EXPERIMENTAL AND MODEL BASED
INVESTIGATION OF PERIOD DOUBLING
PHENOMENON IN HUMAN STEADY
STATE VISUAL EVOKED POTENTIAL
RESPONSES

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF ENGINEERING AND SCIENCE
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF
MASTER OF SCIENCE
IN

ELECTRICAL AND ELECTRONICS ENGINEERING

By
Yigit Tuncel
July 2018



EXPERIMENTAL AND MODEL BASED INVESTIGATION OF
PERIOD DOUBLING PHENOMENON IN HUMAN STEADY
STATE VISUAL EVOKED POTENTIAL RESPONSES

By Yigit Tuncel

July 2018

We certify that we have read this thesis and that in our opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Yusuf Ziya Ider(Advisor)

Haci1 Hulusi Kafaligoniil

Yesim Serinagaoglu Dogrusoz

Approved for the Graduate School of Engineering and Science:

Ezhan Karagsan
Director of the Graduate School

i



ABSTRACT

EXPERIMENTAL AND MODEL BASED
INVESTIGATION OF PERIOD DOUBLING
PHENOMENON IN HUMAN STEADY STATE VISUAL
EVOKED POTENTTAL RESPONSES

Yigit Tuncel
M.S. in Electrical and Electronics Engineering
Advisor: Yusuf Ziya Ider
July 2018

Objective. Previous human Steady State Visual Evoked Potential (SSVEP)
experiments have yielded different results regarding the range of stimulus fre-
quencies in which Period Doubling (PD) behavior is observed. There also is
lacking information about the consistency and repeatability of the occurences of
subharmonic oscillations. The neural mechanism of such oscillations have also not
been explored. To elaborate these rather unknown aspects of the PD behavior in
SSVEP responses, an experimental and model based approach has been taken.
Approach. The experimental side of the study aims at obtaining experimental
and statistical data regarding the frequency range of PD generation and also in-
vestigates other characteristics of PD. In two sets of experiments, seven subjects
were presented a sinusoidal flickering light stimulus with frequencies varying from
15 Hz to 42 Hz. To observe the short term repeatability in PD generation, another
set of 5 successive experiments performed on five subjects with 10-minute breaks
in between. To obtain the SSVEP responses, filtering, signal averaging and Power
Spectral Density (PSD) estimation were applied to the recorded EEG. From the
PSD estimates, Subharmonic Occurrence Rates (SORs) were calculated for each
experiment and were used along with ANOVA for interpreting the outcomes of
the short term repeatability experiments. The model based side of the study aims
at explaining the observed phenomena in mathematical terms. For this purpose,
Robinson’s Corticothalamic Model was implemented in both C and Simulink.
The experimental procedure was reanimated on the model and the subharmonic
generation in the model depending on different values for parameters was ob-
served. The feedback loop that is responsible for the generation of subharmonic
components was identified in the model, and this loop was isolated from the rest
of the model and further analyzed with a describing function approach. Main
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Results. The experimental results showed that although fundamental (excita-
tion frequency) and second harmonic components appear in almost all SSVEP
spectra, there is considerable inter-subject and intra-subject variability regarding
PD occurrence. PD occurs for all stimulus frequencies from 15 Hz to 42 Hz when
all subjects are considered together. Furthermore, the statistical analyses of short
term repeatability experiments suggest that in the short term, PD generation is
consistent when all frequencies are considered together but for a single frequency
significant short term differences occur. There also is considerable variation in
the ratio of subharmonic amplitude to fundamental amplitude across different fre-
quencies for a given subject. The modelling results showed that the subharmonic
oscillations in the model are of resonance nature and that they can be obtained
virtually in any frequency interval depending on the values of the parameters
in the system. The intra-thalamic feedback loop in the model is identified to
be the potential source of subharmonic oscillations in the system output. When
isolated from the rest of the model and examined by itself, it has been found
that this feedback loop can show a resonance phenomenon at the subharmonic
frequency. By deriving a set of equations containing the necessary conditions for
this resonance phenomenon, a semi-analytical method by which one can find the
existence of these oscillations has been developed. Significance. From the ex-
perimental studies, important results and statistical data are obtained regarding
PD generation. Our results indicate that modelling studies should attempt to
generate PD for a broader range of stimulus frequencies by adjusting the param-
eter values. It is argued that SSVEP based BCI applications would likely benefit
from the utilization of subharmonics in classification. Our modelling study is
the first to investigate the source of subharmonic oscillations on a mathematical
brain model. An experimental verification of the potential origin of such oscilla-
tions, which was identified to be the intra-thalamic loop, would be an important
work. The proposed semi-analytical method could potentially be used to speed
up a future parameter sweep study. We observed that in the current model alpha
oscillation and subharmonic oscillations are in some way interrelated and they
can not be generated together for any stimulation frequency. This is referred
to as alpha entrainment, and is visible only for some stimulation frequencies in
experimental results. Thus, we claim that the model is insufficient in explaining
the PD phenomenon in SSVEP responses.

Keywords: Steady State Visual Evoked Potential, SSVEP, Period Doubling, Sub-
harmonic, Harmonic, Nonlinear, EEG, Brain, Model, Corticothalamic, BCI.



OZET

INSAN DURAGAN HAL GORSEL UYARILMIS

POTANSIYEL TEPKELERINDE PERIYOT
KATLANMA OLGUSUNUN DENEYSEL VE MODEL
BAZLI INCELENMESI

Yigit Tuncel
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Damgmant: Yusuf Ziya Ider
Temmuz 2018

Amag. Literatiirdeki Insan Duragan Hal Gorsel Uyarilmis Potansiyel
(DHGUP) deneyleri, Periyot Katlanmasi (PK) davraniginin gézlemlendigi uyaran
frekanslarimin araligi ile ilgili farkli sonuclar vermistir. Ayrica, altharmonik
salimmlarin olugumunun tutarliligr ve tekrarlanabilirligi hakkinda bilgi eksiktir.
Bu tiir salinimlarin altinda yatan noral mekanizma da aragtirilmamigtir. DHGUP
yanitlarinda PK davraniginin bu bilinmeyen yonlerini anlamak igin, deneysel ve
model bazli bir yaklagim ele alinmistir. Yaklasim. Arastirmanin deneysel tarafi,
PK davramiginin frekans araligi ile ilgili deneysel ve istatistiki veriler elde etmeyi
ve ayrica PK ile ilgili diger bazi ozellikleri aragtirmay1 amaglamaktadir. Yedi
denege, iki agamali bir deneyde, 15 Hz ile 42 Hz arasinda degigen frekanslarda
sintizoidal yanan bir 1gitk uyarisi sunulmugtur. PK olusumundaki kisa siireli
varyasyonlar1 gozlemlemek icin, bes denek iizerinde aralarinda 10 dakikalik ar-
alar birakilarak 25-35 Hz araligini kapsayan 5 ardigik deney daha yapilmigtir.
Kaydedilen EEG’ye DHGUP yanitlarini elde etmek igin filtreleme, sinyal or-
talama ve Giig Spektral Yogunluk (PSD) tahmini uygulanmigtir. PSD tah-
minlerinden, her bir deney igin Altharmonik Olugum Oranlari (SOR) hesa-
planmigtir. Bu nicelikler kisa dénem tekrarlanabilirlik deneylerinin sonuclarini
yorumlamak igin varyans analizi (ANOVA) ile incelenmiglerdir. Aragtirmanin
model tabanl tarafi, gozlemlenen fenomenleri matematiksel olarak aciklamay1
amaclamaktadir. Bu amacla, Robinson’un Kortikotalamik Modeli hem C hem
de Simulink’te uygulanmistir. Deney prosediirii model iizerinde yeniden can-
landirilmistir ve farkli parametre degerlerine bagli olarak modeldeki althar-
monik olugumu incelenmistir. Modelde altharmonik bilegenlerin iiretilmesinden

sorumlu olan geri besleme dongiisii tanimlanmig ve bu dongii modelin geri
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kalanindan izole edilerek tanimlayici fonksiyon yaklagimiyla analiz edilmistir.
Ana sonuglar. Deneysel sonuglara gore, temel (uyarim frekansi) ve ikinci har-
monik bilegenleri hemen hemen tiim DHGUP spektrumlarinda goriinse de, PK
olusumuna iligkin dikkate deger bir denek igi ve denekler aras1 degiskenlik mev-
cuttur. Tum denekler birlikte ele alindiginda, PK 15 Hz ile 42 Hz arasindaki
tiim uyaran frekanslari icin goriilmektedir. Ayrica, kisa donemli tekrarlanabilir-
lik deneylerinin istatistiksel analizleri, tiim frekanslar birlikte ele alindiginda al-
tharmonik tiretiminin tutarhh oldugunu ancak tek bir frekans icin onemli kisa
vadeli farkliliklarin meydana geldigini gostermektedir. Ayni zamanda, her-
hangi bir denek icin farkli frekanslardaki temel komponentin genliginin althar-
monik genligine oraninda onemli bir varyasyon mevcuttur. Modelleme sonuclari,
modeldeki altharmonik salinimlarin rezonans dogasina sahip oldugunu ve sis-
temdeki neredeyse tiim parametrelerin degerlerine bagl olarak herhangi bir
frekans araliginda elde edilebildigini gostermigtir. Modeldeki intra-talamik geri
besleme dongiisiiniin, sistem c¢iktisindaki altharmonik salimimin potansiyel bir
kaynag1 oldugu tespit edilmistir. Modelin geri kalanindan izole edilip kendi
bagina incelendiginde, bu geri besleme dongiistiniin, altharmonik frekansta bir
rezonans fenomeni gosterebilecegi bulunmustur. Bu rezonans fenomeni igin
gerekli kosullar1 igeren bir denklem kiimesinin tiiretilmesiyle, bu salimimlarin
varligin1 bulabilen yar1 analitik bir yontem gelistirilmistir. Onemi. Deney-
sel caligmalardan PK tiretimi ile ilgili énemli sonuclar ve istatistiksel veriler
elde edilmigtir. Sonuclarimiz, modelleme ¢aligmalarinin daha genig bir uyaran
frekans araligi icin PK iiretmesinin dogrulugunu gostermektedir. DHGUP ta-
banli BBA uygulamalarinin, siniflandirma agsamasinda altharmonik frekanslarin
kullanimindan yarar saglayacagi onerilmektedir. Modelleme caligmamiz, bir
matematiksel beyin modelindeki altharmonik salinimlarin kaynagini arastiran ilk
caligmadir. Bu salinimlarin potansiyel kaynagi olarak tanmimlanan intra-talamik
dongiintin deneysel olarak dogrulanmasi onemli bir calisma olacaktir. Gele-
cekte yapilacak bir parametre siipiirme galigmasi onerilen yari analitik yontemden
yararlanabilir. Mevcut modelde alfa saliniminin ve subharmonik salimmmlarin
bir gekilde birbiriyle iligkili oldugu ve herhangi bir uyarim frekansi i¢in bir-
likte olusturulamayacagi gozlemlenmistir. Bu olay alfa siiriikklenmesi (alpha en-
trainment) olarak adlandirilmakta ve deney sonuglarinda sadece bazi uyarim
frekanslar: igin goriinmektedir. Bu nedenle, modelin SSVEP yanitlarindaki PK
davranigimi agiklamakta yetersiz oldugu onerilmektedir.

Anahtar sozcikler: Duragan Hal Gorsel Uyarilmig Potansiyel Tepkeleri, DHGUP,
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Chapter 1

Introduction

1.1 Motivation and Objective

Steady State Visual Evoked Potentials (SSVEPs) are oscillatory potentials
elicited in electroencephalogram (EEG) in response to periodic light stimula-
tion [1, 2]. SSVEP responses have been widely used in engineering applica-
tions such as Brain-Computer Interfaces (BCIs) [3] and cognitive and clinical
research [4, 5]. These responses are characterized as oscillations at the stimu-
lus frequency as well as its harmonics and subharmonics [2, 5, 6, 7]. Particular
interest has been shown to understand some of the nonlinear dynamics SSVEP
responses have, including harmonics generation, alpha entrainment to stimulus
frequency and frequency mixing [2, 5, 6, 8, 9, 10, 11]. However, the generation
of subharmonics, which have been observed by several researchers [6, 12, 13, 14],
has not received much attention and need to be better understood. (Throughout
the thesis, “subharmonic frequency” is used to refer to half of the stimulus fre-
quency, and “period doubling” is used to refer to the generation of subharmonic

frequency.)

We refer to the generation of the first subharmonic component as Period Dou-

bling (PD) Phenomenon, i.e. given a flickering stimulus with a frequency of f, we



observe a strong and distinct component at f/2 in the EEG spectrum. This phe-
nomenon has been observed in several experimental SSVEP studies for different
frequency ranges: Herrmann’s findings indicated that subharmonic generation
may occur for stimulation frequencies in 15-30 Hz range [6]. Crevier and Meister
reported subharmonic components for stimulus frequencies between 30-70 Hz [12].
Tsoneva et al. have observed subharmonic generation in the 40-60 Hz stimulus

frequency range [13].

There is considerable ambiguity on the subject of period doubling in SSVEP
experiments in the literature regarding at which stimulation frequencies period
doubling occurs and how consistent this occurrence is. This ambiguity also holds
back the investigators who aim at developing realistic cortex simulation mod-
els. Besides, an inclusive experiment that investigates the nonlinear behaviors of
SSVEPs induced by a purely sinusoidal stimulus is absent. Therefore, one can
claim that there is need for additional experimental data to clarify the various

issues related to subharmonic generation in SSVEP responses.

Despite many years of research in this field, mechanisms that depict such
nonlinear interactions under periodic stimulus are still unresolved [5]. In more
recent years, modeling studies have started to emerge [14, 15, 16], that aim to
explore such mechanisms. However, none of the mentioned studies identified a
mathematical explanation to the mechanisms underlying such components. Con-
sidering all the previous work, it is arguable that subharmonic components in

SSVEP responses could be a focus of new theoretical studies.

1.2 Scope of the Study

With the ideas and motivations presented in Motivation and Objective section,
this study approaches the PD phenomenon in SSVEP responses from two aspects:
(i) Experimental investigation of the PD phenomenon and (ii) Model based inves-

tigation of the PD phenomenon. In part (i), we have generated an FPGA based



light stimulus as part of our experimental procedure and employed this proce-
dure to conduct SSVEP experiments on 9 subjects. These experiments focused
on gathering experimental and statistical data regarding subharmonic responses.
We have compared our findings with the findings of other researchers. We have
also identified and explained various characteristics of the period doubling be-
havior. In part (ii), we utilized a fairly recent corticothalamic model to explore
the possible mechanisms underlying these experimentally observed phenomena.
For this purpose, we employed Robinson’s Corticothalamic Model, analyzed its
PD behaviour in response to a sinusoidal drive and also compared its predic-
tions with our experimental findings. We have used nonlinear feedback system
approaches to understand and explain how these oscillations are generated in the

mathematical sense.

1.3 Organization of the Thesis

This thesis consists of five chapters:

In chapter 2, background information and core knowledge regarding Steady
State Visual Evoked Potentials, PD in feedback systems, and models of the brain
is provided. Beginning from the very basics, an explanation of the importance
of EEG in studying human brain is given. Then, the notion ”Visual Evoked
Potential”, VEP, is explained and is further boiled down to Steady State Visual
Evoked Potentials. Next, fundamental theories about subharmonic generation in
feedback systems are given. An analysis method called ”Describing Function”
analysis is shared with the reader. Lastly, the general approach of quantitative
modeling of the brain is explained, from the more vague ensemble approach to
neural mass models and furthermore to larger scale brain network models and
neural field models. The information in this part is perseveringly useful through-

out the text.

In chapter 3, the experimental approach to obtain statistical data about sub-

harmonic components in SSVEP responses is elucidated. First, a recapitulation



of earlier experimental studies in which PD phenomenon are present is provided.
Then, our experimental procedure and data analysis techniques are presented to
the reader. The chapter proceeds with documenting the results of the experiments

and concludes with relevant discussion of these results.

In chapter 4, the model based approach to obtain a mathematical explana-
tion for the underlying mechanisms of subharmonic components in experimental
SSVEP studies is detailed. First, a brief compilation of earlier modeling studies
with similar scope is shared with the reader. Then, the employed corticothalamic
model is mathematically constructed with very simple narration that presents
many important points and assumptions in the modeling work. The effects of
the parameters in the model to PD behavior is analyzed and explained in this
chapter. A possible origin for the subharmonic components are presented to the
reader and lastly, the outcomes of the modeling study are further evaluated and

discussed.

In chapter 5, results obtained in chapters 3 and 4 are summarized and these
results are evaluated and compared. It is also discussed whether the model that
we have employed is sufficient in explaining the observed behaviors in SSVEP

experiments.



Chapter 2

Background

2.1 Electroencephalogram, Visual Evoked Po-
tentials and Steady State Visual Evoked Po-

tentials

In cognitive and clinical neuroscience, two different types of activity in the brain
are generally utilized: (i) electrophysiological activity and (ii) blood flow (hemo-
dynamics). Electrophysiological activity is in the form of current flows inside neu-
rons and between different neurons and neural ensembles. These intracellular and
extracellular (intercellular) currents in turn causes a spatial voltage distribution in
the whole brain and induces a magnetic field. Magnetoencephalography (MEG)
is a method that measures the induced magnetic field while electroencephalogra-
phy (EEG), electrocorticography (ECOG) and individual neuron recordings are
among the most common methods that record the electric field (i.e. potential
differences). The hemodynamic activity is the result of oxygen rich blood flow
towards active areas (neurons) in the brain. This blood flow causes a change in
the oxyhemoglobin to deoxyhemoglobin ratio in the local tissue [17]. Functional
Magnetic Resonance Imaging (fMRI) and Near Infrared Spectroscopy are meth-
ods that measure and quantify this ratio. Among these methods, EEG is the



most commonly used technique when stimulus driven activity is being considered

due to its temporal accuracy, very low equipment cost and safety.

2.1.1 Electroencephalogram (EEG)

EEG is recorded noninvasively through electrodes placed on the scalp. An EEG
recording system (generally referred to as an EEG amplifier) consists of elec-
trode(s), amplifier(s) and ADC(s). Usually this system is connected to a com-
puter to store and preferably display the recorded data. In unipolar recordings,
there is a “reference” electrode that serves as the reference point for the potential
at each electrode site while in bipolar recordings potential difference between any
pair of electrodes can be measured. Amplifiers of a typical EEG system have
gains in the x10000 range as the recorded potentials typically have amplitudes in
microvolts range. The amplified signal then is digitized by a high resolution ADC

(typically with 24bit resolution) and is forwarded to the recording computer.

The definition of a recorded EEG signal at each sample point is the potential
difference between two electrode sites. This signal is mostly due to the extra-
cellular current flows in the underlying brain structure [18]. Due to many layers
between the source of the signal (neurons) and the recording site, EEG is very
susceptible to background noise and may include artifacts. The most important
precaution to eliminate noisy recordings is to have little electrode/scalp contact
potential. This impedance is generally kept below 10£€2 [19], and this is generally
achieved by applying conductive gel to the interface between the electrode and
scalp. Recent advancements in this area include the so called active electrodes,
that have filters/amplifiers on the recording site. Also, gel-less “dry” electrodes
are being developed to remove the need to the mentioned conductive gel [20, 21].
In any case, participants/subjects should be warned for being stationary (espe-
cially head and shoulder motions should be avoided) during an experimental study
and necessary precautions (distance to power lines, cable length, etc.) should be

taken into consideration when an experiment is being designed.

EEG signal is divided into five frequency bands, and each of these bands are
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associated to a particular state of mind or action: delta (J), theta (@), alpha
(), beta (), and gamma (). Delta band includes the frequencies 0 to 4 Hz.
These components are generally observed during deep sleep state in adults [22].
However, due to being low frequency components, these are generally filtered out
along with artifacts caused by slow head and neck movements. Theta band in-
cludes the frequencies 4 to 7 Hz. These components are generally observed during
meditative states and during cognitive processes such as mental calculation and
maze solving [23, 24, 25, 26]. During awake state, theta band components tend
to not exist in healthy human adults. Alpha band includes the frequencies in the
8 to 12 Hz interval. They are primarily associated with visual processing and are
very strongly observable in the recordings made from occipital lobe of the brain
where primary visual areas reside (back of the head) [27, 28]. When eyes are
closed alpha band power increases significantly. Alpha components also tend to
disappear with increasing mental effort) [29, 30]. Beta band includes the frequen-
cies 12 to 30 Hz. They are linked with motor activities and are mostly observed
in frontal and central part of the brain where motor areas reside. They tend
to suppress during movement or imagination of movement (motor imagery) [31].
Gamma band includes frequencies from 30 to 100 Hz (typically EEG spectrums
are not observed beyond 100 Hz). A clear and strict association of gamma band
components with a state or activity is not as prominent as other bands. There
are studies that correlate gamma band oscillations to certain motor functions
and perception of visual and auditory stimuli [32, 33, 34, 35, 36]. Gamma band
is generally free of artifacts (except electromyograph (EMG) artifacts which are
easily understandable due to EMG’s very high amplitude) and components in
this range have relatively low power in the frequency domain. This makes this

range suitable for studies including frequency domain investigation.

Activities in these frequency bands may be altered with exogenous effects
(external sensory stimuli) as well as endogenous effects (internal cognitive pro-
cesses) [8]. These alterations are called event related potentials (ERPs). ERPs
are defined as “the general class of potentials that display stable time relation-
ships to a definable reference event” in [37]. The exogenously induced ERPs

are termed as sensory evoked potentials (SEPs). SEPs are EEG signals that



are phase-locked to the stimulus applied to a sensory organ [38]. As they are
phase-locked to the stimulus, their appearance can be made more prominent by
applying the stimulus many times and averaging the recorded EEGs from the
time onsets of the stimuli. A specific type of SEP is the visual evoked potentials
(VEPs) which are changes in the EEG in time following a visual stimulus, most

commonly a light flash [39].

2.1.2 Visual Evoked Potentials (VEPs)

VEPs are brain activity changes in the visual cortex induced by a visual stimu-
lus [2]. They can be separated into three categories according to their mechanism
of generation [40]: (i) form of the stimulus, (ii) frequency of the stimulus and (iii)
type of the stimulus. The first category separates VEPs by the form of the stim-
ulus, generally as flash induced VEPs or pattern induced VEPs. A flash induced
VEP (or briefly a flash VEP) is obtained when a uniform flash is used as the
stimulus. A pattern induced VEP can further be categorized as pattern reversal
VEP or pattern on/off VEP. Most commonly a checkerboard grid is used as the
pattern in these stimuli. The second category separates VEPs by the frequency of
the stimulus, generally as transient VEPs or steady state VEPs. Transient VEPs
are the responses of the visual system when the stimulus is brief and suddenly
changes [41]. In contrast to these, steady state VEPs are obtained in response
to a train of such stimuli with a fixed presentation rate [1]. These are termed
as steady state since the VEPs in this case are stable oscillations with relatively
unchanged amplitude and phase over time [42]. The third category separates
VEPs by the type of the stimulus, generally as full field VEPs or part field VEPs.
If the stimulus stimulates the whole visual field, the obtained VEP in this case
is a full field VEP and similarly, if it stimulates half of the visual field or a part
of the visual field, the obtained VEPs are called half field VEPs and part field
VEPs respectively.



2.1.3 Steady State Visual Evoked Potentials (SSVEPs)

Steady State Visual Evoked Potential is the evoked response that has a periodic
time course induced by a stimulus which is modulated periodically as a function of
time. As these responses are periodic, they are typically analysed in the frequency
domain instead of the time domain, unlike other kinds of VEPs and ERPs. The
frequency content of a typical SSVEP response contains peaks at frequencies that
are directly related to the stimulation frequency (f). These peaks are generally
at the fundamental frequency (f), harmonics of this frequency (2f, 3f and rarely
higher order harmonics) and subharmonic of this frequency (f/2) [5]. These peaks
are very narrow band peaks with high amplitudes and are easily discernible from
the background spectrum [2]. In addition to the amplitude of these SSVEP
peaks, response phase is another parameter that is meaningful for SSVEPs [§].
The phase value is made up of processing/integration times and propagation
delays in the retina, between the retina and the cortex, and in the cortex. As
stated above, SSVEPs contain harmonics and subharmonics in their spectrum
even if the stimulus is a pure sinusoidal light modulation (i.e. it has no other
component in its spectrum other than the frequency of interest, f). This is due
to the nonlinearity of the visual system. If the visual system was linear, the
frequency spectrum of the SSVEP response would only include a peak at the
stimulation frequency, possibly with modulated amplitude and phases. However,
the presence of nonlinearly generated components (harmonic and subharmonic

components) shows that the nature of the visual system is of nonlinear type.

Real SSVEP recordings are, as should be expected, highly contaminated by
noise. This noise may be measurement noise and artifacts, but more importantly,
it is generally in the form of additive EEG noise [43]. Even if spectral content
is less affected than temporal content by the former noise types, background
EEG activity may disrupt the spectral content significantly enough to render
any analysis unhealthy. For example, the person may have large alpha range
oscillations, yielding high power at alpha band in the frequency domain. This
would affect an SSVEP study with a stimulation frequency in the alpha range (8-
12 Hz). Luckily, SSVEP responses are narrow band (they appear as sharp peaks)



provided that the recording is long enough to have sufficient spectral resolution.
This allows for averaging, a very effective pre-processing step in the analysis
of SSVEP signals, as random additive background EEG noise is canceled out
during averaging. This is possible because SSVEP responses are in phase with

the stimulus and do not cancel out during averaging.

The stimulus frequency range that depict SSVEP responses is generally ac-
cepted to be 3-50 Hz interval. However, there are studies that challenge both the
upper and lower boundaries of this range, so the best (and current) practice is

not to define any limit or range [8].

SSVEP responses are used in many different applications, including cogni-
tive neuroscience (visual attention, binocular rivalry, working memory, alpha
range), clinical neuroscience (neurodegenerative disorders, schizophrenia, oph-
thalmic pathologies, migraine, depression, autism, epilepsy, etc.), and engineer-
ing in the form of Brain Computer Interfaces [5]. SSVEPs can be recorded with
many different imaging modalities (individual neuron recordings, ECOG, EEG,
MEG, fMRI and many others) but EEG remains to be the most common method

owing to its good temporal resolution, low cost and portability [5].

In light of the above information, SSVEPs can be very briefly defined with
the following words: “SSVEPs are evoked responses induced by flickering visual
stimuli. SSVEPs are periodic, with a stationary distinct spectrum showing char-
acteristic SSVEPs peaks, stable over time SSVEPs are better observed in the

frequency or time—frequency domains.” [5].
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2.2 Nonlinear Systems, Subharmonic Oscilla-

tions and Describing Function

2.2.1 Nonlinear Systems

A linear system obeys the “principle of superposition”. This principle states that
once the responses to a set of input signals are known, then response to any of kind
combination of these inputs can be found with superposition of each individual
response. In mathematical terms, if inputs ¢;(¢) and i5(t) yield responses r(t)
and ro(t) respectively, then for all a and b, an input of the form aii(t) + bis(t)
yields the response ary(t) 4 bra(t). This principle allows for the transfer function
analysis of linear systems because once the response to a set of sinusoidals with
different frequencies are known, the system response to any combination of these

is inherently known.

Nonlinear systems, on the other hand, do not obey this principle. This makes
the analysis and study of these systems a challenging task. This is because
knowing the response to a kind of input x(¢) does not necessarily contribute to
knowing the response to another kind of input that includes x(¢). There is no
guarantee z(t) and x(t)+ € will generate similar responses, they may yield entirely
different responses. This lack of generalization brings the need to analytically find
or numerically compute the response of the system to any kind of input and makes
the analysis of nonlinear systems a tedious task. However, many feedback systems
include nonlinear elements and studying these elements has been an indispensable

task for researchers [44].

2.2.2 Subharmonic Oscillations in Nonlinear Systems

A very important property of linear systems is that they pass the frequency con-
tent of the input signal to output, possibly with different amplitudes and phases,

without introducing any new frequency. In other words, if a linear is system is
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excited with a sinusoidal input with a frequency w; (say asin(w;t + ¢1)), the out-
put will be a sinusoid of the form bsin(w;t + ¢ ) for any w;. Nonlinear systems, on
the other hand, usually yield a totally different frequency content at the system
output. A sinusoidal input to the system does not necessarily yield a sinusoidal
response at the output as in the case of linear systems. Most commonly, frequency
content of the output signal contains components that are multiples of the input
frequency (kf where k = 1,2,3,...). These are termed as the “harmonic compo-
nents”. Not as commonly as these, some nonlinear systems depict what we call
as the “subharmonic generation”. In this case, frequency content of the output
signal contains components that are submultiples of the input frequency (1/nf
where n = 2,3, ...). We refer the generation of the subharmonic component when
n=2 as the “period doubling” phenomenon. The component that corresponds to
k =1 is referred to as the fundamental frequency component, meaning the input
frequency. The following harmonic components where k£ = 2,3, ... are referred
to as second harmonic component, third harmonic component and so on. The
subharmonic components where n = 2,3, ... are referred to as first subharmonic

component, second subharmonic component and so on.

Due to the resonant nature of the subharmonic components, these oscillations
are of large amplitude and dominate system output. This causes the system
output to be entirely different from the sinusoid at the input. This significant
difference has been considered unwanted in most feedback control systems (such
as in loudspeakers, servo motors, etc.) and for this reason, this phenomenon had
been investigated to understand the conditions under which these oscillations

may happen.

2.2.3 Describing Function Analysis

Linear systems are analyzed in the frequency domain through transfer functions.
There had been a search for a similar tool for nonlinearities, such that the fre-
quency response of a nonlinearity is defined by an equation which is compatible

with transfer functions of the linear components in the system. These equations
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are termed as the “describing function” of a nonlinearity and they approximate

the effects of a nonlinear component on the frequency content of its input.

Recent advances in computing power allows for numerical computation of these
describing functions. Originally, these functions were analytically found (for some
nonlinearities these could not be found due to integrals being indefinite). For
example, for polynomial nonlinearities describing functions can be analytically
expressed with the help of trigonometric identities [45]. But for exponential
nonlinearities this is not possible [44]. A brief explanation of the procedure to
calculate the describing function of a nonlinearity N(x) is given below [46] (Wang

Analyzing Oscillators using DF's):

1) Set z(t) = Arsin(2mk ft + ¢x) as the input to N(z) where k = 1/2,1,2,3, ...
until where the low pass nature of the linear part of system Kkills of the component
with frequency kf.

2) Get output: y(t) = N(z(t)).

3) Compute the fourier transform of y(t), get Fourier coefficients at frequencies
kf, OR directly compute the fourier coeflicients at frequencies k f.

4) Express the components in phasor representation with using the fourier coef-
ficients at each kf (e.g. Bje’?s* for each kf).

5) Define the describing function of N(z) as DF(Ay, ¢y, kf) = Brel®Br | Apel.

This type of describing function is termed as multi input describing function
(MIDF) [44]. As a result, for each frequency of interest we express the effect of
the nonlinearity ONLY for a given input. It is important to note that for even
the slightest change in A, or ¢y, the process should be repeated and a new DF
should be computed. Notice that it is very important that the harmonics in the

feedback signal are adequately low pass filtered.
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2.3 Quantitative Models of the Brain

The information processing behind many crucial brain functions (e.g. sensory,
motor and cognitive functions) is considered to be carried into effect by crowded
populations of interconnected neurons [47, 48, 49, 50]. Neurons are the build-
ing blocks of the nervous system, in that they are the cells that are responsi-
ble for information transfer in the nervous system. This information transfer is
explained by concepts rooted upon the membrane potentials of neurons. The
resting membrane potential of a neuron is the electrical potential of a neuron’s
soma/membrane referenced to extracellular space. Temporary changes in the
resting membrane potential of neurons due to inputs coming from surrounding
(not necessarily spatially next to) neurons through synapses are termed as post-
synaptic potentials (PSP). These PSPs, in turn, cause changes in ion concentra-
tions between intracellular and extracellular space through ion channels. This
increased difference in ion concentrations between the inside and the outside of
the cell causes the PSP to grow further through a positive feedback mechanism,
and after a certain level the neuron produces a spike-like voltage waveform. These
spikes are called action potentials (APs). APs are considered to be the fundamen-
tal elements of inter-neuronal communication, due to the fact that information
is identified to be encoded in terms of both the frequency (termed as the firing
rate) and timing of APs.

This mechanism behind the generation of action potentials in single neurons
was uncovered by a nobel winning Hodgkin-Huxley model (HH model) [51]. The
scientists behind the model, Alan Hodgkin and Andrew Huxley, studied neuro-
physiological recordings taken from the squid giant axon of a longfin inshore squid.
The large size of the axon allowed them to insert electrodes and as a result, they
managed to express the generation of action potentials in mathematical terms.
However, movement, cognition, or other higher level processes are not immedi-
ately explainable by such single neuron discoveries [52, 53]. Such processes are
thought to arise from interactions of crowded neuronal populations. Moreover,
electroencephalography (EEG) reflect the collective activity of such populations

consisting of thousands of neurons [54].

14



There are branches in science where similar observations are present: the large
scale system depicts a collective behavior that is not similar to that of the ele-
ments in the said large scale system. Research in such fields aims to generate
mathematical laws that govern these macroscopic quantities (e.g. magnetic fields
or fluid flow). These mathematical laws or models are mostly generated on the
grounds of mean field approximation. This approximation is commonly employed
in statistical physics [55] and it helps forming an approach to find the stationary
solutions of a dynamical system. The objective of the mean field theory is to ap-
proximate the effect of all individuals on any given individual by a single averaged
effect, thus reducing a “many-body problem” to a “one-body problem”. Neuro-
science is not an exception to this: mathematical laws or models that explain the
behavior of a population of neurons had been investigated through mean field

approximation in the last century.

These models [56, 57, 58] are shortly referred to as mean field neural mod-
els [55, 59]. Such models, as underlined above, do not explain the AP generation
in individual neurons but explain the collective behavior of a crowded popula-
tion of neurons [60]. Hence, these models are considered to be appropriate for
explaining the empirical data gathered by EEG, MEG or fMRI. A wide variety of
phenomena, including resting state brain networks and oscillations [61, 62, 63, 64],
seizures [65], sleep states [66], etc., that are observed in such imaging techniques

were explored in modeling studies (see [59] for more examples).

Mean field neural models, which explain large scale brain dynamics, are based
on methods/approaches from areas such as dynamical systems theory, statistical
physics and stochastic calculus. The first and principle approach in this regard,
in the field of brain modeling, is to consider the activity of an ensemble of neurons

often referred to as the “ensemble density approach”.

2.3.1 The Ensemble Approach

Ensemble models aim at modeling the dynamics of crowded populations of neu-

rons (in theory, number of neurons is not bounded). It assumes that individual
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states of neurons are irrelevant and are uncorrelated (i.e. correlation between
two neurons decay as the distance between them increases in a population). Ac-
cording to the Central Limit Theorem (CLT'), sum of many uncorrelated random
processes, whose probabilistic densities can be in any form, converges to a Nor-
mal distribution [55]. This simplification brings along a very important benefit:
dimensionality reduction. The activity of the whole population can thus be ex-
pressed by a Normal distribution and its linear statistics. In other words, instead
of having to consider firing rates or membrane potentials of individual neurons,
the activity of the population can be reflected by the mean and variance of the
lumped firing rate [67]. The mean of this distribution denotes the response of the
population to the aggregated synaptic inputs and the variance of this distribution
denotes how rough the effect of random fluctuations in the neuronal level are (i.e.

how precisely the ensemble response is represented).

The mathematical representation of the dynamics of such a normally dis-
tributed ensemble is achieved through the Fokker-Planck equation (FPE). A step
by step derivation of the FPE is present in [55]. Very briefly, an FPE is derived
from an ensemble of single neuron models (such as leaky integrate and fire) under
diffusion approximation. In essence, the FPE reflects the congregated response
of a neural population by calculating a mean firing rate. As the input of the FPE
changes, the drifts in the mean and variance of the mean firing rate is recaptured.
The reduction from finding responses of thousands of neurons to finding an ag-
gregated response of the same neuronal population is very crucial in modeling
studies. In this case, FPE provides a dimension reduction from thousands of
degrees of freedom to two variables, the mean and variance of the mean firing
rate. For this reason, ensemble approach is often considered to be the take-off

point for large scale brain modeling.

2.3.2 Reduction to Neural Mass Models

A further reduction in dimensionality constructs the motivation behind the notion
termed as Neural Mass Models (NMMs) [60]. Under the assumption of a strong
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coherence in a neural ensemble, it is possible to disregard the variance and model
the population dynamics only via the mean activity. This reduces the dimensions
from two to one and essentially reduces the number and complexity of underlying
mathematical equations which describe the evolution of the mean activity of the
neuronal ensemble. Such assumption brings along the definition of a concentrated
neural ensemble (very strong coherence), also termed as a point mass (hence the
name “neural mass”). In short, the ensemble is replaced with a point neuronal
mass and model /substitute the ensemble dynamics by the dynamics of this mass
through a set of nonlinear differential equations. This mass-action approach
constitutes the heart of NMMs.

In NMMs, we ignore the effect of variance in the membrane potentials within
an ensemble on population dynamics. The most prevalent way to make up for
this simplification is to use a sigmoidal function (the general form can be seen
in equation 2.1) to relate the average membrane potential to population firing
rate [60, 68]. In doing so, the variance of the needed relative potential change
for the neuron to fire is indirectly modeled. NMMs are most commonly in the
form of second order nonlinear differential equations for the average membrane

potential of the population:

10> 20
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Here V denotes the membrane potential and ¢ denotes the average firing rate
of the population. ~ is a constant that controls the rise time of V in response to ¢.
k is a coupling constant and r implicitly covers the above mentioned variance in
neuron firings. In summary, NMMs can be regarded as special cases of ensemble
models, in that they were reduced by only utilizing the mean of the ensemble

density and ignoring the variance.
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2.3.3 Brain Network Models and Neural Field Models

2.3.3.1 Brain Network Models

NMDMs model rather small and local population of neurons, say a cortical column.
For larger scale brain modeling, one approach is to couple NMMs with each other
in mesoscopic [60, 69] and macroscopic [70] scales. This way, dynamics in of
each local neuronal population (each NMM), is governed by its own dynamics,
but are also affected indirectly from the activity in other nodes. This indirect
coupling is achieved by anatomical connectivity matrices, also referred to as the
connectome. Tractography studies aim to uncover a realistic connectome through
invasive recordings or by inverse problem formulations on human fMRI data [71,
72]. In short, such large scale discrete brain models are referred to as Brain
Network Models (BNMs), and they aim to bridge the gap between models of

local neural populations and large scale brain activity.

2.3.3.2 Neural Field Models

BNMs model the large scale cortex at discrete nodes, and uses connectivity ma-
trices that couple the activities at these nodes. Another approach is to model
the cortex as a continuum, on which the coupling coefficients decay exponentially
with increasing distance [72]. Such continuous field models employ methods used
in other complex systems. Most commonly, the differential equations and spatial
couplings are provided in the form of a wave equation (a differential equation

that includes both temporal and spatial derivatives) [56, 73]:
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Here c is the speed of AP propagation, r is the relative distance, v = ¢/r and
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V2 is the laplacian. Notice here that average membrane potential and average
firing rate are both functions of space and time. A more detailed explanation of

these large scale Neural Fields Models can be found in [55].

2.3.3.3 Forward Models

The outcomes of these models do not necessarily model the observed empirical
data. There is a need for another model layer that relates the collective response
of a model to the data obtained by the employed imaging modality. EEG, for
example, is induced by macroscopic extracellular currents. Such models, that ex-
plore the relationship between the cortical currents and EEG, are called forward
models. The obtained aggregated response of a model (most likely the derivative
of the membrane potential) should be fed to a forward model to obtain a result
that is equivalent to experimental results. Especially for inverse problem formu-
lations, these forward models remain to be a very important area of research.
However, with assumptions made possible by experimental design, the need for

forward models is often discarded in modeling studies such as the current study.
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Chapter 3

Experimental Investigation of

Period Doubling Behaviour in
Human SSVEP Responses

3.1 PD in Earlier Experimental Studies

Several researchers have documented PD behavior in their experimental results.
Crevier and Meister have investigated the period doubling phenomena under
bright full field flickering square wave light stimulus in salamander and hu-
man [12]. For humans, both in electroretinogram (ERG) and EEG, they reported

period doubling regime in response to stimuli between 30 Hz and 70 Hz [12].

Herrmann conducted an extensive study in which he used a square wave light
source as the flickering stimulus to induce SSVEP responses in EEG [6]. He varied
the stimulus frequency from 1 Hz to 100 Hz with 1Hz steps and reported that
subharmonic oscillations occur near alpha band. He did not state any specific
range of stimulation frequencies that yields period doubling behavior. From the
data and graphs presented in his paper, it is observed that period doubling occurs

in response to roughly half of the stimulation frequencies in the range of 15-30
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Hz.

Tsoneva et al. have used repetitive visual stimuli in 40-60Hz (gamma band)
to study temporal and spatial properties of SSVEP and analyze the interaction
between SSVEP and ongoing brain rhythms. They have used square wave light
source with 2Hz steps, excluding 50Hz. They reported subharmonic responses
throughout this stimulus frequency range along with valuable spatiotemporal
information regarding SSVEPs [13].

Roberts and Robinson used Robinson’s Thalamocortical Model [74, 63, 75]
to simulate Herrmann’s experimental procedure and the model predicted similar
results [15] to Herrmann’s experimental results. They reported period doubling
behavior for stimulus frequencies 15-24 Hz. They have also pointed out that
square wave contains harmonic components by itself and is not the best stimulus
for obtaining the most accurate results. So, they proceeded to apply sinusoidal
flicker instead of square wave flicker to the model and came up with similar
predictions [15]. They also stated that these predictions regarding sinusoidal

excitation should be experimentally verified.

Labecki et al. undertook both experimental and simulation studies. They con-
ducted an SSVEP experiment in which they used both square wave and sinusoidal
light sources as the flickering stimuli to induce SSVEP responses in EEG [14].
Their experiment was rather limited in scope; they used 2 distinct frequency val-
ues for both modulation types (namely 5 Hz and 15 Hz). They stated that in
the spectrum of EEG response to 15 Hz stimulus frequency, 7.5 Hz peak was
statistically significant; however it is not clearly observable by the eye. They also
applied their experimental procedure to Lopes da Silva’s simple cortex model [76]
to reproduce their experimental findings [14]. They reported that subharmonic
responses occur in response to stimulus frequency range of 17-21.5 Hz when the

input was square wave and 15-22 Hz when the input was sinusoidal wave.

In this part of the study, we took an experimental approach with the aim of
(i) piecing together the earlier experimental results and (ii) statistically exploring

the consistency of period doubling behavior for a subject and across subjects.
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3.2 Methodology

3.2.1 Experimental Procedure

A total of 9 healthy (no neurological or psychiatric disorders) subjects with a mean
age of 22 (6 males, 3 females) participated in the experiments. All subjects have
normal or corrected-to-normal vision. All subjects signed an informed consent
form which explains the objectives of the study and that flicker stimulation may

cause epileptic seizures.

A simple Do-It-Yourself (DIY) cardboard VR headset with two, white, high
gloss, 5 mm light-emitting diodes (LEDs) inside, where these two LEDs stay
2-3 c¢m in front of subjects’ eyes, was built for the purpose of full visual field
illumination 3.1. The stimulus is modulated with a sinusoidal waveform at 100%
modulation depth. The peak illuminance at 2cm away from one of the LEDs is

410 lux as measured by Trotec BF06 luxmeter.

Figure 3.1: A photo of Do-It-Yourself (DIY) card-board VR headset

An FPGA board (Nexys 27M Spartan-3E FPGA Trainer Board (Digilent Inc,
United States) with a 50 MHz crystal oscillator (100ppm tolerance)) is used
to generate a very accurate sinusoidal waveform (with less than 1mHz error).

This digital sinusoidal waveform was converted to a sinusoidal voltage waveform
by a 12-bit D/A converter (MCP4921-E/P). To convert the voltage waveform
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generated by the FPGA to light modulation, the circuit in Figure 3.2 is used.
The input to this circuit has 3.3V peak-to-peak sinusoidal wave with 1.65V DC
offset voltage. The max. current in this configuration is 3.3V/1.2kQ) = 2.75mA.
This circuit is linear as long as the transistor is used in its non-sat region. The

LEDs are driven at their linear region.

Figure 3.2: Stimulus circuit is used to convert voltage waveform to light waveform

To make sure that the generated sinusoidal light waveform is free of harmonics
and is a “pure” sinusoid, the measurement circuit in Figure 3 is used. This
circuit utilizes a PIN photodiode (BPW24), whose response is very linear when
reverse biased [77], to convert the light intensity into voltage waveform. The
reverse current through the diode generates a voltage at the OPAMP output. The
generated light had a 40 dB difference between the first and second harmonic.

100

BPW24

Figure 3.3: PIN Diode circuit is used to measure the light waveform generated

by the circuit in Figure 3.2

Seven out of nine subjects participated in two different sets of experiments.
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They were first presented a frequency range of 15 Hz to 32 Hz with 1Hz steps (ex-
periment E1). On another day (within 2 weeks), they were presented a frequency
range of 28 Hz to 42 Hz with 1Hz steps (experiment E2). We divided the stimu-
lation frequencies into two experiments in order not to exhaust the participants
and also to observe long-term differences regarding period doubling generation.
Additionally, to test the short-term repeatability of our experimental procedure
and also to observe the short-term variability of our findings, five out of nine
subjects participated in 5 experiments in a row, in which they were presented
a frequency range of 25 Hz to 35 Hz with 1Hz steps, keeping the same cap and
electrodes in position. There was a 10-minute rest period between each successive

experiment.

For all experiments, at each frequency, sinusoidal light was presented for 30
seconds with 10 seconds rest in between during which constant light at a level of
half of the maximum brightness (LED circuit is driven by the DC offset voltage)
was applied. An experiment was over when all the frequencies were presented
once to the subject. For example, for 15-32 Hz experiment, there were 18 30-
second recordings during which the stimulus was presented. In the beginning of
each period of the sine wave, a marker pulse was also transmitted from FPGA to
the EEG amplifier. For instance, for a 30 Hz sine wave, 900 markers were sent

to the EEG amplifier during the 30 second stimulus presentation.

3.2.2 Data Acquisition

EEG was recorded with Brain Products V-Amp 16 channel EEG amplifier along
with actiCAP, a standard 10-20 EEG cap with 32 electrode sites (Brain Prod-
ucts, Gilching, Germany). EEG was recorded from electrodes “O1, Oz, O2, Pz,
P3, P4” and they were referenced to FCz electrode. The ground electrode was
placed over nasion, on the forehead. BrainVision Recorder was used to record the
EEG and marker pulses simultaneously. The electrodes are active and ImpBox
(Brain Products, Gilching, Germany) was used to measure the impedance values

of electrodes. Electrode impedances were kept below 10k{2. The sampling rate
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was 1kHz. Data were filtered with a 50Hz Notch filter during recording.

3.2.3 Data Analysis

The EEG recordings were first exported to MATLAB using BrainVision Ana-
lyzer software and were analyzed in MATLAB (The MathWorks, Inc., Natick,
MA, USA). For each experiment, 5-100 Hz bandpass filter was applied to each
30-second recording since fundamental frequency, its harmonics and subharmon-
ics lie within this range and also to eliminate DC offset and slow components due
to head movements. For each channel, from the 30-second recording of each fre-
quency stimulation, fifteen non-overlapping 2-second long epochs were extracted.
Epochs are chosen to be 2-second long to ensure that the subharmonic frequen-
cies of odd stimulus frequencies have an integer number of cycles in an epoch.
SSVEPs are typically observed from frequency spectrums of EEG recordings. For
each stimulation frequency and for each channel, three different types of power
spectrum density (PSD) estimates were calculated:

(i) PSD estimate of the 30-second long data,

(ii) average of PSD estimates of each epoch,

(iii) and PSD estimate of the average of fifteen epochs.

For PSD estimate calculations, Welch’s method was used. In addition to the
standard PSD plots, a two dimensional plot was also generated for the spectrums
of the averaged epochs. In this plot, the stimulation frequencies are placed on the
horizontal axis and the PSD estimate of the response to each stimulus frequency
are gray-scale coded on the vertical axis (such as in Figures 3.6 and 3.7). This
plot is called PSD versus Stimulus Frequency (PSD-SF) plot in the rest of this

document for easy referral.

To determine if a subharmonic component (corresponding to period doubling)
occurs or not, the PSD of half frequency component should be clearly distinguish-
able in amplitude (an outlier) from surrounding frequency components. The PSD

estimate of 30-second long data was calculated with a frequency resolution of 0.1
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Hz. From this data, a 21-point array that holds the PSD estimates in the [subhar-
monic frequency + 1Hz| interval was extracted. For example, if the stimulation
frequency was 30Hz, this array would be composed of PSD estimates of 14Hz to
16Hz with 0.1 Hz steps. To detect the occurrences of period doublings, MAT-
LAB’s “isoutlier” function was used on the extracted array. Outliers, which were
more than three times the scaled median absolute deviation (MAD) away from
the median, were detected from this array. If the detected outlier was found to
be at the half fundamental frequency, then this outlier was regarded as a sub-
harmonic occurrence and subharmonic occurrence value was assigned the value
of ‘1" (else as ‘0’). For all experiments, subharmonic occurrences were identified

by using the above method for each stimulus frequency in all channels.

Subharmonic Occurrence Rate across channels (SORc) for any given frequency
and experiment was defined as average occurrence in all the six channels that
were recorded. For the case of short term repeatability experiments, in addition
to SORc values, Subharmonic Occurrence Rate across experiments (SORe) for
any given frequency and channel was defined as average occurrence in all the
5 consecutive experiments. ANOVA was done on the SORc and SORe values
of short term repeatability experiments to obtain statistical results. For both
ANOVA tests, the independent variable was the stimulation frequency and the
dependent variable was SOR. We have chosen to base our statistical decisions on

a significance level of p = 0.05.

3.3 Experimental Results

To illustrate the benefit of averaging in data analysis, spectrum of a raw epoch
and the spectrum of the average of the fifteen epochs within a 30-second record-
ing are compared in Figure 3.4. It can be seen that averaging highly attenuates
the alpha power (8-12 Hz) which exists in the raw recording. This happens be-
cause alpha components are not synchronous with the applied stimulus frequency

and therefore they diminish with averaging. In the spectrum of the averaged
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epoch (Figure 3.4(d)), the fundamental (32Hz), harmonic (64Hz) and subhar-
monic (16Hz) peaks are more easily observable than in the spectrum of the raw
epoch (Figure 3.4(b)).

a) b)
An Epoch from 30-second Long Data - S4 - Ch:Pz - Freq: 32 Hz Spectrum of an epoch from 30 seconds Trial - S4 - Ch:Pz - Freq: 32 Hz
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Figure 3.4: Effect of averaging on the PSD estimate. Data belongs to S4 (channel
Pz, stimulus frequency = 32Hz). a) An example of an epoch (between 20th and
22nd seconds), and b) its spectrum. c) Average of the fifteen epochs of the 30-
second recording, and d) its spectrum. The peaks on different spectrums are

marked with data tips. Note that a) has 2 times the scale of c).

Figure 3.5 compares the three different PSD estimates that are explained in
Data Analysis section. With a stimulation frequency of 40Hz, in the first type
of PSD plot (Figure 3.5(a)), there is a clear high amplitude 20Hz signal com-
ponent along with the expected 40Hz signal component. In the second type of
PSD plot (Figure 3.5(c)), the subharmonic (20Hz) component is not as distin-
guishable from the surrounding spectral components. In the third type of PSD
plot (Figure 3.5(d)), the 20Hz component is again more clearly evident. This fig-
ure again clearly demonstrates that signal averaging helps to suppress the alpha
components and thereby enhances the appearance of the subharmonic compo-
nent. Among the three types of spectrums presented in Figure 3.5, although
subharmonic components are observable in all three, type 3 spectrums are es-
pecially preferable to obtain PSD-SF plots because with the other two types of
spectrums, the stronger alpha range and nearby spectral components preclude

the clear demonstration of period doubling on a PSD-SF plot.
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Figure 3.5: Comparison of the three types of PSD estimates. Data belongs to S5
(channel Oz, stimulus frequency = 40Hz). a) PSD estimate of 30-seconds long
data b) Average of fifteen epochs. c¢) Average of PSD estimates of each epoch. d)
PSD estimate of the average of fifteen epochs shown in b). The peaks on different

spectrums are marked with data tips.

PSD-SF plot averaged across all subjects (for channel Oz) for experiment E1
(with 15-32 Hz stimulation range) is given in Figure 3.6. Components on the 1:1
line, on which the fundamental frequency components line up, are clearly visible.
In a similar manner, the 2:1 line, on which the second harmonic components line
up, is observable. The subharmonic components, which are to be on the 1:2 line,
are also visible throughout this frequency range. Figure 3.7 presents the PSD-SF
plot averaged across all subjects (for channel Oz) (data from subject S6 was dis-
carded due to EEG artifacts for this recording) for experiment E2 (with 28-42 Hz
stimulation range). As expected, the 1:1 and 2:1 lines (fundamental and second
harmonics) are clearly visible. As the excitation frequency (stimulus) is increased
from 28 to 42 Hz, a distinct and significant half frequency component follows (1:2
line). Subharmonic responses are more clearly discernable in Figure 3.7 than in
Figure 3.6 because the subharmonic frequencies in Figure 3.7 do not fall in the

alpha band. Subharmonic responses in Figure 3.6 are still visible within the alpha
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band due to the existence of a frequency dependent trend. If signal averaging is

not used before PSD estimation, this trend is not visible.

8§1-2-3-4-5-6-9, Frequency Range: 15-32 Hz, Channel:0z
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Figure 3.6: Averaged PSD-SF plot across all subjects (Channel Oz) for the exper-
iment that covers the stimulus frequencies from 15Hz to 32Hz. Horizontal dashed
red lines visualize the alpha band (8-12 Hz interval). The dotted red lines are put
for better demonstration of the trends in data. The lower limit of the colorbar
is set to 0.1 to eliminate confusion due to background noise in spectrums. The

upper limit is saturated at 0.5 for clear observation of subharmonic peaks.
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Figure 3.7: Averaged PSD-SF plot across all subjects (Channel Oz) (data from
subject S6 was discarded due to EEG artifacts for this recording) for the experi-
ment that covers the stimulus frequencies from 28Hz to 42Hz. Horizontal dashed
red lines visualize the alpha band (8-12 Hz interval). The dotted red lines are put
for better demonstration of the trends in data. The lower limit of the colorbar
is set to 0.1 to eliminate confusion due to background noise in spectrums. The

upper limit is saturated at 0.5 for clear observation of subharmonic peaks

Table 3.1 presents at which frequencies period doubling is observed for each
subject in the 15-32 Hz and 28-42 Hz experiments. Considering the 15-32 Hz
experiments (E1), in three subjects (subjects S1, S5 and S9), period doubling
is observed throughout nearly the whole frequency range (for subjects S1 and
S9, the observed frequencies are contiguous and for subject S5 the frequencies
that depict period doubling are separate (spaced)). For subjects S2, S3 and S6,

period doubling is observed in the second half of the stimulus frequency range
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(from 25 Hz and onward). For subject S4 on the other hand, period doubling
is not observed at all. In the 28-42 Hz experiments (E2), out of the 15 stimu-
lation frequencies, subjects S2, S9, S3, S5, S1, S4 and S6 generate subharmonic
responses at 10, 10, 9, 8, 7, 5 and 5 frequencies respectively. S2, S3, S4 and S9
depict contiguous responses but the others have spaced-out responses. There-
fore, there is substantial subject to subject variation regarding the frequencies of
period doubling phenomena. Furthermore, for a given subject, considering the
overlapping stimulation frequencies in both experiments (28-32Hz), experiments

performed in different days also may yield different results.

Table 3.1: Stimulus frequencies for which period doubling is observed in two dif-
ferent experiments (E1: Stimulus frequencies 15-32 Hz and E2: Stimulus frequen-
cies 28-42 Hz) for seven subjects. Green highlight is used when period doubling
behaviour is present and red highlight is used when not. The presence of period
doubling is determined according to SORc for each frequency (Present if SORc
> 50%). First column lists the subject IDs. Second column lists the stimulus
frequencies for which period doubling is observed for E1. Third column lists the

stimulus frequencies for which period doubling is observed for E2.

Subject . .
N 15-32 Hz Experiment (E1) | 28-42 Hz Experiment (E2)
)
16, 17, 18, 19, 20, 22, 23, 24, 25,
S1 98, 29, 30, 31, 38, 41, 42 Hz
26, 27, 28, 29, 31 Hz
29. 30, 31, 32, 33, 34, 35, 36, 37,
S2 27, 28, 29, 30, 31, 32 Hz
39 Hz
34. 35, 36, 37, 38, 39, 40, 41, 42
S3 30, 31, 32 Hz -
z

28, 29, 30, 31, 32 Hz

S Netbwar

31 Hz

S5 17, 20, 24, 25, 28, 31 Hz 30, 32, 36, 37, 38, 40, 41, 42 Hz
S6 25, 26, 28, 30 Hz 30, 33, 34, 37, 41 Hz
S 17, 18, 19, 20, 22, 23, 24, 29, 30, | 28, 29, 30, 32, 34, 36, 37, 38, 39,

40 Hz
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Table 3.2 shows the Subharmonic Occurrence Rates across channels (SORc) for
subject S3 within the 5 consecutive experiments which were performed for observ-
ing the short term repeatability of the experimental procedure. From Table 3.2,
SORc value, averaged across all frequencies (bottommost row) for a single exper-
iment is observed to vary from a minimum of 24% to a maximum of 52%. The
change in this rate does not follow a trend in time (experiment number). One-way
repeated measures ANOVA test [78] (which is an extension of the paired t-test)
concludes that, when all frequencies are considered together, the experiments do
not differ significantly (F(4,40) = 1.322, p = 0.2783). Similar results are ob-
tained for the other subjects except for subject S2 (see Table 3.4 for statistical
details). In S2 experiments are found to be different and however, this is only due
to the difference between experiment 1 and experiment 4 revealed by a post-hoc
test which analyzes experiments in pairs (p=0.035). On the other hand, even
between experiments which are not found to be different statistically when all
frequencies are considered together, there are substantial individual variations in
SORc values when a single frequency is considered. For example, for 31Hz SORc

value varies from 100% to 0% across experiments in Table 3.2.
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Table 3.2: SORc values of each stimulation frequency in 5 consecutive repeata-
bility experiments for S3. First column lists the stimulation frequencies used in
all 5 experiments. Second to sixth columns list the corresponding SORc values

in different experiments.

Stimulus Frequency | Expl | Exp2 | Exp3 | Exp4 | Exp5
25Hz 0% 8% | 67% | 17% | 1%
26Hz 83% 0% 33% 0% 33%
27Hz 0% 50% | 50% | 50% | 67%
28Hz 67% | 67% | 83% | 50% 17%
29Hz 67% 17% 17% 0% 33%
30Hz 83% | 83% | 83% 17% | 67%
31Hz 100% | 83% | 33% 0% 33%
32Hz 50% 0% 17% | 67% 0%
33Hz 83% | 83% 17% 17% | 33%
34Hz 33% 0% 50% | 33% 0%
35Hz 0% 50% | 50% 17% | 100%
Avg. 52% | 47% | 45% | 24% | 36%

For a reason explained later in the Conclusions and Discussion section, we
have also investigated if there is significant difference between occipital channels
(01,02,02) and parietal channels (P3,Pz,P4). Table 3.3 shows the average of
Subharmonic Occurrence Rates across experiments (SORe) of O channels and P
channels for subject S3. One-way ANOVA test shows that there is no significant
difference between O channels and P channels (F(1,20) = 2.61, p = 0.122) for S3.
In fact, as shown in the second column of Table 3.4, one-way ANOVA concludes
that O channels and P channels do not differ significantly in all subjects (F and

p values are given in Table 3.4).
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Table 3.3: Average SORe values for each stimulation frequency in O and P chan-
nels for S3. First column lists the stimulation frequencies used in all 5 experi-
ments. Second column lists the average of the SORe values of O1,0z,02 channels.

Third column lists the average of the SORe values of P3,Pz,P4 channels

Stimulus Frequency | Oavg | Pavg
25Hz 40% | 33%
26Hz 33% | 2%
27Hz 53% | 33%
28Hz 60% | 53%
29Hz 33% | 20%
30Hz 67% | 67%
31Hz 53% | 47%
32Hz 27% | 2%
33Hz 4% | 47%
34Hz 33% | 13%
35Hz 60% | 27%
Avg. 46% | 36%

The SORc and SORe values for the other subjects (52, S4, S7, S8) are given
in the Appendix as tables with same structure as Tables 3.2 and 3.3.
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Table 3.4: Summary of obtained results for the 5 consecutive repeatability exper-
iments that are done on five subjects for observing the short term repeatability
of the experimental procedure. First column lists the subject IDs. Second col-
umn lists the statistical results (F and p values) of one-way repeated measures
ANOVA for each subject to test the short term repeatability. Third column lists
the statistical results (F and p values) of one-way ANOVA for each subject to

compare the subharmonic occurrence in O and P channels

Statistical Results Between | Statistical Results Between
Subject No

Experiments Channels

S2 Differ significantly, Do not differ significantly,
F(4,40) = 3.573, F(1,20) = 0.11,
p = 0.0139 = 0.7528

S3 Do not differ significantly, Do not differ significantly,
F(4,40) = 1.322, F(1,20) = 2.61,
p = 0.2783 p=0.122

S4 Do not differ significantly, Do not differ significantly,
F(4,40) = 1.506, F(1,20) = 0.063,
p = 0.2187 = 0.8063

S7 Do not differ significantly, Do not differ significantly,
F(4,40) = 0.70, F(1,20) = 0.40,
p = 0.5968 p = 0.5335

S8 Do not differ significantly, Do not differ significantly,
F(4,40) = 1.73, F(1,20) = 0.08,
p = 0.1615 p = 0.7848

We have also studied the variations of the subharmonic peak relative to the

fundamental peak. Indeed, as shown in Figure 3.8 as an example, the ratio of the
amplitude at the subharmonic frequency to the fundamental component is less
than one in 27-30 Hz region and larger than one at 31Hz and 32Hz for subject S2
(Channel Oz). In general, considering the observations in all experiments of the
study, the amplitude of the subharmonic frequency relative to the amplitude of

the fundamental frequency does not follow a trend and is variable with respect
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to frequency. Figure 3.9 shows the change in relative amplitude for subject S2’s
repeatability experiments. In this figure, it can be observed that relative ampli-
tudes vary with respect to frequency for an experiment and vary with respect to
experiment for a frequency. It can also be seen that although relative amplitude
generally resides below 1, there are cases when subharmonic component is much

larger than the fundamental component.
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Figure 3.8: The power spectrums of averaged epochs for 27Hz to 32Hz stimulus
frequencies. Data belongs to S2 (Channel Oz). The peaks on different spec-
trums are marked with data tips. The ratio of the amplitude at the subharmonic
frequency to the fundamental component is varying. Note that some peaks are
outside the vertical range, their peak values can be seen on the corresponding

data tip.
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Figure 3.9: Ratio of amplitudes of subharmonic responses to the amplitudes of
fundamental responses in five consecutive repeatability experiments of subject S2
(Channel Oz). Relative amplitude is varying in the short term for each frequency.
Experiments 1 to 5 are colour coded. Notice that ratios greater than 2 are
saturated at 2 for better demonstration. The horizontal red line corresponds

to the ratio of 1.

3.4 Discussion of Experimental Results

Our experimental results indicate that period doubling may occur in all stimula-
tion frequencies (15-42 Hz) that our experiments have covered. In earlier studies,
which covered a broad range of stimulation frequencies (1-100 Hz), Herrmann’s
findings indicated subharmonic generation for the stimulus range of 15-30 Hz [6],
and Crevier and Meister reported subharmonic occurrence range for stimulus fre-
quencies between 30-70 Hz [12]. Additionally, Tsoneva et al. have studied the
stimulus frequency range of 40-60 Hz and have observed subharmonic generation
in this frequency range [13]|. Therefore, considering the results of all these studies
and the current study, it is likely that subharmonic generation occurs in a broad
range of frequencies, and for the present moment, an exact frequency range of

subharmonic generation cannot be stated. The differences between the results of

37



different studies may perhaps be explained by factors specific to the subjects in-
cluded in the experiments and also specific to the experimental conditions, which

however need to be identified in further studies.

The mechanisms of subharmonic frequency generation is still an unresolved
issue. In the 2012 study of Roberts and Robinson [15], Robinson’s Thalamo-
cortical model [74, 63, 75] was tuned to reproduce Herrmann’s findings [6] and,
the model showed period doubling behaviour only in 15-24 Hz stimulus interval.
Similarly, Labecki et al. [14] used Lopes da Silva’s cortical column model [76]
to reproduce period doubling behaviour in 15-22 Hz stimulus interval. However,
our study indicates that a model should include a broader frequency region in its
period doubling regime. Future models should be able to provide means for the
tuning of subharmonic frequency range and preferably be able to relate these to
physiological and environmental conditions (such as those mentioned in the next
paragraph). It is vital to adjust these models according to such factual experimen-
tal information so that model predictions, regarding other nonlinear phenomena

and dynamics and physiological mechanisms, could be basis for further research.

The summarized results in Table 3.1 suggest that there is substantial inter-
subject variability and also substantial intra-subject variability among experi-
ments that are conducted in different days. We have also conducted on five
subjects the so called short-term repeatability experiments in order to observe
the short term effects on subharmonic generation. Although, period doubling
generation is mostly consistently observed in consecutive experiments when all
frequencies are considered together, there is considerable variation in the SOR
values of a frequency across experiments. It may be conjectured that both long
term effects (electrode placement, physiological state, psychological state, illness,
hunger, etc.) and short term effects (changes in gaze, attention level, fatigue etc.)

may be factors that cause these variations.

The effect of attention on SSVEP fundamental peak amplitude is investigated
in [79]. Mutual influence between fatigue level and SSVEP parameters have
also been reported in [80]. Level of attention and fatigue may also be altering

period doubling generation. In any case, it may be wise to conduct SSVEP
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experiments, which aim at investigating subharmonic frequency generation, with
random stimulus frequency order to eliminate the doubt related to fatigue and
attention. Random stimulus frequency order may also be important to circumvent
possible biases due to hysteresis effects predicted by Roberts and Robinson in

their simulation study [15].

From the ERG recordings of both humans and animals, period doubling be-
havior was reported [12, 81, 82] which indicates that subharmonic generation can
occur at the retina. Lateral geniculate nucleus (LGN) takes inputs from retinal
ganglion cells and projects most of its output to primary visual cortex which are
then projected to other visual cortex areas [83]. The electrode sites, O1, Oz and
O2 that were used in our experiments, correspond to primary (Oz) and secondary
visual (O1, O2) cortices [84]. Accordingly, in our repeatability experiments, we
argued that subharmonic occurrence rates may be consistently different between
O and P channels. However, the statistical analysis we have performed on the

repeatability experiments yielded no difference between channels (See Table 3.4).

As shown in Figure 3.9, the ratio of subharmonic to fundamental component
amplitudes varies considerably. In fact, there are cases where a fundamental
peak may not occur at all while a subharmonic component occurs (such cases
are saturated with a ratio of 2 in Figure 3.9). The amplitudes of subharmonic
and fundamental components also change considerably from channel to channel.
There may even be some extreme cases such as shown in Figure 3.10(a) and
Figure 3.10(b) where fundamental component is almost non-existent in channel
O1 whereas it is of the same order of magnitude with subharmonic component
in channel Oz. Figure 3.10(c) shows an example of another nonlinear interaction
that is not as commonly visible as other observed nonlinear phenomena. There
is a peak at third harmonic of the subharmonic frequency (f + f/2, where f
is the stimulation frequency) in SSVEP spectrum. It is not clear whether such
behavior is a result of nonlinear interactions of different cortical areas or maybe

an inherent property of the cortex in general.
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Figure 3.10: Other observed nonlinear characteristics of SSVEP response. Data
belongs to S3. a) Spectrum of averaged epochs in channel Ol. Fundamental
frequency (stimulus frequency) is 41Hz. b) Spectrum of averaged epochs in chan-
nel Oz. Fundamental frequency (stimulus frequency) is 41Hz. ¢) Spectrum of
averaged epochs in channel Oz. Fundamental frequency is 29Hz (denoted by f).
Strong subharmonic (f/2) and harmonic (2f) peaks are present in the spectrum.
An additional peak at 43.5Hz (f4+f/2 = 3f/2) is visible for this particular case.
This phenomenon is actually present in many recordings, but is not always as

obvious as in this case.
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SSVEP is widely used in BCI applications due to its robustness and speed [5,
85, 86]. The reported phenomena in the current study includes cases in which
subharmonic peaks are greater in amplitude than fundamental peaks or in which
fundamental peaks are non-existent while subharmonic peaks are clearly observ-
able. In a BCI application using the SSVEP paradigm, total lack of fundamental
component would likely degrade classification accuracy. Thus, it can be claimed
that utilizing subharmonic peaks in addition to fundamental peaks in SSVEP
responses would improve BCI performance. This requires target frequencies to
be chosen for a particular subject within the frequency range where period dou-
bling behaviour is observed. Similarly, since the second harmonic components are
consistently observed in all of our experiments, additional use of this harmonic
in SSVEP BCI applications is also justified.
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Chapter 4

Model Based Investigation of
Period Doubling Behavior in
Human SSVEP Responses

4.1 Earlier Modeling Studies Regarding SSVEPs

Modeling studies usually focus on the linear responses and properties of the model
under no drive (or when driven by noise). These are generally brain rhythms and
stability boundaries of the system. More recently, driven brain activity seems to
attract increasing interest, bringing nonlinear interactions to investigators’ atten-
tion. Spiegler et al. [16] have investigated the photic driving effect (i.e. frequency
entrainment) of a periodic light stimulus through a modified Zetterberg-Jansen
model [87]. They drove the model with a rhythmic input consisting of a train of
pulses where each pulse is similar to that used by Jansen and Rit [87]. Then, they
demonstrated many different nonlinear dynamics the model can produce, includ-
ing chaos. Particularly, they investigated the effect of stimulus amplitude on the
entrainment phenomenon and came up with various predictions. In this work,
however, authors did not mention any subharmonics generated by the cortical

model.
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Roberts and Robinson have driven Robinson’s Corticothalamic Model [74, 63,
75] with periodic input (square and sine wave). They tested the model against
Herrmann’s experimental findings [6] and came up with very accurate predic-
tions. Their observations included subharmonic components at the model output
for stimulus frequencies between 15-24 Hz but they did not discuss the possi-
ble mechanisms of generation of such components. They rather focused on en-
trainment of the alpha rhythm to the fundamental as well as the subharmonic

components.

Labecki et al. have driven the neural mass model by Lopes da Silva et al. [76]
with periodic input (square and sine wave) [14]. They observed subharmonic re-
sponses in the model output for stimulus frequencies (for sine wave input) between
17-21.5 Hz. They also claimed that for subharmonic oscillations to occur, a feed-
back loop with at least one nonlinear element is necessary in the mathematical

sense.

In this part, we have employed a modeling approach and compared its predic-
tions with experimental results detailed in the previous chapter and also in [88].
We have also identified other important aspects of the subharmonic generation

in the model.

4.2 Methodology

4.2.1 Model Implementation

In this work, we use a neural field model that had been proposed by Robinson
et al. to model cortico-thalamic dynamics [74, 63, 75]. This model includes
three main neuronal populations, cortical neurons (excitatory (e) and inhibitory
(i) interneurons and implicitly pyramidal cells), thalamic reticular (r) neurons
and thalamic relay (s) neurons. In our experiments [88], we have used a full
visual field stimulus (the DIY VR headset). This allows us to assume spatially

uniform stimulation of the visual cortex, hence allowing us to model the entire
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visual cortex with a single neuronal population. With such assumption, we also
omit the spatial dependence of the model and thus reduce it to a neural mass
model. Below we provide an explanation of the model formulations keeping the

notation in the original work mostly unchanged [74, 63, 75].

In this model, each population is modeled by two main relations: (i) a linear
operator Dy, = m% + (O%ab + i)% + 1 that relates the mean postsynaptic
potential V,; of population a to the mean afferent firing rate ¢, coming from the
presynaptic population b by D Vi (r,t) = vapds(r, t — 74p). Here v, denotes the
synaptic connection strength between populations a and b, 7,;, denotes the mean
axonal delay between populations a and b, and (., oy, denote the reciprocal rise
and fall times of the membrane potential of population a due to input coming

from population b, (ii) a nonlinear shifted sigmoidal function @, = S[V,] =

Qmaz

1+exp(—(Va—0)/o
population’s mean membrane potential V, = >, Vo, Here, @4, denotes the

) that relates the mean firing rate @), of population a to the same

maximum firing rate, 6 is the mean threshold voltage for the population and o

denotes the variance of this threshold value in the population.

Originally, the model regarded mean afferent firing rates ¢, as fields and these

were governed by a damped wave equation with @, = S[V,] as the source:

1 02 2 0 99
[,y—g@Jr%@*l—raV J¢a((r,t) = S[Va(r, 1) (4.1)
where 7, is the reciprocal delay due to axonal conduction and r, is the axon
length. However, in reducing the model to a neural mass model, we omitted the
V2 terms (since we assume there is no positional dependence in the cortex we
also drop the r argument) for all populations a = e, i, r, s. For populations other
than a = e (i.e. for inhibitory interneurons and thalamic populations), axonal

conduction delay 1/, is taken to be zero, yielding

Ga(t) = S[Va(t)] (4.2)

for a =i, r, s and
1 d? 2 d
S+ 1]6a(t) = 1
rg o+ 110ult) = S0 (4.3

for a = e.
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Note that the operator in 4.3 is different from the two main relations explained
above. Specifically, this does not convert firing rate to potential or vice versa, it
is only introducing a delay to the excitatory population dynamics due to longer

ranged axonal connections of the excitatory neurons.

The authors made further assumptions regarding intrathalamic and intracorti-
cal connectivities [15]: they took all B, = 5, @ = a (hence Dy, = D,,) except for
the intrathalamic 5. and ag,. values (hence Dy, # D,) due to slower dynamics,

and they took V., = V; due to random intracortical connectivity.
Given above assumptions and derivations, the model equations are:

Contribution by firing rate coming from sensory population (¢, ) to mean mem-

brane potential of thalamic relay population V,:
Da‘/sn(t) = Usn(bn(t) (44)

Contribution by firing rate coming from thalamic reticular cell population (¢,.)

to mean membrane potential of thalamic relay population V,.:

Dsr‘/sr(t) - Usr¢r<t) (45)

Contribution by firing rate coming from excitatory cortical interneurons ( ¢.) to

mean membrane potential of thalamic relay population V,:
DaVaelt) = veelt — to/2) (4.6)

Mean membrane potential of thalamic relay population Vj:
Valt) = Vin(t) + Var(t) + Vae(®) (4.7)

Contribution by firing rate coming from excitatory cortical interneurons (¢.) to

mean membrane potential of thalamic reticular population V.:

Da‘/re(t) = Ure¢e(t - t0/2) (48)

Contribution by firing rate coming from thalamic relay cell population (¢s) to

mean membrane potential of thalamic reticular population V.,:

Da‘/rs(t) = Urs(bs(t) (49)
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Mean membrane potential of thalamic reticular population V,.:
Vo(t) = Vie(t) + Vis(t) (4.10)

Contribution by firing rate coming from excitatory cortical interneurons (¢.) to

mean membrane potential of excitatory cortical interneuron population V.:
Da‘/ee@) = Uee¢e(t) (411)

Contribution by firing rate coming from inhibitory cortical interneurons (¢;) to

mean membrane potential of excitatory cortical interneuron population V;:
Da‘/ei(t) = Ueigbi(t) (412)

Contribution by firing rate coming from thalamic relay cell population (¢s) to

mean membrane potential of excitatory cortical interneuron population V,:
Do Ves(t) = vess(t — t0/2) (4.13)

Mean membrane potential of excitatory cortical interneuron population V,:
Ve(t) = Vee(t) + Vei(t) + Ves () (4.14)

Mean afferent firing rate ¢, of the thalamic relay population with a mean mem-

brane potential of V;:
¢s = S[Vs(t)] (4.15)

Mean afferent firing rate ¢, of the thalamic reticular population with a mean
membrane potential of V.
¢ = S[V:(1)] (4.16)

Mean afferent firing rate ¢; of the inhibitory cortical interneuron population with

a mean membrane potential of V; = V,:
¢; = S[Vi(t)] = S[V.(t)] (4.17)

Mean afferent firing rate ¢, of the excitatory cortical interneuron population with

a mean membrane potential of V:

1 d? 2 d
e R XURLIAC) (4.18)

46



These differential equations are implemented and solved in MATLAB (The
MathWorks, Inc., Natick, MA, USA) and C (implementation in C greatly boosts
simulation speed which is very crucial for parameter sweep studies) with a forward
Euler integration scheme with dt = 10~*s. For the sake of easier analysis and
modification of the model equations, we also implemented the model in Simulink
(The MathWorks, Inc., Natick, MA, USA) environment. For this purpose, dif-

ferential operators D,, Dy, and D, are converted to transfer functions of the

form: 3
o
D, — H,(s) = 4.19
(S) 82+(Ol+/8)8+0é5 ( )
aST’/BST’

D, — H,.(s) = 4.20
&) = o w + Bo)s b (4.20)

2
D’Ye — H’Ye(s) = - (421)

2+ (27e)s + 72

Then, the model can be expressed as a block diagram as in Figure 4.1. Here,
when the cortical circuit is examined, one can interpret that pyramidal cell popu-
lation is in fact explicitly modeled and the interneuron populations are implicitly
modeled through synaptic strengths v,; and v... That is to say, output of the
pyramidal cell population S[V,(t)] is scaled by gains v; and v, and then con-
verted to contributions to mean soma potential of the pyramidal cell population
(Vi and V,.). Hence we adopt V. as the mean membrane potential of the pyra-
midal cell population which is thought to be the main source of recorded scalp
EEG [89]. For the sake of consistency, Simulink is set to solve the model with a

forward Euler integration scheme with dt = 10™s.
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Figure 4.1: Representation of Robinson’s Corticothalamic Model as a block di-
agram. There are three main populations in the model: (i) Relay Nuclei (ii)
Reticular Nucleus (iii) Cortex. Their contents are marked with dashed boxes.
There are three types of blocks in the whole model: (i) gain blocks denoted
with vy, (ii) second order transfer functions denoted with H, (iii) sigmoidal type
nonlinear blocks denoted with S. Input to the model is given via ¢,, while the out-
put is taken from V.. Notice the red highlighted intrathalamic loop from which

subharmonic oscillations seem to arise.

Since lateral geniculate nucleus of the thalamus acts as the relay station for
sensory inputs coming to the brain [63] (hence the name relay nucleus in the
model), input to the model (¢,,) is given via relay nucleus. We model the stimulus

as background activity and stimulus superimposed:
Onlt) = 67 + o™

Here, ¢2¢ denotes the background activity. Generally, this activity is modeled
as a Gaussian white noise. However, we believe the stimulus in our experiments
would dominate the amount of noise in the background activity, so we only con-
sider 5% as a constant value. ¢™ is simply a cosine at the stimulation frequency
with amplitude ®,. In doing this, we make the assumption of ignoring the po-

tential role of retinal dynamics in the experimentally observed PD phenomenon.
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In earlier studies of this model, different values (or ranges) for different pa-
rameters were discussed [63, 90, 65]. These ranges were taken into consideration
during parameter sweeps in the current study. In their 2012 study [15], Roberts
and Robinson drove this model with a sinusoidal input and shared a parameter
set that would better resemble the features and trends in the experimental data
of Herrmann [6], however, they did not discuss about how they decided on the
actual parameter values. In this work, we took their parameter set as the starting
point and undertook our model analysis using these values. In the said analysis,
we aimed to locate where in the model the subharmonic components originate
from. To do so, we cut various feedback connections in the model and observed
how the PD behavior in the output changed. We also supported this with rather
limited (narrow scoped) parameter sweep studies. We refrained from doing an
extensive parameter sweep study, because with such a high order model (i.e.
17 parameters) doing such a work requires substantial amount of computational

power and time.

4.2.2 Describing Function

A conventional way of analyzing the nonlinear components in nonlinear feed-
back systems is via finding a describing function (DF) for the said nonlinear
components. The DF in this context, relates the amplitudes and phases of the
components in its output to those of the components in its input (i.e. it can
be regarded as a relative amplitude and relative phase dependent transfer func-
tion). For polynomial type nonlinearities, describing functions can be analytically
found [45, 44] but in our case the nonlinearity is a shifted sigmoid. Also, describ-
ing function analysis requires the linear part of the system to behave as a sharp
low pass filter that filters out higher order components. However, for many values
of the reciprocal time constants 5 and « (and others), this may not be the case
in the model. These require DFs to be numerically computed by dividing the
Fourier coefficients in its output to those in its input [44]. Calculating DF's for
nonlinearities allows us to write loop equations and solve these for amplitudes and

phases of the oscillations in the system output by utilizing a numerical nonlinear

49



system solver (such as fsolve in Matlab).

4.3 Model Analysis and Results

We first reproduced the results of Roberts and Robinson’s study [15]. Here the

parameters used are given in Table 4.1:

Table 4.1: The parameter set that we used to run the model and initially make
our observations from. These values are taken from [15] where the authors drove
this model with a sinusoidal input and shared a parameter set that would better

resemble the features and trends in the experimental data of Herrmann [6].

Vse = 2.9, Vg, = —0.57, 00 = 0.67, 0,5 = 2.9, 05y, = 1,Vee = 1.3, 0 = —2.9, v = 0.13

a=80s"1,8=2800s""1, a, = 1057, B, = 60571

Qumaz = 250,0 = 3.3,0 = 15

¢BG = 18, ¢slim = 2.8

A two dimensional plot, similar to what was used to visualize experimental
results, was formed from the model responses to stimulation frequencies in the 1-
50 Hz interval (Figure 4.2). It can be seen that alpha band power is concentrated
at fo = 11Hz (model’s native oscillation frequency). Here it is obvious that,
when driven with a sinusoidal input with an amplitude ¢£™ = 2.8 and bias 2% =
18, the model can generate subharmonics in the 15 — 25H 2z stimulus frequency
region (and also f,, is entrained to the subharmonic frequency), but not at higher
frequencies. It is of interest to investigate how the PD range would be affected
by the parameters of the model. In fact, the effect of stimulus amplitude @™
on the PD range had been investigated in [15]. In the following, we will employ

a similar method to understand the effects of parameters on PD generation.
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Figure 4.2: The two dimensional plot of the model responses to stimulation fre-
quencies from 1 to 50 Hz with parameter values chosen as in Table 1. Notice
that unlike the experimental plots (Figs. 3.6 and 3.7), this plot is in logarith-
mic scale. It can be seen that the alpha band component is being entrained to
fundamental components (1:1 line) in frequencies between 5-15 Hz, and then to
subharmonic components (1:2 line) in frequencies between 15-25 Hz. At other
frequencies (0-5 Hz and 25-50 Hz) the power at alpha frequency ( 11Hz) can be

seen as a horizontal gray line.

In order to distinguish such parameters, we modified the structure of the model.
That is to say, (i) we cut off cortical feedback connection by setting v, and vg.
(both separately and together) to zero, or (ii) we cut off intrathalamic feedback
connection by setting v, to zero, and observed thalamic and cortical outputs ¢,
and ¢, respectively. We found out that regardless of whether the cortical feedback
connections are cut off or not, there is subharmonic generation at both outputs

as long as the intrathalamic loop is maintained. This loop is highlighted in red in
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Figure 4.1. Therefore, we claim that these subharmonic oscillations are generated

in the intrathalamic feedback loop.

We then focused on the effects of different parameters in this loop to subhar-
monic generation. The parameters in this loop are vy, Urs, Ven, @, 8, Qsr, Bers Qumaz, 7, 0, B¢
and ¢, 'We neglected v, as the same effect of would be observable when @™
is varied instead, so we are left with 11 parameters. We used a coarse grid (4
to 10 values per parameter) for the parameter spaces for the sake of simplicity.
While values for a parameter is being swept, other remaining parameters are set
to default values (Table 4.1).

In Figure 4.3, effects of four parameters (o, a,, $3™, ¢P%) on subharmonic
generation is shown. The effects of the remaining 7 parameters are given in the
appendix. From these four parameters, ¢*™ had been previously investigated
in [15]. Same results are again visible in Figure 4.3. In this case, ¢5"™ is increased
from 1 to 5. When it is set to 1, the subharmonic generation seems to occur at
stimulation frequencies between 20-25 Hz. As the value is increased to 5, the
lower limit of this subharmonic generation interval decreases to 10, making the
interval as 10-25 Hz. It is important to note that ¢**™ does not affect the alpha
oscillation. Similar observations can be made for the parameter o. As « is varied
from 50 to 200, the upper limit of the subharmonic frequency interval increases.
However, with default values for other parameters alpha oscillation seems to cease
as « is increased. With increasing «g,, it can be deduced that the subharmonic
region shifts upwards while its width stays unaffected. However, at higher values
(e.g. 15 or 20), it seems that many complex nonlinear interactions occur, yielding
a very crowded and unrealistic spectra. For ¢2¢, lower values affect the presence
of both alpha oscillation and subharmonic components while higher values yield

complicated spectra with little effect on the subharmonic interval.
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Figure 4.3: Effects of four parameters («, ag,, ¢, ¢2%) on subharmonic gen-
eration are shown. Topmost row shows model responses forgs"™ = 1,2 3 4,5,
second row for a = 50, 80, 120, 150, 200, third row for a,,. = 5,10, 15,20, and bot-
tommost row for ¢2¢ = 2.8,10,18,25,32. While these values are swept for the

relevant parameter, the values for other parameters are selected as in Table 4.1.

These suggested us that the model is able to show very different subharmonic
generation intervals for different parameter sets. We then proceeded to observe
the effects of values of the parameters when they are swept together (at the same
time). Taking into consideration the individual effects of all 11 parameters, we
concluded not to include the input parameters ¢5™ and ¢Z¢ in this analysis be-
cause we believe that they do not reflect inherent properties of the visual system.

We also considered the effects of v, v, and Q.. to be weak when compared
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with the effects of other parameters, so we neglected these parameters as well.
Thus, we decided to only consider the six parameters (a, 3, &, s, 0 and 6) and
keep Vg, Vrs, Qumaz, @™ and ¢B¢ unchanged from their values in Table 4.1. In
short, we searched for different subharmonic generation intervals by changing the

values of the parameters «, 3, ay,, B, 0 and 0 at the same time.

Three examples of very different subharmonic generation intervals obtained
after such analysis are given in Figure 4.4. In the first plot, the interval broadens
from both ends and gets to be between 15-30 Hz. Notice that the so called ”alpha
oscillation” of the model barely escaped the 8-12 Hz alpha interval and is approx-
imately at 13 Hz. In the second plot, the interval shifted to higher frequencies
while its width remained unchanged. Similar to first plot, the ”alpha oscillation”
is shifted upwards outside the 8-12 Hz alpha interval. These two cases suggested
that the alpha oscillation and the subharmonic interval are interrelated in some
way. In the last plot, both effects in the first two plots (i.e. broadening and
shifting) are merged. In this case, it seems that ”alpha oscillation” is not present
at all. However, possibly due to the limited amount of sweeps per parameter,
we were not able to find a parameter set that would broaden the subharmonic
region while keeping the alpha oscillation frequency unchanged (it either shifted

upwards or totally vanished as in the plots).

o4



Rae o 0,0, a8 =1t et kg
Resls or =290, lphy=150, e, iphasr=5,Wtas=S0, e, sims=330 Pt o =250, b= 20, bt 200, sphaar,baar= 29, a1, s gma=d 0 e o 25, has 150, bt iphasr=10 e 120, et igmaeast
1 Y] 2 Ll » &1 21 =

4 Lt L =

Figure 4.4: Model responses with very different subharmonic generation intervals
for different parameter sets is shown. Parameters are set as follows (values for
the remaining parameters are selected as in Table 4.1): In the leftmost plot
a = 150,83 = 450,a, = 15,8, = 50,0 = 15,0 = 3.3, in the middle plot
a = 120, 8 = 300, a,,. = 20, B, = 200,60 = 15,0 = 3.3 and in the rightmost plot
a =150, 8 = 800, a,, = 10, Bs, = 200,0 = 15,0 = 2.5

We isolated the intrathalamic loop from the rest of the circuit for further
analysis (Figure 4.5). Here, the loop consists of two nonlinear elements (both
of the shifted sigmoidal type), two gain elements and two second order low pass
filters. For such systems, it is known that constant amplitude oscillations occur
if two conditions are satisfied at the frequency of interest: (i) loop gain should be
unity (ii) total phase change across the loop should be 0 radians (or 2k7 radians
where k = 0,1,2,...). Given that the system is driven with a signal of the form
DC + B cos(wt + ¢), we may assume the following signal at location 1 (see bold

numbers on Figure 4.5) in the loop:
1:DC) + By cos(wt + ¢p,) + Ay cos(gt + ¢a,) (4.22)

where the presence of A; cos(%t+ ¢4,) assumes that a subharmonic oscillation is
obtained through the loop. We then need to relate the signal at location 1 to the
one at location 2. This is where describing function theory comes in handy, as it
helps us to continue forming the loop equations as follows (also here we translate
the signal to phasor representation, knowing that each component is at different
frequencies):

2 :DC, N, (0) + Bye?®5 N (w) + Alej¢A1N1(g) (4.23)
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Here N; stands for the describing function of the first nonlinear block in the loop.

We then proceed writing the signals at each location:

3 :DCN1(0)v, + B1e??1 Ny (w) vy +AleJ¢A1N1(2)vm (4.24)

4 :DCy N (0)v,sHo(0) + B1e? 51 Ny (w)vps Ho (w)+
A161¢A1N1(2)UTSHQ(§) (4.25)

5 :DCy N1 (0)v,Hy (0)No(0) + Bre?®51 Ny (w)vys Ho (w
A1€J¢A1 Nl(

N2 (w)+
§)UrsHa(§)N2(§) (4.26)
6 :DC1 N1 (0)v,s Ho(0) Ny (0)vs, 4 B1e7981 Ny (w) vy Ho(w) No(w)vg,+

Apel®an Ny (2 : Yors Ho (= : )No(= : Yogr  (4.27)
7 :DC1N1(0)0,5 Ho (0) Ny (0)vgr Hypo (0)+Bre? 51 Ny (w) 0y Ho (w) No (w)vgy Hep (w)+

A16J¢A1N1(2)UTSHQ(2)N2(2>USTHST(°§") (4.28)

H a

DC+Bcos(wt+® \ 1

/D s

Hsr S

A

T@—s'
7 GCS

Figure 4.5: The isolated intrathalamic loop consists of two nonlinear elements
(S), two gain elements (v,s and v,.) and two second order low pass filters (H,
and Hy,). The loop is driven with a signal of the form DC + B cos(wt + ¢). The

bold numbers 1 to 7 are locations used in equations 4.22 to 4.28.
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Then we complete the loop (location 7—location 1) and obtain 3 equations (2

are complex):

DClNl(O)’UTSHOC(O)NQ(O)USTHST(O) + DC = DC; (429)
Blej¢Bl Nl (W)UTSHQ(W)N2<W)USTHST(w) + B€j¢ = B1€j¢Bl (430)
A N ()0 Ho SNl Hor () = Are?® (431)

For given DC| B, ¢ and w, the above equations (5 real equations when the com-
plex ones are separated as real and imaginary) can be solved for DCY, Ay, By, ¢4,
and ¢p,. This means that, we are able to judge if a parameter set will generate
subharmonic oscillations without simulating the model. See Figure 4.6 for an
example of an accurate solution with DC' = 30, B = 2.8,¢ = 7/2 and w = 18H z.
This, of course, is possible as long as the solution converges to the right solution
(it may converge to a wrong solution or may not converge at all). This makes
the choice of initial conditions a very critical task as it both affects the presence

and speed of convergence.
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Figure 4.6: Plots showing compliance between simulation results and results from
the equations. For any given DC, B, ¢ and w, equations 4.29 to 4.31 (5 real
equations when the complex ones are separated as real and imaginary) can be
solved for the subharmonic magnitude and phase at any point in the loop. In this
example the values are chosen as: DC' = 30,B = 2.8,¢ = 7/2 and w = 18H z.
Notice that the effect of the 27Hz (3f/2) component is not considered while the
equations were formed (due to sharp filtering characteristic of Hy,), hence the

small differences between two results.

4.4 Discussion of Modeling Results

Given our experimental results in Figure 3.6 and Figure 3.7 and Herrmann’s re-
sults [6], it becomes arguable that in the stimulation frequencies of 15-30 Hz there
is subharmonic entrainment. Specifically, if subharmonic frequency falls near the
alpha range of the EEG (8-15 Hz), alpha oscillation in the brain is shifted to
this subharmonic frequency. This consequently means that alpha frequency and
subharmonic frequency do not coexist in this stimulation interval. On the other
hand, in the stimulation frequencies of 30-42 Hz (and possibly higher) subhar-
monic components and alpha band components tend to coexist (i.e. there is no
entrainment whatsoever). However, this is not the case with the modeling results.
Although the present model can show PD behaviour, the subharmonic oscillation

and alpha band components do not seem to coexist in any stimulation frequency.
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Thus, the model is not conforming to the above mentioned experimental ob-
servation. In other words, although the model is able to generate subharmonic
frequencies, the current state is not a realistic representation of this phenomenon.
Exploring possible modifications or parameter values on the model with this new
dimension on constraining parameters could be a subject for a future modeling

study.

We also provide a possible approach to take for doing such a modeling study
by reducing the entire model to five nonlinear equations regarding subharmonic
generation. This not only converts the problem to a numerical one and plants
a numerical constraint on the tested parameter sets instead of an observation
based constraint as expressed by [15], but may also provide a faster alternative
to simulating the model in a parameter sweep study that aims at finding param-
eter values that would generate subharmonic oscillations at a desired frequency
interval. If somehow the solution method is expedited and thus the convergence
to a solution becomes short enough (e.g. shorter than it takes to complete 100
seconds of simulation time with dt = 10~*s, these equations can be utilized as a
semi-analytic parameter sweep modality. For such a study, of course, the choice
of initial conditions should also be explored. In any case, this approach provides
a numerical explanation as to how these subharmonic components exist in the

model output.

By scrutinizing the model, we hypothesize that the observed PD behavior has
its origins at the intrathalamic feedback loop. The testing of this hypothesis
could be a subject of a new study with intracranial recordings taken directly
from subcortical structures under a periodic light stimulus. We consider that
findings of such a study would be of great importance to the factuality and
authenticity of the model, regardless of those findings being parallel or anti-
parallel to model predictions. As a concluding remark, we strongly believe that
subharmonic oscillations are important properties of SSVEP responses, and that
any modeling study regarding SSVEP responses should consider the presence of

this empirically verified nonlinear behavior in the model output.
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Chapter 5

Conclusion and Discussion

We have performed SSVEP experiments on 9 subjects covering stimulation fre-
quencies in the range of 15-42 Hz. One of the major observations is that there
are great inter-subject and intra-subject variability in experiments conducted on
different days. Moreover, the statistical results of the repeatability experiments
show PD behaviour may change in the short term. Therefore, we claim both short
term effects (attention level, gaze, fatigue, etc.) and long term effects (physiolog-
ical state, psychological state, etc.) may alter PD generation. These effects could

be explored in further experimental studies.

Our experiments further suggested that PD may occur in all stimulation fre-
quencies in the 15-42 Hz range. Although we did not study frequencies above 42
Hz, in the literature there are studies showing PD generation above this range,
even up to 70Hz [12, 13]. In any case, an exact range in which PD occurs can
not be proposed. Furthermore, when it comes to modeling studies, it is observed
that they are insufficient in fully explaining and reproducing this phenomenon.

In short, the insufficiency could be explained as follows:

Given the current experimental results in Figure 3.6 and Figure 3.7 and ear-

lier experimental results [6, 12, 13|, subharmonic entrainment phenomenon seems
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to be present between stimulation frequencies 15-30 Hz. This means that sub-
harmonic oscillations are in 7.5 to 15 Hz interval, which fall in the alpha band
defined for EEG. This is interpreted as alpha entrainment in the sense that if
subharmonic oscillation frequency falls in the alpha range and the alpha response
is facilitated (hence the name ”entrainment”). At frequencies higher than 30
Hz, subharmonic entrainment seems to cease and both the alpha and subhar-
monic oscillations take place together. On the other hand, the model predictions
show that for any stimulus frequency these two oscillations can not be generated
together. This happens for different parameter sets. Thus, we claim that the cur-
rent model employed to explain the PD behavior can not sufficiently predict the
brain responses regarding subharmonic oscillations. It may be conjectured that,
perhaps, this insufficiency can be overcome by simple parameter adjustments.
We have tried to identify the effects of parameter values on the PD phenomenon
by doing some rather narrow scoped parameter sweeps. However, we could not
overcome this insufficiency by changing the parameter values, possibly due to the
coarse grid we employed for the parameter spaces. Exploring the 17 dimensional
parameter space is not a trivial task as such exploration requires extensive mem-
ory, computational power and time. A detailed sweep could also be a basis for a
future work. Even such a parameter sweep study may not be able to see cases
in which alpha and subharmonic oscillations are seen together. Therefore, in any
case, the mechanism of entrainment should be investigated similar to what we
did for subharmonic generation. We have also showed that the range of stimula-
tion frequencies for which subharmonic oscillations are generated is controllable
by parameters in the model. Therefore, although we observed different ranges
in experimental and modeling studies, we do not consider this difference to be
a misfit between the experimental and modeling results and consequently this is

not an insufficiency of the model.

The anatomical and physiological mechanisms underlying the subharmonic
oscillations are still unknown. We hypothesize from our modeling results that the
subharmonic responses originate in the thalamus, particularly the intrathalamic
loop in the model. This hypothesis could be experimentally tested with invasive

subcortical recordings.
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Other modeling studies that we have found in the literature regarding the
SSVEP responses have not focused on subharmonic generations. Our studies
however, clearly indicate that, subharmonic generation should be considered as
an important property of the SSVEP response. Therefore, we claim that in
future studies, investigators should consider the validity of this behavior in the
model output. Similar argument was also suggested and considered beneficial to

modeling literature by Roberts in [15].

In earlier studies [12, 81, 82], PD occurrences were found in electroretinogram
(ERG) recordings. Consequently, an experimental study that simultaneously
records ERG and EEG could give insight on the origins of this phenomenon.
This is important because in our modeling work we assumed these oscillations
are solely generated in the brain and thus neglected the role of the retina. If in
such experiment it is found that PD could be present in EEG while it is absent in
ERG, our results and ideas regarding the origins of PD would be strongly backed

up.

A key task in modeling work is to observe the behaviour of the model under
different parameter values. With nonlinear models, such as the one in the current
study, this often requires a new simulation for each parameter set. We believe a
possible contribution of this study to further modeling studies is in this regard.
The entire model was reduced to five nonlinear equations regarding subharmonic
generation. These, when solved with a nonlinear solver, determine whether there
will be a subharmonic oscillation at the model output or not. In this way, the
need for simulating the model could potentially be replaced by this semi-analytic
approach, and future parameter sweep studies could employ this approach when

PD behaviour is being considered.

As a final point, we also suggest that SSVEP based BCIs could potentially
benefit from the presence of subharmonic oscillations in SSVEP responses. This
is because in our experimental results we have observed subharmonic peaks that
are much larger in amplitude than fundamental peaks, which would otherwise
confuse the classifier. Incorporating subharmonic oscillations into the classifier is

therefore likely to improve the performances of SSVEP based BCIs.
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Appendix A

Parameter Sweep Results of

Usr, Urs, 5: 587‘7 Qmax; g, 0

In Figure A.1, effects of the remaining seven parameters (vs,, Urs, 3, Bsry Qmaz, 7, 0)
on subharmonic generation is shown. In all these plots, default values are used
for parameters other than the swept parameter. As [ is increased from 150 to
2000, subharmonic regime tends to slowly shift from 10-20 Hz to 15-25 Hz, keep-
ing its width pretty much unchanged. The alpha oscillation frequency shifts from
8Hz to 12Hz as f is increased (power at alpha components seems to drop as
is 5 increased). For lower values of §, the spectrum becomes very crowded and
complex, possibly owing to many nonlinear interactions taking effect. For values
£¢800, the spectrum remains largely unaffected (only change seems to be the
decreasing power at alpha band) from increasing f. As [, is varied from 10
to 200, the subharmonic regime shifts upwards (i.e. 5-15 Hz to 25-35 Hz) with
decreasing power at this regime (at (s.=200, the subharmonic components are
barely distinguishable from background). The native oscillation frequency (f,)
also shifts upwards with the subharmonic regime, going outside the alpha band.
The effects of increasing ()4, is not as impactful as other parameters. The posi-
tion of the subharmonic regime is unaffected, while its width is barely affected at
the upper limit (the interval changed from 15-24 Hz to 15-25 Hz). The power of

the alpha oscillation seems to increase as (Qnq, increases with its frequency fairly
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unaffected. o is arguably the most influential parameter on the subharmonic
regime. For lower values (o = 2,2.5) , the spectrum is utterly cluttered, with lots
of nonlinear components including many higher order subharmonics. For higher
values of o, both the subharmonic regime and alpha oscillation vanish, only leav-
ing the fundamental and harmonic components in the spectrum. 6 significantly
affects the width of the subharmonic regime. As it is varied from 10 to 25, sub-
harmonic regime first extends from the upper limit then from the lower limit (at
¢ = 20 the width is doubled). After § = 20, the regime tends to shift downwards
with vanishing power at alpha oscillation. For v,; = 0.2, subharmonic regime is
inexistent. For increasing v,., values, the width of the regime is subtly affected at
the upper limit, but the alpha oscillation frequency shifts upwards, from 10Hz
to 12Hz. Higher values for v, kill off both the subharmonic components and
the alpha oscillation (as expected due to negative feedback). At lower values,
subharmonic regime seems to be faintly affected by v, while alpha oscillation

seems to cease as v, is increased from 0.2 to 1.5.
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Figure A.1: Effects of seven (v, Vs, 53, Bsrs Qmaz, 0,0) different parameters
on subharmonic generation are shown. Two topmost rows show model re-
sponses for f = 150,300, 450,600,800, 1000, 1200, 1500, 2000, 2500, third row
for B, = 10,60,100, 150,200, fourth row for Q,,.. = 100,200,250, 300,400,
fiftth row for ¢ = 2,2.5,3.3,4,5, fifth row for § = 10, 15,20, 25, sixth row for
vrs = 0.2,0.6,1.5,2.9,4, and bottommost row for vy, = 0.2,0.57,1.5,3,5. While
these values are swept for the relevant parameter, the values for other parameters

are selected as in Table 4.1.
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Appendix B

Data Gathered in Short Term
Repeatability Experiments

Table B.1: SORc values of each stimulation frequency in 5 consecutive repeata-
bility experiments for S2. First column lists the stimulation frequencies used in
all 5 experiments. Second to sixth columns list the corresponding SORc values

in different experiments.

Stimulus Frequency | Expl | Exp2 | Exp3 | Exp4 | Exp5
25Hz 17% 0% 0% 17% 0%
26Hz 17% 0% 33% | 100% | 100%
27Hz 17% 17% 0% 33% | 6%
28Hz 67% 0% 17% | 100% | 67%
29Hz 17% | 50% 0% 0% 67%
30Hz 0% 50% | 83% | 100% | 83%
31Hz 67% | 33% | 100% | 83% | 50%
32Hz 0% 100% | 50% | 100% | 100%
33Hz 0% 83% | 50% | 50% 0%
34Hz 0% 100% | 17% | 100% | 67%
35Hz 100% | 17% 0% 100% | 100%
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Table B.2: Average SORe values for each stimulation frequency in O and P
channels for S2. First column lists the stimulation frequencies used in all 5
experiments. Second column lists the average of the SORe values of O1,0z,02

channels. Third column lists the average of the SORe values of P3,Pz,P4 channels

Stimulus Frequency | Oavg | Pavg
25Hz 13% 0%
26Hz 47% | 53%
27Hz 47% %
28Hz 47% | 53%
29Hz 33% | 20%
30Hz 60% | 67%
31Hz 67% | 67%
32Hz 60% | 80%
33Hz 4% | 27%
34Hz 53% | 60%
35Hz 60% | 67%
Avg. 48% | 45%
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Table B.3: SORc values of each stimulation frequency in 5 consecutive repeata-
bility experiments for S4. First column lists the stimulation frequencies used in
all 5 experiments. Second to sixth columns list the corresponding SORc values

in different experiments.

Stimulus Frequency | Expl | Exp2 | Exp3 | Exp4 | Exp5
25Hz 17% 0% 0% 17% 0%
26Hz 17% 0% 33% | 100% | 100%
27Hz 17% 17% 0% 33% | 67%
28Hz 67% 0% 17% | 100% | 67%
29Hz 17% | 50% 0% 0% 67%
30Hz 0% 50% | 83% | 100% | 83%
31Hz 67% | 33% | 100% | 83% | 50%
32Hz 0% 100% | 50% | 100% | 100%
33Hz 0% 83% | 50% | 50% 0%
34Hz 0% 100% | 17% | 100% | 67%
35Hz 100% | 17% 0% 100% | 100%
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Table B.4: Average SORe values for each stimulation frequency in O and P
channels for S4. First column lists the stimulation frequencies used in all 5
experiments. Second column lists the average of the SORe values of O1,0z,02

channels. Third column lists the average of the SORe values of P3,Pz,P4 channels

Stimulus Frequency | Oavg | Pavg
25Hz 3% | 67%
26Hz 33% | 20%
27Hz 13% | 33%
28Hz 33% | 40%
29Hz 33% | 2%
30Hz 20% | 33%
31Hz ™% 40%
32Hz 40% | 27%
33Hz 13% | 20%
34Hz 73% | 53%
35Hz 4% | 47%
Avg. 35% | 3%
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Table B.5: SORc values of each stimulation frequency in 5 consecutive repeata-
bility experiments for S7. First column lists the stimulation frequencies used in
all 5 experiments. Second to sixth columns list the corresponding SORc values

in different experiments.

Stimulus Frequency | Expl | Exp2 | Exp3 | Exp4 | Exp5
25Hz 0% 0% | 100% | 17% | 17%
26Hz 0% 50% | 100% | 0% 100%
27Hz 0% 33% | 67% | 83% | 83%
28Hz 33% | 33% 17% | 33% | 6%
29Hz 100% | 0% 33% 0% 17%
30Hz 33% 17% | 67% 17% 0%
31Hz 83% | 50% 17% | 67% 0%
32Hz 0% 50% 17% | 50% 0%
33Hz 50% 0% 33% 0% 17%
34Hz 0% 17% | 33% 17% | 33%
35Hz 0% 17% 0% 17% | 83%
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Table B.6: Average SORe values for each stimulation frequency in O and P
channels for S7. First column lists the stimulation frequencies used in all 5
experiments. Second column lists the average of the SORe values of O1,0z,02

channels. Third column lists the average of the SORe values of P3,Pz,P4 channels

Stimulus Frequency | Oavg | Pavg
25Hz 27% | 27%
26Hz 53% | 47%
27Hz 67% | 40%
28Hz 27% | 4%
29Hz 27% | 33%
30Hz 27% | 2%
31Hz 33% | 53%
32Hz 20% | 2%
33Hz 13% | 2%
34Hz 13% | 27%
35Hz 27% | 20%
Avg. 30% | 34%
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Table B.7: SORc values of each stimulation frequency in 5 consecutive repeata-
bility experiments for S8. First column lists the stimulation frequencies used in
all 5 experiments. Second to sixth columns list the corresponding SORc values

in different experiments.

Stimulus Frequency | Expl | Exp2 | Exp3 | Exp4 | Exp5
25Hz 0% 0% 0% 17% | 67%
26Hz 33% 17% 0% 0% 0%
27Hz 17% 17% 0% 17% 0%
28Hz 0% 0% 0% 67% | 33%
29Hz 0% 0% 67% 0% 100%
30Hz 17% 17% 0% 0% 0%
31Hz 50% 0% 0% 17% | 50%
32Hz 17% 0% 17% 0% 50%
33Hz 0% 0% 83% 0% 67%
34Hz 33% 0% 0% 0% 17%
35Hz 100% | 17% 0% 33% 0%
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Table B.8: Average SORe values for each stimulation frequency in O and P
channels for S8. First column lists the stimulation frequencies used in all 5
experiments. Second column lists the average of the SORe values of O1,0z,02

channels. Third column lists the average of the SORe values of P3,Pz,P4 channels

Stimulus Frequency | Oavg | Pavg
25Hz 20% 13%
26Hz 0% 20%
27Hz ™% 13%
28Hz 27% 13%
29Hz 33% | 33%
30Hz ™% ™%
31Hz 33% 13%
32Hz ™% 27%
33Hz 33% | 2%
34Hz ™% 13%
35Hz 40% | 20%
Avg. 19% 18%
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