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ABSTRACT

THE INVESTIGATION OF THE EFFECTS OF VELOCITY DEPENDENT
POTENTIAL IN THE SOLUTION OF WAVE EQUATION

BERK ATES, Yildiz
Ph.D in Engineering Physics
Supervisor: Prof. Dr. Eser OLGAR
February 2020

88 pages

In this thesis, the effect of the velocity-dependent potential is taken into
consideration in order to obtain the solution of Schrdodinger equation (SE) for
different physical potentials. By choosing form factors as three different cases such
as &(r) =ypg,e(r) =yrand &(r) =yr?, the velocity-dependent potential is
determined and the energy eigenvalues and eigenfunction are obtained for any
quantum numbers n and [. During all calculations, the well-known method
Nikiforov-Uvarov (NU) method is used. It is seen that by taking y = 0, the obtained
results are reduced to results of velocity-independent potential case which are in
good agreement with those of in literature. The variations of energy eigenvalues are

tabulated and graphed with respect to quantum numbers 7 and /.

Key Words: Velocity-Dependent Potentials, Analytical Solution, Numerical
Solution, Nikiforov-Uvarov Method.



OZET

HIZA BAGLI POTANSIYELLERIN DALGA DENKLEMLERI UZERINE
ETKIiSININ ARASTIRILMASI

BERK ATES, Yildiz
Doktora Tezi, Fizik Miihendisligi
Damisman: Prof. Dr. Eser OLGAR
Subat 2020

88 sayfa

Bu tez ¢alismasinda, Schrodinger dalga denkleminin farkli fiziksel potansiyeller igin
¢Oziimiinii elde etmek igin, hiza bagli potansiyelin etkisi dikkate alindi. Form faktorii
e(r) =ypo,(r) =yr ve &(r) = yr? gibi ii¢ farkli durumda segerek hiza baglh
potansiyel heaplandi ve herhangi bir kuantum durumuna karsilik gelen enerji
Ozdegerleri ve O0zfoksiyonlar1 elde edilmistir. Tiim hesaplamalar boyunca, yaygin
olarak kullanilan Nikiforov-Uvarov metodu kullanilmistir. Form faktérii y =0
olarak alindiginda elde edilen sonuclar, hiza bagli olmayan potansiyel formuna
indirgenerek literatiirle 1y1 uyum igerisinde oldugu gorildii. Enerji degisimleri

kuantum sayilar1 n ve [ ye gore tablo ve grafik haline getirildi.

Anahtar Kelimeler: Hiza bagl Potansiyeller, Analitik ¢6ziim, Niimerik Coziim,

Nikiforov-Uvarov Method.



(l:g 4
edicated ta my dear
Uyse bledt”



ACKNOWLEDGEMENTS

First of all I would like to thank my supervisor Prof. Dr. Eser OLGAR for his
support and advices during my thesis. Secondly, I wish to thank my mother, Ayse
BERK and my husband, Mehmet Ali ATES for his support during all my Ph.D.
education and thank my daughter Cemre ATES to give me joy of life.

viii



TABLE OF CONTENTS

Page

ABSTRACT auiiiiiiiiiiniisnnnnnnissiessisssnssssssssissssssssssssssssssesssssssssssssssssessssssssessssssss v
OZET vii
ACKNOWLEDGEMENTS viii
TABLE OF CONTENTS ix
LIST OF TABLES . Xi
LIST OF FIGURES xiii
CHAPTER 1 ...cuuiiiiiiiiniinninininsnnississsnssssissssssssssssssssssssssssssssssssssssssssssssssssssssssessse 1
INTRODUCGCTION ...ttt sttt et e st e bt e eabeeee 1
CHAPTER 2 ..ottt sttt sttt e 6
THEORY OF VELOCITY-DEPENDENT POTENTIAL.............ccccoeoiiiniinn 6
2.1 Velocity-Dependent Potential .............coooieiiiiiiiiiiiniiiiniieiiceeeeeceeeeee 6
2.2 Schrodinger Equation With Velocity-Dependent Potential ............c..cccceeenneee. 6
2.3 Nikiforov-Uvarov Method ............coooiiiiiiiiiiiiiietceeeeee e 7
CHAPTER 3 ...ttt 10
APPLICATIONS TO PHYSICAL POTENTIALS .......ccooiiiiiieeeeieee, 10
3.1 Case 1: State of form factor £(7) = PP .eceeveevereereereieieisieeeieeeeeeee e 10
3.1.1 Harmonic OSCIIALOT......c..coiiiiiiiiieiieicceeeeeee e 11
3.1.2 Coulomb POLENtIAL......cc.eeeiuiieiiiieiiie ettt 13
3.1.3 Hulthen Potential ............ccooiiiiiiiiiiiiiicieeee e 17
3.1.4 Kratzer Potential ..........coceeiiiiiiiiiiiiiiiccecceee e 21
3.1.5 M€ POLENLIAL...uuiiiiiiiiiieiieiceteee et 24
3.1.6 Cornell Potential ............cooouiiiiiiiiiiiiiiiieeiee ettt 27
3.1.7 Woods-Saxon Potential.............ccoeueiiiiiiiiiiiiiiiieeieecieeeiiecete e 31
3.1.8 POschl-Teller Potential...........ccccoeuiiiiiiiiiiiieiiieiie et 34



3.2 Case 2: State of form factor €(F) = PF ......cooveeveeeeeeeieeeeeeeeeeeeeeeee e, 38

3.2.1 Harmonic OSCIIAtOT . .....cc.eeiiiiiiiiiiiiiecete e 39
3.2.2 Coulomb Potential ..........ccoouiiiiiiiiiiiieiieeieee e 42
3.2.3 Hulthen Potential ............ccooouiiiiiiiiiiiiiiciee e 45
3.2.4 Kratzer POtential ..........coceeiiiiiiiiiiiiiiiiicete et 49
3.2.5 Mie Potential.........c.cooiiiiiiiiiiiiiiieeiecete e 52
3.2.6 Cornell Potantial ..........cccoeiiiiiiiiiiiieiieeeeete e 55

3.2. 7 Woods-Saxon Potential.............coooueeiniiiiiiiiiniiiiiieieceieeeeeeeeeee 58
3.2.8 POschl-Teller Potential............cccooouiiiiiiiiiiiiiiieieiieee e 61

3.3 Case 3: State of form factor &(r) = yrz ............................................................. 64
3.3.1 Harmonic OSCIlIAtOT............uvviiieeiiiieiiiiiiieeee e eeeeciiiee e e e eeeeivrr e e e e e e e eeeanes 64
3.3.2 Hulthen Potential ...........ccociiiiiiiiiiiiiieceece et 68
3.3.3 Woods-Saxon Potential............cccoecuiiiiiiiiiiiiiiiieiecieceee e 72
3.3.4 Poschl-Teller Potential..........ccc.coouiiiiiiiiiiiiiieeie et 74
CHAPTER 4 ...t Hata! Yer isareti tanimlanmamuis.
CONCLUSION.........ooiiieeeeeeeeee e Hata! Yer isareti tanimlanmamuis.
REFERENCES ...ttt 82
CURRICULUM VITAE ...ttt 88



LIST OF TABLES
Page
Table 3.1 The energy eigenvalues of the Coulomb potential in Case 1 under
Y =002 4=1/2h=1,A=50, 0 =4 cvveeeeeieee e 16
Table 3.2 The energy eigenvalues of the Hulthen potential in Case 1 under y =0,5
u=112h=1,K=0.006,k =10, 0, =0.1. e eeeereriiiiiiiiii e 20
Table 3.3 The energy eigenvalues of the Kratzer potential in Case 1 under A=-0.5
B=01,C=-005y=50,m=1/2,h=1p0,=0.5.ccceeriiiiiiiiiiiiiiiiiiii.. 23
Table 3.4 The energy eigenvalues of the Mie potential in Case 1 under m=1/2,
a=10,y =5V =50 =2 et 26
Table 3.5 The energy eigenvalues of theCornell potential in Case 1 under 6 = -5,
u=1/2,a=5h=1Lp,=1,b=13,y=00L,a=-05......................... 30
Table 3.6 The energy eigenvalues of the Woods-Saxon potential in Case 1 under

y=005,m=1/2=1V,=0.06, 8=2,0) =5 1eivreerrerrerrrerrrrr. 34

Table 3.7 The energy eigenvalues of the Poschl-Teller potential in Case 1 under
y=06m=1/2,A=1V,=050=-0.03,p,=10. ........................ 38

Table 3.8 The energy eigenvalues of the Harmonic oscillator potential in Case 2
w=10,a=-048,0=2,y =25 m=1/2,h=1............................ 41

Table 3.9 The energy eigenvalues of the Coulomb potential in Case 2 under
7=0020="2,u=1/2h=LA=50. ......cccooiiiiiiii e, 44

Table 3.10 The energy eigenvalues of the Hulthen potential in Case 2 under
K =0.06,x =10,y =0.5,0 =—0.05,m=1/2h=1........................ 48

Table 3.11 The energy eigenvalues of the Kratzer potential in Case 2 under
A=-005B=0.1,C=-0.05y=50,0=03,m=1/2,h=1............ 51

Table 3.12 The energy eigenvalues of the Mie potential in Case 2 under

xi



m=1/2,a=10,y =5V, =006, = 1. .....ooviireoeeoeoeeeeeeeeeee, 54

Table 3.13 The energy eigenvalues of the Cornell potential in Case 2 under
0=-5m=1/2,a=5h=1,b=13,y=0.01,a=-0.05................... 57
Table 3.14 The energy eigenvalues of the Woods-Saxon potential in Case 2 under
m=1/2,y=0.05n=1V,=0.06,6 =-0.005............................... 60
Table 3.15 The energy eigenvalues of the Poschl-Teller potential in Case 2 under
7y=06,0=-003m=1/2,A=1V, =05 ...........coceciiiiiiiiiiin 63
Table 3.16 The energy eigenvalues of the Harmonic oscillator potential in Case 3
under w=10,0=-048,0=0,5,y =25 m=1/2,h=1................... 67
Table 3.17 The energy eigenvalues of the Hulthen potential in Case 3 under
K=0.06,k =10,y =0.5,06 =—0.05,m=1/2,h=1....c..c..ccccceciiiiin 71

Table 3.18 The energy eigenvalues of the Woods —Saxon potential in Case 3 under

m=1/2,y=0.052=1V,=0.06. ..........c.ocoeiiiiiiiiiiii 73
Table 3.19 The energy eigenvalues Poschl-Teller potential in Case 3 under y = 0.6,
m=1/2,h=1V,;=0.5a=-0.004. .....ccccecererrrrrrreeereeeeeeenn, 77

Xii



LIST OF FIGURES

Page

Figure 3.1 Harmonic oscillator potential for w=10, m=1/2. .......c.ccccocerrvirnnnnnnnen. 11

Figure 3.2 Coulomb potential for A=50..........cccovvieeiiiiniiieiieeeeeeee e 14
Figure 3.3 The graph of energy eigenvalues of the Coulomb potential in Case 1

fory =002, u=1/2,1=1,A=50,p, =4 ccevviriiiiiiiiiiiiiian, 17

Figure 3.4 Hulthen potential for K =0.06; =10. ...coceevvevuieviiriiiiiienieiieieeieiee 18

Figure 3.5 The graph of energy eigenvalues of the Hulthen potential in Case 1
fory =0,5u=1/28=1,K=0.006,k =10, 0, = 0.1 c++evvvnerrrreerrrnaerrnnaeennns 20
Figure 3.6 Kratzer potential for A=-0.05,8=0.1;C=-0.05Hata!  Yer isareti
tanimlanmamus.
Figure 3.7 The graph of energy eigenvalues of the Kratzer potential in Case 1 for
A=-05B=01C=-005y=50m=1/2,h=1,p, =05 cceeeeeeeeiieiiiiic. 23

Figure 3.8 Mie Potential for a =10,V,; =0.06. .......ccccovviiiiiiiiiiiiiiicice 24

Figure 3.9 The graph of energy eigenvalues of the Mie potential in Case 1 for

M =17 2,0 =107 = 5,Vy =5, Py = —2ueennrnnnnnrnnnnnnnreereeeeeeeeeeeeeeeeeeans 26

Figure 3.10 Cornell potential for b=1.3,a=—0.5....ccccceiiriiniiriiiiniinieiieeene 27
Figure 3.11 The graph of energy eigenvalues of the Cornell potential in Case 1 for

0=-5u=1/2,a=5h=1p,=1,b=13,y=00La=-05... ..............30

Figure 3.12 Woods-Saxon potential for V, =0.06, F=2,g=1...cccccecuervvirirvrinrannnne 31

Figure 3.13 The graph of energy eigenvalues of Woods-Saxon potential in Case 1
for y =0.05,m=1/2,h=1LV,=0.06,=2,0y==5. ccccvvriiiiiiiiini... 34

Figure 3.14 Poschl-Teller potential for V), =0.5,g =1. ...ccccoeoiiininiiiiiiiiiiiics 35

Figure 3.15 The graph of energy eigenvalues of the Poschl-Teller potential in
Casel for y=0.6,bm=1/2,h=1V,=0.5,6=-0.03,p,=10. .................. 38

Figure 3.16 The graph of energy eigenvalues of the Harmonic oscillator potential in

Xiii



Case 2 forw=10,a=-048,0 =2,y =-25,m=1/2,h=1.................. 42

Xiv



Figure 3.17 The graph of energy eigenvalues of the Coulomb potential in Case 2

fory=0.02,0 =2, u=1/2h=1,A=50.....ccccoeiiiiiiiiiinn, 44
Figure 3.18 The graph of energy eigenvalues of the Hulthen potential in Case 2
forK =0.06,xk =10,y =0.5,06 =-0.05,m=1/2,h=1........c..c.......... 49

Figure 3.19 The graph of energy eigenvalues of the Kratzer potentialin Case 2 for
A=-0.05B=0.1,C=-0.05,y =50,6 =03, m=1/2,ci=1.................. 52
Figure 3.20 The graph of energy eigenvalues of Mie potential in Case 2 for
m=1/2,a=10,y =5V, =0.00,i=1...c.c.ccceiiiiiiiiiiiiiiiiiiiiiii, 54
Figure 3.21 The graph of energy eigenvalues of Cornell potentialin Case 2 for
0=-5m=1/2,a=5h=1,b=13,y=001,a=-005...................... 58
Figure 3.22 The graph of energy eigenvalues of Woods- Saxon potential in Case 2
fory =0.05,2=1,V, =0.06,5 = =0.005. ..c.eerverririmiririereieieneneneeeenees 61
Figure 3.23 The graph of energy eigenvalues of Poschl-Teller potential in Case 2
fory =0.6,6 =-0.03,m=1/2,A=1LV,=05. .........c.....coiit. 64
Figure 3.24 The graph of energy eigenvalues of Harmonic oscillator potential in
Case for w=10,=-048,6=0,5,y =-25,m=1/2,h=1................ 68
Figure 3.25 The graph of energy eigenvalues of Hulthen potential in Case 3 for
K=0.06,x=10,y =05,0=-005m=1/2,c=1........cccciciiiiiiiiin 71
Figure 3.26 The graph of energy eigenvalues of Woods-Saxon potential in Case 3
form=1/2,y=0.052=1V,=0.06. .........ccccceiiiiiiiiiiiiiiinnnn. 74
Figure 3.27 The graph of energy eigenvalues of Poschl-Teller potential in Case 3
fory =0.6,m=1/2,A=1V,=05a=-0.004. ..., 78

XV



A T > gn o <= O

Q

st 6 A

=]

LIST OF SYMBOLS

Delta
Gamma
Epsilon
XI
Lamda
Mu
Tau
Sigma
Omega
Kappa
Phi
Tshe
Alpha
Theta

XVi



CHAPTER 1

INTRODUCTION

The eigenvalue problem plays an important role in order to analyze many physical
systems in branches of physics such as quantum mechanics, nuclear physic and
atomic and molecular physic,....etc. The energy spectrum of most of these systems is
determined by using the solution of second order differential wave equation called
Schrodinger equation. Generally, it is possible to obtain the solution of wave
equation for all physical potentials describing some physical interaction. When it is
considered in content are second order differential equation, it is well known that the
exact solution of Schrodinger equation for physical potentials is limited to few
number of potentials. In the presence of complex potentials, it is difficult to obtain
the analytic solution. Therefore only the approximate solution can be obtained. In
order get rid of this problem, some analytical methods and approximation are
proposed. The common methods and approximations are WKB approximation [1],
time independent Perturbation method [2], Variational method [3], Supersymetric

quantum mechanics [4], 1/N expansion [5] ... etc.

One type of the solution of wave equation in quantum physics is the bound state
solution which is a special quantum state of a particle subject to a potential that the
corresponding particle has a tendency to localize in some regions of space. For
example, the bound state solution of Schrédinger equation in the presence of Hulthen
potential is solved by using Nikoforov-Uvarov method [6], the shifted 1/N expansion
[7] method and Supersymetric quantum mechanics (SUSY) method [8-11]. Any [-
state solution of Schrodinger equation for Hulthen potential is determined in [12] by
framework of Asymptotic Iteration method (AIM) [13-15]. Similar to these
applications, the bound state solutions for other potentials are studied with different

methods such as Kratzer potential [16-19], Mie potential [20-22], the Coulomb
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potential [23], Harmonic oscillator [23], Woods-Saxon [24-25] and Pdschl-Teller
potential [26, 27].

One of the interesting applications of Schrodinger equation in physics is the effects
of velocity-dependent potential in the wave equation. In recent years, the spectrum
analysis of Schrodinger equation in the presence of velocity-dependent potential has
drawn great attention of researchers. The velocity-dependent potential was first
derived to analyze scattering of meson from the complex nuclei in nuclear physic
[28]. In the atomic physic, the velocity dependent potential was used to demonstrate
the scattering of electrons from the oxygen and neon atoms [29]. At the same time,
the solution of radial Schrodinger equation by velocity-dependent potential is used
for describing particles with a position-dependent effective mass [30, 31]. Although
the solution of the Schrodinger equation with velocity-dependent potential holds an
important place in many different fields of physics, the exact analytical solution for
such an equation is only possible with the angular momentum /=0 for some potential
models. For this reason the effect of isotropic velocity-dependent potentials on the
energy spectrum has been studied using different methods as analytically and

approximately [32-39].

In reference [40], the bound state solution of Schrédinger equation was calculated for
condition of s-wave case by using the formal scattering theory. The availability of
scattering theory is given with two analytical evidences. One of the is using directly
non-local velocity-dependent potential and the other proof is equivalent non-local but
energy dependent. The energy spectrums of Schrodinger equation are obtained
analytically and numerically for velocity-dependent potential has the form of a

square-well.

Additionally the bound state solution of Schrédinger equation is investigated in the
p-wave state by framework formal the scattering theory with using general function

of velocity-dependent term [41].

Jaghoub studied the solution of the Schrodinger equation with an isotropic velocity-
dependent potential which has the form of a constant perturbing potential and

2



perturbing Harmonic oscillator under a local square-well potential field in the

presence of general function of form factor by using perturbation theory [42].

The exact bound state solution of the Schrodinger equation was evaluated in

presence of velocity-dependent perturbing potential for different value of form factor
which are &(r) = yp, and &(r) = }/rz [43]. In this study, although the wave function is

obtained analytically, the eigenvalues is determined only numerically.

Additional to this study, the solution of wave equation with velocity-dependent
potential by using perturbation method for general functional form of form factor is
done by Jaghoub [44]. Developed model has been applied for the changes in the
scattering phase-shift and wave function by considering the velocity-dependent
interaction as a small perturbation. In order to test the validity of the obtained model,
it was applied to fully soluble model for nucleon-nucleon scattering. The results were

in good agreement with those of the fully soluble model.

The eigenvalues and eigenfunction of Morse potentials in the framework of velocity-

dependent effects are investigated for any quantum states of 1 by considering the

cases of form factor as &(r) =yp,and &(r) = )/rz [45]. The corresponding energy

spectrum are derived analytically only for &(r) = yp, and numerically for &(r) = yr’

in the context of Asymptotic Iteration method (AIM).

Also, Bayrak and collaborators [46] extended their model to Coulomb and Harmonic
oscillator potentials in order to get the solution of radial Schrodinger equation

including an isotropic velocity -dependent potentials. In a similar way, only the

analytical solution was calculated only for the case of &(r)=7p, .

The velocity-dependent potential is used to produce the single-particle energy levels
for general function of form factor in [47]. At the same time the single-particle
energy states of neutrons were calculated and compared with the experimental data,

in order to show the truth of their model.



The single-particle energy spectrums are evaluated for some closed shell heavy and
super heavy nuclei by using a form of an effective velocity-dependent nucleon-
nucleus potential [48]. Although a general analytical solution is derived for velocity-
dependent potential, the numerical values of the single-particle energy have been

calculated by using general function of form factor.

The velocity-dependent potential is reproduced to define the dynamics of a rigid
body in a rotating frame, and this potential has been associated to electromagnetic
analogs in [49]. In this study, the form factor is considered as a general function and
rigid body problem is formed in the presence of effect of velocity-dependent

potential.

The static potential of an electron interacting is display with an atom by a sum of two
Debye-Huckel or Yukawa functions, using velocity-dependent potential with a
regularized Yukawa form factor [50]. In spite of the authors focused on a general
solution, numerical values of energy were calculated by making different approaches

to general function of the velocity-dependent potential term.

In [51], the analytic solution of Schrodinger equation with Morse potential is present
when velocity-dependent potentials has a general form factor function. Moreover,
energy spectrums of neutrons are obtained for any quantum states by using
perturbation method for a general function of velocity dependent term and a constant

form. The obtained results are compared with experimental data.

Another study on Morse potential is included in [52]. The corresponding
eigenfunctions is determined to approximate a nonlocal or velocity-dependent

nucleon-nuclear potential by using Hartree-Fock calculations.

When all studies related to energy- dependent potential are concluded it can be seen
that the analytic solution of potentials are limited to a few potential for the form
factor is not constant. The solution of Schrodinger equation in the case of constant
form factor can be obtained easily by any method. In non-constant form factor case,
the form factor is considered as a function and the corresponding energy spectrum

4



are calculated by using perturbation expansion. In the view of these studies, our aim
is to increase the number of solved velocity-dependent potentials in physics. During
the study, the Nikiforov-Uvarov method is used to overcome this deficiency in
literature. In this context, the solution of Schrédinger equation by taking into account
of velocity-dependent effect for different states of form factor, the Harmonic
oscillator, Coulomb, Hulthen, Kratzer, Mie, Cornell, Wood-Saxon and Poschl-Teller
potentials are considered. The energy eigenvalues of these potentials have been
calculated for all states of form factor. The solution of some potential were obtained
analytically and for some of them numerically. The obtained results were compared

with literature and energy graphs were drawn.

This thesis consists of 4 chapters. The organization of the thesis is as follows. In
Chapter 1, the information about thesis and a brief description of velocity-dependent
potential are presented in addition to literature survey. The theory of velocity-
dependent potential and NU method are given in Chapter 2. The application of
Schrédinger equation for velocity-dependent potential such as Harmonic oscillator,
Coulomb, Kratzer, Mie, Hulthen, Cornell, Woods-Saxon and Pdschl-Teller potentials
are presented in Chapter 3. Finally, conclusions and noteworthy results are discussed

in the last chapter.



CHAPTER 2

THEORY OF VELOCITY-DEPENDENT POTENTIAL

The definition of velocity-dependent potential is presented in this chapter. Using this
definition, the radial part of Schrodinger equation is formed when the part of form

factor is considered in the potential.

2.1 Velocity-Dependent Potential

Kisslinger potential, namely the effect of velocity-dependent potential is determined
as terms of del and gradient operators as,

V(e(r)Vy) =e(r)Vy +Ve(r)Vy (2.1)

where 1 is a three-dimensional wave function and &(r)is an isotropic function of the
radial variable r. In equation, the first term on the right is actually a kinetic energy
term and for this reason the name velocity-dependent potential, which associated
with the kinetic energy term in the Schrodinger equation. This potential, which
correctly predicted the predominantly p-wave nature of the pion-nucleon scattering,
was produced by Kisslinger [28]. The form function £(r) can be taken to represent
the nuclear density. As a result, the second term in Eq. (2.1) is sensitive to the diffuse

edge in nuclei which is especially important in light ones [40].

2.2 Schrodinger Equation with Velocity-Dependent Potential

The velocity-dependent potential is a superposition of the V. (r) and the isotropic

velocity-dependent V, ,,(r, p) potentials which has form [28],



h2 2 — </
Vo (7: ) =Vog (1) + 5 2V + V).V | (2.2)
I(L+1)

2
7

Where, V,, (r) = + V (r) with the corresponding physical potential V (r),7% is

the Planck constant, m is the mass of the particle. The radial Schrodinger equation in
terms of Eq. (2.12) may be written as,

{—h—vz +V, (7 p)} R(r) = ER(r)

2m (2.3)

for a particle with energy E moving under the isotropic velocity-dependent potential.
Substituting Equation (2.2) into Eq. (2.3) yields,

{—% V24V, () + % (Vv + ﬁg(r)ﬁ)} R(r) = ER(7). -
In the presence of effective potential, the Schrodinger equation in Equation (2.4) is
transformed to

(2.5)

{—h—vz D vy I (ev + g'(r)ﬁ)} R(r) = ER(r).
2m r 2m

which is the required Schrédinger equation form including velocity-dependent

potential function.

2.3 Nikiforov-Uvarov Method

Nikiforov-Uvarov (NU) is a method of solving the second order linear equations
with special functions. The energy spectrums of many physical systems have been
investigated Nikiforov-Uvarov method [53-59]. This method, the non-relativistic
Schrodinger equation or similarly in used frequently in the solution of independent
second order differential equations the method. In this method, it is necessary to

express any Schrodinger equation or second order differential equation as follows.

(e 20) ey, S(8)
w!(s) O_(S)l//n() Gz(s)‘//n() 0 (2.6)

Where of(s) and &(s) are polynomials, at most of second degree, and 7 (s) is a first-

degree polynomial. To make the application of the NU method simpler and more
direct, we introduce a more compact presentation of the idea. In order to do this, the

Equation (2.6) is rewritten as follows [23].
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in which the wave function is in form of

W, (s) =@(s)y,(s). (2.8)
Comparing Equation (2.7) with Equation (2.6), following identifications are obtained
T(s)=c —cys, o(s)=s(l-c¢s), &(s)=-&s*+&E5-&, (2.9)

With these equations the necessary parameters for the solution of the equation are
derived.

(i) The relevant constant

6425(1_61) (2.10)
Cs =%(c2 —2C3)

Co = C52 +6

¢ =2¢,65 -6

G =c; + &

_ 2
Cy = C3C; + 3¢5 + ¢4

Co =€ +2¢, +24cq

i =c2—205+2( Cy +c3\/a)

Ciy = C4 +4JCq

Ci3 =Cs _( Cy +03\/CS)

(i1) The essential polynomial functions
7Z'(S) =c, +css—[( Co +c3\/g)s—\/g],
k:—(C7 +2C3C8)—2,,C8C9, (211)

T(s):c1 +2c, —(02 —2c5)s—2[<\/g+c3\/a)s—\/g].

(ii1) The energy equation

A :czn—(2n+1)c5 +(2n+1)(\/g+c3\/g)+n(n—l)c3 + ¢y + 20564 + 24Jc4Cy - (2.12)

(iv) The wave function



,O(S) — 60 (1 _c3s)011 i

. (2.13)
P(s) =5 (1-cys)", ¢, >0, ¢;; >0,
Y, (s) = Pn(“o’c”) (1 - 2C3S), ¢ >—1, ¢, >-1,
where P (x), u>-1, v>—1,and x e[—1,1] are Jacobi polynomials with
1
Pn(“’m(l—Zs) = (@+1), SE(-nl+a+ f+na+l;s),
(2.14)

and N, is a normalization constant. Also, the above wave functions can be

expressed in terms of the hypergeometric function as following,
Voo (8)=N,s (1—c;s)" LE(—n1+ ¢+, + 150 + L¢35) (2.15)

where ¢, >0, ¢,; >0 and s €[0,1/c,], ¢; #0.

In the rather more special case of ¢; = 0, the wave functions can be written in form
of the Laguerre function as following,

— SPICEL) et
178 (s)—NnKs e L™ (cy8).



CHAPTER 3

APPLICATIONS TO PHYSICAL POTENTIALS

In this chapter, the effect of velocity-dependent potentials on the solution of SE has
been investigated and energy spectrums are obtained for well-known physical
potentials. For the first time, here the solution of the radial Schrodinger equation with
the Harmonic oscillator, Coulomb, Hulthen, Kratzer ,Mie, Cornell, Woods-Saxon
and Poschl-Teller potentials including velocity dependent are obtained for any
quantum states for different form factor by using the Nikiforov-Uvarov method. The
corresponding energy eigenvalues are calculated in the presence of velocity-

dependent potentials.

The applications in this section will be discussed in three different categories. These
are;

1) &(r) =yp(r) =yp,

i) e(r)=yo(r)=yr

iii) &(r) = yp(r) = yr’

3.1 Case 1: State of form factor &(r) = yp,

In this case, by taking form factor &(r) = yp(r) = yp, the Schrodinger equation in

Equation. (2.14) becomes,

(2E,mr* +1(1+ 1)1 +2mr°V [])
r’n’ (_1 + 7/00)

2
r(—l + 7/,00)

R”[r]+ R'[r]—

R[r]zO. (3.2)

By considering different examples of V(r), equation is reduced to the eigenvalue

equation to be.

10



3.1.1 Harmonic Oscillator

The meaning of Harmonic oscillator [59] is around an average value at one or more
characteristic frequencies in physical systems. The Harmonic oscillator is a model
for many physical systems, describing it’s a natural movement by harmonic equation.
For example acoustic vibration of solid, vibration motion of molecules, electro-
magnetic waves, etc. The graph of the potential is given in Figure 3.1.

The Harmonic oscillator potential is given by

1 2.2
Virl=—mor",
[r] >

where @is the angular velocity.

10000

r

Figure 3.1 Harmonic oscillator potential for w=10, m=12.

By substituting V[r] in Equation (3.1), the Schrodinger equation becomes
(2Enr2,u —mriw u—1(1+1) hz)
'’ (1 — 7/,00)

2
r(l_Vpo)

R"[r]+ R'[r]+ R[r]:O.

(3.2)

By performing the change of new variable r —>ar and substituting into the

Equation (3.2), the equation is transformed to

1=y0,) .. 2 2E o’ ur’ —mw’a’ urt -1 (l + 1)7/‘12 (3.3)
((Z—ZO)R [T]_’_ER [T]+( a2T2h2 )R[T]ZO

Similarly using the transformation, 7 — Js Equation. (3.3) becomes,

11



_ ' 2y (2E, + swau)+1(1+1)n*)U 3.4
(3 %00)(] [S]+(sa ,u( n+swa,u)+ ( + ) ) [s]

U =0.
N A N T 451 (~1+ 1p,)

By comparing Equation (3.4) with Eq. (2.5) then following parameters are obtained,
& =—(mw'a'u)/(4(~1+yp,) 1)
& =(2E,a’u)/(4(-1+yp,)1")
E==(L(1+ 1)1 )/ (4(=1+ yp, ) ")

Other ¢, terms are obtained using Equation (2.6) as follows,

¢ =3/(2(1—}/p0))
¢, =0
¢, =0
1+ 2yp,
L A, (3.5)
¢, =0
mw o’ u
4(=1+ypy ) 0>
Ea’u
2(-1+yp, )1

(+1) (1+ 210, )

Co = —

c, =

S
YoA(-14p,) (44, )

mw'a’ u
Co ==

4(=1+yp, ) h
L3 20 | i) +(1+2;/p0)2
Y 2(1-yp,)  —4+4p, 4(=1+ypy) (~4+4yp,)

.- | mw’a’ i
11 (—1+}/p0)h2

_ A+ |+ (1+2p)
—4 + 4yp, 4(=1+y00) (~4+4yp,)

1 mw o’ u
Cy=—=, - ———
2\ (~1+yp,)h

Substituting these expressions into the energy equation of Equation (2.12), the

12

energy equation is obtained as,

12



(1+ )2 3.6)
A =(1+2n)\/§—§2 +2\/§1 (53 +¢)2J

(_4 +4yp,

and energy eigenvalues is

1 2 4 3.7)
2(—1+7/p0)(—2(1+2n)\/—m _

1 mwzoz“,u(l(4—47/,oo)+l2 (4_47/p0)+(1+7/p0)2))r2
L 7
4 (_1"‘7100)3 n?

a’u

The corresponding wave function becomes,
.m0 (141p0)° 31 : 2(1+yp) | (1+1p)° (3 8)
R[n, r] _ Nm 264‘/?‘ 4+47po \} (~4+47p0) 21-mpy) —4+47py \} (=4+45p,) \/—

where N, is the normalization constant.

The obtained results are new which have not been reported before in available

literature to the best of our knowledge. However, as a special case when y =0, then

Equation (3.7) and Equation (3.8) are reduced to

3.9
/wa,u wa,u J1+2l wa' 5 G2

2a° 1

ENY LI T (3.10)
R[n,r]=N,, 2e \/;Lijmj\/a

This result is consistent with these reported by Berkdemir [60] after matching the

parameters.

3.1.2 Coulomb Potential

Coulomb potential deals an electron of charge moving in the Coulomb electrostatic
field of the nucleus. The graph of the potential is drawn as a function in Figure 3.2.

The Coulomb potential [59] is taken as

13



where A is the depth of the Coulomb potential.

10 L 1

r
=]
T T

]]O; ;

]2(); ]

Figure 3.2 Coulomb potential for A=50.

After the similar approach as for the Harmonic oscillator potential, then SE with

Coulomb potential takes the form,

’ 2 2(1+1 = r(A+E,r))
R [r|+———<R[r|- R[r]=0.

[r]+ =) [r] 21 (1= 7p0) [r] G

Now if a physical wave function R(r) = Un) i proposed then Equation (3.11)
r

becomes,

, o) , 2(({+ +r(A=E,;r)) u+yi’p (3.12)
(1_7,0())1] [r]‘*‘@lj [I"]— (( r2h2 ) O)U[I”]IO.

To solve the above equation, after defining a variable of the form r — as, Equation

(3.12) yields,
2((1 +1* +sa(A- Ensa))y + 7/h2p0)

’ 2yp, ,
U [S]+ U [s]— szhz(l—yp)
0

S(l_7p0)

The followings are the parameters;
2E o’ u

14



_ 2Aou

7 (1—7,00)

~ 2(l,u+lz,u+;/h2p0)

5 1 (1-7p,)

¢, =2yp, 1 (1-70,) (3.14)
¢, =0

c; =0

2
¢, :l 1_ﬂ
2 1-7p,

C5=

S

_ 2Ed’u
1 (1-7p,)
¢ = 22Aa,u
h (1—}/,00)
2(l,u+lz,u+7h2p0)+l(l_ 2 ]2
n (1=7p,) 40 1-pp,
. 2E o’ u
’ hz(l—;fpo)

21+ 1w+ yh® 9
cm=1+2\/(” _aild p°)+1[1— 27”°j

Ce =

CSZ

n* (1-7p,) 40 1-pp,
Eo’u
:2 _ n
i \/_ hz(l—jfpo)
2
. :1(1— 290, j+ 2(lﬂ+lzﬂ+7tho)+l(l_ 2P, }
o2l 1-yp, n* (1-7p,) 400 1-yp,

Eo’u
2 |- XA
=2 7 (1= 1p,)

the energy equation can be obtained for the Coulomb potential as,

Eo’u 2Aou
A=\2(1+2 2 -
V(e 2n) W (Lem) W (Tm,)

E,o u(81(1+1) g+ 1+ yp, (=81 (1 +1) pu+ 2 +7h2p0)>
V2 - ; :
h (_1+7po)

(3.15)

15



Ever since, the Equation (3.15) can not be solved analytically by using NU method;
the numerical values of energy for n and / were obtained from energy equation with

appropriate parametersy =0.02, u=1/2,A=1,A=50, p, =4, and these value was

shown in Table 3.1. When the appropriate constants are selected for the parameters,
energy spectrums and wave function of Coulomb potential have the same results as

the literature in condition of form factor &(r) =0. The graph of energy is presented

as a function of r in Figure 3.3. It is seen from the figure, the energy values of
Coulomb potential showed a parabolic increase negatively depending on the
quantum number. Similarly, the energy increase negatively as the momentum
number increases. Besides, it can be seen from the graph that energy gets its greatest
value is E,=-3.01233 when n=10 and 1;=1 and its smallest value is E,=-67.5973 in
n=1 and [;=1. In addition, since the energy values are very close to each other in n>8
quantum states, they showed a change around almost the same value. Also, this
energy figure gives nearly a close result compared to non velocity-dependent
potential.

The corresponding wave function

[Ece wifiam), PliaPuertip) v, 2, |

~r | 2 ‘
1 N, 2\/56 \ 7 (lfypo)r A B G2 I ) (3.16)
R[n,r]= ; , JZ(I#+12#+7712P0)= 1, 2my ]2 2
L\J 1 (1=1p0) 4L =70 Ena .
, T2 Y
7 (1 - 7/7())

Table 3.1 The energy eigenvalues of the Coulomb potential in Case 1 under
y=002,u=1/2,A=1,A=50,p, = 4.

State ;=1 =2 =3
n=1 -67.5973 -38.1415 -24.4966
n=2 -37.5467 -24.1499 -16.8499
n=3 -23.8496 -16.6517 -12.2957
n=4 -16.4795 -12.172 -9.36619
n=>5 -12.0643 -9.2839 -7.37134
n=6 -9.21205 -7.31383 -5.95202
n=7 -7.26356 -5.91027 -4.90639
n=38 -5.87373 -4.87513 -4.11391
n=9 -4.84774 -4.0899 -3.49901
n=10 -4.06885 -3.48017 -3.01233
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Figure 3.3 The graph of energy eigenvalues of the Coulomb potential in Case 1
under ¥ =0.02,u=1/2,i=1,A=50, p, =4.

In this figure, [;, [, I3 show the angular momentum for /;=1, [,=2, [3=3 different

values, respectively.

3.1.3 Hulthen Potential

The Hulthen potential [60] is very important exponential short range potential which
behaves like a Coulomb potential for small values of r and decreases exponentially
for large values of r. The Hulthen potential has been used in many branches of
physic, such as atomic physic, nuclear physic, solid state physic and chemical physic.

The graph of potential is presented in Figure 3.4. The Hulthen potential is given by,

where K and x are the strength and the range parameter of the potential
respectively.

17
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Figure 3.4 Hulthen potential for K =0.006,x =10.

In order the obtain the energy eigenvalues of the Hulthen potential and the

Schrédinger equation becomes,

K
2 En+7m 1
. 1 1(1+1) [ (~1+¢ )KJ (3.17)
R [r]+ _ - 3 + > R[r]zo
(I-m)| r p

By using Pekeris approximation [61] and then defining the new approximation,

[(1+1)  1(i+1)

r2 ~ B 2
l—e « | k2

and substituting this expression into the Equation (3.17) yields

K
2| E +—————
1 1(1+1) L ”+(1+e””)x]ﬂ (3.18)
(= 2 + 2 R
-1m,) [ ] 2 h
l-e* | x

—SK

Rl

By using transformation r — ™ the Equation (3.18) becomes

"

R [s]+1R'[s]+(ZK(_HS):KT_Z? E;Z_i)z AL GRIL
§ +5) sh +7p0)

By using the parameters

R[s]=0. (319

18



&= (ZKK/J 2EK',U)/h2( 1+7,00)
& = (-2Knu+4E,u) I 0> (~1+1p,)
& =—(2Eu+1(1+1) hz)/ ~1+yp,)
=1

¢ =—Lc,=-1c;=-1,c
1 1
Cs :E’C6ZZ+‘§1’C7 =1-¢,¢; =1+,
1
Cy :Z+§1 +&,+ & (3.20)
Co = 1+2{1+ ¢

¢, =—2+2(—«/1+§3 +\/i+§l+§z+§3J
Cpy zldm/l-irg‘3
Cn=%+\/1+é&3 _\/i+§1+6€2+§3’

it can be obtained the energy equation for the Hulthen potential as

/”t:1+%(—1—2n)—n—(—1+n)n—§2_2(1+‘§3)+
2\/(1+§3)(i+§' +&, +§3j+(1+2n)[_‘/1+§3 +\/i+(§, +§2+§3].

The Equation (3.21) cannot be solved analytically by using NU method therefore the

(3.21)

numerical solutions of energy of energy for n and [ were calculated from energy
equation with appropriate parameters y = 0.5,u =1/2,A=1,K = 0.006,x = 10,
po = 0.1. The values of energy were presented in Table 3.2. Energy spectrums and
wave function of Hulthen potential give the similar results compared to the literature

for value of £(r) =0 form factor. The graph of energy is plotted as a function of r in

Figure 3.5. The energy values of Hulthen potential showed a decrease negatively
depending on the increase quantum number, at the same time, energy decreases
negatively when the angular momentum increases. Such as, E,=-0.00996143 in n=1
and /;=1, E,=-0.0113747 in n=2 and [,=2. As seen Figure 3.5 the energy changes of
the Hulthen potential showed almost the same behavior in all quantum states.
Therefore, changes of energy show the same act in different momentum states.
Further, this graph gives approximately similar result compared to the literature for

casee(r)=0.
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The corresponding wave function becomes,

1
2

R[n,r]1=N,r

o

1= 270

1=ypy

J

i2(1y+/2y+yh2p0) . 1(1 2ypy ]2

V hz(l—ypn)

‘ 4k 1=7p9

2Fl(—n,l+—1+2ﬂ/1+§3 +\/i+§1 +§2+§3)+n;2+24/1+§3;—rj.

(3.22)

These results are new and have never been reported in the literature before to the best

of our knowledge.

Table 3.2 The energy eigenvalues of the Hulthen potential in Case 1 under
y=05u=1/2,a=1,K =0.006,x =10, p, =0.1.

State ;=1 =2 I3=3
n=1 -0.00996143 -0.0113747 -0.0125892
n=2 -0.0221315 -0.0251252 -0.0279842
n=3 -0.0389452 -0.0433183 -0.0478221
n=4 -0.0606469 -0.0661348 -0.0721385
n=>5 -0.0873868 -0.0937471 -0.101059
n=6 -0.119252 -0.126288 -0.134712
n=7 -0.156295 -0.163853 -0.173211
n=_§ -0.198545 -0.20651 -0.216647
n=9 -0.24602 -0.254306 -0.265091
n=10 -0.298732 -0.307273 -0.3186
0,00
-0,05
LLIC
g))' -0,10
3
qé) -0,15
LI(_T B
3 -0,20
L(IIC.IJ -0,25

-0,30

T T
2 4

6

oo -

Quantum Number, n

Figure 3.5 The graph of energy eigenvalues of the Hulthen potential in Case 1 for
for y =05 u=1/2,A=1,K =0.006,x =10, p, =0.1.
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3.1.4 Kratzer Potential

Kratzer potential [62] has been used extensively so far in order to describe the
molecular structure and interactions. The graph of potential is given in Figure 3.6.
The Kratzer potential is
B C
Virl=A——+—,
=a-2:8

where the parameters, A, B and C are constant which are related with Kratzer

potential.

000 T T T T T T T T T T T T T T T T -
1002 4

Toos - b

Vr

1006 b
1008 |- b

To10 - B

Figure 3.6 Kratzer potential for A=-0.05,B=0.1,C=-0.05.

The SE with Kratzer potential takes the form,

{— (—ZAm + ZEnm) ¥’ +2Bmr +

. - n*1(1+1)+2C

R R
r(=1+2yp,) r’n* (-1+2yp,)

The corresponding parameters take the form

& =(2Am+2Em)/ (-1+2yp, ) i’
& =2Bm/ 1’ (-1+2yp,)

& =(2Am+2E,m)/(-1+2yp, )’
¢ =-2/ (—1 + 2}/,00)

¢, =0,c,=0
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G, =—+—
2 —l+pp, (3.24)

CSZ

¢ =6

C7:_é

g =6+ l+ ! 2

P72 —1+2p,

C9:§l

1 1 1 Y
Cp=—t——+, &+ -+ ——

2 —1+2yp, 2 —1+2yp,
Qsz_Jg’

the energy equations is obtained

A=(1+2n)\[& =& +2|& [§3+G+;] J (3.25)

—1+2yp,

Since the analytical solution of the Equation (3.25) could not be achieved by using
NU method, numerical solutions of energy are obtained for n and [. The results
obtained are given in the Table 3.3 below with fixed parameters
A=-05B=0.1,C=-0.05y=50,m=1/2,h=1,p,=0.5. Energy equation and
wave function of Kratzer potential have the same results when compared with the
literature in case of form factor £(r) =0. Besides, the values of energy are shown in
Figure 3.6 as a function of r. In figure, the energy values of Kratzer potential
increase negatively depending on the quantum number. It is seen in the graph, since
the energy increases when n>4 quantum state this increase is almost the same for
different momentum number and coincided at the same point. For this reason, it can
be said that energy fluctuations also have the same act in different quantum state. For

example E,=-0, 50001 for n=9 and [;=1, [,=2, [35=3. Besides, this energy figure
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gives pretty much close results compared to the non-velocity-dependent potential in

the literature.

The corresponding wave function is determined

1 1 1
R[n,r]=N,2e " r2+\/“T§3Li‘/4T§3\/g

(3.26)

Table 3.3 The energy eigenvalues of the Kratzer potential in Case 1 under

A=-05,B=0.1,C=-0.05,y =50,m=1/2,h=1,p, =0.5.

State l,=1 L=2 3=3
n=1 -0.0500234 -0.0500208 -0.0500182
n=2 -0.0500108 -0.0500099 -0.0500091
n=3 -0.0500062 -0.0500058 -0.0500054
n=4 -0.050004 -0.0500038 -0.0500036
n=5 -0.0500028 -0.0500027 -0.0500026
n=6 -0.0500021 -0.050002 -0.0500019
n=7 -0.0500016 -0.0500015 -0.0500015
n=8 -0.0500013 -0.0500012 -0.0500012
n=9 -0.050001 -0.050001 -0.050001
n=10 -0.0500008 -0.0500008 -0.0500008
Quantum Number, n
A 8 10

-0,050000

-0,050005

-0,050010

-0,050015 +

Energy Eigenvalues, E,

-0,050020

-0,050025

Figure 3.7 The graph of energy eigenvalues of the Kratzer potential in Case 1
under A=-0.5,B=0.1,C=-0.05,y =50,m=1/2,h=1,p, =0.5.
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3.1.5 Mie Potential

Mie-Type potential which belongs to a class of multi-parameter exponential potential
has application in vibration and rotational spectroscopy in physical sciences because
its interaction model comprises of both repulsive and attractive terms for short and
large intermolecular distances respectively for some diatomic molecules [63].

Mie potential has the form

where a is the positive constant which is strongly repulsive at shorter distances.

And by substituting into Schrédinger Equation. (3.1) takes the form

2E mr* +a’mV, = 2amrV, + 1 (1 + 1) i*
R{4+___3___R[4_( L A - (+1) )quza

r(—1+7p0) r'h (—1+7p0) (3.27)

G)j‘ |

|

of |

) ]

10:— ]

05\ L L | | | | | | | | | | | | | 1

120 110 0 10 20

Figure 3.8 Mie Potential for a =10,V, =0.5.

By defining parameters value at this step are

& =2mE, | (n* (-1+p,))
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& =-2mVyal (h2 (-1+ 7/p0))
&=~ (P11 +1)+a*mV,) (1 (1 +1p,)) (3.28)
a=-2/-(1+yp,).c,=0,¢,=0

C4:l 1-|- 2 ’C5=O
2 —1+7p,

2E m 2maV,
()i T (<1 p,)
_-RI(1+1) maV0+l[1+ 2 j

SR () 4l T,

B2 (1+1) = ma®V, 2
¢ =—2Em__ 1y 2\/ (1+1)-ma o+1(1+#j
)h

Ce =

(=14 70, B (=1+pp,) 4 ~l+7p,

¢ =243 | B
( 1"'7,00)

32 1) = ma? 2

61221[14— 2 J‘f‘ hlz(l+) na V0+l(1+—2 J

2 -l+pp, B (=1+pp,) 4 ~l+p,
o - Em

R ()

energy equation and corresponding wave equation are obtained by using Equation

(2.8) and Equation (2.12)

E m 2maV,
A=~2(1+2n o+
( ) n* (- 1+7p0) n* (-1+p,) (3.29)
n ’
Em{ ma V(+11(1+z; +4(1+ 12 N
+ 7P ~l+p
22 ’ AV
(=14 p,)

The Equation (3.29) can not be solved analytically by using NU method; the
numerical solutions of energy for n and / are given in Table 3.4 with suitable
parameters m = 1/2,a =10,y =5,V, = 0.5,A =1, p, = —2 and energy graphs is
plotted as shown in Figure 3.8 for this values. Further, energy spectrum and wave

function of Mie potential are compared to the literature and give the same results in
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case &(r) =0. Looking at the energy change of Mie potential in figure, it shows a

change similar to the energy change of Kratzer potential.

The corresponding wave function becomes,

[_ l+1(l‘ 2 j+ﬂl(l+lh—u mV, 1( 2 Jz
R[n,r]zN 2\f \fh (=1+m00) . 20 —1+1pp \J B> (=1+p9) 4k —l+ypy (3'30)
il(mh —am¥y 1,2 ]2
LV 72 (~1+7p,) 4L 10, E,m
-
i (<14 7pp)

Table 3.4 The energy eigenvalues of the Mie potential in Case 1 under

m=1/2,a=10,y =5V, =0,5, p, = 2.
State ;=1 =2 I3=3
n=1 -0.00127641 -0.0010222 -0.000820311
n=2 -0.000587506 -0.000503988 -0.000430766
n=3 -0.000336386 -0.000299217 -0.000264841
n=4 -0.000217607 -0.000197943 -0.00017914
n=>5 -0.000152205 -0.000140571 -0.000129188
n=6 -0.0001124 -0.000104957 | -0.0000975511
n=7 -0.0000863899 | -0.0000813431 | -0.0000762577
n=_§8 -0.0000684646 | -0.0000648866 | -0.0000612451
n=9 -0.0000555903 | -0.0000529622 | -0.0000502658
n=10 -0.0000460333 | -0.0000440465 | -0.0000419945
0,0000
-0,0002 -
LLIQ 4
3 -0,0004 -
% 4
qé, -0,0006
L%j 4
= -0,0008
:Cj -0,0010
-0,0012 -
-0,0014 r - T T T T

0

m=1/2,a=

6 8

Quantum Number, n

10,7 =5,V
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Figure 3.9 The graph of energy eigenvalues of the Mie potential in Case 1 for
=0.5,p, = 2.



3.1.6 Cornell Potential

The Cornell potential is a linear combination of the Coulomb and linear potentials
the Cornell potential is [64]
b
Virl=ar——,
[=ar-"
where b is model parameter for the Coulomb strength and a is the string tension.

The graph of potential is plotted as a function in Figure 3.9.

o[ ]
10\) 7

~ 07 1
) : (\
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100 ]
L L L L

120 110 0 10 20

r

Figure 3.10 Cornell potential for b=1.3,a =-0.5.

The SE has the form
2
——R'|r|+
r(-1+p,) i (3.31)
(-2mr(=b+r(E, +ar))+1(2m+ 1)+ 1" (2m+4’))
r’h? (—1 + 7,00)

R[]+

R[r]:O.

And then by defining wave function R[r] = M the Equation (3.31) becomes
r

(Fn* =ryiipy) o 2
e U [r]+==U"]r]+ (3.32)

1 2mr(—b+r(En +ar))—l(2m+h2)—

e U[r]zO.
PR\ P (2m+ 1) - 291 p,

By using transformation r = oz the Equation (3.32) becomes
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" 27/rh2p0 ,
U |t|— U'lr|+
[ ] _TZh2+7/Z_2h2p0 [ ] (3.33)

(-2maz (~b+ar(E, +aar))+1(2m+ 1)+ I (2m+ 1*) + 271" p,

Ulr|=0.
_T2h2 +}/Z'2h2,00 [Z—]
In terms of a new variabler =1/ s then Eq. (3.32) yields,
U [s]+ 222 yg]+
s(l —;/,00) (3.34)
2 3
(21(1+l)m y 2oma 2Emar 2amar ey 2)/h2,00]
° . ° U[s]=0.

s°h (=1+ yp,)
. . .11 1 )
Due to the coefficients of U [s] in the above equation,—, — and — do not provide
s s
solution of the equation by NU method, binomial expansion was made to these the

coefficients. The binomial expansion is shown as follows [65]

n(n ‘— 1) o 4 n(n— 13)‘(11 -2) S (3.35)

I+x)"=1+nx+
where n negative integer and x takes values 0 < x <1.

. By . . 1 .
By using expansion in the Eq. (3.34), the expansion of — for n =—1 the expansion
s

1
of for n=-2and the expansion of — for n=-3 in Equation (3.34) are
s

2
s

obtained as follows
1 3 35 52
i RSl
S o o6 O (3.36)
1 (6 85 35
s? o &6 &5

12, 9 6
s s 6 &)

Substituting these expressions into the Equation (3.34), the corresponding equation is

transformed to
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" (2_47/p0) ’
U TR g
Ls]+ s(1-yp,) s+ (3.37)

2 3
A1+ Iyme s° [mea _6Ema’  12ama j+

5 5 5
6bma  16E ma’ 18ama’
T T
6bma 12E ma’®  4dama’
+ —~ +
o o

+I(I+1)n* + 20 p,

Uls]=0.
s*h* (=1+yp,) Ls]

The corresponding parameters take the form

2bma 6E,ma’  12ama’
6bma 16E, ma’  18ama’
52:(_ 52 o 52 52 j/(hz(—l+]/p0))
2 3
g = —[6[’?“ . 12E"5m“ + 4“’;’;“ +I(1+1)R* +2p12p, +21(1 +1)mJ/(1—}/pO)

¢ =(2-4y0)/ (1-10,)

¢, =0,c;,=0,c, =l 1—ﬂ
‘ 2 1=7p,

¢s =0,¢,=6,¢, =4,

2 2
1 2-4 1 2—4yp
C8:§3+Z(1_ 7,00} ’C9:'§1’C10:1+2\/‘§3+Z(1_ OJ ¢ =246

1—-p, 1-p, (3.38)
2
using Equation (2.12), the energy equation is obtained as,
2
l=(1+2n)\/a—§2+2 §1£§3+i(1%] ] (3.39)
/%

Solving, Equation (3.39) as before the numeric results of energy are obtained for n
and [. These results are presented in Table 3.5 for 6 = —5,m =1/2,a =5,py, = 1,
h=1,b=13,y =0.01,a = —0.5 parameters and the energy graph is drawn as
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function of r in Figure 3.11. The energy equation of Cornell potentials is compared

when &(r) =0as in literature; the potentials are reduced to the simple form of the

corresponding potentials. It is seen from the figure, the energy values of Cornell
potential showed a decrease depending on the increase quantum number, but it
showed an increase as the number of angular momentum increases. At the same time,
since the energy changes in all quantum states are very close to each other, such as,
E,=-4.56077 in l;=1, E,=-4.54759 in [,=2 and E,=-4.52523 in [,=2 for quantum
state n=1. So, the energy changes in different momentum states have the same

feature.

Table 3.5 The energy eigenvalues of the Cornell potential in Case 1 under
o0=-"5m=1/2,a=5h=1p,=1,b=13,7=0.0,a =-0.5.

State =1 =2 13=3
n=1 -4.38239 -4.35797 -4.3155
n=2 -4.43733 -4.41664 -4.38095
n=3 -4.48451 -4.46684 -4.43654
n=4 -4.5253 -4.51009 -4.48415
n=5 -4.56077 -4.54759 -4.52523
n=6 -4.59179 -4.5803 -4.56089
n=7 -4.61905 -4.60897 -4.59202
n=_8 -4.64311 -4.63423 -4.61935
n=9 -4.66444 -4.65659 -4.64345
n=10 -4.68343 -4.67645 -4.66481
Quantum Number, n
0 2 4 6 8 10
-4,30
-4,35
LLIE -4,40 _ B ll
%) i —o— |/
() 2
(_g -4,45 4 .
o ]
& 4,50 -
k=) ]
! 55 -
S ] A
o N A
LICJ -4,60—- ~ = : .
2
-4,65 \i\ .
] =
-4,70

Figure 3.11 The graph of energy eigenvalues of the Cornell potential in Case 1
for 6=-5m=1/2,a=5h=1p,=1,b=13,y =0.01,a =-0.5.
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The corresponding wave function is given by using Equation (2.15),

| 1, 2-4pp, f 2- 47po 2 ?fz 2- 47P0]2 (3.40)
_ 2 1- 1-
R[n,r]=— Nln 20 51 }’Po 1= 7/00 7Po )
r

3.1.7 Woods-Saxon Potential

Woods-Saxon potential one of the useful models for determining single-particle

energy levels of nuclei and nucleus-nucleus interaction [66]. The graph of potential is
shown as function in Figure 3.11. Woods-Saxon potential is

A E——

1+ge™™

where q is the deformation parameter, V, is strength of potential and Ais the

screening parameter.

P — — _ —_—
oot [ ]
Ta | :

1003 ]

Vr

1004 [ 4

1005 L ]

T006 B — ]

Figure 3. 12 Woods-Saxon potential for V, =0.06, 8 =2,g =1.

The corresponding SE becomes,

1 {—h21(1+1)+2m(En+Lj}R[r]:o, (3.41)

1_7/70)

R

where the approximation

RI(l+1)  RAU(1+1)
2

r i (1 + e"ﬁq)2
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is used and then Equation (3.41) becomes,

. 1 R1(1+1) [ V, j
R [r|+ — +2m| E, + —>—— | |R|r]=0.
L Aoy (re7a) e )R] (3.42)

By defining a variable of the form r = ¢ *” the Equation (3.42) becomes,

" (1+qs) '
R [r]+—s(1+qs)R [r]+ (3.43)

(hzl (l+1)-2E,m- 2E mq’s® —2mV, +s (-4E,mgq —2mqV, ))
s*(1+ qs)2 B (—-1+p,)

The parameters at this step are

R[r]:O.

& =2Emq’ | (£ (-1+1m,))
& = (—4Eﬂmq = 2mqVO)/(ﬂ2 (—1 + 70, ))

£ = (hzl (I1+1)-2E,m- 2mV0)/((ﬂ2 (-1+ 0, )))

¢ =1 (3.44)
¢, =9
6 =—¢
¢, =0
cs=ql2
2
Cs :%"'51
c;==5
¢y = —&;

Cy :%+§1 +Q§2+q2§3

¢ =1+24&,

¢ :2q+2(—q\/g+\/%2+§1 +q¢&, +q2§3j
12:\/5

¢ =%+q\/g—\/q7:7+§1 +q&, +4°&;,

with a similar algebraic calculation used in previous steps, the energy equation is

obtained.
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A=-ng—(-1+n nq—l 1+2n)q-¢&, -2q&+2,|&, q—2+§1+q§2+q2§3 +
(-1+n)ng - (1+2n) L

(1+2”){—61\/g+\/%+ S +qs, + 612§3J-

(3.45)

The numerical value of energy for n and [ is given in Table 3.6 with fixed
parameters y = 0.05,m =1/2,A=1,V, =0.06,5 = 2,py = —0.5. The energy
equation of Woods-Saxon potentials is compared when &(r) =0 as in literature; the
potentials are reduced to the simple form of the corresponding potentials. The energy
graph is presented as shown in Figure 3.13 As shown in the graph, the energy values
increase positively depending on n and /. Since the energy values are very close to
each other, it showed a overlapping for example, E,=3510.32 in [;=1, E,=3506.26 in
[,=2 and En=3500.17 in [3=3 for n=7 quantum state and energy increases a bit and

increased slope is observed for all possible quantum states.

The corresponding wave function is

Ly - £+ +q&,+¢°
R[n,r]=N,, V& (1+gs)? wWarareards (3.46)

2
—n,1+1—2q+2\/5+2(—q\/g+\/%+; +q& +qE) +n;2

+24& 5 —qr

271

Table 3.6 The energy eigenvalues of the Woods-Saxon potential in Case 1 under
y=005m=1/2,h=1V,=0.06,5=2,p, =-5.

State =1 =2 I3=3

n=1 138.287 133.988 126.944
n=2 388.086 383.957 377.593
n=3 762.758 758.673 752.462
n=4 1262.32 1258.25 1252.1
n=>5 1886.76 1882.7 1876.58
n=6 2636.09 2632.04 2625.94
n=7 3510.32 3506.26 3500.17
n=8 4509.43 4505.38 4499.29
n=9 5633.43 5629.38 5623.3
n=10 6882.31 6878.27 6872.19
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Figure 3. 13 The graph of energy eigenvalues of Woods-Saxon potential in Case 1
for y =0.05,m=1/2,h=1V, =0.06, 8 =2, p, =-5.

3.1.8 Poschl-Teller Potential

The Poschl-Teller Potential is used to describe the structure of the crystals. Also
application of solution in this potential are crystals model expressed in solid state
physic [67].The graph of potential is given in Figure 3.14.

Poschl-Teller Potential is given by,

4e"V,

Virl=————"5,
(] (1 +e*2“’q)2

where ¢ is the deformation parameter, V, is strength of potential and «is the

screening parameter.

The corresponding SE becomes,

4620rv
2m(EVl+ 2ar 02
R+ R — | 10D, €+ |R[]=0. G347
r(1-7p,) 1-p, r h
Ulr]

Now using wave function R[] = —— then Equation (3.47) becomes
r
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Figure 3.14 Poschl-Teller potential for V, =0.5,¢ =1.

: 2900 110 (3.48)
U |r|+————=U"|r|+
s vl
2ar
. 2mr*(E, + M)
e +q
——| -1+ -2 Ulr|=0.
rz (1_%00) ( + )+ hz }/p() [}’]
In this equation, when the following the approximation is used
4"V, 4V,
2ar 2 ~ 2’
(e + q) r
the Equation (3.48) is reduced to
2 2 4
) oy oy (D) 2m(Ert +4Y,))
U [r]+_—°U [r]+ e Ulr]=0. (3.49)
r(1-yp,) mrt (=1+p,)
By using transformation r = Js the Equation (3.49) becomes
(147m) [(—hzz(l +1)+2E,m)s + 8’"‘/0)
U [s]+ ——2L_y[s]- * Zufs]=0. 30

2s(=1+p,) 4n*s* (-1+yp,)
1

Since the coefficient of U [s]in the above equation—, do not provide solution of the
s

equation by NU method, this coefficient is opened to power series by using Equation
(3.36).
And then, Equation (3.50) takes the following form
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R’ WMR-W
s(=1+p,) (3.51)
6E,ms’ 16E 12E
T +2h27poj
R[s]=0.
hts? (—1 + }/po) [s]

[hzl(l +1)—8mV, -

The parameters take

: _(_ 6?;’”) 1(n* (~1+7p,))

‘- (16?’%) /(7" (~1+7p,))

12E m

&, :—(hzl(l+1)—8mVo - +2h2}/pOJ/(h4 (-1+7p,))

¢, =(-2+4yp,) ! (-1+3p,)

¢, =0,c,=0
2+4
¢, :l(l—M,CS -0
2 —1+p,
6E m 16E m
¢ =273 Ay
n*s’ (-1+p,) n*5% (-1+p,)
R(1 4 1)+ 8mV, + B g,
C, = +
’ n (—1+7p0)
1, 2+4m,)
4 —1+ 0,
o 6E m
RS (—1+;/p0)
12E
—R’1(1+1)+8mV, + 5”m —2h%yp, | 4 dyp 2
Cp=1+2 ; +o | l-——=
i (=1+9p,) 40 ~l+yp,

‘i :2\/6\/ E,m

AN (—1 + 7p0)

214
2 —1+p,

12E m

R’ 1(1+1)+8mV, +

2

+_
i (=14 7p,) 40 ~l+p,
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E.m
Cl3 = _\/6\/7/1453

(-1+10,) (3.52)

the energy equation is written

SO TP e

- +
'S (~1+yp,) R'S*(-1+p,) (3.53)

4(-1+ 7/p0)(—hzl(l +1)+8mV, + 12?’" - 2h2ypoj
E,m| (1-3pp,) +

h4

.

18 (-1+p, )3

The numerical value of energy for n and [ is given in Table 3.7 with appropriate
parametersy = 0.6,m =1/2,A=1,V, =0.5,6§ = —0.03,p, = 10. So energy
equation and wave function of the Pdschl-Teller potential give the same results as

literature for the case of £() =0 when using these parameters. The energy graph is

shown in Figure 3.15 for given energy values. The energy values of Pdschl-Teller
potential show a negative decrease when n and [ increase. Since, the energy values
appear to be close to each other in different momentum states, also energy changes
showed a similar fluctuation in all momentum states , such as E,=-0.366285 in
l;=1,E,=-0.376564 in 1,=2, E,=-0.392234 in [3=3 for n =7. When our result is
compared with non velocity-dependent potential, it is seen that it is in full agreement

with the literature complete harmony.

The wave function is

& m 1 [1 —h21(1+1)+8mV0+12E"m Il 7h2L(1+L)+8mVo+le"’m
—J6r = —+ 2
R Vst 2\ G LV & (3.54)
n,r|=— .
r
B E,m
h453
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Table 3.7 The energy eigenvalues of the Poschl-Teller potential in Case 1 under

y=06,m=1/2,h=1V,=0.5,6 =-0.03, p, =10.

State 1,=1 =2 I3=3
n=1 -0.00923383 -0.0191414 -0.0400918
n=2 -0.0353182 -0.0454756 -0.0629481
n=3 -0.0749469 -0.0851717 -0.101656
n=4 -0.127888 -0.13814 -0.154215
n=>5 -0.194099 -0.204365 -0.220231
n=6 -0.273566 -0.28384 -0.299586
n=7 -0.366285 -0.376564 -0.392234
n=38 -0.472254 -0.482536 -0.498156
n=9 -0.591471 -0.601756 -0.61734
n=10 -0.723935 -0.734222 -0.74978
0,0
0.1

uF 0.2 ]

lg -0,3—.

= )

g3 -0.5

5 0]
07
08

0 2 a 6 8 10

Quantum Number, n

Figure 3.15 The graph of energy eigenvalues of the Poschl-Teller potential in Case 1
for y =0.6,m=1/2,h=1V, =0.5,6 =-0.03, p, = 10.

3.2 Case 2: State of form factor &) = yr

In this frame, by taking form factor &(r) =yp(r) = yr the Schrodinger equation of
Equation (2.14) becomes SE,

(=2+ry) R+ (

r(=1+ry)
The solutions of energy eigenvalues and corresponding wave function were searched

—2E,mr* +1(1+ 1)1 +2mr*V [r])
r (—1 + r)/)h2

R'[r]+ R[r]=0.

(3.55)

for various potentials by changing V [r] in this equation.
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3.2.1 Harmonic Oscillator

The SE with Harmonic Oscillator is transformed to
(_2+r7) R![r]+
r(—l + r}/) (3.56)
(mr2 (—2En +mrtw’ ) +1 (2m +h ) +1 (2m +7 ))
r’ (—1 + r}/) n’

R’ [r] +

R[r]:O.

By letting r = oz using with wave function R[] = then Equation (3.56) is

Ulr]
-

1 " 4 ,
—U +——U -
a [T] 05(—1+0£}/Z') [T] (3.57)

(m(ZZ (I+1)-2E,a’t* + mw2a4r4) + (l +17 + ayr)hz)

a’t’ (—1 + a;/z')hz

Ulr]=0.

Also defining a variable of the form r — 1 , the Equation (3.57) yields,
S

2 (25 —3ay)

U [s]+

2E ma’ N m'w’a’

U’[s]+

s(s—ay) (3.58)

+ayh’ +

s s
S (20 (1+1)ym+ 10 + PR ) = say (20 (1+ 1) m + I + PR
> 55 U[s]:O.
s (s—a;/) h
. . 1 . .
The same procedure, the power series expansion of — and — is applied from
s s

Equation (3.36). By substituting Equation (3.36) into Equation (3.58) and the

equation takes the following form
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(2s —3057/)

u'[s]+ U'[s]+
sar| —1+ - % (3.59)
ay
2 2.2 4 4 2.2 4
s2(21(1+l)m—2E"’§a _ bm v;a j_6Enma 2mwa
S S o o
6E,ma’  Im’w'a’
FIR PR+ aph +s| 52 52
ay (2L(1+1)m+ IR +I’R°
( ( )2 ) U [S] =0
s*a’ [—1+SJ &l
ay
At this step, it can be obtained the parameters as
2E ma®  6m*w'a’ 2 (3.60)
& :—(2[(1+1)m— "53 5 /((ay) 2712)
2 2.2 4
£, = (615""2”“ P —ay (20 (1+ )m+1n? +lzh2)J/((a}/)2 hz)
1) 1)
6E ma® 2m’w’a’ 2
= | 2= /((ar) 1)
g~ (- SEp 2 ()
¢ =-3,¢c,==2/(ay)
ey =—1/(ay).,c, =2,¢,=0
4+
Co =810, ==6,, ¢ =4+ 85,00 = ¢ +i+2—{3
ay avy

Co=1+24+¢,
), :_i+2[_M+\/§l +é+4+—§3]

ay ay ay o'y’

) =2+«/4+§3
N —\/§1+i+4+§3

ay 2,2

Ci3 =

ay ay

the energy equation is

,1:_2_”_(‘”_”)”_52_2(4+§3)+2\/(4+§3)£§1+§+4+€sj (3.61)
ay ay ay ay ay
w22 FL 252

ay ay ay



Due to Equation (3.61) has not analytical solution, numerical solution of this

equation is obtained for n and /. The obtained results are given in the Table 3.8 below

with fixed parameters w = 10, = —0.48,5§ = 2,y = —25,m = 1/2,h = 1 and the

energy graph is drawn as in Figure 3.16. In figure, energy values of Harmonic

oscillator have positive increased with increasing quantum number, also showed a

positive increase in the case of momentum state, and there is also a noticeable

fluctuation between these values. For example, the biggest energy value is taken

E,=1762.7 in n=10 and [3=3 while the smallest value is E,=107.356 in n=170 and

[;=1. So, this figure is very similar to literature in case &(r) =0 .

The wave function is calculated by using Equation (2.15),

N ?4+§3 8
ay

R[n,r]:—

’
2Fl(—n,1+2+2 4+& +n2+24+ &5

N, 5 (1 +L
ay

4+
'+é+ 2%
ay o’y

(3.62)

I
ay

Table 3.8 The energy eigenvalues of the Harmonic oscillator potential in Case 2
under w=10,¢=-048,0=2,y =-25m=1/2,h=1.

State ;=1 =2 I3=3

n=1 107.356 329.756 690.442
n=2 164.752 385.736 735.66
n=3 237.31 458.242 802.715
n=4 325.335 546.819 888.612
n=5 429.118 651.434 992.077
n=6 548.93 772.199 1112.57
n=7 685.013 909.273 1249.89
n=_3§ 837.587 1062.83 1403.98
n=9 1006.84 1233.03 1574.9
n=10 1192.95 1420.04 1762.7
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Figure 3.16 The graph of energy eigenvalues of the Harmonic oscillator potential in
Case 2 for w=10,a=-048,0 =2,y =-25m=1/2,h=1.

3.2.2 Coulomb Potential

Using this condition with the Coulomb potential and then with similar algebraic

calculation, the corresponding SE becomes,

p (2s—7/) '
R [s]+ ——"L_R'[s]+
sy[—l+;] (3.63)

2
K 3s

_Zl(l+1)szﬂ—2En7’(53—52+§jﬂ+2ﬂ(En +Ay)+

2su(-A+1(1+1)y)

2
2 (_1 ; ]
y

By using the parameters

& :—(—21(1+1)/¢—2E5+W)/(72h2)

6F 242
g :( 6’727#+2y(—A+l(l+1))/)j/(7 n*)

(_ 6E, yu
5

£ =— +2u(E, +Ay)j/(72h2)
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c, = —2/(7/) (3.64)
Cy = 1/(}/)
¢, =
¢, =0
¢ =6
¢ __52
¢ =1+
& 1+ &

¢, =1+ J1+&

:\/1+§3_J§+é+1+§3'
y Ly

Ci3

using the same procedure as before, the energy spectrum is obtained for the system

as,

_ 2 (Clamn o 2(144) &, 1+
/1_—————52——+2\/(1+§3)[§l+7+ = J (3.65)

v 4 v
+(1+2n)(— [1*e: Jr\/f1 +§+1+2§3].
v v /4

The numerical results of the energy for n and [ are given in the Table 3.9 for y = 0.02,
6=-2,u=1/2,h=1,A =50 parameters by using above equation and energy
graph is plotted as shown in Figure 3.17. As seen in figure, the energy values of
Coulomb potential negative decreased when quantum number increases, on the other
hand, the energy changes negative increase as momentum number increases. The
energy changes in different quantum states are close to each other in different
momentum states E,=-6075701is in [;=1, E,=-58890.5 in [,=2, E,=-56083.7 in I3 =3,
for n =10, and they showed a parallel slope. When the graph of energy compared
with for non-velocity dependent potential, it is seen that is different with the

literature. The reason of this, the form factor changes to r.
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The wave function is given by using Equation (2.12),

N §I+§z 144

R[n,r]=N, s (1 T ’ (3.66)
YV

1+
—n,1+1—2+2 1+& +2 —M+\/§l+é+% + n;
F /4 /4 /4 I
271
2421+ &=
/4

Table 3.9 The energy eigenvalues of the Coulomb potential in Case 2 under
y=002,0=-"2,u=1/2,h=1,A=50.

State li=1 =2 [3=3
n=1 -1454.71 -517.838 -155.961
n=2 -3594.43 -2056.21 -571.252
n=3 -6869.93 -5139.33 -2678.99
n=4 -11259.3 -9462.33 -6776.25
n=5 -16754.4 -14927.5 -12177.2
n=6 -23352.5 -21509.5 -18732.6
n=7 -31052.3 -29199.5 -26409.1
n=8 -39853.1 -37994.1 -35195.7
n=9 -49754.8 -47891.4 -45088.
n=10 -60757 -58890.5 -56083.7

These results are new and to the best of our knowledge, it has not been reported

before in the available literature.
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Figure 3.17 The graph of energy eigenvalues of the Coulomb potential in Case 2
for y=0.02,0=-"2,u=1/2,h=1,A=50.
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3.2.3 Hulthen Potential

The Schrodinger equation with Hulthen potential is transformed to

K

2 om|E v K
_yj [ T } (3.67)
R”[r]+—(r R | 10D (2+e )< R[] =o0.

1—ry 1—ry r h

By defining the new approximation,

K K
(—1+e”")1c T Pk

9

and using wave function R[r] =U[r]/ r, the Equation (3.67) is transformed to

@ Y ' 1 2 2 2Km 2
U —U ———| -I-I"+2E —ryh” (U|r|=0.
Ll (l—ry)hz( #2820 j =0
And again, using the transformation, r =1/s Equation (3.68) yields
. —2s5+2
U [s]_uyv[s]_
s(s—y) (3.69)

2B m+ 2Bl 24 p
A A s Uls]=0
2 2.2 )
s (s=y)h —2K’2u)—7/2h2+s(—17—127/+2K7/2m+7h2)
Kh Kh

Equation (3.69) is solved in the same way by similar methods and power series
expansion of Equation (3.36) was use. Substituting Equation (3.36) into the Equation
(3.69) yields,

25 +2
U] - 22 g
S(_l . Sjy (3.70)

/4

—2E m+ OF,my +5° (l +17 + ZE”?W - ZKTJ

o ) Kh
6E my 2Kmy
'R +s| —ly —Py——"2"+ +yh’
v ( y—ty 52 s v j

U[s] =0.

2
s (—1 + SJ v’n’
4
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1+1*+ 2E";m/ — ZKT K2
o Kh
o 2

/4 4

6E my 2Kmy
Rl ly+Py+—2"" — — yh?
(7 /4 52 e v j

Kh’
=T 2 -

y y
E
s (17+127/+6 "’”V—ZKW—WJ

(l +1°+ 2E5";m/ - 2Km]h2

o’ xKh’
2

/4 /4
4

3 [ <2 m+ OB _ oy
" 5

+

2 /4

2

2

4

n

h? (—ZE
9

m+

6E my

n _2h2
5 7]

Cpo =1+24—+

/4
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3.72
: % : (3.72)
== 2 A +
(l +17+ 2E§;n7 — 21;21)7%2
Y v’
E
7’ (l)/ iy 8 o 25;37 . 7h2j
7 7
y
X [_2E”m+ E,my 2h2j
“+
4 v’
+ 2
y

39 '
¢ 54‘ Z+ 72
P’ (—ZE,Z L 2712]
o
Cz=—+ B
v
(l+lz+2E";ny—2KTjh2
4 Kh
y? 7’
6E my 2Kmy
Py +Py+—1" - — i
6 (}/ s e j
_7 v
Y
i (—ZEnm+ E,my thj
o2 7
v

Energy equation is
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2[9+§j
,1=§+2_”_(—1+n)n_2(1+2n)_§2_4—3
/4

s (3.73)
7 7 /4 Ve
6
*_52 2+§
9 4 3
2 Z+§3 —+& - + 2 +
9
Z+§3 —=4 2+§3
(1+2n) | Y + 4 E
Y Y Y

The numerical results of the energy for n and [/ are obtained by using Eq. (3.73) these
results are presented in the Table 3.10 for fixed parameters
K =0.06,x =10,y =0.5,06 =—0.05,m=1/2h=1. The energy graph is drawn as
function of r in Figure 3.18. As seen in Figure, the energy values of Hulthen
potential decreases due to the increasing quantum number however increases with
increasing number of momentum. Otherwise, in the n=/ quantum state, there is a
positive decrease for example E,= 0.0020192 while due to the increasing number of
momentum, but in the n=7 quantum state, there is a negative decrease for all
momentum state. There is also a clear fluctuation between energy values. Similarly,
if the graph is compared with the literature, there is a slight similarity for case non

velocity-dependent potential.

Table 3.10 The energy eigenvalues of the Hulthen potential in Case 2 under
K =0.06,x =10,y =0.5,6 =-0.05,m=1/2h =1.

State ;=1 =2 3=3
n=1 0.000427077 0.0020192 0.00322738
n=2 -0.00003044 0.00169187 0.00356193
n=3 -0.000649561 0.00113843 0.00336448
n=4 -0.0014313 0.000396832 0.00283101
n=>5 -0.0023778 -0.000521942 0.00204403
n=6 -0.0034912 -0.00161469 0.00104029
n=7 -0.00477342 -0.00288077 -0.000162592
n=3§8 -0.00622603 -0.00432042 -0.00155561
n=9 -0.00785037 -0.00593413 -0.00313388
n=10 -0.00964749 -0.00772241 -0.00489458
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The corresponding wave equation is

R[n,r]

Energy Eigenvalues, E,

-0,002
-0,004 —
-0,006 —
-0,008 —

-0,010

2
N, r

Vg 6
2 Z+§3 4 ;*fz §+.§3
3.9 + =+ +7—
+ Z+§3 r\7 4 4 4 14
1+ —
v

/9+§

N 3

L rnis1-242 /2+§3 YO L S
y 4 y

6
2_g 2

TS O
i2+§1_7 +4 —)+n2+2 2+§3;—1)
y y y 4 y

0,004

0,002

0,000

Quantum Number, n

(3.74)

Figure 3.18 The graph of energy eigenvalues of the Hulthen potential in Case 2

for K=0.06,x =10,y =0.5,06 =-0.05,m=1/2h=1.

3.2.4 Kratzer Potential

The SE in the Kratzer potential case is

. R’ [r]+

Y '
———R
—1+ry [r]+

(2E,mr* +1(1+ 1)1 +2mr*V [r])
r’ (—1 + r]/)h2

R[r]:

0.

(3.75)

Taking a transformation equation of the formr =1/ s Equation (3.75) reduces to
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R"[S]+(2s_7/)
S(S—}/)
1 —2Am+2Enm—2Bm}/+M+ R[s]=0 (3.76)

— N S|1=VU.
Ws(s=r) | g (~1(1+1)1* =2mC) +s(2Bm+1(1+1) yh* +2myC)

R'[s]+

. . . 1. . .
To solve the Equation (3.76) power series expansion of — is determined by using
s

Equation (3.36). And then substituting into Equation (3.76) and the equation take the

following form
(2s27) o+

s(—1+;j7/ (3.77)

U’ [s]+

s> 3s 3
—2Am+2E m+2Amy —2Bmy —2E my| ——— + —
n 1/ /4 n 7[53 52 5]

+5* (=1(1+1)8* =2mC) + s (2Bm + [ (1+ 1) yi* + 2myC)

2
s (—1+SJ 7
y

By defining parameters value

Uls]=0.

&= —(—2%—;”7—1(1+1)h2 —2ij/y2h2

(3.78)
& = ((2Bm +1(1+1)yh* +2myC)/ 72h2)

E
& = —(—ZAm +2E m+2Amy — 2Bmy — 6?%) /20

aq=-lc,=-2/y,c;=-11y,¢c, =1
¢s =0,¢=6,¢; ==6,,¢5 = ¢
¢ ==6,Cc=1+&

Cy :§1+é+1+2§3,C10:1+2 1+§3
/4
«/1+
¢ :—2+2 ——é+\/§1+é+%
/4 /4 I /4

J1+& 1+
e, =1+ 1+ &,¢, = ” 3 _\/§1+%+y—2§3’

the energy equation is
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Y 4 v v v
(1+2n) ——“1+§3+\/§1 +§+% . G
Y v v

The numeric results of energy equation for n and [/ are given in Table 3.11 for
suitable parameters A =-0.05,B=0.1,C =-0.05,y =50,6 =03,m=1/2,h=1.and
the energy graph is drawn as shown Figure 3.19. It is seen in graph, while the first
two energy values of Kratzer potential have negative, En= -0.000915754 in n=1,
En= -0.000182629 in n=2, they showed increased slope by taking positive values

from the n>6 case. In addition, there is a clear fluctuation in any energy values.

The corresponding wave function is evaluated.

A PRy
1+ I8 ri7 7 2
Rln,r]=N,r 3(14__ F(-nl1+1-—+2J1+& +  (3.80)
v 2 y

\/1+§3 \/ & 1+ & r
2(-—+ [§+=+—)+ 24 21+ & — ).
/4 ° /4 I " : /4

Table 3.11 The energy eigenvalues of the Kratzer potential in Case 2 under
A=-0.05,B=0.1,C=-0.05,y=50,6 =03,m=1/2,h=1.

State ;=1 =2 3=3
n=1 -0.000915754 -0.00334366 -0.00569026
n=2 -0.000182629 -0.00300829 -0.00658579
n=3 0.000866024 -0.00212342 -0.00620772
n=4 0.00220047 -0.000871945 -0.00521287
n=>5 0.00381186 0.000691688 -0.00379691
n=6 0.00569683 0.00254666 -0.00203464
n=7 0.00785388 0.00468363 0.0000403329
n=§8 0.0102823 0.0070979 0.0024111
n=9 0.0129816 0.00978692 0.00506839
n=10 0.0159516 0.0127492 0.00800682
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Figure 3.19 The graph of energy eigenvalues of the Kratzer potential in Case 2 for
A=-0.05,B=0.1,C=-0.05y=50,06 =03,m=1/2,h=1.

3.2.5 Mie Potential

The SE can be written for Mie potential as

(_2+ r}/) R’[ ] (—2Enmr2 +a’mV, —2amrV, +l(l + 1)h2)
r|+

R’ - R|r{=0
]+ r(=1+ry) P (=1+ry)n’ "] (3.81)
Making use of new variable 7 =1/ s then Equation (3.81) is
R[s]+ 1 R[s]-
s(_l +sj (3.82)
e

—2E my +s° <2amV0 —In’ (1 +1+ aszo)) +
SQE,m—2amyV, + lyh* (1+1+a’*mV, ))

2
52 (—1 + Sj 72h2
e

g = —(ZamV —1(1 y aszO)hz)/yzhz

R[s] =0.

The parameters take

0
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§2 = (2Enm - ZamVOy +l(1 +1+ aszO)yhz)/(}/zhz)
(3.83)
§3 =2E,my [ (}/2}‘12)
¢ =-1¢,=0,c;,==1/y,¢c, =Lc; =—
2
1 2 1 }_‘fz 1+&,
6= 75 t+8. ==&, =1+&,co=—+¢ - +—
Y 4 4 4 /4
co =1+2J1+ &
2o¢
2 J1+¢é 1 o1+
cp=——+2 ——=+ _2+§1_ ;:3
4 4 4 4
c12=1+«/1+§3
2
—=&
J1+¢& 1 1+ &
Ci3 = - — & - + 23,
4 4 4 4
energy equation is written
po2 e 1ean o 2048), 384
Y Y v Y
2
*_ng
1 y 1+&
2 (1+§3) ?+§1—T+73 +
= 2 ¢
1 T T o
(1+2n) —;53+ %+§1—7—+% .
Y Y Y Y

The numerical results of the energy for n and [ are evaluated by using Equation
(3.88) and these results are given in the Table 3.12 with appropriate parameters
m=1/2,a =10,y =5,V, = 0.5,h = 1 and energy graph is plotted as function of
r in Figure 3.20. The energy values of Mie potential show an increasing trend with
increasing quantum number. Similarly, a positive increase is observed depending on

the momentum number.

53



The wave function is

2
1 lre3 |1 7‘52 1+&
+ —+& +—

R[n,r]=Nn/rl+ﬁ(l+iy v T (3.85)
Y
Y
J1+ y
—n,1+—2+2 1+§3+2(——§3+ %+§1—7—+%)+n;
21 Y Y v Y
2421+ -~
Y

Table 3.12 The energy eigenvalues of the Mie potential in Case 2 under
m=1/2,a=10,y =5V, =0.5,=1.

State ;=1 =2 I3=3
n=1 734.15 1231.64 1688.9
n=2 1135.32 1793.21 2382.08
n=3 1590.36 2401.45 3114.4
n=4 2101.69 3062.38 3895.54
n=>5 2670.24 3778.46 4729.49
n=6 3296.42 4550.85 5618.24
n=7 3980.49 5380.24 6562.92
n=§8 4722.56 6267.01 7564.22
n=9 5522.73 7211.41 8622.59
n=10 6381.04 8213.61 9738.32
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Figure 3.20 The graph of energy eigenvalues of Mie potential in Case 2
for m=1/2,a=10,y =5,V, =0.5,Ah =1.
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3.2.6 Cornell Potential

In this case the SE takes the form
(3.86)

(_Zmrz (E _b+arj+l(2m+7l2)+lz(2m+h2)]R[r]20‘

r
P (—1 + r;/)h2

By using transformation r = a7z and then substituting into the Equation (3.86) is

" +M 7]+
Rl e 1) (3.87)
(_2mar(—b +ar(E, + aar)) +1 (2m + h2)+ 12 (2m + hz)) Rl 0.

o (-1+ayr) i’

In order to solve Equation (3.87) by using NU, then by performing the change of new

variable 7 =1/ s Equation (3.87) becomes

ayp, R'[s] _
(3.88)

R [s|+
[ S(S_a%oo)
2E,ma’  2ama’
(mea— = +s(l(2m+h2)+l2(2m+h2))j
s? (S_CWPO)Z

R[s]zO.

: . 1 . . .
where, the power series expansion of — and — .is written from Equation (3.36)
S S

By substituting Equation (3.36) into Equation (3.88) yields the following equation

Rs]+—— RT[s]-
S(_l . j (3.89)
ayp,
2
asme(2-23)

R[s]=0.

7_7_’_7

2ama’ (3;; f;f gj + 2o+ 5 (1(2m+17) + 1 (2m+ 1))

2
s’a’y’ [—1 + j ol
ayp,

The parameters take
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_ _2Enm052 _6am0¢3 / 2 2)
& = 53 3 (05 Y (3.90)

3

2
6E, moa 16ama
52 _( 1

: 2 +l(2m+h2)+12(2m+h2)J/(0{272)
P P)

2 3
2E, ma 6amo
‘53‘(‘ 3 }(“272)

53 53
1 1 2
Cl=—1,6‘2=0,C3=—1/(0(}/),C4=1,C5=—,C6=T+§1,C7=——§2,
ay a’y a
2
Y ARt
c8:1+§3,c9:?+§1— +—55.0,=1+2 1+ &
ay ay ay
2 ¢
2 «/1+§ 1 a 24N
cll:__+2 - >+ 2 2+§l_ L + 2%
ay ay ay ay ay
E 2
o) 1+ ¢ 1 ay P 1+¢&
- 2| - + 2 2+9E1 2 2
ay ay ay ay ay
=, 2
1 1+ ¢, 1 ay 0 1+&
e, =1+ J1+&,¢c5=—+ — + & — n 3
12 53 13 CU/ a}/ a27/2 51 0(7 a27/2
the energy equation is
/’L=i—(_1+n)n—l+2n—§2—2(1+§3)+
ay ay ay ay
3_52 " (3.91)
ay +
2 (1+§3) az 2+§I_ ay +0£27/23
— 2 ¢
1 T T %
+(1+2n)| - +§3+ 212+§1_ay +1t§23
ay ay ay ay

The numeric results of energy for n and / are obtained from Equation (3.91) these

results are given in Table 3.13 with suitable parameters 6 =—-5,m=1/2,a=5h=1,
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b =13,y =0.01,a = —0.05. The energy graph is drawn as shown in Figure 3.21.

In graph of energy, while the energy values decrease negatively with the increase in

the quantum number, but, increases negatively with the increasing number of

momentum number. Also since the energy values of Cornell potential are very close

to each other in different momentum states as, E,=-15294.5 in [;=1, E,=-15259.9 in

[,=2 and E,=-15207.8 in I3 =3 for n=7 quantum state, the energy changes show the

same change for almost every momentum n

The corresponding wave function,

umber .

E*fz

R[l’l, r] = anrHM (1 + LJy

—n,1+1—%+2 1+
/4

1+\/1+_§3 ‘Lz+61 4 +1+Z§3
v \y o
Y
¢
S BN
2 2
4 Y

(3.92)

Table 3.13 The energy eigenvalues of the Cornell potential in Case 2 under
o=-5m=1/2,a=5hi=1,b=1.3,y=0.01,a =-0.05.

State ;=1 =2 =3
n=1 -399.716 -355.359 -278.914
n=2 -1512.22 -1475.5 -1419.42
n=3 -3167.78 -3132.26 -3078.58
n=4 -5373.18 -5338.1 -5285.25
n=>5 -8129.3 -8094.43 -8041.98
n=6 -11436.4 -11401.6 -11349.4
n=7 -15294.5 -15259.9 -15207.8
n=_38 -19703.8 -19669.2 -19617.2
n=9 -24664.2 -24629.6 -24577.6
n=10 -30175.7 -30141.1 -30089.2
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Figure 3.21 The graph of energy eigenvalues of Cornell potential in Case 2 for
o0=-5m=1/2,a=5hi=1,b=13,y=0.01,a =-0.05.

3.2.7 Woods-Saxon Potential

The Schrédinger equation with Woods-Saxon potential takes the form,

R'[r] +@R'

1—ry

[r]+11 [2Eﬂm_l(l+l)+ 2mv,

—ry| B r K (1 +e”ﬂq)
where the approximation

2mV, _2mV,
n(1+e™q) n'r

is expressed.

A change of new variable of the form r =1/s substituting into the Equation (3.93)

yields,
" 7/ Al
R"|s|+ R'[s|—
g s(s=7) L+ (3.94)
QE,m+(-11(1+1)+2mV,)s’ _2Emy s(B1(1+1)y —2mV,y)
( s )R[s]=0.
h’s’ (s—}/)
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To obtain the solution of Equation (3.94) in the same way by similar methods as

before, power series expansion from Equation (3.36) is written.

Substituting this expansion into Equation (3.94) takes the following form

3

ZEﬁHﬂlﬂ%ﬁU+U+2m%—2€ij+

(3.95)
E
, s(hzl(l+1);/—2mvo;/+6 ”;m/ _OF,my
R'[s] S S
R [s] + > R[s]=0.
s(—1+sj Sy -1+ 2
y Y
The parameters at this step are
2
RA(141) + 2mY, - 22
E=— g (3.96)
h27/2
6E m
nl (l + 1)7/ —2mV,y + 6E§T7/ (2Enm - g‘yj
& = iy 163 = iy
¢ =-Lc,=0,c;=-1/y,¢, =1
1 2
C5=—,C=—5+¢.,0;=— =5, =1+&
/4 /4
2
1 }_é 1+&
Cg=—F5+& — +—2 0, =1+21+¢
/4 /4
2o¢
2 JI+& 1 y 1+ €
Cy=——42| —— |5+ & - + e, =1+ 1+ €
11 y 7 7/2 1 y 7/2 12 3
2
Vit 1 ;_52 1+¢
Ci3 = —\=té - T
/4 /4 /4 4

energy equation is obtained after comparison
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(1+2n)| - 1+§3+ 2+§]—7 +%
y Y y y

The numeric solutions of the energy equation are calculated and obtained results are
presented Table 3.14 for n and [ with appropriate parametersm = 1/2,y = 0.05,
h=1,V, =0.06,6 = —0.005. The energy graphs are plotted as function of r in
Figure 3.22. As seen in figure, the energy decreases positively with the increasing the
quantum number, also it increases positively with the increasing number of
momentum. It is seen that energy takes the biggest value is E,=22.3383 in [3=1 and
n=10 and the lowest value is, E,=0.538297 in I3 =3 and n=1. Further, since the
energy values are very close to each other, they were overlapped at the same point.

The wave function can be obtained from Equation (2.15) as

z, (3.98)
1+1/1+§3 J Lzt 2+1+§3
J r A A

R[r,n]=anrl+ﬁ[l+1 ’
Y
T 2 _¢
= 1+ P
24 Y4 4 y y y

n2+2Jl+&:-=
y

Table 3.14 The energy eigenvalues of the Woods-Saxon potential in Case 2 under
m=1/2,y =0.05,2=1V, =0.06,6 = -0.005.

State ;=1 =2 [3=3

n=1 0.538297 0.615996 0.715073
n=2 1.34016 1.42965 1.552

n=3 2.53843 2.63263 2.76616
n=4 4.13497 423141 4.37078
n=5 6.13025 6.22791 6.37061
n=6 8.52441 8.62279 8.76754
n=7 11.3175 11.4163 11.5624
n=3§8 14.5095 14.6087 14.7557
n=9 18.1006 18.2 18.3476
n=10 22.0906 22.1901 22.3383
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Figure 3.22 The graph of energy eigenvalues of Woods- Saxon potential in Case 2
for m=1/2,y =0.05,2 =1V, =0.06,6 = —-0.005.

3.2.8 Poschl-Teller Potential

The SE is written for Poschl-Teller potential in Equation (3.14)

2ar
(2_7j 1| 1(i+1) e, s
R[]+~ R[]+ AR N (e +49)" |g[r]=0. 399
l-ry 1-ry r h
Here the approximation is expressed
4e*"V, 4V,
(GZar + q)2 r2
. . Ulr] . .
and by defining wave function R[r] = —— then Equation (3.99) is
r

y 1 2mr2(En+4—‘Z°)
" , r 2 2 —
U [r]+l—r7/U [r]+h2r2(l—r7/) = ~1(1+ 1 +ry) |U[r]=0. (3.100)

By defining transformation r =1/ s the Equation (3.100) yields
61



U 5]+ —(SZ(SS‘_377 )) U'[s]+

2E, my N (3.101)
S

2E m+(~h'1(1+1)+8mV, )s” -
n'y +s(-n'y +n'1(1+1)y —8mV,y)
h's’ (s — 7)2

U[s]zO.

To solve of the above equationl, is opened to power series from Equation (3.36)
s

and then Equation (3.101) takes the following form

v 5]+ 222 g

s(-1+2)y
4 (3.102)
2E,m —6%’”7 + 770t + 5% (8mV, — 2E§";"7 —1(1+1)R")
+s(~8mV,y + 6E5";"7 — i+ 1(1+1)yh)
U'[s]:O
S (-1+ 2yt
Y
By using parameters
£ = _(—h“l(l +1)+8mV, - ZE(;Q”V J /y*ht
o a s OE,my ), .4 (3.103)
E=|-h'y+n l(l+1)7—8mV07+T 1 v*h
£ = —(ZE”m Yy - 6'5'?7""7] /y°H
1
=-3,¢c,=-2/y,c;=——,¢c,=2
Y
cs=0,c,=G,6, =66, =4+,
:§1+§ 4+§3 Cc,p =1+ 244 +&,
e 7
«/4+
¢ :—g+2 _—§3+\/§1+é+4+_2§3
Y v v Y
a/4+
c, =2+N4+E, ¢y = Nada il \/§,+é+4+—2§3,
e v Y
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the energy equation is

g:%_w_gz_w+2\/(4+é)(é_,_é_,__éJ_F

v v /4 v v

(1+2n) S +\/§ s A G109
¥ Ly

The numeric solutions of the energy equation are evaluated and obtained results are

given in Table 3.15 for n and 1 with fixed y =0.6,6 =-0.03,m=1/2,A=1V, =0.5

parameters. The energy graph is drawn in Figure 3.23. In figure, while the energy
values take the both negative and positive values up to the n=5 quantum state, they
have taken a negative value for each momentum state from n>6 quantum state. The
energy values of Poschl-Teller potential show decreased slope. In addition, there is a

clear fluctuation in energy values in figure.

The wave function is

J_

.91+ +—==

33 4*5@
7
N r

nl

N R
’ N(H— (3.105)

y/

R[n,r]:— 4+2§3)+

4+
—n,1+1—2+2 4+§3+2(—\/—§+\/§ é+
F e 4 I

271

n2+2 4+§3;—L
/4

Table 3.15 The energy eigenvalues of the Poschl-Teller potential in Case 2 under
y=06,0=-0.03,m=1/2,h=1V,=0.5.

State ;=1 =2 3=3
n=1 -0.0000749559 0.000173107 0.000452206
n=2 -0.000164271 0.000103741 0.000448073
n=3 -0.000279116 | 0.00000984964 | 0.000377361
n=4 -0.000419053 -0.000135035 0.000263187
n=5 -0.000583972 -0.000296175 0.000114692
n=6 -0.000773872 -0.000483463 -0.0000640056
n=7 -0.000988795 -0.00069647 -0.000270864
n=3§8 -0.0012288 -0.000934999 -0.000504803
n=9 -0.00149395 -0.00119897 -0.000765222
n=10 -0.00178431 -0.00148836 -0.00105178

63




0,0005

0,0000

-0,0005 +

Energy Eigenvalues, E,

-0,0010

-0,0015

-0,0020 -

Quantum Number, n

Figure 3.23 The graph of energy eigenvalues of Poschl-Teller potential in Case 2
for y=0.6,6 =-0.03,m=1/2,h=1,V, =0.5.

3.3 Case 3: State of form factor &(r) = yr2

In case, the form factor &(r) = ypo(r) = 7r2 is taken with SE,

2E mr* +1(1 +1)h* +2mr’V
R”[r]+%R'[r]+( i+ 11 1) il [r])

r r’ (—1+r27)h2 R[r]=0

(3.106)

and then solutions were investigated for potentials.

3.3.1 Harmonic Oscillator

The SE can be expressed with Harmonic potential as,

r(1-ry ,uth”[r]—
run’ ( ) (3.107)

m(—ZEnrz,u +mriw’u +l(2,u+ hz) +1° (2,u+ hz))R[r]

r3,uh2 =0.

By performing the change of new variable r — az Equation (3.107) becomes,
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R[c] m(u(2(1+1)=2E,&’c +mw’a’s*)+1(1+1)1)

+ R|7|=0.
e o ur? (_1 N 0{271'2)712 [ ] (3.108)
and now the coordinate transformations, 7 —>1/y
2E 2 2 4
, m((21(1+1)— W2 I e ),u+l(l+1)h2] 3.109)
. ' y y .

R [yl+—R'ly]+ p R[y]=0.

g y (-1+

Then again with similar algebraic calculation and new defining transformation

y = Js the Equation (3.109) becomes

3(—s + azy)

2sa2(1— i J]/
ay
S

2
-m*w’a’ - 2E ma'y + m*w’a’y (_354_ 3}_

R [s]+ R'[s]+

(3.110)

5§ 58
S (21 +)m—1(1+1)1)
+5(2E,ma’ + &’y (21 (1+1)ym+1(1+1)1’))

2
4y’a? (1— o j v
a’y

By defining the following parameters

2.2 6
£ :_(_21(1+1)m+%30”/—l(l+1)h2]/(4h2a27/)

3m*w a’y

& = [ZEnmaz s o’y (2(1+1)ym+1(1+ 1)h2)j/(4h2a2;/)

2.2 _6
&= —[—m2w2a4 —-2E ma'y + ?amm;%) / (4h2a27/)
¢, =-3/2
c,=3/2
c, = 2/(0{27/)
5
C, ZZ
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(3.111)

L1 4 3a’y v
6 4 az}/ 2 1
5 4 3a’y
C, =—| — —
! 4[ a’y 2 j &
5 5[_ 4 3a’y
25 1( 4 3a%Y 4 a’y 2
Cg=—+6C =—| ———+ +& + 2
16 4\ a’y 2 a’y
25
c10=1+2/E+§3
22
_vie —
a’y
4 1 4 3o\
cy=——+2 —| ——
a’y 4 a’y 2
5 4 3’
21 = - —+ 4 -¢, 4 é &,
£ 4 ay 2 16 7
+& + +
1 aZ}/ a47/2
5 25
C12_Z+ R"'é
25
1 4 3a’y 2\/£+§3
Ca=5| "ot - 2 -
20 ay 2 ay
1 4 3aiyY
T T 2 A +§1
4 ay 2
5 4 3a’y 25 :
2| 2| - - 25
[4[ oy 2 ] 52) 4(16+§3)
+ -
aZ}/ a47/2

the energy equation is written from Equation (2.12) as

66




2(-1 2
- ( ;n)n+§na2)/+§ _4 3aTy
a‘y 2 4\ a%y 2 (3.112)
25
o) 4(4—53)
l(1+2n) —% a7y —&y + 162 +
a‘y 2 a’y
2
1 4 3a%
Tt tat
2 (é 5) 2 +
16 3) o5 4 ey . 25
\ i\ 7e2 " 2 2 4(16+§3J
+
0(2]/ 0!4]/2
2
1( 4 30:27/J i
4l 2" 1
2f%+§3 a7y 2
4l 2 7 7 4(*‘53)
ay p 16
a27 0{4}/2

The numeric results of Eq. (3.112) are given for n and / in Table 3.16 with suitable

parameters

w=10,a = -048,§ = 0.5,y =-25,m=1/2,A=1 and energy

graph is drawn as shown in Figure 3.24. Looking at the energy values of Harmonic

oscillator potential in figure, the energy values showed a positive decrease with the

increase in both the n and / numbers. At the same time, it is observed that the energy

values overlapped because the energy values are very close to each other in different

momentum states. For example, E,=33409.3 in [;=1, E,=33062.6 in [,=2...etc.

Table 3.16 The energy eigenvalues of the Harmonic oscillator potential in Case 3

under w=10,a¢ =-0.48,06 =0.5,y =25, m=1/2,h=1.

State ;=1 =2 3=3

n=1 33409.3 33062.6 32539.1
n=2 29181.2 28873.6 28409.2
n=3 25315.9 25045.8 24637.8
n=4 21804.7 21570.2 21215.8
n=5 18637.4 18436.3 18132.3
n=6 15801.6 15631.6 15374.4
n=7 13283.1 13141.6 12927.2
n=3§ 11065.4 10949.6 10773.6
n=9 9129.93 9036.76 8894.77
n=10 7456.15 7382.62 7270.08
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Figure 3.24 The graph of energy eigenvalues of Harmonic oscillator potential in

Case 3 for w=10,0=-0.48,0=0.5,y =25 m=1/2,h=1.

The wave function is calculated

E*«fa 1
i

2
4 +30:2}/\ 16
a27

azy 2 J azy 2

1

5 25 H
3B 2

N, rt 1 [1_ zzrj[
ay

2E(—n,l+1+é+2,/§+§3 +
a’y 16

1 2\
Rin.r1== 25 l(— i + 32 yj +& +
]2 B+§3 40 ay 2

2=t | (5( 4 32

y 25

ay 2| = - + =

(4( oy 2 j (’52] 4(16“53)
+
aZ}/ a47/2

/25 2r
2, =+ & ——
16 2 azy)

3.3.2 Hulthen Potential

In this case the SE can be written,
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20E +——Fu
. 2-1+7%) ., 1 I(l1+1 " (clre™)K
e R : R[r]=0.
7) 1—-ry r h
(3.114)
The approximation
K _ K
(—1+e"’“)1< rK
is proposed for Hulthen potential
K
Z(E +j,u
" I(I+1 ngR
(1-r%7)R [r]{z—ZﬂR'[rh 4 : ), o |R[r]=0. (3.115)
r r ,

By defining transformation r = \/; and then substituting into the above equation
yields

[ZKﬂZEnSZW(ﬂl(l+1)Kh2 - J
[s]+

) 1 s(=2Kyu+2E, e+ 1(1+1) ych? (3.116)
R [s]+ 2C7) porg (22K + 28 (+ ) ) R[s]=0.
2s(—1+sy) 45 (-1+sy) «n’*
The parameters at this step are
& =—2En]/K/(4K'h2)
& = (-2Kyu+2E,xu+1(1+1) yxhi® )/ (4xh’)
& =—(-1(I+1)xh® +2Ku)/ (4xh’)
5 * E
¢ =-3/2.c, =3y 12, =7/ 2¢,= e =" =T—6+2'—T;f
5y —2K;/,U+2Enlc,u+l(l+1)7r<h2 _25_'_—2K,u+l(l+1)1<h2
“T7% 4l % 16 4l
2 _ 2
. :7_+EL72/+17/2£§+ 2K,u+l(l2+1)1<h J
16 2r° 4" |16 4ich
1 ( Sy 2Kpu+2Exu+1(1+1)yxh
278 4kch?

2Ku+1(1+1)xh?
c10:1+2\/§+ ad (2 )K
16 dxh
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1 (25 —2Ky+l 1+1)xh?
C = (_—7/ — (2 ) +
16 dkh
7 Ey 1 (25 2Ku+I(l+1)«hH’ (3.117)
+—5 + =4 -
16 2h 16 dxch

\ 1 5y —2Kyu+2E,ku+1(1+1)yxh’ )
27778 Ak

5 \/25 2K+ 1(1+1)xh’
=TTt 2

4 \16 Akt

2Ku+I1(1+1)xh’
C13:_Z+l7/\/§+ a (2 ) +
2"\16 Axch

4

> Ey 1 25 2Ku+1(l1+1)xh*
. (1)
16 2h 16 4xh

| ( 5y —2Kyu+2Enu+1(1+1)ych®)
\ MK 4xch?

using Equation (2.12), the energy equation can be calculated

161h2 (16Kyu—kBE, u+h*(y(31+8L(1+1) +

(3.118)

[2+2n+ 25+4l(1+1)—812§‘]
K

2,25 41(1+1)- K8y

2\/7/( 24Ky +16E,x (2 + 1) + (49 +121 (1 +1)) yi®)
Kh’

A \/}/(—24[(;/;1 + 16En1((2 + ,u) + (49 + 121(1 + 1))}/1(?12)

—4an

xKh’

(-8Ku+(25+41(1+1))xn*)

4
(24K +16E,x (2+ p) + (49 +121 (1 +1)) yich’ )
- K’h

)

The numerical results of the energy are given in the Table 3.118 by using Equation

(3.118) for n and [ with fixed parameters K = 0.006,x = 10,y = 0.5,h =1,
0 =-0.5,m=1/2.The energy graph is drawn in Figure 3.25. In graph, energy

values increase positively with increasing quantum and momentum number. Since
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the change in different momentum states is almost the same, therefore, the energy
changes in these situations also show parallel behavior.

The wave function can be obtained

y 1 |25 y? 1 Sy 1 ,(25 (3119)
5+ *25+§3 T _Z+§y %+§3 _\jﬁhﬁ _E}/(_?_§2]+47 (E‘Fé]
16 }/
1+ =+

R[n,r] = anrZ

2
f25 1 25

n1+1-y+2 | —+& +2(—=y, | —+& +
n Y 16 & ( 27 16 &

2

14 1 Sy 1 ,(25 25
Fl.J—+&—=y|—-¢ |[+— —+ +m2+2 | —+&;;
5 \/16 g 27( 8 682) 47 (16 G Prmt gt e

_Ir
2

Table 3.17 The energy eigenvalues of the Hulthen potential in Case 3 under
K =0.06,x =10,y =0.5,06 =—0.05,m=1/2,h=1.

State ;=1 =2 [3=3
n=1 148.107 177.144 216.064
n=2 271.45 311.802 364.673
n=3 430.667 482.307 549.081
n=4 625.766 688.684 769.34
n=5 856.752 93(.943 1025.47
n=6 1123.62 1209.09 1317.48
n=7 1426.39 1523.11 1645.37
n=_8 1765.03 1873.03 2009.14
n=9 2139.57 2258.83 2408.81
n=10 2550.0 2680.52 2844.35
3000 |
2500 |
LIJ:
g; 2000 |
i 1500 -
% 1000 -
v 500
04

Quantum Number, n

Figure 3. 25 The graph of energy eigenvalues of Hulthen potential in Case 3 for
K =0.06,xk =10,y =0.5,06 =-0.05,m=1/2,h=1.
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3.3.3 Woods-Saxon Potential

Thus situated the SE has the form

. 27!2 —1+}’2}/ , I(l+1 2mV. (3120)
" (1—r2}/)R [r]+—( )R [r]+| 2E,m+ (r2 )hz_(l—kn;‘*oﬂq) R[r]=0.
Using the approximation
2mV, _2mV,
n(1+e’q) '
then,
2(-1+4 7 | (3.121)
R 2 L [26m 1) 20y
r(l—r27/) 1-ry h r h'r
And then using new variable r = x/g the Equation (3.120) yields
-1 3.122
R[]+ 20N oy G122
2s(—1+s7/)

(-21(1+ 1)+ 2mV, = 2E,ms’y +5(2E m+ WL (1 +1)y - 2mV,y))
4n*s* (-1+sy)

R[s]=0.

The parameters take

& =2mE,y | 4h*
& = (2Em+W1(1+1)y —2mV,y )/ 41°
& =(R1(1+1)=2mV, )/ 4%’
¢ =-3/2,¢c,=-3y12,¢c;, =2y
1 Sy 257/

€ =76 =776 = +&p.c 7=Z_§2’C8:_+

5T

_25}/ B 11 ,L
Cy = 16 +¢ 27[2 j§2+47( 53} 0= 10 +2 25+§3
011:_47"'2[ 27«’2_5"'983 \/257/ (__52)"‘472(%5"'53)}
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5 ’1 25y
Ci3 i/+27 2_5 53_\/ A

the energy equation is obtained

1
27(%—43)“*7 (2—5+§3), (-123)

3 5 1
:%—%—2(—1+n)n}/—z(1+2n)7/—§2—4y(g+§3j

+2J(2LS+§3][2§§ si-2r(f-a ey (2_+53jj
(1+2n)[ 2;/\/; \/2?6/ (__§2j+4y2(2%+§3j],

The numeric solutions of the energy are calculated by using above equation and

(3.124)

obtained results for n and / are given in Table 3.18 with appropriate parameters
m=1/2,y =0.05h =1,V, = 0.06 and energy graph is presented in Figure 3.26.
The energy values of Woods-Saxon potential show a parallel increase positively
based on the quantum and momentum state. While the change in energy is not so
much in the first n=1 quantum state, [;=1, E,= 0.378428 and [,=2, E,=0.422159,
this change has increased markedly for different momentum states with the

increasing number of quantum.

Table 3.18 The energy eigenvalues of the Woods-Saxon potential in Case 3 under
m=1/2,y=0.05h =1V, =0.06.

State ;=1 =2 I3=3
n=1 0.378428 0.422159 0.424604
n=2 0.959159 1.09973 1.18399
n=3 1.75636 2.00113 2.18159
n=4 2.76854 3.12004 3.40214
n=>5 3.99534 4.45469 4.84096
n=6 5.43663 6.00438 6.49618
n=7 7.09233 7.76881 8.36695
n=_3§ 8.96244 9.74784 10.4528
n=9 11.0469 11.9414 12.7535
n=10 13.3458 14.3494 15.2689
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Figure 3.26 The graph of energy eigenvalues of Woods-Saxon potential in Case 3
for m=1/2,y =0.05,2=1V, =0.06.

The wave function has the form of

L]t 5 1 2557 1
S ?—Jr; oy [ e |2 e o7 2=
RIn,rl= N, V5 (14 2ry )+ " (isao{ia)ar(e)

11 1 1
nl+-——-4y+2, | =+& +2(2p, | —=+& +
TR «/25 S 227\ 554

\/257 ‘e —Zy(%—§2]+47/2(%+§3))

(3.125)

Ey

16

1 1
+n;—+2,[—+&;2ry.
T TR

3.3.4 Poschl-Teller Potential

In this case the SE has the form

_ 2
2( 1+r}/)R'

- r(l —~ rzy)

[ 2 L L S pl=0. 3.106)

By considering the approximation

74



2mV, _2mV,
n(1+e’q) wrt’

and then using new variable » = a7z with wave function R[r] = m the Equation
r
(3.126) yields
o (em(av B )11+ 1)R?) (3.127)
—U 7|+ Ulr|=0.
o’ <] o't (—1 + azyrz) 7]
and again, the coordinate transformations 7 — 1/ y yields
Py (2 -ay) e +(2m(4yV, + E,0?) - 1(1 +1)y2h2>U .
y y|=0.
h2y3(y2 —0!27) h2y3(y2 _azy) (3.128)

So, by performing the change of new variable y — /s Equation (3.128) becomes

3(s—a27)
2
s
2502 | 1+ |y ansiat| -1+ ——|
ay a‘y

By using the following parameters values

{—2Eﬂma47/ +5° (8mV, —1(1+1)h)+
U'[s]+

s(2E ma® —8mV.ay +1(1+1)a® h] (3.129)
U [s]+ 2z, @y +11+l) y)Us]zo.

& =—(8mV, —I1(1+1)h)/ (47°a'R’)

& = (2E,ma’ —8mVya’y +1(1+1)’yh)/ (47 ' 1)
& =—(2Ema'y)!(47°a'n’)

¢, =-3/2,c,=-3/2a’y

ay
1 4 3 1( 4 3a%)Y
=51 2.~ 4 o =71 T2~ z +&
2\ a’y 2 4\ a’y 2
5( 4  3a’y 25
c, == - —6,,Cq =—+
7 4((127/ 2 j é:Z 8 16 983
: 25[4—3“27]—5 eI
1 4 3a% 4\a’y 2 ’ 16 =
Co=—"| 2.~ +§1_ 2 4 2
4\ a’y 2 a’y a’y
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ay
> (3.130)
25(4_30!7J e
2 2
A ala’y 2 16 ~),
4 aZ}/ 2 1 a27/ 6‘(47/2
5 |25
==4,|—+
Cp 4 16 S
e
1 4 3ay 16
‘=5 2.~ 2
2\ a’y 2 ay
5( 4 3a’y 25
2 N2 2 4( 7 2 J_gz 4 7_‘_53
1( 4 3ay ay 16
il T2 +& - p + 72
a’y 2 a’y a'y
the energy equation is obtained
2(—1 2
ay 2 4\a’y (3.131)

+

2
25
4| —+¢

1 4 3a%y (16 3)

5(1+2ﬂ)[a—27/—7)—§2—+

a'y
1( 4 3d% 2+
4\ o’y

2
25
2(—%”3} 5( 4 3¢ +
16 2 _ N 25
\ (a5 )8) o(Zee)
51_ + 4 2
25
224
(1+20) -6~

a’y a'y
—+ 2 .
o'y ) 5( 4 3oy 25
\ oty 2 &S| o4 16+§3
+

2
1( 4 3o’y
Z(azy_ 2 J+§l_
4.2

a’y a'y
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The numeric solutions of the energy are given in Table 3.19 for parameters y = 0.06,

m=1/2,h=1,V, = 0.5, = —0.004. The energy graph is shown in Figure 3.27.

As seen in figure, the energy change of Poschl-Teller potential shows similarly to

Woods-Saxon potential.

The corresponding wave equation is calculated

Rn,r] =+
-

JF(-n1+1—

D [—
N

S}
<

8 (3

‘21 +2 ,§+§ +
a’y 16

a2y R %)
2, /25 +E
AR
o’y

1( 4 3a’y
ay 2

3
5

4
6(2}/

+§3)
16 )+

2 2{
4
j +/§1_

2r
azy)

4 2

ay

(3.132)

Table 3.19 The energy eigenvalues of the Poschl-Teller potential in Case 3 under
y=06m=1/2,h=1V,=0.5a=-0.004.

State ;=1 =2 I3=3

n=1 205.812 240913 281.607
n=2 443.595 498.247 560.564
n=3 776.278 850.564 934.549
n=4 1203.95 1297.9 1403.56
n=>5 1726.64 1840.25 1967.61
n=6 2344.35 2477.63 2626.68
n=7 3057.08 3210.05 3380.79
n=§8 3864.84 4037.49 4229.92
n=9 4767.63 4959.96 5174.09
n=10 5765.45 5977.46 6213.28
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Figure 3.27 The graph of energy eigenvalues of Poschl-Teller potential in Case 3
for y =0.6,m=1/2,A=1V, =0.5,a =-0.004.
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CHAPTER 4

CONCLUSION

In this thesis, the influence of the velocity-dependent on the solution of non-
relativistic SE has been investigated and energy spectrums are calculated for
Harmonic oscillator, Coulomb, Kratzer, Mie, Hulthen, Cornell, Woods-Saxon and
Poschl-Teller potentials for any quantum states within the framework of the NU. The

corresponding velocity-dependent term &(r) is considered in different case for these

potentials in accordance to the types of potentials.

As a result of studies, the energy eigenvalues and eigenfunctions of the proposed

potentials are analyzed. First, solutions for the value &(r) = yp, of the form factor

have been made for Harmonic oscillator, Coulomb Kratzer, Mie, Hulthen, Cornell,
Woods-Saxon and Pdschl-Teller potentials. Of the potentials mentioned above, the
obtained energy spectrums were calculated analytically for Harmonic oscillator, and
numerically for Coulomb, Kratzer, Mie, Hulthen Cornell, Woods-Saxon and Pdschl-
Teller potentials. The determined wave functions and the calculated energy
eigenvalues are in similar form of corresponding functions in the case of non-

velocity-dependent in the literature.

Although we obtained the energy equation analytically for Coulomb, Kratzer, Mie,
Hulthen, Cornell, Woods-Saxon and Poschl-Teller potentials, due to the
insufficiency of the used computer program, the appropriate constants for some
parameters were selected and numerical values of the energy were presented as

tables. Energy graphs were plotted for these values.
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During the study, solutions were made for all potentials by using form factor

g(r)=yr condition. In the same way, the energy eigenvalues and corresponding

wave functions are obtained for all potentials. The calculated wave functions and
energy spectrums for the proposed potentials are slightly different compared to the

literature and only give the same results in case £(r) =0 . While expecting the energy

equation to come out analytically here, since the equation was formed in very
complex structures the numerical value of the energy was given by taking fixed
parameters because of the insufficiency of the computer program. The values of
energy are presented as tables and energy graphs are drawn for these potentials.
These results are new and have never been reported in the literature before to the best

of our knowledge.

In the last part of studies, the solutions of non-relativistic SE have been investigated
with the case of the velocity-dependent term &(r) = yr” for the considered potentials.

However energy spectrums have been calculated only Harmonic oscillator, Hulthen,
Woods-Saxon and Pdschl-Teller potentials. The solution of the Harmonic oscillator
is show similarities with a slight difference when compared with the literature. Other
potentials have not been solved in the literature so far and these potential have only
been investigated in our study. At the same time, the calculated wave function and
energy spectrums are for Hulthen, Woods-Saxon and Pdschl-Teller potentials when

g(r)=0as in literature, the potentials are reduced to the simple form of the

corresponding potentials. Similarly values of energy here are numerical and the
results are shown as tables. In additionally, energy graphs are plotted for these
potentials. The reason for calculating the energy equation numerically is that the

equation is very complex structure and used calculating program is inefficient.

In this thesis, it is presented that the velocity-dependent potentials with different
forms have definitely an effect on the energy eigenvalues of the system under
consideration. Apart from our work in different studies can be done in the future. For
example in addition to this study, the solution of the effect velocity-dependent
potentials on the solution of relativistic wave equation for physical potential is

determined for obtaining energy spectrum by using different methods. Also the
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solvable systems can be increased in the solution of the effect velocity-dependent
potentials on the solution of relativistic wave equation and investigate the superiority

of correspondence method on the methods in literature.
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