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INTERPOLATION AND APPROXIMATION BY ¢g-B-SPLINE FUNCTIONS

ABSTRACT

In this thesis, from viewpoint of interpolation and approximation, we investigate
fundamental properties of ¢-B-spline functions which are piecewise polynomials
whose ¢-derivatives are continuous. We give a representation of g-B-splines via
divided differences of truncated power functions which may be considered as a
generalization of classical truncated functions. We derive g-analogue of the de
Boor-Fix formula for dual functions and 1/g¢-integral of ¢-B-splines over their support
by using recurrence formula for ¢g-B-splines and g-analogue of Marsden identity. A
1/g-convolution formula for uniform ¢-B-splines is also obtained. We introduce a
g-analogue of Peano kernel theorem. We give applications to polynomial interpolation
and construct examples in which classical remainder theory fails whereas g-Peano
kernel works. Furthermore, we establish a relation between g-B-splines and divided
differences via g-Peano kernel. We show that ¢-B-splines form a basis for quantum
spline spaces. Recurrence relations for 1/g-integration and 1/g¢-differentiation
formulas of g-spline functions are derived. Moreover, we demonstrate a way to find
the polynomials on each interval of a g-spline function. After all, we give basic
theory of interpolation by a ¢-B-splines and approximation by g-analogue of the

Bernstein-Schoenberg operator.

Keywords: ¢-B-splines, ¢g-Peano kernel, ¢-integral, ¢-derivative, ¢g-Taylor formula,

g-Bernstein-Schoenberg operator, de Boor-Fix formula
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q-B-SPLINE FONKSIYONLARI iLE INTERPOLASYON VE YAKLASIM

(0Y/

Bu tezde, ¢-tiirevleri siirekli parcali polinom olan ¢-B-spline fonksiyonlarinin
interpolasyon ve yaklasim acisindan temel Ozellikleri incelenmistir.  g-B-spline
fonksiyonlarinin boliinmiis farklarla gosterimi verildi. ¢-B-spline fonksiyonlarinin
bilinen yineleme formiili ve Marsden Ozdesliginin ¢-analogu kullanilarak dual
fonksiyonlar i¢in de Boor-Fix formiiliiniin g-analogu ve ¢-B-spline fonksiyonlarinin
bag araligindaki 1/g-integrali bulundu. Ayrica tekdiize ¢-B-spline fonksiyonlarinin
1/q-konvoliisyon formiilii elde edildi. Peano ¢ekirdegi teoreminin g-analogunu
tanimlandiktan sonra, polinom interpolasyonuna uygulamalar verildi ve klasik
teorinin calismadig1 ama ¢-Peano ¢ekirdeginin calistigi 6rnekler bulundu. g¢-B-spline
fonksiyonlar1 ve boliinmiis farklar arasindaki iligki ¢-Peano cekirdegi aracilifiyla
kuruldu.  ¢-B-spline fonksiyonlarinin kuantum spline uzaymnin bazlar1 oldugu
gosterildi. ¢-spline fonksiyonlarinin 1/g-integral ve 1/g¢-tiirev formiilleri bulundu.
Bunlara ek olarak bir g¢-spline fonksiyonunun her bir araliktaki polinomlar1 nasil
bulabilecegimiz gosterildi.  Tiim bunlardan sonra, ¢-B-spline fonksiyonlariyla
interpolasyon ve Bernstein-Schoenberg operatoriiniin g-analogu ile yaklasimin temel

teorisi verildi.

Anahtar kelimeler: ¢-B-spline, ¢-Peano cekirdegi, g-integral, g-tiirev, g-Taylor

formiilii, ¢g-Bernstein-Schoenberg operatorii, de Boor-Fix formiilii
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CHAPTER ONE
INTRODUCTION

In this chapter, following the books (Phillips, 2003; Powell, 1981) we give
definitions and some basic properties of classical splines and Bernstein-Schoenberg
operator. The Bernstein-Schoenberg operator may be viewed as a generalization of
the Bernstein operator since it replaces polynomials by piecewise polynomials. Quite
unusually in an introduction chapter, we provide a new result which generalizes one of
the main results of Budake¢1 (2010) and published in Budakg¢t & Orug (2012). Moreover
Section 1.3 outlines basic facts about quantum calculus, g-shifted polynomials,

g-Taylor Theorem and g-integration.

1.1 Splines

A spline function consists of polynomial pieces on subintervals joined together
with certain continuity conditions. Formally, suppose that & + 1 points t, ..., t; are
specified satisfying ¢y < --- < t;. These points are called knots. Suppose also that an
integer n > 0 is prescribed. A spline function of degree n having knots %, ..., %; is a

function S such that

i. On each interval [t;_1,t;) is a polynomial of degree < n, j =1,... k.

ii. S has continuous (n — 1)st derivative on [to, tx].

The term spline comes from the flexible strip of metal used by shipbuilders and
drafters to draw smooth shapes. The theory of splines is a good example of an area in
mathematics which was developed in response to practical needs. Spline curves were

first used as a drafting tool for aircraft and ship building industries. A loft man’s spline



is a flexible strip of material, which can be clamped or weighted so it will pass through
any number of points with smooth deformation (Farin, 2002; Hammerlin & Hoffmann,

1991).

Lobachevsky constructed B-splines as convolutions of certain probability
distributions as early as nineteenth century. Spline functions are currently used in
diverse domains of numerical analysis: interpolation, data smoothing, computer aided
geometric design, numerical solution of differential and integral equations, wavelets,
etc.. In 1946, Schoenberg used B-splines for statistical data smoothing, and his paper
started the modern theory of spline approximation. Gordon and Reisenfield formally

introduced B-splines into computer aided design (Farin, 2002).

Only three kinds of bases for spline spaces have actually been given serious
attention; those consisting of truncated power functions, of cardinal splines, and of
B-splines. B-splines which are splines with smallest possible support, in other words

they are zero on a large set, is the most practical and widely used basis.

1.1.1 B-Splines

Let--- <t o<t 1 <ty<t; <ty <--- bethe knot sequence where t_; — —oc as

1 —ooand t; — oo as v — oo with ¢ > 0.

Definition 1.1.1. The B-splines of degree zero are piecewise constants defined by

L, t; <t <ti,

)

0, otherwise

and linear B-splines are



( t—1;
bt ti <t <tig1,
i+1 —
tivo — 1
Nia(t) = —2—| fiv1 ST <tiqo
Livo — tit1
{ 0, otherwise.

The graphs Figure 1.1 and Figure 1.2 of N, ¢(t) and NV, ;(¢) are shown below.

@ ©
Vi tiv1 t t; tiva tiv1
Figure 1.1 Graph of N, o(?). Figure 1.2 Graph of N; 1(¢).

Since the original definition of the B-spline basis functions uses the idea of divided
differences and is mathematically involved, equivalently we can define B-splines as a

multiple of a divided difference of truncated power function which is defined as

(x—t) = (1.1)
0, otherwise.

Theorem 1.1.1. For anyn > 0 and all i,

Nin(t) = (tivnsr — i) [tis - - s tigna|(x — )7, (1.2)

where [t;,... ti1,11] denotes a divided difference operator of order n + 1 that is

applied to the truncated power (x — t)"t, regarded as a function of the variable x.



By applying Leibniz’s rule for the product of divided differences, Carl de Boor

established a recursive relationship for the B-spline basis in de Boor (1972) as follows:
t— ti ti n —1
Nin(t) = (—) Nipn-1(t) + (L) Nistna(t),
Livn — Livnt1 — tita

starting with NV, o(t).

1.1.2 Properties of B-Splines

Definition 1.1.2. Let S denote a spline defined on the whole real line. The interval

of support of the spline S is the smallest closed interval outside which S is zero.

Theorem 1.1.2. The interval of support of the B-spline N, is [t;, tiini1], and N, is

positive in the interior of this interval.

The next result shows that the derivative of a B-spline function is also a B-spline

function.

Theorem 1.1.3. Forn > 1, we have

d
ENi,n(t) = <Ltl> Nipn-1(t) — (%) Nit1n-1(t) (1.3)

Liyn — itn+1 — tit1

for all real t. For n = 1, equation (1.3) holds for all t except at the three knots t;,t;.1,

and t; .o, where the derivative of N; ; is not defined.

In the remainder of this chapter B-splines are computed with a knot sequence
to, ..., tr and defined over all R, and the algorithms described are independent of the
chosen interval [a, b], with the condition that ¢, < a and ¢;_,, > b. In the algorithms
described below, we set [ = k — n — 1. Notice that the dimension of the spline space

is!+ 1.



We will see that a spline approximation can be represented by

St) =Y aNia(t), @ €R, (1.4)

l
1=0
a sum of multiples of B-splines of degree n whose interval of support contains one of

the subintervals [t;,t; 1] where j =n, ...,k —n — 1.

1.1.3 Marsden Identity and Its Consequences

The following identity which relates polynomials with B-splines due to Marsden

(1970) is frequently used:
!
(z=t)" =) (2= tip1)(z = tjsz) ... (2 = tjsn) Ny (1) (1.5)

Jj=0

for all real or complex z and all real ¢ restricted to the interval
T={t: t,<t<tpnt (1.6)

Note that the summation above may run for all j € Z since the B-splines N, ,,(¢) have

compact support.

It is useful to give the definition of elementary symmetric functions since it appears
in blossoming and B-splines of the following theorem. One can follow the book

Phillips (2003).

Definition 1.1.3. The elementary symmetric function o,.(zg,x1,...,x,), for

r > 1, is the sum of all products of r distinct variables chosen from the set



{zo,x1,...,Tm}, and we define o, (zo, x1,...,2,) = 1 for r = 0. Namely we have

or(Toy ooy Ty) = Z Ty X, (1.7)

0<i1<ig<---<ip <M

As a consequence of Definition 1.1.3 we have

or(To, 1, X)) =0 if r>m+1. (1.8)
Since
m—+1
(14 zoz)(1+z12) -+ (1 + ) = Z 0r(To, 1y ooy Ty) " (1.9)
r=0

the polynomial (1 + zox)(1 + x1x)--- (1 + x,,x) is the generating function for

elementary symmetric functions.

The following theorem illustrates the relationship between monomials and

B-splines. It can be proved easily by using Marsden’s Identity, see (Marsden, 1970).

Theorem 1.1.4. For any given integer r > 0 we can express any monomial t" as a

linear combination of B-splines N ,,(t), for any fixed n > r, in the form

l
n
7 =S 0 (tiars i) N (t 1.10
(1) = ettt (110

where o, (tis1,...,tivn) is the elementary symmetric function of order r in the

variables t;y1, ..., t;1,. Furthermore, ifr = 0in (1.10) we have

> Nia(t) =1 (1.11)

and thus the B-splines of degree n form a partition of unity.



Comparing the coefficient of 2™ in (1.5) yields

Y Nat)y=1 if tel, (1.12)
=0
and that of 2"~ ! gives
l
D OGNt =t if tel (1.13)
j=0
where
1 .
S]:E(tj+1+tj+2++tj+n) J :0a17"'7l7 (114)

known as Greville Abscissae. From (1.14) and £y < --- < ti, Greville Abscissaes are
ordered

o <& <& <+ <& < tg. (1.15)

1.2 Bernstein-Schoenberg Operator

A constructive proof of the Weierstrass’ approximation was given in 1912
via Bernstein polynomials. These polynomials are particularly useful for both
approximation and curves and surfaces design. Bernstein-Bézier and B-spline
techniques are fundamental in computer aided geometric design (CAGD). A striking
generalization of the Bernstein polynomials is the Bernstein-Schoenberg operator

based on B-splines.

Many of the early results on spline functions are due to Schoenberg. In Schoenberg
(1967) B-splines are defined as a basis for spline spaces having smallest possible
support. Then he introduced a spline approximation operator which generalized the
Bernstein polynomial. The discovery of the recurrence relation of B-splines in de

Boor (1972) escalated research on splines. We note that in approximation theory



it is often useful to have an approximation operator based on a continuous function
f, not only close to f but also having a graph whose shape is similar to that of
the graph of f, namely shape preserving operator. Like the Bernstein polynomials,
the Bernstein-Schoenberg operator is variation diminishing and therefore has certain
shape preserving properties. That is, if the underlying function is monotone so is
its Bernstein-Schoenberg spline function. Furthermore it yields a convex function
whenever [ is convex. Consequently the Bernstein-Schoenberg operator mimics the

shape of the function, see (Goodman, 1996; Goodman & Sharma, 1985).

In this section we summarize the properties of Bernstein-Schoenberg
operator for general knot sequences and then give the main results briefly on

Bernstein Schoenberg operator on g-integers that we derived in Budaker (2010).

1.2.1 Shape Preserving Properties of The Operator

Goodman discussed in (Goodman, 1996) the advantages of variation diminishing
property when designing curves or constructing approximation operators. Like the
Bernstein polynomials Bernstein-Schoenberg operator has variation diminishing and
therefore has certain shape preserving properties. Goodman and Sharma discussed
in (Goodman & Sharma, 1985) the convexity properties for of Bernstein-Schoenberg

operator for a special knot sequence.

We call S,, ,,, the Bernstein-Schoenberg Operator which maps a continuous function

f on [a, b] to a continuous function S,, ,,, f.

In the remainder of this section we investigate properties of the operator .S,, ,,, f for

the functions f defined on the interval [0, 1].



For a function f(¢) and t € [0, 1], the operator is given by

l

Sm(fit) =D F(E)Nja(D), (1.16)

J=0

where n is the degree of B-splines, m is the number of intervals in [0, 1] with [ =
n+m — 1 and

1
& = ﬁ(ti—l—l + o+ tign),

are the Greville abscissae, and we have a nondecreasing (extended) knot sequence
to=" =t =0<tpi1 < <tnpmot1 < tnsm =+ = tiini1 = L.

The purpose of repeating end knots n+ 1 times is to make the operator satisfy endpoint
interpolation property. It follows from Marsden’s identity (1.5) that S, ,,,(f;t) = f(t)
for any linear function f(t) = at + b. In Marsden & Schoenberg (1966) it is shown for

the special knot sequence

m—1
t():"':tn:(), tn-i—]. = _a"'atl:—a tl-i—]. :"':tl—i-n—l—l :1
m m
that the function S,,,,(t%;t) converges to t* uniformly as n — oo. Thus from the
Bohman-Korovkin Theorem, see Phillips (2003), .S, ,,,f converges uniformly to the

function f for any f € C[0, 1]. The Bohman-Korovkin Theorem is stated as follows:

Theorem 1.2.1. A sequence of positive linear operators L, [ converges uniformly
for every continuous function on a closed interval provided that it converges for the

functions eg(t) = 1, e1(t) = t and es(t) = t.

The operator S,,,,f on C[0,1] is a shape preserving operator. Namely, it mimics
the shape of f. We state the underlying facts about shape preservation, (see Goodman

(1996))



i. Sy mfis variation diminishing: Any line does not cross S,, ., f more than f does.
In particular, the number of sign changes in S, ,,, f bounded by the number of

sign changes in f.

ii. If a function f € (0, 1] is increasing (respectively decreasing), then S, ., f is

increasing (respectively decreasing).
iii. If f is convex on [0, 1], then S,, ,,, f is also convex.

iv. If f(t) is convex on [0, 1] then S,, ., (f;t) = f(¢), O

N
~
N
—_

1.2.2 Bernstein-Schoenberg Operators on g-Integers

Now we will discuss the properties of Bernstein-Schoenberg operators defined
on g-integers, a geometrically spaced knot sequence. We denote this operator on
g-integers by S, . (f;t, q) to emphasize its dependence on an initially given parameter

value ¢q. Henceforth we use the knot sequence

tig1 = = bigny1 = 1.

Here [i], denotes a ¢-integer, defined by

(1-¢")/(1—q), q#1,
7, qg=1.

[i]q =

Kocak & Phillips (1994) studied B-splines based on g-integers, which generalize some
particularly simple properties of the uniform B-splines. Since we choose a special
knot sequence, the geometric properties of S,, ., (f;t, ¢) will be satisfied for any ¢ > 0.

Namely, this operator is variation diminishing for any ¢ > 0.

10



Remark. A very important generalization of Bernstein polynomials has been the
q-Bernstein polynomials B, (f;t,q), see (Phillips, 1997, 2003, 2010; Orug¢ & Phillips,
2003). These polynomials behave in a very nice way when we vary the parameter q
while keeping the degree fixed. Namely, if f is convex on [0,1] and 0 < ¢ < r <1
then B, (f;t,r) < B,(f;t,q) forallt € [0, 1]. On the other hand for fixed parameters
0 < g < r < 1 there is no ordering relation between S, ,,(f;t,q) and Sy, . (f;t,7) for

fixed integers n, m. That is none of following inequalities

Snm(fit,q) < Spm(fit,r) or Spm(fit,r) < Sum(fit, q)

holds for all t € [0, 1].

Next we will investigate the error function F,, ,,, of the operator defined by

Enm(fit,q) = Sum(fit,q) — f(2).

Theorem 1.2.2. S, ,,.(f:t,q) converges to f for any f € C[0, 1] uniformly as n — oo

with the knot sequence in (1.17).

Proof. From the Bohman-Korovkin Theorem it is sufficient to prove that
Snm(2%;t,q) converges to t* uniformly as n — oo since S, ., (f;t,¢q) is a monotone
linear operator reproducing linear functions. The approximating spline function for 2>
is

!

Snm(2%t:0) = > (&) Nynlt; @).

j=0

From Marsden’s identity (1.5) by comparing the coefficients of z"~2 we have

l
# =S Ntia), where €7 = G b

j=0 2/ j+1<r<s<j+n

11



Thus we can write
!

En,m(z2; t? Q) = Z Aj]\/vj,n(ta Q)7

J=0

where \; = (&;)? — 6]('2). After some computations, we find that

_ 1 _ 2
Aj_—nz(n_m Y (-t (1.18)

JHI<r<s<j+n

Therefore 0 < \; < ﬁ since ¢, — t;41 < 1 for each j. This inequality shows that

A;j — 0 as n — oo which implies S, ,,,(f; ¢, ¢) converges to ¢* uniformly. ]

The following result exhibits how the error functions behave in approximating f. One

may see the proof of the next theorem in Budake¢1 (2010), Budak¢1 & Orug (2012).

Theorem 1.2.3. Ifn > 2, we have

i.) Bnm(2%0,q9) = Epm(2%1,9) =0, E,m(2%t,q) > 0for 0 <t < 1.

ii.) Epm(2%t,q) = Epm(2%1—1,1/q) for0 <t < 1.

After finishing M.Sc. thesis Budake¢1 (2010), we discovered a more general theorem

than Theorem 1.2.3. This new theorem can be seen in Budak¢1 & Orug (2012).

Theorem 1.2.4. If f € C[0,1] is symmetric, that is f(t) = f(1 —t) forallt € [0,1],

then E, . (fit,q) = Enm(f;1—t,1/q) for 0 <t < 1.

Proof. Let

Sn,m(f;l _t>1/Q) = f(n])N],n(l _t;l/Q) (119)

!
=0
and let

1
nj = E(tﬂ-l + oo F ). (1.20)



We will show that £, ,,,(f;t,q) — En,m(f;1—1t,1/q) = 0. It can be seen from (1.19)

that

l
Sn,m(f tl/q :Zf - ] Nl ]n t; 1/Q)
7=0

So, we have

l l
B (fit,0)=Enm(fi1=,1/0) = > f(E)Nin(t; @)=Y Fn—) Ni—jin(1—£;1/q).
= = (1.21)

Since

NijL(t; q) = (uj+n+1 - uj)[”j? < 7uj+n+1](u F— t)i
=((T—t5) = (1= trpm—gr)) [ = trenjor, -, L= tigl(u — )%
= (tepn—jr1 — ) lligs - - o s bipn—gal(w — (1 = 8))%

= Nijn(1 = 4;1/q),

the equation (1.21) becomes

l

Enm(fit,q) = Enm(f;1=1,1/q) = > (f(§) = f(m-j))Nin(t;q).  (1.22)

J=0

In (1.20), using ¢;4,—i41 = 1 — u; gives _; = 1 — &; and hence (1.22) becomes

Enn(F34,) = Bnn(£31 = £,1/) = 3_(£(&) = F(0 = §)Nn(t;0)

By the assumption that f is symmetric, f(&;) = f(1 — ¢;) for all j, we obtain

Eom(fit,q) = Enm(f;1—1,1/q). O

With such an unusual result above, we deduce the following consequence by taking

special knot sequences.

Corollary 1.2.1. If f € C[0, 1] is symmetric, thatis f(t) = f(1 —t) forall t € [0, 1],

13



then the error function of both Bernstein-Schoenberg operator and Bernstein operator

are symmetric.

Proof. 1t is enough to show that for a symmetric function the error function of the
Bernstein-Schoenberg operator is symmetric since Bernstein operator is just a special

case of Bernstein-Schoenberg operator.

Suppose that f € C|0, 1] is symmetric, i.e f(t) = f(1 —t) forall ¢ € [0, 1]. Now
consider the error function £, ,, of Bernstein-Schoenberg operator on g-integers for

the function f. That is,

Enm(fit,q) = Sum(fit,q) — f(2).

From the previous Theorem 1.2.4, we know that for a symmetric function f,

holds.
Since we recover the classical Bersntein-Shoenberg operator when ¢ = 1, letting g = 1
gives

En,m(f; t) = En,m(f; 1 - t)

and thus the error function of Bernstein-Schoenberg operator for the function f is

symmetric. ]
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1.3 Quantum Calculus

In this section we give essential definitions and properties in g-calculus that we will
use in the next chapters. For more details one may see (Ernst, 2012; Kac & Cheung,

2001).

1.3.1 Divided Differences

We begin with divided differences, since both classical and quantum derivatives can
be defined in terms of divided differences. Further properties and proofs of divided

differences, see (Goldman, 2003; Phillips, 2003; Powell, 1981).

Definition 1.3.1. Let F' be an arbitrary function. The divided difference of F' at the

nodes tg < t; < - -+ < t, is defined recursively by
Flto)] = F(to)

F(t1) — F(to)

Flto, t1] = t £t
[to, t1] t— to 1 7 to
= F'(to) t =t (1.23)
Flti, ...t — Flto, . tn_
Fltg,....t,] =2l 1_4}“ I
FM (¢
- (to) t, =t
n!

Notice that the divided difference is a linear operator since the operator satisfies the

15



following properties;

(F+G)fto,. .. ta] = Flto, .. ta] + Gltos- .., tu]

(cF)[to, ..., tn] = c(Flto, ..., tn)).
There are simple closed formulas for the divided differences of low degree
polynomials. We summarize these results in the following theorem.

Theorem 1.3.1. Let P(t) be a polynomial.

i) If degP(t) < n — 1, then Plty,...,t,) = 0.

ii) If degP(t) = n, then Plty,...,t,] is the coefficient of t" in the monomial
representation for P(t). Thus in this case, Plto, . .., t,] is a constant independent

Oftg, F oo ,tn.

We shall use the next theorem for the proof of the representation of the quantum

B-splines in terms of divided differences of truncated power functions.

Theorem 1.3.2. Let F(t) be an arbitrary function, and let ty < t; < --- < t,, be a set

of n + 1 nodes. If

then

In this section we have used the notation F'lto,...,t,| for the divided difference
to emphasize the relationship between evaluation and the divided difference. In the
remainder of this thesis, however, we shall employ the notation [, ..., t,]F for the

divided difference to emphasize that the divided difference is a linear operator.

16



1.3.2 Quantum Derivatives

Quantum derivatives are classical derivatives without limits. There are many ways

to define the classical derivative D( f) of a function f using limits. For example

ft+h) - f()

Df(t) = Jim DR

The h-derivatives are defined for A # 0 by

Dufiy = 1ED =10

Dy, f(t) = Du(Dy ' f(1)).

= [t,t + h]f (1.24)

Similarly, for a fixed parameter ¢ # 1, the g-derivatives are defined by, see (Kac &

Cheung (2001)),

Dty = =IO o (1.25)

It is easy to verify that

Dif(t)=k![t,t +h,...,t+kh]f

and

where

17



Note that if f is a differentiable function, then

lim Dy f(x) = Df (x),

lim D, f(x) = Df(x).

We use the notation ¢-C*|[a, b] to denote the space of functions whose g-derivatives of
order up to k are continuous on a closed bounded interval [a, b].

Quantum derivatives are linear operators
Du(af(x) +bg(x)) = aDp f(x) + bDrg(x),

D,(af(z)+bg(z)) = aD,f(z) + bD,g(x), (1.26)

and satisfies the following two product rules
Do(f(2)g(x)) = f(qz)Deg(x) + g(x) Dy f (), (1.27)

D,(f(z)g(x)) = f(x)Dyg(x) + g(qz) Dy f (). (1.28)

Next we shall derive some simple properties of the quantum calculus. In each case
we will provide proofs only for the g-calculus; the proofs for the h-calculus are much

the same.
For any constant c, the simple quantum chain rules are as follows:

h-calculus:

Dy (f(z+¢)) = Dn(f () y—prc

q-calculus:

Dy (f(cx)) =Dy (f(Y))y=ca - (1.29)

18



Lemma 1.3.1. Let P(t) be a polynomial. Then

classical calculus:

DP(t) = 0 if and only if P(t) is a constant

h-calculus:

Dy P(t) = 0 if and only if P(t) is a constant

q-calculus:

D,P(t) = 0 if and only if P(t) is a constant. (1.30)

Proof. Certainly if P(t) is a constant, then D,P(t) = 0. Conversely, suppose that
D,P(t) = 0. If ¢ = 0, then P(t) = P(0), so the result is obvious. Therefore we

assume that ¢ # 0. Then for all ¢, we have

P(t) = P(qt) = --- = P(q"t) for all integers n > 0.

Fix a constant ¢ and define

Then Q(¢) is a polynomial with infinitely many roots: ¢, qc, . .., q"¢c, . ... Therefore
Q1) =0,
so for all ¢, P(t) = P(0). Thus P(t) is a constant. O

Observe that Lemma 1.3.1 is valid for g-derivative provided only that the function
P(t) is continuous at zero. Thus for the g-derivative (and for the classical derivative)
we need not assume that P(¢) is a polynomial. However this result does not extend

to non-polynomial functions for the h-derivative. Since in this thesis we are interested
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primarily in polynomials and piecewise polynomials, we content ourselves here with

Lemma 1.3.1 for polynomials.

The g-calculus also has an analogue of the classical exponential function, see (Ernst,

2012; Goldman & et al., 2014). The g-exponential function is defined by,

oo tn
eh =Y B (1.31)

n=0

is well defined for all |{| < 1/|1 —¢|if |¢| < 1 and forall ¢t € Rif |¢| > 1 orq = 1.
Therefore, for any fixed value of ¢ > 0, there is an interval in which the series for eg
converges. Using the definition of the g-exponential function (1.31), the g—derivative

of a monomial, and the linearity (1.26) of the operator D, gives
D, (&) = ae (1.32)

for any constant a.

There is another form of ¢g-exponential function

o - tj
E; — ZqJ(J 1)/2W
=0 g

which converges for all ¢ if 0 < ¢ < 1, and for |¢| < _4; if ¢ > 1. The derivative of B,
is not itself but

D,E! = B

Theorem 1.3.3. (q-Binomial Theorem)

J

(@ == qt) (= ) = 31 B

J=0

Proof. See (Andrews, 1998; Kac & Cheung, 2001; Phillips, 2003). L]
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Here m , are the g-binomial coefficients defined by

The ¢—binomial coefficients can be computed recursively by the ¢—Pascal identities

nl k{n—l} {n—l}
—q v (1.33)
hL Bl k-1,

B e

Note that mq is a polynomial in ¢ of degree k(n — k), whose coefficients may be

or

regarded as the generating functions for restricted partitions of integers, see Andrews

(1998).

We also require shifted products:

1, ifn =20,
(z —t)"h =
(x—t)(x—t+h)---(x—t+(n—1)h), ifn>1
1, ifn =0,
(x —t)™ =

(x—t)(x—qt) - (x —qg"'t), ifn>1

In the next sections we shall need both the ¢ and z quantum derivatives of these

polynomials.
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Proposition 1.3.1. (t-derivative)

classical calculus:

k _ N\n _ [ 1\k _ \n—k
D¥(x —t)" = (—1) (n—k:)!(x t)
h-calculus:
Dy(x — t)”’h = —n(x t)"_l’h
n n! ek,
D 1) = (1) oy = 0
q-calculus:
Dyjg(x — )" = —[n], (z — t)" 11 (1.34)
= [n]g! ek,
Dy gz — )™ = (—1)’“[71_—2](1!(:0 — )"k, (1.35)

Proof. By the definition of the 1/g-derivative we have

ng _ (x—t/q) - (x —qn—Qt) —(x—t)--(x _qn—lt>
t/q—t
(z —t/q) — (x — ¢" ')

= R ) = )

= ~[nl (o =ty

Dl/q<x —t)

Now it follows easily by induction on £ that

Dyl =10 = (-1 (o gy
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Proposition 1.3.2. (z-derivative)

classical calculus:

DF(x —t)" = = F) (x —t)"F
h-calculus:
Du(z —t)"" =n(x —t+h)---(x —t+ (n—1)h)
Di(x —t)™" = (n_!k)!(:v—t+kh)---(:v—t+(n— 1)h)
q-calculus:
Dyjg(x =)™ = [n]1/g(x — gt) -+ (x — ¢"7't) (1.36)
[]1/4!

Dyjgla — )™ = (x—q"t) - (z — " '). (1.37)

[n —= k]l/q'

Proof. Applying the definition of 1/¢-derivative yields

ma @)=t (x)g—=q"t) = (z—t)--- (= ¢""F)

Doz =)™ = e
o q%(x_qt)"'(ii—q"t)—(:L’—t)...(x_qn—1t)
B r/q—x
s —q"t) — (v —t)

= Tz (x—qt)--(z—q"'t)

= [ljg(z —qt) - (= ¢"'t).
Now it follows easily by induction on £ that

[1]1/4!

k n,qg _
Dl/q(w — t) = [’[’L _ ]{f]l/q|

(x—q"t) - (z — ¢"'1).
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Finally we discuss mixed partial derivatives. In the classical calculus, mixed partials

do not always commute, since we need to worry about the order of the limits. But in

quantum calculus there are no limits, so the mixed partials always commute.

Proposition 1.3.3. Let f(x,t) be a function of two variables. Then

classical calculus:

2

h-calculus:
O;
ahxahtf(ﬂc, t)
q-calculus:
T e 2
q
aquaqtf(x, t) -

2

= mf(%t)

2
h

8ht8hq:

f(z,t)

2
q

Oty

f(z,1)

Proof. Applying the definiton of g-derivative gives

2 o, (flx,qt)— f(x,t
ot 0= a5 ()
flgz.qt)—f(z,qt) _ flgz,t)—f(z,t)
_ qr—x qr—x
qt —1
:ﬁ f(qx,t)—f(:n,t)
Oyt qr — x
2
q
= t).
T

1.3.3 Quantum Integrals

Quantum integrals are the analogues of classical integrals for the quantum calculus.

Quantum integrals satisfy a quantum version of the fundamental theorem of calculus
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and there is also a quantum version of integration by parts. The definite h-integral of a

function f is defined as a Riemann sum of f(z) on the interval [a, b].

Definition 1.3.2. Let b — a € hZ. Then the h-integral is defined by

(

h(f(a)+ fla+h)+---+ f(b—h)) ifa<b,

b
/ f@)dyz = ¢ 0 ifa =b,

—h(f(a)+ fla+h)+---+ f(b—h)) ifa>b.

\

The g-integral is a bit more complicated. Whereas the h-integral is just a finite sum,

the g-integral is defined by an infinite sum.

Definition 1.3.3. Let 0 < a < band 0 < ¢ < 1. Then the definite g-integral of a

function f(z) is defined by setting

|t = 0= ap 3 d st

and

/abf(x)dqx = /Obf(x)dqx ~ /Oa f(z)d,z.

In the limit ¢ — 1, we replace g-integral by ordinary integral.

Definition 1.3.4. The improper g-integral of a function f(x) on [0, c0) is defined by
/ f(x)d,x = f(x)d,x for 0<g<1
0 .

and
gt

f(x)d,z for g > 1.
¢J

/0 = 3

j==o0
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On the whole real line the g-integral is defined by

7f($)dqx=7[f(fr)+f(—x)] dq,

see Ernst (2012).

Theorem 1.3.4. The improper q-integral converges if x“f(x) is bounded in a

neighborhood of © = 0 with some o < 1 and for sufficiently large x with some o > 1.

Proposition 1.3.4. (Integration by parts)

classical integral:

b b
/ f(z)Dg(x)dz = F(B)g(b) — f(a)g(a) - / 9(2)Df (x)dx
h-integral.:
b b
/ f(2)Dag(x)dnz = F(B)g(b) — f(a)g(a) - / 9@ + h) Dy f(@)dna
q-integral:
b b
/ F(2) Dagl@)dgz = F(b)g(b) — f(a)gla) — / 9(q) Dy f (2)dy

Theorem 1.3.5. (Fundamental Theorem of Calculus)

classical calculus:

/b DF(z)dx = F(b) — F(a)
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h-calculus:
Ifb—a € hZ, then
b
/ DyF(x)dnz = F(b) — F(a)
q-calculus:
If F(z) is continuous at x = 0, then
b
/ D,F(z)d,x = F(b) — F(a),

where 0 < a < b < 0.

Next we introduce the quantum analogues of the polynomials (z — t)™. These
polynomials replace the polynomials (z — ¢)™ in the quantum versions of Taylor’s

Theorem 1.3.6 and in the quantum versions of Marsden’s identity.

Theorem 1.3.6. Let f be n + 1 times 1/q-differentiable in the closed interval |a,b.

Then
n Dk’ ka
f(w) — qu(kl)ﬂw(tﬁ _ a)k,q + Rn(f) (1.38)
k=0 [k]q
where
qn(n+1)/2 T .
q: a
in particular
qn(n+1)/2 ’ n+1 n n,q
Ru(f) = W/ (D) (" t) (& — £ gt
q: a
and

(=) =(z—q""t) - (z —qt)(@ — 1)+
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Proof. 1f we apply integration by parts in equation (1.39), we obtain

qn(n+1)/2
Rall) = T [ = (Phh) @ =)
+aly [ (D5 f) (@00 = 0" 0dy
¢ ()2
[l (DYyef) (q"a) (@ — a)™
n(n—-1)/2 f
+([1n— 1],! / (DYyef) (6" t)(x — )"y gt
Therefore
qn(n—l)/Q
R.(f) = T (Do f) (d"a)(x — a)™ + Ry o (f).

Applying integration by parts to R,,_1(f) gives

qn(nfl)/Z

R.(f) = Tl (DY), f) (¢"a)(z — a)™

q(n—l)(n—2)/2

- (D) e — eyt Rt

Repeating this argument n times and using

Ro() = [ Dyjaf 0t = £(2)  fla),

we get the required result. 0

The work Pashaev & Nalci (2014) introduces g-analytic and ¢-harmonic functions

and then solves quantum g-oscillator problem.

The work Rajkovi¢ & et al. (2002) gives the mean value theorem in g-calculus

which will be needed in one of our results.
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Theorem 1.3.7. If F' is contiuous and G is 1/q-integrable and is nonnegative(or

nonpositive) on |a, b, then there exists G € (1,00) such that

b b
(Vg € (q,00)) (3¢ € (a,b)) /F x)dyjqr = /G x)dy /4.

We also require the following result and g-Holder inequality, and appropriate
notions of distance in g-integrals, see (Anastassiou, 2010; Gauchman, 2004; Tariboon

& Ntouyas, 2014) for details.

Definition 1.3.5. For a fixed real ¢, we will denote by L, ,([0,5]), with 1 < p < oo,

the set of all functions f on [0, b] such that

D

£ llpg == / Pdyet | < oo

Furthermore let L. ([0, b]) denote the set of all functions f on [0, b] such that

1 flloc.q == sup | f(z)| < oo.
z€[0,b]

Theorem 1.3.8. Let z € [0,b], g € [1,00) and p1,ps > 1 such that pil + p% = 1. Then

we have
1 1
T z p1 z P2
[l < frrorae| | [laora) . aso
0 0 0
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CHAPTER TWO
QUANTUM B-SPLINE REPRESENTATIONS

As we show in Chapter 1 there are two common types of quantum derivatives
h-derivatives and g-derivatives corresponding to h-divided differences and ¢-divided
differences. Quantum splines are piecewise polynomials whose quantum derivatives
up to some order agree at the joins. Thus quantum splines allow us to model tolerances,
jumps, and even quantum leaps in the derivatives at the joins. In this chapter we give

representations of quantum B-splines which forms a basis for quantum spline spaces.

Quantum splines defined using the h-derivative were first introduced in
(Mangasarian & Schumaker, 1971, 1973) as solutions to certain minimization
problems involving differences. Many properties of these h-splines are derived in

Lyche (1975).

Tom Lyche defined h-B-splines (discrete B-splines) in (Lyche, 1975; Schumaker,

2007) in two ways:
Recursively:
t—(n—1)h—t thyni1 — (t—(n—1)h
Nk,n(ta h) = ( ) ka,n—l(t; h) + kntl ( ( ) )Nk—&-l,n—l(t; h)
Litn — Lk tenst — ter1
Divided differences:

Niw(tsh) = (trnsr — te) [t - s toengt] ( — )"

Our main focus will be ¢-B-splines (quantum B-splines) and their fundamental
properties from point of view of interpolation and approximation. The work Simeonov

& Goldman (2013) mark the start of g-B-splines in the literature.
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2.1 Recurrence Relation of ¢g-B-splines

One way of defining ¢g-B-splines of degree n is to consider a basis {®; : j =

1,2,...,n + m} in the expression

n+m

S(tig) =D _ N®i(tig)  a<t<b
j=1

such that each function {®;(¢;¢q) : j = 1,2,...,n + m} is identically zero over a
large part of the range a < ¢t < b. Hence we consider how we can find an element
of the space S(n, to, ..., t,) that is zero on the intervals [to, t;] and [t,, ¢,,,], but that is
nonzero on (tx, t,), where 0 < k < r < m. If S is such a function it can be expressed

in the form
,

S i@t ty) (gt — t)(E b))y, a<t<h
j=k

where the parameters e; have to satisfy the condition
D eilq =ty (gt —t)(E— 1) =0, t, <t<D.
j=k

It follows that

must hold. These equations have a nonzero solution if » > k£ +n + 1, because then the
number of coefficients {e;} is greater than the number of equations. If r = k +n + 1

then the coefficients

j=kk+1,.. . k+tn+1
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are suitable. Therefore the function

k+n+1 | k4n+1 1

St = > | 1] ) ("t —t) (gt —t)(t — ;)4

j=k i=k
is a g-spline function and

k4+n+1 | k+n+1

Nin(t;q) = (trgns1 — tr) Z H

= | i)

(t—t;;9)7%, a<t<b (2.1)

where

(t—t59)7 = (" "t —t;) - (gt — t;)(t —t;)4

is called normalized g-B-spline.

Now, we give ¢-B-splines recursively. The work by Simeonov & Goldman (2013)
shows the recurrence relation via de Boor type algorithm. Here we prove the relation

in another way, by induction on n, the degree of polynomial pieces.

Theorem 2.1.1. Let n > 1 be an integer and {t;;i =k, k+1,... k+n—+ 1} be a set

of distinct real numbers. Then (2.1) satisfies the recurrence relation

n—1 n—1
q" Tt —1 than+t1 —q 1
A R Np () + 2 Nipiaoiltiq)  (2.2)

n(t:0) Letn+1 — Lk Lhtnt1 — Tet1

Proof. The right hand-side of the equation (2.2) is made up of piecewise polynomials
that are joined at the knots {¢;;¢: = k,k+ 1,...,k + n + 1}. Notice that ¢-B-spline
Ni.n(t;q) is identically zero for t < ¢, and ¢ > 1. When t € [t tx11], the

equation (2.1) implies

gty

k(£ 0) bkn — Ui

Nin-1(t;q)

and Ngi1,-1(t;q) is zero. Hence the equation (2.2) is satisfied. Similarly, for
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t € [tksin, tk+nt1), the equation (2.1) implies

thpns1 — @M
Nin(t; q) = Nit1n-1(t;q).
’ thgmt1 — Tt ’

Now we will show that the equation (2.2) holds for {t; <t <t;41; =k+1,...,k+
n}. It is enough to show that for j € {k + 1,...,k + n}, the change in the right-hand
side of the equation (2.2) at ¢; is the same as the change in IV, at t;. We find the

change in right-hand side at ¢; as the polynomial (¢ — ¢;; )"~ multiplied by the factor

k+n 1 k+n+1 1
n—1 n—1
t—1 —— + (tkn+1 — t —_—
1= i=k+1
i#j i#j
k-+n+1 1
= [(¢" 't — t1) (tansr — t5) + (Ehansr — @ 11) (th — t5)] H =t
i= v J
o
k+n+1 1
n—1
= t—t;)(thent1s — t; e
(¢ ) Cans1 — t5) H (ti—t,)
i#£]
which completes the proof. ]
o] ]
i — Nos(t,q)
05 i
f — Ni3(tq)
— ] N2 5(t;q)
00l \//\ | — Nss(tq)
w12 14 e s

Figure 2.1 Cubic ¢-B-spline basis with the knot sequence (1, ¢, ¢%, ¢°, ¢*, ¢°, ¢%, ¢7) with
qg=1.1.

Throughout this thesis, all figures and examples are generated by Wolfram
Mathematica 10 software and codes are based on the recurrence formula for

q-B-splines.
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2.2 Marsden Identity and Its Consequences

Marsden identity often lie at the core of other fundamental formulas and identities
for classical and quantum B-splines. We shall employ the Marsden Identities for the
quantum B-splines to derive both the de Boor-Fix form of the dual functionals for
the quantum B-splines and the explicit formula for the quantum B-splines in terms of

divided differences of certain truncated power functions.

Simeonov & Goldman (2013) states the following theorem whose proof is based

on blossoms. Here, we prove it in the classical way.

Theorem 2.2.1.

(=)= (& —tin) - (& = tesn) New(t ), (2.3)
k

where the summation extends over all k € Z.

Proof. Since for n = 0 the empty product (x — tgi1) - - (x — tpyy) is equal to 1, we

have the partition of unity property of ¢-B-splines, that is

1= Nenlt;q). (2.4)
k

Now suppose that the equation (2.3) holds for some n > 1. For the next step we
multiply both side of (2.3) by the term (x — ¢"t). For the right-hand side we write the

linear interpolating polynomial at the knots ¢, and ¢y ,,41. It is readily verified that

— thtn —t
T — Tktntl (te — ') + T — i

thans1 — q't) = (x — q"1).
e — thynt1 tk+n+1—tk( e )= )

Now we have
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tk — q”t

(z — t)"tha = Z(x —ty1) (T — hyntr) Nin(t;q)
. Tk — thyni1
+ Z(fﬁ —tg) (T — tk—i—n-&-l)LNk,n(t q).
- letnt1 — tk
In the second summation changing k£ by k£ + 1 gives
(0= )7 = 32— t) (0~ i) e N (1)
T =t

k

Lhng2 — q"'t
+ E (7 = ter1) - (T = tipnaa) o Nip1.a(t; )
: tktn+2 — Lkt

Hence, by using (2.2) we obtain the required formula

(z —t)"he = Z(x — ly1) - (T — thynta) Nign1 (£ 9).-
K

This completes the induction. U

We will derive two important new consequences of the Marsden Identity for
quantum B-splines: a quantum variant of the de Boor-Fix formula for the dual
functionals of the quantum B-splines, and a representation of the quantum B-splines
in terms of divided differences of truncated powers. These two formulas are well
known for classical B-splines. Here we show how to extend these formulas to quantum

B-splines.

Using Marsden identity we can obtain the following representation of monomials,
see Simeonov & Goldman (2013) for the proof by using blossoming technique. We

prefer classical approach.

Proposition 2.2.1. Given any integer j > 0, we can express the monomial t/ as a

linear combination of q-B-splines for any fixed integer n > j, in the form
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i 0i(teys, - thin) ,
v=>" g Nin(t; q) (2.5)
q

where 0;(tii1, ..., ttn) denotes the elementary symmetric function of order j in the

variables tyi1, ..., tkin.

Proof. It follows from (1.9) that

n

(L4 that) o (L tognt) = Y 0(that, - brgn)t (2.6)
r=0

By replacing ¢ by —1 /2 and multiplying through =™, we find that
(ZL‘ — tk—i—l) 500 (37 — tk:-i—n) =z" zn: Ur(tk+1a o o 7tk:+n) —l ' . (27)
r=0 v
Combining (2.3) and (2.7) gives

(=) =" (Z(—Urm(tkﬂ, . ,tk+n)1‘”_r> Nin(t; q) (2.8)

k r=0

Using the ¢-binomial Theorem 1.3.3 and equating the coefficients of " on both sides

of the equation (2.8) gives

o n r
q](] 1)/2 |:J:| t = Z Or(thrl? e ,thrn)Nk,n(t; Q>
q k

Hence

i _ Uj(tk+1a---7tk+n) '
v= Z P60/ m Nin(t:q).

q

Notice that for j = 0, we have ), Nj,(¢;¢) = 1, the partition of unity property of

q-B-splines.
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2.3 The ¢-Truncated Power Basis

We observe in Section 2.2 that both classical B-splines and quantum B-splines can
be constructed from a recurrence. Now we show that both classical B-splines and
quantum B-splines can also be represented explicitly in terms of divided differences
of appropriate truncated power functions. The first proof of the following theorem

appeared in Budak¢i & et al. (2015).

Theorem 2.3.1.

Nin(t; @) = (trgnsr — t)[tey - - s tigng) (@ — )™ (2 — t)?r.

Proof. There are several ways to prove this theorem. For example, we could use
Liebniz’s rule for divided differences and induction on the degree to show that the

divided differences of the truncated powers satisfy the g-B-spline recurrence (2.2).

First way:

In order to provide a proof that most clearly works in all three cases (classical and two
quantum B-splines) with only minor modifications, we employ a technique based on
the Marsden Identity similar to the proof given by de Boor for the classical B-splines
in de Boor (1972). We begin by recalling the Marsden Identity, equation (2.3), for

q-B-splines:

(x—q" ') (x—1t) = Z(w —tig1) - (T = tign) Nin(t; q). (2.9)

i

Multiplying both side of the Marsden Identity by (z — t) yields

(@ =g (r =)@ =) =D (& —tip1) - (& = tign) (@ = )] Nilt59).

)

Applying the divided difference operator with respect to x to both sides with the nodes
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ti, ..., tjtn+1, we find that
[ts - tipnaal(@ = ¢" ) - (@ = )z — 1) =

Z[tj, i) (@ = tier) o (@ = i) (@ — O NG (8 ). (2.10)

i
Our aim is to show that all the terms in the summation on the right hand side of equation

(2.10) are zero except for ¢ = j. Thus we investigate the behavior of the divided

differences for the terms
(= tig1) - (2 — tign) (x — )L Nin (£ q).

We consider five cases.

Casel. i < j—n:

For t € (ti,titnt1) = supp(N;,(t;q)), the support of N;,(t;q), and = €

{t;,... tjtn+1}, we have (x — ¢)% = 1. Therefore
[ty st (@ = tig) - (2 = i) (v — 1)}
= [tj, st (T —tig1) - (T — tign).

Since (z — t;y1) -+ (z — t;41,) is a polynomial of degree n, it follows from

Theorem 1.3.1 that

[tj, - 7tj+n+1](m — ti+1) s («77 - tz’+n> =0.

So

[tj, - ,tj+n+1](l’ — ti+1> HR (I — tz—&—n)(l‘ — t)iNz,n(ty q) =0 fori< j —n.
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Case2.  —n<i1<y:

Leti = j — kfor 1 < k < n. Consider the functions (z — t;41) - (x —
tizn)(® — )% and (z — ;1) -+ (x — ti4n). Both are zero for = €
{t;,...,tj+n—k}. Moreover these two functions have the same value for €
{tjtn—k+1,- - tjpnt1} because t € (¢, tiyni1) = supp(N;n(t; q)). So for these

values of = and ¢, we have (z — t)g = 1. Hence, by Theorem 1.3.2
[tj7 e »tj+n+1](37 —tig1) (=t (2 — t)(}r

= [tj -t (@ — tig1) - (T = tign).
Therefore by Theorem 1.3.1

[tj, ce 7tj+n+1](l'—ti+1) s (x_tz—l—n)(x_t)g_Nz,n(t; q) =0 fOI'j-TL < 1< ]

Case3. i > j +n:

Fort € (t;, titnt1) = supp(N;n(t;q)) and x € {t;,... tj1nt1}, We have (z —
t)9 = 0. Therefore

[tj7 HE 7tj+7L+1](x - ti"rl) e (ZL‘ - t'l""n)(x - t)(-)‘r =0

and

o tjrnst) (@ = tig1) - (@ — tign) (x — O Nin(t;q) =0 fori > j+n.

Cased. j <i<j+n
Leti = j+ k for 1 < k < n. Then the product (z — t;41) - (T — tiyn) is
zero for x € {tjip41,...,tj4nt1}. Moreover for z € {t;,.... ¢4} we have
(x — )% = 0 because t € (t;,tiynt1) = supp(Nin(t;q)) and i = j + k.

Therefore (z — t;11) - -+ (¥ — t;+n)(x — t)% agrees with the zero function at the
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nodes {t;,...,t;1n+1}. Therefore by Theorem 1.3.2

[th, st (@ —tip) - (2 = tiga) (@ = )3 =0,

hence
[tj, . ,tj+n+1](l' —ti+1> s (.I' —t1+n)($ —t>3_NZ,n(t, q) =0 fOI'j <1 < j-'-n

Case S. 1 = j:

Fori=jandt € (t;,tj1nt1) = (ti, tiznt1) = supp(Nin(t; q)) consider

s s tansa] (@ — 1) -+ (2 = tign) (@ — )L Nt @)

Notice that the functions (z — tj41) -+ (z — tj4,)(x — t)} and

T —t,;
(@ = 1) o (T = L)
Litnt1 — 15

coincide at the nodes tj,...,¢j1n41. Indeed for x = t;4q,...,t;4, both

functions have the value zero. Moreover for . = ¢;, (x — ) = 0 and

r—1t;

— _ 0 __ r—t; _
T — Vand forz =t 41, (x—t)5 =1land 7. = L. Therefore the

jAnt+1—1;

divided differences of these two functions are same at the nodes ¢;, ..., ¢ pny1.

Hence by Theorem 1.3.2

s tjrnsd) (@ = 1) - (@ = ) (T — O NG (6 ) =

T —1
[ty tjanta] (= tj1) - (2 = tn) Nin(t; ).
Litnt1 — 15
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On the other hand, by Theorem 1.3.1

x—t; 1
[ty ot " (@ = i) o (T = ) =
Litnt1 — 15 Litnt1 — 15

Thus from equation (2.10) we conclude that

[tj7 s 7tj+n+1](x - qn71t> e (x - t)(x - t>9r

= [t b (@ = tign) - (& = tign) (@ = O N (5 9)

)

= [ty s ) (T = tjp1) - (@ = tjan) (& = LN (t; q)

AR
= [tj,. -+, tjn+1] (& = tj41) - (T = i) Nin(t; @)
titnt1 — t;
_ Nj,n(t; q)
tjnt1 =t

which is equivalent to

Njn(t;q) = (tjsnt1 — )t - - jnta] (T — q”_lt) co (T — 1),

Second way:

The proof is based on induction on n. Firstly let us show that it is true for n = 1.

Nia(t;q) = (tira — t))[t), tigr, tjpol(x — 1)

= [tjy1, tjpo)(z — 1)y — [ty tj](x — )4
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( t—1
ﬁ, tj <t < tj+1
J+1 J
tiio—1t
= T, ti <t <t
tiva — tjv
0, otherwise.
\

So it is satisfied for n = 1.

Then we assume that it holds for n > 1, that is
Nj,n(t; Q) = (tj+n+1 = tj>[tj, . o ;tj+n+1]($ — q”_lt) boa (SL’ _ t)+

Let us use the recurrence relation (2.2) to write

tqn - tj

Nin(t;q) + 222 N a(t ). 2.11)
tjant1 — 1

Njmia(t;q) =
],n+1< 7Q) tj+n+2 ™ tj—l—l

Now apply Liebniz Rule to give

[ttt (@ = q"t) - (@ =) = (G = "t Ll (@ = @) - (2 — 1)y

gyt (@ — ") (2 — )4 (212)

The first term on the right of (2.11), say «;, is equivalent to
a; = (¢"t = t;)[ty, . gl (= ") - (2 — 1)
Then by (2.12) we have

0 = [ty oty (@ = ) (@ = O — [ bl — 470 - (2 — D).
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Similarly, the second term on the right of (2.11), say f3;, is equivalent to

B = (tj+n+2 - tq")[th, . atj+n+2](33 - qn_lt) (=1,

Now we can write

By = {(tirr —tq") + (Ginya — tp) Hbgras - o tinr] (€ = 1) - (= 1)

Applying (2.12) to f3; gives

Bi = [ttt s tinsol(@ — @) - (@ — )5 — [tigas oo, bjpnpa) (@ — ") - (2 — £) 4

vz — G Lr1s - - Ejpnra] (@ — ¢"1) - (= £)+

Now adding «; to 3; and then simplifying gives

Njnt1(t;q) = [tjt1,- - s tignge (@ — ¢"8) - (2 =)+ — [ty -+ tjpnral(@ — ¢"1) - (2 — £)4

= (tjrntz = )y, s tjnge)(x — ¢"t) - (2 — 1)

which completes the proof. 0
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CHAPTER THREE
g-B-SPLINES AND DIVIDED DIFFERENCES

Blossoming is a powerful technique in design of curves and surfaces. It is first
introduced in Ramshaw (1989) and has been a unifying structure for Bézier, B-spline
curves and surfaces. It employs symmetric polynomials. Only one type of blossom
existed until the work Simeonov & et al. (2011) which introduced h-blossoming. But
now we have a third kind of blossoming introduced in Simeonov & et al. (2012); the
g-blossoming.

In this chapter, “(quantum) spline” refers to all three types of splines; g-spline, i-spline
and classical spline. We provide an explicit formula for the blossoms in terms of the
bracket operator for the de Boor-Fix form of the dual functionals. The results of this
chapter appeared in Budak¢r & et al. (2015). We begin by recalling the definition of

the g-blossom.

3.1 ¢-Blossom

Definition 3.1.1. Let P(¢) be a polynomial of degree n. The blossom of P(t) is
the unique symmetric, multiaffine function p(us, ..., uy, ..., u,) that reduces to P(t)
along a diagonal.

Thus the blossom satisfies the following axioms.

o Symmetry

p(U1, cee 7un) = p(ua(l)a cee 7ua(n))

for every permutation o of {1,...,n}.

44



e Multiaffine

plur, .oy (L= XNog + Mg, oo un) = (1= N)p(ug, ..o, U, - ooy Up)

+ Ap(ug, Uy uy) (3.1)

for each variable.

These symmetry and multiaffine axioms are the same for all forms of the

blossom, but the diagonal axiom depends on the type of blossoms.

e Diagonal Property

p(t,qt,....q¢" 't;q) = P(t).

For ¢ = 1, the above expression reduces to the classical blossom.
Example 3.1.1. Consider the g-blossoms of the monomials 1, ¢, t> and 3 as cubic
polynomials:

P(t) =1 = p(t1,t2,t35q9) = 1

1+t +1
P(t) =t — p(t,ta2,t3;q) = ﬁ

bty + tits + tols

P(t) =t* = p(ty, ta, t3:q) =

oty

P(t) = t3 _>p<t17t27t3;Q> - q3 .

Then any cubic polynomial P(t) = ¢y + cit + cot? + c3t® can be written by g-blossoms

as

t + ty + 13 ity + tits + tols ttots
(6)) C3——.

1+q+¢? q(1+q+¢*) ¢

p(t1,ta,t359) = co+ 1
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3.2 de Boor-Fix Formula for The Dual Functionals

One of the most important consequences of the Marsden Identity is the de Boor-Fix
formula. Here we state the de Boor-Fix Formula for quantum B-splines.
We begin with the definition of the bracket operator.

Definition 3.2.1. Let P(¢) and (¢) be n times quantum differentiable functions.

k=0 a

Lemma 3.2.1. Let P(t) and Q(t) be polynomials of degree n. Then [Q, P]? (T) is

constant independent of the choice of T.

Proof. By Lemma 1.3.1, to show that [Q), P]? (1) is constant independent of the choice
T, it is enough to verify that the %—derivative of [@, P]? () with respect to 7 vanishes.
Differentiating the right hand side of [, P]? (7) and applying both the product rule
(1.27) and the chain rule (1.29) yields

~ (=" ok n—k41 ek
> o { Db, QD1 P) g7
k=0 7

+ (DI EP) @ ) DEQ() |

Rearranging the terms gives

- (_1)k n n n n—
Z}m;¢@<kwmwm>wwmm< ‘)t
k=1

_Z (n k)(n— k+1)/2Dl/qQ( )(D?/qk+lp)( ):0
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Theorem 3.2.1.

P(z) = [(xz — )™, P(t)]%. (3.2)
umrzmﬁ%%;Kz—fﬂ~4x—¢*ﬂfﬂﬂ$ (33)

forr=0,1,...,n—1.

Proof. Recall that by equation (1.35) we have

ak

Grscle =17 = (e =) )
— (—1)* [n[ﬁ]qk!]q' (@ — 7)" ke, (3.4)

Since [(z —t)™?, P(t)]? is a constant independent choice of 7, we can choose 7 = .
Then in equation (3.4) each derivative of (x — ¢)™9|,—, is zero at 7 = x except for

an
k = n. When k = n we have 81;/;’,1 (x — )™
q

= (—1)"[n],!. Thus from the

t=x

summation in Definition 3.2.1 we have

n k (x _ t)nvq

Z (_1)kq(n—k)(n—k—l)/2 Oy
=0 [n]q' 81/qtk

(DL P a7 = S (1)l P (a)

t=1

which is equal to P(x).

Now we continue with the proof of equation (3.3). From equation (3.2) we have
P(z) = [(z =)™, P(t)]}, .

Since in the bracket only the function (z — ¢)™ depends on the variable x, and since

by Proposition 1.3.3 mixed partials of polynomials commute

a7, (x —t)™1 1
;/qP@) = IW&T,P@
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Therefore by Proposition 1.3.2 we have

r _ [n]1/4! R SN o | !
i/P (@) = (x—q"t)--(x—q¢"'t), P(t)

[n— T]l/q! n

Recall that the bracket operation is bilinear. Hence

¢ Pla) = [n[’_”—/]'/, (= qt) (= "), P(D)]".

We are now ready to invoke the Marsden Identity to derive the de Boor-Fix formula

for the dual functionals.

Corollary 3.2.1. (de Boor Fix Formula for the Dual Functionals)

Let \I[z,n<t> = (t — ti+1) 0 2 (t — tern) Then

[Nin(t;q), Vjn(t)] = i

Proof. We apply Theorem 3.2.1 together with the Marsden Identity. By Theorem 3.2.1

we have

Wjn(z) = [(z =)™ 00 ()]5- (3.5)

But by the equation (2.3)

(‘T - t)n’q = Z \Iji,n(x)Ni,n(t; Q)'

Now expanding equation (3.5) by the bilinear property of the bracket operator yields

\Ijj,n (I) = Z[Ni,n(t§ Q)v \Ijj,n(t)]gzllji,n(x)'

i
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Since the polynomials {W}, ,,(z)} are linearly independent, therefore

[Ni,n(tS Q)> \Ijj,n(tﬂrqz = 5@)]"

Corollary 3.2.2. Let S(t) be a (quantum) spline with knots {t;}, and let
Uin(t) = (t —tig1) - (t —tign).

Then the control points P; relative to the (quantum) B-spline bases are given by the

following bracket operators:

Proof. Consider S(t) =), PyNi(t; ). Then the result follows from Corollary 3.2.1

and the bilinearity of the bracket operator:

[S(t)7 \Ijj}n(t)]gz = Z Pk;Nlc,n(t; Q)7 \Ijj}n(t)

= Z Pk [Nk,n(t; Q)> \Ijjm(t)]i

= Py,
k

— P,

g

Corollary 3.2.3.

pur, .. un;q) = [V 2 (uy — @) - (un — "), P(1)]9. (3.6)
Proof. The right hand side of equation (3.6) is clearly symmetric and multiaffine.
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Moreover by Theorem 3.2.1 the right hand side reduces to P(z) along the g-diagonal.
Namely, p(z, gz, ...,q" ‘2;q) = [¢ """ V2(x — " 't)--- (¢" 'z — ¢" 1), P(1)]4

n*

Therefore p(us, . ., i @) = [g" V2w — ¢ 1) -+ (uy — 1), ()3, O3

n

Corollary 3.2.4. The control points P; of a polynomial P(t) relative to the quantum
B-spline bases with knots {t;} are given by the quantum blossom of P(t) evaluated at

consecutive knots:

P =p(tjs1,.- - tjitn; Q)

Proof. This result follows immediately from Corollaries 3.2.2 and 3.2.3. [

Corollary 3.2.5. Let S(t) be a quantum spline of degree n with knots {t;}, and let
Sk(t) be the polynomial of degree n that represents the quantum spline S(t) over
the interval [ty,t;+1]. Then the control points P; of the quantum spline S(t) relative
to the quantum B-spline bases with knots {t;} are given by the blossom of Si(t) for

7 < k < j+ n evaluated at consecutive knots:

Proof. This is a consequence of Corollary 3.2.4. 0

Now we can extend blossoming to splines in the following fashion. Let S(t) be
a quantum spline of degree n with knots {¢;}, and let Sk () be the polynomial that
represents the quantum spline S(¢) over the interval [ty tx11]. Define the blossom of

S(t) evaluated at the knots ¢;1, . .., t;., by setting

S(tj-‘rl? s th—l-THQ) = Sk<tj+17 B 7tj+n7Q) for .7 <k < j +n
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Then by Corollary 3.2.5 this definition is well-defined, and we have the following

consequence.

Corollary 3.2.6. Let S(t) be a quantum spline of degree n with knots {t;}. Then the
control points of the quantum spline S(t) relative to the quantum B-spline bases with

knots {t;} are given by the blossom of S(t) evaluated at consecutive knots:

Pj = S(th, e 7tj+n;Q)'

The following three figures depict cubic ¢g-B-spline curves with seven control points

and different g values.

YT

Figure 3.1 Knot sequence (0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1), t € [0.3,0.7] and
q=1.2.
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Figure 3.2 Knot sequence (0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1), t € [0.3,0.7] and
qg=1.
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Figure 3.3 Knot sequence (1,¢,¢%,¢%,¢*,¢°,¢%,4", 4% ¢°,¢"°). t € [¢*,¢"] and ¢ = 1.2.

3.3 Integration Formulas for Quantum B-Splines

In this section we derive three important quantum integration formulas for quantum
B-splines: a formula for arbitrary divided differences as integrals of products of
B-splines with high order quantum derivatives, a simple closed formula for the
integrals of the B-splines over their support, and a convolution formula for the uniform
B-splines. Again these three formulas are well known for classical B-splines. Here we

show how to extend these formulas to quantum B-splines.

3.3.1 Integral Representations of Divided Differences

The next theorem plays a central role in deriving properties of the divided difference

operator by using properties of the B-splines and vice versa.

Theorem 3.3.1. (B-splines and Divided Differences) For F' € q-C™" [ty tyini1),

n+1 n
S ) /t’”"“{ Nia(t; 0) } (DiF) (@) .
qn(n+1)/2 Fro ti tk+n+1 — tk [n]q' 1/q%

(3.7)
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Proof. We proceed by induction on n. Our main tools are integration by parts and
two-term recurrence formulas for the derivatives of the B-splines in terms of lower
order B-splines. We can easily show that for n = 0, this equality is satisfied, since by

the Fundamental Theorem of ¢g-Calculus (Theorem 1.3.5)

[tka tk’-i-l]F =

F(thrl) - F(tk) _ \/ttk-H Mdl/qt

tht1 — th . tht1 — tk

Now assume that the result is true for n — 1 and apply integration by parts for

g-integrals. By the Chain Rule (equation 1.29)

Dy ((D8F) () ) = (D) a0

Therefore integrating by parts the right-hand side of (3.7), we have

dl/qt

/tk+n+1 Nkﬂq, (t, q> (D?/t]lF> (qnt)
t tktnt1 — Uk [n],!

letn+t1 Nk; (t q) } 1
B — Dy (DU F) (¢")dy ot
/tk {tk—f—n—i—l — 1k q"[n]q! 1/q ( 1/q ) (q ) 1/q

Nkm(t;q) <D;‘/QF) (¢"t) thtnt1
- q*[n]g (thrns1 — tr)
12
1 ittt <D?/qF ) (q”‘lt)D
_m /tk q"[n],! 1/aNin(t; @)du/qt.

But Ny . (t; ¢) vanishes at the end points of its support, so

thtn+1
Nin(t; q) (D?/qF ) (g"t) .
q”[n]q!(tk+n+1 — 1) -
173
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Furthermore, by 1/¢-derivative of ¢-B-splines

Nin-1(t,q) B Nit1n-1(t;q) )

D1 /gNiw(t;q) = [nlq ( tram — L berni1 — trs

Therefore, using the inductive hypothesis we deduce that

/tk+n+l Nk,n(t§ q) (D?/—ZIF> (qnt)
t

dy/gt
% thtnt1 — Tk [n]g! i

_1 thant1 <D?/qF) (qn_lt)
/ DNt 0)cl gt

 ingr — ti t q"[n],!

—1 /tH"“[n]q (Nk,n—l(t; q9) Nk+1,n—1(t;Q)> (Dln/qF> (4" ")

Utnt1 — Ui Jy, Utn — Tk Uktnt1 — tet1

n n—1
_ 1 1 /tk+n+1 Nk+1,n71(t; q) <D1/qF> (C] t) .
Q" tener =tk | St Thtnt1 — Lo [n —1],! 1/q
n n—1
4 N (8 ) (D el ) (¢"'t)
- ! dl/qt
th thn — Tk n— 1],
= 1 L e e e v
gt/ letnt1 — Tk
1
- qn(n+1)/2 [tka s 7tk+n+1]F-

The last step of the proof follows from the recurrence relation of the divided differences

(1.23). ]
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The next result shows that the average value of a ¢-B-spline Ny, (t;q) over its
support with respect to %—integration is independent both of the index k& and the choice

of the knots {¢;}.

Corollary 3.3.1.

/“”"“ Nin(t; q) 1
t

dy/,t = .
k toanrs —te 0 [n+ 1],

Proof. Let F(t) = (t — a)"™? in equation (3.7). Then by Theorem 1.3.1 on the
left-hand side of equation (3.7) we have [ty, ..., ini1]F = 1, since F'is a polynomial
of degree n+ 1 and the coefficient of #"** is 1. On the right-hand side of equation (3.7),
Proposition 1.3.2 gives

[n+1],!

n+1
Dl/tz F=n+1y,= grnt/2’

Substituting these results into equation (3.7) and rearranging the terms, we conclude

Nk,n(t; Q) _ 1
ROy gt = .
support SUppO?"t [n + 1]11

that

The above result Corollary 3.3.1 resembles g¢-integration of ¢g-Bernstein

polynomials, see (Orug, 1998; Goldman & et al., 2014). In particular if |¢| < 1, then

!
L 7 k=0,...,n—1,
/Bz?(t;q)dqtz [ni h
0 k=mn

n+ 1],
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If || > 1, then
1

k
/BZ(t;q)dl/qt: il k=0,....n
J q
n—k—1
where B(t;q) = t* [ (1 —¢°t),fork =0,1,...,nand ¢ € [0, 1], and an empty
5=0

product denotes 1.

3.3.2 Convolution for Uniform q-B-Splines

We can generate B-splines with arbitrary knots either from a two term recurrence
or explicitly using divided differences of truncated powers. Here we explore yet
another way to generate B-splines with uniform knots by repeated convolution with
the characteristic function on the unit interval.

Let f(t) and g(t) be integrable functions defined for all values of ¢. The classical

convolution of f and g denoted by (f * ¢)(t) is defined by setting:
e = [ -
Similarly we define the g-convolution ( f *, ¢)(t) by setting
Fraa)®= [ f =g,

The following theorem and its consequences show that g-B-splines with uniform knots

can be generated by using 1/¢-convolutions.

Theorem 3.3.2. (Uniform Knots)
Let t, = k, k € Z be the knot sequence. Then

Nial(t /Nkn 1(t—x;9)dyjgz, n =1
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Proof. Let

1
n
Lin(t;q) ==Lgﬂt/aﬁhﬂk4(t—-x;Q)duqx.
0

We use induction on n to show that Ly ,,(t; ¢) = Ny.,(t;q). Forn = 1 we have

1
Lipa(tiq) = / Nio(t — 2;3q)dy g
0

Since
1, k<t—xr<k+1
Nio(t —x3q) =
0, otherwise,
it follows that
(
[ldy gz, k<t<k+1
1
/ Nk’(](t—x;Q)dl/qI: tliﬁldl/qx, k+1 <t<k}+2
0
0, otherwise.

\

Furthermore, by the recurrence relation (2.2)

Nia(t;q) = (t — k)Nio(t;q) + (k+2 — t) Nppa,0(t; q)
t—k, E<t<k+1
=S k42—t k+1<t<k+2

0, otherwise.

Hence Ly 1(t;q) = Nia(t;q). Now suppose Ly ,—1(t;q) = Nin—1(t;q). We shall
show that Ly ,,(t;q) = Ny, (t;q). Consider the 1/g-derivative of Ly ,(¢; ). Applying

the inductive hypothesis along with 1/g-derivative of the ¢-B-splines in terms of lower
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order g-B-splines, we find that

Dl/qun t q / Dl/qun 1 >Q)d1/qx

= Tﬁ (/ Nin—a(t — 25q)dy g7 —/ Nit1n-2(t — 2; Q)dl/qx)
n
- % (N,m_l(t; q) — Nk+1,n—1(t§ Q)>

= Dl/qu,n(t; Q>'

Therefore by Lemma 1.3.1, Ly ,(¢;¢) and N, (t;¢) differ by at most a constant.

Substituting ¢ = k into the definition of Ly ,(¢), we see that

1
n
Lk,n(kv C_I) =5 %/ Nk,n—l(k — I Q)dl/qx =0= Nk,n(kv Q)
0

since Ny ,—1(k —2;¢q) = 0for 0 < z < 1. Hence Ly ,,(t; ) = Nin(t; q). O

Corollary 3.3.2. Let t;, = k € Z be the knot sequence and let X|o,1) denote the

characteristic function on [0, 1). Then

Nkz,n(t; C]) = (Nk,n—1(§ (1) *1/q X[o,l)) (t)

Proof. From Theorem 3.3.2,

1
Nin(t;q) =/ Nipn—1(t — x5 q)dyjq
0
/ N1t — 75 0)Xto) (@)1 /g2

= (Nin-1(9) *1/4 X)) (8):
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Corollary 3.3.3.

Non(t;q) = (2([0,1) *1/q " *1/q X[O,l)l)(t)

n + 1 factors

Proof. If we set k = 0 in Corollary 3.3.2, then we have

No,n(t§Q) = (No,n—l(;Q) *1/q X[0,1)) (t)

Repeating last equation recursively, we get

Nown(t;q) = | Noo(;q) *1/q X[0.1) ¥1/g " ** *1/g X[0,1) (1).
nf;c,tors

Observe that

Noo(;q) = Xj0,1)-

Hence

Non(t;q) = (2([0,1) *1/q """ *1/q X[O,Q)(t)-

~
n + 1 factors

So far Corollaries 3.3.2 and 3.3.3 had no analogues for /-B-splines due to the lack

of convolution for h-integration.
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CHAPTER FOUR
PEANO KERNEL AND ITS g-ANALOGUE

This chapter deals with classical Peano kernel theorem and its g-analogue. We
derive a g-analogue of the Peano kernel (¢-Peano kernel). Furthermore, we present a
simple way to find the kernel under some conditions. Then we demonstrate how the
q-Peano kernel is used to find the error of Lagrange interpolation problem. Moreover,
we discuss the error bounds of quadrature formula on the remainder. Finally, we
establish a relation between ¢-B-splines and g-Peano kernel. The results in this chapter

establish the core of the paper Budak¢t & Orug (2015).

4.1 The Peano Kernel

The Peano kernel theorem provides a powerful technique for computing the errors
of approximations such as interpolation, quadrature rules and B-splines. Therefore it
is useful for numerical solutions of differential equations. The errors are represented
by a linear functional which operates on functions f € C""![a, b] and annihilates all

polynomials of degree at most n.

Namely, if Lf = 0 for all f € P, then
b
Lf = [ @K e

where K (z,1) = %L (2 — ).

An important application of this result is the Kowalewski’s interpolating polynomial

remainder. Let to, t1,. .., 1, € [a,b] be fixed and distinct, and
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n

Lf = f(x) = > ftr)lu()

k=0

n —ty
where [z (z) = ] * f f e C™a, ], then
v=0 tk = by
v#£k

T

1 n
Lf = o0 S (o) [0 =" " 0)dh, foreach m=0.1.....n
" k=0

tg
is the error functional, see Hammerlin & Hoffmann (1991).
Our purpose is to extend Peano kernel when classical derivatives are replaced

by g-derivatives. It is worth pointing out that there are certain functions whose

g-derivatives exist while classical derivatives may fail.

4.2 The g-Analogue of Peano Kernel Theorem

In this section we derive a generalization of the Peano kernel theorem. It is based
on the ¢-Taylor expansion analogous to classical Peano kernel Theorem. A detailed
treatment of classical Peano Kernel theorem can be found in (Hammerlin & Hoffmann,

1991; Phillips, 2003; Powell, 1981).

Theorem 4.2.1. Let g;(z) = (x—t)y? and let L be a linear functional which commutes
with the operation of q-integration and also satisfies the conditions: L(g,) exists and

L(f)=0forall f € P,. Thenforall f € 1/q — C""[a,]

b
L) = [ O3 K 0yt

where
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Proof. Recall that here the function (z — ¢)’? is a function of ¢ and x behaves as
a parameter. When we say L(g;) we mean that L is applied to the truncated power
function, regarded as a function of « with ¢ as a parameter. Hence we find real number

that depends on t. We apply L to the equation (1.38). Since L is linear and annihilates

polynomials, we have

qn(n+1)/2 b . .
L= ( [ oo - t)+’qd1/qt) |

[n],!

Since L commutes with the operation of g-integration,

q (n+1)/2 b . y
=" / (D)L (5 — 1)) di ot

[n],!
O

Corollary 4.2.1. If the conditions in Theorem 4.2.1 are satisfied and also the kernel

K (z,t) does not change sign on [a, ], then

DiF) (©)

L(f) — ( [n_'_ 1] ! qn(n+1)/2L(ibn+1)

for some & in (a,b).

Proof. Since D?/J;l f is continuous and K (z,t) does not change sign on [a, b], we can

apply the Mean Value Theorem 1.3.7. Thus we have

b

L(f) = (D;qul ) (5)/K(m,t)d1/qt, a<E&<b.

a

Replacing f(z) by 2" gives
qn(n+1)/2

b
1],!
L($n+1) — M/K(%’,t)dl/qt?
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and

p qn(n+1) /2 )
K(z,t)dyj;t = ——L(x"
/ (l’, ) 1/q [TL—}— ”q! (l’ )7
and this completes the proof. [
4.3 Applications to Polynomial Interpolation
Suppose to, t1,...,t, € |a,b] are distinct points, and for a fixed x € [a, b], define

the corresponding error functional as

n

Lf = f(z) = > fti)lu(2).

k=0

Since Y l(x) = 1, by ¢-Peano kernel Theorem 4.2.1 we obtain,
k=0

n

B ) = L (@ = ) = (o= 07— 30— 07 os(o)
k=0

=DM =) = (b — )] i ().

From the fact that

[ =0 = (0= 07 (D5 5) (@)t

x T

= [t =t = ) (D f) @+ [t (DS (o)t
we have

b
[ml! m "
qm(m+q1)/2 K(z,t) (Dl/;rlf> (q™t)dy /gt
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T
n

= [ (D510) @3 o= 07— (b= 0" o)t

w k=0

T

n
: 1
# 3 tala) [ (=0 (D) (@t
k=0 i
For each m < n, since the interpolation operator is a projection, it reproduces
polynomials and the term in the square brackets vanishes in the last equation for

f(z) = (z — t)™9. Accordingly,

b
Lf = [ KG.t) (Dyif) (@ st

q (mt1)/2 & m m+1 m
= Sl Zlnk(@/(tk — )™ <D1/q )(q t)dyqt
k=0 i

foreachm =0,1,...,n.

Now we give examples which show how we can find the ¢-Peano kernel. Note that

classical Peano kernel fail because of lack of smoothness.

Example 4.3.1. Suppose that we interpolate a function f € 1/¢ — C3[—1,1] by a
polynomial p € P,. Here n = 2 and m = 2. Letty = —1, t; = 0, to = 1. Then the
error function becomes

T

Lf = 5 Y tala) [ = 02 (DY) ()t

7%
with log(z) = 2a(x — 1), Iy (z) = (1 — 22), lpn(z) = %:U(x + 1). Then,

x T

—S'Lf = lgo() /(—1 — )34 (Di’/qf) (th)dl/qt + lo1(2) /(—t)z’q (Di’/qf) (q2t)d1/qt

x

+lgo(x) / (1 =) (D3, f) (¢*t)duqt.

1
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Now if z < 0, then

x 0
%Lf = lzo(l’)[( 1— t)Qq (D%/ f) (q t dl/qt — l21 / l/q (qgt)dl/qt
0
—lao(2 / (1-1) Qq Dl/qf> (¢° t)di/qt — laa() /(1 — )% (Dl/qf) (q2t)d1/qt'
0
Hence,
1
3
Lf = o [ K(x.t) (D}, f) (@®t)dyy,
21, /
where
loo(z)(—1 — t)4, ~-1<t<z
K(z,t) = ¢ —lyy(2)(—t)%9 — lpp(x)(1 — )4, z<t<0
—loa(z)(1 — t) 0<t<1

Similarly for z > 0,
21, /
qq Lf = ly(z / —1—1t)* (Dl/qf> (q*t)dajqt + lao(x / —1—1)>( Dl/qf) (¢*t)dy gt
0

+lo1 (2 / > (D}, f (QQt)dl/qt—lm(iE)/(1—t)2q(D1/qf) (q*t)dy /gt

0 T
and the ¢-Peano kernel becomes

/

loo(z)(—=1 — t)4, —-1<t<0
K(.ﬁlﬁ,t) = lgo(l’)(—l — t)Q’q + 121<I>(—t)2’q — ZQQ((L’)(l — t)Q’q, O0<t<zx
L —lgg(l')(l — t>2’q, Xz < t < 1
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Example 4.3.2. Let

. 3.3
. 0<z<1
1 2 3,.3
6(4—4[3]qx+4q[3]qx —3¢°z?), 1<z <2
1
flz) = 5 (—44+20[8),w — 8q[3]g2” +3¢°2%), 2<w <3
1 2
—6(—4+x)(—4+qx)(—4+q ), 3<r<4
0, otherwise.

It is obvious that for ¢ # 1, f € C[0,4] but f ¢ C'[0,4]. However, one may check
that f € 1/q — C?[0, 4]. Because classical error functional cannot work, we may find
the error via g-Peano kernel theorem. Let t, = 0, t; = 2 and {5 = 4. Then the error

functional .

Lf==Q§:l%Xxf/kM-—ﬂ(lﬁmf)ﬁﬂﬁhmt

ti

o~

where ly(z) = §(z — 2)(z — 4), I (z) = —tz(x —4) and lps(z) = fz(z —2). It
follows that

xT

%Lf = Iy() / (=) (D2, ) (at)dsyat + lon () / 2 1) (D2, /) (at)duyat

2
T

(o) [ (4= 0) (DY, f) (@)t
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Now we will find the kernel. If 0 < z < 2, then

—lyo(2)t, 0<t<ux
K(fﬂ,t) = lgl(l’)(2—t)—l22(l‘)<4—t)7 r<t<?
L —l22($)(4—t), 2 <t < 4.
Similarly, for 2 < x < 4,
p
—lgo(x)t, 0<t<?2
K(l‘,t) = —lgo(.%')t+l21($)<2—t)7 2<t<zx

I (2)(2 — 1) — loa(2) (4 — 1), = <t<4.

The function f(z) given in Example 4.3.2 is indeed a cubic ¢-B-spline.

Example 4.3.3. Consider the 1/¢-integral of a function f on the interval [a,b]. We

want to evaluate the integral approximately using linear interpolant formula. That is,

b
_b—uaq bg —a
/ s T ) + A0
Let us define the operator L as
/ b b
_ dyw— Mgy = 2Ly,
L) = [ ey =5 @ - 2L 0)
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Since L(f) = 0 for all functions f € Py, for all f € 1/q — C?*[a, b] we have

b
/ Vol (t)d/qt

and

K (1) = qL{(z — 1).).

What follows we find the kernel K (x,t). First,

b
Zﬂ@ﬂq{/@:tﬁﬁﬁr%i?mﬂ+%ﬁf®ﬂ+}.

a

Then for ¢ € [a, b],

b

/@—ﬂﬂwx:/@—ﬂ@Mm (—1). =0 and (b—1t), = (b—1)

a

Thus,

AN 2, O
B Q(b—t)(b—‘)_bq a,
AU 7, “}
= L o—ta—1)

fora <t <b.

Since K (z,t) < 0 on [a, b], we can apply Mean Value Theorem 1.3.7. So, we have

D2
L(f) = 1/q/ (€)

o, qL(z?),
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where

b
b — bq —
L(xQ):/xle/qx— War - Y2
b

2l 2l
_ G _b—aqa2_bq—ab2
Bld Bl 2l 2l
—(b—a)(bg — a)(b — aqg)

Finally, we derive

bg —a

o f(b)

L(f) = / F(@)dyygr — b[;%f(@ -

where a < £ < .
When ¢ = 1, the last equation reduces to the well-known trapezoidal rule, see Phillips

(2003).

We now discuss error bounds of quadrature formula on the remainder given by

b
= /f(x)dl/qfc Yk f (tar)
0 k=0

which appear in numerical integration. Assuming f € 1/q — C™"1[0,b] and
R.(f;q) = 0for all f € P,, with m < n, we can apply the ¢g-Peano kernel theorem

and hence

b
/ K(z Dm+1 f) (qt)dy gt
0

69



By applying ¢-Holder’s inequality (1.40), we have
1 1
pP1 b p2

b
p1
Rl < | [](oni) ol aet| | [1KGOP e
0

0

forall 1 < py,ps < oo and p% + piQ = 1. Since the second integral in the last equation is
independent of f, by choosing coefficients and nodes appropriately we can minimize

the remainder.
(i) For p; = coand py =1,
b
Rl s )| < 1055 e [ 1K Gt
0

(i1) For p; = py = 2,

N|=

b

Rl i) < 10555 Al | [ 15 (o0t
0

The g-Peano kernel K (x,t) can be written as

( — £)m+1,q
K((L‘,t) _ qm(m+3)/2 q

[m + 1]q' - S(t; Q)7

qm(m+1)/2 n
Yuk(tnk — )% is a quantum spline with the knot

k=0
n- Eventually, the problem of minimizing the g-integral

b s
U |K(as,t)|p2d1/qt}
0

is equivalent to finding the best approximation of the polynomial

where s(t;q) = ol
4

sequence {t,, fv—o

.....
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( _ tym+lgq
m(m+3)/2 q

1, in ¢ by a quantum spline with respect to the norm ||.||,,.

q

This argument can be interpreted as a generalization of the result in (Hammerlin &

Hoffmann, 1991, chap. 5).

4.4 Connection between ¢-Peano Kernel and ¢-B-Splines

In this section we establish certain relations with ¢g-B-splines and ¢-Peano kernel.
When ¢ = 1, the following result reduces to its classical counterpart that can be found

in (Powell, 1981, Chap. 19).

Let us recall the fact that a divided difference f[to,t1,. .., %, 1] can be represented

as symmetric sum of f(¢;), see Powell (1981),

n+1 n+1

fltostr, - ta] = E f(t:)/ | |(tz’_tj)~ (4.1)
i=0 §=0
i

Hence we can readily derive from

Niw(t;q) = (trgns1 — te)[tes - - topns | (x — )17

that
k+n+1 k+n+1 1
Nia(tiq) = (teens —t) ) (=01 ] 77—
i—k =k (z_ J)
J#i
Theorem 4.4.1.

n(n+1)/2 b N, t:
q n\l; g
f[thtla---,tn+l]: 0 ( ) <

n+1 n
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Proof. We first set our linear functional L as

n+1 n+1
f[t()? tl? cee >tn+1] = Z f(tl)/ H(tl - t])
=
=L(f).

We see that, for any fixed and distinct points {t; : i = 0,1,...,n+ 1}, L is a bounded

linear operator. From the g-Peano Kernel Theorem 4.2.1, we have

/ K (2, t)(DYE F)(q"t)d gt

where
qn(n+1)/2 .
K(z,t) = —1L —t)
n(n+1)/2 n+1 n+1
q nq
= t — t t — t
RO /1
a2 J#Z
Thus
n(n+1)/2 No (t:
K(.I',t) _ q O,n( 7Q)

[n]q' tn—i—l - tO '

Combining the last equation with equation (4.1) we derive

g2 b NG L (85 ) (

D ) ")dy /gt
ng! S tngr—to N1 J) @Dz

f[tovtla s 7tn+1] -
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CHAPTER FIVE
QUANTUM SPLINE SPACES

In this chapter we begin with definition of quantum splines and then give some
properties of ¢-B-splines to show that ¢-B-splines form a basis for quantum spline
spaces. Also we derive algorithmic formula for 1/¢-integration and 1/¢-differentiation
for g-spline functions. Moreover, we show a way to find the polynomials on each
interval of a ¢-spline function. After all, we give basic theory of interpolation by

q-B-splines and approximation by ¢g-Bernstein-Schoenberg operator.

5.1 Quantum Splines

Lettg < t; < --- < t,, be the knots and let n be a nonnegative integer and g # 0
be a fixed real. A g¢-spline function of degree n having knots {p < t; < --- < {,,1s a

function S such that

i) S is a polynomial of degree up to n on each interval [t;_1, ;)

ii) S is quantum continuous of order n — 1 at the knots.

Then, S is a continuous piecewise polynomial of degree at most n and quantum
continuous of order n — 1 at the knots. Here “quantum continuous of order n — 1 at the
knots” means the quantum derivatives D’f = k =0,...,n — 1 of adjacent polynomial
segments agree at the knots. Quantum splines of degree zero are continuous piecewise

constants. One can write a quantum spline of degree zero as

73



)
po(t) = co, t € [to, t1)

pl(t) = (1, t c [thtg)

. pm—l(t) = Cm—1, te [tm—latm)

and quantum spline of degree 1 as

¢

po(t) = Clot + b(), t e [to,tl)

pl(t) =ait + bl, t e [tl,tg)

L mel(t) = A1t + bmfla te [tmfla tm)

Since on each subinterval S is a polynomial of degree 1, we must have S(t;;q) =

S(t;+1; q) for each interior knot.

Example 5.1.1. The figure below shows two quadratic quantum spline functions

S(t;q) withg =2 and ¢ = 1/2.

(

$(=1+1t)(—1+ qt), 1<t<?2
St q) = T (-114+5(1+4q)t —2¢t?), 2<t<3
S(—4+t)(—4+ qt), 3<t<4
0, otherwise.

\
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-05+-
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Figure 5.1 Spline functions for ¢ = 1/2 and ¢ = 2.

5.1.1 Properties of q-B-Splines

In the classical theory, basis splines, B-splines came out after two decades of
introduction of spline functions by I.J. Schoenberg. Nowadays, B-splines, Ny, as
in Chapter 1 is the most widely used basis for spline spaces. Let us recall ¢g-B-splines
given in Chapter 2.

The following result is given in the work Simeonov & Goldman (2013).

Proposition 5.1.1. The interval of support of the q-B-spline Ny ,(t;q) C [tk tksnt1)-

The classical B-spline Ny ,,(t) is nonnegative for each k, n and all ¢ € [ty, tgni1]-
However, the following new result shows that g-B-splines Ny, ,,(¢; ¢) may take negative

values.

Theorem 5.1.1. Ny ,,(t;q) = 0forall k, nandt € [ty, tyini1] if and only if ¢ = 1.

Proof. If ¢ = 1, Ny, (t; ¢) becomes classical B-spline. Hence it is obvious that for all

k, n and t ¢-B-spline Ny ,,(t; ¢) is non-negative for ¢ = 1.
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For the converse we prove its contraposition: If ¢ # 1, then there exist k£, n and ¢ such
that Ny ,(t;q) < 0. It is easy to prove this statement. For example take ¢ = 2 and the

knot sequence as (1,2, 3,4). Then

st—1)(2t - 1), 1<t<2
1
2

Noa(t;q) = (=42 + 15t —11), 2<t<3

—~

t—4)(t—2), 3<t <4

But Ny»(t; q) < 0fort € (4, 4). This completes the proof.

The figure below depicts Ny »(; ¢) with the knot sequence (1,2, 3,4).

15

1.0 -

1.5 2.0 25 3.0 3.5 .0

-0.5 |

~1.0 |

Figure 5.2 The graph of Ny 2(t; ¢) with the knot sequence (1,2,3,4) and ¢ = 2.

The next Proposition 5.1.2, proved in Simeonov & Goldman (2013) via blossoms
gives a formula of the 1/¢-derivative of ¢-B-spline of degree n. Although Lemma 5.1.1

is also proved in Simeonov & Goldman (2013), here we give an alternative proof.

Proposition 5.1.2. For any integer n > 2, we have

Ninaa(tq) Nk+1,n—1(t§Q)>

D1/;Nin(t;q) =
Vit ) = o ( Gzt B0 (50
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Lemma 5.1.1. Forn > 1, the q-B-splines N}/, belong to q — C"1(R).

Proof. It 1s clear that N,‘i1 is continuous 1.e. N, ,371 € q¢ — C°(R). Now, suppose that
N{, € ¢—C"(R). By Proposition 5.1.2 it follows that Dy, N{ ., € ¢ — C""'(R)
because it is written as a linear combination of N}, and N

ketne Thus, Nio ., €
q—C"(R).

This result provide us 1/g-derivative of ¢-B-splines are also ¢-B-splines.

From the Lemma 5.1.1 and the Proposition 5.1.2 we can write the coefficients of

1/q-derivative of a ¢-B-spline function from its initial coefficients:

thin — Tk

Dy, <Z e Nien(t; q)) = [n), > (M) Newoi(tiq) n>=2. (5.0
k k

Given a function f and a subset K of its domain let f|K denote the restriction of f to

K. That is
(fIK)(@) = f(t) (I € K).

This notation will be useful for the next lemmas. We use the restriction of N}/, to any
single interval between knots.
Although the linear independence of ¢-B-splines is used in Simeonov & Goldman

(2013), its proof was missing. So it is better to prove it.

Lemma 5.1.2. The set of q-B-splines {N] N/

q . .
iny L Viklny e 7Ni+n,n} IA) llnearly

independent on (t;ip,tivini1)-

Proof. For n = 0, it is obvious that the set is linearly independent. Let n > 1 and
assume that the Lemma holds for n — 1. Let S = ) ¢;1 N}, ., and suppose that
k=0
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S|(tisn, tisnt1) = 0. By equation (5.1) we have

- Citk — Citk—
0= D1gS|(titn, tivns1) = [n]g E (ﬁ) Nl (ivns tivnga)- (5.2)
i+k+n T Lit

k=1
Since Niini1n-1(t;iq) = 0 and Nj,_1(t;q) = 0 on (tiyn,tizns1), by
induction hypothesis {N/,,, 1,..., N;ﬂrk’n_l} is linearly independent on the interval

(tivn,tizns1). Therefore, we must have all the coefficients in equation (5.2) zero,
that is, ¢; = ¢i41 = -+ = Cjipn, say all of them equal to value A\. So by
partition unity property of ¢-B-splines we have S(t;q) = A on (tiin,tivni1)-
Hence by the assumption we have A\ = 0 which shows The set of ¢-B-splines

q q q
{Ni,TH NZ+1,TZ’ ey N

; +n7n} is linearly independent on (¢, tiypni1)- O

Lemma 5.1.3. The set of q-B-splines {N%,, N% ., . ...,N; .} is linearly

n,n’ y Y m—1,n

independent on (to, t,,).

m—1
Proof. Let S = ) ¢, N}, and suppose S|(to,t1) = 0. Since only

k=—n
{N%, . N1y -+ -5 NG, } are non-zero on the interval (o, 1) we have

0
0=S|(to,t) = Y cNE,|(to th) (5.3)
k=—n

From the previous lemma, the set {N%,  N? ., ..., Ng,} is linearly independent

on (to, t1). Hence the coefficients ¢, = 0 for —n < k& < 0 in equation (5.3). If all the
c’s are zero then there is nothing to prove. Suppose to the contrary that not all the ¢;’s
are zero, let 7 be the index that ¢; # 0. Assume thats > 1, and (¢;,¢;41) C (o, t1). For

any t € (t;,t;+1), we obtain a contradiction
0
0=25(t;q) = Z ckNin(t;q) = ciNin(t; q) # 0.

k=—n

Therefore, all the c;’s are zero and this implies that the set {N?, ,, N? ., ... N{ .}

is linearly independent. ]
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5.2 A Basis for The Space .4

We first emphasize that g-spline space denoted by .79 depends on the degree of
polynomial pieces, knot sequence and an initial parameter q.
Next theorem shows that g-B-splines form a basis for the quantum spline space of
degree n with the knot sequence ty < 1 < - -+ < t,,.
We note that although the work Simeonov & Goldman (2013) investigates broadly

q-B-splines via blossoming, the following theorem and its proof were not mentioned.

Theorem 5.2.1. A basis for the space .7, is

17t7t27 s 7tn7 (t - tlu Q>i7 (t r t27Q)¢7 o © 9 (t - tm717q>i

Consequently, the dimension of %% is n + m.

Proof. Tt is obvious that each N}, |[to, t,] for —n < i < m — 1 s in the space .79
Now we prove that the dimension of .7, is at most n + m. Firstly, we show that each

element in .9 can be written in the form
n m—1
Shtig) = ait' + Y bi(t—tiq)L, (5.4)
1=0 =1

where the g-truncated powers are defined as

(t—tsq)t = ("""t —t;) (gt — t:)(t — t:)+

and

t—t;, ift>t
(t—ti)+ =
0, if t <t;.

Since in the interval [y, 1] all the truncated powers vanish, S (¢; ¢) is a polynomial of
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degree n, say py. Thus we have py(t; q) = > a,;t* which determines all the coefficients
i=0
a;. In the interval [t1,t5], S (t;q) is another polynomial, say p;. According to the

quantum continuity at the knots, we have at ¢,
Diy(pr —po)(t)) =0, 0<r<n-—1

Since p; —py is a polynomial of degree at most n, we have (p; —po) (¢; q) = by (t—t1;q)"

for some b;. Hence, we can write
n
Sntig) = ait' +bi(t—t1;)%, to<t<t
i=0

When we repeat the same argument at the other internal knots to,t3,...,%,,—1 we
obtain the equation (5.4). Thus any spline of degree n on the interval [tg,t,,] with
intermediate knots ¢y,t,,...,t,,_1, may be written as a sum of multiples of n + m

functions

Lttt (=t ), (E—ta; ), o (E—tm13 Q)T

Since these functions are linearly independent, they form a basis for the this spline

space and hence the dimension of the space S (¢; q) is n + m. ]

We have shown that ¢-B-splines form a basis for ¢-splines. Now let us investigate
how we can find the quantum derivatives of the spline functions which is proved by de

Boor (1972) for classical spline functions.

Theorem 5.2.2. Let S be a given spline function such that S(t;q) =
S aiNiu(t;q). Thenforall j € {1,2,...,n — 1} and all t € [a,b]
k

D], Stq) = > a’ N j(t;q), (5.5)

i=—n+jJ
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where

(5.6)

- Qi if j=0
af) = 0D _ 4D
q i—1 o
[n"i_l_]]qﬁ, if j>0.
itnt1—j — b
Proof. We begin with 7 = 1.
k
D1/eS(t9) = Z a; D1/gNin(t; q)
k
= > ail (Nm—ﬂt?q) _ Ni+1,n-1<t;q>>
FE— TNt — Livnt1 — tit1

k
a; a;
= —— Nipa(tig) - ————
[n]q (t g, 1(t;q)

Litny1 — tip1

e —m, i+n
k a a
i — Wi—1
j i+n — U
i=—n+1

Ni+1,n71(t; Q))

This shows that equation (5.6) is true for j = 1. Repeating the same argument shows

that the formula (5.6) is true foreach j =1,2,... n — 1.

]

Here we derive a formula for computing the 1/g-integral of a given g-spline.

Theorem 5.2.3. Let S be a given spline function such

S aiNin(t;q). Then forallt € [a,b],

=N

that S(t;q) =

t k )
tivmay — b
/ S(w;q)dijgr = ) (Z aﬂfﬂi—l“) Nins1(t; @) (5.7)
t_n q

i=—n \j=-n

Proof. Define a function S by

t
S(t;q) = / S(z; q)dyjq.
t_n
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This is a quantum spline of degree n + 1 and so S can be written as

k

S(t; q) = Z aiNipni1(t;q).

t=—n

Using (5.5) and (5.6) for all ¢ € [a, b] gives

k ~ ~
~ a; — a;—
S(t:q) = D1ygS(t;q) = D In+ 1y————Nin(t; @)

q
Liyny1 — &

i=—n

where a_,,—1 = 0. It follows by comparing the coefficient of the basis that

1
a; = Mdl fori = —n
litn+1 — L
and
1
(IZ:M((NII—ELz_l) fori:—n+1,...,k.
litn+1 — i
Therefore
—Z ]+m+1 t fori=-n,-n+1,....k
n+1],
j=-—n
which completes the proof. ]

Proposition 5.2.1. Let S(t; q) be a spline function such that
k
S(tiq) = > aiNiu(tiq), te€ab

1=—n

and P; be the polynomial restricted to S|, ,,,) for j = 0,... k. Then

n

Pitiq) =) ﬁq, (D7,S(t5:0)) (t—t5) (gt —t;) -~ (" "t —t5), € [tj,t511)

r=0

where we can compute the values DI/qS(t q), r=0,...,n by using formula (5.2).

Proof. Since S(t;q) is a polynomial of degree n on the interval [¢;, ;1) for
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each j =0,1,...,k, we can write
Pi(t;q) = E wyi(t —1t55q)",
r=0

where w,; forr = 0,1,...,nand 7 = 0,1,...,k are the unknowns. Let us recall the
formula (5.5). Then it is easily seen that by taking 1/g-derivative of S(¢; ¢) r times and
substituting ¢ = ¢; gives

1 ‘s
Hence we derive

- 1 T T
P;(t;q) = ﬁDuqS(tﬁq)(t —tq)", tE€ [t ti)

r=0 T]q

5.3 Interpolation

Cubic Quantum Spline

This section follows an analogous technique Kincaid & Cheney (1996) to construct
cubic quantum spline function which interpolates a given table of values. Namely

knots are the abscissas of interpolation points in R

tlto |t |- | tm

hn

Y1 Yo | YUm

Let S;(t; ¢) be the cubic polynomial which is a part of S(¢; ¢) on the interval [t;, t;1].
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Hence we have )
So(t;(D’ le [tﬂatl]

Si(t;q), t € [t to]

. Sm—l(t7Q)7 te [tm—latm]‘

Notice that by continuity of S(¢; ¢) we have
Si-1(tizq) =y = Si(ti;q), 1 <i<m— 1.

Also Dy/,S and Df / qS are continuous and we use these conditions to derive cubic
quantum spline function. As in classical case we need 4m conditions but we have
4m — 2 conditions. So we need two more conditions to determine the quantum spline

function.
Let us define z; = Df/qS(ti; q). For 0 < i < n, 2; exists and satisfy

lim D%/qS(t;q) =z = lim D%/qS(t;q)

t—z; t—)z?’
since Df/qS (t;q) is continuous at each interior knot. We know that S;(¢;q) is
a cubic polynomial on [t;,t;41], so D? /qSi(t; q) is a linear polynomial satisfying
Df/qSi(ti;q) = z; and Df/qSi(tiH;q) = 241 hence Df/qSi(t;q) is a straight line

between z; and z;1, 1.€,

Zi Zi
D}, Si(t; q) = E(ti—i—l —1)+ h+41

(t —t), (5.8)

where h; = t;.1 — t;. If we g-integrate the equation (5.8) twice, we derive

Zj
Si(t;q) = m(tiﬂ —1); -

Zi+1

31,1

(ti —1); + C1(t —t;) + Caltisn — 1) (5.9)

We determine the constants C'; and C5 by using the conditions S;(t;;q) = y; and
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S;i(tix1;q) = yir1. From the first condition we find

Si(tisq) = hi(tiv1 — qti)(tiys — ¢*t;) + Cohy = ;i

[3]q!hi

which gives

Ui 2zt — qti)(tin — ¢°t;)
h; 3] '

hence
C, = Yir1  Zip1(t — qlivn) (6 — ¢*tisn)

hi 3] 4!

Now our aim is to find z; for 1 < ¢ < n — 1. Since D;/,S is continuous, we use
the equality D;,,5;—1(ti;q) = Di¢Si(ti;q) at the interior knots. First, let’s find

D1/45:(t; q). We have

<
DiygSi(t;q) = —W[i)’]q(tm —t)(tis1 — qt)
q-1hi
Zit1
3l (t; —t)(t; — qt
Yzt — gt) (i — ¢*t)
h; 3] 4!
LYzt = gl (6 — ¢*tiv1)
h; (3] 4!

Using the equality D 45,1 (ti; ¢) = D1/4Si(ti; ¢) and rearranging the terms give

—(tigr — 1) (i — qtiz1) 521
+120g {(ti — qtiv)(tixn — qti)(ti — ticy) + (8 — qtia) (o1 — qta) (tin — i) } 2
Hqtivs — t)(Ptivs — ) (ti — ti1)zin

= [Blg! {hi(yi — yim1) = hica (Wit — w3) } - (5.10)

85



The linear system of equations (5.10) for 1 < ¢ < m — 1 with 2y = 2, = 0 yields the

following tridiagonal matrix system.

Uy 21 U1
Az Uz T2 z9 V2
a3 us r3 Z3 U3
Am—2 Um—2 Tm-2 Zm—2 Um—2
Am—1 Um-—1 Zm—1 Um—1

where

wp = 2] {(t: — qtiz1)(tiv1 — qti)(ti — ticy) + (6 — qtiz1)(tic1 — qts) (tiv1 — ) }
a; = —(tipgr — t:)(t; — qti1);
ri = (qtisr — ) (Ptisn — ;) (8 — tim1)

v; = Bl {hi(yi — yic1) — hica(Yis1 — vi)}

After determining 2y, 21, . . . , 2m, any value of the the cubic quantum spline function

can be computed easily from equation (5.9).

The following proposition introduces cardinal g-splines (i.e. g-B-splines which have
knots in geometric progression) which is found in Simeonov & Goldman (2013). Its
proof is given by using g-blossom technique implicitly for the case ¢ > 1. But here we

give another proof of the proposition for 0 < ¢ < 1 using induction.

Proposition 5.3.1.
Forqg>1;
Suppose that the knots are in geometric progression with ratio q, that is t;.1 = qty, for

all k. Then
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0, 7#k+1
Nin(tiq) =

1, j=k+1.

For0 <qg<1;

Suppose that the knots are in geometric progression with ratio 1/q, that is ty,1 = %tk
forall k. Then
0, j#k+n

Nin(tiq) =
1, j=k+n.

Proof. Recall that we have

1, tpr <t <tin
Nio(t;q) =

0, otherwise.

Hence for the knot sequence t;,; = %tk, Ny o satisty

, J=k
Nioltiq) =
0, j#k.

Now suppose that Ny, ,,(t;; ¢) also satisfy the property, that is,

1, j=k+n
Nin(tjsq) =
0, j#k+n.

Let us use recurrence relation (2.2) to write N .1 in terms of the lower degree

q-B-splines:

" —t boansn — tq"
T 7% New(tiq) + 2227 N (1)

Nips1(tiq) = —————
" lrnt1 — tk lrnt2 — tegt
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to show Ny 11 (%;; ¢) satisfy the property, firstly suppose that j = k + n + 1. Thus we

have

thtnt2 — thant1q"

than n—t
)_MNM(

Ning1 (trgns159) = thnt1; Q)+ Nis1n(trint159)-

thgny1 — Tk thtnt2 — Tht1

By assumption we know that Ny ,,(tx1n+1;¢) = 0 and Niiq (tgint1;¢) = 1. So we

must only check if

tkante — thant1q"
k4+n+2 k+n+19 —1 (5.11)

tetnye — tet1
Because ;1 = étk for each k, it follows that ¢4, 1 = qintkﬂ. Therefore the equation

(5.11) becomes
Lktnt2 — qintk—%lqn B

tktnt2 — kit

Forj=k+n+1, Ng,(t;;q) = 1.

It only remains to show that for j # k +n + 1, Ny ,(¢;;¢) = 0. Since

1, j=k+n 1, j=k+n+1
Nin(ti;q) = and  Niy1n(tj;q) =

0, j#k+n 0, j#k+n+1

It is enough to show that for j = k + n, Ny ,,(t;;¢) = 0. We have

) Uktnq" — Uk . thrnt2 — tepng"” .
Nk,n—l—l(tk—l-n) Q) - —Nk,n(tk—i—na Q) + Nk—l—l,n(tk—l—na Q)
letnt1 — tk Lrnt2 — tegt
 t qinqn — 1
letnt1 — Uk
=0

Thus,

1, j=k+n+1
Ninta(tjsq) =
0, j#k+n+1.
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]

Proposition 5.3.2. Suppose that the knots are in geometric progression with ratio q,

that is ty11 = qty for all k and we have a data set {(v;, f;)}, where

biyi Htigo + -+ tign

[

for i=0,1,....m.

Let Z;":O P;N; . (t; q) be the interpolating polynomial such that
fi= ZPij,n(Ui;Q)
fori=20,1,...,m. Then

fi=PF, for i1=0,1,...,m.

Proof. Let f; = Z;.”:O P;N;,(vi;q) for i = 0,1,...,m then we have the following

system of equations.

No,n(Uos C]) N1,n(U0; CI) T Nm,n(’Uo; Q) Py fo
Non(vi;9)  Nin(vi;q) Nin(v15q) Py hi
Now(Vn-139) Nin(vn-139) -+ Nopn(va-139) Pm-1 fm—1
Now(Vmiq)  Nip(Umiq) -+ Nmn(vmiq) P, fm

(5.12)
Since v; = t;4; for all + = 0,1,...,m, from Proposition 5.3.1 we have

N »(v;) = 6;;. Hence the matrix of ¢g-B-splines in equation (5.12) becomes an identity
matrix. Thus we find

P,=f fori=01,...,m.

89



Figure 5.3 ¢-B-spline interpolation with knot sequence (1,q,¢%, ¢%,¢*, ¢, 4%, ¢", %, ¢°, ¢'?)
and g = 1.2

5.4 g-Bernstein-Schoenberg Operator

In this section we define a generalization of the Bernstein-Schoenberg operator and
give basic properties of the operator. We denote it by S,, ,. If f(¢) is defined on the

interval [a, b], the operator is given by

l

Smalfiti)) =Y F(&)Nin(t: @)

J=0

where

e 1 is the degree of ¢-B-splines
e m is the number of the intervals on [a, b]

e Given a knot sequence tg, t1,...,t,, set

bttt b

[,

& =

which we may call ¢g-Greville abscissae.
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Properties of Generalized Bernstein-Schoenberg Operator

i. Sy is alinear operator, i.e, S, (Af 4+ 89) = ASmn(f) + BSmn(9)
ii. If fis alinear function then S, ,,f = f.

ii. Ifq=1,S,n(f,1;q) reduces to classical Bernstein-Schoenberg operator.

Proof.

i. We have

Smn(Af + By, t5q) = (Af + B89)(&) Nin(t; q)

.

l
(A& Nint:0) + 3_(89)(&) Nsalti )

Zf(gj) Nin(t; Q)‘I’ﬂ' 9(&)Njn(t; q)

= ASmalf1:0) + BSmalg t:q)-
ii. Let f(t) = at + b be a linear function with constant a and b, so

Sman(fitiq) = Z(aéj +0) Jn(t q).

J

Since §,, , is a linear operator we can write the last equation as
Smn(f11;9) aij in(t: ) +bZNm (t:q)-

Now consider the first term of right of the equation. From proposition (2.2.1) we

have

a) &Njal(tiq) = at,
J
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and the second term of right of the equation,
b Ninltiq) =b
J
which follows from proposition 2.4. Consequently we obtain

Smalf,t:q) = at +b = f(1)

and this completes the proof.

iii. For g = 1, ¢-B-splines and g-Greville abscissae reduce to classical B-splines and
classical Greville abscissae respectively. Hence if ¢ = 1, S,,, .. (f, t; ¢) reduces to

classical Bernstein-Schoenberg operator.

Proposition 5.4.1. Given a convex function [ on [a,b]. Then S, ,,, f is convex for all n,

m and knot sequence (t,) if and only if ¢ = 1.

Proof. We have showed that if ¢ = 1, S,,,,(f,t;¢) reduces to classical Bernstein-
Schoenberg operator. Thus, if f is convex on [a, b], then S,, ,,, f is also convex for all n,
m and knot sequence (). This is proved in Goodman & Sharma (1985).

For the converse, our goal is to show that if ¢ # 1, then there exist n, m and a knot

sequence () such that when f is convex, S,, . f is not convex.
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0.40
0.35
0.30

0.25

3.0 3.5 4.0 4.5

Figure 5.4 f(t) = %, q = 1.6, n = 3, knot sequence (1, 1.5,2,2.5,3,3.5,4,4.5,5,5.5,6) and
t € [2.5,4.5)

The above counter example completes the proof. [
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CHAPTER SIX
CONCLUSION

Splines are piecewise polynomials whose derivatives up to some order agree at the
joins. Spline curves and surfaces, which are used widely in Computational Science
and Engineering such as industrial design and manufacture, car bodies, ship hulls, and
even entertainment, computer animated movies and computer games, are useful for
both interpolation and approximation. Splines are preferable since they are easy to
store and fast to compute. In real life, the boundaries between bones and soft tissues,
between atoms in molecules, etc. are not precisely smooth so we need tolerances,
jumps, and quantum leaps to model. Thus quantum splines allow us to model
tolerances, jumps and quantum leaps in the derivatives at the joins. Hence, in this
thesis we aimed to develop the theory of quantum splines. The fundamental properties
q-B-splines such as representation of g-B-splines in terms of divided differences,
g-analogue of de Boor-Fix formula for dual functions, 1/g-integral of ¢-B-splines over
their support, 1/g-convolution formula of uniform ¢-B-splines were derived. We gave
basic theory of interpolation by ¢-B-splines and approximation by a g-analogue of the

Bernstein-Schoenberg operator.

The Peano kernel theorem provides a powerful technique for computing the errors
of approximations such as interpolation, quadrature rules and B-splines. Therefore
it is useful for numerical solutions of differential equations. Hence, we introduced
a g-analogue of Peano kernel theorem and give a relation between ¢-B-splines and

g-Peano kernel.
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