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ON INEQUALITIES INVOLVING THE HADAMARD PRODUCT AND
NORMS OF MATRICES

ABSTRACT

Inequalities in Hadamard product has been an active research area in the recent
years. In this thesis, the studies about Hadamard products of different type of
matrices, spectral radius of those matrices and inequalities on the spectral radius of
matrices are investigated. Furthermore, new lower and upper bounds are computed
for those inequalities involving spectral radius with the help of the norms of

matrices.
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MATRISLERIN HADAMARD CARPIMLARINI VE NORMLARINI
ICEREN ESITSIiZLIKLER

0z

Hadamard carpimlarini igeren esitsizlikler son yillarda aktif bir caligma alani
olusturmustur. Bu tezde, farkli matris c¢esitlerinin Hadamard c¢arpimlari, bu
matrislerin spektral yarigaplarini igeren esitsizlikler incelenmistir. Buna ek olarak,
matrislerin normlar1 yardimiyla spektral yarigaplari iceren esitsizlikler i¢in yeni alt

ve st sinirlar hesaplanmistir.

Anahtar kelimeler: Spektral yarigap, Hadamard ¢arpim, matris normu.
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CHAPTER ONE
INTRODUCTION

Matrices and matrix operations are studied and applied in many areas such as
engineering, natural and social sciences. Although they are quite helpful to
understand, to classify and to solve the problems in these areas this is not enough to
solve all the problems. Different types of matrices and different properties of these
matrices are needed in order to overcome such problems. Hence, matrix theory is
mainly necessary for classifying matrices, determining the elements of matrices
which will be able to generate new type of matrices and new inequalities containing
those matrices. Lots of information about matrices can be found in the books of Horn
and Johnson (1985, 1991).

There are studies on inequalities involving the spectral radius of a matrix.
Ledermann (1950) and Ostrowski (1952) have found an interval for the spectral
radius of a positive matrix by using minimum and maximum row sums of this
matrix. Moreover, Horn and Johnson (1985) proposed an upper bound for the
spectral radius of two nonnegative matrices. A decade later, Audenart (2010)
achieved to obtained a better upper bound involving the spectral radius of the
Hadamard product of two nonnegative matrices. To prove this theorem, he used the
definition of the spectral radius by the help of the trace of a matrix.

Since centrosymmetric matrices have many applications, in recent years a lot
of work has been done on centrosymmetric matrices. Li et al. (2011), discussed the
bounds of the spectral radius of nonnegative matrices with centrosymmetric
structure. In this thesis, we have achieved to obtain and to prove the results for new
bounds of spectral radius of the Hadmard and Kronecker products of

centrosymmetric matrices.
Now, we will look at brief information about how this thesis has been organized:
Chapter 2 provides main properties, theorems, and definitions which are used

within this thesis and it includes three parts. In the first part, important definitions for

special products of matrices and related norms of these matrices are given. The



special products such as Hadamard, Kronecker and Fan products will be introduced
to be able to understand the lemmas, theorems and corollaries in this thesis.In second
part, the other basic definitions like spectral radius and centrosymmetric matrix are
given.The third part of this chapter will come to the end with some results about

trace of a matrix and the Kronecker product of the matrices.

In Chapter 3, we will be interested in inequalities involving spectral radius of
matrices.We will analyze the main theorems proved by Ledermann in 1950, Zhao &
Dai in 2011 and Ostrowski in 1952. After examining these theorems, we will
construct new bounds for the spectral radius of a positive centrosymmetric matrix.In
the last part of Chapter 3, we will obtain some new propositions on spectral radius

without proving.

In Chapter 4, we will be specially focused on the inequalities involving
centrosymmetric matrices. In addition, we will be dealing with special matrix
multiplications of two centrosymmetric matrices.We will check whether the the
multiplications are centrosymmetric or not. After then, we will try to construct new

bounds involving the spectral radius of the centrosymmetric matrices.



CHAPTER TWO
PRELIMINARIES

This chapter provides main properties, theorems and definitions which are used

within this thesis.

Let M,,,, denote an m x n matrix and let M,, denote a matrix with size n x n.

Also, let C,,,,, denote the complex plane containing all m x n complex matrices.

2.1 Definitions for Products of Matrices and Norms

In order to understand this thesis, it is necessary to give basic whereas important
definitions which are special products of matrices and related norms of those

matrices:

Definition 2.1.1 (Horn & Johnson, 1985) Let A = [a;;] € My, and B = [b;;] €

M,,...n, be given as two matrices, then Hadamard product of A and B is
AoB = [a”bl}] (21)
Note that Hadamard product is also known as Schur product.

Definition 2.1.2 (Horn & Johnson, 1991) Kronecker product of two matrices A,,n

and B, is an mp xng matrix denoted by A®B and is defined as

A®B = [a;,B] (2.2)
or

AQB = [Ab;;]. (2.3)

Definition 2.1.3 (Huang, 2008) Let A, = [a;;] and By,,,, = [b;;] be two matrices

in the space of M,,,,,. Then Fan product of A and B is given as

C=A*B (2.4)



where

Crnan = [Cij] (2.5)

with elements

—a;ib;;, ifi #j.

= { aa:buj ;fi - j (2.:6)
Definition 2.1.4 (Huang, 2008) Khatri-Rao Product
Let A € My, and B € M,,,, be two matrices. Then

AQB = (Ai,@Bi,-)U (2.7)
where

A;j®B;; is of order m;p; X n;q;

and

A © Bisoforder (Xm;p;) x (T n;q;).

In matrix theory, matrix norm is very important and useful tool when determining
behavior of a matrix. There are several ways and there exist some formulas in order
to describe a norm. Some of them will be given with the help of the vector norms
like in the following:

Definition 2.1.5 (Meyer, 2004) p-Norms

For p = 1, the p-norm of a vector x € C, is defined as

1

lxll, = i lx:|P)P. (2.8)
In practice, the following three of the p-norms are used frequently:

lxlly = Xiqlxl, the grid norm.

1
llxll, = (™, 1x;1%)z,  the Euclidean norm.



1
Ixlleo = lim,Lellx|l, = ,lll?o (Xiz11xi[P)P = max;<ienlx;| ., the max norm.

Definition 2.1.6 (Meyer, 2004) Induced Matrix Norms

A vector norm that is defined on C, for p = mxn induces a matrix norm on C,,,, by

setting
”A” = InaX||x||=1”Ax” forA € (menr X € Cnxl- (29)

Definition 2.1.7 (Meyer, 2004) Frobenius Norm

Frobenius norm of A € C,,,,.,, IS defined as follows:

2
1417 = 2 j]ai;] " (2.10)

Note that Frobenius norm can be seen as Hilbert norm or Schur norm in some text

books.

Definition 2.1.8 (Meyer, 2004) Matrix 1- Norm

Informally, it is defined as the largest absolute of column sum. Formally, it is defined

as
IAll; = maxy, =1 llAx|l; = max; ¥;|a;;|. (2.11)

Definition 2.1.9 (Meyer, 2004) Matrix 2- Norm

The matrix norm, induced by the Euclidean vector norm, is

IAll, = maxy,=114%]l2 = Amax (2.12)
where 1,,,.« IS the largest eigenvalue A which satisfies the equation
det(A*A—AI) = 0.
Note that this norm is also known as spectral norm.

Definition 2.1.10 (Meyer, 2004) Matrix oco- Norm




Allo = maxyy=1llAxlle = max; ¥;|a;;|. (2.13)
It can be considered as the largest absolute row sum.

2.2 Definitions for Spectral Radius and Types of Matrices

Definition 2.2.1 (Li & Zhao, 2011) Let A = [aij]mmbe a matrix with eigenvalues

{11, 25, ..., 4, }. Then
p(4) = max{ |4], |42}, ..., 14n] } (2.14)
is the spectral radius of A.

Definition 2.2.2 (Meyer, 2004) Let A = [al-j ]mxn,then positive square roots of the

nonzero eigenvalues of A*A (or AA™) are called nonzero singular values s;(A).
Note that
51(A) = 5,(A4) = -+ = s, (4).
Now, let us give other well-known matrix norms.
Definition 2.2.3 (Du, 2010) Spectral Norm
Let A € My, then |[|A[[y = s1(A).

Definition 2.2.4 (Du, 2010) Trace Norm (nuclear norm)

1Al = Xj=15;(A). (2.15)

In matrix theory, there are many different types of matrices, but in this thesis we will
be frequently dealing with nonnegative, positive, positive definite, positive-

semidefinite and centrosymmetric matrices.

Definition 2.2.5 (Li, Zhao, Dai, 2011) LetA = [a;;| and B = [b;] . Then

e Aisnonnegative if all a;; > 0 and it is denoted as A = 0.
e Aispositive if all a;; > 0 and it is denoted as A > 0.
e A=>BIf aij Zbl] foralli,j.

° A>B|'|:Cl,lj>bU fOI’alll,j



Definition 2.2.6 (Meyer, 2004) If all eigenvalues of A € C,,,,, are positive then A is

called positive definite matrix and it is denoted as A > 0.
It is obvious that A > B means that A — B > 0.

If all eigenvalues of 4 € C,,,, are nonnegative then A is called positive semi-definite

matrix and it is shown as 4 > 0. It is also obvious that 4 > B meansthat A — B = 0.

Definition 2.2.7 (Li, Zhao, Dai, Su, 2011) A = [aij]nxnis a centrosymmetric matrix,

if

Aij = n_jiy1n—j+1 (2.16)
where
1<i<n, 1<j<n
or
JnAln = A (2.17)

where J,, is the flip matrix with ones on the secondary diagonal and zeros elsewhere.

If A is both nonnegative and centrosymmetric then A is called a nonnegative

centrosymmetric matrix.

2.3 Basic Lemmas and Theorems on Inequalities Involving Hadamard Product

In this part of this thesis, some necessary lemmas and theorems which will be

used in the following chapters are given in order to understand what we have studied.
Theorem 2.3.1 (Horn & Johnson, 1985; Brewer, 1978) Let A = [aif]nxn then

tr(AB) = tr(BA). (2.18)

tr(A®B) = tr(A)tr(B). (2.19)

Theorem 2.3.2 (Brewer, 1978) Let A4, B, C, G be matrices in C,,,,, then



(A®B)(C®G) = AC®BG. (2.20)

Lemma 2.3.1 (Neudecker, 1990) Let A be a positive semidefinite matrix, then
tr(A) = 0.

Theorem 2.3.3 (Neudecker, 1990) If A and B are positive semidefinite matrices,
then tr(AB) = 0.

Lemma 2.3.2 (Yang, 1988) Let A be a positive definite matrix, then tr(A) > 0.

Theorem 2.3.4 (Yang, 1988) If A and B are positive definite matrices, then
tr(AB) > 0.



CHAPTER THREE
ON SPECTRAL RADIUS OF CENTROSYMMETRIC MATRICES

In this chapter of the thesis, we will be interested in inequalities involving spectral
radius of positive centrosymmetric matrices. We will establish some estimations of

the spectral radius.
3.1 Inequalities Involving Spectral Radius

Recently, a number of inequalities and result involving the spectral radius of
positive centrosymmetric matrices are established by many researchers. In this
section, we will analyze some theorems proved by Ledermann (1950), Liu, Zhao,

Dai & Su (2011), and Ostrowski (1952).

Theorem 3.1.1 (Ledermann, 1950) Let A = [aij]mm be a positive matrix, then

r+a(%—1)§p(A)§R—a(1—\/5) (3.1)
where
n
Ti
= z ik, 6 = max {—}
Ti<T'j T}
k=1
r = min{r;}, R = max{r;}
and
a= min{aij}, 1<ij<n

H. Li et al. used Thereom 3.1.1 to prove the following theorem.

Theorem 3.1.2 (Liu et al., 2011) Let 4 = [aif]nxn be positive centrosymmetric

matrix with the following form

el



and
D =A;+]A,

where A4, A,, € Cpem and n = 2m. Then

1
r+d(=—1)<p <R—d(1-5) (33)
where
n
T
= Aik, D= ;?j‘r)j {rj}
k=1
r = min{r;}, R = max{r;}
and
d= min{dij}, 1<i,j<n

Note that this interval is better than Ledermann’s interval. Because,

1

r+a(5-1)< r+d(\/%_n—1>Sp(A)SR—d(l—\/S_D)SR—a(l—\/g). (3.4)

It is also remarkable that Zhao, Li, & Gong’s interval depends only the matrix D with

size mxm, not the matrix A with size 2mx2m.

Theorem 3.1.3 (Ostrowski, 1952) Let A = [a;;] be nonnegative matrix with size

nxn. Then

r+a(3-1)<p) <R-a(1-6) (3.5)

where

n
r—a
Ty = Qi 6= R—_a

k=1
r = min{r;}, R =max{r;}
a= min{aij}, 1<i,j<n.

10



3.2 A Result for the Bounds of a Spectral Radius

In this section, we will construct and prove a new theorem containing the bounds
of a spectral radius. Some new lower and upper bounds of positive centrosymmetric
matrices using their minimum and maximum row sums are obtained. Numerical

examples are given in order to illustrate the effectiveness of the proposed approach.

Theorem 3.2.1 Let A = [aij]nxn be a positive centrosymmetric matrix withn = 2m.

Then
1 1
r+a(\/—g—1)Sr+a(ﬁ—1) (3.6)
R—a(l—+vp) <R-a(1-+9) (3.7)
where
n
Ti )T
T = ik 6 = max {—}, i = min {—}
e Ti<1"j T"] T'l<T] T}
r =min{r;}, R =max{r;}, a= min{aij}, 1<ij<n
Proof

Itis clear that u < &. Taking square root of both sides, we obtain

VE< V6.
Then,

.1

NEAT

Adding —1 to both sides, we obtain the following

1 1
——1<—=-1

NN

Multiplying both sides by a gives

11



(5 1)<e(z1)

al—=-— al—=—1).

V5 Vi

Then, adding r to both sides, we get the following inequality:

+a . 1)<r+ (1 1)
r a\—— r al|l—— .
Vs Vi
Similarly, (3.7) can be proved easily.

It is obvious that u < §. Taking square root of both sides, we obtain

VR < V6.

Then,
—/6 < —/I.
Adding 1 to both sides, we obtain the following
1-V6<1—-+p
Multiplying both sides by —a gives
—a(l - \/ﬁ) < —a(l - \/5)
Then, adding R to both sides, we get the following inequality:
R—a(1-u) <R —a(1-s).

Be aware of that we obtained a bigger lower bound and a smaller upper bound. This

shows that our bounds are sharper than Ledermann’s.

Example 3.2.1

The following example which is used in the Zhao, Dai, & Su (2011) is chosen.

12



13 4 1 2 4
2 1 1 3 1 2 4 6 3
a=f3 42121 andD=424]
1212 4 3
[213112J 555
4 2 1 4 3 1

p(A) = 12,6033

Theorem 3.1.1: 10,0742 < p(A) < 14,9309
Theorem 3.1.2: 10,1483 < p(A4) < 14,8619
Theorem 3.2.1: 10,224 < p(A) < 14,816

Note that the last interval which we found by using our theorem is the best approach
for p(A).

Example 3.2.2
1 2 1 6 1 4 2 17
21 31 6 3 5 7
4 2 1 3 1 2 4 3 2 4 5 7
1 3 4 2 3 1 1 2 9 6 6 7
A= and D =
2 1 1 3 2 4 3 1 7 6 3 4
34 2 1 3 1 2 4 3 4 5 5
7 5 3 6 1 3 1 2
1 2 4 1 6 1 2 1

p(A) = 20,5866

Theorem 3.1.1: 17,0289 < p(4) < 27,9171
Theorem 3.1.2: 17,1807 < p(A) < 27,8342
Theorem 3.2.1: 17,2833 < p(A) < 27,779

Note here that the last interval is the best approach for p(A).

The following example is given in order to observe whether there is a difference in

the result when the entries of the matrix are increased.

13



Example 3.2.3

(43 9 5 3 11
13 6 2 8 4 5| Is
|75 7 3 2 2 _
A_Izz 3757|andD_2
[548263J
11 3 5 9 3 4

p(4) = 29,8041

Theorem 3.1.1: 26,0755 < p(A) < 34,927
Theorem 3.1.2: 26,227 < p(A) < 34,781

Theorem 3.2.1: 26,3204 < p(A) < 34,723

6 14
10 10
7 10

|

In conclusion, it can be easily seen that the result of the Theorem 3.2.1 is better

than the result of the theorems 3.1.1 and 3.1.2.

3.3 Some Propositions on Spectral Radius

While studying on the article of Ostrowski we have found some propositions

containing spectral radius. These propositions work in all examples which we have

studied. However, in theory we couldn’t prove them. To see effectiveness of those

propositions, we will give some numerical examples.

Proposition 3.3.1 Let 4 = [aij]nxn be a nonnegative matrix. Then

r+a(§—1)Sp(A)SR—a(1—6)

where
n
T—a
Ti =Zaik' *=Jzr—a
k=1
r =min{r;}, R =max{r;}
and
a= min{aij}, 1< l;] <n.

14

(3.8)



Proposition 3.3.2 Let A = [a;;| _ be a nonnegative matrix. Then

nx

r+a(;-1)<p(Ad) <R-a(1-6)

where
n
San - JTE,
T = air, = [—
' Lhe r+R—a
k=1
r = min{r;}, R = max{r;}
and
a = min{a;;}, 1<i,j<n.

Proposition 3.3.3 Let 4 = [al-j]mm be a nonnegative matrix. Then

r+a(§—1)£p(A)SR—a(1—6)

where
n
S o= i
= ik " NR+2a
k=1
r = min{r;}, R =max{r;}
and
a= min{aij}, 1<i,j<n

Proposition 3.3.4 Let A = [a;;] _ be a nonnegative matrix. Then

nx

r+a(3-1)<pd) <R-a(1-6)

where

15

(3.9)

(3.10)

(3.11)



k=1
r = min{r;},
and
a=min{aij},
Example 3.3.1
[1 2 1
IZ 1 3
14 2 1
A‘|1 3 4
l2 1 1
3 4 2

p(A) = 12,6033

Theorem 3.1.3  :10,247 < p(A) < 14,801
Proposition 3.3.1: 10,795 < p(A) < 14,557
Proposition 3.3.2 :10,632 < p(A4) < 14,612
Proposition 3.3.3:10,374 < p(A4) < 14,727

Proposition 3.3.4 :10,333 < p(4) < 14,75

Example 3.3.2

1 1

2 3

1 1

_|2 5

4= 1 2

6 3

1 1

5 4

16
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p(A) = 1,4125

Theorem 3.1.3  :1,3051 < p(4) < 1,5132
Proposition 3.3.1: 1,4086 < p(A4) < 1,4559
Proposition 3.3.2: 1,3941 < p(A4) < 1,4616
Proposition 3.3.3: 1,3504 < p(A4) < 1,4827

Proposition 3.3.4 : 1,3362 < p(4) < 1,4911

Example 3.3.3
1 2 1 6 1 4 2 17
2 1 3 1 6 3 5 7
4 2 1 3 1 2 4 3
4=11 3 4 2 3 1 1 2
2 1 1 3 2 4 3 1
3 4 2 1 3 1 2 4
7 5 3 6 1 3 1 2
1 2 4 1 6 1 2 1
p(A) = 20,586

Theorem 3.1.3  : 17,299 < p(4) < 27,769
Proposition 3.3.1: 17,850 < p(4) < 27,539
Proposition 3.3.2: 17,658 < p(A) < 27,603
Proposition 3.3.3: 17,369 < p(A) < 27,73

Proposition 3.3.4 : 17,346 < p(A) < 27,742

In all examples it is remarkable that the proposed propositions give a better result
than Ostrowski’s theorem. Moreover, it is seen that the order of importance of p(A)
is the same. Namely, the best interval is obtained from Proposition 3.3.1 and the

worst interval is obtained from the theorem of Ostrowski.
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CHAPTER FOUR
INEQUALITIES ON HADAMARD AND KRONECKER PRODUCTS

In this chapter, we will be interested in inequalities involving Hadamard product
of matrices. After that we will focus on properties and inequalities of

centrosymmetric matrices in detail.

4.1 Spectral Radius and Norm Inequalities Involving Hadamard Product for

Matrices

In this section, we will summarize and analyze the literature that is related to our
study. Almost all lemmas and theorems which are related to spectral radius and the
norm for Hadamard product on different types of matrices such as positive definite,
nonnegative and centrosymmetric matrices are represented in details. All inequalities
that are mentioned in the literature are compared and investigated in order to achieve
the appropriate interval for spectral radius.

Lemma 4.1.1 (Audenaert, 2010)

p(A™) = p(A)™ (4.1)
for all square complex matrix Aand allm =1, 2,3, ...
Theorem 4.1.1 (Horn & Johnson, 1985)
Let A,B € M,, A>0,and B >0, then
p (A°B) < p (A)p(B). (4.2)
It is obvious that spectral radius is multiplicative with respect to Hadamard product.

Lemma 4.1.2 (Audenaert, 2010) For a given A € M,,, such that A > 0,

p(A) = limy, o, (ErA™)m, (4.3)

18



Corollary 4.1.1 (Zhan, 2009) Zhan’s Conjecture
Let A, n, Bnxn b€ NONNegative matrices. Then
p (A°B) < p (4B). (4.4)
Theorem 4.1.2 (Audenaert, 2010) For n x n nonnegative matrices A and B,
p (A°B) < p[(AcA)(B°B)]"? < p (4B). (4.5)
Notice that Audenaert improved Zhan’s conjecture using Lemma 4.1.2.

Theorem 4.1.3 (Horn & Zhang, 2010) Let A,B € M,,. Suppose that A > 0 and
B = 0.Then

p (A°B) < pY2( AB°BA) < p (4B). (4.6)
Again one can see that (4.6) is an improved version of Zhan’s conjecture.
Proposition 4.1.1 (Horn & Johnson, 1991) Let A,,,,,, and B,,,,,, then
AoB = (A®B)(q,p] 4.7
where
a={1,m+22m+3,..,m?}
and
p={1,n+22n+3,..,n?}.

That is, the Hadamard product is a submatrix of the Kronecker product. In particular,
if m = n then AoB is principal submatrix of AQB which is the submatrix that lies in
the rows of A indexed by a and in the columns indexed by S. And it is denoted by
Ala] instead of Ala, af.

Lemma 4.1.3 (Horn & Zhang, 2010) Let A,B € M,, be nonnegative and let

a € {1,...,n} be given and nonempty.

19



(1) If A= B,then p(A) = p(B). (4.8)

(2) p(Ala]) < p(4). (4.9)
(3) Ala]B[a] < (AB)|a]. (4.10)
(4) p (Al]B[a]) < p((4B)[a]) < p(4B). (4.11)

Lemma 4.1.4 (Horn & Zhang, 2010) Let A=[a;;] € M,, withn > 2, and

suppose that A is nonnegative and irreducible. Let « < {1, ..., n} be nonempty. Then

p (Ala]) < p (4). (4.12)

Corollary 4.1.2 (Horn & Zhang, 2010) Suppose that A > 0 and B > 0 are two

matrices in M,,. Then
p(A o B) < p(AB). (4.13)

Lemma 4.1.5 (Horn & Zhang, 2010) Let A, B, and C be positive semidefinite

matrices in the space M,, and let « € {1,...,n} be given and nonempty. Then

(1)If A = B,then p(A) = p(B). (4.14)
(2) p(Ala]) < p(A). (4.15)
(3) If B > 0, then p (A[a]B[a]™) < p(AB™Y). (4.16)
(4)If A > B, then p(BC) < p(AC). (4.17)

Zhan’s conjecture "p(A o B) < p(AB)" is proved by K. Audenaert and also by R.
Horn and F. Zhang. However, it doesn’t work for positive semidefinite matrices. The

following theorem offers an alternative idea for positive semidefinite matrices.

Theorem 4.1.4 (Horn & Zhang, 2010) Let 4,,,,, be positive semidefinite matrix and

By, b€ positive definite matrix. Then

p(A°B) < Bp(AB) (4.18)
where

B =p(B1loB)>1.

The following theorem is a general form of Zhan’s conjecture.
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Theorem 4.1.5 (Huang, 2010) Let A4, A,, ..., A, be nonnegative matrices in the

space M, then
p(Al o AZ o .. Ak) < p(AlAZ Ak) (419)

It is important to understand the relation between the norms of Hadamard product
and spectral radius since this thesis is based on the Hadamard product and norms of

matrices.
Corollary 4.1.3 (Horn & Johnson, 1991) Let A € M,,. For any norm
p(4) < ||All. (4.20)
Corollary 4.1.4 (Huang, 2010) Let A, B € M,, be nonnegative matrices. Then
14 Bl < p(A"B). (4.21)
Corollary 4.1.5 (Huang, 2010) Let A, B € M,, be nonnegative matrices. Then
14 = Bl < [IAlllIBII. (4.22)

Another question is that what happens when we have more than two matrices.One

can find an answer from the following theorem:

Theorem 4.1.6 (Huang, 2010) Let A4, A,, ..., A € M, be nonnegative matrices.
Then

1
”Al o Az o ..0 Ak” S pE(AlA’{AzAg AkA’;;) (423)
Let A, B be square matrices of the same order. Xingzhi Zhan conjured that
I(AeB)(A°B) |l < II(A° A)(BoB)| (4.24)

for any unitarily invariant norm. Kun Du proved this conjecture for spectral norm,

trace norm or Frobenius norm.
Theorem 4.1.7 (Horn & Johnson, 1991) For any A, B € M,, then

140 Bl < 14 0 AllyylI(B © B) Iy (4.25)
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Theorem 4.1.8 (Du, 2010) Forany A,B € M,
I(AeB)(AeB)|| < |I(AeA)(B°B)| (4.26)

is satisfied for spectral norm, trace norm or Frobenius norm where 4 is the conjugate

of the matrix A.
Lemma 4.1.6 (Horn & Johnson, 1985) Let A,B € M,,. If |[A| < B, then
p(A4) < p(lA]) < p(B). (4.27)

4.2 A Result on the Norm of the Fan product

In this section, we will construct and prove a new theorem containing the norm of
Fan product. The idea of this theorem comes from the Theorem 4.1.7. We will use

Fan product instead of Hadamard product.
Theorem 4.2.1
Let A and B be two matrices in M,,. Then
lA * Bll1y < lA * All 1. I1B * Bl 1y (4.28)
Proof

Let A = [a;;], B = [bj], and x = [x;] € C,, The induced norm of the spectral norm

is
|A * B[4y < [[(A * B)x|| (1) (4.29)

such that ||x||;y = 1. Then we have

2
n

14 BIZy = ICA * By = ).

i=1

ayibix; — Z aijbijx;

JE

= [(ay1b11%1 — A12b12%p — -+ — Ay binxn)? +

+(=az1bp1%1 4 Az2b55X; — =+ — Appbynxn)* +
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+(_an1bn1x1 + anzbnzxz — et annbnnxn)zl

n

Z Iau”xllzlbu”xllz-l_Zl al]”x]' |bl]||x]|

i=1 JET

1 1 1 1 1 132
= (laulxalZlby 02 + |=as | 2l=bi %2 + -+ |=analXal2l=bralla[2) +

1 1 1 1 1 1
+(|ann| |xn|2|bnn||xn|2 + et |_an1||x1|2|_bn1||x1|2+- . +|_an,n—1|Ixn—llz|_bn,n—1||xn—1|2)2

= (lagllx ], I=agallxzl, o) |=ain 1, DUbya 21|, [=bya 22|, .., |=big | x4]) +
+(lazzllx2l, 1=az1 x4 ], ooo) [=azn X, D22 |22, |=b2g |1, ..o, |=Dog |12, D+
+(|ann| |xn|; |_an1||x1|; [ |_an,n—1||xn—1|)(|bnn||xn|' I_bnlllxll; () |_bn,n—1||xn—1|)

i#j i#]

1172 1/2) 2
=Z |au| |x1|+Z| aul |xj| [lbiilzbcil+Z|_bij|2|xj|\
i

SZ |au| |x1|+z| aul |xj| [lbul |x1|+2| Ul |x]|“
i

i*j i*j

= (1A * Dlxlllny 1B * B)lx|ll )
< 1A * Dl llxll 1B * Bl yllxll )

= 1A * Dl lIB * Bl

4.3 On Properties of Hadamard and Kronecker Products of Centrosymmetric
Matrices

Centrosymmetric matrices have many applications in the fields of numerical
analysis, control theory, digital signal and image processing. Therefore, in this
section, we will be dealing with centrosymmetric matrices and their properties. At
the same time, we will focus on matrix multiplications of two centrosymmetric

matrices. We will check whether the multiplications are also centrosymmetric or not.
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Proposition 4.3.1 (Weaver, 1985) An nxn matrix P is centrosymmetric iff JP = PJ
where J is an nxn matrix with ones along the secondary diagonal and zeros

elsewhere.

Theorem 4.3.1 (Weaver, 1985) If P,,,, and Q,,,, are centrosymmetric matrices then

P + Q is also centrosymmetric.

Proposition 4.3.2 (Weaver, 1985) If P, is a centrosymmetric matrix, then PT and

P~1 is also centrosymmetric.

Chen and Zhong said that matrix multiplication of two centrosymmetric matrices

is also centrosymmetric. But they didn’t prove it. Let’s now prove this.

Theorem 4.3.2

Let A,., and B,,, be two centrosymmetric matrices. Then AB has also

centrosymmetric form.

Proof

Let A, and By, be two centrosymmetric matrices.From Proposition 4.3.1 we can
write JA = AJ and JB = BJ.

JAB = (JA)B = (A])B = AJB = A(JB) = A(B]) = AB]J.

Hence, this is the end of the proof.

Lemma 4.3.1 (Li, Zhao, Dai, Su, 2011) Let A = [aif]nxn be centrosymmetric matrix

withn = 2m, then A has the following form

_[A1  JmAxC
A= [Az JmAJm] (4.30)
and
A —JA 0
QrAQ=|" 77 4+ ]Az] (4.31)

where A,,4A, € C,,m and
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=35, nl

In this lemma, the matrix QT AQ is similar to the matrix A.

(4.32)

Lemma 4.3.2 (Li, Zhao, Dai, Su, 2011) Let A = [aij]meZmbe a centrosymmetric

matrix as in (4.30), then

p(A) = p(AL +] Ay).

Theorem 4.3.3 (Zhao, Li, Gong, 2012) Let A = [aij]mm, B = [b;]

centrosymmetric matrices with the following form

a=(4 ) 2= ey

where A;, A,, By, B, € Cppym @nd n = 2m.

Then A o B is a centrosymmetric matrix.

(4.33)

be two
nxn

(4.34)

Proposition 4.3.3 (Mond and Pecaric, 2000) Let A,,,,, and B, be two matrices.

Then
J"(A®B)] = A°B
where J7 is a selection matrix in the order of nxn?.

For example, for n, we obtain

10 0(0 0 0 0
T, =10 0 0fo 1 0 0
nxn? T - ER I E
0 0 olo o 0 0

= [E11|Ezz| |Enn]-

(4.35)
0
0
1dyn2

Proposition 4.3.4 Let J,, and J,,2,,, are the flip and the selection matrices,

respectively.

T T
memzij = ]m]]mxmz
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Jm2Imzam = Jm2xm/m (4.37)

Proof

T

mam219 an mxm? selection matrix,

If J,,, is an mxm flip matrix and J

DmemZJmZ = [E11, Eza, ---»Emm]]mZ

0 0o - - ]m

o o0 - 0
=[E11'E22»---'Emm] : : : jems

m 0 = 0 0l 2. 2

= [Emmjm: Em—l,m—l]mf v Eaafm, Ell]m]
= []mEllJmEZZ' ---']mEm—l,m—l']mEmm]
= JmlE11, E22, ) Emm]

T
= ]m]]mxmz'

Thus, the proof of (4.36) is completed. Since JI, = J,,,, (4.37) can be proved easily.

It is proved by Zhao et al. that Hadamard product of two centrosymmetric
matrices is also centrosymmetric. They proved that equality by obtaining both sides

separately. The following proof will be an alternative proof for the Theorem 4.3.4.

We will prove this theorem from one side to another side. In the proof, we use

Thereom 2.3.2, Proposition 4.3.3 and Proposition 4.3.4.

Theorem 4.3.4 Let Aypxom and Bogom D€ two centrosymmetric matrices as in

(4.34). Then A o B is also centrosymmetric.
Proof

The Hadamard product of A and B is

A1 oBy (UmAzm) © UmB2Jm)

AeB= [AZ °By  (UmAidm) © UmBim)

To prove

UmAljm) ° UmBljm) = ]m(Al ° Bl)]m (438)
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UmAz2lm) ° UmB2Jm) = Jm(Az © By)m (4.39)

we shall use Theorem 2.3.2 and Proposition 4.3.3.
UmAr)m) © UnBum) = Jinam2 [UmA)m) @ UmB1)m) Wimzm
= JT[Um®Jm) (A1®B1) Um®/m)]]
= Pxm? Um2 (41®@B1) 2 mzem
= JinxmS mz (A1 ®B1) 2z

is obtained. Using Proposition 4.3.3 and Proposition 4.3.4 we can change the order of

multiplication.

UmAim) © UmBm) = ]m]]znme (A1®Bl)ﬂm2xmjm2
= JnUrmam? (A1®B ) mzxm))m = Jim (A1 © B1)Jm
which gives (4.3.8).Relation (4.3.9) can be proved in a similar way.
Therefore, the matrix A o B is centrosymmetric.

Theorem 4.3.5 Let Ay0m and Bopom b two centrosymmetric matrices as in

(4.34). Then A®B is a centrosymmetric matrix.

Proof
Using the definition of Kronecker product, it is known that

A1®B  (JnAzJm)®B

A®B = [aB] = |y @B (ar/m)@B]

In order to prove the following inequalities
Jmn(A1@B)[imn = UmA1 m)®B,
Jmn(A28B)[mn = UmA2Jm)®B
we shall partition the matrix J,,,,, such that
Jmn = Jm®ly.
Using above partition and Theorem 2.3.2, we obtain
Jn(A18B) ) mn = (Im®1,) (A:®B) (/1 ®15)
= (UmA1m)®B
Jmn(A28B) i = (Im®1,,) (4, @B) (/;n®11)
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= (/mAZJm)®B-

Therefore, AQB is a centrosymmetric matrix.

Theorem 4.3.6

Let Ay x2m and Boy,.om D€ two nonnegative centrosymmetric matrices as in (4.34).

Then A o B is similar to

’SB ]mn

TB=0"u-e=" ™ & ¢ (4.40)
where
1 Imn Imn
Q B ﬁ _]mn ]mn]’
and

B—JmnC = (4;°B;) —J(A;°By), B+ JmnC = (A1 0 B1) +](4; ° By).

Proof

_]mn] [A1 oB; J(Az°B3)]

QT(A°B)Q =%[§"m oB, J(4, oBl)]H ]mn ]mn]

mn ] mn

_ 1[141 ° By = Jmn(Az 0 By) J(Az ©By)] — JmnJ(Ay © B1)]] [ ]
2141 0By + Jmn(Az 0 By)  J(Az © By)] + JjmnJ (A1 © By)] ]mn ]mn

[(Al © B1)Imn = Jimn (A2 © B2)lnn (A1 © By)Ipn — Jinn (A2 © BZ)Imn]
1| ~J(Az © Bo)J? + I (A1 0 BY)J? 4] (A © B2)]? = Jmn) (A1 © By)J?

2[ (Ay 0 BT + J(Ay 0 B,)I (Ay o B)I +J(Az 0 B,)I J
_](Az ° Bz)]z _]mn](Al ° B1)]2 +](A2 ° Bz)fz +]mn](A1 ° B1)]2

J? = I gives;

_1 2(Ay°By) —2J(A; 0 By) 0
0 2(A1°By)+2J(4;°B)

28



21[(A1°B1)—](A2°B2) 0
2 0 (Ao By) +](A; 2 B,)

_ [SB — Jn© 0
N 0 B+ JmnCl

From Lemma 4.3.2, we know that spectral radius of a centrosymmetric matrix can
be shown in terms of the partition matrices. The following lemma inspired by
Lemma 4.3.2.

Lemma 4.3.3 Let Ay,02m and Bypeom b€ NONNegative centrosymmetric matrices as
in (4.34). Then

p(AeB) = p[A; By +](Az ° By)]. (4.41)
Proof
It is known that

°oB; —J(Az° By) 0
0

T(Ao = Ay
Q" (A-B)Q [ AjoB; +]J(A; 0 By)

by Theorem 4.3.6. It is clear that all A,, B;, A,, B, are also nonnegative because of
nonnegativity of the matrices. This implies that A; o« B; and A, o B, are nonnegative

too. Hence,

—(A;oB;)—J(A3°oBy) < (A1°By) —J(A,0B;) < (A1 0 By) +J(A; o By).
Taking the absolute value of entries, the following inequality
AjoB; —J(Ay0By) <|Aj°oB; —J(A;°B,)| < A;oB; +J(A, ° By)

is obtained. By Lemma 4.1.6

pl(Ay o By —J(Az 2 By)] < pllAy o By — J(Az © By)|] < plAy © By + (A3 ° By)]
Thus,

plAy e By — J(A; © By)] < plA; o By — (A3 ° By)]
By lemma 4.3.2, we have the following equality.
p(A°B) =plQ"(A°B)Q]
= max{p[A; ° By — J(A; ° By)], p[A; ° By + J(4; ° B;)]}

29



= p[Ay o By + (43 ° B,)].
The following lemma is an improved version of the Lemma 4.3.3. Using the
relation between norm and spectral radius, we will find an upper bound for the

spectral radius.

Lemma 4.3.4 Let Ay pxom and Bomsom D€ NONNegative centrosymmetric matrices as
in (4.3.4).Then

p(A°B) < p(A{By) + p(A] By). (4.42)

Proof
By Lemma 4.3.3 and Corollary 4.1.3 we have following
p(A°B) = P((A1 °B1)+J(Az 0 Bz))
< |4y 2 By + ] (A ° B)l
< ||y o Byl + [lJAz ° B, |l
< |41 o By[|[+1I]|CAz © B
Since ||A o B|| < p(AT B) for any nonnegative matrices (Huang, 2011);
p(A° B) < p(A1By) + llllp(A3B) (4.43)

is obtained.

To complete the proof, we must choose ||/|| = 1. This is possible for matrix norms
111, I ll2, and || || o- SO (4.42) holds. This completes the proof.

Notice that, we can’t write equality (4.42) for the Frobenius norm of the matrix J,,,.

The idea of the following lemma comes from Lemma 4.3.4. We will try to find an

upper bound for the spectral radius of the m-th power of A o B.

Lemma 4.3.5
Let A and B be nonnegative centrosymmetric matrices as in (4.34).
Then

pl(AoB)™] < p™(Ay + JA)p™(By + ] By). (4.44)
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Proof

Since Aand B are centrosymmetric matrices, using Lemma 4.3.1, the following
expressions

~ A, —JA 0

i=qrag=|"77" D
_JB 0

B=omso =", ]

can be written and using Lemma 4.1.1,
pl(A°B)™] = p[(A°B)]™ = p™(A°B)
=p(A°B)p(A°B) .. p(A°B)

Theorem 4.1.1 gives the following inequality

pl(A4°B)™"] < p(A)p(B)p(A)p(B) ...p(A)p(B)

= p™"(A)p™(B).

And then using Lemma 4.3.2, we obtain

pl(AeB)"] < p™(As + JA2)p™(By +]Ba).

The idea of the following theorem comes from Theorem 4.3.6. Similar matrix of

Ao B is found in the Theorem 4.3.6. In Theorem 4.3.7 we will look for similar
matrix of AQB too.

Theorem 4.3.7 Let A,om and Bopsom D€ two centrosymmetric matrices as in
(4.3.4). Then A®B is similar to

A®B = Q" (A®B)Q =

[% —Je (4.45)

%+/(§]

where

-l
Proof
By using definition of Kronecker product, we write
A®B = Q"(A®B)Q

=3l Tmlaes Gramesl o

]mn
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1[A1®B = J;nn(4:@B)  UnA2/m)®B = Jynl UmA1)m) ®B] ” ]
214,®B + J;n(428B)  (UmAz)m)®B + Jiny [JmnA1/m) ®B] /mn ]mn

By using Theorem 2.3.2 we have the following equality:
]mn(A2®B) = Um@ln)(A2®B) =]mA2®B.

Hence;

A®B = Q" (A®B)Q

1141®B = Jm®1)(428B)  (mA2/m)®B — (In®L) [(JmA1)m)®B] H ]
214;®B + (Jn®1) (428B)  UmAz)m)®B + (J;m®1) [mAr/m) ®B] /mn /mn

By multiplying the above two matrices and using Theorem 2.3.2

[4, ®B Jm(A:®B)] 0
QT (A®B)Q = 2[ ’ 2[A,®B +]m(Az®B]]
_ [A1®B — Jmn(4,®B) 0
= 0 A1®B + |y (A,®B)

is obtained. For the matrices A4,, A,, and B set
B=A4,®B and C=A4,8B

and the proof is completed.

Since we have found the similar matrix of AQB, it is easy to find spectral radius

of A®B. In the proof we will use Theorem 4.3.7, Lemma 4.1.6, and Lemma 4.3.2.

Lemma 4.3.6 Let A,,52m and Boxom DE NONNnegative centrosymmetric matrices as
in (4.34). Then

p(A®B) = p[A;®B + J(4,8B)] (4.46)
Proof
Using Theorem 4.3.7,
T _ A1®B _]mn(A2®B) 0
C®B)e = 0 Ay®B + [y (A, @B)
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can be written. Since Aand B are nonnegative matrices, then A;,A,,B;, B, are
nonnegative, too. This implies that A;®B and A, ®B are also nonnegative.
Thus,

—(4:®B) —J(4,®B) < (4,®B) — J(4;®B) < (4:®B) + ] (4,®B)

By Lemma 4.1.6,
p((A1®B) — J(4,®B)) < p(|(4:®B) —J(4,®B)|)
< p(A;®B + (A, ®B)).

Thus we obtained that,

p(4:®B — ] (4,8B)) < p(4:®B +](4,®B))
and using Lemma 4.3.2, we have the following equality.

p(A®B) = p(Q"(A®B)Q)

= max{p(4,®B — J(4,®B), p(A,®B + ] (4,®B))}

= p(4,®B + J(4,®B)).
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CHAPTER FIVE

CONCLUSION

In this thesis, we have studied the articles on inequalities involving the Hadamard
product and norm of matrices. We mainly focused on centrosymmetric matrices.
Firstly, we have tried to find both lower and upper bounds for the spectral radius of
these centrosymmetric matrices. After then, we have obtained some new results on
Hadamard and Kronecker products of the centrosymmetric matrices. In order to
obtain a better approach for spectral radius of cenrosymmetric matrices we have also
analyzed equivalent form of these matrices. After examining the results on the
equivalent forms, we have achieved to produce the spectral radius of the Hadamard
product of the centrosymmetric matrices Ao B and (A o B)™. Finally, we have

obtained an upper bound for the spectral radius of A o« B and (A o B)™.
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