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INEQUALITIES OF BLOCK MATRICES IN THE
CONTEXT OF THE SCHUR COMPLEMENT

ABSTRACT

Schur complement is a key tool in many areas of matrix analysis and a rich source
for matrix inequalities. The use of the Schur complement technique has an
algorithmic structure in calculating matrix inverses and linear systems. In this study
we examine equalities and inequalities involving the Schur complement of the large
sized matrices. For this purpose we use positive definite and positive semi definite
block matrices and examine the Schur complement of their products, such as
Hadamard product, Kronecker product. Also in this thesis we analyze the block form
of Hadamard and Kronecker products. We make an analogy between the inequalities
involving Hadarmard, Kronecker products and block form of these products.

Keywords: Schur complement, Hadamard product, Kronecker product, block
Hadamard product, block Kronecker product



SCHUR TAMAMLAYICISI BAGLAMINDA BLOK MATRIS
ESITSIZLIKLERI

0z

Schur complement matris analizin bircok alaninda 6nemli bir aragtir ve matris
esitsizlikleri i¢in zengin bir kaynaktir. Schur complement tekniginin kullanimi lineer
sistemler ve matris terslerinin hesabinda algoritmik bir yapiya sahiptir. Bu ¢alismada
biliyliik boyutlu matrislerin Schur tamamlayicilarini igeren esitlik ve esitsizlikleri
inceledik. Bu amagla pozitif tanimli ve yar1 pozitif tanimli blok matrisleri kullandik
ve bu matrislerin Hadamard, Kronecker c¢arpimlarinin Schur tamamlayicilarini
inceledik. Ayrica bu tezde Hadamard ve Kronecker carpimlarin blok formlarim
inceledik. Hadamard ve Kronecker c¢arpimlari igeren esitsizliklerle bu ¢arpimlarin

blok formlarini igeren esitsizlikler arasinda analoji kurduk.

Anahtar kelimeler: Schur tamamlayicisi, Hadamard ¢arpimi, Kronecker ¢arpimi,

blok Hadamard ¢arpimi, blok Kronecker ¢arpimi,
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CHAPTER ONE
INTRODUCTION

Linear algebra has an important place in all other branches of mathematics. And
matrices are basic tools in linear algebra. Matrices are used not only in mathematics,
but also in many areas including applied mathematics; such as statistics, engineering,
economics. Matrix theory is a branch of linear algebra aiming to classify types of
matrices, to generate new types of matrices and to determine some useful inequalities
involving matrix products. There are a lot of source about matrices and matrix
theory. But the books written by Horn and Johnson in 2013 and 1991 are important
and main sources in the theory of matrices. In this thesis, we use these books
frequently and some other sources written about the matrix analysis and the Schur

complement.

Schur complement is a basic tool in the areas of numerical analysis, statistics and
matrix analysis. Especially in solving linear systems of equations and finding inverse
of matrices the Schur complement is very useful. Schur complement first used by
Issai Schur (1875-1941) to prove his lemma (Schur’s determinantal formula) in
1917. But the term Schur complement is firstly appeared in a paper written by Emilie
Virginia Haynsworth in Basel Mathematical Notes. Since we partition the matrices in
blocks, and use block Gaussian elimination for finding Schur complement, probably

the history of the Schur complement also goes to Carl Frederick Gauss (1777-1855).

There are a lot of studies about the Schur complement. In 1917 Schur established
his determinantal equality. In this formula he proved that the determinant of a matrix
is the product of the determinant of its any principal submatrix with that of its Schur
complement. Then, in 1937 Banachiewicz stated an inversion formula related with
Schur complement. In 1969 Haynsworth proved that the Schur complement of the
sum of two positive semidefinite matrices is greater than or equal to the sum of their

Schur complements.

Schur complement is also used to characterize the positive (semi) definiteness of a
matrix. Horn & Johnson and Fuzhen Zhang have studies about the relation between
positive definiteness of a matrix and Schur complement. Zhang and Wang (1997)



also proved that the Schur complement of Hadamard product of two positive definite
matrices is greater than the Hadamard product of their Schur complements.
Moreover, he has stated some inequalities involving the inverse of the Schur

complement of matrices and that of their Hadamard products.

In this thesis we especially interested in the block Hadamard and block Kronecker
products and Schur complement of block matrices. Now we will look at a brief

information about how this thesis has been organized :

In Chapter 2, the definition of types of matrices and the basic elements of a matrix
will be given. Also the definitions of special products of matrices such as Hadamard
and Kronecker products will be introduced. Since in this thesis we will be commonly
using positive (semi) definite matrices, this chapter also includes basic theorems and

observations for positive (semi) definite matrices.

In chapter 3, we will give the definition of the Schur complement and some
examples of Schur complement of matrices. Then we will try to examine some basic
properties of the Schur complement. In addition, we will introduce some basic
theorems involving Schur complement and Hadamard product. In the last of this
chapter we will give some results that we have obtained concerned with the Schur

complement.

In chapter 4, our focus will be on the block matrices. First we will define the
block form of the Schur complement Then we will give some examples about the
Schur complement in the block form. After that we will introduce the block
Hadamard and block Kronecker products and we will give some lemmas and
propositions about these products. Then we will construct new lemmas and theorems
involving the block Hadamard and block Kronecker products. Finally we will give
the definition of centrosymmetric matrices and we will establish some lemmas about

the block Hadamard and block Kronecker products of the centrosymmetric matrices.



CHAPTER TWO
PRELIMINARIES

This chapter includes many basic definitions and theorems which are the essential
to the development of an understanding of the subject of the thesis and its

implications.

Let C™*™ be the complex space. For m,n € Z*, let M, , denote the space of
m X n matrices with complex entries and M,, denote the space of n X n matrices

with complex entries.

2.1 Definitions and Some Special Product of Matrices

In this thesis we will mostly use positive definite, positive semidefinite and block
matrices. Therefore these definitions about the types of matrices are very useful for

us.
Definition 2.1.1 (Meyer, 2000) Let A = [a;;] be a square matrix

e Aissaid to be a symmetric matrix whenever A = AT

e Aissaid to be a skew-symmetric matrix whenever A = —AT

e Ais said to be a Hermitian matrix whenever A = A*, that is whenever
a; = ay;

e Aissaid to be a skew-Hermitian matrix whenever A = —A*, thatis
whenever a;; = —a;;

Definition 2.1.2 (Horn & Johnson, 2013) An n X n Hermitian matrix A is said to be
positive definite if

x*Ax > 0 for all nonzero x € C™.

Definition 2.1.3 (Horn & Johnson, 2013) An n X n Hermitian matrix A is said to be
positive semidefinite if

x*Ax > 0 for all nonzero x € C™.



In the thesis we will use the notation A > 0 to mean that A is positive definite and

the notation A > 0.to mean that A is positive semidefinite

Definition 2.1.3 (Horn & Johnson, 1985) Let A € M, ,,(F) (F be any field). For
index sets @ € {1,...,m}and B € {1,...,n}, the submatrix that lies in the rows of A

indexed by a and the columns indexed by g is denoted as A(a, ) .

If m=nanda = f, then the submatrix A(a, @) is called a principal submatrix
of A and is denoted by A(a).

If the principal submatrix is on the upper left-hand corner of A, then A(a) is

called the leading principal submatrix of 4 .

Definition 2.1.4 (Horn & Johnson, 2013) A matrix P € M,, is a permutation matrix if

exactly one entry in each row and column is equal to 1, and all other entries are 0.

In this thesis we will be frequently dealing with some special products of

matrices. Here are the definitions:

Definition 2.1.5 (Horn & Johnson, 1985) If A = [a;;] € My, , and B = [b;;] € M, p,

then the Hadamard product of A and B is the matrix
AoB = [anU] (21)

Definition 2.1.6 (Horn & Johnson,1991) The Kronecker product of an m x n matrix
A =[a;;] and p X g matrix B = [b;;] is an mp X nq matrix denoted by AQB and

defined to be the block matrix
AQB = [a;;B]. (2.2)

In general, AQB + BQA .

2.2 Some Observations and Theorems for Positive Definite Matrices

In this section we will give some observations and theorems on positive-definite

and positive-semi definite matrices.



Theorem 2.2.1 (Bhatia, 2007) Let A € M,, Then, A is positive definite if and only if

it is Hermitian and all its eigenvalues are positive.

Theorem 2.2.2 (Bhatia, 2007) Let A € M,, Then, A is positive semidefinite if and

only if it is Hermitian and all its eigenvalues are nonnegative.

Observation 2.2.3 (Horn & Johnson, 2013) Any principal submatrix of a positive
definite matrix is positive definite.

Observation 2.2.4 (Horn & Johnson, 2013) Any principal submatrix of a positive

semidefinite matrix is positive semidefinite.

Observation 2.2.5 (Horn & Johnson, 1985) The sum of any two positive definite
matrices of the same size is positive definite. More generally, any nonnegative linear

combination of positive definite matrices is positive definite.

Observation 2.2.6 (Horn & Johnson, 2013) Each eigenvalue of a positive definite

matrix is a positive real number.

Corollary 2.2.7 (Horn & Johnson, 2013) The trace, the determinant and all principal

minors of a positive definite matrix are positive.

Observation 2.2.8 (Horn & Johnson, 1985) Let A € M,, be positive definite. If C €
M,, ., ,then C*AC is positive semidefinite. Furthermore, rank(C*AC) = rank(C) ,s0

that C*AC is positive definite if and only if C has rank m.

Corollary 2.2.9 (Horn & Johnson, 2013) If A € M,, is positive semidefinite, then so

are all the powers A%, k = 1,2,3, ...
Theorem 2.2.10 (Zhang & Wang, 1997, Chollet, 1982) If A > 0, then
A (a) — [A(@)] = 0. (2.3)

Theorem 2.2.11 (Horn & Johnson, 1985) If A € M,, is Hermitian, then A is positive
definite if and only if det A; > 0 for i = 1,2, ..., n . More generally, the positivity of-
any nested sequence of n principal minors of A (not just the leading principal minor)

is necessary and sufficient for A to be positive definite.



Corollary 2.2.12 (Horn & Johnson, 1985) If A, B € M,, are positive definite, then

(@ A=BifandonlyifB™1>A4"1,

(b) If A=B,thendetA > detBandtrA > trB.

A A B\'_. N
B* B* C) exists and is positive

definite. By this, (A—BC 1B*)™ and A — BC'B* are also positive definite.

If the matrix ( g) is positive definite, then (

Similarly, C — B*A™'B, A and C are positive definite. Thus, if the partitioned

Hermitian matrix (;* C)

is positive definite, we have
A>0, C>0, A>BC'B*andC >B*A"'B

(Horn & Johnson,1985).



CHAPTER THREE
SCHUR COMPLEMENT AND SOME MATRIX INEQUALITIES

This chapter provides definition and some properties of Schur complement. Also

this chapter includes some inequalities of matrices involving Schur complement.
3.1 Definition and Some Properties of Schur Complement

Definition 3.1.1 (Crabtree, & Haynsworth, 1969; Zhang, 2005) Let M € C™*" be a

A B

c D) with A is square and nonsingular. Then

matrix partitioned as M = (

M/A=D—CA'B (3.1)

is called the Schur complement of A in M or the Schur complement of A relative to
M.

Definition 3.1.2 (Zhang, 2005) Let a and 8 be given index sets, that is, subsets of
{1,2,...,n}. The cardinality of index set is |a| and its complement is a‘ =
{1,2,...,n}\a. If |a| = |B]| and if A(a, B) is nonsingular, then A/A(a, B) is the Schur

complement of A(a, ) in A and is equal to:
A/A(a, B) = A(a’, B€) — A(a®, B)(A(a, ) A(a, 5°). 3.2)
For A/A(a) we will mostly use the notation A/ a.

Example 3.1 Let

R oN R
ON R R
[ )
o R O R

a=1{23}, pB={13}, |al=2,and|B| =2
then

a®={1,4}, and a={24}



Now, let us write the submatrices A(a, B), A(af,B), A(a, B¢), and A(a®, B°)

according to the above choices of ¢ and £3:

aap=(3 3) . Aaes=(; )
A@m=(1 ) a@sr=(; 7).

Then the Schur complement of A(a, B) is

/11 1 0y(2 1\'¢1 0y_(1 5/4
an@p = o)-(; DG 2) G 1= (—1 —1/4)
In fact the general form (3.2) of Schur complement is equivalent to the simpler

form (3.1). There are permutation matrices (Definition 2.1.4) that put A(a, 8) into

the upper left hand corner of A leaving the rows and columns of A(a,¢) and

2 1
0 2

the upper left hand corner , we must put the third column in the place of the second

A(a‘, B) in the same increasing order in A. In example (3.1) for putting ( ) into

column, then the second row in the place of the first row and third row in the place of

the second row. By using this process the permutation matrices can be written as

follows:
01 0 0 1 0 0 0
o 0o 1 0 _[{0 0 1 0
U=l1 0 0 o and V=149 1 0 o
0 0 0 1 0 0 0 1
and
2 110
A A(a, B¢
UAV=0221=( (f‘) (ac,ﬁc))
11 0 1 A a)  A(af, B°)
1 0 1 0
then

-1

UAV/A(a)=((1) é)‘(i 2)((2) é) (; (1))

is obtained. This example indicates that;

(5 2)



AJA(a, B) = UAV /A(a).

If a =/ then the two permutations are the same and hence there exists a

permutation matrix U such that

UTAU = ( A(a) A(a, ac)>

A(ab,a) A(a®)
and
(UTAD)/A(a) = A/a.

Now we will give properties related with the Schur complement and then we will

prove some of them:

A B
Cc D

B € F forany field F .Then,

Property (1) Let M = ( ) be a partitioned matrix, where A is nonsingular and

(BM)/A = B(M/A). (3.3)
Proof:
_(BA BB
o =(gc o)
(BM)/A =D — BC(BA)'BB = BD — BCL'AT'BB
= B(D - CA™'B)
=pM/A)
_ (A B . . . .
Property (Il) Let M = (C D) be a partitioned matrix, where A is nonsingular.
Then,
(M/A)* = M*/A. (3.4)
Proof: M/A=D—CA™ 1B,

(M/A)* = (D — CA™'B)* = D* — B*(A")"1C* = M"/A.

Property (I11) (Zhang & Wang, 1997) Let A> 0. Then



Property (1V) (Zhang, 2005) Let M = (

invertible, then

(c »

B
D

Property (V) (Zhang, 2005) Let M = (

)

-1

)

invertible, then

(¢ »

¢

¢

D

In a similar way we can split into (A

Property (VI) Let M = (

then

)

)
)

-1

-1

I BD!
0 I

(

I

(_
(.

I

D~IC

D~IC

A(@)* = A/a.

A B
¢ D

) (A —BD™c 0

)
I

0

I 0

0
I

(M/D)~*
0

A B
c D

) (o

(A-BD™ 1)1

0

D—1

(3.5)

) be an invertible block matrix. If D is

Sie 1)

)(

I —-BD7!
0 I

0
D—1

I —-BD!
0 I

)

)
)(

) be an invertible block matrix. If 4 is

(car DG o) */7)
—A-1 -1

=(é AI B) (Ao (D—Cg‘lB)‘l) (—Cil‘l ?)
—A-1 -1

=((I) AI B) (Ao (M/Sl)‘l)(—C{él‘l (1))

A

I

c D

c o)

B

10

B as in the following way:

) be an invertible block matrix. If B is invertible,

)G R E )
—Bl‘lA) ((C - Dg-lA)—1 B(; )(_DIB_I (I))
sy BT D)



A B

Property (VII) Let M = (C D) be an invertible block matrix. If C is invertible,

then

(21 g) - (Ac}_l (I)) (B - /?C‘lD g) (? C—Ilp)’

-1, — Ar-1py-1
(A B) =( C] g é)(cql (B A(E; ?) )(? —AIC‘l)’

-1 P -1
() =C57 9l M9 )0 _ac)

3.2 Basic Lemmas and Theorems on Schur Complement

Theorem 3.2.1 (Zhang, 2005) (Schur’s Formula) Let M be a square matrix

partitioned as M = (C D) with 4 is nonsingular, then
t(M ) detM
det(M/A) = detA (3.6)

Schur’s formula may be used to compute characteristic polynomials of block

matrices. If A and C commute in M, then
det(M — Al) = det(A — Al) det[(M — AI) /(A — Al)]
= det[(A— AD)(D — AI) — CB] .
Now, we will try to prove this formula:
Proof : By Schur’s formula
detM = det(M/A)detA

M_M:(A—/U B )

C D — Al

det(M—,U)zdet(A"U )

C D—Al

by block Gaussian elimination

11



(A CM D f,u) - (A o/U (D — Al — 5(A — /11)—13)

taking the determinant of two equivalent matrices

A—A B N\_, (A2 B
det ("7, D_,u)‘det( 0 (D—AI)—C(A—AI)‘1B>

det(M — AI) = det(A — A det[(D — AI) — C(A — AI)"1B]

det[(A— A1) (D — A1) — C(A — A)"'B)]
= det[(A—AI) (D — AI) — (A — ADC(A — A)™'B]
= det[(A—AI) (D — AI) — (CA— AC)(A — AI)™'B]
= det[(A—AI) (D — AI) — C(A — AI)(A — A)"'B]
= det[(A— A) (D — AI) — CB]

is obtained.

A B

Theorem 3.2.2 (Zhang, 2005) Let M = ( el

) and suppose both M and A are

nonsingular. Then M /A is nonsingular and

Y1 = (A—l + A'B(M/A)"CA™? —A—lB(M/A)—1>
B —(M/A)'CA™? (M/A)™

Thus, the (2,2) block of M~ is (M/A)™1:

(M™)z; = (M/A)7 3.7)

In a similar way, if both A and D are nonsingular then,

L (M/D)™1 —AT1B(M/A)!
M _<—D‘1C(M/D)‘1 (M/A)T )

and, if A, B, C, and D are all square, invertible and have the same size

4 (M/D)™! (C—DB™'A)™!
M= ((B —AC™'D)? (M/A)™! )

12



(MDY (M/BY
M 1‘((1\4/6)—1 (M/A)—1>'

Theorem 3.2.3 (Zhang, 2005) Let A be a Hermitian matrix partitioned as

All AlZ
oo (i y
Ay’ Ay (38)

in which A, is square and nonsingular. Then

(@ A>o0ifandonlyifboth A;; > 0and A/A,;; > 0,
(b) A=0ifandonlyif A;; >0and A/A;; = 0.

This theorem means that if A > 0 and 4,;; > 0, then
AJAyy = Ap—A1y Ay T Ar, = 0,50 Ay = AJAy, .
By using this, we can conclude that

(detA)

detA,, = det(A/A{1) = m = 0.

Theorem 3.2.4 (Zhang, 2005) (Fischer’s Inequality) Let A be a positive
semidefinite matrix partitioned as in (3.5) . Then
detA < (detA;;)(detA,,) (3.9)
Using the Schur’s formula we have
det A = detA,,det(A/Aq11).

If A,, is nonsingular, then

detd.. > (detA)
e = (detAzz)

IS obtained.
Combining these results, we obtain a reversed form of the inequality (3.9) :

det(A/A,)det(A/Ay,) < detA (3.10)

13



Corollary 3.2.5 (Zhang, 2005) (Hadamard’s Inequality) Let A = (a;;) beann X n

positive semidefinite matrix. Then
detA < aqq...Qpy

with equality if and only if either A is diagonal or has a zero main diagonal entry

(and hence a zero row and column).

Theorem 3.2.6 (Zhang, 2005) Let A be positive definite and a be a given index set.
Then

A%/a < (A]a)?, (3.11)
(A/a)? < (AY?)/q, (3.12)

and
AYa < (Afa)™ (3.13)

Theorem 3.2.7 (Zhang & Wang, 1997) If A > 0 and B > 0 are of the same size and

are partitioned conformally, then
(A+B)/a=>A/a+B/a (3.14)
Theorem 3.2.8 (Zhang, 2005) If A, B € M,, are positive semidefinite, then
det(A + B) = detA + detB (3.15)
If A is positive definite, then equality holds if and only if B =0
3.3 Basic Theorems on Hadamard Product and Schur Complement

Theorem 3.3.1 (Zhang, 2005) (Oppenheim’s Inequality) Let A = (a;;) and B be

n X n positive definite matrices. Then
det(AeB) = (a1 ... ann)detB. (3.16)
with equality if and only if B is diagonal.

Theorem 3.3.2 (Horn, 2013, Zhang, 2005) If A = 0 and B = 0, then

14



AoB > 0. (3.17)
Theorem 3.3.3 (R. Horn, 2013, F. Zhang, 2005) If A > 0 and B > 0, then
AoB > 0. (3.18)

Theorem 3.3.4 (Zhang & Wang, 1997) Let A and B be n-square positive definite

matrices, and let C and D be any matrices of size m x n. Then

(CoD)(AoB)™1(CoD)* < (CA™1C*)o(DB1D"). (3.19)
In particular,
(4oB)™' < A toB 1. (3.20)
and
(CoD)(CoD)* < (CC*)o(DDY). (3.21)

Theorem 3.3.5 (Zhang & Wang, 1997) Let A > 0 and B > 0 be of the same size.
Then

(AeB)/a = A/a > B/a. (3.22)

Theorem 3.3.6 (Zhang & Wang, 1997) Let A > 0 and let m be any integer. Then

A" /)™ < AJa if m >0, (3.23)
and
(A" /)™ > AJa if m <O0. (3.24)
In particular,
A Ja < (AJa)7L (3.25)

Corollary 3.3.7 (Zhang & Wang, 1997) Let A > 0 and B > 0 be of the same size.
Then

(AoB) Y/a < [(A°B)/a]™* < (AJaoB/a) "t < (A/a) to(B/a)™t (3.26)

and

15



(4eB) Ya < (A7 a)e(B™Y/a) < (A" YeB™ Y /a < (AJa) to(B/a)™* (3.27)

Corollary 3.3.8 (Zhang & Wang, 1997) Let A > 0 and Let B > 0 be of the same
size. Then

[(A4eB)/a]™ < (A™'eB™") / a. (3.28)
3.4 Results on Hadamard Product and Schur Complement of Matrices

Lemma 3.4.1 Let A > 0 and B > 0 are of the same size. If m be an integer such that

m < 0, then
[(A+B)"/a]’/™ > (A+B)/a = A/a + B/a. (3.29)

Proof. Since A>0 and B >0 then so A+ B >0 .By using Theorem 3.3.6,
inequality (3.24) we have

[(A+B)"/a]”/™ > (A+ B)/a
and from the inequality (3.14)
(A+B)/a=A/a+B/a
Hence
[(A+B)Ya]'/™ >A/a + B/a. =
Now we will prove the Oppenheim’s inequality (3.16) in a different way :

Theorem 3.4.2 (Oppenheim’s Inequality) Let A and B be n X n positive definite

matrices. Then
det(AoB) = (byy ... bpy)detA

Proof. By induction, for n = 1 is obvious. Suppose that the assertion is true for

positive definite matrices of order less than n. Partition A and B as follows :

Az(Al*l a) and B:<B11 '8>

4 ann ﬁ : leTl
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where A;; and B;; are (n — 1) X (n— 1), a and g are (n — 1) X 1, a,,, and by, are
1 x 1. Then by (3.18)

Aqi1°B aof3
AoB = ( 11711 ) > 0
a OB annbnn

and by the Schur’s formula
det(AoB) = det(Ay1°B1;)det(annbpy — (@*0B*)(A11°B11) ™ (@) (3.30)
Since AoB > 0 then

Annbnn — (o) (A11°B11) 7 (aof) > 0

Let

A a
C = ( 1*1 * -1 )
a’ a*Aj; «a

Then C = 0, and the Hadamard product of C and B is positive definite. That is

CoB = (A;}‘:[B;il a*Alfjlﬁa bnn) >0
and
@Ay @ by — (@) (A11°B11) 7  (@oB) > 0.
But,

Annbnn — (@ 0B (A110B11) " (@op) = (ann — a*All_la)bnn + a*All_la bpn —
(a*oB")(A11°B11) " (aop) (3.31)

Since A and B are positive definite, then by the observation 2.2.3 and the theorem
3.2.3

(ann — a*All_la)bnn >0
If we throw the term a*A;; @ by, — (@*°B*)(A110B11) " (aoB) in (3.31) then

annbnn - ((Z*OIB*)(AMOBH)_l(CIO’B) = (ann - a*All_la)bnn
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Taking the determinant of both sides we have
det(annbny — (@) (A110B11) 7 (@oB)) = det((ann — @Ay~ @)bnp)
combining the last inequality and (3.30)

det(AoB) > det(A,,°B;,) det ((a,m — a*All_la)bnn)

> (det(A11))b11b2z - b-1y(n-1)(det(ann—a A1y~ @) byy
= b11b22 bnndetAlldet(a,m - a*All_la)

= (b11b2z ... bpp)detA m
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CHAPTER FOUR
SCHUR COMPLEMENT OF BLOCK HADAMARD AND BLOCK
KRONECKER PRODUCT

In this chapter we will deal with the block Hadamard and block Kronecker
products. We will make an analogy between the inequalities involving Hadarmard,

Kronecker products and involving the block form of these products.

4.1 Schur Complement in the Block Form

For m,n,p,q € Z* let M,,, be the space of m X n matrices with complex
entries and My, , (M, ,) be the space of p X g block matrices A = (4,5), a =
1,..,p; B=1,..,qwhose a,f entry belongs to M,,,,. When m=n then we denote
M, by M,, and p=q we denote M,, , by M,,. Also we denote the pn X pn identity

matrix as I,.

Leta c {1,2,...,p}, B c{1,2,...,q}and a® = {1,2, ..., p}\a, B¢ = {1,2,...,q}\B
Let A(a, B) denote the block submatrix of A with the block rows indexed by a and
the block columns indexed by B. If @ = B then we write A(a) for A(e, a).

Definition 4.1.1 Let A € M,, ,(M,,,,) be a p X q block matrix such that 4 = (A ),

p.q(

a=1,..,p; f=1,..,q in which each block is an n X n matrix with complex
entries. If |a| = |B]| and if A(a, B) is nonsingular then the Schur complement of
A(a,B)inAis

A/A(a, ﬁ) = A(acl ﬁc) - A(acr ﬁ)(A(a' ﬁ))_lA(a' Bc) (41)
We will use the notation A/a for A/A(@) .

Example 4.1 Let

1 0 1 2 3 1

2 1 1 1

A A Ay [ Defedet
A=1|4y1 Ay Ay )= 1 2 i0 3 i2 1 € M;(M,).

1 -1 0 0 2 0




Let

a={12}, p={13}, a° ={3}, B° ={2}|lal = 2,|B] = 2

1 0:3 1
[ 0o 20 1 c pev _ (2 1
A@p) =| € My(My), A, B) = (o) € Mi(My)
1 212 1
1 2
0 2 i1 1 1 1
A B =(] 5 5 o) EMiaMy), A@ B = | ;5 | € Maa(My)
0 3
A/A(a,B) = A/A(22)
1 0 3 1\ '/1 2
=(21)_(0211)0201 11
0 0 1 -1 2 0/\-1 0 1 -1 1 0
1 2 2 1 0 3

2 -1
=G 20
Now, let us find the Schur complement of A in the usual way. If we use rows and

columns instead of the block rows and columns, then

a=1{1234}, f={1,234},a°={56},B°={56}, |la|=4,|B| =4

1 0i3 1
[ o 2:i0 1 o (2 1
A@p) =| Sy € My, A, ) = () €M
1 2:2 1
e _(0 211 1
A/ A(a,B) =A/A(44)

1 0 3 1\ */1 2
=(2 1)_(0 2 1 1) 0 2 0 1 1 1
0 0 1 -1 2 ol=1 0o 1 =1 1 0
1 2 2 1 0 3
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As we see above, Schur complement of A in the usual form is equal to the Schur

complement of A4 in the block form.

In the previous example we have used the block square matrix. But we can find
the Schur complement of any block matrix, not only block square matrices. Let us

look the next example:

Example 4.2 Let

/ 1 0 1 2\
2 1 1
O TN s e
A=Ay Ax|= 1 2 0 3 | € M3, (M)
Az Az 0 272 1/
1 -1 0 0

and

a={1}, p = {1}, a“ = {2,3}, B = {2}

we can partition the matrix A such that

where
A A
A, =4,,,4,=4,, A =( 21),A =< 22)
1 11 2 12 3 A31 4 A32

then the Schur complement of A; in A is

A/ Ay = A, — A3A,7 1A, (4.2)
1 0 0
(o0 3 2 /1 oyt o2
AfAi=1{, 4 2 (0 2) (1 1)
0 0 -1

~1

1

0

1
2 2
B 0
= 1 0

-1/2 —-3/2
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In the block form there are also block permutation matrices that equals the general
form (4.1) of the Schur complement of a matrix to the simpler form (4.2) .That is

UTAU/A(a) = A/a. (4.3)
where U and UT are block permutation matrices.
Now we will give an example:

Example 4.3 In this example we will use the matrix 4 same as in example 4.1. That

/1 0:1 2:3 1\
211 1 1
Ay A Ay | 3201 1.0 1)
A=|Ay Ay Ay |= 1 2:0 3 2 1 | € M3(M2)
A A32 A33
31 0 2 2 11 1/
1 -1:0 0:2 0
and let
a=1{13}, a = {2}
1 0:3 1
(o 2 0 1 (10
A@ = gy | €M), A@) = (g 5) € M0t
1 -1:.2 0
1 2
1 01 -1 11
A, =(7 5, 5 ;) €M), Alaad) =| ) | € My (M)
0 0
Then
1 0 3 1\*'/1 2
100 (-1 0 1 -1nf0 2 0 1 11
A/“(03>(1221)0211 2 1
1 -1 2 0 0 0
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In this example for putting A(a) into the upper left hand corner, we will use the

block permutation matrices
I 0 0 I 00
U=(0 0 I and U'=(0 0 I
01 0 01 0

where I € M;(M,) and 0 € M,(M,) .

Then
1 0 {3 1i1 2
/0 2 0 1 1 1\
A(a) A(a,a‘)) [ 0 2 i1 1 :i2 1|
T — —
UAU_(A(a‘,a) A(a, a®) = | 1 =1 :2 0 0 0|
\—1 0 1 -1 1 0/
1 212 1i0 3
1 0:3 1\ /1 2
T _(1 0y (-1 0:1 —-1\[0..2:0. .1 1 1
vtav/a@ = (g -7 5 5 o 27171 |21
1 -1 2 0 0 0

Hence

T (=2 2
A/a = UTAU/A(a) = (_2 3)
4.2 Block Hadamard and Block Kronecker Product of Matrices

In this section we will be dealing with the block Hadamard and block Kronecker
product of matrices. Therefore these definitions, propositions and lemmas will be

very useful for us.

Definition 4.2.1 (Giinther & Klotz, 2012) Let m,n,l,p,q,s,t € Z*. A block
Kronecker product of A € M,,,; and B = (By) € M (M, ) s,

ARB=A4B,y, p=1..,5 9=1,.,t (4.9)
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where AB,, indicates the usual matrix product of A and B,y If A= (A4p) €

M, ,(M,,;) then the block Kronecker product of 4 and B is
ANX B = Aqp X B, a=1,..,p; =1,..,q (4.5)

Definition 4.2.2 (Giinther & Klotz, 2012) For = (Aqp) , B = (Bap) € M, 4 a block
Hadamard product of A and B is

AOB = AupBug a=1,...,p; B=1,..,q. (4.6)

Definition 4.2.3 (Giinther & Klotz, 2012) The matrices A € M, , and B € M, are
block commuting if every n X n block of A commutes with every n x n block of B.
And it is denoted by A, .B

Proposition 4.2.4 (Giinther & Klotz, 2012) Letp,q,s,t EN,AE M, , B € M,,
cCeM,,,DeM,,

(@) If B,.Cthen (AKX B)(CXI D) = AC X BD
() AXB=(AXI)(I,X B)
(0 AXB=(I,XB)(AX I, ifandonlyif A,.B.

Lemma 4.2.5 (Giinther & Klotz, 2012) Let A€ M, ,, B € M,

p.q
@) If B is invertible, then A,.B if and only if 4,.B~1
(b) IfA,.BandA,.B*, then A,.B* .

Property 4.2.6 (Giinther & Klotz, 2012) (AKX B)" = A" X BT and (A X B)* =
A" X B*ifand only if A,.B .

Property 4.2.7 (Giinther & Klotz, 2012) Let A and B are Hermitian. Then A X B is
Hermitian if and only if A, B .

Proposition 4.2.8 (Giinther & Klotz, 2012) For p,s € N, there exists a block

permutation matrix P € M,,  such that

PT(ARB)P=BXA if AeM,,B€Mand A,B.
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In particular,

PTAXI)P=I,X A forany A € M,,.
Corollary 4.2.9 (Giinther & Klotz, 2012) Let A € M,,, B € M,. Then
(@) det(A X B) = detASdetBP,
(b) A X Bisinvertible if and only if A and B are invertible,
(c) (AXB)'=A1XB1ifAand B are invertible .
Corollary 4.2.10 (Giinther & Klotz, 2012) Let A € M,,, B € M

@) If A is positive semidefinite and B is Hermitian, then A X B has only real
eigenvalues, the number of positive and negative eigenvalues of A X B is not larger
than p times the number of positive and negative eigenvalues of B , respectively, and
the dimension of the null space of A X B is not smaller than p times the dimension

of the null space of B .

(b) If A is positive definite and B is Hermitian, then A X B is a diagonalizable
matrix, whose number of positive , negative and zero eigenvalues equals p times the

number of positive, negative and zero eigenvalues of B, respectively.

(©) If A'is positive definite and B is such that A XI B is Hermitian, then B is a
diagonalizable matrix that has only real eigenvalues, and the number of positive,
negative and zero eigenvalues of A X B equals p times the number of positive,

negative and zero eigenvalues of B, respectively.

Corollary 4.2.11 (Giinther & Klotz, 2012) Let A€ M,,, B € M, be positive
semidefinite. Then A X B is positive semidefinite if and only if A,.B. Furthermore,

A X B is positive definite if and only if A and B are positive definite and 4,.B.

Corollary 4.2.12 (Giinther & Klotz, 2012) Let A,B € M, and A,.B. If Aand B are

both positive semidefinite or both positive definite, then Ao B is positive

semidefinite or positive definite, respectively.
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Proposition 4.2.13 (Giinther &Klotz, 2012) Let A,B € M,,. If A,.B and A and B are

positive definite, then
A'oB1=B10A1'>AcB)1= (BoAd) L (4.7)
In particular, if A,.A and A is positive definite, then
AloA1>AoAa)?
and
AoA'=4"10A>1,>(A oA 1=AoAa™H L.

= P =

4.3 Results on Schur Complement of Matrices Involving Block Hadamard and

Block Kronecker Product

In this section we will establish some theorems and lemmas about the Schur
complement of block Hadamard and block Kronecker product of matrices. While

doing this, the lemmas and theorems in section 3.3 and 4.2 will be used.
Property 4.3.1 LetA,C,D € M, ,(M,) and A,.C , Ap.D ,, C,:D . Then
Ao(C+D)=(AoC)+ (Ao D) (4.8)
and
Ao(C—-D)=(AoC)— (AoD) (4.9)

Proof. Let the block matrices A4, C, and D be

Aqq Aqq C11 Ciq D44 D44
A= : ], €= : : and D = : :
Apl qu Cpl Cpq Dpl qu
then
C11+D11 Clq+D1q
C+D= : :
Cpl + Dpl b Cpq + qu
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A11(€C11 + Dq11) -+ A1q(C1q + D1g)

Ao(C+ D) = : - :
Ap1(Cp1 + Dp1) -+ Apg(Cpq + Dypg)
A11C11 + A11D1y -+ A14C1q + A14D1q
Ap1Cp1 + Ap1Dp1 -+ ApgCopq + ApgDpq

=(AoC)+ (Ao D)
the equality Ao(C — D) = (Ao C) — (Ao D) can be proved in the same way.

Lemma 432 Let AeM,,, B€ M,, .If Aand B are invertible and A,.B then
Al Band A1, B~

Proof. By lemma 4.2.5 (a) we know that if B is invertible then, A, B if and only if
A,.B™1. And 4,.B means that B,.A. In this corollary both A and B are invertible.
Hence, since A4 is invertible, B,.A if and only if B,,A™1. And this means that

A~1,.B . Since B is invertible, A~1, B ifand only if A"1,.B~1 . m
Lemma4.33LetA€M,,, B € M. If A,.B then (A/a),.(B/a)

Proof. Since A,.B then all block submatrices of A commutes with all block

submatrices of . If we partition A and B as

_ (A1 A, _ (B1.:.B;
A‘(A3%A4)’ B‘( %B4>

where A;,A,,A3;,A, and B,,B,,B;, B, are block submatrices of A and B
respectively. And if we use A/A; and B/B; instead of A/a and /a , then

A/a=A/A; = A, —A3A,; A, and B/a=B/B,=B,—B3;B; B,
(A/A1)(B/B;) = (A4 — A3A;'A; )(By — B3B,'By)
= A,B, — A,B3B, B, — A;A, A,B, + A;A, 'A,B;B, !B,

By lemma 4.3.2
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AB, — A,BsB,"'B, — 434, '4,B, + A3;A,"'4,B;B, B,

=B, A, — B3B; 'B,A, — B,A;A;"'A, + B3B, 'B,A;A4,74,

Hence

(A/A))(B/By) = B4 Ay — B3B, 'B,A, — B4A3A, 'A; + B3B; 'ByA3A,7' A,

= (B/B1)(A/Ay) . m
Through the following lemma, we will prove the inequality

(AoB) ' <A loB ™.

Lemma 4.3.4 Let A,B € M,(M,,) and C,D € M,, ,(M,,) be positive definite matrices

such that A,.B and C,.D . Then

(CaD)(AuB) }(Co D) < (CA™lcHa(PB™1D")

in particular
(AuB) <A oB™!
and
(CoD)(CoD)" <(Cc’)o(DD)
Proof. Let
A= (é CAg*lc*)’ B= (g DBIEZD*)

Then by the theorem 3.2.3 4 and B are positive semidefinite. That is,

A>0 and B>0
hence
o AOB C*oD*
ADB = (c oD (CA'C' )D(DB-ln*)) 20

Taking the Schur complement of (1,1) block in A o B
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(CA™ ¢ )o(DB™D*) - (CuD)(AuB) }(C*'uD*) =0
(CaD)(AoB) (cC*uD*) < (CAc*)a(DB~1D*)
If we put € =1, and D = I in the inequality (4.11), then we have
(AuB)'<A'oB™?!
IfA=1,and B =I,in (4.11), then
(CoD)(CoD)" < (CC)Ha(DD*). =

Lemma 4.3.5 Let A,B € M,(M,) and A,.B. If A is positive definite and B is

positive semidefinite then A 0 B is positive semidefinite.

Proof. By corollary 4.2.10 (b) A X B is a diagonalizable matrix, whose number of
positive , negative and zero eigenvalues equals p times the number of positive,
negative and zero eigenvalues of B, respectively Since B is positive semidefinite

then A X B has only positive and zero eigenvalues.

Also since 4 and B are Hermitian 4 [X B is Hermitian. Therefore AX B is
positive semidefinite. Since A O B is a principal submatrix of A X B, then Ao B is

positive semidefinite. m

Now we will give an inequality which relates the block Hadamard product of
Schur complement of two matrices with the Schur complement of their block

Hadamard products

Theorem 4.3.6 Let A, B € M,,(M,,) be positive definite matrices such that A,.B.
Then

(AoB)/a > A/a 0OB/a. (4.14)

Proof. If we partition A and B appropriately

Then
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ACB = (A1|:| B, A,0O BZ>

A;0B; A,0B,

Since (UTAU)/A(a) = A/a , then we can use A/A, and B/B; instead of A/a and
B/a.

Using the theorem 3.2.3 we have
AA, 74, = A, — A/A, B:B,'B, =B, — B/B, (4.15)
and
A,—A/A, >0 B,—B/B;>0 (4.16)
Taking the Schur complement of (1,1) block of A o B one has
(AoB)/a = (A0 B)/A;0 By = A40 By — (A30 B3) (410 B1) ' (420 By)
Using (4.11)

(AuB)/a > A,0B, — (A;A, *A,)0(B;B'B,)
= A40B, — (A4 — A/A,)0(By — B/By)
= (A/A1)o B, + (A4, — A/A;)0(B/By) (4.17)

Since A4, — A/A; = 0and B/B; > 0, then by the lemma 4.3.5
(A4 —A/A)o(B/By) = 0. Hence
(AoB)/a > (A/A,)0 B, (4.18)
= (A/A1)O(B/By)
Therefore
(AoB)/a>A/a OB/a. =

Example 4.4 Let A, B € M,(M,) be positive definite matrices such that

i1 1:1

A A ) B B 20

A= ( 11 12) — | G = and B = ( 11 12) — | S frrrnrnrnn
Ay Ay ' By1 By ’
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a={1},p={1},a° = {2}, B = {2}
-1 52/11 24/11
Afa = (g g) - ((1) 2) (; g) ((1) 2) = (24511 28?11)

pa=( -6 G 276 D=0k 52)

164/11 96/11)

A/e 0B/a= (96/11 68/11

_ (17 9\ (1 017 9 110 _(927/55 504/55)
(aoB)/a= g 8) (o ) o g (0 )= (504/55 423/55
Now we look for if (A O B)/a is greater than or equal to A/a 0 B/« , that is

(927/55 504/55)>(164/11 96/11)
504/55 423/55) =\ 96/11 68/11)

For doing this we must look for

(927/55 504/55)_(164/11 96/11)>0
504/55 423/55 96/11 68/11) ="

927/55 504/55)_(164/11 96/11)_(107/55 24/55)

504/55 423/55 =\ 24/55 83/55

S'”°e< 96/11 68/11

and

(107/55 24/55
24/55 83/55

A, = 2.2151.

) is a Hermitian matrix that has eigenvalues A1; = 1.2394 ,

hen (107/55 24/55

24/55 83/55) IS a positive semidefinite matrix.

Therefore

(AoB)/a>A/axa OB/«a .
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Now we will state a corollary of theorem 4.3.6. While doing this, we will use the

previous lemmas and theorems about the Schur complement.

Corollary 4.3.7 Let A,B € M, (M,,) be positive definite matrices such that A, B.
Then

(@ (AoB)'/a<[(AoB)/a]™' < (A/a 0B/a)™! < (A/a)"'O(B/a)™",
(b) AoB) YV/a< (A Y/a)op (B /o) < (A 'oB Y)/a< (A/a) '0(B/a)™?
Proof. For (a) : Since A™1/a < (A/a)™ 1, then
(AoB) l/a < [(AoB)/a]™?
by theorem 4.3.6
[(AuB)/a]™ < (A/a o B/a)™*
by (4.12)
(A/a oB/a)™' < (A/a) 'o(B/a)~'.

For (b), if we partition 4 and B

_ (A1 A _ 3132)
A=) B=(5"

then we have

AQB = <A1|:| B, A,O BZ>.

A;0B; A;0B,

We will use the notation A;0 B, in place of (Ao B)/a, that is, the Schur
complement of (1,1) block of Ao B. Similarly, 4, B, and A,0 B, mean that the
Schur complement of (2,2) block of A, B and A O B respectively. By (3.7)

—_— _ —~ -1
(AoB)! = <(A4D B.)™ * ) A= <A4 * )
* (A;oB)™) « A

and
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by this

(A4F|:T_B4)_1 =[AoB)™];, It_l =", and B, = (B,

If we take the Schur complement of these expressions, then

-1 —1

e -1 ot
(A,0B,)"! =A,0B,, A, to= Ay, Ay =4,

hence

(A,0B)'=(4,0B,)"'<A4, 'oB,!

= (A"D);0(B),
= (A"Y/a)a(B~/a)

by theorem (4.3.6)
A Yo)oBt/a)< (A 'oB™YH/a
For(A"'oB Y /a < (A/a) *o(B/a)~* we partition A~1 o B~1 as follows

M N
A loB1= ( 1>

N* A, 'oB;
M and N any matrices. Then the Schur complement of (1,1) block of A=* o B 1 is

(A'oB Y /a=(AToBY), =4, oB, -NMIN<A, oB,

by the observation 2.2.8
N*M~IN >0

hence

—_-1 —-1 1
A, OB,

—N'M-IN <4, 'oB;
= (A/a)"'o(B/a)™"
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by this
(A 1oB Y/ a<(A/a) 'oB/a)™. =

Example 4.5 Let us apply the corollary 4.3.7, using the matrices in the example 4.4

5 2i1 0 3 1:1 0
_(2.3:.0 1 _[1.2:0 1
A_10§52’ 310;31
0 1i2 3 0 1:1 2
then
17 911 0
_[9 8 0 1
ABB = 107179
0 1.9 8
. (47279 —56/279
1 _
(A B)/a]™ = (—56/279 103/279)
47/279 —56/279 —16/279  25/279
Aogy-t | ~56/279  103/279  25/279  —41/279
(AOB)" =1 _16/279  25/279 47/279 —56/279
25/279 —41/279 —56/279  103/279
_ 8/55 —9/55
1 —
(AoB)™/a= (—9/55 17/55)
_ L (17/44 —6/11
1 1 _
(A/e)"'oO(B/a)™' = (—6/11 41/44)
. (17/44 —6/11
1 _
(A/a o B/a)™ = (—6/11 41/44)
_ _ 8/55 —9/55
1 1 —
(A" /a)o (B ' /a) = (_9/55 17/55)
P 18/55  —9/20
1 1 —
(A" oB )/“_(—9/20 171/220)
For (a)
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(AoB)'/a<[(AoB)/a]™*

8/55 —9/55\ _ (47/279 —56/279
(—9/55 17/55)‘(—56/279 103/279)

. 47/279 —56/279\ ( 8/55 —9/55)
The eigenvalues of (—56/279 103/279) (—9/55 17/55 ) &€
A, = 0,000087 1, = 0,083002.

If we do the same process the following inequalities, then we will see that the

inequalities are true
[((AoB)/a]l™' < (A/a OB/a)™!

( 47/279 —56/279) - (17/44 —6/11)
—56/279 103/279) =\-6/11 41/44

(A/Ja OB/a)™' < (A/a) '0(B/a)™?

(17/44 —6/11)S(17/44 —6/11)

—6/11  41/44) =\—6/11  41/44
For (b)
AoB) 1/ja< (A Y/a)o (B 1/a)
8/55 —9/55 8/55 —9/55
(—9/55 17/55)3(—9/55 17/55)’
A Ya)o(B/a)< (A 1oB ) /a
(Corer 0300)=(Coiasa arrr)
and

A1'oB Y/ a< (/o) 'oB/a)™t

327 0. 386 —0.545
(Conto 0777)=Cosas 0932 )

Corollary 438 LetA>0,B > 0 € M,(M,) and A,.B . Then

35



[(AoB)/a] < (A 1oB™Y)/a
Proof. By the inequality (4.18)
[(An B)/A;0 B4] = (A/A,)O B,
[(Ao B)/A;0B{]™' < [(A4/A1)T B,] ™"
= [(4/A)B(B™/By) ™!
< (4/A))"'a(B™'/By)
= A,0(B7'/By)
<A,0B7'/By)+ A,0[(B/B1)"'— B~ 1/By]
Since 4,.B, then

A,0(B~'/B,) + A,0[(B/B1)"* —B~'/B]
= (B"'/By)oA, + [(B/B;)™* —B™'/B4] DA,

by (4.17)
(B"'/By)DA, + [(B/By)"' =B '/By]nA, <(A'oB1)/A,0B,
hence

[(AuB)/A0B{] <A 'oB 1) /A,0B,

Since UTAU/A(a) = A/a ,then (Ao B)/A,0B, = (A0 B)/a . Hence
[(AoB)/a] '< (A 'oB 1) /a. =

Example 4.6 We will use the same matrices as in the example 4.5
A = | ................. and = ..................

Then
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1 (47/279 —56/279
[((AoB)/a]™' = (_56/279 103/279)

(A1 0B/ = (18/55 ~9/20 )

—9/20 171/220

The eicenval f( 47/279 —56/279) _(18/55 ~9/20 ) r
€ elgenvalles of\ _sg /279 103/279) ~\=9/20 171/220) €
A, = 0.0047 4, = 0.5621.

In the theorem 3.2.4 we stated an inequality between the determinants of a matrix
and its Schur complement. Now we will find a same relation between the block

Hadamard product of two matrices and their Schur complements.

Lemma 4.3.9 Let A and B be 2 x 2 positive semidefinite block matrices such that

A A B B
A:(n 12)’ B:(u 12)
A1 Az Ba1 Ba

and A, B. Then

det[(A ] B/AllBll + A0 B/A11B11 - Azszz) -+
(A22B2; —AOB/A11B11)(A11B11 — A0 B/A3;B3,)(A11B11)™'] < det(An B/ A1 B11)

Proof. Since A and B are positive semidefinite then
A11 A12 Bll BlZ
1=(ar ) 2o 5)
A12 AZZ BlZ BZZ

Ay1B14 A1zB12>
A1;"B1y" ApyBy;

ADB=(
ADO B/AllBll = AZZBZZ - AlZ*BIZ*(AllBll)_lAlzBIZ
AO B/AZZBZZ = AllBll - AlZBlZ(AZZBZZ)_IAlz*BlZ’k
And we know by the theorem (3.2.4) that

det(A O B/AllBll) det(A O B/Azszz) < det(A O B)

Now let us begin the proof :
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det(Ao B/ Ay1By,)det(A0B/A;;B;,;) = det[(A0B/A11B11)(A0B/A3;B;,)]

= det[(AZZBZZ - A12*312*(AllBll)_lAIZBIZ)] [(A11B11
- A12312(AZZBZZ)_1A12*BIZ*)]

= det[(A22B22411B11 — A12B12412 B1y” — A1z Bia A12B1,
+ A1z B12" (A11B11) T A12B12A13B12(A22B22) " A1z B1a )]

= det[(A;2B22A11B11 — A13"B13"(A11B11) "1 A13B15(A11B11) — A12 " Biy " A12B12)
+ (Ay2B2; —AOB/A11B11)(A11B11 —A O B/A;;B5;)]

= det[(A;2B2; — A12"B13"(A11B11) "1 A13B1;) (A11By1) — A1 B1y"A15By;
+ (Ay2B2; —AOB/A11B11)(A11B11 —A O B/A;;B;;)]

= det[(AO B/ A11B11)(A11B11) — A12"B13"(A11B11) 1 A12B12(A11B14)
+ (Az2B2; —AOB/ Ay1B11)(A11B11 — AT B/A3,B5;)]

= det[((AQB/A11B11)(A11B11) — A1 B12"(A11B11) "1 A12B12)) (A11B11)
+ (A22B2; — (A0 B)/A11B11)(A11B11 — (A0 B)/ A3, B35)]

=det[(AOB/A11B1; + AQB/A1B11 — A33B53)(A11B11) + (A22B5;
—AOB/A11B11)(A11B11 —A O B/A3;B5,)]

=det[(A0B/Ay1B11 +A0OB/ A;1By; — Ay3B7,)(A11B11) + (A22B3;
—AOB/A;1By,)(A11B;; —ADO B/Azszz)(Aan)(A11Bl1)_1]

= det[((AOB/ Ay1B11 + A0 B/ A;1By; — Ay;By5) + (A22Bs;
— AOB/A;1B11)(A11B11 —AOB/A3;B;5,)(A11B11) 1) (A11B11)]

=det[(A0B/A;1B11 + AUB/A;1B11 — A33B3;) + (42282
— AOB/A11B11)(A11B11
— AOB/A;;B5,)(A11B11) " ]det(A11B11) < det(A O B).

Since
det(A O B) == det(A O B/AllBll)det(AllBll)

then
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det[(An0B/ Ay1By; + A0 B/ Ay1Byy — A32B5;) + (A32By; —AO B/ Ay1B11)(A11B11
— A0 B/A3B3,)(A11B11) 7" 1det(A11By;) < det(An B/ Ay Byy)det(Ay1Byy)

hence

det[(Au0B/A;1B1; + AUB/A11B11 — A32B33) + (A22B2; —AOB/A11B11)(A11B11 —
AOB/A3;B;3)(A11B11)™! < det(AnB/A;1B;1) m

In theorem 3.3.1 we stated the Oppenheim’s inequality for Hadamard product of
positive difenite matrices. But this thereom also valid for block Hadamard product.
Giinther & Klotz proved Oppenheim’s inequality for block Hadamard product. Now
we try to prove the inequality for positive definite block matrices by using the
method as in the proof of theorem 1.17 in (F. Zhang, 2005) :

Theorem 4.3.10 Let, B € M,,(M,,) and A,.B. If A and B are positive definite, then
det(A0B) = det(BO A) = detB[I}_, Ay (4.19)
Proof. We will prove by using induction. Forp =1
AOB = A,B
if we take the determinant of Ao B, then
det(Ao B) = det(A;,B) = detA;,detB.

Assume that (4.19) is true for all positive definite block matrices that have size less

than p. If we partition A and B as

A= (a* Ap—l) B= (b* Bp—l)
where
* A22
AlZ A \
a = (Alz Alp), a* = , Ap—l = 33 .
Arp App/
and
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B
B’ 22 . \
b=(Biz . By), b'=| i | Byq= 33 ) .
By’ : /
Bpp
And if we define the matrices
. AlZ*
A= a*All_la = A11_1(A12 Alp)
Alp
N BlZ*
B=bB;; b= i |Bj; '(Biz - By
Blp

then
A/A =4, 1 —a’A;, la=A4, -4
B/B;, =B, ;—b*B;; 'b=B, ;—B
And A/A,., B/B;; are positive definite. Now let us look at this computation:
A,_10(By_y — B) + (A,_4 —A)OB = A,_40B,_, — AOB
= AnB/A;1By;
det(AOB) = det(A,,B;,)det(AnB/ A;1B;4)
= det(A11B11)det[A,_10(B/By;) + (A/A;1)OB].

Since A,,_10(B/B;4) is positive definite and (A/A;,)DOB is positive semidefinite.

By the theorem 3.2.8,
det(AnB) > det(A;;By;)|det[A,_10(B/B11)] + det[(A/A;)0B]]
= det(A1,B,1)det[A,_y0(B/By,)] +
det(Ay1B,1)det[(A/A11)DOB]

> det(AllBll)det[Ap_ﬂj(B/Bn)]
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> det(A11B;11)detAy,detAs; ... detAy,det(B/By;)
= det Ay detBydetA,,detAss ... detAy,,det(B/Bq1)
= detB;,det(B/B;1)det A;;detA;,detAss ... detAy,
=detB[Il_,A;

From now on we will use some special matrices such as centrosymmetric. So that

we must give the definition of these matrices:

Definition 4.3.11 (Li, Zhao, Dai, Su, 2011) A = [aij]nxn is a centrosymmetric

matrix, if
Ajj = Ap—i+1,n—j+1 (4.20)
1<i<n, 1<j<n
or
Jndln =4 (4.21)

where J,, is the flip matrix with ones on the secondary diagonal and zeros elsewhere.

Lemma 4.3.12 Let A = [Aif]nxn’ B = [Bif]nxn (n = 2m) be two centrosymmetric

matrices with the following form:

a=( ) e=(o )

Ay, A,, By, B, € C™™ Then, A O B is centrosymmetric.
Proof.

AOB = (AlBl ]mAZJm/mBz]m>

AZBZ ]mAL]m]mBJ.]m

since J,Jm = I, then

AOB = (AlBl ]mAZBZJm>

A2B;  JmA1Bim
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Therefore A O B is also centrosymmetric. =

Example 4.7 Let

1213 2 3 3211 2 2
/011011\ /110300\
121010 1] 120211 1]
A=11 0 10 1 2| and  B=|7 1 1 52 o 2|
110110/ 003011/
32312 1 2 2 11 2 3

then

7 4 3 12 9 9
/312411\
{75 2 2 3 3|
ADB=13 3 5 5 5 7|
\114213/
9 9 12 3 4 7

which is centrosymmetric.

Observation 4.3.13 Let A, B € M, (M,,) be two centrosymmetric matrices with the

following form:

a=(ay ) B=(s Tosun)

where p = 2m and A4, A,, B4, B3, J., € M,,,(M,,) and where J,, is a block flip

matrix . Then A O B is also centrosymmetric.

Example 4.8 Let A,B € M,(M,)

1 3:1 2:0 1:2 2 1 2¢1 3:1 1:3 1
02102130 1001010 1 0
20T 0TS YT
|1 1030203 22012123
A= 07503 e T | A B= 3y Ty T
1111130 2 10220110
0371727071 270 07170710101
2 2102 13 1 131113 121
then
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AOB =

W Wik WhHd AW -k
W Riw OIN WiN O
N OIN Wioy NI ©
B NIO NO AW N

O DNNWNIO Wik W
WD AW R W

KN Wb O O: N &
o OIN VW IO N

A O B is centrosymmetric.

Lemma 4.3.14 Let A,B € M,,(M, ) be two centrosymmetric matrices with the

following form:

a=(ay magn) 2=(s o)

where, p = 2m A, Az, By, B3, J;n € M,(M,,) and where J,,, is a block flip matrix.

Then A X B is also centrosymmetric.
Proof. Since 4 and B are centrosymmetric then
A = JomAl2m and B = J2mBJ2m
where A, B, J 3,y € M,(M,,) and J,,, is block flip matrix. Then
AX B = (J2mAl2m) X U2mBJ2m)

= [J2mA) K U2mB)1U2m B J2m) by proposition 4.2.4(a)

= (Jom X J2m)(AX B)] 4,2 by proposition 4.2.4 (a)

= Jam2(A X B)] 42
Hence, A X B is also centrosymmetric. =

Example 4.9 Let A,B € M,(M,). So

p=2m=1 Jn=]1 A=]JA]; B=];B];
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.................................

and

Then

5 4:2 3:3 2:2 3

2 2:0 0:2 2:0 O

9 24 713 2i2 3

6 4.2 4:6 4:2 4

4 214 6:4 2:4 6

3 2:2 3:7 4:6 9

0 0:2 2:0 0:2 2

AX B

3 2:2 3:i3 2:4 5

Ja(AX B)], .

AX B

That is
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CHAPTER FIVE
CONCLUSION

In this thesis we have worked out the Schur complement of matrices. For this
purpose, we have studied the articles on inequalities involving Schur complement
and Hadamard product. Then we have obtained some results concerning Schur

complement and Hadamard product.

After examining the usual Hadamard and Kronecker products of matrices, then we
studied the block Hadamard and block Kronecker products. By using these products,
we focused on the Schur complement of block matrices. Firstly, we have established
the definition of the Schur complement in the block form and we gave some
examples about this. After that, we have analyzed the block Hadamard and block
Kronecker products. We achieved some new results and constructed new lemmas
and theorems on the Schur complement of matrices involving block Hadamard and
block Kronecker products. Also we found an analogy between the inequalities
involving Hadarmard, Kronecker products and block form of these products. After
this, we gave some examples that providing the lemmas and theorems that we

construct .

Finally, we studied the centrosymmetric matrices. We analyzed the block
Hadamard and block Kronecker products of centrosymmetric matrices. Then we
established some new lemmas and give some examples that providing the lemmas

about the centrosymmetric matrices.
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