)
Au=0,  Auy+ TFp(u,z,y,t) =0 (@, y,t) € Qimp, .
and
— Au+ .r,y,t) = 0; Y, 1) € 2\ Qimp,
Vit u+SG(v,z,y,t) (z,y,1) \ P (4.68)
Av =0, Avy + Gi(v, z,y,t) = 0; (,y,t) € Qimp

satisfying the initial conditions (4.3)) and (@.4)), respectively.
We suppose without further mention that
(i) Flu,z,y,t), Fp(u,z,y,t), G(v,z,y,t) and Gy(v,x,y,t), k € N are real-

valued continuous functions on R*, which are odd functions with respect to

their first component;

(ii) p(B), ¢(B) : X — Rand (n,£,0,8) € R x Q are continuous functions for
which

nF(n,€,6,8) <p(B)n° and nS(n,&,0,8) > q(B)n*; (4.69)

(iii) {px} and {qx} are sequences of real numbers for which

nFi(n,&,6,8) < pen® and 1nG.(n,&,0,8) > qun’. (4.70)
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The second primary conclusion of this chapter is as follows.

Theorem 4.3.1. Let u be a solution of (@.67)-(@.3)) satisfying the boundary condi-
tions (@.5)), which is positive on J x J x K. Assume that (i)-(iii) hold. If

q(t) > p(t) and s;(t) >r;(t) (j=1,2,3,4) 4.71)
hold fort € K, and that
Qe > pr forall k € N for which 7, € X, (4.72)

then every solution v of (4.68)-(.4) has a zero in €.

Proof. Contrary assume that v doesn’t have a zero in 2. We can say that v > 0
is in Q. Multiply first equations of and by v and u, respectively, then

subtract the equations, as may be seen, the identity

[uvx — vuz]x + [uvy — vuy}y + [vut — uvtL =u§(v,z,y,t) — vF(u,z,y,t)
(4.73)

holds for all (z,y,t) € Q, u € C (j X J x K,R) andv € C (Q,R). Then using
(4.69) in the right hand side of (4.73), it turns out the inequality

[uv, — qu]x + [uv, — vuy]y + [ous — uvtL > uq(t)v — vp(t)u

= [q(t) — p(t)]uv. (4.74)

Integrating both sides of over ) we get

///Q[Q(t) — p®)]u(z, y, )v(z,y, t)dV
< ///Q { [wve — vug|  + [uvy, — Wy}y + oy — th]t}dv, wrs)

where dV' is the volume element. Since the functions with integration have jump
discontinuities at the impulse points 7, we split the domain €2 into (n+1)-partitions
in a manner that ({.11)-@.13)) satisfying (a)-(b) so that divergence theorem can be
applied to each integral on €2,,, m = 0,...,n, as in the proof of Theorem |4.2.1

Using initial conditions (4.3)-(@.4)) to each integrals and summing up of them, we
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obtain

///Q[Q(t) — p(®)ulz, y, tv(z, y, t)dV
< {/{1 +/T:+...+/:n +/f} /y2 [r1(t) — s1(O)]u(z, y, vz, y, t)

+ [T2(t> - Sg(t)] <x27 y7 l’g, 317 dydt

}
i { / ; / feg } — sa(O]ula, g1, (e, 1. 0)
}

+ [ra(t) — sa(t)]u(z, yo, t)v(z, Yo, t) pdadt

+ / {[vut —uv)(z,y,t2) — [vuy — wvg](x, y, t1) + [vue — wve)(z,y, 71)

+ Z { [vuy — uvy)(z, y, 770) + [ouy — wvy] (2, y, Tk+1>}

— [vuy — wvy) (2, y, 7, )}dxdy (4.76)
Using Au(z,y, ) = Av(z,y, ) = 0, k € N, and the impulse conditions for the

functions u,; and v; in the second lines of and (4.68)), respectively, turns

into

i
L

— Jouy — uv)(z,y, 1) + Y [vue —uv (@, y, 7 ) — [vue — wod (@, Y, Tes)
1

M

+ [’UUt - uvt](xa Y, 7_7—1’—)
= Z A[vut — th] (JI, Y, Tk)
k=1

= > Afow — uv](x,y, )

11 <7 <t2

= Z U('I’y7Tk)Aut(xayaTk) _U(xay»Tk)AUt(x»y;Tk)
11 <7<tz

= Z [U($7y77'k)9k(v7$7977k) _U(x7y77_k)‘rfk(uux7ya7—k>}
t1 <1 <t2

2 Z [u(m,y,m)qu(x,y,m) - U<x>ya7_k>pku<x>ya7_k>:|

t1 <1 <t2

= Z lar — pr]u(z,y, 7)v(z,y, 7). 4.77)

11 <1 <t2
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In view of (4.77)), the analogous methods as in the proof of Theorem @.2.1]
/ / (2, y, t)u(,y, 1) = v(@,y, ta)u(z, y,tz)}dxdy

= ///Q [p(t) — q(®)]u(z,y, t)yo(z,y,t)dV
+/t2 /” [11(t) — s1(t)|u(@r, y, t)v(ze, y, t)dydt

1 Ju
" /262 /” [r2(t) — s2()]ulz2, y, t)v(we, y, t)dydt
+/: xz[rfﬂ(t) — s3()]u(z, y1, )o(z, y1, t)dodt
- /h /x [ra(t) — sa(t)]u(z, y2, t)o(x, ys, t)dadt
" /:2 ;2 [P = qrlu(z, y, mi)v(2, y, 7o )dzdy. 4.78)

1

Conditions (4. 71)-(4.72)) of Theorem [4.3.1and (#.78)) imply that

/ / 0@,y b ), 3, 81) — 0(@, gy to)un(@, gy )] dedy < 0. (4.79)

However u,(z,y,t1) > 0, wy(z,y,t3) < 0, v(z,y,t1) > 0and v(z,y,ts) > 0in €,
we have again (4.50). This contradicts with (4.79) which proves that v can not be a
positive solution of (@.67)-(@.3) on 2. The proof of the situation v < 0 is explained
as in the proof of Theorem [4.2.1] hence it is omitted. Therefore v has a zero in €.

Theorem [4.3.T] has been proved. O

The oscillation criterion is as follows.

Corollary 4.3.2. Assuming that (i)-(iii) hold. If

q(t) > p(t); t €t 00), (4.80)
si(t) > r;(t); tet,oo) (j=1,2,3,4) (4.81)
and that

are provided for all t* > t,, then (#.68)-[@.4) is oscillatory whenever (&.67)-(4.3)) is

oscillatory.

Conditions (4.71)-(.72) of Theorem [4.3.1| can be weakened by the following con-

clusion.
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Corollary 4.3.3. Let u be a solution of (4.67)-(@.3)) satisfying the boundary condi-
tions (@.5)), which is positive on J x J x K. Assume that (i)-(iii) hold. If

q(t) > p(t) and s;(t) >71;(t) (j=1,2,3,4) (4.83)
fort e K, and that
Qe > pe forall k€ N for which 1, € K. (4.84)

If either

(i) meas{t € K :q(t) —p(t) >0} > 0or
(ii) meas{t €K :si(t)—ri(t) >0,j= 1,2,3,4} > 0, or that

(il) qr, > pr, forsome ky € N,

then each solution v of (4.68)-(4.4) has a zero in ).

Proof. Contrary assume that v doesn’t have a zero in 2. We can say that v > 0 in

Q. Following the similiar steps as in the proof of Theorem[.3.1] we obtain equation
(4.78)). Conditions of Corollary imply that (4.79) and @.50) hold. A similar

contradiction shows that v has a zero in €. Corollary 4.3.3 has been proved. N

The following oscillation criterion is immediate.

Corollary 4.3.4. Assuming that for a given t* > 0 there exists an interval (t1,ts) C
[t*, 00) for which either the conditions of Theorem or Corollary are

provided, then (4.68))-@.4) is oscillatory.

If strict inequalities and are ruled out in Theorem [4.3.1] namely,
q(t) > p(t) and s;(t) >r;(t) (j=1,2,3,4) (4.85)
hold for ¢ € X, and that
qr > pr forall k€ N for which 7, € K (4.86)

then we have the eventual alternative result for Theorem [£.3.1]

Theorem 4.3.5. Let u be a solution of (@.67)-(@.3)) satisfying the boundary condi-
tions @.3), which is positive on T x J x K. Assume that (i)-(iii) hold. If conditions

(@.83)-(@#.86) hold, then each solution v of @.68)-@.4) has a zero in Q.
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Proof. Contrary assume that v doesn’t have a zero in (2. We can say that v > 0

in (). Using the same techniques of the proof of Theorem |4.3.1, we get equation
(@.78). Conditions (4.85)-(4.86) of Theorem 4.3.5]imply that

Y2 T2
/ / [U(x7y7t1)ut(‘r7y7tl) - U(I7y7t2>ut<x7yvt2)] dxdy S 0. (487)
Y1 Z1

On the other hand inequality together with (4.50)) yield (4.66)) for all (z,y) €
J x . Since u(x,y,t;) > 0 and u,(x,y,ts) < 0, @66) is possible only when
v(z,y,t) = v(z,y,t2) = 0 for all (z,y) € I x J. Otherwise uy(z,y,t1) =
uy(z,y,t2) = 0 for all (z,y) € J x J which is not possible. This contradiction
proves that v can not be a positive solution of [#.68)-@.4) on Q2. The proof of the
case v < 0 1s explained as in the proof of Theorem |4.3.1} and hence it is omitted.

Therefore v has a zero in (2. Theorem has been proved. O

Corollary 4.3.6. Assume that (i)-(iii) hold. If

q(t) = p(t); t € [t*, 00), (4.88)
5;(t) = 75(t); telt,oo) (1=1,2,3,4) (4.89)

are provided for all t* > 1y, and that
Gk = Pk (4.90)

for each k € N for which 1, > t*, then {.68))-(.4) is oscillatory whenever (4.67)-
(4.3) is oscillatory.
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S. CONCLUSIONS AND RECOMMENDATIONS

The achievement of analogous comparison conclusions to those in Chapter 3 will be

of interest, on the (n + 1)-orthotope (hyperrectangle) for the hyperbolic equations

of the form

ue — Au+ H(x, t)u =0; (x,t) € ' CR" x (¢, 00)

under the proper boundary conditions, where x = (z1,...,z,) and A is the usual
Laplace operator in R", i.e.,
n 82
A= 72
=1

Here I' is the hyperrectangle defined by

U= (21 (21)2) X (221, (22)2) X - X (&)1, (Tn)2) X (t1,t2)

for points (z;)1, (x;)2 € R on the x;-axis, j = 1,2,...,n.

Our future plan is to provide some Sturm comparison results for a pair of hyperbolic

impulsive initial value problems of the form

Uz + [z, t)u = 0; (x,t) € I1\ imp,
Ay + fi(z, t)u = 0; (2,t) € Uimp

providing the initial conditions

Uz (x1,t) — r(t)u(z,t) = 0; t € [t1,ta],
Uy (g, t) + ro(t)u(zg, t) = 0; t € [t1,ta],
and that
Uzt + g(x, t)v = 0; (x,t) € I\ Iy,
Avy + gi(z,t)v = 0; (x,t) € imp
providing the initial conditions
v(z1,t) — s1(t)v(a,t) = 0; t € [t1,ta],
"Ut(ZBQ, t) + Sg(t)v(.l?g, t) = O; € [tl, tQ]

(5.1)

(5.2)

(5.3)

(5.4)

under some appropriate suppositions on the functions f, g, fi and gx, k£ € N, and

that r;, s;, 7 = 1,2, where II and II;,,, are defined in (2.7) and (2.8), respectively.
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