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Abstract

We study a branching Brownian motion Z in Rd, among obstacles scattered accord-
ing to a Poisson random measure. Obstacles are balls with constant radius and each
one works as a trap for the whole process when hit by a particle. Considering a
general offspring distribution for branching, we find the decay rate of the annealed
probability that none of the particles of Z hits a trap, asymptotically in time t. This
problem motivates the proof of a more general result about the speed of branching
Brownian motion conditioned on non-extinction. On the way, we make use of the
skeleton decomposition of the Galton-Watson process that underlies Z, and show
that the skeleton alone is responsible for both the conditional speed of branching
Brownian motion and the asymptotic decay rate of the annealed trap-avoiding prob-
ability of the system, that is, the non-skeleton particles play no role.
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Özet

Bu tezde, Poisson rassal ölçüme göre dağılmış engeller arasında Rd üzerinde seyreden
dallanan Brown süreci Z çalışılmıştır. Engeller, sabit yarıçapa sahip toplardır ve her
biri bir parçacık tarafından değildiği zaman tüm sistem için bir tuzak görevi görür.
Dallanma için genel bir dağılım ele alınarak, Z’nin hiçbir parçacığının bu tuzaklara
düşmeme olasılığının zaman sonsuza giderken asimptotik azalma hızı hesaplanmıştır.
Bu problemin çözümüne yönelik olarak ayrıca, dallanan Brown hareketinin soyu
tükenmemesi şartı altında hızı bulunmuş ve ispatlanmıştır. Yapılan ispatta, dal-
lanan Brown sürecinin altında yatan Galton-Watson sürecinin iskelet ayrışmasından
faydalanılmış ve sonunda hem soyu tükenmeme koşuluyla dallanan Brown sürecinin
hızına, hem de sistemin asimptotik olarak tuzaklara düşmeme olasılığına sadece
iskeletin katkı yaptığı, bir başka deyişle iskelete mensup olmayan parçacıkların bir
katkısı olmadığı gösterilmiştir.
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Nomenclature

d spatial dimension

N set of natural numbers including zero

Rd d-dimensional Euclidean space

~0 origin in Rd

B(Rd) Borel σ-algebra on Rd

t time

supp support of a function

B(x, r) open ball with radius r centered at x

B̄(x, r) closed ball with radius r centered at x

Z = (Z(t))t≥0 branching Brownian motion (BBM)

X = (X(t))t≥0 continuous-time Markov branching process

N = (N(n))n∈N Galton-Watson process (GWP)

β branching rate

(pk)k∈N offspring distribution

f probability generating function for the offspring distribution

µ mean number of offspring

m mean number of offspring − 1

P probability law for branching process

E expectation corresponding to branching process
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τ extinction time

E event of extinction

q probability of extinction

R(t) range of BBM at time t

Π Poisson random measure (PRM)

ν mean measure for Poisson random measure

K random trap configuration

P probability measure for PRM

E expectation corresponding to PRM

T first trapping time

M(t) radius of the minimal ball containing the range of BBM
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Chapter 1

Introduction

1.1 Motivation

A typical class of trapping problems involves a randomly moving system of particles
in space, which contains a collection of randomly located traps. The main object of
interest in such problems is the probability that the system of particles avoids the
traps up to time t averaged over all trap configurations. The particles and traps are
usually spheres or points. Trapping problems of this sort find various applications
in chemistry and physics (see [21]), and in some models the particles branch or
reproduce randomly as they move in space.

Branching Brownian motion (BBM) among random obstacles functioning as
traps has been studied recently in [14, 15, 17, 28]. This thesis concerns a BBM
that evolves in Rd, where a random field of Poissonian traps are present. We are
mainly interested in the trap-avoiding probability of the system up to time t asymp-
totically as t tends to infinity, where the Galton-Watson process (GWP) underlying
the BBM has a general offspring distribution. The problem in this thesis originates
from two articles, Englandër [14], and Englandër and den Hollander [15], where the
same problem was solved for the case of strictly dyadic branching for the underlying
GWP. We aim at extending their results to BBMs with general offspring distribu-
tion. Investigation of this problem leads us to finding the speed of BBM conditioned
on non-extinction, which is of independent interest.

1.2 Problem description and notation

Our model involves two major random components: a branching Brownian motion,
which is an extensively studied example of a spatial branching process, and a Pois-
sonian field of random traps in Rd, which makes a popular setting for contemporary
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random media problems [41].

Let Z = (Z(t))t≥0 denote a d-dimensional BBM with branching rate β > 0
and offspring distribution λ, where λ is a probability measure on N = {0, 1, 2, . . .}.
The process starts with a single particle at the origin, which performs a Brownian
motion in Rd for a random time which is distributed exponentially with constant
parameter β. Then, the particle dies and simultaneously gives birth to a random
number of particles distributed according to λ. Similarly, each offspring particle
repeats the same procedure independently of all others and of the history of the
process up to her birth, starting from the position of her parent. In this way,
one obtains a measure-valued Markov process Z = (Z(t))t≥0, where Z(t) can be
identified as a particle configuration for given t ≥ 0. By assumption, Z(0) = δ~0,
where ~0 denotes the origin. The total mass process |Z| = (|Z(t)|)t≥0 is a continuous-
time Markov branching process with rate β and offspring distribution λ, and the
number of particles in generation n of Z is a (discrete-time) Galton-Watson process
N = (N(n))n∈N with offspring distribution λ. The particle present at t = 0 makes
up the 0th generation, the offspring of the initial particle make up the 1st generation,
and so forth. We denote the extinction time of the process |Z| by τ , formally written
as τ = inf {t ≥ 0 : |Z(t)| = 0}, where we use the convention that inf ∅ = ∞. We
then denote the event of extinction of the process |Z| by E , and formally write
E = {τ <∞}. We use the term non-extinction for the event Ec. Let P be the
probability law for the process Z, and E the corresponding expectation.

We now create a random environment in Rd via a Poisson random measure
(PRM), which will be the second major random component of our model. Let
B(Rd) be the collection of d-dimensional Borel sets, and let Π denote a PRM on
B(Rd), with a boundedly finite mean measure ν such that dν/dx exists, where dx
is for the Lebesgue measure. In this work, two instances of ν will be considered.
Firstly, as standard, we will work with a uniform field of traps, which corresponds
to

dν/dx = v (1.1)

for some constant v > 0. Then, we will consider a radially decaying field of traps,
where dν/dx is continuous on Rd and

dν
dx ∼

l

|x|d−1 , |x| → ∞, l > 0. (1.2)

It is the PRM with mean measure as in (1.2) that makes our problem much richer,
and leads us to finding the speed of BBM conditioned on non-extinction. The
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random trap configuration with radius a attached to Π on Rd is defined as

K :=
⋃

xi∈supp(Π)
B̄(xi, a), (1.3)

where B̄(x, a) is the closed ball of radius a > 0 centered at x ∈ Rd. Let P be
the probability measure for the PRM, and E the corresponding expectation.

The branching Brownian motion Z is assumed to live in the random environment
consisting of Poissonian traps. For t ≥ 0, let

R(t) =
⋃

s∈[0,t]
supp(Z(s)) (1.4)

be the range of Z up to time t. Note that R(t) is the totality of all points in Rd

that are hit by Z up to time t. Now let T be the first time that Z hits a trap,

T = inf {t ≥ 0 : R(t) ∩K 6= ∅} . (1.5)

Then, the event of trap-avoiding up to time t of Z among the Poissonian field of
traps is given by {T > t}. Our main quantity of interest in this work is

(E× P )(T > t),

the annealed (averaged) trap-avoiding probability of the system up to time t, for a
BBM with a general offspring distribution λ.

1.3 History of the problem

The history of the present problem dates back to 1975, when Donsker and Varadhan
considered a single particle performing Brownian motion in Rd, and studied the
asymptotic behavior of the volume of its associated Wiener sausage [11]. The Wiener
sausage with radius a is defined as

Sat :=
⋃

0≤s≤t
B(W (s), a),

where W = (W (s))s≥0 stands for the Wiener process (Brownian motion) in Rd, and
B(x, a) is the open ball with radius a centered at x. The asymptotic distribution of
the volume of the Wiener sausage is characterized by the result

lim
t→∞

t−
d
d+2 logE exp(−v|Sat |) = −c(d, v), (1.6)
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where E is the expectation corresponding to the Wiener process, c(d, v) is a constant
depending on v > 0 and the dimension d, and |Sat | is the volume of the Wiener
sausage accumulated by time t.

By Tonelli’s theorem, it is easy to see that

E exp(−v|Sat |) = E

[
e−v|S

a
t |

(v|Sat |)0

0!

]
= (E × P)(T̄ > t) = (E× P )(T̄ > t), (1.7)

where T̄ is the first time the Brownian particle hits a uniform field of Poissonian
traps with intensity v > 0. In (1.7), P and E stand respectively for the probability
and expectation corresponding to the PRM as before. In 1998, in view of the
equivalence in (1.7), the work of Sznitman [41] provided an alternative proof of
(1.6) in the context of Brownian survival among Poissonian traps. Note that (1.7)
casts the original problem of Donsker and Varadhan as a trapping problem similar
to our problem, but without branching, so we may regard (1.6) as a solution to our
problem when p1 = 1, and see that the tail of the annealed probability of trap-
avoiding decays subexponentially (as reflected by the factor t−d/(d+2) in (1.6)) when
there is no branching.

In 2000, Engländer added branching to the problem of Brownian survival in a
Poissonian field of traps [14], where he considered a uniform PRM with mean mea-
sure as in (1.1). He studied the case of strictly dyadic branching, where each particle
produces precisely two offspring upon branching, which corresponds to p2 = 1 ac-
cording to our notation. We emphasize that henceforth, the notation that we use
will be consistent with the notation described in the previous section. Engländer’s
result from [14] is

lim
t→∞

1
t

log(E× P )(T > t) = −β for d ≥ 2. (1.8)

The key feature of the result above is that the asymptotic decay of the annealed trap-
avoiding probability has become exponential as a result of branching, and moreover
the dominating effect of branching over spatial motion is clear, since the result
depends only on a branching parameter.

In 2003, in search for extending the result (1.8) to d = 1, Engländer and den
Hollander [15] considered a radially decaying field of traps, where the trap points
were given as the atoms of a PRM with mean measure as in (1.2). Their result is
as follows:

lim
t→∞

1
t

log(E× P )(T > t) = −I(l, β, d), (1.9)

where I is given as a variational formula, and depends on the trap intensity l > 0,
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branching rate β > 0, and dimension d ≥ 1. Note that a uniform mean measure
is a special case of (1.2) when d = 1, hence the result in (1.9) is an extension of
(1.8) when d = 1. Similar to the case of a uniform field, in this case of radially
decaying traps, we see that the tail of the annealed trap-avoiding probability decays
exponentially. As opposed to the case of a uniform field, now the motion component
has also become important in that the rate of decay, namely I, depends on the spatial
dimension and the trap intensity, as well as on the rate of branching.

The starting point of the present work is the observation that in both works
described above, namely in [14, 15], the branching was assumed to be strictly dyadic,
so there was no randomness coming from branching. We wish to allow a general
branching mechanism for particles, thereby to introduce a new level of randomness
into the problem.

The reader is referred to [16] for an interesting survey article on the topic of
BBM among Poissonian traps, and to [17, 28] for various related problems.

1.4 Outline

The thesis is organized as follows. In Chapter 2, we focus on the Galton-Watson pro-
cess and the continuous-time Markov branching process, underlying the branching
Brownian motion. We first provide some general theory on Galton-Watson processes
and continuous-time Markov branching processes, and then building on this general
theory, prove two results (Proposition 2.9 and Proposition 2.14) that are central in
the proof of Theorem 3.9, Theorem 4.1 and Theorem 4.4. Proposition 2.9 provides
a decomposition of supercritical GWPs into two sets of particles, one of which is
composed of ‘skeleton’ particles, which have infinite lines of descent and constitute
the ‘skeleton’ of the process, and the other set is composed of particles with finite
line of descent, the so-called ‘doomed’ particles. Proposition 2.14 shows that the
decomposed process can be regarded as a two-type GWP. This chapter is written
to be mostly self-contained with the exception of a few technical results, which are
stated without proof.

Chapter 3 is devoted to finding the speed of a BBM, conditioned on non-
extinction, where the underlying GWP has a general offspring distribution. First, we
introduce the notion of ‘speed’ for a BBM, followed by some historical development
of the subject. Then, we give the famous result of McKean [30, 31], which holds
when d = 1 and the underlying GWP has p0 = 0, as a proposition, followed by its
proof for the sake of completeness. We generalize McKean’s result to all dimensions
in Proposition 3.8, and finally to the case where p0 > 0 in Theorem 3.9, where we
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condition the BBM on non-extinction. Theorem 3.9 is the main result of Chapter 3,
whose proof is based heavily on the skeleton decomposition of supercritical GWPs,
and on the interpretation of this decomposition as a two-type GWP, both of which
were studied in Chapter 2. In the proof, it is shown by a comparison argument that
the doomed particles do not contribute to the conditional speed. We emphasize
that the problem of the conditional speed of BBM emerges naturally on the way to
proving Theorem 4.4.

Chapter 4 brings the BBM in contact with the random environment composed
of a Poissonian field of traps in Rd. We always work with a BBM with a general
offspring distribution. We first consider the simple case of a random environment
with a uniform field of Poissonian traps, and prove a result similar to (1.8) in The-
orem 4.1. Next, we consider the more complicated case of a radially decaying trap
field, with corresponding mean measure given by (1.2), and prove a result similar to
(1.9) in Theorem 4.4, which arises as a non-trivial application of Theorem 3.9. In
both instances of the Poisson random measure, we show that, conditioned on non-
extinction, the doomed particles of the decomposition of the supercritical GWP do
not contribute on an exponential scale to the asymptotic decay rate of the trap-
avoiding probability. Finally, we prove Theorem 4.5, which is a technical result
identifying the rate function of Theorem 4.4 through analysis.
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Chapter 2

Skeleton Decomposition of a
Supercritical Galton-Watson
Process

In this chapter, we first define a Galton-Watson process, which is a discrete-time
Markov chain on the nonnegative integers. We state and prove the extinction crite-
rion for GWPs. Then, we define a continuous-time Markov branching process, which
can be thought of as the continuous-time analogue of a GWP. After proving two
results regarding continuous-time Markov branching processes, we give the central
result of this chapter, the skeleton decomposition of a supercritical GWP. Finally,
we introduce the notion of a multitype GWP, and translate the aforementioned
decomposition into the language of multitype GWPs. This chapter is intended to
present the relevant background on branching processes that underlie a BBM. The
material in this chapter is standard except the computation of the mean matrices
(2.38) and (2.39), and in general could be found in standard monographs on branch-
ing processes such as [20] and [4]. The main results of this chapter are central in
proving Theorem 3.9, Theorem 4.1, and Theorem 4.4.

2.1 Galton-Watson process

Galton-Watson processes are the simplest example of branching processes. They
were introduced by Francis Galton in 1873 as a model for the evolution of last
names, after which he published [19] with Henry William Watson. We refer the
reader to [20] and [4] for a detailed treatment on GWPs.

Let λ be a probability measure on N = {0, 1, 2, . . .}, and set pk = λ(k) for k ∈ N.
Throughout this thesis, (pk)k∈N will be used to denote the offspring distribution, and
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P and E will denote the probability law and corresponding expectation, respectively,
for branching processes unless otherwise stated.

Definition 2.1. Let ξ be a random variable having the probability distribution
P (ξ=k)=pk, k ∈ N. A Galton-Watson process with offspring distribution (pk)k∈N is
a Markov chain N=(N(n))n∈N on the nonnegative integers, which evolves according
to the following recursion:

N(0) = 1, N(n+ 1) =
N(n)∑
k=1

ξnk , (2.1)

where ξnk , k ≥ 1, n ≥ 0, are independent random variables that are identically
distributed copies of ξ. If N(n) = 0, then N(n+ 1) = 0 with probability 1.

Equation (2.1) is called the branching process equation, and gives the transition
probabilities

Pij := P (N(n+ 1) = j|N(n) = i), i, j, n = 0, 1, 2, . . .

for the Markov chain N , provided that the conditional probability above is well
defined, i.e., P (N(n) = i) > 0. If P (N(n) = i) = 0, then Pij = δ0j.

We interpret the process N as a population evolution model as follows. Consider
a population of particles, where N(n) represents the population size in the nth gen-
eration. The population starts at time 0 with 1 particle, and each particle in the
nth generation gives birth to a random number of offspring, distributed according
to (pk)k∈N, independent of the history of the process and all other particles existing
at the present. The recursion (2.1) states that the population size at the (n+ 1)st
generation is the sum of the number of offspring of the particles in the nth genera-
tion, where each particle in the nth generation produces offspring according to the
distribution (pk)k∈N, independently of all others.

Let f : [0, 1]→ [0, 1] be the probability generating function (p.g.f.) for ξ,

f(s) =
∞∑
k=0

pks
k,

and let µ be the mean number of offspring for a particle,

µ :=
∞∑
k=0

kpk = f ′(1−).

We suppose that |s| ≤ 1 for all probability generating functions considered hence-
forth, and interpret 00 = 1 so that f(0) = p0.
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Note that if N(n) = 0 for some n > 0, then N(m) = 0 for all m ≥ n, that
is, if the population has died out by generation n, then it will not reappear after
generation n. Define the extinction time for N as

τ := inf {n > 0 : N(n) = 0} ,

and let E be the event of extinction, formally defined as E := {τ <∞}.
If E occurs, we say that the process has become extinct. Let q := P (E). Then,

q = P (N(n) = 0 for some n)

= P (∪∞n=1 {N(n) = 0})

= lim
n→∞

P (N(n) = 0), (2.2)

where we have used the continuity from below of measures in passing to the second
equality (note that {N(n) = 0} ↗ E as events). We now give a preparatory lemma,
followed by the extinction criterion for GWPs. Generating function methods will
be used in the proof. Let fn : [0, 1]→ [0, 1], given by

fn(s) =
∞∑
k=0

P (N(n) = k)sk, n = 0, 1, 2, . . . , (2.3)

be the p.g.f. for the number of particles in the nth generation.

Lemma 2.2.
fn+1(s) = fn(f(s)) = f(fn(s)) ∀ n ∈ N. (2.4)

Proof. Using the definition of fn+1 and conditioning on the number of particles in
the nth generation,

fn+1(s) =
∞∑
k=0

P (N(n+ 1) = k)sk

=
∞∑
k=0

∞∑
j=0

P (N(n+ 1) = k|N(n) = j)P (N(n) = j)sk

=
∞∑
k=0

∞∑
j=0

P (N(n) = j)P (ξn1 + . . .+ ξnj = k)sk

=
∞∑
j=0

P (N(n) = j)
∞∑
k=0

P (ξn1 + . . .+ ξnj = k)sk, (2.5)

where we have used (2.1) in passing to the third equality, and changed the order
of summations (since all terms are nonnegative) in passing to the fourth equality.
Since ξnr , r = 1, . . . , j, are independent identically distributed random variables with
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common probability generating function f , the sum ξn1 + . . .+ ξnj has the probability
generating function f j, so that (2.5) becomes

fn+1(s) =
∞∑
j=0

P (N(n) = j)[f(s)]j

=fn(f(s)),

where we have used the definition of fn in passing to the last equality. Then, by
induction, it follows that

fn+1(s) = f(fn(s)).

Proposition 2.3 (Extinction criterion). Assume that p1 6= 1. Then, the probability
of extinction for a GWP with mean µ is 1 if µ ≤ 1 and less than 1 if µ > 1.

Proof. Suppose that p0 +p1 = 1. Then, there is at most 1 particle in any generation.
Therefore, lim

n→∞
P (N(n) = 0) = lim

n→∞
(1− P (N(n) = 1)) = 1− lim

n→∞
(p1)n = 0, which

implies that extinction is certain, i.e., q = 1. Now assume that p0 + p1 < 1. Then,
f is strictly convex in (0, 1) since f ′′(s) = ∑∞

k=2 k(k − 1)pksk−2 > 0.
First, we show that q of (2.2) solves the equation

f(s) = s. (2.6)

This follows since, in order for the process to become extinct, either the initial
particle should have 0 offspring, or all of the subprocesses initiated by the offspring
of the initial particle should become extinct. Conditioning the process on N(1), by
independence of particles, this translates to

q = p0 + p1q + p2q
2 + . . . = f(q).

Next, we show that q is the smallest nonnegative root of (2.6). Let x be a
nonnegative root of (2.6). Then, as each fn is nondecreasing,

fn(0) ≤ fn(x) = x, (2.7)

where Lemma 2.2 is used n− 1 times to conclude that fn(x) = x. Taking the limit
as n → ∞ on both sides of (2.7), and using (2.2), we conclude that q ≤ x. So far,
we have proved that q is the smallest nonnegative root of (2.6).

Recall that as p0 + p1 < 1, f is strictly convex, hence has strictly increasing first
derivative on (0, 1). Also, note that 1 is always a solution to (2.6), i.e., f(1) = 1. If

10



µ = f ′(1−) ≤ 1, then f(x) = x for some x ∈ [0, 1) together with f(1) = 1 would
imply by the mean value theorem that there exists a point y ∈ (x, 1) such that
f ′(y) = 1, which contradicts f ′ being strictly increasing on (0, 1) (since lim

x→1−
f ′(x) =

f ′(1−) by Abel’s theorem). Hence, if µ = f ′(1−) ≤ 1, then q = 1.
Suppose that µ > 1. If p0 = 0, then clearly 0 is the smallest nonnegative root of

(2.6), and q = 0. Now assume that p0 > 0. As µ = f ′(1−) > 1, there exists a point
x0 in the left neighborhood of 1 such that f(x0) < x0. Together with f(0) = p0 > 0,
this implies, by the intermediate value theorem, that there exists a point x1 ∈ (0, x0)
such that f(x1) = x1. This shows that q < 1 when µ > 1.

We refer the reader to the books of Harris [20], and Athreya and Ney [4] for more
results and historical notes on GWPs.

2.2 Continuous-time Markov branching process

We would like to define a time-homogeneous Markov process X = (X(t))t≥0 that is
a natural extension to continuous-time of a GWP described in the previous section.
The description below follows [20, Chapter 5] closely. Let X be a random function
on N, representing the size of a population, with the properties that for any t0, if
X(t0) = i, then

• the subsequent history of the population depends only on i, and not on the
history of the population before t0, and not on the absolute time t0,

• the families initiated by the particles at time t0 are independent of one another.

The first property makes X a time-homogeneous Markov process, and implies that
all particles are of the same type (i.e., they behave in the same way probabilistically).
We must impose that the lifetimes of particles are independent and identically dis-
tributed exponential random variables in order to satisfy the first property. The
second property is the branching property that singles out X from other Markov
processes. As the process is time-homogeneous, it is enough to consider the tran-
sition probabilities Pij(t) := P (X(t) = j|X(0) = i) for i, j ∈ N. The branching
property is equivalent to the condition that

Pij(t) =
∑

r1+r2+...+ri=j
P1r1(t)P1r2(t) · · ·P1ri(t), (2.8)

which, along with time-homogeneity, says that for any t0, t ≥ 0, the population size
at time t0 + t, starting with i particles at time t0, is distributed as the sum of i
independent populations, each starting with one particle.
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As before, let λ be a probability measure on N, pk = λ(k) for k ∈ N, and let
0 < β < ∞ be a real number. A continuous-time Markov branching process is
constructed as follows. It starts with a single particle. If a particle is alive at a
certain time, then its additional lifetime is an exponential random variable with
parameter β. Upon death, it gives birth to k offspring with probability pk, k ∈ N,
independent of other particles that are alive and of the history of the process. Hence,
if i particles are present at a given time, the rate at which a death occurs is βi, and
the new population size is j ≥ i − 1 with probability pj−i+1. The process thus
obtained is called the minimal process. Now we are ready to formally define a
continuous-time Markov branching process.

Definition 2.4. A continuous-time Markov branching process with rate 0 < β <∞
and offspring distribution (pk)k∈N is a time-homogeneous Markov chain on N whose
transition probabilities (Pij(t) : i, j ∈ N) satisfy the Kolmogorov forward equations:

d

dt
Pij(t) = −jβPij(t) + β

j+1∑
k=1

kPik(t)pj−k+1, Pij(0+) = δij, (2.9)

where δij is the Kronecker delta symbol.

It is proved in [20] that the forward equations (2.9) are solved by a unique
set of transition probabilities, and that these transition probabilities indeed satisfy
the branching property (2.8). However, without any restriction on the offspring
distribution, it is possible that the unique set of solutions to (2.9) satisfy∑j Pij(t) <
1 for some t > 0. In this case, with positive probability, the process produces
infinitely many particles in finite time, i.e., explodes. In order to avoid an explosion,
we must have ∑j Pij(t) = 1 for all t. The following proposition provides a sufficient
condition for ∑j Pij(t) = 1. The proof may be found in [20, Section 5.9].

Proposition 2.5. A continuous-time Markov branching process is non-explosive if
the mean number of offspring for a particle is finite, that is, if µ := ∑∞

k=0 kpk <∞.
In this case, P (X(t) <∞) = 1, where X is the minimal process.

In the rest of this manuscript, to avoid explosions, we assume that µ <∞ for all
branching processes considered. Also, note that so far we have defined a continuous-
time Markov branching process only in the sense that we have given its transition
probabilities. In order to complete the definition, we note that we may and always
do assume that the path of the process X = (X(t))t≥0 is a right-continuous step
function.

Next, we give the extinction criterion for continuous-time Markov branching
processes. As is probabilistically obvious by considering the number of individuals
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in generation n, the result is identical to that of GWPs. A rigorous proof may be
found in [20, Section 6.5].

Proposition 2.6. Assume that p1 6= 1. Then, the probability of extinction for a
continuous-time Markov branching process with rate 0 < β <∞ and offspring mean
µ is 1 if µ ≤ 1 and less than 1 if µ > 1.

When a particle in the population gives birth to exactly 1 offspring, the state of
the process does not change, hence this scenario cannot be included in the underlying
jump chain. It is probabilistically clear that a nonzero p1 can be absorbed into the
branching rate β. We see how to do this in the following lemma. Throughout this
thesis, we assume that 0 < β <∞.

Lemma 2.7. (Reduction to p1 = 0) A continuous-time Markov branching process
with rate β and offspring distribution (pk)k∈N is equal in law to a continuous-time
Markov branching process with rate β(1 − p1) and offspring distribution (p̄k)k∈N,
where p̄1 = 0 and p̄j = pj/(1− p1) for j 6= 1.

Proof. Using standard theory of Markov chains, the q-matrix, where qij = P ′ij(0+),
for the process is obtained from the forward equation (2.9), and is given as follows:

qij =


0 if j < i− 1,

−iβ(1− p1) if j = i,

iβpj−i+1 if j ≥ i− 1, j 6= i.

(2.10)

Let Ti be the sojourn time in state i ∈ N and let Pij := P (X(Ti) = j|X(0) = i),
i, j ∈ N be the transition probabilities for the underlying jump chain. Using Pij =
qij
−qii and (2.10), we have

Pij =


pj−i+1
1−p1

if j ≥ i− 1, j 6= i, i ≥ 1

0 otherwise .
(2.11)

Since all particles in the population are of the same type and independent of each
other, it suffices to consider the particle present at time t = 0. Setting i = 1 yields

−q11 =β(1− p1),

P1j =


pj

1−p1
if j ≥ 0, j 6= 1

0 if j = 1.

The claim follows.
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Above, we have given an analytic proof of Lemma 2.7. Probabilistically, the
process has the following structure. The probability Pij that the process makes a
transition from state i to state j, i 6= j, is the same as the probability that a particle
gives birth to j − i + 1 new particles, conditioned on not giving birth to exactly 1
particle. Hence, we obtain the jump probabilities in (2.11). As for the sojourn time
in state 1, it is not the same as a particle lifetime since a particle may have exactly
1 offspring. The sojourn time in state 1 is a geometric sum with parameter (1− p1)
of independent exponential random variables, all with the same parameter β. In
other words, if we let T to be the sojourn time in state 1, then

T = T1 + . . .+ TM , where M ∼ Geo(1− p1),

where each Tj is an exponential random variable with parameter β, and Geo(p)
is written for the geometric distribution with parameter p. It is well known that
a geometric sum with parameter p of exponential random variables, all with same
parameter β is also exponential, with parameter βp. Hence, the conclusion follows.
We may and do assume henceforth that p1 = 0 for all continuous-time Markov
branching processes considered.

The next result gives the expected population size for a continuous-time Markov
branching process at any given time.

Lemma 2.8. (Expected population size) Let X = (X(t))t≥0 be a continuous-
time Markov branching process with rate β and offspring distribution (pk)k∈N, with
corresponding probability generating function f . Let µ = ∑∞

k=0 kpk be the mean
number of offspring. Then,

E[X(t)] = eβmt, (2.12)

where m = µ− 1.

Proof. Let pk(t) =P (X(t) = k), and let φ(s, t) = ∑∞
k=0 pk(t)sk be the p.g.f. for X(t).

Also, let σ(t) = E[X(t)]. Conditioning on the first branching time, we have

pk(t) =
∫ t

0
dτβe−βτ

p0δ0k +
∞∑
j=1

pj

k1+...+kj=k∑
k1≥0,...,kj≥0

pk1(t− τ) · · · pkj(t− τ)
 .
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By definition of φ, we have

φ(s, t) =
∞∑
k=0

sk
∫ t

0
dτβe−βτ

p0δ0k +
∞∑
j=1

pj

k1+...+kj=k∑
k1≥0,...,kj≥0

pk1(t− τ) · · · pkj(t− τ)


=
∫ t

0
dτβe−βτ

∞∑
k=0

sk

p0δ0k +
∞∑
j=1

pj

k1+...+kj=k∑
k1≥0,...,kj≥0

pk1(t− τ) · · · pkj(t− τ)


=
∫ t

0
dτβe−βτ

p0 +
∞∑
j=1

pj
∞∑
k=0

sk
k1+...+kj=k∑
k1≥0,...,kj≥0

pk1(t− τ) · · · pkj(t− τ)
 ,

where, in passing to the second equality we have changed the order of summation
and integration, and in passing to the third equality we have changed the order
of two summations, since all quantities involved are positive. Observe that the
coefficients of ∑∞k=0 s

k∑k1+...+kj=k
k1≥0,...,kj≥0 pk1(t− τ) · · · pkj(t− τ) are the j-fold convolution

of the power series φ(s, t− τ) = ∑∞
k=0 pk(t− τ)sk with itself. Hence, we have

φ(s, t) =
∫ t

0
dτβe−βτ

p0 +
∞∑
j=1

pj[φ(s, t− τ)]j


=
∫ t

0
dτβe−βτf (φ(s, t− τ)) , (2.13)

where we have used the definition of f in passing to the second equality. We have
thus obtained an integral equation (2.13) for φ(s, t).

Now observe that
∂φ(s, t)
∂s

∣∣∣∣∣
s=1

=
∞∑
k=1

kpk(t) = σ(t). (2.14)

By (2.13),

∂φ(s, t)
∂s

∣∣∣∣∣
s=1

=
∫ t

0
dτβe−βτf ′(φ(1, t− τ))∂φ(s, t− τ)

∂s

∣∣∣∣∣
s=1

=
∫ t

0
dτβe−βτf ′(1)∂φ(s, t− τ)

∂s

∣∣∣∣∣
s=1

=
∫ t

0
dτβe−βτµ∂φ(s, t− τ)

∂s

∣∣∣∣∣
s=1

, (2.15)

where f ′ is the derivative of f , and we have used that φ(1, t− τ) = 1 (the condition∑
j Pij(t) = 1 is used here) and f ′(1) = µ in passing from the first to second, and

second to third equality, respectively. From (2.14) and (2.15), it follows that

σ(t) = µ
∫ t

0
dτβe−βτσ(t− τ). (2.16)
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Multiplying both sides of (2.16) by eβt and making the change of variables u = t− τ
yield

σ(t)eβt = µβ
∫ t

0
due−βuσ(u).

Differentiating both sides and simplifying, we arrive at

dσ(t)
dt = (µ− 1)βσ(t). (2.17)

Recall that µ− 1 = m. Solving the first order differential equation (2.17) with the
initial condition σ(0) = 1 gives

σ(t) = eβmt.

We note that an alternative shorter proof of Lemma 2.8 may be given using the
Kolmogorov forward equations (2.9), however we prefer to give the proof above as
it is more direct.

2.3 Galton-Watson process conditioned on non-
extinction

In this section, we describe a GWP conditioned on non-extinction. Recall that
N = (N(n))n∈N denotes a GWP with offspring distribution (pk)k∈N, and extinction
is the event {N(n)→ 0}. We say that a particle is of infinite line of descent if the
family initiated by that particle does not go extinct, and call such particles skeleton
particles. Following the terminology in [40], particles which are not of infinite line of
descent will be called doomed. It is clear that the event of non-extinction occurs if
and only if the initial particle is a skeleton particle. In other words, if we let N∗(n)
be the number of skeleton particles in generation n, then N∗(0) = 1{N(n)6→0}, where
1A is the indicator function for event A.

Note that if µ ≤ 1, then extinction is certain, and all particles are doomed. On
the other hand, if p0 = 0, then each particle is certain to give at least 1 offspring,
so all particles are of infinite line of descent. The following lemma provides a de-
composition for GWPs conditioned on non-extinction in the non-trivial case, where
the process is supercritical (i.e., µ > 1) and p0 > 0. Note that µ > 1 and p0 > 0
together are equivalent to 0 < q < 1, where q is the probability of extinction as
before. The proposition below and its proof are mostly taken from [29].
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Proposition 2.9 (Decomposition of the supercritical GWP). Let N = (N(n))n∈N
be a supercritical GWP with offspring distribution (pk)k∈N, where p0 > 0, and f

be the corresponding p.g.f. Let q be the probability of extinction for N , and define
q̄ := 1 − q. Let N∗ = (N∗(n))n∈N be the process, where N∗(n) is the number of
particles in generation n that have an infinite line of descent. Let ξ and ξ∗ be
random variables that are identical copies of N(1) and N∗(1), respectively.

(a) The joint p.g.f. of ξ − ξ∗ and ξ∗ is

E
[
sξ−ξ

∗
tξ

∗] = f(qs+ q̄t). (2.18)

(b) The law of N given extinction is the same as that of a GWP with p.g.f.

f̃(s) := f(qs)/q. (2.19)

(c) The law of N∗ given non-extinction is the same as that of a GWP with p.g.f.

f ∗(s) := [f(q + q̄s)− q]/q̄. (2.20)

(d) The law of N given non-extinction is the same as that of a processN generated
as follows: To each particle of N∗ having n0 children, add n1 more children,
that each start an independent GWP with p.g.f. f̃ , where n1 has the p.g.f.

fn1(s) := (Dn0f)(qs)
(Dn0f)(q) ,

where D is the differentiation operator, and all n1 and all GWPs added are
mutually independent given N∗. The resultant process isN.

(e) Let X = (X(t))t≥0 be a continuous-time Markov branching process with rate
β and offspring distribution (pk)k∈N, and let X∗(t) be the number of skeleton
particles of X present at time t. Then, the process X∗ = (X∗(t))t≥0 given non-
extinction is equal in law to a continuous-time Markov branching process with
rate β(1− f ′(q)) and offspring distribution, whose p.g.f. is

f̄ := [f ∗(s)− f ′(q)s]/(1− f ′(q)). (2.21)

Remark. The reader should note that in (2.20), positive mass at 1 is allowed.

Proof. Let Y n
i,j be the indicator that the jth child of the ith particle in generation

n is of infinite line of descent. Observe that (Y n
i,j)i,j≥1 are independent copies of a
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generic random variable Y for each n ∈ N, where P (Y = 1) = q̄ and P (Y = 0) = q.
Let ξni denote the number of offspring of the ith particle at generation n, where ξ∗ni
of them are skeleton particles, so that

ξ∗ni =
ξni∑
j=1

Y n
i,j, n = 0, 1, 2, . . . , i = 1, 2, . . . .

(a) Let Yj, j = 1, 2, . . . be independent copies of Y . Then,

E
[
sξ−ξ

∗
tξ

∗] =E
[
E
[
sξ−ξ

∗
tξ

∗ | ξ
]]

=E
[
E
[
s
∑ξ

j=1(1−Yj)t
∑ξ

j=1 Yj | ξ
]]

=E
[
E
[
s1−Y tY

]ξ]
= E

[
(qs+ q̄t)ξ

]
=f(qs+ q̄t).

(b) We show that, conditional on the event {N(k)→ 0}, given the σ-algebra Fn,i

generated by ξnk , k 6= i and ξmk , m < n, k ≥ 1, the p.g.f. of ξni is f̃ . Indeed,

E
[
sξ
n
i |Fn,i, N(k)→ 0

]
=E

[
sξ
n
i | ξ∗ni = 0

]
=E

[
sξ1{ξ∗=0}

]
/q = E

[
sξ−ξ

∗0ξ∗]
/q

=f(qs+ q̄0)/q,

where we have used that 0x = 1{0}(x) in the third equality, and part (a) in the
last equality. Note that conditioning on Fn,i is necessary to show that particles
behave independently of each other.

(c) The proof is similar to that of part (b). We show that conditional on the event
{ξ∗ni 6= 0}, given the σ-algebra F ∗

n,i generated by ξ∗nk , k 6= i and ξ∗mk , m < n,
k ≥ 1, the p.g.f. of ξ∗ni is f ∗. Indeed,

E
[
sξ

∗n
i |F ∗

n,i, ξ
∗n
i 6= 0

]
=E

[
sξ

∗n
i | ξ∗ni 6= 0

]
=E

[
sξ

∗(1− 1{ξ∗=0})
]
/q̄ =

[
E
[
1ξ−ξ∗

sξ
∗]− P (ξ∗ = 0)

]
/q̄

=(f(q1 + q̄s)− q)/q̄,

where we have again used part (a) in the last equality.

(d) Since N∗ contains all the skeleton particles, any particle that is added to N∗

must be of finite line of descent, and hence starts an independent GWP with
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p.g.f. f̃ , as shown in part (b). Therefore, it suffices to prove that

E
[
sξ−ξ

∗|ξ∗ = n0
]

= (Dn0f)(qs)
(Dn0f)(q) .

By conditioning on ξ∗, we have

E
[
sξ−ξ

∗
tξ

∗] =
∞∑
k=0

tkE
[
sξ−k | ξ∗ = k

]
P (ξ∗ = k). (2.22)

Differentiating both sides of (2.18) k times with respect to t, setting t = 0 and
using (2.22) yield

E
[
sξ−ξ

∗ | ξ∗ = k
]

= c(Dkf)(qs), (2.23)

where c > 0 is a constant. Substituting s = 1 in (2.23) gives c = 1/(Dkf)(q).
Note that in (2.22), we have implicitly assumed that P (ξ∗ = k) > 0 for each
k ∈ N. Otherwise they can be excluded from the sum, and this does not affect
the argument.

(e) We apply Lemma 2.7 to f ∗. Recall that p1 = 0 and p0 > 0 by assumption.

f ∗(s) = 1
q̄

[
(p0 + p2(q + q̄s)2 + p3(q + q̄s)3 + . . .)− q

]
= 1
q̄

[
p0 + p2q

2 + p3q
3 + . . .− q + (2p2qq̄ + 3p3q

2q̄ + 4p4q
3q̄ + . . .)s+ . . .

]
.

Note that the constant term vanishes as q solves the equation x = ∑∞
j=0 pjx

j.
The coefficient of the linear term is the probability of giving 1 offspring for
the process X∗ and equals f ′(q). Hence the result follows by Lemma 2.7. We
check that f ′(q) < 1. To see this, note that by assumption, 0 < q < 1. Since
f ′ is strictly increasing on (0, 1) and lim

x→1
f ′(x) = f ′(1) > 1, we conclude that

f ′(q) < 1.

2.4 A multitype Galton-Watson process

So far we have considered branching processes of a single type, that is, each par-
ticle in the process had the same probabilistic behavior. A natural extension is to
consider a process with a finite number of types, say k, where a particle of type
i, 1 ≤ i ≤ k, behaves probabilistically in the same way as other particles of type i,
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but differently than particles of type 1 ≤ j ≤ k, j 6= i. As we did previously, we
first define the discrete-time version of such branching processes, and then proceed
with the continuous-time Markov version. Our main interest lies in translating the
decomposition of the supercritical branching process of the previous section into a
two-type continuous-time Markov branching process, and finding its mean matrix
(defined below). Hence, beyond the definitions of multitype branching processes, we
will only consider the mean matrix, and give a recipe as to how to find it, rather
than proving results. The interested reader is referred to the books of Harris [20],
and Athreya and Ney [4] for a detailed treatment on multitype branching processes.

Let Tk be the set of all k-dimensional vectors whose components are nonnegative
integers. Let ei, 1 ≤ i ≤ k, be the vector whose ith component is 1 and other
components are 0.

Definition 2.10. A multitype (k-type) Galton-Watson process with offspring prob-
abilities pi(r1, . . . , rk), 1 ≤ i ≤ k, rj ∈ N for 1 ≤ j ≤ k is a time-homogeneous
Markov chain N = (N(n))n∈N on Tk, which evolves according to the following re-
cursion. If N(0) = ei, then N(1) has the p.g.f.

f i(s1, . . . , sk) =
∞∑

r1,...,rk=0
pi(r1, . . . , rk)sr1

1 · · · s
rk
k , 0 ≤ sj ≤ 1, j = 1, . . . , k

where pi(r1, . . . , rk) is the probability that a particle of type j has r1 children of
type 1, r2 children of type 2, ..., rk children of type k. If N(n) = (m1, . . . ,mk) ∈ T ,
then similar to the recursion (2.1) for a single type GWP, N(n + 1) is the sum of
m1 + . . . + mk independent random vectors, mj of which are distributed according
to (pj(r1, . . . , rk) : r1, . . . , rk ∈ N) for 1 ≤ j ≤ k. If N(n) = 0, then N(n + 1) = 0,
where 0 denotes here the zero vector of size k.

Note that the transition probabilities Prm := P (N(n + 1) = m | N(n) = r),
r,m ∈ Tk, for the process is given by the recursion described above in the same way
as in the single type case. Now let r = (r1, . . . , rk) ∈ Tk. In terms of coordinates,
we write N(n) = (N1(n), . . . , Nk(n)). We write Nr(n) = (N r

1 (n), . . . , N r
k (n)) if

the process starts in state r, where N r
j (n) is the number of particles of type j at

generation n if the process starts in state r. Furthermore, let Ni(n) = Nei(n).

Definition 2.11. LetMij = ENi
j(1) be the expected number of particles of type j

that a single particle of type i produces in one generation. The mean matrixM for
the multitype GWP is defined to be the k × k matrix whose (i, j)th entry isMij,
that is,M = (Mij)i,j=1,...,k.
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Let s = (s1, . . . , sk). It is easy to see thatMij = ∂f i(s)
∂sj

∣∣∣∣∣
s=1

.

Now we define the continuous-time multitype Markov branching process. The
passage from discrete-time to continuous-time is performed in the same way as
before, where each particle of type j lives an exponential lifetime with rate βj.

Definition 2.12. A continuous-time multitype (k-type) Markov branching process
with rate vector β = (β1, . . . , βk) and offspring probabilities pi(r1, . . . , rk), 1 ≤ i ≤ k,
rj = 0, 1, 2, . . . for 1 ≤ j ≤ k is a time-homogeneous Markov chain X = (X(t))t≥0 on
T , whose transition probabilities (Prm(t) : r,m ∈ Tk) satisfy the branching property

Prm(t) =
∑

s1+···+sr1+···+rk=m

 r1∏
i=1

P1si(t)
r1+r2∏
i=r1+1

P2si(t) · · ·
r1+···+rk∏

i=r1+···+rk−1+1
Pksi(t)

 ,
where r = (r1, . . . , rk), m = (m1, . . . ,mk), Pjsi(t) := Pejsi(t) along with the Kol-
mogorov forward equations

d

dt
Pim(t) =−

k∑
j=1

βjmjPim(t)

+
k∑
j=1

βj
∑

1≤ρj≤mj+1
0≤ρl≤ml, l 6=j

ρjPiρ(t)pi(m1 − ρ1, . . . ,mj − ρj + 1, . . . ,mk − ρk),

Pim(0+) = δeim, 1 ≤ i ≤ k.

The corresponding minimal process is constructed as follows. We assume that it
starts with a single particle of a given type. If a particle of type i is alive at a certain
time, then its additional lifetime is an exponential random variable with parameter
βi, at the end of which, it gives birth to offpring of types 1 ≤ . . . ≤ k according to
the distribution pi(r), r = (r1, . . . , rk) ∈ Tk, independent of other particles and the
history of the process.

In terms of coordinates, similarly as before, we write X(t) = (X1(t), . . . , Xk(t)),
and if the process starts in state r, we write Xr(t) = (Xr

1(t), . . . , Xr
k(t)), where

Xr
j (t) is the number of particles of type j at time t if the process starts in state r.

Furthermore, let Xi(t) = Xei(t).
In order to avoid the process from producing infinitely many particles in finite

time, we assume that
∂f i(s)
∂sj

∣∣∣∣∣
s=1

<∞ for all i, j. (2.24)

Note that this is a sufficient condition, which also ensures that ∑m∈Tk Prm(t)=1 for
all t. The mean matrix for the continuous-time process is defined as follows.

21



Definition 2.13. Let Mij(t) = EXi
j(t) be the expected number of particles of

type j at time t given that the process starts with a single particle of type i at
t= 0. The mean matrix M(t) for the continuous-time multitype Markov branching
process is defined to be the k × k matrix whose (i, j)th entry is Mij(t), that is,
M(t) = (Mij)i,j=1,...,k.

One can show that (2.24) implies that Mij(t) < ∞ for any i, j, t > 0. Further-
more, it can be shown from the Kolmogorov equations that M = (M(t))t≥0 forms
a strongly continuous semigroup when regarded as acting on the Banach space Rk,
that is,

M : R+ → L(Rk)

M(t) : Rk → Rk for every t ≥ 0,

where L(Rk) is the Banach space of all bounded linear operators on Rk, and M

satisfies

M(0) = I,

M(s+ t) = M(s)M(t), s, t ≥ 0

lim
t→0+

M(t)v = v for each v ∈ Rk,

where I is the identity operator (k × k identity matrix in this case). Since Rk is a
finite dimensional Banach space, any strongly continuous semigroup is necessarily
uniformly continuous, and hence there exists a bounded linear operator A on Rk

such that M(t) can be represented as

M(t) = exp(At) =
∞∑
r=0

Artr

r! , (2.25)

where the series converges in the norm. The linear operator A can be identified as
the matrix A = (aij), where

aij = βibij, bij = ∂f i(s)
∂sj

∣∣∣∣∣
s=1
− δij. (2.26)

Note that (2.25) and (2.26) give a recipe as to how to compute the mean matrix.
Now we translate the decomposition of supercritical GWPs in Section 2.3 into

the language of multitype GWPs, and show that the decomposed process can be
interpreted as a two-type GWP, where the types are skeleton and doomed particles.
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Proposition 2.14. Let N be a supercritical Galton-Watson process with offspring
p.g.f. f and extinction probability 0 < q < 1, and let N∗ be the process generated
by the skeleton particles. Let q̄ = 1 − q. Then, the process N conditioned on
non-extinction is a two-type Galton-Watson process N = (N∗, N − N∗), with types
composed of skeleton and doomed particles, and with offspring p.g.f.s

f 1(s, t) =[f(q̄s+ qt)− f(qt)]/q̄, (2.27)

f 2(s, t) =f(qt)/q, (2.28)

respectively for skeleton and doomed particles, and where N(0) = (1, 0).

Proof. Since N∗(0) = 1{N(n)6→0}, it follows that conditioning N on non-extinction is
equivalent to imposing that N(0) = (1, 0). Parts (c) and (d) of Proposition 2.9 imply
that, conditioned on non-extinction, for any n ∈ N, N(n+1) depends only on N(n),
and is independent of N(m) for m < n, and of n. Hence, N is a time-homogeneous
Markov chain on T2.

Let f 1, f 2 be the offspring p.g.f.s for skeleton and doomed particles, respec-
tively. The p.g.f. for doomed particles has been previously computed in part (b) of
Proposition 2.9. Following the notation in the proof of Proposition 2.9, the p.g.f.
for skeleton particles is the same as the joint p.g.f. of ξ − ξ∗ and ξ∗ conditioned on
the event {ξ∗ ≥ 1}. We have

E[sξ∗
tξ−ξ

∗|ξ∗ ≥ 1] =E[sξ∗
tξ−ξ

∗
1{ξ∗≥1}]

P (ξ∗ ≥ 1)

=E[sξ∗
tξ−ξ

∗ ]− E[sξ∗
tξ−ξ

∗
1{ξ∗=0}]

q̄

=f(q̄s+ qt)− f(qt)
q̄

, (2.29)

where we have used that E[sξ∗
tξ−ξ

∗ ] = f(q̄s + qt) in the second equality, and part
(b) of Proposition 2.9 in the last equality.

In order to show that N = (N∗, N − N∗) is a two-type GWP, we show that
f 1
n+1(s, t) = f 1(f 1

n(s, t), f 2
n(s, t)) for n ∈ N, where f in is the p.g.f. of N(n) when

N(0) = (δ1i, δ2i) (see [20, Theorem 3.1]). One can show using part (a) of Proposi-
tion 2.9 that

E[sN∗(n)t(N−N
∗)(n)] = fn(q̄s+ qt), (2.30)
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where we use the notation introduced before Lemma 2.2. Then,

f 1
n+1(s, t) := E[sN∗(n+1)t(N−N

∗)(n+1) |N(0) = (1, 0)]

= E[sN∗(n+1)t(N−N
∗)(n+1)

1{N(0)=(1,0)}]
P (N(0) = (1, 0))

= 1
q̄

[
E[sN∗(n+1)t(N−N

∗)(n+1)]− E[tN(n+1)
1{N(0)=(0,1)}]

]
= 1
q̄

[fn+1(q̄s+ qt)− fn+1(qt)] (2.31)

= 1
q̄

[f(fn(q̄s+ qt))− f(fn(qt))]

= 1
q̄

[f(q̄(fn(q̄s+ qt)− fn(qt))/q̄ + qfn(qt)/q)− f(qfn(qt)/q)]

= 1
q̄

[
f(q̄f 1

n(s, t) + qf 2
n(s, t))− f(qf 2

n(s, t))
]

(2.32)

= f 1(f 1
n(s, t), f 2

n(s, t)),

where we have used Lemma 2.2 throughout, (2.30) and part (b) of Proposition 2.9
in passing to (2.31), (2.28) and (2.31) in passing to (2.32), and (2.27) in the last
equality.

We now give the mean matrixM for the discrete-time two-type process N using
the formula Mij = ∂f i(s)

∂sj
|s=1. As we have a two-type process, let us set s = (s, t).

Then, setting s = 1 in (2.29) yields the p.g.f. for the number of doomed offspring
for a skeleton particle:

E[tξ−ξ∗|ξ∗ ≥ 1] = f(q̄ + qt)− f(qt)
q̄

. (2.33)

Differentiating (2.33) with respect to t and setting t = 1 gives the desired expectation

∂f 1(s)
∂t

∣∣∣∣∣
s=1

= (f ′(1)− f ′(q))q
q̄
. (2.34)

It is clear from parts (b) and (c) of Proposition 2.9 that

∂f 1(s)
∂s

∣∣∣∣∣
s=1

= f ′(1), (2.35)

∂f 2(s)
∂s

∣∣∣∣∣
s=1

= 0, (2.36)

∂f 2(s)
∂t

∣∣∣∣∣
s=1

= f ′(q). (2.37)
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Setting µ = f ′(1), κ = f ′(q), it follows that

M =
µ (µ− κ) q

q̄

0 κ

 . (2.38)

It is clear that if X = (X(t))t≥0 is a continuous-time Markov branching process
with rate β such that the number of particles in generation n of X is N(n) for n ∈ N,
and if X∗(t) is the number of skeleton particles of X present at time t, then the
process X = (X(t))t≥0 given non-extinction is a continuous-time two-type Markov
branching process X = (X∗, X − X∗) with rate vector β = (β, β) and offspring
p.g.f.s (2.27) and (2.28) for skeleton and doomed particles, respectively.

We conclude this section by computing the mean matrix M(t) for process X. In
accordance with the recipe given in (2.25) and (2.26), and using (2.38), we obtain

M(t) =
eβt(µ−1) q

q̄
[eβt(µ−1) − eβt(κ−1)]

0 eβt(κ−1)

 , (2.39)

where Mij(t) above is the expected size of the population of type j at time t given
that the process starts with a single particle of type i.

Upon concluding this chapter, we note that the decomposition of supercritical
GWPs, the mean matrixM computed above, and the mean matrix M(t) for two-
type continuous-time Markov branching processes will be central tools in the next
chapters in the proof of our main theorems.
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Chapter 3

Conditional Speed of Branching
Brownian Motion

A branching Brownian motion is a spatial branching process, which is a continuous-
time Markov branching process in space where the initial particle starts her motion
from the origin and each particle that is alive performs a Brownian motion indepen-
dently of others during her lifetime. We define Brownian motion as follows.

Definition 3.1 (one-dimensional Brownian motion). A real-valued stochastic pro-
cess B = (B(t))t≥0 is called a Brownian motion started at x ∈ R if:

1. B(0) = x,

2. B has independent increments, i.e., for all 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn, the incre-
ments B(tn)−B(tn−1), B(tn−1)−B(tn−2), . . ., B(t2)−B(t1) are independent
random variables,

3. B has stationary increments that are normally distributed with mean 0 and
variance that equals the length of the increment, i.e., for all t > 0 and s ≥ 0,
B(s+ t)−B(s) has probability density function given by

pt : x 7−→ 1√
2πt

e−
x2
2t ,

4. the function t 7−→ B(t) is almost surely continuous.

We refer the reader to the monograph by Mörters and Peres [32] for the proof
of existence of Brownian motion, its sample path properties, and much more on the
subject. By a d-dimensional Brownian motion, we mean the following.

26



Definition 3.2 (d-dimensional Brownian motion). A vector-valued stochastic pro-
cess B = (B(t))t≥0 taking values in Rd is called a d-dimensional Brownian motion
started at x = (x1, . . . , xd) ∈ Rd if

B(t) = (B1(t), . . . , Bd(t)),

where B1, . . . , Bd are independent Brownian motions started at x1, . . . , xd, respec-
tively.

Henceforth, when we say Brownian motion, we mean a d-dimensional Brownian
motion started at the origin unless otherwise stated.

A detailed informal description of BBM was given in Section 1.2. For a formal
treatment, we refer the reader to the series of three papers by Ikeda, Nagasawa
and Watanabe [22], where the process of BBM was formally introduced, and for a
simpler treatment to [33], where the concept of a ‘marked tree’ was introduced.

A natural question to ask is how much a BBM spreads out in space as time
grows, which leads to the concept of speed of the process. The first result on the
speed of BBM was given by McKean in [30, 31], where the problem was linked to
a well-known partial differential equation, called the F-KPP equation, which was
introduced in [18] by Fisher, and in [25] by Kolmogorov, Petrovskii, and Piskunov.
Later, the speed of BBM proved to be a rich topic in that many refinements and
extensions of McKean’s result were obtained [7, 8, 10, 27, 26, 1]. However, the case
where the particles could give zero offspring was left uncovered.

In Section 3.1, we define the concept of speed of a BBM, and give a brief survey
of previous work. In Section 3.2, we state and prove the well-known convergence in
probability result due to McKean [30, 31], which holds when d = 1 and when each
particle is certain to give at least one offspring, i.e., when p0 = 0. We then extend
this result to dimension d ≥ 2 in Section 3.3, and finally to the case where p0 > 0
in Section 3.4. The results of this section are central in proving Theorem 4.1.

3.1 Definition and history

Consider a one-dimensional branching Brownian motion Z = (Z(t))t≥0 in R with
constant branching rate β > 0, offspring distribution (pk)k∈N, and initial measure
Z(0) = δ0. Let X+(t) be the position of its rightmost particle at time t. In accor-
dance with the classical formula ‘distance = speed × time’ from physics, the speed
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at time t of BBM is defined as

c+(t) := X+(t)
t

, (3.1)

where c is used to denote speed. This definition can be modified to cover all d ≥ 1
by writing

c(t) := X(t)
t

, (3.2)

where X(t) := inf
{
r ≥ 0 : supp(Z(t)) ⊆ B(~0, r)

}
is the radius of the minimal ball

centered at ~0 containing the support of the BBM at time t. Studies concern-
ing the quantity in (3.1) date back to 1975, where McKean [30, 31] showed that
P (X+(t) ≤ x) satisfies the partial differential equation of Fisher and Kolmogorov-
Petrovskii-Piskunov (F-KPP) [18, 25], and showed that the speed c+ converges to
√

2βm in probability as t → ∞, under the assumption that p0 = 0 and p1 < 1.
Recall that m = µ − 1, where µ is the expected number of offspring for a particle.
After McKean, Bramson [7, 8] proved a stronger result, showing that c+ converges
to
√

2βm almost surely as t → ∞. Later, Chauvin and Rouault [10] studied the
probability of existence in the sub-critical area, and found asymptotic results for
P (Z(t)(ct,∞) > 0) for c > c+. Kyprianou’s work [26] extended the existing results
to the multidimensional case, where he showed that c, defined in (3.2), converges
to
√

2βm almost surely in any dimension. We emphasize that in all the works
mentioned above, it was assumed that p0 = 0.

The definition of speed that we use in this work is slightly different than the
classical definition given in (3.2). As the distance by which a BBM spreads out in
space, instead of considering the support of the process at a given time, we consider
the range (see (1.4)) of the process starting from t = 0 up to the given time. In
other words, we define the speed at time t of a BBM as

v(t) := M(t)
t

, (3.3)

whereM(t) = inf
{
r ≥ 0 : R(t) ⊆ B(~0, r)

}
is the radius of the minimal ball centered

at ~0 that contains the range of the BBM up to time t. Note that the definition in
(3.3) makes sense for all spatial dimensions. Also, by comparing the two definitions,
(3.2) and (3.3), one immediately sees that c(t) ≤ v(t) for all t ≥ 0.

In the next section, for the sake of completeness, we provide a proof of McKean’s
result on the convergence in probability of the speed of BBM with p0 = 0 and d = 1,
as we use this result in the proof of Theorem 3.9.
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3.2 McKean’s result

Consider the partial differential equation on R× [0,∞)

∂u

∂t
= 1

2
∂2u

∂x2 + g(u), (3.4)

where

g(u) = β

 ∞∑
j=1

pju
j − u

 , u ∈ [0, 1], (3.5)

with
β > 0,

∞∑
j=1

pj = 1, pj ≥ 0, p1 < 1

subject to Heaviside initial condition

u(x, 0) = 1[0,∞)(x) (3.6)

Equation (3.4) has been first studied by Kolmogorov, Petrovskii and Piskunov [25],
and Fisher [18] in the more general case, where g ∈ C1[0, 1] is such that

g(0) = g(1) = 0, g(u) < 0 for u ∈ (0, 1)

and
g′(1) > 0, g′(u) ≤ g′(1) for u ∈ [0, 1].

Observe that the function in (3.5) satisfies these conditions since ∑∞j=1 jpj > 1.

Lemma 3.3. Let u be the distribution function of the position of the rightmost
particle of a one-dimensional BBM with rate β and offspring distribution (pk)k∈N,
i.e., u(x, t) = P (X+(t) ≤ x). Suppose that p0 = 0 and p1 < 1. Then u solves the
initial value problem (3.4) with g in (3.5) and initial condition (3.6).

Proof. By assumption, the BBM starts with a single particle at the origin. Hence,
the initial condition (3.6) is trivially satisfied. Let W (t) denote the displacement of
the initial particle at time t, and T be the time that it branches. Conditioning on
T , we have for t > 0

u(x, t) =P (T > t)P (W (t) ≤ x)

+
∫ t

0
P (T ∈ ds)

∫ ∞
−∞

P (W (s) ∈ x− dy)
∞∑
j=1

pju
j(y, t− s)

=e−βtP (W (t) ≤ x) +
∫ t

0
βe−βs

∫ ∞
−∞

ps(x, y)
∞∑
j=1

pju
j(y, t− s)dyds,
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where ps(x, y) = 1/(
√

2πs) exp(− (y−x)2

2s ) is the Brownian transition density. Substi-
tuting s for t− s yields

u(x, t) = e−βtP (W (t) ≤ x) +
∞∑
j=1

pjβe
−βt

∫ t

0
eβs

∫ ∞
−∞

pt−s(x, y)uj(y, s)dyds. (3.7)

Note that pt is differentiable for every t > 0. Differentiating (3.7) with respect to t
and using the Leibniz rule, we obtain

u̇(x, t) =− βe−βtP (W (t) ≤ x) + e−βt
∂

∂t
P (W (t) ≤ x)

−
∞∑
j=1

pjβ
2e−βt

∫ t

0
eβs

∫ ∞
−∞

pt−s(x, y)uj(y, s)dyds

+
∞∑
j=1

pjβe
−βt

∫ t

0
eβs

∂

∂t

[∫ ∞
−∞

pt−s(x, y)uj(y, s)dy
]
ds+ β

∞∑
j=1

pju
j(x, t). (3.8)

Note that P (W (t) ≤ x) satisfies

∂

∂t
P (W (t) ≤ x) = 1

2
∂2

∂x2P (W (t) ≤ x) for x ∈ R, t > 0, (3.9)

which is a special case of a more general result, which goes as follows. Let B =
(B(t))t≥0 be a Brownian motion, and E be the corresponding expectation. Then,
for any bounded Borel function f : R 7→ R,

∂

∂t
E[f(x+W (t))] = 1

2
∂2

∂x2E[f(x+W (t))] for x ∈ R, t > 0, (3.10)

Equation (3.9) follows from (3.10) since for x ∈ R and t > 0,

P (W (t) ≤ x) =
∫ ∞
−∞

g(y)pt(x, y)dy = E[g(x+W (t))],

with

g(y) =

 1 y ≥ 0
0 y < 0.

Note that g : R 7→ R is bounded and Borel. For a full proof of (3.10), refer to [23,
p.209-210]. The crucial ingredient in the proof is that

∂

∂t
pt(x, y) = 1

2
∂2

∂x2pt(x, y) for x ∈ R, t > 0. (3.11)

As a historical note, the realization that the Brownian transition density solves the
heat equation (3.11) dates back to 1905, where Einstein [13] derived this result from
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physical principles coming from the molecular-kinetic theory of heat. Continuing
the proof, (3.10) implies that

u̇(x, t) =− βe−βtP (W (t) ≤ x) + 1
2
∂2

∂x2

(
e−βtP (W (t) ≤ x)

)
−
∞∑
j=1

pjβ
2e−βt

∫ t

0
eβsds

∫ ∞
−∞

pt−s(x, y)uj(y, s)dy

+1
2
∂2

∂x2


∞∑
j=1

pjβe
−βt

∫ t

0
eβsds

∫ ∞
−∞

pt−s(x, y)uj(y, s)dy

+ β
∞∑
j=1

pju
j(x, t).

(3.12)

Grouping the first and third, and second and fourth terms of (3.12), and comparing
with (3.7), we arrive at

∂u(x, t)
∂t

= 1
2
∂2u(x, t)
∂x2 + β

 ∞∑
j=1

pju
j(x, t)− u(x, t)

 .

Now let ū := 1− u and f(u) = ∑∞
j=1 pju

j. From (3.4), (3.5) and (3.6), it follows
that ū(x, t) satisfies the partial differential equation

∂ū

∂t
= 1

2
∂2ū

∂x2 + h(ū), (3.13)

where
h(ū) = β(1− ū− f(1− ū)), (3.14)

subject to the initial condition

ū(x, 0) = 1(−∞,0)(x). (3.15)

Since f(0) = 0 and f ′(1) > 1, the function h satisfies the following properties:

h(0) = 1 = h(1),

h ∈ C1[0, 1],

h(u) > 0 ∀ u ∈ (0, 1),

h′(0) > 0,

h′(u) < h′(0) ∀ u ∈ (0, 1]. (3.16)
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It follows from the results in [2, 3] that

c >
√

2h′(0) ⇒ lim
t→∞

ū(ct, t) =0 (3.17)

|c| <
√

2h′(0) ⇒ lim
t→∞

ū(ct, t) =1. (3.18)

Recall that ū = 1 − u so that by Lemma 3.3, ū(x, t) = P (X+(t) > x). Define
m := f ′(1)− 1 = h′(0)/β. Then, equation (3.17) implies that

∀ c >
√

2βm, P

(
X+(t)
t

> c

)
→ 0 as t→∞. (3.19)

On the other hand, let −
√

2βm < c <
√

2βm. Then, Lemma 3.3 and equation (3.18)
imply that P

(
X+(t)
t

< c
)
→ 0 as t→∞. By monotonicity of the event

{
X+(t)
t

< c
}

in c ∈ R, this implies that

∀ c <
√

2βm, P

(
X+(t)
t

< c

)
→ 0 as t→∞. (3.20)

Equations (3.19) and (3.20) imply the following convergence in probability for the
speed of BBM, which we state as a proposition.

Proposition 3.4 (McKean). Let c+(t) be the speed (as defined in (3.1)) at time t
of a BBM evolving in R with rate β > 0, and offspring law (pk)k∈N having p0 = 0
and p1 < 1, and let f be the corresponding p.g.f. Let m := f ′(1)− 1. Then

c+(t) P→
√

2βm as t→∞, (3.21)

where P→ denotes convergence in probability.

Remark. Note that m is the expected net growth per particle since a particle dies
upon branching. Also note that if p1 = 1, then the system has a single Brownian
particle. In this case, as Brownian motion is diffusive, one can easily show that for
any ε > 0, P (X(t) > εt) → 0 as t → ∞. This implies that c+ = 0 when p1 = 1,
consistent with the proposition above, since in this case m = µ− 1 = 0.

Section 3.3 and Section 3.4 below are based on [35].

3.3 Extension to higher dimension

In this section, we extend McKean’s result to higher dimension, i.e., d ≥ 2. First,
a preparatory lemma is given on Brownian hitting times in Rd, extending the well-
known one-dimensional result (see for example [24, Eqn.7.3.3]) which holds when
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d = 1. Then, with the help of this lemma, McKean’s result is extended to d ≥ 2 in
Proposition 3.8.

Lemma 3.5 (Brownian hitting times in Rd). Let B = (B(t))t≥0 be a Brownian
motion in Rd starting at the origin, with probability law P0, and let k > 0. Then, as
t→∞,

P0

(
sup

0≤s≤t
|B(s)| ≥ kt

)
= exp

{
−k

2t

2 (1 + o(1))
}
. (3.22)

Furthermore, for d = 1, even the following stronger statement is true. Let m(t) =
inf0≤s≤tB(s) and M(t) = sup0≤s≤tB(s). (The process M(t) − m(t) is called the
range process of B.) Then, as t→∞,

P0(M(t)−m(t) ≥ kt) = exp
{
−k

2t

2 (1 + o(1))
}
. (3.23)

Proof. For d = 1, recall that [24, Eqn.7.3.3] for any a > 0,

P0

(
sup

0≤s≤t
|B(s)| ≥ a

)
=
√

2
π

∫ ∞
a/
√
t
exp(−y2/2)dy. (3.24)

Setting a = kt above, we see via l’Hôpital’s rule that

P0

(
sup

0≤s≤t
|B(s)| ≥ kt

)
= exp

{
−k

2t

2 (1 + o(1))
}
. (3.25)

We now extend this result to d ≥ 2. Note that the lower bound holds trivially since
the projection of a d-dimensional Brownian motion onto the first coordinate axis is
a one-dimensional Brownian motion. In order to prove the upper bound, we first
prove (3.23).

Let d = 1. Define

θc = inf {s ≥ 0 : M(s)−m(s) = c} .

According to [9, p.199] and references therein, the Laplace transform of θc satisfies

E exp
(
−λ

2

2 θc
)

= 2
1 + cosh(λc) , λ > 0.

Hence, by the exponential Markov inequality,

P0(θc ≤ t) ≤ exp
(
λ2

2 t
)
E exp

(
−λ

2

2 θc
)

= exp
(
λ2

2 t
)

2
1 + cosh(λc) .
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Taking c = kt, one obtains

P0(Mt −mt ≥ kt) = P0(θkt ≤ t) ≤ exp
(
λ2

2 t
)

2
1 + cosh(λkt) .

Optimizing over λ, the estimate is the sharpest when λ = k, in which case, we
obtain the desired upper bound. Since P0

(
sup0≤s≤t |Bs| ≥ kt

)
≤ P0(Mt −mt ≥ kt),

the lower bound coincides with the upper bound, which implies (3.23).

For d ≥ 2, let us consider more generally the Brownian motion started at x,
denoted by Bx, x ∈ Rd, and let r = |x|. We will use the well known fact [37,
Example 8.4.1] that if R = |Bx| and r > 0, then the process R, called the d-
dimensional Bessel process satisfies the integral equation

R(t) = r +
∫ t

0

d− 1
2R(s)ds+W (t) (3.26)

on [0,∞) almost surely, where W is the one-dimensional Brownian motion started
at 0. Using the strong Markov property of Brownian motion, applied at the first
hitting time of the ρ-sphere (we call B(0, ρ) the ρ-sphere), it is clear that in order to
verify the lemma, it suffices to prove it when B is replaced by Bx, with |x| = ρ > 0.
This follows, since for every fixed ρ such that 0 < ρ < kt, we have

P0

(
sup

0≤s≤t
|B(s)| ≥ kt

)
≤ P0

(
sup

0≤s≤t+τ
|B(s)| ≥ kt

)
= Pρ

(
sup

0≤s≤t
R(s) ≥ kt

)
, (3.27)

where τ is the first hitting time of B on the ρ-sphere, and Pρ is the probability law
for R = |Bx|.

Now let P be the probability law for W , consider R = |Bx| (where |x| = ρ > 0)
and define the sequence of stopping times 0 =: τ0 < σ0 < τ1 < σ1 < · · · with respect
to the filtration generated by R (hence, also with respect to the one generated by
W ) as follows:

σ0 := inf {s > 0 : R(s) = ρ/2} ,

and for i ≥ 1,

τi+1 := inf {s > σi : R(s) = ρ} , σi+1 := inf {s > τi+1 : R(s) = ρ/2} .

Note that by (3.26), for i ≥ 0 and s ∈ [τi, σi],

R(s) = ρ+
∫ s

τi

d− 1
2R(z)dz+W (s)−W (τi) ≤ ρ+ρ−1(d−1)∆s

i +W (s)−W (τi), (3.28)
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where ∆s
i := s− τi.

Since R(s) ≤ ρ for σi ≤ s ≤ τi+1 and i ≥ 0, it is also clear that for t > ρ/k, the
relation sup0≤s≤tR(s) ≥ kt is tantamount to

sup
i≥0

sup
τi∧t<s≤σi∧t

R(s) ≥ kt.

Putting this together with (3.28), it follows that Pρ(sup0≤s≤tR(s) ≥ kt) can be
estimated from above by

P
(
∃ i ≥ 0, ∃ τi ∧ t < s ≤ σi ∧ t : W (s)−W (τi) ≥ kt− ρ−1(d− 1)∆s

i − ρ
)
.

This can be further estimated from above by

P

(
M(t)−m(t) ≥ [k − d− 1

ρ
− δ]t

)
,

for any δ > 0, as long as t ≥ ρ/δ. To complete the proof, fix ρ, δ > 0, let t → ∞,
and use the already proved relation (3.23), along with (3.27). Finally let δ → 0 and
ρ→∞.

Lemma 3.6 (Overproduction). Let δ > 0. Then for any t ≥ 0

P (|Z(t)| > eβmt+δ) ≤ e−δt.

Proof. By Lemma 2.8, we have E|Z(t)| = eβmt. The result follows by applying the
Markov inequality to P (|Z(t)| > eβmt+δ).

Lemma 3.7 (Comparison). Suppose that p0 = 0. Let B ⊂ Rd be open or closed.
Let x ∈ B. Let Px be the law of Brownian motion, denoted by W , starting from x,
and let Pδx be the law of BBM starting from δx. Define the first exit times from B

as

ψB = inf {t ≥ 0 : W (t) ∈ Bc}

ψ̂B = inf {t ≥ 0 : R(t) ∩Bc 6= ∅} . (3.29)

Then for any k ∈ N and t ≥ 0

Pδx(ψ̂B > t||Z(t)| ≤ k) ≥ [Px(ψB > t)]k.

Proof. See the corresponding proof in [15], which is written for strictly dyadic
branching, and note that the proof can easily be extended to cover for the case
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of BBM whose offspring distribution (pk)k∈N has p0 = 0, since the population does
not decrease for such processes, that is, for any t ≥ 0, |Z(s)| ≤ |Z(t)| for all
s ∈ [0, t]. The idea behind the proof is that, comparing a system with k inde-
pendent Brownian particles to a BBM conditioned on the BBM having at most k
particles throughout [0, t], the probability of escape in [0, t] is smaller for the BBM
due to correlations between paths of descent of different particles. Each particle of
BBM has a Brownian path of descent, but the paths of descent of different particles
are not independent.

Recall that M(t) = inf
{
r > 0 : R(t) ⊆ B(~0, r)

}
is the radius of the minimal ball

centered at the origin containing R(t).

Proposition 3.8 (Speed of BBM). Suppose that p0 = 0. Then, for d ≥ 1, M(t)
t

converges to
√

2βm in probability as t→∞.

Remark. It is easy to see via Lemma 2.7 that the quantity βm is invariant under
changing the setting from the ‘canonical one’ (that is, putting zero mass at 1 (p1 =
0)) to a non-canonical one (that is, assigning positive mass to 1).

Proof. Let d ≥ 1. Since the projection of Z onto the first coordinate axis is a one-
dimensional BBM with the same parameters as Z, the lower estimate for convergence
in probability follows from Proposition 3.4 and the inequalities

P (M(t)/t >
√

2βm− ε) ≥ P ∗(M(t)/t >
√

2βm− ε) ≥ P ∗(X+(t)/t >
√

2βm− ε)

for every ε > 0 and for every t ≥ 0, where P ∗ denotes the law of the one-dimensional
projection of Z. To prove the upper estimate for convergence in probability, let ε > 0
and let B = B(0, (

√
2βm+ ε)t). Pick δ > 0 such that

1
2(
√

2βm+ ε)2 > βm+ δ. (3.30)

Recall the definition of exit times from (3.29), and see that the following events are
identical:

{
M(t)/t >

√
2βm+ ε

}
=
{
ψ̂B ≤ t

}
. Estimate

P
(
M(t)/t >

√
2βm+ ε

)
≤ P

(
|Z(t)| > be(βm+δ)tc

)
+

P
(
ψ̂B ≤ t | |Z(t)| ≤ be(βm+δ)tc

)
. (3.31)

By Lemma 3.6, the first term on the right-hand side tends to zero exponentially
fast. Now consider the second term. By Lemma 3.7, we have the estimate

Pδ0

(
ψ̂B > t||Z(t)| ≤ be(βm+δ)tc

)
≥ [P0(ψB > t)]be(βm+δ)tc.
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By Lemma 3.5,

[P0(ψB > t)]be(βm+δ)tc =
[
1− exp

(
− [(
√

2βm+ ε)t]2
2t

)
exp(o(t))

]be(βm+δ)tc

. (3.32)

By (3.30), using the binomial expansion, the right-hand side of (3.32) tends to 1
exponentially fast as t→∞, so that (3.31) yields the desired upper estimate

P
(
M(t)/t >

√
2βm+ ε

)
→ 0 as t→∞,

which completes the proof.

3.4 Extension to possibility of zero offspring

In this section, we allow the particles of the BBM to give zero offspring with positive
probability, namely, we put p0 > 0. In doing so, the probability of extinction for
the GWP that underlies the BBM becomes positive, hence we must condition on
non-extinction before we prove results concerning the speed of BBM. We now state
the first major result of this thesis.

Theorem 3.9 (Conditional speed of BBM). Suppose that the GWP underlying the
BBM is supercritical, i.e., m > 0. Then, for d ≥ 1, conditioned on non-extinction,
M(t)
t

converges to
√

2βm in probability as t→∞.

For d ≥ 1 and p0 = 0, we have already found the speed in Proposition 3.8.
Theorem 3.9 covers the general case where p0 can be nonzero. In this result, we
see that conditioned on non-extinction, the speed remains

√
2βm, which can be

explained as follows. When the supercritical GWP that underlies the BBM is de-
composed into skeleton and doomed particles (see Proposition 2.9), the doomed
particles do not contribute to the speed, and the skeleton particles alone form an-
other GWP with the same offspring mean as the original (undecomposed) process
before conditioning on non-extinction.

We first give two lemmas that are needed in order to prove Theorem 3.9. Recall
the definitions of f̃ and f ∗ from (2.19) and (2.20), respectively, and recall that
q̄ = 1− q, where q is the probability of extinction.

Lemma 3.10. If s ∈ [0, 1], then f ∗(s) ≤ f̃(s).

Proof. By (2.19) and (2.20), we need to show that if s ∈ [0, 1], then

[f(q + q̄s)− q]/q̄ ≤ f(qs)/q. (3.33)
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The left-hand side of (3.33) is equal to [f(s+q(1−s))−q]/(1−q). Since f is convex,
by Jensen’s inequality, it is enough to show that

[s+ (1− s)f(q)− q]/(1− q) ≤ f(qs)/q.

Since f(x) ≥ x when x ∈ [0, q], s ∈ [0, 1] implies that f(qs) ≥ qs. We now have,
using f(q) = q, that

s+ (1− s)f(q)− q
1− q = s+ (1− s)q − q

1− q = s ≤ f(qs)
q

.

Lemma 3.11. Let Z1 = (Z1(t))t≥0 and Z2 = (Z2(t))t≥0 be two BBMs with the
same branching rate β > 0, and offspring distributions with probability generating
function φ1 and φ2, respectively. Let P 1

s,x and P 2
s,x be the corresponding probabilities

for processes that start at time s with a single particle at position x ∈ Rd. Assume
that φ1 ≤ φ2 on [0, 1]. Then, for any Borel set B, and any fixed time t ≥ s,

P 1
s,x(R1(t) ⊂ B) ≤ P 2

s,x(R2(t) ⊂ B), (3.34)

where Rj(t) is the range of process Zj up to time t for j = 1, 2.

Proof. Clearly, if x /∈ B, then P 1
s,x(R1(t) ⊂ B) = 0 = P 2

s,x(R2(t) ⊂ B), so the
inequality in (3.34) is trivially satisfied. Now, assume that x ∈ B. Define

uj(s, x, t) := P j
s,x(Rj(t) ⊂ B), s ≤ t, for j = 1, 2. (3.35)

Let τ j, j = 1, 2, be the first branching time after s, for the initial particles of Z1

and Z2, respectively. Then, τ j is exponentially distributed with parameter β for
j = 1, 2. Conditioning on the event τ j ∈ [s, t] and using the strong Markov property
along with the branching property, we obtain for j = 1, 2, that

uj(s, x, t) =
∫ t

s
g(r, s)π(r − s, x,B)E(r)

s,xφj
(
uj(r,Wr, t)

)
dr

+ e−β(t−s)π(t− s, x,B), (3.36)

where g(r, s) = (βe−β(r−s))/(1− e−β(t−s)), and π(t− s, x,B) is the probability that
a single Brownian particle, with position given by W = (Wr)r≥s that starts at time
s and position x ∈ Rd remains in B until time t, while E(r)

s,x denotes the expectation
corresponding to W conditioned on the event that W remains in B within the time
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interval [s, r]. Thus, φ1 ≤ φ2 implies that

(u1 − u2)(s, x, t) ≤
∫ t

s
g(r, s)π(r − s, x,B)×

E(r)
s,x

[
φ1
(
u1(r,Wr, t)

)
− φ1

(
u2(r,Wr, t)

)]
dr. (3.37)

Set s = 0, abbreviate π(r) := π(r, x, B) and g(r) := g(r, 0) to arrive at

(u1 − u2)(0, x, t) ≤
∫ t

0
g(r)π(r)E(r)

0,x

[
φ1
(
u1(r,Wr, t)

)
− φ1

(
u2(r,Wr, t)

)]
dr. (3.38)

Letting vj(x, t) := uj(0, x, t), j = 1, 2, and making the substitution r 7→ t− r,

(v1 − v2)(x, t) ≤
∫ t

0
g(t− r)π(t− r)E(t−r)

0,x

[
φ1
(
v1(Wt−r, r)

)
− φ1

(
v2(Wt−r, r)

)]
dr.

(3.39)
Now let w := (v1 − v2)∨ 0, where ∨ denotes maximum. Recall that φ1 is monotone
nondecreasing and convex on [0, 1], having a bounded derivative. Hence φ1(v1) −
φ1(v2) ≥ 0 holds if and only if v1−v2 ≥ 0, in which case φ1(v1)−φ1(v2) ≤ C(v1−v2)
for some C > 0. Therefore,

w(x, t) ≤ C
∫ t

0
g(t− r)π(t− r)E(t−r)

0,x w(Wt−r, r) dr. (3.40)

Note that if w(x, t) = 0, then (3.40) holds since the right-hand side is nonnegative,
and if w(x, t) ≥ 0, then (3.40) holds by definition of w and by (3.39). Define
F (r) := E(t−r)

0,x w(Yt−r, r), and note that F (t) = w(x, t). We have

F (t) ≤ C
∫ t

0
g(t− r)π(t− r)F (r) dr,

and, by Gronwall’s inequality, we conclude that F (t) ≤ 0. Hence, w(x, t) ≤ 0. But
w(x, t) ≥ 0 by definition, therefore w(x, t) = 0, that is v1 − v2 ≤ 0, which means
that u1 ≤ u2, as claimed.

3.4.1 Proof of Theorem 3.9

We emphasize that in this proof, the branching rate for all types of particles for all
processes considered is constant and equal to β, and all probabilities written should
be understood as conditioned on the non-extinction of the GWP that underlies the
BBM.

First, use the decomposition of supercritical GWPs into two sets of particles
as described in Proposition 2.9 (particles with infinite line of descent, which are
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called skeleton particles; and particles with finite line of descent, which are called
doomed particles) to decompose the BBM conditioned on non-extinction into skele-
ton and doomed particles. Then, interpret the decomposed BBM conditioned on
non-extinction as a two-type process as described in Proposition 2.14, where we let
the skeleton particles to be of type 1, and the doomed particles to be of type 2. We
have the following decomposition for the BBM:

(Z(t))t≥0 = (Z1(t), Z2(t))t≥0,

where Z1 is the process consisting of the skeleton particles, and Z2 is the one con-
sisting of the doomed particles. Note that Z1 by itself is a BBM, however, Z2 is not.
Let |Zj(t)|, j = 1, 2 be the number of particles of type j existing at time t. Recall
that by Proposition 2.14, the offspring p.g.f.s for skeleton and doomed particles are

f 1(s, t) =[f(q̄s+ qt)− f(qt)]/q̄, and

f 2(s, t) =f(qt)/q,

respectively. It is clear that skeleton particles can produce both skeleton and doomed
particles, whereas a doomed particle can only produce particles of its own kind.
Recall that conditioning Z on non-extinction is equivalent to the initial condition
(|Z1(0)|, |Z2(0)|) = (1, 0), which says that the process starts with one skeleton par-
ticle, hence never dies out. For d ≥ 1, let us define the range of Z1 as R1, and the
range of Z2 as R2. Similarly, define

M1(t) := inf
{
r > 0 : R1(t) ⊆ B(~0, r)

}
,

M2(t) := inf
{
r > 0 : R2(t) ⊆ B(~0, r)

}
.

Recall the definitions of f ∗ and f̃ from (2.20) and (2.19), and observe that f 1(·, 1) =
f ∗(·) and f 2(1, ·) = f̃(·). It is easy to see that (f ∗)′(1) = f ′(1) = µ and f̃ ′(1) = f ′(q).
Define κ := f ′(q) and k =: κ−1. Now sinceM(t) = max {M1(t),M2(t)}, f ∗(0) = 0,
(f ∗)′(1) − 1 = m, and βm is invariant under how one describes the branching (see
the remark after Proposition 3.8), Proposition 3.8 immediately gives the desired
lower bound for the speed: ∀ε > 0,

P

(
M(t)
t

>
√

2βm− ε
)
≥ P

(
M1(t)
t

>
√

2βm− ε
)
→ 1 as t→∞. (3.41)

By the same reasoning as above, the process Z1 satisfies the desired upper bound,
so in order to obtain the desired upper bound for Z, we need to control the spread
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of doomed particles in the system, and to show that ∀ε > 0,

P

(
M2(t)
t

>
√

2βm+ ε

)
→ 0 as t→∞. (3.42)

The idea is to control the number of doomed particles at not just time t, but in the
entire interval [0, t]. The reason is as follows. We wish to compare the spatial spread
of doomed particles in the time interval [0, t] to the spread of as many independent
Brownian particles as there are doomed particles present in the system at time t,
hence we do not want to have an instant in [0, t], where the number of doomed
particles are more than that number at time t. To be precise, we wish the following
condition to hold:

|Z2(s)| ≤ |Z2(t)| for all s ∈ [0, t]. (3.43)

Since the doomed particles of Z give zero offspring with positive probability, the
condition (3.43) does not hold. The strategy now is to introduce a new two-type
BBM, which is comparable to the original two-type process Z in a sense that will be
clear shortly, prove the equivalent of (3.42) for the new process, and finally conclude
that (3.42) holds for the original process by comparison. We introduce a new BBM
as follows. Let Z = (Z1

,Z
2) be a two-type BBM, P be the corresponding probability,

and f̄ 1, f̄ 2 be the offspring p.g.f.s for particles of type 1 and type 2 respectively,
such that for every 0 ≤ s ≤ 1 and every 0 ≤ t ≤ 1,

f̄ 1(s, t) =f 1(s, t), (3.44)

f̄ 2(s, t) =
∞∑
j=0

( ∞∑
i=0

p1(j, i)
)
tj, (3.45)

where p1(j, i) is the probability that a particle of type 1 of the process Z gives j
offspring of its own type and i offspring of type 2 upon branching. Equations (3.44)
and (3.45) say that particles of type 1 of Z and that of Z behave exactly alike,
whereas a particle of type 2 of Z produces no offspring of type 1 similar to Z, but
produces offspring of her own type just as a particle of type 1 of Z produces offspring
of type 1, with mean µ > 1. Hence, the condition (3.43) is satisfied for particles
of type 2 of the new process. We proceed by finding the mean matrix at time t,
denoted by A(t) (see Section 2.4) for Z. Following the recipe in (2.25) and (2.26),
we obtain

A(t) :=
eβtm q

q̄
(m− k)βteβtm

0 eβtm

 . (3.46)

Define similarly as before the range of Z1 as R1, and the range of Z2 as R2. Further

41



define

M
1(t) := inf

{
r > 0 :R1(t) ⊆ B(~0, r)

}
,

M
2(t) := inf

{
r > 0 :R2(t) ⊆ B(~0, r)

}
.

Since particles of type 1 of Z and Z behave probabilistically alike, and particles of
type 2 of Z produce offspring according to f ∗ while particles of type 2 of Z produce
offspring according to f̃ , Lemma 3.10 and Lemma 3.11 imply that for any ε > 0 and
any t ≥ 0,

P

M2(t)
t

>
√

2βm+ ε

 ≥ P

(
M2(t)
t

>
√

2βm+ ε

)
. (3.47)

Then, to complete the proof it suffices to show that

P

M2(t)
t

>
√

2βm+ ε

→ 0 as t→∞ for any ε > 0. (3.48)

We proceed as in the proof of Proposition 3.8. Let B = B(0, (
√

2βm+ ε)t), and
let δ > 0 satisfy (3.30) as before. Define ψB = inf

{
t ≥ 0 :R2(t) ∩Bc 6= ∅

}
, and

estimate

P

M2(t)
t

>
√

2βm+ ε

 ≤ P
(
|Z2(t)| > be(βm+δ)tc

)
+P

(
ψB ≤ t | |Z2(t)| ≤ be(βm+δ)tc

)
. (3.49)

By the fact that A12(t) = q
q̄
(m− k)βteβtm and the Markov inequality, the first term

on the right-hand side of (3.49) tends to zero. The second term on the right-hand
side tends to zero by an extension of Lemma 3.7, via comparison of type 2 particles
of Z with be(βm+δ)tc many independent Brownian particles that start motion at t = 0
from the origin as in the proof of Proposition 3.8. Note that since each particle of
type 2 of Z produces at least one particle of its own type (i.e., f̄ 2(s, 0) = 0), we may
extend Lemma 3.7 to apply to particles of type 2 of Z. This completes the proof of
Theorem 3.9.
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Chapter 4

Branching Brownian Motion
Among Poissonian Traps

In this chapter, we find the trap-avoiding asymptotics for a BBM evolving in a
Poissonian field of traps in Rd, for the cases of uniform trap intensity and a radially
decaying trap intensity. The result for the case of radially decaying field of traps is
a direct application of Theorem 3.9. Section 4.1 is based on [34, 36], and Section 4.2
is based on [35]. In the paragraph below, we briefly describe the model. We refer
the reader to Section 1.2 for details regarding the model of BBM in a Poissonian
field of traps, and to Section 1.3 for a brief history of the problem.

Throughout this chapter, we consider a branching Brownian motion Z living in a
random environment consisting of Poissonian traps, which is constructed as follows.
Let B(Rd) be the collection of d-dimensional Borel sets, and let Π denote a Poisson
random measure on B(Rd) with a boundedly finite mean measure ν such that dν/dx
exists, where dx stands for the Lebesgue measure. A random trap configuration K
with radius a on Rd is defined as

K =
⋃

xi∈supp(Π)
B̄(xi, a),

where B̄(x, a) is the closed ball of radius a > 0 centered at x. Letting P be the prob-
ability measure for the Poisson random measure, E the corresponding expectation,
and T the first time that Z hits a trap, i.e.,

T = inf {t ≥ 0 : R(t) ∩K 6= ∅} ,

where R stands for the range of the BBM. Then, the event of trap-avoiding up
to time t of Z among the trap field is given by {T > t}. In this chapter, we are
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after the asymptotic behavior as time tends to infinity of the annealed trap-avoiding
probability

(E× P )(T > t),

for a BBM with a general offspring distribution (pk)k∈N.

4.1 Uniform trap intensity

In this section, we consider a uniform field of traps, distributed in space according
to a PRM with uniform mean measure ν, where ν(dx) = v dx and v > 0. Below,
we state the main result for this section, and then give its proof.

4.1.1 Main result

Suppose that p1 < 1 so that branching phenomenon is present in the system. Given
this assumption, recall from Lemma 2.7 that we may assume without loss of gener-
ality that p1 = 0. Also, recall that f is the p.g.f. for the offspring distribution, µ is
the mean number of offspring, m = µ − 1, and assume that µ < ∞. Let q = P (E)
be the probability of extinction for the GWP underlying the BBM as before, and
let

α = 1− f ′(q).

Note that p0 = 0 implies q = 0 since two or more offspring is produced each time a
particle branches. When p0 = 0, it then follows that α = 1 as f ′(0) = p1, and p1 = 0
by assumption. Also, q = 1 when µ ≤ 1 as shown in Proposition 2.3, and q ∈ (0, 1)
when p0 > 0 and µ > 1.

Theorem 4.1. The trap-avoiding asymptotics for the problem of BBM among uni-
form field of Poissonian traps is as follows.

1. If p0 = 0, then

lim
t→∞

1
t

log(E× P )(T > t) =− β for d ≥ 2 (4.1)

lim
t→∞

1
t

log(E× P )(T > t) =

−β for d = 1, v > vcr,

−β v
vcr

for d = 1, v ≤ vcr,
(4.2)

where vcr := α
2

√
β

2m is the critical trap intensity for d = 1.

44



2. If p0 > 0 and µ ≤ 1, then

lim
t→∞

(E× P )(T > t) = (E× P )(T > τ) > 0, (4.3)

where τ := inf {t ≥ 0 : |Z(t)| = 0} is the extinction time for the BBM.

3. If p0 > 0 and µ > 1, then

lim
t→∞

1
t

log(E× P )(T > t|Ec) =− βα for d ≥ 2 (4.4)

lim
t→∞

1
t

log(E× P )(T > t|Ec) =

−βα for d = 1, v > vcr,

−βα v
vcr

for d = 1, v ≤ vcr.
(4.5)

Remark. Note that the most interesting case is when

µ > 1, p0 > 0 and d ≥ 2. (4.6)

In this case, from (4.4), we see that allowing the particles to give zero offspring
with positive probability contributes an extra factor α to the result, which naturally
depends on f . This extra factor appears due to the modified p.g.f. for the offspring
distribution of the skeleton, which is a part of the decomposition of the supercritical
GWP conditioned on non-extinction (see Proposition 2.9). It is easy to see that
0 < α < 1 when µ > 1 and p0 > 0.

4.1.2 Preparations

In this section we give preparatory results that will be needed in the proof of The-
orem 4.1. Proposition 4.2 is a well-known general result coming from the spectral
theory of compact self-adjoint operators, whereas Lemma 4.3 is a special result con-
cerning the confinement of Brownian particles to balls, and is used directly in the
proof of Theorem 4.1.

Spectral decomposition of the killed Brownian transition density

For a Borel set B ⊂ Rd, let pB(t, x, y) be transition densities for Brownian motion
killed upon exiting B, and let PB

t be linear operators acting on the Hilbert space
L2(B) as follows:

PB
t : L2(B)→ L2(B),

PB
t f(x) =

∫
B
pB(t, x, y)f(y)dy for every t ≥ 0.
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Suppose that B has finite non-zero Lebesgue measure. Then, it is well known
that PB

t is a compact self-adjoint operator on L2(B), and by the spectral theorem
admits an eigenvalue expansion in terms of the eigenvalues and eigenfunctions of
the Dirichlet Laplacian on B. In more detail, consider the eigenvalue problem for
the Dirichlet Laplacian,

−1
2∆φ = λφ on B,

φ = 0 on ∂B.
(4.7)

Proposition 4.2. If B has finite Lebesgue measure, there exists a discrete set of
real eigenvalues 0 < λ1 ≤ λ2 ≤ . . . <∞ and a corresponding complete orthonormal
set of eigenfunctions φi in L2(B) that satisfy (4.7). Furthermore, if we let µ be the
restriction of the Lebesgue measure to B, then

(a) the densities pB(t, x, y) admit the eigenfunction expansion

pB(t, x, y) =
∞∑
i=1

e−λitφi(x)φi(y), (4.8)

for µ2-almost every pair (x, y), where the convergence is absolute, and takes
place in L∞(B ×B),

(b) if f ∈ L2(B), then

PB
t f =

∞∑
i=1

e−λit 〈f, φi〉φi, µ− a.e., (4.9)

where the convergence is absolute, and takes place in L∞(B), and 〈f, g〉 is used
to denote

∫
f(x)g(x)dx,

(c) if for some t > 0 we have pB(t, x, y) > 0 for µ2-almost every pair (x, y), then
λ1 < λ2 and φ1 > 0 µ-almost everywhere.

Proposition 4.2 is taken from [5]. We refer the reader to [5] and references therein
for a proof of parts (a), (b) and (c), and more on the theory of compact self-adjoint
operators on Hilbert spaces. Note that part (c) is applicable when B is an open
connected set.

The lemma below is a standard result on Brownian confinement to balls. The
proof presented here is similar to the proof of [11, Theorem 2.1].

Lemma 4.3 (Lower bound on probability of confinement). Let B = B(0, r) be the
open ball in Rd with radius r, centered at the origin. LetW be the standard Brownian
motion, and (Px, x ∈ R) be the corresponding probabilities for processes that start
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at x ∈ R. Then,
P0(W [0, t] ∈ B) ≥ c(d) e−

λ
r2 t,

where W [0, t] := {W (s) : 0 ≤ s ≤ t}, λ is the principal Dirichlet eigenvalue for the
open unit ball in Rd, and c(d) is a constant that depends on the dimension.

Proof. Let pB(t, x, y) = ∑∞
i=1 e

−λitφi(x)φi(y) be the eigenfunction expansion for
transition densities of Brownian motion killed upon exiting B, and 1B be the in-
dicator function for the set B. Observe that (PB

t 1B)(x) =
∫
B pB(t, x, y)dy is the

probability that a Brownian particle starting at x ∈ B remains in B in the period
[0, t], that is, (PB

t 1B)(x) = Px(W [0, t] ∈ B). By part (a) of Proposition 4.2 and the
orthonormality of the eigenfunctions, we have

∫
B
pB(t, x, y)φ1(y)dy = e−λ1tφ1(x) for a.e. x ∈ B. (4.10)

By part (c) of Proposition 4.2, which is applicable here since B is open and con-
nected, φ1 > 0 µ-almost everywhere on B. Along with (4.10), this implies that there
exists x0 ∈ B such that |φ1(x0)| =: c1 6= 0 and

∫
B
pB(t, x0, y)φ1(y)dy = e−λ1tφ1(x0). (4.11)

Let q(t, x, y) be unkilled Brownian transition densities. Since pB(t, x, y) ≤ q(t, x, y),
it follows that pB(t, x, y) is supported on y ∈ B, where it is bounded for each t > 0.
Then, ∣∣∣∣∣

∫
B
pB(t, x, y)φ1(y)dy

∣∣∣∣∣ ≤ c2(t)
∣∣∣∣∣
∫
B
φ1(y)dy

∣∣∣∣∣ ≤ c3(t), (4.12)

where c2(t) and c3(t) are time-dependent constants, and we have used that φ1 ∈
L2(B) implies that φ1 ∈ L1(B) since B has finite volume. It follows from (4.10) and
(4.12) that φ1 ∈ L∞(B). From (4.11), we have

c1e
−λ1t ≤ ess sup

x∈B
|φ1(x)|

∫
B
pB(t, x0, y)dy.

Using
∫
B pB(t, x, y)dy = Px(W [0, t] ∈ B), we conclude that

Px0(W [0, t] ∈ B) ≥ c1

ess sup
x∈B

|φ1(x)|e
−λ1t.

Finally, use that P0(W [0, t] ∈ B) ≥ P0(W [0, t+ τ ] ∈ B) = Px0(W [0, t] ∈ B), where
τ is the first hitting time of the |x0|-sphere by a Brownian particle starting at the
origin, along with the fact that the principal Dirichlet eigenvalue λ1(r) for B(0, r)
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scales as λ1(r) = λ/r2.

4.1.3 Proof of Theorem 4.1

We prove case by case.

1. Let p0 = 0 and d ≥ 2. Recalling that p1 = 0 by assumption, and comparing
Engländer’s result (1.8), which holds when p2 = 1, with the general case of p0 =
p1 = 0 yields

lim sup
t→∞

1
t

log(E× P )(T > t) ≤ −β (4.13)

since introducing extra independent particles to the system decreases the survival
probability for every t > 0 and for every trap configuration. Note that one way for
the system to survive is to suppress branching while the single Brownian particle
avoids the traps. As the branching and motion mechanisms are independent of each
other, it follows that for every t > 0,

(E× P )(T > t) ≥ e−βt (E× P )(T > t), (4.14)

where e−βt is the probability that the initial particle does not branch before time t,
andT is the first trapping time of a Brownian particle. Since (E× P )(T > t) decays
subexponentially as t→∞ according to (1.6) and (1.7), we find from (4.14) that

lim inf
t→∞

1
t

log(E× P )(T > t) ≥ −β. (4.15)

Now, (4.13) and (4.15) together imply the result for d ≥ 2. The result for d = 1 is
a special case of Theorem 4.4, which will be proved later.

2. Firstly, see that lim
t→∞

(E×P )(T > t) exists by the Bolzano-Weierstrass theorem
since (E × P )(T > t) is non-increasing in t and bounded below by 0. Now, let us
bound this probability from below by a positive number. For instance, consider
the following event: the initial Brownian particle starting at the origin remains in
B(0, 1) until the time of first branching which occurs in the time interval [0, 1] and
gives zero offspring, and there are no traps in B(0, 1 + a). Since the mechanisms for
branching, motion, and trap configuration are independent of each other, this event
has positive probability, and the inequality in (4.3) follows.

We now prove the equality. If p0 > 0 and µ ≤ 1, then P (E) = 1, so that τ <∞
almost surely. Fix a trap configuration ω and let P ω denote the probability law for
Z, given this trap configuration in Rd. First we find lim

t→∞
P ω(T > t), and to that end
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write for every t > 0,

P ω(T > t) = P ω(T > t, τ > t) + P ω(T > t ≥ τ). (4.16)

Note that the first term on the right-hand side in (4.16) is bounded by P ω(τ > t),
and that lim

t→∞
P ω(τ > t) = 0 by monotone convergence of measures since τ < ∞

almost surely. We now concentrate on the second term. The following holds for
every t > 0:

P ω(T > τ) = P ω(t ≥ T > τ) + P ω(T > t ≥ τ) + P ω(T > τ > t). (4.17)

We see that the left-hand side of (4.17) is a constant, free of t, so remains the same
when we take the limit as t→∞. The third term on the right-hand side is bounded
above by P ω(τ > t), hence tends to zero as t → ∞. The first term on the right-
hand side is P ω(t ≥ T, T > τ) = P ω(t ≥ T |T > τ)P ω(T > τ), and we see that
P ω(t ≥ T |T > τ) = 0 since T > τ implies that T =∞ almost surely. Since we have
shown that the first and third terms on the right-hand side of (4.17) tend to zero as
t→∞, (4.16) yields

lim
t→∞

P ω(T > t) = P ω(T > τ). (4.18)

Now, observing that P ω(T > t) for each t is a random variable on the probability
space for traps, and applying bounded convergence theorem, we arrive at

lim
t→∞

(E× P )(T > t) = (E× P )(T > τ).

3. The result for d = 1 is a special case of Theorem 4.4, and will be proved
later. Now let d ≥ 2. We obtain the desired upper bound on the annealed survival
probability conditioned on non-extinction by considering the skeleton of Z alone,
and applying part (e) of Proposition 2.9. Next, consider the trap-avoiding scenario
below, which yields the desired lower bound on (E× P )(T > t|Ec).

(a) Recall that the first particle must be of infinite line of descent since the pro-
cess is conditioned on non-extinction. Suppress the branching so that there is
precisely one skeleton particle in the system up to time t. This is equivalent to
requiring that whenever a skeleton particle branches within the period [0, t], it
gives precisely one offspring of its own kind along with perhaps some doomed
offspring. Therefore, by part (e) of Proposition 2.9, this event has probability

exp[−βαt].
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(b) Empty the ball B(0, r(t)), where t 7→ r(t) is a nonnegative mapping such that
r(t) = o(t1/d), and limt→∞ r(t) = ∞. By emptying a region, we mean clearing
a region from trap points. By the upper bound above on r(t), the definition
of a Poisson random measure gives that the probability to empty B(0, r(t)) is
exp[o(t)].

(c) Confine the single skeleton particle to the smaller ball B(0, r(t)/2) up to time t.
Since r(t) → ∞ as t → ∞, by Lemma 4.3, this event has probability exp[o(t)]
as well.

(d) Confine all the doomed particles that are created within the period [0, t] to
the larger ball B(0, r(t)) up to time t. Since the number of occurrences of
branching up to time t along a single ancestral line is a Poisson process with
mean βt, and by (2.38) a skeleton particle on average produces (µ−κ)q/(1− q)
doomed particles every time it branches, it follows that at most bβt(µ−κ)q/(1−
q)c doomed particles are produced along the single skeletal line up to time
t with probability exp[o(t)]. Let the radii1 of the subtrees initiated by these
bβt(µ − κ)q/(1 − q)c =: n(t) doomed particles be ρ1, ρ2, . . . , ρn(t). If K(t) :=
max

{
ρ1, ρ2, . . . , ρn(t)

}
, then by independence of the subtrees,

P (K(t) < r(t)/2) = P (ρ1 < r(t)/2)n(t). (4.19)

Now, since a doomed subtree is almost surely finite, limt→∞ r(t)/2 =∞ implies
that P (ρ1 < r(t)/2)→ 1, which in turn implies that the probability in (4.19) is
exp[o(t)]. We have already confined the single skeleton particle to the smaller
ball B(0, r(t)/2) up to time t. Since each doomed particle that is produced along
the single skeletal line in the period [0, t] must be produced within the smaller
ball B(0, r(t)/2), and the dimensions of the larger ball B(0, r(t)) all exceed the
corresponding dimensions of the smaller ball by r(t)/2, we conclude that all of
the doomed particles that are created within the period [0, t] stay inside the
larger ball with probability exp[o(t)].

Since the motion, branching and trap formation mechanisms are independent of
each other, the desired lower estimate for (E×P )(T > t|Ec) follows from combining
the steps listed above. Note that the survival scenario described above is composed
of only one large deviation event, that is, suppressing the skeletal branching for a
linear time. The remaining components are not large deviation events and do not
have exponential probability costs.

1By radius we mean the radius of the smallest ball centered at the root of the subtree, containing
the (finite) range of the subtree.
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4.2 Radially decaying trap intensity

In this section, we consider a radially decaying field of traps, distributed in space
according to a PRM with mean measure ν such that dν)/dx exists, is continuous
on Rd, and satisfies the following asymptotic equivalence,

dν
dx ∼

l

|x|d−1 , |x| → ∞, l > 0. (4.20)

For r, b ≥ 0, define
gd(r, b) =

∫
B(~0,r)

dx
|x+ be1|d−1 , (4.21)

where e1 = (1, 0, . . . , 0) is the unit vector in the direction of the first coordinate.
Finally, let

l∗cr = l∗cr(m,β, d) = 1
sd

√
β

2m, (4.22)

where sd is the surface area of the d-dimensional unit ball (s1 = 2, s2 = 2π, s3 = 4π,
etc.). As before, let f denote the p.g.f. of the offspring distribution of the underlying
GWP. Below, we state the main results for this section, and then give their proof.

4.2.1 Main results

Theorem 4.4 (Variational formula). The trap-avoiding asymptotics for the problem
of BBM in a radially decaying field of Poissonian traps, where the corresponding
PRM has density as in (4.20) is as follows. Define

I(l, f, β, d) = min
η∈[0,1], c∈[0,

√
2β]

{
βαη + c2

2η + lgd(
√

2βm(1− η), c)
}
. (4.23)

(For η = 0, c = 0, set c2/2η = 0, and for η = 0, c > 0, set c2/2η =∞.)

1. If p0 = 0, then

lim
t→∞

1
t

log(E× P ) (T > t) = −I(l, f, β, d).

2. If p0 > 0 and m > 0, then

lim
t→∞

1
t

log(E× P ) (T > t|Ec) = −I(l, f, β, d).

51



3. If p0 > 0 and m ≤ 0, then

lim
t→∞

(E× P ) (T > t) = (E× P ) (T > τ) > 0,

where τ = inf {t ≥ 0 : |Z(t)| = 0} is the extinction time and E is the event of
extinction for the BBM.

Remark. In comparison with the variational result given in [15, Theorem 1.1] for
dyadic branching, Theorem 4.4 contributes two extra factors in the expression for
the rate function (4.23), where both factors naturally depend only on f . The extra
factor α in the first term appears when p0 > 0 (if p(0) = 0, then α = 1). It is a
consequence of the modified p.g.f. for the offspring distribution of the skeleton. The
extra factor m inside gd appears, because the speed of BBM is now no longer

√
2β

but
√

2βm. Since α = 1 = m for strictly dyadic branching, the result in [15] is
recovered by (4.23) as a special case.

The next result is purely analytic, and solves the variational problem for the rate
function I(l, f, β, d). We generalize the corresponding result in [15]. Recall that l
is the constant in the definition of ν in (4.20), and a is the constant trap radius in
(1.3).

Theorem 4.5 (Crossover). Fix f ,β,a.

1. For d ≥ 1 and all l 6= lcr, the variational problem in (4.23) has a unique
minimizing pair, denoted by η∗ = η∗(l, f, β, d) and c∗ = c∗(l, f, β, d).

2. For d = 1,

l ≤ lcr : I(l, f, β, d) = β
l

l∗cr
,

l > lcr : I(l, f, β, d) = βα, (4.24)

and

l < lcr : η∗ = 0, c∗ = 0,

l > lcr : η∗ = 1, c∗ = 0, (4.25)

where lcr = αl∗cr = α
2

√
β

2m .
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3. For d ≥ 2,

l ≤ lcr : I(l, f, β, d) = β
l

l∗cr
,

l > lcr : I(l, f, β, d) < β(α ∧ l

l∗cr
), (4.26)

and

l < lcr : η∗ = 0, c∗ = 0,

l > lcr : 0 < η∗ < 1, 0 < c∗ <
√

2β, (4.27)

where lcr = γdl
∗
cr, with

γd =
−1 +

√
1 + 4mαM2

d

2mM2
d

∈ (0, α), (4.28)

where
Md = 1

2sdm
max

R∈(0,∞)
[gd(R, 0)− gd(R, 1)]. (4.29)

Furthermore, c∗ >
√

2βm(1− η∗) when l > lcr.

Remark. Comparing this theorem to the corresponding one in [15], we see that in
this case the extra factors α and m appear ubiquitously in the formulas. Again, we
note that the formulas above reduce to the corresponding ones in [15] upon setting
α = 1, m = 1.

4.2.2 Preparations

Here, we state and prove two lemmas that will be needed in the proof of Theorem 4.4.
Lemma 4.6 is about the expected number of trap points contained in balls according
to the trap intensity in (4.20), and Lemma 4.7 is about Brownian displacement in
Rd.

Lemma 4.6. Let r > 0 and b > 0. Then,

lim
t→∞

1
lt
ν(B(bte1, rt)) = gd(r, b).

Proof. By substituting y = x/t, we see that

gd(rt, bt) =
∫
B(~0,rt)

dx
|x+ bte1|d−1 = t

∫
B(~0,r)

dy
|y + be1|d−1 = tgd(r, b). (4.30)
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Note that by assumption dν/dx is locally finite, so it will not blow up near the ori-
gin. Recall that integrals of asymptotically equivalent positive continuous functions
are asymptotically equivalent if one of the integrals diverges. Apply this result to
the radial integral to justify the asymptotic similarity below in (4.31). By assump-
tion, dν/dx is continuous on Rd. As the d-dimensional volume element in spherical
coordinates has radial component |x|d−1d|x|, the integrands of both radial integrals
below are continuous on R+. Hence, we have

ν(B(bte1, rt)) =
∫
B(bte1,rt)

dν
dxdx ∼

∫
B(bte1,rt)

l

|x|d−1dx = lgd(rt, bt), (4.31)

where the first and third equalities hold by definition of ν and gd, respectively.
Combining (4.30) and (4.31) yields lim

t→∞
ν(B(bte1,rt))
ltgd(r,b) = 1, which implies the result.

Lemma 4.7. (Brownian displacement in Rd) The probability that a Brownian
particle starting from the origin moves to a distance [ct, ct + g(t)] from the origin
during time t in Rd is

exp
[
−c

2

2 t+ o(t)
]
,

if g(t) ≥ 1 for all t, and g(t) = o(t) as t→∞.

Proof. Recall that the transition density for d-dimensional Brownian motion is

p(t, x, y) := (2πt)−d/2 exp
(
−|x− y|

2

2t

)
.

It follows that the desired probability is

k(d)
∫ ct+g(t)

ct
(2πt)−d/2 exp

(
−r

2

2t

)
rd−1dr,

where k(d) = exp[o(t)] is a constant that depends on the dimension, coming from
the angular integral. The radial integral is bounded as follows:

g(t)e
−(ct+g(t))2

2t (ct)d−1(2πt)−d/2 ≤
∫ ct+g(t)

ct
(2πt)−d/2 exp

(
−r

2

2t

)
rd−1dr

≤ g(t)e
−c2t

2 (ct+ g(t))d−1(2πt)−d/2.

Now since 1 ≤ g(t) = o(t), it follows that g(t) ⊆ exp[o(t)]. The desired result then
follows since tα ⊆ exp[o(t)] for any α ∈ R.
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4.2.3 Proof of Theorem 4.4 and Theorem 4.5

Proof of Theorem 4.4

Part 3 of the theorem follows since τ < ∞ almost surely for a non-supercritical
process, by an argument identical to the one given in the proof of the corresponding
case of Theorem 4.1. Since p0 = 0 implies that α = 1 and P (Ec) = 1, conditioning
the process on Ec is the same as not conditioning it when p0 = 0. Hence, we may
extend part 2 to cover for the case p0 = 0, and prove the first two parts of the
theorem together. Note that the key ingredients in the proof are results concerning
the decomposition of supercritical GWPs and the conditional speed of BBM, namely
Proposition 2.9 and Theorem 3.9.

Proof of the lower bound

Let m > 0. Fix β, d, f , η and c. The trap-avoiding scenario below yields the desired
lower bound for the annealed survival probability conditioned on non-extinction,
i.e., (E× P ) (T > t|Ec).

1. Similar to the corresponding part of the proof of Theorem 4.1, the initial
particle is of infinite line of descent since the process is conditioned on Ec.
Suppress the branching so that there is precisely one skeleton particle in the
system up to time ηt. This event has probability

exp[−βαηt].

2. For d ≥ 2, empty the two-sided cylinder ("tube") Tt, defined by

Tt =
{
x = (x1, . . . , xd) ∈ Rd : |x1| ≤ kt+ h(t),

√
x2

2 + . . .+ x2
d ≤ r(t) + h(t)

}
,

where k > c, and t 7→ r(t) and t 7→ h(t) are nonnegative mappings that are
picked such that limt→∞ r(t)/t = 0, limt→∞ r(t) = ∞ and limt→∞ h(t)/t = 0,
limt→∞ h(t) = ∞. By the upper bounds above on r(t) and h(t), Lemma 4.6
gives that the probability to empty Tt is exp[o(t)] for d ≥ 2. For d = 1,
empty the line T 1

t := {x1 ∈ R : |x1| ≤ 2h(t)}, which again costs a probability
of exp[o(t)].

3. For d ≥ 2, move the single skeleton particle (see the remark after Proposi-
tion 2.9) during the period [0, ηt] so that it is at a distance ct+ o(t) from the
origin at time ηt (assume without loss of generality that the specific site has
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first coordinate ct+ o(t) and all other coordinates zero), and confine it to the
smaller tube T̂t, defined by

T̂t =
{
x = (x1, . . . , xd) ∈ Rd : |x1| ≤ kt,

√
x2

2 + . . .+ x2
d ≤ r(t)

}
,

up to time ηt.

Let P0 be the probability law for d-dimensional Brownian motion, W 1 be the
projection of the d-dimensional Brownian motion onto the first coordinate axis
(W 1 lives in Rd), and decompose the Brownian motion into an independent
sum W = W 1 + W d−1, where W d−1 is hence implicitly defined. Define the
events

At =
{
ct ≤ |W 1(ηt)| ≤ ct+ o(t)

}
,

Bt =
{
|W 1(s)| ≤ kt ∀ 0 ≤ s ≤ ηt

}
,

Ct =
{
|W d−1(s)| ≤ r(t) ∀ 0 ≤ s ≤ ηt

}
.

Note that the event At ∩ Bt ∩ Ct is exactly the desired scenario for this part.
Lemma 4.7 gives P0(At) = exp[− c2

2η t + o(t)], and Lemma 3.5 gives P0(Bc
t ) =

exp[−k2

2η t+ o(t)], so it follows that

exp
[
− c

2

2η t+ o(t)
]

=P0(At) ≥ P0(At ∩Bt) ≥ P0(At)− P0(Bc
t )

= exp
[
− c

2

2η t+ o(t)
]
− exp

[
−k

2

2η t+ o(t)
]

= exp
[
− c

2

2η t+ o(t)
]
,

which yields

P0(At ∩Bt) = exp
[
− c

2

2η t+ o(t)
]
. (4.32)

Since r(t) → ∞, Lemma 4.3 implies that P0(Ct) = exp[o(t)]. Combining this
with (4.32) and using the independence of W 1 and W d−1, we arrive at

P0(At ∩Bt ∩ Ct) = exp
[
− c

2

2η t+ o(t)
]
.

For d = 1, it turns out that the function in (4.23) is minimized when c = 0
(see the proof of Theorem 4.5). Confine the single skeleton particle to the
one-dimensional tube T̂ 1

t := {x1 ∈ R : |x1| ≤ h(t)} up to time ηt. Since the
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length of the tube tends to infinity as t tends to infinity, Lemma 4.3 implies
that the probability of this event is exp[o(t)].

4. Confine all the doomed particles that are created within the period [0, ηt] to
the larger tubes Tt and T 1

t for d ≥ 2 and d = 1, respectively, up to time t. Since
the number of occurrences of branching up to time t along a single ancestral
line is a Poisson process with mean βt, and by (2.38) a skeleton particle on
average produces (µ − κ)q/(1 − q) doomed particles every time it branches,
it follows that at most bβηt(µ − κ)q/(1 − q)c doomed particles are produced
along the single skeletal line up to time ηt with probability exp[o(t)]. Let the
radii of the subtrees initiated by these bβηt(µ− κ)q/(1− q)c =: n(t) doomed
particles be ρ1, ρ2, . . . , ρn(t). If K(t) := max

{
ρ1, ρ2, . . . , ρn(t)

}
, then

P (K(t) < h(t)) = P (ρ1 < h(t))n(t). (4.33)

Now, since a doomed subtree is almost surely finite, limt→∞ h(t) =∞ implies
that P (ρ1 < h(t))→ 1, which implies that the probability in (4.33) is exp[o(t)].
We have already confined the single skeleton particle to the smaller tube T̂t
for d ≥ 2 (T̂ 1

t for d = 1). By an argument identical to the corresponding one
in the previous section, we conclude that all of the doomed particles that are
created within the period [0, ηt] stay inside the larger tube with probability
exp[o(t)].

5. Empty a
√

2βm(1− η)t-ball around the position of the single skeleton particle
at time ηt. By Lemma 4.6, this event has probability

exp
[
−lgd(

√
2βm(1− η), c)t+ o(t)

]
.

6. Require the branching system initiated by the single skeleton particle present
at time ηt to stay inside the

√
2βm(1 − η)t-ball during the remaining time

(1− η)t. When m > 0, by Theorem 3.9, the probability of this event condi-
tioned on non-extinction is exp[o(t)].

Since the motion, branching and trap formation mechanisms are independent
of each other, minimizing the cost of all these events over the parameters η and
c provides us with the desired lower estimate for (E × P )(T > t|Ec). Note that
the survival scenario described above is composed of three large deviation events:
suppressing the skeletal branching for a linear time, moving the Brownian particle
to a linear distance, and emptying a ball with linear radius. The remaining three
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components, namely parts two, four and six are not large deviation events and do
not have exponential costs.

Remark. The Poisson intensity in (4.20), namely dν
dx ∼

l
|x|d−1 is interesting, because

it creates a competition between the costs of suppressing the branching for a linear
time, and emptying a ball with radius linearly growing with time. A ball with radius
linearly growing with time is relevant, because a BBM travels a linear displacement
with time. In other words, if we use any other exponent than d − 1 in (4.20),
the competition mentioned above will be lost, and the optimal survival scenario
will involve exactly one of suppressing the branching in the entire period [0, t], or
emptying a ball with radius equal to the displacement of the "free" BBM in [0, t].

Proof of the upper bound

Fix β, d, f . Let 0 < ε < 1. Recall that |Z(t)| is the number of particles in the
system at time t, |Z∗(t)| of which are skeleton particles. For t > 1, define

ηt = sup
{
η ∈ [0, 1] : |Z∗(ηt)| ≤ btd+εc

}
.

Before we proceed, we prove the following lemma:

Lemma 4.8.
P
(
i

n
≤ ηt | Ec

)
= exp[−βα i

n
t+ o(t)].

Proof. Observe that
{
i
n
≤ ηt

}
=
{
|Z∗( i

n
t)| ≤ btd+εc

}
. By part (e) of Proposition 2.9,

we know that the process |Z∗| conditioned on non-extinction of |Z| is equal in law
to a continuous-time branching process with rate β(1 − f ′(q)) = βα and offspring
distribution (p̄k)k∈N, where p̄0 = p̄1 = 0. On the event Ec, since the first particle is
of infinite line of descent and t > 1, the inequality P ( i

n
≤ ηt | Ec) ≥ exp(−βα i

n
t) for

every t > 1 follows trivially.
Now consider a strictly dyadic branching Brownian motion Z̃. We have P (|Z̃(t)| =

k) = e−βt(1 − e−βt)k−1 for every k ∈ N and for every t ≥ 0, see [24]. It follows
that P (|Z̃(t)| ≥ k) = (1 − e−βt)k. Using the binomial expansion (1 − x)n =
1− nx+

(
n
2

)
x2 − . . .+ (−1)nxn, we obtain

P (|Z̃(t)| ≤ btd+εc)

=1− (1− e−βt)btd+εc

=e−βt
(
btd+εc −

(
btd+εc

2

)
e−βt + . . .+ (−1)btd+εc−1e−βtbt

d+εc−1
)

≤e−βtbtd+εc = exp[−βt+ o(t)].
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The result follows by comparison with the strictly dyadic case, since p̄0 = p̄1 = 0.

Henceforth, all probabilities written should be understood as conditioned on Ec.
Now, for every n ∈ N, conditioning on ηt, we have

(E× P )(T > t)

=
n−1∑
i=0

(E× P )
(
{T > t} ∩

{
i

n
≤ ηt <

i+ 1
n

})
+ (E× P ) ({T > t} ∩ {ηt = 1})

≤
n−1∑
i=0

exp
[
−βα i

n
t+ o(t)

]
(E× P (i,n)

t ) {T > t}+ exp[−βt+ o(t)], (4.34)

where we use Lemma 4.8 in passing to the inequality, and introduce the conditional
probabilities

P
(i,n)
t (·) = P

(
·
∣∣∣∣ in ≤ ηt <

i+ 1
n

)
, i = 0, 1, . . . , n− 1.

See that {ηt < (i+ 1)/n} =
{
|Z∗(t(i+ 1)/n)| > btd+εc

}
. LetA(i,n)

t , i = 0, 1, . . . , n−1
denote the event that at most btd+εc out of |Z∗(t(i+ 1)/n)| skeleton particles alive
at time t(i+ 1)/n are such that the ball with radius

ρ
(i,n)
t := (1− ε)

√
2βm(1− i+ 1

n
)t (4.35)

around the particle is non-empty, i.e., contains a trap point. Estimate

(E× P (i,n)
t )(T > t) ≤ (E× P (i,n)

t )(A(i,n)
t ) + (E× P (i,n)

t )(T > t | [A(i,n)
t ]c). (4.36)

On the event [A(i,n)
t ]c there are more than btd+εc balls containing a trap point, and

by Theorem 3.8 and (4.35), the sub-BBM emanating from the center of each ball
exists this ball in the remaining time (1 − (i + 1)/n)t with a probability tending
to 1 as t → ∞. Hence, with negligible error, we may assume that each of btd+εc
sub-BBMs exit their respective balls that contain a trap point, in the remaining
time. By geometric considerations, upon exiting this ball, each sub-BBM hits a trap
inside this ball with a probability at least C1/[ρ(i,n)

t ]d−1, where C1 > 0 is a constant
depending on dimension and on a, which is the fixed radius of each trapping ball.
Hence, the second term in the right-hand side of (4.36) is bounded above by

[
1− C1

[ρ(i,n)
t ]d−1

]btd+εc

≤ exp[−C2t
1+ε] (4.37)

uniformly in all parameters, where C2 > 0 is another constant. Note that we use
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the elementary estimate (1 + x
n
)n ≤ ex in passing to the inequality (4.37), which

implies that the second term on the right-hand side of (4.36) is superexponentially
small (SES) in t.

Now consider the first term on the right-hand side of (4.36). Since gd(rt, bt) =
tgd(r, b) for r, b > 0, the cost of clearing a ball with radius linear in t is exponentially
small in t for large t. Then, for large t, we have

(E× P (i,n)
t )(At(i,n) | |Z∗(t(i+ 1)/n)| = btd+εc+ j)

≥ (E× P (i,n)
t )(A(i,n)

t | |Z∗(t(i+ 1)/n)| = btd+εc+ (j + 1))

for every j ∈ {1, 2, . . .}. It follows that

(E× P (i,n)
t )(At(i,n)) ≤ (E× P (i,n)

t )(A(i,n)
t | |Z∗(t(i+ 1)/n)| = btd+εc+ 1). (4.38)

Having further conditioned on
{
|Z∗(t(i+ 1)/n)| = btd+εc+ 1

}
, we continue to esti-

mate from above as follows. Each skeleton particle alive at time t(i + 1)/n is at a
random point, whose spatial distribution is identical to that ofW (t(i+1)/n), where
W denotes the standard Brownian motion. Let x0 be the center of the empty ball
at time t(i+ 1)/n that is closest to the origin. Let 0 ≤ c <∞, δ > 0, and define Bj,
j = 1, . . . , btd+εc+ 1 to be the event that jth skeleton particle at time t(i+ 1)/n is
at a distance ct ≤ r < (c + δ)t from the origin and that the ρ(i,n)

t -ball around it is
empty. Then,

(E×P (i,n)
t )(A(i,n)

t ∩ {ct ≤ |x0| < (c+ δ)t} | |Z∗(t(i+ 1)/n)| = btd+εc+ 1)

≤(E× P (i,n)
t )(B1 ∪ . . . ∪Bbtd+εc+1)

≤(btd+εc+ 1)(E× P (i,n)
t )(B1)

=(btd+εc+ 1) exp
[
− c2

2(i+ 1)/nt+ o(t)
]

× exp
[
−lgd

(
(1− ε)

√
2β(m− 1)(1− i+ 1

n
), c
)
t+ o(t)

]
, (4.39)

where we have used the union bound in passing to the second inequality, and
Lemma 3.5, Lemma 4.6, along with the independence of BBM and trap mecha-
nisms in passing to the equality. Indeed, on the event A(i,n)

t conditioned on |Z∗(t(i+
1)/n)| = btd+εc + 1, there is at least 1 skeleton particle with an empty ball around

60



it. From (4.36),(4.38) and (4.39), conditioning on |x0|, we obtain

(E×P (i,n)
t )(T > t)

≤
n−1∑
j=0

(E× P (i,n)
t )

({
j

n

√
2βt ≤ |x0| <

j + 1
n

√
2βt

}
∩ A(i,n)

t

)

+ (E× P (i,n)
t )

({
|x0| ≥

√
2βt

}
∩ A(i,n)

t

)
+ SES

≤
n−1∑
j=0

(btd+εc+ 1) exp
[
− βj2/n2

(i+ 1)/nt+ o(t)
]

× exp
[
−lgd

(
(1− ε)

√
2βm(1− i+ 1

n
), j
n

√
2β
)
t+ o(t)

]
+ exp[−βt+ o(t)] + SES. (4.40)

Here, the SES comes from the second term in the right-hand side of (4.36). Also,
in passing to the last inequality, we have used that the probability of the event{
|x0| ≥

√
2βt

}
is bounded above by the probability that a single Brownian particle

is at a distance more than
√

2βt at time t, which is exp[−βt + o(t)]. Substituting
(4.40) into (4.34), and optimizing over i, j ∈ {0, 1, . . . , n− 1} gives

lim sup
t→∞

1
t

log(E× P )(T > t)

≤− min
i,j∈{0,1,...,n−1}

{
βαi

n
+ βj2/n2

(i+ 1)/n + lgd

(
(1− ε)

√
2βm(1− i+ 1

n
), j
n

√
2β
)}

.

Now let η = i/n, c = j/n
√

2β, let n→∞, use the continuity of the functional form
from which the minimum is taken (in order to extend the domain under which the
minimization is performed from points with rational coordinates of [0, 1]× [0,

√
2β]

to the entire [0, 1] × [0,
√

2β]), and finally let ε → 0 to obtain the desired upper
bound,

lim sup
t→∞

1
t

log(E× P )(T > t) ≤ −I(l, f, β, d).

Note that c >
√

2β cannot minimize
{
βαη + c2

2η + lgd(
√

2βm(1− η), c)
}

since this makes it greater than β, which can be improved by setting c = 0 and
η = 1. This completes the proof of Theorem 4.4.
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Proof of Theorem 4.5

Let

Gd(η, c) =


βαη + c2

2η + lgd(
√

2βm(1− η), c) for η ∈ (0, 1], c ∈ [0,
√

2β],

lsd
√

2βm for η = 0, c = 0,

∞ for η = 0, c ∈ (0,
√

2β]
(4.41)

so that
I(l, f, β, d) = min

η∈[0,1], c∈[0,
√

2β]
Gd(η, c). (4.42)

To see the existence of the minimizers η∗, c∗ of (4.41), note that Gd is lower semi-
continuous on the compact subset [0, 1]× [0,

√
2β] of R2 since

lim
(η,c)→(0,0)

(
βαη + lgd(

√
2βm(1− η), c)

)
= lsd

√
2βm

and c2

2η ≥ 0. We refer the reader to [15] for the proof of the uniqueness of the
minimizers when l 6= lcr.

Consider d = 1. Since g1(r, b) = 2r, the minimum over c in (4.41) is taken at
c∗ = 0, so that (4.42) reduces to

I(l, f, β, 1) = min
η∈[0,1]

{
βαη + 2l

√
2βm(1− η)

}
= min
η∈[0,1]

{
η(βα− 2l

√
2βm) + 2l

√
2βm

}
.

This proves (4.24) and (4.25), and identifies lcr as the solution to βα = 2l
√

2βm.
Now consider d ≥ 2. Set c2/2η = 0 when η = 0. We have

Gd(η, c)−Gd(0, 0) = βαη + c2

2η + l[gd(
√

2βm(1− η), c)− gd(
√

2βm, 0)], (4.43)

where the last term in the right-hand side is less than or equal to zero, with equality
if and only if (η, c) = (0, 0) (this follows from the definiton of gd). Suppose that
(η, c) = (0, 0) is a minimizer when l = l0. Then, by uniqueness of minimizers, the
right-hand side of (4.43) is strictly positive for all (η, c) 6= (0, 0) when l = l0. As the
last term in the right-hand side of (4.43) is strictly negative for all (η, c) 6= (0, 0), it
follows that for all l < l0, the right-hand side of (4.43) is zero when (η, c) = (0, 0)
and strictly positive otherwise. Therefore, there must exist an lcr ∈ (0,∞) such that

1. (η, c) = (0, 0) is the minimizer when l < lcr,
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2. (η, c) = (0, 0) is not the minimizer when l > lcr.

Henceforth, we will take this as the definition of lcr for d ≥ 2. This proves the first
parts of (4.26) and (4.27). Note that lcr ∈ (0,∞), because the last term in the
right-hand side of (4.43) decreases without bound as l → ∞ and tends to zero as
l→ 0 for fixed (η, c) 6= (0, 0).

Now let d ≥ 2 and l > lcr. We know that (η, c) = (0, 0) is not a minimizer. The
combination η∗ = 0, c∗ > 0 is not possible because G(0, c) = ∞ for all c > 0. The
combination η∗ > 0, c∗ = 0 is ruled out as well because G(η, 0) takes its minimum
either at η = 0 or η = 1, so η∗ > 0 would imply that η∗ = 1. However, η∗ = 1 can
be excluded via [15, Lemma 4.1]. Also, c∗ =

√
2β is not possible since this yields

Gd > β, whereas (η, c) = (1, 0) is not a minimizer yet yields Gd ≤ β since α ∈ (0, 1].
Hence, we conclude that the minimizers for d ≥ 2 and l > lcr appear in the interior
of [0, 1]× [0,

√
2β]. This proves the second parts of (4.26) and (4.27).

In the rest of the proof, we find lcr for d ≥ 2. For R ≥ 0, let

gd(R) =
∫
B(~0,R)

dx
|x+ e1|d−1 . (4.44)

Then, we may write (4.41) as

Gd(η, c) = βαη + c2

2η + lcgd

(√
2βm(1− η)

c

)
. (4.45)

The stationary points are the solutions of the equations ∂Gd
∂η

= 0 and ∂Gd
∂c

= 0, which
yield

0 =βα− βmv2 − l
√

2βmg′d(u)

0 =
√

2βmv + l[gd(u)− ug′d(u)] (4.46)

upon setting

u =
√

2βm(1− η)
c

, v = c√
2βmη . (4.47)

Eliminating g′d in (4.46) gives

l√
2βmgd(u) = −v + 1

2mu(α−mv2). (4.48)

It follows by (4.45), (4.47) and (4.48) that for d ≥ 2 and l > lcr,

I(l, f, β, d) = Gd(u∗, v∗) = β(α−mv∗2). (4.49)
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Since the minimizer (u∗, v∗) must satisfy (4.48) (note that there may be more than
one pair (u, v) that satisfies (4.48)), we conclude by (4.49) that v∗ is the maximal
value of v > 0 on the curve in the (u, v)-plane given by (4.48).

The following lemma is taken from [15], where a proof is given as well.

Lemma 4.9. R 7→ g′d(R) is strictly increasing on (0, 1), infinite at 1, and strictly
decreasing on (1,∞).

Using (4.22), we may write (4.48) as

gd(u)l
2sdml∗cr

= −v + 1
2mu(α−mv2). (4.50)

Since gd(u) ∼ sdu as u→∞ by (4.44), we obtain from Lemma 4.9 that the left-hand
side of (4.50) is strictly convex on (0, 1), has infinite slope at 1, is strictly concave
on (1,∞), and has limiting derivative l/(2ml∗cr) (see [35, Figure 1]).

Firstly, see that lcr ≤ αl∗cr. Indeed, assume the contrary. Then, there exists
l̄ ∈ (αl∗cr, lcr), which implies that (η, c) = (0, 0) is the unique minimizer for Gd when
l = l̄. However, Gd(0, 0) = βl̄/l∗cr > βα = Gd(1, 0), which contradicts (η, c) = (0, 0)
being the minimizer. This implies that lcr ≤ αl∗cr. We claim that lcr can be identified
by the following formula:

l0 := sup

l > 0 : l

lcr∗

1
2sdm

gd(u) > −

√√√√ 1
m

(
α− l

lcr∗

)
+ 1

2m
l

lcr∗
u ∀u ∈ (0,∞)

 .
(4.51)

In order to prove our claim, i.e., l0 = lcr, we need to show that (η, c) = (0, 0)
is the minimizer for Gd when l < l0, and (η, c) = (0, 0) is not the minimizer when
l > l0. Equivalently, as Gd(0, 0) = βl/l∗cr, we need to show via (4.49) that for l > l0

there exists a v >
√

1/m (α− l/lcr∗) such that v satisfies (4.50) for some u > 0, and
that for l < l0 there is no such v. As we know that lcr > 0 and (η, c) = (0, 0) is the
unique minimizer when l < lcr, there must exist an l1 > 0 such that the inequality
in (4.51) holds for all u ∈ (0,∞) when l = l1, hence 0 < l1 < l0. Now take any
0 < l2 < l1, and see that the inequality in (4.51) holds for all u ∈ (0,∞) also for
l = l2. This implies that if l < l0, then the curve on the left-hand side of (4.50) and
the line on the right-hand side do not intersect when v =

√
1/m (α− l/lcr∗). As

both terms on the right-hand side of (4.50) decrease as v increases and the left-hand
side of (4.50) does not depend on v, the curve on the left-hand side of (4.50) and
the line on the right-hand side do not intersect for v >

√
1/m (α− l/lcr∗) as well

when l < l0.
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Now consider l > l0. By definition of l0, there exists u ∈ (0,∞), say ū, such that

l0
lcr∗

1
2sdm

gd(u) = −

√√√√ 1
m

(
α− l0

lcr∗

)
+ 1

2m
l0
lcr∗

u. (4.52)

Note that since gd(u) < sdu for all u ∈ (0,∞), (4.52) implies that we have the strict
inequality l0 < αl∗cr. Now take any l1 ∈ (l0, αl∗cr), and observe that at u = ū, the
right-hand side of (4.52) becomes greater than the left-hand side if we replace l0
by l1. Also, since gd(u) ∼ sdu, the left-hand side of (4.52) must be greater than
the right-hand side for large u if we replace l0 by l1. As the functions on both
sides of (4.52) are continuous with respect to u, it follows by the intermediate value
theorem that there exists u ∈ (0,∞), say ũ, such that (4.52) holds, with l0 replaced
by l1. This in turn implies that Gd(u, v) = Gd(ũ,

√
1/m(α− l1/lcr∗)) = βl1/l

∗
cr, but

since the minimizer is unique, this shows that (η, c) = (0, 0) is not the minimizer
for l0 < l1 < l∗cr. As we have shown that (η, c) = (0, 0) is not the minimizer when
l ∈ (l0, l∗cr), we conclude by definition of lcr that (η, c) = (0, 0) is not the minimizer
for Gd for all l > l0. Hence, l0 = lcr.

Now put
ĝd(u) = sdu− gd(u), Md = 1

2sdm
max
u∈(∞)

ĝd.

Then, (4.51) reads

lcr = sup

l > 0 :

√√√√ 1
m

(
α− l

l∗cr

)
>

l

l∗cr
Md

 .
This implies that √√√√ 1

m

(
α− lcr

l∗cr

)
= lcr
l∗cr
Md,

which completes the proof of (4.28) and (4.29).
We finally show that u∗ ∈ (0, 1) when l > lcr. Note that for a fixed v, if the line

on the right-hand side of (4.50) cuts the curve on the left-hand side at more than one
point, then by (4.49), this v cannot be v∗ since the minimizer is unique. Hence, we
look for a v value such that (4.50) is satisfied for exactly one u value, and this pair
is (u∗, v∗). This implies that when v = v∗, the line on the right-hand side of (4.50) is
tangent to the curve on the left-hand side at u = u∗. Since v∗ >

√
1/m(α− l/lcr∗),

the slope of the line on the right-hand side of (4.50) is less than 1/(2m)(l/l∗cr). Then,
since the left-hand side of (4.50) has infinite slope at u = 1, is concave on (1,∞),
and decreases asymptotically to 1/(2m)(l/l∗cr), it follows that u∗ ∈ (0, 1). By (4.47),
we conclude that c∗ >

√
2βm(1− η∗). This completes the proof of Theorem 4.5.
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Chapter 5

Conclusion and Future Work

This thesis has originated from a trapping problem in which a randomly moving and
branching system of particles, namely a branching Brownian motion, is evolving in
a field of randomly located traps in Rd. The particles and traps are taken to be
pointlike and spherical, respectively. The quantity of interest is the large time trap-
avoiding probability of a system with a general branching mechanism. The main
mathematical object of interest of this thesis is a branching Brownian motion, which
is the most studied example of spatial branching processes, and which is built on two
simpler Markov processes, namely, a Galton-Watson process and a continuous-time
Markov branching process.

In search for finding the asymptotic rate of decay of the trap-avoiding probability
in a trap field that is distributed according to a Poisson random measure, we have
been led to the problem of the speed of BBM. We have decomposed the branching
processes that are supercritical, and where the particles give zero offspring with
positive probability, into skeleton and doomed particles, and then have shown that
the process could be interpreted as a two-type branching process.

In particular, we have found the asymptotic speed of BBM with a general off-
spring distribution, conditioned on non-extinction. The challenging case is when the
process is supercritical, and the probability of giving zero offspring for particles is
nonzero. In the proof, the skeleton decomposition of the GWP and its interpretation
as a two-type GWP have been centrally used, and it has been shown via a compari-
son argument that the skeleton alone determines the asymptotic speed, whereas the
doomed particles play no role.

Coming back to our original trapping problem, we have first found the relevant
trap-avoiding asymptotics in the case of a uniformly distributed field of traps in Rd,
where the skeleton decomposition of the branching Brownian motion is again used,
along with some properties of Brownian motion. Our result extends the previous
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work, where the branching is assumed to be strictly dyadic. As an application
of the conditional speed of branching Brownian motion, we have then studied the
case of radially decaying field of traps, and have extended previous results where
the branching was again strictly dyadic. The rate function, which is expressed
as a variational formula, has two parameters coming from the general branching
mechanism: one coming from the conditional speed of the branching Brownian
motion, and the other coming from the effective rate of branching for the skeleton.
Once more, our results show that the skeleton alone is responsible for the large-time
asymptotics of the trap-avoiding probability.

Several variations of the problem can be considered as future work. Some open
problems are as follows.

Branching Brownian motion in a moving trap field

A popular class of trapping problems is concerned with mobile traps as opposed to
frozen traps. One natural model is a uniform field of Poissonian traps in Rd, where
each atom is moving under Brownian motion independently of others. This model is
an instance of a time dependent random medium, and is called a dynamic Boolean
model [6] in the context of stochastic geometry. In this model, a fundamental prob-
lem is the time until a moving target point is caught by the traps, which is called
detection. If the target particle is Brownian, and its motion is independent of the
moving trap field, then this can be viewed as an extension of the problem in [11] in
the sense that the Brownian particle is trying to survive in a randomly moving field
of traps as opposed to frozen traps. Several results about the trap-avoiding asymp-
totics for this problem have been obtained in [38, 39] for dimensions d = 1, 2, and
in the discrete setting of random walks in [12]. However, in both discrete and con-
tinuous settings, the problem remains open when d ≥ 3, where only upper bounds
on the trap-avoiding probability are obtained as time tends to infinity. Once the
case of a single target particle is resolved, one can then allow the target particle to
branch, and study the survival of an entire branching Brownian motion among the
moving trap field.

Optimal survival strategies

In the context of trapping problems, an optimal survival strategy is a set of events
indexed by time t, that are bound to happen as t → ∞, given that the system
avoids the traps up to time t. In the setting of BBM among Poissonian traps in
Rd, it is natural to seek results regarding three types of optimal survival strategies,
concerning the population growth of the system, position and radius of trap-free
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regions, and the range of the BBM. We believe that existing results for the case with
Poisson intensity (4.20) on optimal survival strategies concerning the population
growth of the system (see ([15])) are not sharp, and more restrictive bounds could
be obtained.

Quenched asymptotics

There are two sets of results in random media problems. Results that hold for almost
every environment are called quenched results, while results that are obtained after
averaging over all possible environments are called annealed results. It would be
interesting to find quenched analogues of the survival asymptotics found in this
thesis, where only annealed results are obtained. On the other hand, in the setting
of the dynamic Boolean model with a Brownian target particle, [38] and [39] study
annealed asymptotics only. One could possibly find quenched results in the same
spirit as in [12], where the same problem, appropriately adapted to the discrete
setting of random walks, has been considered in both the annealed and quenched
settings.

Soft obstacles

Instead of killing the BBM when it first falls into a trap (traps of this sort are
called hard obstacles), we may think of traps as regions where the branching rate of
the BBM is smaller than outside of traps, and investigate the growth of the total
population size in this setting. Traps that tend to suppress growth rather than kill
the process are called soft obstacles. The effect of reduced branching rate in the
traps on the total population size is a non-trivial question, as studied in [17] for a
strictly dyadic BBM. For this problem, it would be interesting to consider general
branching, in particular to allow particles to give zero offspring, since in this case
the traps do not necessarily suppress population growth. The techniques employed
in this thesis regarding the skeleton decomposition and conditional speed of BBM
may be useful in investigating the soft obstacle problem with general branching.
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