5o3/2.

INVESTIGATION OF CHAOTIC INSTABILITY
IN A DISSIPATIVE CIRCUIT

VEDAT OZKANER

C.U
FEN BILIMLERI ENSTITUSU
ELEKTRIK-ELEKTRONIK ANABILIiM DALI

YUKSEK LIiSANS TEZI

ADANA
MART - 1996



Cukurova Universitesi Fen Bilimleri Enstitiisii Miidiirliigiine

Yrd. Dog. Dr. Ali Oksasoglu’nun danigmanlig altinda yiritillen bu g¢aligma jurimiz tarafindan
Elektrik - Elektronik Miihendisligi Anabilim Dalinda YUKSEK LISANS TEZI olarak kabul

edilmigtir.

Baskan: Prof. Dr. A. Hamit SERBEST W é&“
Uye: Yrd. Dog. Dr. Arslan YAZICI WV—

Uye: Yrd. Dog. Dr. Z. Gékalp ALTUN

Kodno: 24-€ =5

Yukandaki imzalarin, adi gegen 6gretim tyelerine ait oldugunu onaylarim.

»

lzrof. Dr. Ural DINC

Enstitii Midiirii




CONTENTS

LIST OF FIGURES . .......ooiiii et 1i
ABSTRACT ... e, v
OZ. .o e vi
CHAPTER L. e et 1
INTRODUCTION. ..o e e 1
CHAPTER 2. .ot 3
THE SIMPLEST DISSIPATIVE NONAUTONOMOUS CHAOTIC CIRCUIT........... 3
2.1 Circuit Realization and Chaos...................ocoovoiiiioiici e 3
2.1.1 Equilibrium Point Analysis.............coooiiiiiiiiiiiie et 6
2. L2 Numernical ANAIYSIS. .........oooiiiiiiii it 9
CHAPTER 3. e 13
THE SIMPLEST DISSIPATIVE NONAUTONOMOUS CHAOTIC CIRCUIT
DRIVEN BY MULTI-FREQUENCY SIGNAL..........ccoooviiiiiieicvee e 13
31 ABAIYSIS. ..ot ettt et e e 13
CHAPTER 4 et 19
INTERACTION OF CAPACITIVE AND RESISTIVE NONLINEARITIES

INTHE CIRCUIT . ..ottt sttt ae e 19
A1 ADAIYSIS. ..o et eaneanes 19
4.1.1 Equilibrium Point Analysis...........cc.cc.oociviviriiiiieieeit e 23
4.1.2 Numerical ANaLYSiS.........c.ooooiiiiiiiiiiiiiis ettt s esae st eraens 28
CHAPTER 5. .o ettt e e et 37
INTERACTION OF INDUCTIVE AND RESISTIVE NONLINEARITIES

IN THE CIRCUIT ..ottt 37
5.1 ADALYSIS. .ot e rar b 37
5.1.1 Equilibrium Point Analysis............cccocoiiiiiiiiiiiciien e 41

5. 1.2 Numerical Analysis.............ooooiiiiiiii e 45



CONCLUSION. ...ttt e ettt an e ens 56
SUMMARY . ettt 58
OZET .. 59
REFERENCE. et 60
ACKNOWLEDGMENTS ...ttt et e 61



LIST OF FIGURES

Figure No Page
Fig. 2.1  The circuit realization of the simple nonautonomous circuit 3
Fig. 22 One parameter bifurcation diagram in the (f-x) plane 10
Fig. 23 Time waveform of x and y, chaotic attractor in the (x-y) plane, the Fourier
transform of x for f~0.5 11
Fig. 24  Two parameter bifurcation diagram in the (M, -M, ) plane 12
Fig. 3.1  The circuit realization of the simple nonautonomous circuit 13
Fig. 3.2 One parameter bifurcation diagram in the (f-x) plane 16

Fig. 3.3 Time waveform of x and y, chaotic attractor in the (x-y) plane, the Fourier

transform of x for /~0.5 and m=0.5 17
Fig. 3.4 Two parameter bifurcation diagram in the (M, -M, ) plane 18
Fig. 4.1 Modified circuit realization 19
Fig. 42 Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.01 31
Fig. 43  Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.02 31
Fig. 44  Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.1 32
Fig. 45  Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.01 32
Fig. 46  Two parameter bifurcation diagram in the (M, -M, ) plane for =-0.02 33
Fig. 47  Two parameter bifurcation diagram in the (M, -M, ) plane for 5=-0.1 33

Fig. 48  Two parameter bifurcation diagram in the (M, -M, ) plane for $=0.01

and m=0.5 34
Fig. 49  Two parameter bifurcation diagram in the (M, -, ) plane for 5=0.02

and m=0.5 34
Fig. 410 Two parameter bifurcation diagram in the (M; -M; ) plane for 4=0.1

and m=0.5 35



Fig.

Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

4.11

4.12

.4.13

.51
.52

53
54
5.5
5.6
5.7
5.8
59

5.10

5.14

5.15

Two parameter bifurcation diagram in the (M -M, ) plane for $=-0.01
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 5=-0.02
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 5=-0.1
and m=0.5

Modified circuit realization

Two parameter bifurcation diagram in the (M, -M, ) plane for $=0.01

Two parameter bifurcation diagram in the (M, -M, ) plane for 56=0.02
Two parameter bifurcation diagram in the (M, -M, ) plane for $=0.1
Two parameter bifurcation diagram in the (A, -M, ) plane for 5=0.5
Two parameter bifurcation diagram in the (M, -M, ) plane for 5=-0.01
Two parameter bifurcation diagram in the (M, -M, ) plane for 5b=-0.02
Two parameter bifurcation diagram in the (M), -M, ) plane for 56=-0.1
Two parameter bifurcation diagram in the (M, -M; ) plane for $=0.01
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.02
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.1
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 6=0.5
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 5=0.01
and m=0.5

Two parameter bifurcation diagram in the (M, -M, ) plane for 5=-0.02
and m=0.5

Two parameter bifurcation diagram in the (M), -M, ) plane for 5=-0.1
and m=0.5

35
36
36
37
48
48
49
49
50
50

51

52

53

53

54

54

S5

v



ABSTRACT

In this thesis, a second-order nonautonomous dissipative nonlinear electrical circuit will
be studied with respect to its chaotic instability. The chaotic mechanism and the chaotic
oscillation properties of the system and the effects of parameter on the chaotic behavior
of the system will be investigated numerically. From an engineering point of view, this
will give the designer an idea of which set of system parameters should be avoided or
exploited. A corresponding computer method will be developed. Also, different ways of

controlling and synchronizing chaos will be discussed.
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Bu tezde ikinci dereceden, bazi dogrusal olmayan soénimlii ve nonotonom elektrik
devrelerinin kaotik kararsizift incelenecektir. Sistemin kaotik mekanizmasi ve kaotik
salimmn ozellikler1 ve parametrelerin sistemin kaotik 6zellikleri (davramglan) iizerindeki
etkileri sayisal olarak aragtinlacaktir. Mithendislik agisindan bakildiginda, bu tasanmciya
hang: sistem parametrelerinden kaginilmas: veya ¢ikanlmas: gerektigi hakkinda bir fikir
verecektir. Aymi zamanda, kaosun degisik yollarla kontroli ve eszamanlamasi
(senkronizasyonu) tartigilacaktir.



CHAPTER 1
INTRODUCTION

Nonlinear system have always played an important role in the study of natural
phenomena, but the last decades has seen a heightened interest and renewed vigor in
nonlinear systems research.The main reason for this growth is the recent availability of
inexpensive computing power. Unlike linear systems where knowledge of the
eigenvalues and eigenvectors allows one to write a closed-form solution, few nonlinear
systems posses closed-form solutions and, therefore, numerical simulations play an
important role in the process of finding and analyzing nonlinear phenomena. Before the
advent of low-cost computers, the ability to perform nonlinear simulations was restricted
to researchers with access to a large computing facility: now, anyone with a personal

computer may simulate a nonlinear system.

The increased interest in nonlinear systems is also due to the recent (within the last
sixteen years) discovery of chaos. One of the basic tenets of science is that deterministic
systems are predictable: given the initial condition and the equations describing a system,
the behavior of the system can be predicted for all time. The discovery of chaotic systems
has eliminated this viewpoint. The term chaos 1s used for deterministic systems which do
not possess any random or unpredictable inputs or parameters. Chaos, also called strange

behavior, is currently one of the most exciting topics in nonlinear system research.

In order for a dynamical system to be chaotic, it must, first, be nonlinear. Obwviously, no
linear system can behave chaotically. Second, the system must possess a third degree of
freedom. This degree of freedom basically refers to the order of the system. A continuous
dynamical system must be of third-order in the autonomous case and of second-order in

the nonautonomous case. Because of the difficulty (most often impossibility) of obtaining



an analytical solution for nonlinear systems, the investigation of such systems is based on
numerical simulations. Even then, it is not an easy task to determine if the system under
study is chaotic. Lyapunow exponents, Poincare maps, Fractal dimensions, Fourier

transform are some of the available criteria used for such an investigation.

What are the properties of a chaotic system? A chaotic spectrum is not composed solely
of discrete frequencies, but has a continuous, broad-band nature. This noise like
spectrum is the characteristic of chaotic systems. The limit set for chaotic behavior is not
a simple geometrical object like a circle or a torus, but is related to fractals and Cantor
sets. Another property of the chaotic systems is sensitive dependence on initial
conditions; when the; two different initial conditions are arbitrarily close to one another.
The trajectories emanating from these points diverge at a rate characteristic of the system

until, for all practical purposes, they are uncorrelated.



CHAPTER 2

THE SIMPLEST DISSIPATIVE NONAUTONOMOUS CHAOTIC CIRCUIT

In this chapter, we numericaly analyze the behavior of a very simple, second-order
dissipative nonlinear circuit under single-frequency input and we will investigate the
chaotic instability of the circuit which depends on the parameters. This nonlinear circuit
is made of three linear elements and a Chua’s diode. Chua’s diode is a nonlinear element
that is modeled by a three-segment piecewise v-i charecteristic. Chua’s diode can easily

be realized by using two op-amps and six linear resistors or as an IC chip.

2.1 CIRCUIT REALIZATION AND CHAOS

",

L 4

E(t)

Fig. 2.1 Circuit realization of the simple nonaoutonomous circuit.

The circuit realization of the simple nonatonomous circuit is shown in Fig. 1.1. It
contains a linear capacitor, a linear inductor, a linear resistor, an external forcing and a

nonlinear element (Chua’s diode). By applying Kirchoff's laws to this circuit, the



governing equation for the voltage v across the capacitor C and the current 7, through

the inductor L are represented by the following differential equations:

Ldv,.

=iy - g(ve) 2.1
di,
L—_dt =-Ri, —v, +E() 22

where [£(7) 1s harmonic signal and we use E(t) as
Et) = E Cosw,t
E,, 1s amplitude and w, is the angular frequency of the external periodic signal. The term

g(v.)=G,v. +05(G, o)[\v +B,|-|e-B |]

is the mathematical representation of the characteristic curve of the Chua’s diode and

G,, G,and B, are, respectively, the slopes and the break point. At this point, Let us use
new variables as v, =x,x , i, =y,y , T =wyt. where x, , y, , W, are the arbitary
voltage, current, and frequency scaling factors, respectively, and x and y are new
dimensionless state variables, and 7 is the dimensionless time variable. In this case, we

change the variables in the first differential equation:

di, , ’
L—d—t— =—-Ri, —v. +E _Cos(w,t)

Ldv,
dt

- ((, ve +05(G, (J)H"c*'B ‘ -B ”)

(yoy)
d( "y

a,

L——=-Ry,y—xx+E Cos(w,/ o)t

oAy
dc )

@

o

Yoy = (Gyx,x + 05(Gy = G [rox + B, |~ [y - 8,])



d
ly,w, ;l{— =-Ry,y—x,x+F Cos(w, / w,)t

fﬁ;— = ¥, y—(Glexﬂ—O.S(GO -G, )[ beyx + B, |~ x,x - Bp”)

Cx,w, y

If we divide two equations by Ly,w, and Cx,w, respectively, then we obtain

dy Ry, X, L,
S y- x+ Cos(w, | w,)t
dt Ly,w, Ly,w, Ly,w, B
G G,-G
_(,/i: ‘.y() y- .,llx“ x—O.S,._.“’—_.._{'—(lxox—FB I—Ixox-Bpl)
dr (x,w, Cx,w, Cx,w, g

If we divide and multiply x variable by R and y, for the first and second differential
equations respectively, then, we find

&y Ry, Rx, E

“m

= = y- X+ Cos(w, | w,)7
dr Ly,w, RLy,w, Ly,w, '

_‘f‘f_: ‘.Vu Y- ‘(;lx()y() x-O.S(Gov_GI)yOxO ( x+& _ x__ﬁ J
dr  Cx,m, Cx,0,), Cxy,Y, Xy Xy
or
dy R X, ) E
—— = +—"—Cos(w, /
dr L, (y R Ty, CO@ @07
y__y_,[y(__os(g___”g_) o Be| fe B
dr  (Cxw, Yo Yo Yo Xy Xg
Now, let us define some new variables on:
_ M, =G5 0, =2
x,Ca, Yo @,
R G,x E,
b= ’ M, =="=, f= L ,
Lo, Yo Yoy
k=2 €= Ep—,
YoR Xy

Hence, the system of (2.1) and (2.2) are transformed into new dimensionless system.



%:-,B(y+kx)+f€os{§221) 23
dx
o= aly-h(x) 24

where, h(x) = M,x +0.5(M, - M,)[|x+ & -|x— 4]

The differential equations (2.3) and (2.4) now depend on the parameters 8, @, k, M,
M, Q,, and f. For the purpose of numerical simulations we choose ¢ =1, Q, =06,
a=1, =1, k=1, and M, M, and [f as our system parameters. Before

differential equations (2.3) and (2.4) are solved, we have to do equilibrium anlaysis.
2.1.1 Equilibrium Point Analysis
We find the equilibrium points for the differential equations (2.3) and (2.4). For this

case, we accept that the input external signal 1s zero and fix @ =1, § =1, £k =1 and the

obtained equations will be as follows:

%:——(y«i-x) 2.5
dx
:;T—z(y—h(x)) 2.6

dy dx i
The equilibrium points of (2.5) and (2.6) are identified by setting :ly? = 0= 0 which

yields the conditions:
-y—x=0
y=h(x)=0
If we add both sides of two equations above, then we obtain;

-x—-h(x)=0 2.7
where, h(x) = M x+05(M, - M, )[lx + 1} - ,x - ]} ] . If we evaluate A(x), then



jM1x+(MO—M,) x21
h(x) =M x -l<x<«l
[M,xv(M0 -M)) x<-1
As shown above, there are three cases of s(x) and we find the equilibrium points for
cach cases of A(x). First, if x =21 then h(x)= M x+(M, - M,). If we substitue A(x) in
(2.7) then,
~-x-Mx-(M,-M)=0

If we solve this equation, then we obtain first equilibrium points as:

_ (M()"Ml) (MO_MI)
Kot = 1+M, Ve = 1+ M, 2.8
Second, if ~1<x <1 then A(x)= M,x. If we substitue A(x) in (2.7) then,
-x-Mx=0
The equilibrium points are;
xeq’l = O’ yqu = 0’ 29

This means that if the value of x is between -1 and 1, then the equilibrium points are
equal to zero.
Third, if x < -1 then the function A(x) will be; A(x) = M x—(M,~ M,). If we substitue
h(x) in (2.7) then,

~x-Mx-(M,-M)=0
If this equation 1s solved, we obtain the equilibrium points.

_M,-M) __M-M)

_ —_ 2.10
Yo T T N, 0 e 1+ M,

If we look at the equations (2.8) and (2.9), we can say that for existing x.,; and x.43 , My

must be less or equal to -1.

We find the eigenvalues of the system. For this case, we calculate det(Al-J). Where J is

Jacobian matrix and I is identity matrix. Jacobian matrix is defined as the derivative of



(2.5) and (2.6) with respect to x and y at the equilibrium point and we can write 1t as
follows:

Car,(x,y) dfi(x.y)]
dx dy

dfz (x:.y) dfz(xa}’)
Lk dy |

where f,(x,y) =~y -x, f,(x,¥)=y - h(x)
If we substitue fi(x,y) and f>(x,y) in Jacobian matrix, then we obtain

[ -1 —1]

|
J :i'_dh(x) 1 J
dx

Now, we calculate det(Al-])

. 1 ] [ A+l -1
dh(x)
WAL -J)=2 - = =(A+D(A-1)—
det( ) dh(x) dh(x) (A+DA-H-=
o 1| |- T I 2 B
dx dx
det(A] - J) = 27 ~1+90%) 2.11

If we make the right side of equation (2.11) zero, then we can find the roots of (2.11).

dh(x) _
d

AT -1+ 0 2.12

dh
x) is equal to

dh(x
Note that, (x)

is the derivative of h(x) with respect to x.



M, x=1
dh(x)
T M, -l<x<l1
M, x<-1

As shown above, there are two cases of the derivative of A(x). First, x>1 and x< -1 then
derivative of A(x) is equal to M, . If we substitue M, in (2.12), then we obtain;
A*=1-M,=0

The roots of this equation is equal to

A= :l:,/l-i«M, 2.13

Second, if x is between -1 and 1 (-1<x<1), then the denvative of /(x) is equal to M), and
we substitue M, in (2.12), in this case, we can obtain the roots of the equation which is

given as

A 4= J_r,/l +M, 2.14

If we look at the equation (2.14), we can say that we have two complex conjugate
eigenvalues, because we have found that M, was less or equal to -1. The system which
must have two real eigenvalues at least for showing chaotic behavior and one of these
eigenvalues must be positive and the another eigenvalue must be negative. In this case,
A1 must be positive and A, must be negative. For this purpose, M, must be bigger then -
1. We have found that between which values M, and M; must be for the system to be

chaotic at the equilibrium points analysis.
2.1.2 Numerical Analysis

The differential equations of the system was given by (2.3) and (2.4). If we rewnite these

differential equations;
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f% = -—(y + x) +f CoAs(O.ér)
dx
- =(y=hx)

where A(x) = M, x+05(M, - M, )[|x+ 1| -|x- l|] and we have fixed 2, =06, a =1,

B =1, k=1 1f we choose M, =-127 and M, = -0.68 and we increase the amplitude
of the external signal f from 0.1 to 0.5, then we can see when the system will be
chaotic. For this case, the one-parameter bifurcation diagram in the (x-f) plane is

shown in Fig. 2.2.

4,00

200 g

xU.UU.

-2.00

(] e ——————— e ——
G.10 D.2D 0,30 0.40 .50

Fig. 2.2 One parameter bifurcation diagram in the (f — x ) plane



ll‘y

This bifurcation diagram shows that the system is chaotic in two regions. First region is

between 0.24 and 0.28, and second region is between 0.42 and 0.44. We can say that the

system shows chaotic behaviour through lese narrow regions.

4.0 4.50 o

200 450 .,;. i |
.00 }::0 oh

.09 ~2.50

~hG0 ~4,00

1808.80 173640 1904.50 1983.20 2121.80 2250.08 1€08.00 1776.40 1844.80 193%.20 212180 2255.00

T T
(a) (b)
.00
2.00
y (R N o
2.00 %
- 4,100 ? - Y
4,30 Z.50 G.00 2,00 4.0t .00 4,00
X
(c) (d)

Fig. 23 (a) The time waveform of x (b) the time waveform of y  (c) Chaotic

attractor in the (x-y) plane (d) The Fourier transform of x for f =025.
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If we choose f =025 and fix M, and M,, then we obtain time waveform of x, y and

chaotic attractor and the Fourier transform of x as given in Fig. 2.3.

We now investigate the effects of M and M, on the chaotic behavior of the circuit. For

this purpose, we fix f and other parameters and we change M, and M, parameters.The

chaotic region in the M, and M, plane is shown in Fig. 2.4. If we look at this bifurcation

diagram, we can say that the system is chaotic in four narrow regions.

] / 0,91
/i

4 [ s
A4 oz
y /MmN
p 777, ST NI o
s/ RN
p’Z<\-_ \-) i': > 07

-14 -135 -1

125 -12

-1 -105 -1 -095 09

Fig 2.4 Two parameter bifurcation diagram in the M, — M, plane.

As shown Fig. 2.4, the system is chaotic for the case of M, < -1 and M, > -1 and we

have explained this case in equilibrium points analysis.
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CHAPTER 3

THE SIMPLEST DISSIPATIVE NONAUTONOMOUS CHAOTIC CIRCUIT
DRIVEN by MULTI-FREQUENCY SIGNAL

The behavior of nonlinear system under multi-frequency input is, in general, different
from that of the single-frequency case. System that can not behave chaotically under
harmonic excitation for a given set of parameters can behave chaoticly under multi-
frequency input for the same set of parameters. In this chapter, we numerically analyze
the behavior of a very simple, second-order dissipative nonlinear circuit under multi-
frequency input and we show the effects of the multi-frequency excitation on the
behavior of the circuit. We have analyzed this circuit under single-frequency case in

Chapter 2.

3.1 ANALYSIS

E(t)

Fig. 3.1 Circuit realization of the simple nonaoutonomous circuit.

The circuit realization of the simple nonatonomous circuit is shown in Fig. 3.1. This

circuit 1s same as Fig. 2.1 but the external signal will be different from in Fig. 2.1. By
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applying Kirchoff’s laws to this circuit, the governing equation for the voltage v across

the capacitor C and the current i through the inductor L are represented by the

following differential equations:

Jdv.
C ” =i, —g(v.) 3.1
di, ,
L";I‘;'Z-—RIL—-VC*—E(t) 32

The input [(7) is an amplitude modulated signal given as E(t)=E, (1 + mCosw, )Cosw,,
m is the coefficient of modulation, w, and w, are the angular frequencies. Note that

when m=0, £(¢) becomes a harmonic signal. The term

g(vc-) =Gyv, +05G, -G, )ﬂvc + Bpl - va - BPI]
is the mathematical representation of the characteristic curve of the Chua’s diode and
G,, G,and B, are, respectively, the slopes and the break point. At this point, let us use
new variables as v, = x,x , i, =y,y , T =wyt where x, , y, , w, are the arbitrary

voltage, current, and frequency scaling factors, respectively, and x and y are new

dimensionless state variables, and 7 is the dimensionless time variable. In this case, we

change the variables in the first differential equation:

d
L——(L;!l =~Ry,y—x,x+E,_(1+mCos(w, | ®,)t)Cos(w, | ®,)7
d( )
w()
d(x, x .
C...(_ﬂ—_—yoy—((jlxox+0.5(Go —Gl)[|xox+BPl—|x°x_Bp|])

d( )

0

d .
Ly,w, :1‘:-_— =-Ry,y—xyx+ L, (1+mCos(w, / w,)7t)Cos(w, ! w,)7

Cx,w, —Z—i— =y V- (G,xox +05(G, - G, )[ |xox + Bpl - ,xox - BPI ])
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If we divide two equations by Ly,w, and Cx,w, respectively, then

d)’ Ry() X, N Em (1 e mC. ) c /
P - x <

dr Ly, d Ly,w, Ly,w, mCos(e, / @,)7)Cos(w, / @)t
dx Yo G,x, G, -G, (

o= - x-05——~ +B |- -B )

dr Cx,, g Cx,@, Cx,w, Xo¥ Pl !x‘)x pl

If we divide and multiply x variable by R and y, for the first and second differential

equation respectively, then we obtain;

4 R(er0 ]+Em LmC / c /
dr Lo, Y yORx Lyw( mCos(w,/ w,)7 )Cos(a, | @)t

0@y
dx __ (y__ Gy x, x—O.S(GOxO _ Glx()) o B, y x___?__l_’_
dr  Cxyw, Yo Yo Yo Xy X
Now, let we define some new variables on:
a:___,yi’ > MO:E)_{O_’ szg)—z—’
x,Ca, Yo @,
R G x E
B = . M, ===, f=5",
Lo, oy Ly,o,
= xo = -a—)‘l* & = EL
YR’ l @,’ Xy’

Hence, the system of (3.1) and (3.2) are transformed into new dimensionless system,

% =~B(y+kx) +f(1+mCos(er))Cos(£).zr) 33
dx
-7 =aly-hx) 3.4

where, h(x) = M x +05(M, - MO)[Ix + s‘ - ix - 51]
The differential equations (3.3) and (3.4) now depend on the parameters 8, @, k, M,
M, Q, Q,, mand f. For the purpose of numerical simulations we choose ¢ =1,

Q =011, Q, =06, a=1, =1, k=1, and M, M,, mand f as our system
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parameters. If we choose m=0, then the external signal will be periodic signal and
differential cquations (3.3) and (3.4) will be same as (2.3) and (2.4). For this case, the
differential equations have been solved in Chapter 2. Now, we will solve differential
equations (3.3) and (3.4) for case of m= 0. In this case, the external signal will be

amplitude modulated signal.

If we choose m = 05 and fix other parameters except f, and increase f from 0.1 to 0.5,
then the one parameter bifurcation diagram in the (x-f ) plane is shown in Fig. 3.2. As
shown in Fig. 3.2, the system shows chaotic behavior between 0.15 and 0.5. If we
compare two bifurcation diagrams ( Fig. 2.2 and Fig 3.2), we can see that the chaotic
behavior of system is increased. The reason of this is the external signal which is applied
to the circuit. If we choose f = 0.25, we obtain time waveform of x, y and chaotic

attractor and the Fourier transform of x as given in Fig. 3.3.

4.0 g

2,040

X C.08

~ 213

~, Ui

.10

Fig. 3.2 One parameter bifurcation diagram in the (f-x) plane
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We now investigate the effects of M, and M, on the chaotic behavior of the circuit. For

this purpose, we fix f and other parameters and we change M, and M, parameters. The

chaotic region in the M, and M, plane is shown in Fig. 3.4.

200 .00

N
o

LR

4,00 s ? PG —— 4.0

105,00 173690 1864.80 (3H3.20C T1zt.60 2780.00 L0360 1776.90  1864.30 12E3.20 2121.80 ZZ80.00.

T T

4. 510 0.0%

~+4.40 ~2.00 800 2,00 4. 085 .00 &.00

() @
Fig 3.3 (a) The time waveform of x (b) The time waveform of y (c) Chaotic

attractor in the (x-y) plane, (d) The Fourier transform of x for m=0.5 and /=0.25.
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Fig. 3.4 Two-parameter bifurcation diagram in the (M, -M,) plane

If we compare two bifurcation diagrams (Fig. 2.4 and Fig. 3.4), we can say that the
chaotic region of the system under multi-frequency excitation is very large and the
system shows chaotic behavior in one region. Unlike the system under single-frequency
excitation, the system shows chaotic behavior in three regions which are very narrow.

We can say that these regions connect and increase under multi-frequency excitation.

The numerical results obtained show that the chaotical dynamics demonstrated by even a
very simple system in the case of multi-frequency forcing can differ from harmonic input
case. Under multi-frequency excitation, the range of system parameters for chaotic

behavior 1s larger than the case of single-frequency input.
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CHAPTER 4

INTERACTION OF CAPACITIVE AND RESISTIVE NONLINEARITIES IN
THE CIRCUIT

The chaotic nature and the behavior of the circuit whose only nonlinear element is a
three segment piecewise linear resistor has been studied in Chapter 2. This nonlinear
resistor, also called the Chua’s diode, can easily be realized by using two op-amps and six
linear resistors. In this chapter, we numerically investigate the interaction of capacitive
and resistive nonlinearities in the circuit, and discuss the effects of capacitive
nonlinearities on the chaotic behavior of the circuit. For this purpose, the original simple
nonautonomous circuit (shown in Fig. 2.1) is modified by replacing the linear capacitor

in the circuit with a nonlinear one.

4.1 ANALYSIS
R L
iL 1
A+
+
v | ——
E(®) c

Fig. 4.1 Modified circuit realization

The circuit realization is shown in Fig. 4.1. It contains a linear inductor, a linear resistor,

a nonlinear resistor (Chua’s diode), an external forcing, and a nonlinear capacitor. This



nonlinear capacitor is charge controlled and its v-g characteristics is given by
ve() - flg)-aiq+ asq’. By applying Kirchoff’s laws to this circuit, the governing equations
for the voltage v across the nonlinear capacitor C and the current i, through the inductor

L are given by the following:

. Y diL
E(t)=Ri, + L==+v_.(q) 4.1
dt
. dq
=0 g(ve () 472

dg . .
where —L*”L is the current through the nonlinear capacitor and q is charge. The term,

(e (@) = Gve (@) +05(G, ~ G)|ve (@) + B, | - e (9) - 8]

1s the mathematical representation of the characteristic curve of the Chua’s diode and G,
., G, and B, are, respectively, the slopes and breakpoint, and the v¢ is;

velg)=aq+aq’
k(1) 1s external forcing and we will conduct our analysis for two different cases of E(1).
For first case, () will be a harmonic signal and second case, £(z) will be a multi-
frequency. /5(1) 1s given as E(t) = I, (1+ mCosw,t)Cosw, , where m is the coefficient of
modulation.w, and w, are the angular frequency, when m=0, £(1) becomes a harmonic

signal. If we again write above equations;

di, 1y .
"Z;T = I[ﬁ(z) ~Ri, -ve(q)]

dq _ . _
o g(ve ()

%IL— - Il[“l‘{iL —(a,q+a,q*) + E,,(1+ mCosaw,1)Cos(w,1)| 43
d ,
=i (G @+ 056G, -G @+ B -pe@)-B)])  aa
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At this point, let us use new variables as ¢ = x,x ,i L =Y.t =w,t. Where w, , X0, Yo

are arbitrary frequencies, charge and current scaling factors, respectively, and x, y are the
new respective nondimensional charge and current variables. If we substitute these
variables in (4.3) ,(4.4), then,

d 1

d((yoy)) - _L—[—Ryoy - (alxox +a3x3x3) + Em(l +mCOS((1)1 /a)o))Cos(a)z /0)1 )]
T .
@,

d(x,x)

&

= Yy - [Gl (a,x,x +a,x;x*) +0.5(G, - G, )[Ia‘xox +axix® + Brl

o

~'a1xox+a3xgx3 —Bpl] ]
({V 1 1.3
Yo, :i? = —L—[—Ryoy ~(axyx+ax,x" )+ E_(1+mCos(w, | w,))Cos(w, / , )]
(ix 3.3 3.3
xowoa?:yoy—[G, (ayxox +a,xyx*) +05(G, -G, )“a,xox+a3xox +Bp|

~|a,xox +axix’ - BPI] ]
If we divide two equations by y, @, and x,w, respectively, then

__d:)_/______ Ry, y- dX ax, 3 E,
dr Ly, Ly,w, Ly, Ly,o,

(l +mCos(w, | w,)Cos(w, / wo)r)

&Y o, ] [G(a)x,x + ax3x*) + 0S(G, - G, fayxox + agwix® + B,
dr  x,0, X,0,

-—'a,xox+a3x;’x3 -—Bp| ] ]



If we divide and multiply x vanable by R and Ry, for the first and second differential

equations, respectively, then;

dy R Rax, Rax. , E,
x —

de L, - Rly,w, RLy,w, * Lyw,

(1 +mCos(w, / w,)Cos(w, /a)o)z')

dx y(; Ry()

=t Y e [(: (a,x,x +ax,x*) +05(G, - G, )[la,xox vaxox’ + Bpl
‘IT xu(‘)n Ry,x,w,

—lalxox +a,xgx> - Bp” ]

f{)i: R {_ _alxox_azxg

— x* [+ E (1+mCo~s(a)l /@ )T)Cos(a)2 lw,)T
dr Lo, Ry, Ry, Lx,w,

3
ij-x: - Y y - Yo 1{(1‘1 alx() X+ g‘()_x_o_xl + —Z—Q—~05]{((lo )
dr X,0, X, Ry() Ryo X,

|a X, +a3x3 b Bp I
R Yo Nry, ™ Ry, Ry,|

Now, we again change the vanables as;

R axxéj Bp
= b=—, M, = RG, E="7T—
ﬁ 1‘(‘)(; ‘ leyo ’ : Ryo
L w
a= ‘!O‘, f =—= , Q] e
X, Ry, ,
.
a =2 M, = RG,, Q===



Hence, the system of (4.3) and (4.4) are transformed into a new dimensionless system:

% = B[~y - g(x)] + (1 +mCosQ,7)CosQ,t 4.5

= aly- e 46

where, g(x)=ax+bx’* ;and f(g(x))= M, g(x)+05(M, - M, )[Ig(x) + gl - |g(x) - eﬂ

The differential equations (4.5) and (4.6) now depend on the parameters, §, a, M,,
M, Q,Q,, m f, &, a,and b. Here, bis the coefficient of cubic nonlinearity for the
nonlinear capacitor. If we choose b = 0, the system of (4.5) and (4.6) will be same as

(2.3) and (2.4) thus, nonlinear capacitor will be omitted from the circuit given in Fig. 4.1

and the circuit will be same as given in Fig. 2.1.

4.1.1 EQUILIBRIUM POINT ANALYSIS

We will find the equilibrium points of the differential equations (4.5) and (4.6). For this
case, we accept that the input external signal is zero and fix f=1, a=1, &1, a=1 and the

obtained equations will be as follows;

dy
-y 4.7
- 8
dx
oy 48
o=y~ /(8®)
, _ : . o . dy  dx .
The equilibrium points of (4.7) and (4.8) are identified by setting e dr s 0 which

yields the conditions;
-y-gx)=0
y=f(gx)=0
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If we add both sides of two equations above, then we obtain;
-8(x)- f(g(x))=0 4.9
where, g(x) = bx* +x, f(g(x)) = M,g(x)+05(M, - M,)[|g(x) +1|~[g(x) - 1]

If we rewrite f(g(x)) clearly, then

M, g(x)+(M, -M,) glx)=1
S(g(x)) =1 M, g(x) —~I(g(x)1
M, g(x)~ (M, - M,) g(x) < -1

As shown above, there are three cases of f(g(x)) and we will find the equilibrium points
for each cases of f(g(x)). First, f(g(x)) =1 then f(g(x))=M g(x)+(M,— M,); if we
substitute f(g(x)) in (4.9), then we obtain ;

-8(x)- M g(x)-(M,-M)=0

or
M, - M,
—2_—1_9p
8
If we write the function of g(x), then;
bx® +x + M- M, _ 0 4.10
1+ M, '

If we look at the equation (4.10), we can see that there are three equilibrium points
dependent on b, M, , M. These equilibrium points can be found by solving the equation
M,- M,

1+ M,

(4.10), y,, is equal to
The second case 1s —1 < g(x) <1, then f(g(x))= M g(x) and if we substitute f(g(x))
in (4.9), then we obtain,;

-8(x)—M,g(x)=0
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g(x)=0
bx* +x=0 4.11
If we look at the equation (4.11), we can say that there are three equilibrium points,
these are;
1 1
X0 =0, X = —~-b-, Xy == ~-I;, Vog = 0

The third case is g(x) < -1, then f(g(x))= M, g(x)— (M, - M,) and if we substitute
f(g(x)) in (4.9), then ;
~-g(x)- Mlg(x)+(Mo - M]) =0

or
M, - M,
8(x)- 1+ M, =0
If we write g(x), then
M -M
b 3 Jpuhbal’] l=0 )
X +Xx T+ M, 4.12

If we look at the equation (4.12), we can see that there are three equilibrium points
dependent on b, My , M,.. These equilibrium points can be found by solving the equation
M,- M,

1+ M,

(4.12), y,, 1sequalto -
We find the eigenvalues of the system. For this case, we calculate det(AI-J), where J is
Jacobean matrix and I is identity matrix. Jacobean matrix is defined as derivative of (4.7)

and (4.8) with respect to x and y at the equilibrium point. We can write it as follows.

Cdf,(x,y) d(x))]
dx dy

dfy(x,y) dfy(x,y)
dx dy
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where, f,(x,y)=~-y—g(x), f,(x,y)=y~ f(g(x))
It 'we substitute f,(x,v), f,(x,y) in Jacobean matrix, then we obtain;
| -8'(x) ~1]
J =] |
-7y 1]

Now, we calculate det(Al-J).

1 0 -g'(x) -1 A+g'(x) 1
det(Al - J)=241 - =

0 1) [=f'@t)y 1] [ f'kx) 4-1

det(U -~ J) = Z + Mg'(x) - 1) - [g'(x) + f(g(x))]
If we make the right side of this equation zero, we can find the roots of it.
A+ Ug () -D-[g(x)+ f(g(x)] =0 4.13
where, g'(x) = 3bx" + 1 and f'(g(x)) is;
jM,g'(x) g(x)21
S gle)=1Mg'(x) -1<g(x)<]
Mg'(x) g(x)<-1
There are three cases of f'(g(x)) and first case is equal to third case, in this case
S'(g(x)) =M g'(x) (g(x) =1 or g(x)<-1). If we substitute f’(g(x)) in (4.13), then
we obtain
£+ Mg'(x) =) =[g'(0)+ Mig'(x)] =0
or
X+ 23bx* - (3bx* + 1)(1+ M,) =0 4.14

The roots of this equation are;

“3bx? £ \/(3/»8)2 +4(1+ M,)(1+3bx?)

A, = = 415




27

If b is negative and M, >-1 then, since the system has saddle points, the equilibrium

f 1 - 1
3 3b

and for other cases, the system is unstable.

points must be equal to;

It b 1s positive and M, >-1; the system always has saddle point when the equilibrium
points are real. The system will have one equilibrium point at least. For the other cases,

the system will be unstable.

Second case is  f'(g(x))= M, g'(x) (if -1<g(x)<]1). If we substitute f'(g(x)) in
(4.13), then we obtain;
2+ g (x)~D)-[g'() + Mg'(x)] = 0
or
A+ A3bx* — (3bx* +1)(1+ M) =0 4.16

The roots of this equation are ;

~3bx? & \/(3bx2)2 +4(1+ M, )(1 + 36x7)

2

4.17

/11,2 =

We have found that one of the equilibrium points is zero (x,, = 0). If we substitute this

eql

equilibrium point in (4.17), then we find,

A, =11+ M, 4.18

If we look at this equation, we can say that the system has one positive real eigenvalue
and one negative real eigenvalue when A >—1. When M, <-1, the system has two

complex conjugate eigenvalues.

1 .
The other equilibrium points are equal to x,,, :iw/";~ If we substitute these

equilibrium points in (4.17), then we obtain;



3£,/9-81+M,)

1.2 P 4.19

Although the system has one positive and one negative equilibrium points, the system has

same eigenvalues. If we look at the equation (4.19) , we can see that the system will have

. 1 1 .
two complex eigenvalues when M, > e When -1< M, < 3 the system will have

two positive real eigenvalues. When M <-1, the system will have one positive

eigenvalue and one negative eigenvalue.
4.1.2 NUMERICAL ANALYSIS

The system equations have been given in (4.5) and (4.6). For the purpose of numerical
simulations we choose ¢ =1, , =011, Q, =06, a=1, =1, a=1, f =025 and
M,, M, m, b as our system parameters. The values of system parameters of &, S, &,
Q,, Q,, f, a given above are the same with the values given in Chapter 2. So by
changing M,, M;, m and b, we investigate the effects of these parameters on the
circuit. First, we choose m = 0 then the input signal is a cosine signal. If we choose b =0
then the nonlinear capacitor will be a linear one and two parameter bifurcation diagram
in (M, - M) plane was given in Fig. 2.4. The bifurcation diagram in the (M, - M,)
plane for values of b as, 0.01, 0.02, 0.1, -0.01, -0.02, -0.1 are given in Figs 4.2, 4.3, 4.4,

4.5,4.6,4.7, respectively. The regions between the darker lines in each diagram show

the chaotic region of circuit,

If we compare the Fig. 4.2 with the Fig. 2.4, in this case 5=0.01, we can see that the
system shows chaotic behavior in four regions and these regions are a little large with
respect to Fig.2.4. When M, and M, is decreased, the chaotic region is increasing.
When M, is increased (M;>1), the chaotic region is not changing. If we increase b

(b=0.02), for this case, the bifurcation diagram is shown in Fig. 4.3. If we compare two



bifurcation diagrams (Fig. 4.2 and Fig. 4.3), we can say that the chaotic region is
increased but the chaotic region is pulled towards for increasing values of AM,. When M, <
-0.47, there are two chaotic regions but for 5#=0.01, there are three chaotic regions which
are large. If we again increase b (b=0.1), for this case, the bifurcation diagram is shown
in Fig. 4.4, As shown in Fig.4 4, the chaotic regions of system are enlarged. There are
three chaotic regions at the beginning of chaotic behavior. These regions are increasing,
especially the first region when M, is increased. When b is increased, another problem
occurs except the chaotic behavior. This problem is the operating range of the system
which is affected. For instance; for #=0.1 and M, is less than -0.5, the circuit does not
operate until A, = -0.8, and up to M, =0.1, there is no chaotic region of system and we
can say for the increasing values of b operating region of the system is pulled towards

the positive values of M.

If we choose b--0.01, for this case, the bifurcation diagram is shown in Fig. 4.5. If we
compare this bifurcation diagram with Fig. 2.4, we can see that there are three
decreasing chaotic regions. If we decrease b (b=-0.02), the bifurcation diagram is shown
in Fig. 4.6. As shown in Fig. 4.6, There are three chaotic regions which is beginning
when M,>-0.4 and M,<-1 and the chaotic region is decreased with respect to b=-0.01. If
we decrease b (h=-0.1), the bifurcation diagram is shown in Fig. 4.7. There is only one
chaotic region which is small according to another values of b and system shows chaotic
behavior when M,>0.0. From these figures, we can see that the region of chaos is the
largest when $=0.0, when no capacitive nonlinearity exist, as b decrease, the chaotic
motion is confined to a smaller region. We can say that another thing that A7, is to be

more effective on the chaotic behavior of system.

Second, if we choose m = 0.5 then the input signal is amplitude modulated. If we choose
b =0.0 than the two parameter bifurcation diagram in (M, -M, ) plane will be the same as

in Fig. 3.4
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If we choose $=0.01, the bifurcation diagram is shown in Fig. 4.8, If we compare this
bifurcation diagram with Fig. 3.4, we can see that the chaotic region increase and there
is only one chaotic region which is large but when m=0, there are three or more chaotic
regions which are narrow. For this case, we can say that these small chaotic regions are
connected and enlarged when the input signal becomes multi-frequency. If we increase b
(b=0.02 and $=0.1), the bifurcation diagrams are shown in Fig. 4.9 and 4.10. As shown
in these figures, the chaotic region increases and this region 1s pulled towards the positive

values of M,

If" we choose b=-0.01, the bifurcation diagram is shown in Fig. 4.11. If we compare this
bifurcation diagram with Fig 3.4, we can see that the chaotic region is decreased. If we
continue decreasing value of b (b=-0.02, -0.1), for this case the bifurcation diagrams are
shown in Fig 4.12. and Fig. 4.13. As shown these figures, the chaotic region 1s
decreased and, especially for b=-0.1, the chaotic region is very small according to

another bifurcation diagrams.

As a result of, we can say that the chaotic region of the system enlarge to be independent
of other parameters when m=0. When b is increased positively, the chaotic region
increase and operating range of the system is pulled towards the positive values of M.
When b is decreased negatively, the chaotic region of the system decrease thus, addition

of the capacitive nonlinearity (for negative values of b) plays limiting role on chaos.
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CHAPTER §

INTERACTION OF INDUCTIVE AND RESISTIVE NONLINEARITIES IN THE
CIRCUIT

Interaction of capacitive and resistive nonlinearities in the circuit has been studied in
Chapter 4 and the effects of nonlinear capacitor on the circuit was discussed. In this
chapter, we numerically investigate the interaction of inductive and resistive
nonlinearities in the circuit and discuss the effects of nonlinear inductor on the chaotic
behavior of the circuit. The original simple nopautonomous circuit (shown in Fig. 2.1)

1s modified by changing the linear inductor in circuit with a nonlinear one

5.1 ANALYSIS

E(t) ve —.C

Fig. 5.1 Modified circuit realization

The circuit realization is shown in Fig. 5.1. It contains a linear capacitor, a linear resistor,
a nonlinear resistor (Chua’s diode), an external forcing, and a nonlinear inductor. This

nonlinear inductor is magnetic flux controlled and its i —® characteristics i3 given by
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i, =a®+a,®d . By applying Kirchoff's laws to this circuit, the governing equations for
the voltage v¢ across the capacitor C and the current i, through the nonlinear inductor L

are given by the following:

E@)=vg+v, +v, 5.1
i =¥t o) 52
L dt (o4

. do
E()=Ri, +:}7+vc
v, .
C—y =i —80ve)
Here s the voltage across the nonlinear inductor and ® is magnetic flux. The term

g(v) =Gy +0(G, - G)[vc + B,|~|ve - B,
is the mathematical representation of characteristic curve of Chua’s diode, G,, G, and
B, are, respectively, the slopes and breakpoint, and the current 7, is;
i, =a®+a,®
E(r) is the external signal and it will be a periodic signal and multi-frequency signal

according to two cases. Let us now assume that the input signal is amplitude modulated

signal. We again write above equations;

dv, .
C—;f—:zL—lec-—O.S(G'O—Gl)“vc+Bpl-‘vc-Bpu 53
ao 3 :
e -R(a,®+a,®’)-v. +E, (1+mCosw,t)Cosw,t 5.4

At this point, let us use new variables as, v, = xx,, ®=y,y, 7 = @,f. Here @,, x,, ¥,
are arbitrary frequencies voltage and magnetic flux scaling factors, respectively, and x, y

are the new respective nondimensional variables. If we substitute these variables in (5.3),
(5.4), then
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d(x,x)
{.)
W,

d(y,y)
T

C =ay.y+a,y5y* ~(Gyx,x +05(G, -—G,)[lxox+Bp,~’xox-—Bp”)
=-R(ayy +ay,y’)—xx + E, (1+mCos(w, ! @,)t)Cos(a, | w,)t
@,
. dx : . .
Cxyw, o= ay,y+a,y.y - ((,lxox +05(G, - G, )[Ixox + BFI - |x0x - Bl,l ])
Yo, % ==-R(ay,y+a,yey’) - x.x+ E,(1+mCos(w, / @,)7 YCos(a, / @)t

If we divide both of two equations by Cx,@, and y,w, first and second differential

equations, respectively;

dax ay, a'syo3 3 1

T - G,x,x+05(G, -G +B |-lx.x-B

dr Cxoa)0 Cxo‘"o Y Cxowo( 1%o% ( i l)[lxox Pl |xox p”)
dy 3.3 xo E

=~ ayy+ay,y)- x+—"~(1+mCos(w, ! @)t ) Cos(w, / w,)T

dr yowo( 1Yo TA3Y, Vo @, yowo( /@, (w,/ @,

3 —
@), AN s O 55(GmG) G')Uxox—i-Bpl—-lxox—BpI]
dr Cx,w, Cx,m, Cx,o, Cx,0,

R Ra,y; E »
& e, Yo s To o Bw (1+mCos(w, / w,)t)Cos(w, | w,)t
dr Yoy Yoo Yoy Yoy

If we divide and multiply first equation by R and we divide and multiply y variable in the

second equation by x;, then;

3 —
& _ _Ray, Rayy, y - R?l"" x—O.S————-—--—-———R(Go G) [\xox+Bpl—|x0x-— Bpl]
dr RCx,0,” RCx,w, RCx 0, RCx,m,

,‘_1.2’__ Ra,y,x, Raay(?xo 3 %o 4+ L,
dr Xo Yoo XYo@y YWy V@

(1+mCos(w, ! w,)7)Cos(w, /| w,)t
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B[]

x——4 ||
X, JJ

_d;y_._ Xo !— Ray, Ra;yg 3 E,
dr yoa)ol_ Xy - X, Y —X_]+ (1+mCos(e, / a)7)Cos(@, ! @)

00

_‘{x_: 1 !~a1)’oR +Ra3y3
dr RC(%[_ X,

Xy

I
¥’ = RGx-05R(G, - G,)L

P
X+—
X
0p

Now, we again change the variables as;

3
X a.y.R B
ﬂ’—"— 0 ’ b:_}_yﬁ_., MOZGOR, g___:__L,
Yo, Xo X,
_ 1 f . ]’:"‘ Q w]
B R("a){) ’ - y Ow() ’ b wO ’
ay.R w
o B M, =RG,, = e
X, @,

Hence, the system of (5.3) and (5.4) are transformed into new dimensionless system;

dx
= alg() - g >
%: [_g(y)—x]+f(1+mCoser)CostT 5.6

where, g(¥)=ay+by’, and g(x) = M,x +05(M, -~ M, )[|x+£]—|x—£ﬂ

The differential equations (5.5) and (5.6) now depend on the parameters S, a, M,,
M, Q,Q.,, m f, a,and b. Here, b is the coefficient of cubic nonlinearity for the
nonlinear inductor. If we choose b =0.0, the differential equations (5.5) and (5.6) will be
same as (2.3) and (2.4), thus the nonlinear inductor will be omitted from the circuit

given in Fig. 5.1 and the circuit will be same as given in Fig. 2.1.
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5.1.1 EQUILIBRIUM POINT ANALYSIS
We will find the equilibrium points of the differential equations (5.5) and (5.6). For this
case, we assume that the input external signal 1s zero and write a=1, g =1, a =1,

¢ =1, where the obtained equations will be as follows.

o 5.7
——=20) - g(x) |

L Y
dT~[ g(y) - x| 58

dy dx
The equilibrium points of (5.7) and (5.8) are identified by setting Y_Z_ 0, and

dr dr
obtained equations are;
—8()~x=0
8(y)-g(x)=0
If we add both sides of two equations above, then obtained equation 1s ;
-g(x)~x=0 5.9

where, g(x)= M x+05(M, - M, )[]x +1) = |x - 1|] , 8(»)=by® +y. If we rewrite g(x)
clearly, then

JM,x+(Mo—M‘) x21

g(x)=\Mx -l<x <1
Mx—-(M,-M,) x<-1

As shown above, there are three cases of g(x) . The equilibrium points will be found for
each cases of g(x). First, x > 1 then g(x) = M,x + (M, — M, )and if we substitute g(x) in
the equation (5.9), then we can obtain the below equation:

-Mx-(M,-M)-x=0
We can find the equilibrium point x from this equation and it is;

Mo “Ml

Yar =TT M,

5.10
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For finding y equilibrium points, we use the below equation;
g0 =-x
or
by +y=-x
and if we substitute x,,, at above equation, then

by’ MO‘MI__
1

If we look at the equation (5.11), we can see that there are three equilibrium points for y
This equation is solved numerically according to My, M, , b .

Second case is g(x) = M x when —1<x <1 and if we substitute g(x) in (5.9), then we

obtain;
-x-Mx=0
The equilibrium point for x is equal to;
X, =0 5.12
The equilibrium points for y can be found by using below equation,
g)=~x
or
by’ +y=0 5.13

In this case, the equilibrium points for y are;

’ 1 , 1
yqu:Or yeq2:_ ——b_’ yeqS: _;

Third case is g(x) = M x - (M, — M) when x < -1 and if we substitute g(x) in (5.9),
then the obtained equation is;

-Mx+(M,-M,)-x=0
We can find x equilibrium point from this equation and the equilibrium point is;

M, - M,

= 5.14
Xeq) 1+ M,
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For finding y equilibrium points, we use the below equation;
g0)=-x
or
by +y=-x
and if we substitute x,, at the above equation, then

Mo"Ml _
1+M;

by +y+ 5.15

If we look at the equation (5.15), we can say that there are three equilibrium points for y.
This equation is solved numerically according to My, M, , b .

We will find the eigenvalues of the system. For this case, we calculate det(AI-J) where J
is Jacobean matrix and I is identity matrix. Jacobean matrix is defined as derivative of

(5.7) and (5.8) with respect to x an y at the equilibrium point. We can write it as follows.

(@ (xy) )]
dx dy

df,(x,y) df(xy)
dx dy

where, f,(x,y)=-g() -x, f,(x.y)=8()-g(x)

If we substitute f; (x,)) and f> (x,)) in Jacobean matrix, then we obtain;

[ -1 -g'(yﬂ

1 0 -1 -g'W»| A+l g'W)
det(U -J)=A - =

0 1] [-g'(x) g'W g'x) A-g'Wy)

det(Al - J) = £ + A(1-g'0) - [g' ) +g'(x)g' )]



If we make the right side of this equation zero, we can find the roots of it;
E+al-g)-[g0)+g'®)g' () =0 5.16
where g'(y) = by’ +y and g'(x) is;

jM, x2>1
g'x)y=1M, -l<x<l1
M, x<-1

If we look at g’(x) function, we can see that there are three cases of it, when x > 1 and
x<-1, g'(x)=M; . If we substitute g’(x) in (5.16), then the obtained equation is;
R - A3y -[(1+3by*)(1+ M) = 0 5.17

The roots of this equation are;

3by? +4/(=36y%)* +4(1+ M, )(1+3by?)
A= 5 5.18

If we look at the equation, we can say that when b is positive and M,>-1, there are three

cases of the system. Since the system has saddle points, the equilibrium points ( y) must

1 1
- £<yeql< 3—5

For the other cases, the system is stable.

equal to;

If b 1s negative and M, >--1, the system always has saddle point when the equilibrium
points are real. The system will have one equilibrium point at least. For the other cases,
the system will be stable.
When -1< x <1, g’'(x)=M, and if we substitute g’(x) in (5.16), then obtained equation
18;

F - 23by* ~[(1+3by*)(1+ M,)| = 0 5.19

The roots of this equation are;

| 3by? £4/(=3by*)? +4(1+ M, )(1+3by?)
1,27 )

e




45

We have found that one of the equilibrium points is zero (y,,, = 0) for this case. If we

eql

substitute this equilibrium point in (5.20), we obtain;

A, =14 M, 5.21

From this equation, the system will have one positive real eigenvalue and one negative
real eigenvalue when M, > -1. When M, < -1, the system will have two complex

conjugate eigenvalues.

The other equilibrium points are equal to y, ., =% ~% and if we substitute this

equilibrium points in (5.16), then we obtain,

y ~3+/1-8M,
1,2 —

2

522
If we look at the above equation, we can see that the system will have two complex

: 1 ) . 1
eigenvalues when M > 3 In this case, the system will be stable. When ~1< M < 3"

the system will have two negative real eigenvalues. When M < -1, the system will have

one positive eigenvalue and one negative eigenvalue.
5.1.2 NUMERICAL ANALYSIS

The system of equations is given in (5.5) an (5.6). For the pﬁrpose of numerical
simulations we write ¢ =1, , =011, Q, =06, a=1, g =1, a=1, f =025 These
values of system parameters are the same with the values given in Chapters 2, 3 and 4.
M,, M,, m and b as the system parameters and by changing these parameters, we
investigate the effects of these parameters on the chaotic behavior of the circuit. If we
now choose m=0, b= 0 then the input signal will be a periodic signal (cosine signal)
and the nonlinear inductor will be a linear one. In this case, two parameter bifurcation

diagram in the (M, -M,) plane was obtained in Chapter 2 and it was given in Fig. 2.4.
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Two parameter bifurcation diagram in the (M, - M)) plane for values of b as, 0.01, 0.02,
0.1, 0.5, -0.01, -0.02, -0.1 are given in Figs. 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8. The regions

between the darker lines in each diagram show the chaotic region of the circuit.

If we choose b=0.01, for this case the bifurcation diagram is shown in Fig.5.2. If we
increase b (b=0.02), for this case, the bifurcation diagram is shown in Fig 5.3. When we
compare these bifurcation diagrams, we can see that the chaotic regions are decreased.
When M, <-0.7 for b=0.02 , there is not any chaotic region. If we increase b (b=0.1), for
this case the bifurcation diagram is shown in Fig.5.4. If we compare this bifurcation
diagram with Fig. 5.3, we can say that the chaotic regions of system are decreased. If
we again increase b (b=0.5) for this case the bifurcation diagram is shown in Fig. 5.5.
From this bifurcation diagram, we can see that there are two chaotic regions which are
very small and there is not any chaotic region when M, < -0.4 according to other

bifurcation diagrams.

If we choose b=-0.01, for this case the bifurcation diagram is given in Fig.5.6. If we
compare this bifurcation diagram with Fig 2.4, we can see that there are three chaotic
regions which are large with respect to Fig.2. 4. The chaotic regions are the largest when
-0.47<M, <1. If we decrease b (b=-0.02), for this case, the bifurcation diagram is shown
in Fig. 5.7. If we compare two bifurcation diagrams (Fig. 5.6 and Fig. 5.7), we can say
that the chaotic regions are increased a little bit, but the chaotic regions are pulled
towards increasing values of M; . When M, <-0.6, there is not any chaotic region. If we
decrease b (b=-0.1) , for this case, the bifurcation diagram is shown in Fig.5.8. As shown
in Fig. 5.8, there are three chaotic regions,. one of them is large with respect to others

and there is not a chaotic region when M, <0.20.

When b is decreased, another problem occurs except the chaotic behavior. This problem

is the operating range of the system which is affected. For instance; for b = -0.1 and M,
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is less than O, the circuit doesn’t operate until M, =-0.07, and up to M,= 0.2, there is no
chaotic region of system and we can say for the decreasing negative values of b

operating region of the system is pulled towards the positive values of M.

If we choose m =0.5 and b =0.0 then the input signal will be amplitude modulated signal.
For this case, two parameter bifurcation diagram in the (A, -M,) plane was given in
Fig.3.4. If we fix m =0.5 and change the values of b then two parameter bifurcation
diagram in the (M, -M,) plane for different values of b as, 0.01, 0.02, 0.1, 0.5, -0.01, -
0.02, -0.1 are given in Figs. 5.9, 5.10, 5.11, 5.12, 5.13, 5.14, 5,15. If we compare this
bifurcation diagrams with Figs. 3.4, we can obtain same results with the obtained results
for m=0.0, but the chaotic region of the circuit for m =0.5 is larger than for m =0.0 and

there 1s one chaotic region.

As a result, we can say that the chaotic region of the system enlarges independent on
other parameters when m #0. When b is increased posttively, the chaotic region of
system decrease. When b is decreased negatively, the chaotic region is increased and the
operating range of the system is pulled towards the positive values of M, . Thus, addition

of the inductive nonlinearity plays effective role on chaos.
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Fig. 5.7 Two parameter bifurcation diagram in the (M, -M,) plane for b = -0.02
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CONCLUSION

We have numerically analyzed the behavior of a very simple second-order dissipative
nonlinear circuit under single frequency and multi frequency input and chaotic instability
for this circuit was shown in Chapter 2 and 3. The parameters which are affected on
chaotic behavior of the system was investigated. The numerical results obtained show
that the chaotic dynamics demonstrated by even a very simple system in the case of multi
frequency forcing (m#0) can differ from those of the harmonic (m=0) input case. Under
multi frequency excitation the range of the system parameters for chaotic behavior 1s

larger than the case of single frequency input.

In Chapter 4, we have presented a two dimensional bifurcation diagrams to show the
effects of the interaction of the resistive and the capacitive nonlinearities in the circuit for
the two cases of single frequency input case and multi frequency input case. The
bifurcation diagrams in the My-M,; plane for the different values of b was given in
Figures. Note that b is the coefficient of the cubic nonlinearity for the nonlinear
capacitor. From this bifurcation diagrams, we have seen that for the decreasing negative
values of b (b=-0.01, -0.02, -0.1), the chaotic region of the system is reduced. When the
values of b was increased (b=0.01, 0.02, 0.3), the chaotic region of the system enlarged,
and the operating range of the system was affected. Thus we can say that the additional

of the capacitive nonlinearity in this case plays a limiting role on chaos.

We have numerically investigated the interaction of inductive and resistive nonlinearities
in the circuit and discussed the effects of nonlinear inductor on the chaotic behavior of
the circuit for two cases of single frequency and multi frequency input case. The
bifurcation diagrams in the My-M, plane for different values of b was given in Figures.
Here, b is the coefficient of the cubic nonlinearity for the nonlinear inductor. From this

bifurcation diagrams, we have seen that for the increasing positive values of b (b=0.01,



0.02, 0.1, 0.5), the chaotic regions of the system was decreased. If the values of b was
decreased negatively (b=-0.01, -0.02, -0.1), the chaotic region of the system is enlarged

and the operating range of the system was affected.
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SUMMARY

In this thesis, a second - order nonautonomous dissipative nonlinear electrical circuit 13
studied with respect to its chaotic instability under single frequency and multi-frequency
cases. Interaction of capacitive and resistive and, inductive and resistive nonlinearities in
the circuit are investigated with due regard in the effect of capacitive and inductive
nonlinearities on its various chaotic behavior. The results of the study are presented in
the form of graphics. The effective parameters on the chaotic behavior of the circuit are

emphasized in the discussion of , ways of controlling and synchronizing chaos .
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OZET

Bu tezde, ikinci dereceden lineer olmayan ve nonotonom bir elektirik devresinin tek
frekans ve multi frekans altindaki kaotik kararsizhigi ¢aligilmigtir. Ayrica devrenin rezistiv
ve kapasiiv, rezistiv ve enduktiv etkilesimi ve bu etkilesimin devre {izerindeki etkisi
incelenmigtir. Bu ¢aligmanin sonuglart grafiksel olarak verilmis ve kargilastiriimigtir.
Devrenin kaotik davramg: tizerinde etkili olan parametreler bulunmustur. Boylece kaosun

degisik yollarla kontrolii ve senkranizasyonu tartigildi.
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