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ABSTRACT

SONIC HAWKING RADIATION FROM A
BLACKHOLE LASER

Ahmed Refat Mohamed Mohamed Ouf
M.Sc. in Physics
Advisor: Mehmet Ozgur Oktel
June 2018

The quantum thermal radiation from a black hole (BH) known as “Hawking
Radiation” or “Black Hole Evaporation” results from studying quantum fields
in the curved space-time of the horizon of a BH. Experimentally, the radiation
is difficult if not impossible to be detected from a real black hole with a mass
much higher than that of our sun, since the Radiation temperature is substan-
tially below that of microwave background radiation.

However, in 1981 Unruh showed an analogy between the propagation of
sound waves in any convergent fluid flow and that of the quantum field in a
gravitational field. He showed that if the background fluid is accelerated to
higher than the speed of sound then it can develop a horizon (point of no re-
turn) for the sound waves. This is the so-called the sonic BH. This horizon will
emit thermal radiation in terms of sound wave quanta (phonons) in an analogy
to the thermal radiation of black holes (Analogue Hawking Radiation) (AHR).
Bose-Einstein Condensates (BECs) can be used as a background fluid develop-
ing a sonic horizon for the phonon modes propagating through its background
due to the very low temperature of the BEC.

Recently in 2014, Steinhauer has reported the observation of self-Amplifying
Hawking radiation from the realization of an accelerated BEC. The experiment
reported an exponentially growing signal of modes trapped between a BH and
white hole (WH) horizon, where the white hole is the point where sound cannot
enter. Experimental signatures of AHR are a growing oscillating perturbation
of the condensate mean density and a characteristic pattern in density-density
correlation functions. However, the former mentioned oscillations may result

from the dynamical instabilities of the classical mean field density.
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In this work, we were able to reproduce the experimental results of density
modulations in the mean field, and thus without AHR, using only the mean
field Gross-Pitaevskii equation (GPE) for the BEC. Furthermore, we include
the quantum fluctuation to study the density-density correlation function that
is in qualitative agreement with the experiment using the truncated Wigner ap-
proximation (TWA). Finally, we then calculate the One Body Density Matrix
(OBDM) to distinguish condensed from non-condensed atoms using the Penrose
Onsager criterion. We are able to contribute to a discussion in the literature re-
garding the quantum field or mean field origin of the mean density oscillations

in the experiment.

Keywords: Black hole laser, Hawking radiation, Bose Einstein Condensate,

Sonic Horizon.



OZET

KARADELIK LAZERINDEN SONIK HAWKING
ISINIMI

Ahmed Refat Mohamed Mohamed Ouf
Fizik, Yiiksek Lisans
Tez Danigmani: Mehmet Ozgur Oktel
Haziran 2018

"Hawking 1s1mimi1" ya da "karadelik buharlagmasi" olarak da bilinen karade-
likten kuantum termal 1s1mmimi, kuantum alanlar1 karadeligin biikiilmiis uzay-
zaman ufugunda inceledigimizde ortaya ¢ikmaktadir. Isimim sicaklign mikro-
dalga fon (arka plan) igmimindan oldukg¢a diigiik oldugundan deneysel olarak bu
1sinimi gergek bir karadelikten tespit etmek neredeyse imkansizdir.

Ancak 1981’de Unruh; herhangi bir yakinsak akigkan akiginda, ses dal-
galarinin yayilmasiyla kuantum alanin ¢ekimsel alanda yayilmas: arasinda bir
benzetim gostermistir. Eger fon akigkani ses hizindan daha yiiksek bir hiza hi-
zlandirilirsa, bunun ses dalgalari i¢in bir ufuk (geri déniigiin olmadig1 nokta)
olugturdugunu gostermistir. Bu da sonik karadeliktir. Bu ufuk, karadeliklerin
termal 1ginimiyla benzer fonon bazinda termal 1gimim yayar (Analogue Hawking
Radiation - AHR). Base-Einstein yoguguklar1 (BEC) ¢ok diigtik 1silar1 nedeniyle
fonda yayilan fonon modlari igin sonik bir ufuga neden olan fon akigkani olarak
kullanilabilir.

2014’te Steinhauer, hizlandirilmig bir BEC’in gerceklegtirilmesinden kendini
giiglendiren Hawking 1igimiminin gézlemlendigini bildirmigtir. AHR nin deney-
sel isaretleri yogunluk-yogunluk korelasyon fonksiyonlarinda yogusuk ortalama
yogunlugunun ve karakteristik bir desenin giderek artan titregsimidir. Bununla
birlikte, 6nceki bahsedilen salinimlar, klasik ortalama alan yogunlugunun di-
namik kararsizliklarindan kaynaklanabilir.

Bu calismada, BEC icin sadece ortalama alan Gross-Pitaevskii denklemi



vi

(GPE) kullanilarak, AHR olmaksizin, ortalama alandaki yogunluk modiilasy-
onlarimin deneysel sonuglarini yeniden iiretebildik. Ayrica, Kesikli Wigner yak-
lagimi (Truncated Wigner Approximation - TWA) kullanilarak deneyle nitel
anlagmada olan yogunluk-yogunluk korelasyon fonksiyonunu incelemek igin
kuantum dalgalanmasini da ekledik. Son olarak, daha 6nce Yogugmali On-
sager Olgiitiinii kullanarak yogunlagtirilmamig atomlardan yogunlagmay1 ayirt
etmek igin tek kiitleli yogunluk matrisini (One Body Density Matrix - OBDM)
hesapladik ve literatiire ortalama yogunluk salinimlarinin kuantum alani veya

ortalama alaninin ¢ikis noktasi ile ilgili katkida bulunabiliyoruz.

Anahtar sozciikler: Anahtar Sozlerim.
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Chapter 1

Introduction

1.1 Motivation

Hawking radiation introduced by Stephen Hawking [3]| is one of the most
fascinating results of theoretical physics in the past few decades. Hawking found
that quantum thermal radiation from a black hole (BH) alters the classical picture
of the BH being totally black since it emits radiation inversely proportional to its
mass. Hawking radiation has implications for our understanding of information
and entropy [2]. However the actual observation of Hawking radiation from real
black holes seems to be extremely difficult since the radiation temperature for

stellar mass BHs is less than of that of cosmic microwave background.

In the quest for testing the prediction of Hawking, Unruh [4] has introduced an
analogy between the propagation of quantum fields in a curved space time and the
propagation of sound waves in a background flow turning supersonic. He showed
that the equation of motion governing the propagation of a velocity potential field
in an irrotational, viscosity free fluid is similar to the propagation of a massless
scalar field propagating in a geometry with an effective metric having the same
form as Schwarzschild metric near the horizon. Through the same math as the

one of Hawking, he thus predicted the creation of analogue Hawking radiation



(AHR), from a sonic black hole. The analogy introduced by Unruh assumes a
smooth background flow that varies only on length scales that are large compared

to the wavelengths of the created sound wave radiation.

Since the proposal made by Unruh, lots of studies have introduced media and
systems in which AHR could be investigated [20]. Systems such as low group
velocity light in a moving nonlinear media [13|, superfluid 3He [8], surface waves
in moving water [42|, Fermi degenerate liquid [15], and Bose-Einstein Conden-
sates(BEC) [35, 25, 12, 27|.

In this thesis we focus our attention on the study of the BEC as a system
in which analogue Hawking radiation can be investigated through looking at the
propagation of quantized sound waves (phonons) when the BEC flow develops a
sonic horizon by turning its speed of sound from subsonic to supersonic. A first
numerical investigation of the behavior of phonons near a sonic horizon in a BEC
has been introduced in [38]. The result of that work has introduced important
features developed from calculations resulting from microscopic theory of the BEC
without gravitational analogy. Those authors found clear signatures of AHR in
the numerical simulation when inspecting condensate density-density correlation
functions. These were predicted in [36] to arise due to correlation between the

emitted Hawking phonon and its “absorbed" partner particle.

In recent years an experiment that has attracted much attention among the
community [44] has reported the observation of analogue Hawking Radiation in a
harmonically trapped BEC accelerated through a water fall- like potential. The
experiment reports the observation of a phenomena called the black hole laser
as an evidence of observing the AHR. The black hole laser was introduced in
the context of general relativity in [41]|, and arises when considering quantized
fields in a geometry that contains both, a black hole (particles are trapped inside)
and a white hole (WH, particles cannot enter). In that case certain field modes
reflect back and forth between the BH and WH, being amplified by the Hawking
effect on each bounce. A standing wave pattern was observed in the experiment
[44] and was interpreted as evidence of the black hole laser effect resulting from

the modulation of the density by the amplified phonon modes of the condensate.



However, numerical studies of the experiment [48, 47| have indicated that the
standing wave pattern in the supersonic region could be fully recovered using only
a classical mean field picture of the condensate without the need of introducing

quantum fluctuations which represents the phonon modes.

A more detailed study of the quantum fluctuations in the experiment thus
need to be performed specifically to study the density-density correlation function
that was investigated theoretically in [41]|. In addition to that, there is no clear
differentiation in the literature between the classical and the quantum fluctuation

of the experimental BEC flow.

In this thesis we study the density-density correlation function using the Trun-
cated Wigner approximation (TWA) and compare it with the experimental results
of the experiment [44]. The TWA offers a way to study quantum fluctuations
around a coherent BEC beackground by the controlled addition of numerical
noise into a mean-field type simulation. We -to the best of our knowledge- pro-
pose the first idea to differentiate the contribution coming from the classical and
quantum fluctuations using Penrose-Onsager criteria proposed in [1]. The idea
is implemented by means of the one body density matrix (OBDM) to figure out
the condensed and uncondensed parts of the total density of the BEC and its

contribution to the standing wave pattern reported in the experiment [44].

1.2 Thesis Plan

In chapter 2, we introduce the basic theory of the BEC and the equations govern-
ing its dynamics in the classical mean field picture which also include the hydro-
dynamic picture of the BEC as a fluid. We then introduce methods for studying
of the quantum fluctuation dynamics using the Truncated Wigner method and
describe how to apply it to extract density-density correlation functions. Also the
use of density-density correlation functions of BEC is introduced as a signature

of Hawking radiation.



In chapter 3, we revisit the same simplified system proposed for numerically
simulating the analogue Hawking radiation in a BEC [38]. In order to benchmark
our numerical apparatus we obtain the expected density-density correlation pat-

tern for the Hawking partners.

In chapter 4, we introduce a full numerical studies of the experiment in [44].
Starting with a mean field simulation of the experiment, we show the evolution
of the condensate density. We then proceed to the quantum fluctuations using
the TWA to get the total density. Both densities (condensed and uncondensed)

are then compared with the experimentally measured density.



Chapter 2

Theoretical background

2.1 Bose-Einstein condensates classical mean field

theory

Bose-Einstein condensation (BEC) is a phenomenon that happens when a large
number of Bose particles are cooled down below some critical temperature. At
this critical temperature the atomic de-broglie wavelength of individual atoms
starts to overlap so the particles begin to occupy the same quantum state. In the
following, we describe the main equations governing the condensate behavior and
dynamics basically. We will build on this description in the following chapters for

investigating the analogue systems that are based on the BEC as a simulator.

2.1.1 Time independent Gross-Pitaevskii equation

A description of a weakly interacting Bose gas forming a BEC is simplified by
realising that the interaction between the particles takes the form of the S-wave

scattering only. That regime can be described with an effective contact interaction
U(x)=Usd(r-r") (2.1)

5



% which depends on the S-wave scattering length as. Since the

where U, =
condensation happens when a large number of atoms are in the same quantum
state then, a mean field description is introduced to describe the macroscopically
occupied state. The equation governing this behaviour is the Gross-Pitaevskii
(GP) equation which is obtained by replacing the field operator by its expectation

values [39]. The time independent GP equation is

;_Zjv%(?") +V(1)o(r) + Ul (r) o (r) = ne(r) (2.2)

here p is the chemical potential that assures a constant total number of particles.
V(r) is the external applied potential applied to the condensate. The normaliza-
tion of the wave function is equal to the total number of particles N = [ dr|¢(r)[.
The time evolution from a stationary state ¢ of condensate wave function is ob-

tained by the equation
o(r,t) = e % go(r) (2.3)
If we consider the case where we have a homogeneous Bose gas and no potential,

then the GP equation reduces to

w=Uslo(r)* = Upo. (2.4)

where pg here is the uniform density of the condensate.

We now introduce the time dependent Gross-Pitaevskii equation which is gov-
erning the mean field behaviour of the BEC

m@qb(r, t) _ (_h2V2

ot 5 T V() + Uo(r,D)le(r, ))é(r, 1) (2.5)

2.1.2 Ground state for trapped bosons

Finding the ground state of the BEC is of a specific importance since it is provid-
ing the stationary state for the dynamics of the condensate that will be studied
throughout different systems. Of particular importance we look at a BEC in a

trap. The Thomas-Fermi approximation provides a simple estimate of the cloud

6



size and shape of a BEC in a harmonic trap. The approximation neglects the
kinetic energy term then considers only the weak interaction and the external po-
tential terms in the BEC Hamiltonian. Following Thomas-Fermi approximation

the time independent GP equation becomes

V()o(r) + Unlo(r)F ¢(r) = pe(r) (2:6)
which gives the solution

V(r)

60l = > () (2.7)

The Thomas Fermi approximation gives a good estimate of the the size of the
cloud by equating the extension of the harmonic trap to the chemical potential
of the BEC. The cloud size is given by [39]

Rep=v/-2 (2.8)
mw

where w is the radial frequency of the trap.

A method well established numerically to find more exact ground state of a

BEC is the imaginary time evolution. Introducing the functional energy out of
the BEC hamiltonian as defined in [34]

B0 =)= [ ar(6:0)[ -2 evn)]ow) + Ul (29)

then by evolving the wave function ¢(r) toward the "steepest descent in energy"

or simply finding the minimum of energy functional by going in the opposite
direction of the gradient, we can look for a local energy minimum [17]. We can
quantitatively write the formulation of the method by substituting ¢t = —i7 in
equation 2.1.1 to get the following equation

0<b(r t) (h2v2¢
ot 2m

+V(r,t) + Up(r, t)|o(r, ) *)p(r, 1) (2.10)

By re-normalizing ¢(r) to N after each time-step, it will then converge towards

the ground state.



2.1.3 One dimensional Gross-Pitaevskii Equation

We now introduce the one dimensional version of equation 2.1.1 because it will be
the basis of many calculations throughout the course of this thesis. We consider
the case of a BEC in a three dimensional harmonic trap of the form V(x,y,z) =
sm(Q222 + Q2y% + O222) where we have Q. » Q,, Q, » Q, we may write V(R) =
3m(Qr(22+y?)) to be the trap in the Radial (transverse direction). The dynamics
of the condensate in the radial direction would not be affected compared to the
one in the x (elongated) direction as a result of the higher trapping energy in the
radial direction which has the scale (h€2g). The dynamics of the condensate is
then constrained to one dimension while the radial direction dynamics stays in
the ground state of the harmonic oscillator trap. In this regime, the wave function

may be written as the product of the following

gb(nt) = gb(:c,y, Z’t) = ¢($7t)¢(R) (2'11)

#(R) is the gaussian wave function corresponding to the ground state of the har-

monic oscillator [18, 15, 23, 22]. Inserting equation 2.1.3 into equation 2.1.1 then
multiplying it by the conjugate ¢*(R) and integrating over the radial direction
we reduce equation 2.1.1 to the following:

2 2
g 00t) A% O

5 ( 5 92 +V(w,t) + Uy(z,t)|o(z, 1))z, t) (2.12)

Here; V(z,t) is the external potential in the axial («) dimension and Uj is the

one dimensional version of the atom-atom interaction strength where Uy = =20

27ra%
and ag = y /mLQR is the standard harmonic oscillator length.

2.1.4 Hydrodynamics of Bose-Einstein condensates

The wave function of the condensate may be defined in terms of a constant number
density and a phase in the form ¢ = \/zp)eig while p is real and positive, p is real.
We define the the velocity to be v = % then inserting those into Eq. 2.1.1 [39]



we find the hydrodynamic equations of the BEC to be

dp
5 " -V (pv) 2 (2.13)
B oo o) e

equation 2.14 is equivalent to the continuity equation while equation 2.14 is equiv-
alent to the zero viscosity Euler equation except for an additional term named

the quantum pressure. The definition of the quantum pressure is

h?v?
P, = _MVive (2.15)
2m./p
Thus, if we neglect the quantum pressure term the BEC can be viewed as a
viscosity free flow. The BEC also is an irrotational fluid. To be able to neglect
the effect of the quantum pressure, we have to consider condensates that vary

only on length scales larger than the healing length of the BEC
h

= 2.16
= (2.16)
where the local speed of sound is:
Uop
=1/ =L 2.17
c=y ) (217)

For purposes of our later numerical calculations, we define the flux to be

h ¢*Vé - pVo*
2mi |o(r)”

which is equivalent to our earlier definition as well.

(2.18)

U=



2.2 Microscopic description of Bose-Einstein con-

densates

2.2.1 Classical Fluctuation of Bose-Einstein condensate

We now introduce a perturbation to the BEC by inserting
do(z) = e%[%(x) + U(z)e ™ —T*(m)emt] (2.19)

into Eq. 2.1.1 and then using Eq. 2.1.1 to get to the Bogoliubov equations that

describe the elementary excitations of the BEC

[;_zjVZ +V(x)+ 2UO|¢0|2 o th]U(x) ~Upp(x)?Y(z) = 0 (2.20)

[_—h2V2 + V() + 2Up|do|* = pu + th]T(a:) ~-Upp*(2)?U(x) 0 (2.21)

2m

where € is the frequency of the mode. The fluctuation term of the wave function

is defined as

5 (x,t) = zlj (U,(a;)e-mzt - Tl(x)em’t) (2.22)

2.2.2 Quantized excitations

We have treated the condensate in a classical mean field picture while considering
all the atoms are condensed. We now consider the situation where some atoms

are not condensed by introducing the field operator [26]

o) = do(x) + X (U)o~ X (2)5) (2.23)

l

into the Hamiltonian

A= [ @[3 @) (v + V) )o@ + S0 0] (229

10



then we diagonalize the Hamiltanion in 2.2.2 which is accomplished when U,
and T, satisfy both Eq.2.21 and Eq.2.21. We then obtain the quasi-particles

hamiltonian

= E(9(@)) + 3 (nhs) 01,5 (2.25)

We define also the fluctuation operator as

L= e S U) 6 - T (2) ] (2.26)
l

with the operator equation [26] defined as
L 0 A p . s
ih o (@) = Bo()R(@) + (2@ 1) + 6PN @) (227

In order for Bl and BTI to satisfy the commutation relations for creation and

annihilation operators they should satisfy the following condition [39]
f e [|U)] - [Tu(2)] = 1 (2.28)

Here we define the density of the uncondensed atoms to be pu,. = (XAT(x))Z(x))
The quantum state of the BEC in this case is supposed to be the Bogoliubov

vaccum |0) that is defined as

510y =0 vl (2.29)

2.2.3 Fluctuation vs. Bogoliubov quasi-particles

The classical flcutuation of the BEC wave function as well as the quantum fluc-
tuation satisfy the same Eq. 2.21. The difference between a classical fluctuation
of the condensate or the quantum fluctuation represented by the field operator x
is based on whether there is a coherent phase relation with the condensate or not
[9]. An incoherent excitation would have an expectation value of Bl) =( while a

coherent one would have (/) = z where z € C.
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2.3 Truncated Wigner method

To obtain the dynamics of the BEC a time evolution of the quantum field has
to be computed. However, a system with m number of atoms and g number of
modes occupies a Hilbert space of dimension ¢™. Solving such a system is of
great difficulty specially when q and m becomes large. There are techniques well
established in the field of quantum optics to get the time evolution of the quantum
field [37, 28]. The system density operator is expressed in terms of the coherent
state basis using the phase-space distribution. The master equation governing
the time evolution of the density matrix is converted to a partial differential
equation (PDE) describing the evolution of the distribution. The PDE equations
then can be transferred to classical stochastic differential equations (SDE) under
certain conditions [37, 28|. Those SDE can give an equivalence of the quantum
expectation values by evaluating the averages of the different moments of the
phase-space distribution. We will consider the case of a one dimensional BEC

because of its importance to our work.

A detailed description of the Truncated Wigner method for a quasi one dimen-
sional BEC is discussed in detail in [10]. Here, we shall draw the basic picture and
equations necessary for our purpose. The master equation of the BEC system can
be mapped to a Fokker-Blanck equation for the Wigner distribution. The wigner
distribution is defined in [10] then time evolution of the Wigner distribution then

can be written as follows

oW (o,0*) /‘ 93 N
pase daif 2 550+ T(of - 1)) - 4 e O (6,0") +c.c. (2.30)
where the terms (y = -5 di + mQ -pand I' = 2“ In order to map the previous

Eq.2.3 into a SDE, a truncation of 2.3 at second order derivative is done. The
truncation leads to a stochastic differential equation of a classical field represented
by

0, 0w (2, 7) = Codw (x,7) + Tlow (x, 7) Pow (2, 7). (2.31)

where there is noise included in the initial state represented by the distribution

function for ¢y (x,0)
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A suitable choice of the initial state should resemble closely the ground state
of the BEC. The noise can be added to all the modes so that the initial state is

in the form

o (2.0) =06 () + 2. im0 (282

where each trajectory realization is starting with a different form of Eq.2.3. N is
taken to be as large a possible so that the result does not depend on N (number
of modes). Since the uncondensed atoms from the BEC is of a later interest the
representation of the noise in terms of the Bogoliubov basis is a reasonable choice.

The noise is added according to the following equation [30]

¢(x,0) = go(z) + Zl:[ﬁmUz(fC) = T ()] (2.33)

where /7 = [Qtanh( i )]7 while ¢; = h€); which corresponds to the bogoli-

KT
ubov mode energy that we get from Eq. 2.21

If we define n(z) = nU;(z) - n; Y (x) then it is resembling a Gaussian dis-
tributed complex random function satisfying the following stochastic average
n(z)n(z’) =0 and n*(z)n(z’) = 6(z - 2').

Now we may define how to get the quantum correlations from the stochastic

averaging over the variables ¢y (z) as defined in [28]

(1 (2 (")) = Gw @) ow () - 50 - ) (234

2.4 Potential field fluctuation and the effective

metric

The definition of the quantum fluctuation in 2.2.2 together with the hydrody-
namic formulation in 2.1.4 can be used to develop an important analogy. Writing
o(x) = \/Zp(x))ei@(x) so that the velocity is defined as v = % We can then write

13



the Hermitian fields

Vo@)(j@)e e 4 xi ()ee) (2:35)
o(r) = ! C(2)e 0@ _ yi(g)eie@ 2.36
o) = p(x)(x() X (@)eie@) (2.36)

Then the fluctuation field operator can be represented as

) =0 [ L2 i) 237

Now by substituting Eq. 2.4 into Eq. 2.2.2 we get the following equations [24]

pi(z)

‘9P8_§~”f> - v {v o) - g} (2.35)

0) s @)~ v(a) - Voe) - 1 Dapu(a). (2:39)
Where , .

Dapi (z )__lv— Vp(x)/;l(x)Jrl 1 v( pl(x)) (2.40)

2 () 2 /0@ o@)
while in the hydrodynamic regime the first term in Eq. 2.4 is neglected. Com-
bining Eq. 2.39 and Eq. 2.39 we arrive at a second order differential equation for
o(x):

1
L 0,(VZ59"8,) o, 1) 0. (2.41)
where g# is the effective inverse metric, g = det(g) = & 2(%) Where Eq. 2.4 is
the Klein-Gordon equation which characterizes the minimally coupled massless

scalar quantum field propagation in a curved space time having a metric g, [5,
4] and the effective inverse metric is
-1 : -V,
1

g = o(2)e(z) (2.42)

~Vpy (c(x)25mn—ymyn)

These results are only applied to potential fluctuation field which has wave

number shorter than %
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Chapter 3

Hawking radiation in a simplified

analogue system

In this chapter we try to introduce a simple system in which we can use a one
dimensional BEC to probe a sonic horizon by turning the BEC flow supersonic
we then look at the signature of the Hawking radiation using the technique of

density-density correlation functions.

3.1 Creating a sonic horizon

In order to establish the analogy of an effective metric in BEC flow, Eq. 2.4 needs
to have the background fluid velocity turning supersonic. An idea to make the
BEC flow turn supersonic and exceed the speed of sound while having uniform
density was discussed by [14, 16] where the flow velocity stays constant while the
speed of sound changes spatially by means of changing the interaction strength of
Eq. 2.1.1 and according to Eq.2.1.4. Using a Galilean transformation, the speed
of sound would be dependent on both time and position. We consider a spatial
dimension x in which at some point x > xy the the (flow velocity) v > ¢ (speed

of sound) and at x < g, v < c¢. Then the sound waves traveling to left at x >
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xo will not be able to escape from the horizon.

3.2 The black hole-white hole geometry

Following the study of [38] we introduce a simple one dimensional BEC of an
originally constant density flowing at a constant velocity vy, then by varying the
atom-atom interaction strength we can vary the speed of sound across the spatial
dimension. This could be realized with Feshbach resonance by spatially varying

the magnetic field applied to the system [46].

We start by introducting a one dimensional BEC described by the time depen-
dent GP equation given in 2.1.3. The atom-atom interaction strength U4 = U4
and the external potential V(z) = Vi is constant initially so the solution to the

GP equation is given by the plane wave solution

¢(x,t) = \/poe’For=2t) (3.1)

where py is the constant density, ky = *3° is the momentum of the moving density.

After time t >ty we tune the atom-atom interaction strength and the external
potential to be Ui4(x > 0) = Ugig,2), Ura(x < 0) = Uggny and V(z > 0) = V5, V(z <
0) = Vi while we keep the condition of poUna1y + Vi = poUgig,2) + Vo. Through
this construction the uniform plane wave solution of the condensate is valid in
both spatial regions = < x¢ and x > xg, with €y = Z—’:ng + % + % where p is the
chemical potential of the condensate defined as pu = poUyq so that py = poUia,1y,
t2 = poUqia2). Following the modulation of the interaction strength and the
external potential after t > ¢y, the result is a modulation of the speed of sound
realizing the following hierarchy c(z > 0) < vy < ¢(z < 0) This gives rise to a sonic

horizon at x = 0.

In the following we show the system parameters that were used in the numerical
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simulation of the system. All the parameters are in the dimensionless formalism
described in Sec. A.l. It should be noted that we could not regenerate the
exact parameters of [38] due to lack of information. Nonetheless, we regenerated
the main features reported in [38| represented in the density-density correlation

function. The system parameters are shown in the following table 3.1

Table 3.1: System parameters

Normalized Parameters Values
Density po 450
Momentum of the moving 1.6
density ko

Flow velocity 0y 1.6
Uga,y 81x 104
Utaz) 36 x 1074
Vi 0

Vs 2.2025
to 5
Potentials modulation width 0.5

O

time evolution ¢ 30
Supersonic region 80
width

A numerical simulation of the condensate density as well as the wave function
is shown in Fig. 3.1. It is shown that at later time after the change of the
potentials, the density stays almost the same and is not much affected. This
validates our approximation earlier to expect a solution with uniform density on
both sides despite the potential modulation. The wave function corresponds to a
plane wave solution with a momentum equal to ko. Periodic boundary conditions

are applied and the periodicity of the wave function has been checked numerically.

The profiles of the external potential as well as the interaction strength are shown
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Figure 3.1: Density of the condensate in blue is shown at time zero before the horizon
creation which shows a constant density with a value of 450 then at time = 18 after
the horizon creation. In red, the real part of the wave function of the condensate is
shown for time zero and 18 as well

in Fig.3.2 when there were constant potentials as well as at later time showing
the modulation. The width of the supersonic region (modulation region) is equal
to 80 but an extended region is shown to show the periodicity of the system
mentioned earlier. For numerical convenience the step like change in the profiles
is being implemented using tanh function with step width &, = 0.5 to avoid sharp
transition in the potential. The local speed of sound of the condensate is shown
in Fig.3.3 thus indicating the location of the sonic horizon at x = 0. The profile

of the speed of sound is calculated according to equation 2.1.4.
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Figure 3.2: The profile of the Atom-Atom interaction strength in blue and the exter-
nal potential in red are shown at time zero, which is corresponding to a homogenous
system everywhere. We also show it at time equal to 18 long after the horizon cre-
ation, which shows the modulation of both potentials.
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Figure 3.3: The profile of the speed of sound in red and the condensate velocity
shown in blue in at time zero which shows a subsonic flow everywhere then at time
equal to 18 far after the horizon creation, which shows a super sonic region from
x/n =10 to 80.
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3.3 Correlation function showing Hawking part-

ners

3.3.1 Truncated Wigner approach

To capture the behavior of quantum fluctuation around the mean field wave func-
tion of the condensate we use the Truncated Wigner method TWM explained
earlier in Sec. 2.3 to get the complete time evolution. The TWM uses the same
time dependent differential equation as mean-field (GP) theory, but with a ran-
dom initial state that is then being averaged over many trajectories of evolution.
Quantum fluctuation are represented as the phonon modes known as the Bogoli-
ubov modes. The phonon modes here represent the sound wave perturbation on
top of the background flow. The dynamical behavior of these in the presence of

a sonic horizon is the main focus of this thesis.

To implement the TWM we need to evolve an initially randomized state of the
BEC and then get an average over many trajectories. The initial random state
corresponds to the ground state of the BEC mean field with random noise. We
choose the random noise to be represented in terms of Bogoliubov modes. For a
uniform system of a constant interaction strength and external potential at time
t <ty the Bogoliubov modes are plane waves. The initial stochastic wave function

for the TWM then can be written as:

§Z5()(ZL“) _ ei(kox—ﬂot){\/%+ Z ﬁkUkeikx ‘*‘ﬁk*’rke_ikx]} (3‘2)

k+0

where the terms Y and Uy are the Bogoliubov coefficients satisfying Eq. 2.2.2

and are defined as
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Figure 3.4: Different Bogoliubov modes which are representing the phonon modes on
top of the mean field solution are shown in the figure above

YexUp=7 %’“ (3.3)
212
o=t (3.4)
2m
€ = \/Ek(€k +2p0U14,1)) (3.5)

We use a total number of 64 modes for implementing the Wigner method in terms
of the Bogoliubov basis, where the momentum mode inserted in the plane wave

solution is Koq. = %* where L is the maximum spatial grid size, n is the mode

number. Different modes are shown.

3.3.2 Simulation of analogue Hawking radiation

As discussed in [36] the phonons corresponding to the Hawking particle and
its partner are going to result in a long range density correlations with specific
features. The features were derived in [36] by graviational analogy. Here, using

the microscopic theory of BEC we can verify these predictions. It is shown in
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[36] that Hawking particles are going to result in “a valley shaped feature” on

le;jo = —2— while here ¢, = ¢(z >0) and ¢ = ¢(z <0) .

cr—v0

the lines of

A definition of the density-density correlation function is given in [38] as:

oy gy £ )
N N ESiIED) 86

where p(z) = ¢'(2)d(z). Using the commuation relation for bosons

[6(z), 61 (2")] = 6(x —a”) (3.7)

then inserting the definition of ¢(z) from equation.3.2 we arrive at the following

definition of a delta function in terms of bogoliubov modes.

5(a=a') = @D 3 (U () Ui (2") )= T1 (@) Tu(a) )+ 2 (Uf (2)Un(2) )~(Tr(2) T3 () ]
k+0 k#0 (3‘8)

where Uy(x) = Uge?*® and U} () = Ure~** and the same for Ty (z) and T;(z).

For infinite number of modes the right hand side would also be delta function,

but since numerics has finite number only, we use it with finite number of modes,

where d(x — z') is non local.

Inserting the commutation relation of bosons 3.3.2 into equation.3.3.2 we arrive

at a definition of the correlation function for implementation:

GO (z,a") = (p(x)p(a")) - %(p(z)ﬁ(ﬂf’) {p("))o(x)

—300(2)po(2")d (2 — x) = 500 (a")po(2)d (2 — 2")+
10(x—a")d(a" - x) + 15(x)d(x")
(3.9)

1
2

A numerical simulation of the dynamics of the condensate fluctuations is done us-
ing the TWM mentioned earlier. Different observables in the correlation function
are obtained by averaging over many trajectories which were 504000 trajectories

for the current result. The numerical simulation of the density-density correlation
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function at different times is shown in Fig.3.6. In the following we will have a

brief discussion on the important features appearing in the correlation function.

1. The correlation function of a coherent state is always equal to 1.

2. At time equal to zero in Fig.3.5a before the horizon creation there is a strip
along the diagonal line (x — 2’) where G® is approximately 0.9, <1. This
strip corresponds to the anti-bunching coming from the repulsive interaction

between atoms [11].

3. There is a strip along the line Cl“’f;}o o mentioned earlier (perpendicular

to the diagonal), which lengthens with time after the creation of the horizon
as in Fig.3.5b. It stays till the end of the time evolution as indicated in
Fig.3.5a. That is the Hawking radiation.

4. Shown in Fig.3.5b, diagonal strips parallel to the line (z — 2’) are being
emitted after the horizon creation. It is attributed in ref [38] to be due
to the modulation in the atom-atom interaction strength. It results in the
analogue of cosmological particle creation during inflation [31, 6, 29, 33,
21].

To illustrate more on feature 2 we consider the theory developed in [40] for a
BEC exposed to a step modulation shape in the external potential and the atom-
atom interaction strength. It has been shown that the scattering solution of the
Bogoliubov theory after the quantization of the Bogoliubov modes is going to
result in a spectrum of emission of phonons of a negative norm ingoing mode in
the region x > xy to a positive norm outgoing mode in the region x < xy while
ingoing means directed toward the horizon. The reason behind the contribution
from the negative norm ingoing mode is that it comes from the vacuum fluctuation
since the spectrum of the emission shows no occupation of the 4+ve norm modes
at zero temperature. The formula of correlation function presented in [36] shows
the that the strongest contribution is due to the —ve norm ingoing mode which

results in two +ve norm outgoing mode that escape from the horizon along lines

xl

vo—c(x>0) "

x
vo—c(x<0) and
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Finally, a comparison between our results and the results of [38] is shown
in Fig.3.6. The comparison shows that we are able to capture all the features
that have been found qualitatively, with quantitative differences due to slightly

different parameters.
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Figure 3.5: Correlation function is shown at different times before the horizon cre-
ation where the flow is subsonic everywhere until latest time where the Hawking

tongue is present
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Figure 3.6: Comparison between the correlation functions of our results to right and
with results of [38]
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Chapter 4

Black hole laser

4.1 Brief summary of the Haifa experiment

In this section the experiment in Technion [44] that has reported an observation
of a self amplifying Hawking radiation is being introduced. The experimental

implementation of the experiment as well as the main results are presented briefly.

4.1.1 Experiment implementation

The experiment [44] starts with ’Rb atoms in the zeeman state F'=2,ms=21in a
magnetic trap with a radial harmonic trap of a frequency 123 Hz. The condensate
is assumed to have a cigar shaped configuration reducing the dimensionality of

the dynamics to one dimension.

The black hole and white hole geometry is created by an additional negative
step which is swept a cross the shallow potential by means of a Gaussian laser
beam half blocked. The step width is 2um. The step is swept at a speed of
0.217% from left to right which accelerates the condensate to the left to higher
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than the speed of sound and thus creates the black hole geometry. Because of the
shallow trap potential the condensate turns subsonic further to the left (z < 0)

again which will create a black hole white-hole geometry.

4.1.2 Main Results of the experiment

The experiment [44] is reporting observation of a standing wave pattern present
in the condensate density between the black hole and white hole geometry. The
standing wave pattern is referred to be the self-amplifying Hawking radiation
known as the "Black hole laser" effect. The black hole laser effect is due to
certain modes of sound waves which are trapped between the black hole and the
white hole. Those modes are interfering then as a result they get amplified to
give rise to a standing wave pattern which is exponentially growing [41]. The
condensate density is measured using phase contrast imaging with an ensemble

of 80 images averaged over for each time of measurement.

A study of the the density-density correlation function is given in the paper
[44] which shows definite features inside the lasing region. The features are the
checkerboard that are claimed to be due to the fact that the quantum fluctuations
are having definite wavelength in agreement with the prediction in [41]. Another
feature of the density-density correlation function is the horizontal and vertical
bands extending outside the black and white holes, the one outside the black hole

is referred as the escaping flux and is claimed to be the Hawking radiation.

4.2 Numerical study of the experiment

In this section we numerically study the experiment starting from precisely model-
ing the setup. The aim is to reproduce the experimental results for the condensate
density and the standing wave pattern that we will show it can be reproduced by
mean field simulations of the condensate only. Then, we try to study the density-

density correlation function and compare it with the experimental results. At the
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end of the section we try to investigate the standing wave pattern to differenti-
ate the parts which are coming from the condensed density and the one coming
from the uncondensed density then we compare this to the total density of the

condensate.

4.2.1 Numerical modeling of the experiment

Since the experiment corresponds to a very good approximation to a quasi-1D
BEC, we solve the time dependent one dimensional Gross-Pitaevskii (GP) equa-
tion 2.1.3. The numerical solution of the GP equation is obtained by setting up
the ground state of the condensate in a harmonic trap by means of the imaginary
time evolution method. We subsequently start the real time evolution at —50ms.
At which time the potential step is initially far away from the condensate. The
total duration of the experiment is 120 ms and given the fact that we start the evo-
lution earlier by 50 ms then the total simulated time of our simulation is 170 ms. A
list of the values of the basic constants is shown in table 4.1 as well as the numeri-
cal simulation parameters which are shown in table 4.2 and table 4.3. The numer-

ical simulation parameters follow the dimensionless formalism stated in Sec. A.1.

Table 4.1: Essential parameters

Essential Parameters Values

S-wave scattering length a, | 5.5x 107 m
Healing length n 8.35x1077 m
Atomic Mass of 8" Rb 1.44 x 107%® kg
Radial potential trap 153.6 Hz
frequency

Chemical potential p 8 nk x Kp
Number of atoms N 4670
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Table 4.2: Numerical simulation parameters

Normalized numerical

Parameters Values
Interaction potential §;p 121 x 104
Time evolution 179.05
Potential step velocity © 24 x 1072
Potential step width Z,q 2.39
Spatial dimension L 130

where we choose the notation of the interaction strength here to be g;p for pur-

pose of notation convenience.

The black hole-white hole configurations are being created by means of manip-
ulating the external longitudinal trap potential as mentioned earlier in 4.1.1. In
order to model the experimental implementation of the external potential and
the negative potential step sweeping across it we follow the same model given in

[47]. A description of the potential model as well numerical results compared to

the experiment is given in the next subsection 4.2.1.1
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4.2.1.1 Potential Profile

The potential profile used is in the form

U(&,1) = U/ (& - &g + 01)2 + 12 - Lt [1 — tanh(2-)] + Uw;

with the normalized paramters shown in the following table 4.3 The step po-
tential is of width Z,,;4 to resemble the smooth step transition in the experiment
and Uy # is chosen to fit the waterfall potential in the experiment. In this imple-
mentation we move the shallow trap in the —ve x direction (to the left) while the

step potential is kept at rest at & = 0 which is equal to the experimental procedure

of sweeping the step to the right direction.

Table 4.3: Potential profile parameters

Normalized Parame-

tors Values
Uo 313 x 104
To 63.48

b 23.27
Potential step height (jst 0.8
Water fall potential Uy ¢ | =0.75

A comparison between the experimental potential and the trap potential is shown
in Fig. 4.1, the numerical model shown in Fig. 4.1b. We see good agreement with
the shap of the potential trap of the experiment. The potential profile at different
times of the simulation is shown in Fig. 4.2. The figure shows a shallow trap

potential in the beginning then the introduction of the negative step potential at

later times.
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Figure 4.1: The upper figure shows the experimental potential profile, the figure in
the bottom shows the numerically simulated potential profile. The potential strength
is measured in nano Kelvin (nk)
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Figure 4.2: Potential profile at different times is shown

4.2.1.2 Black hole and White hole Creation

After introducing the negative step potential the flow starts to turn supersonic
and then subsonic creating a black hole-white hole geometry in a region a cross x
direction. A demonstration of that configuration is done by showing the speed of
sound of the condensate compared to the velocity of it. The speed of sound is cal-
culated according to Eq. 2.1.4. The velocity of the condensate is calculated using
the definition given by Eq. 2.1.4. The speed of sound as well as the condensate
velocity is shown in Fig. 4.3 where a comparison between the experimental and

the numerical results is indicated. It should be mentioned that the condensate

velocity is multiplied by -1 as the condensate is moving to the left.
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Figure 4.3: The upper figure shows the experimental speed of sound corresponding
to the super and subsonic regions, the figure in the bottom shows the numerically
simulated speed of sound in red and the velocity of the condensate in blue
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4.2.2 Gross-Pitaevskii simulation of the experiment

A solution of the GP equation gives us the mean field density of the condensate.
The density profile is shown in Fig. 4.4 for different times of the dynamics starting
from the normalized time = 152.2 which is equivalent to the time = 80 ms in
the experiment. The frame corresponding to the dynamics of the experimental
density at time = 80 ms is shown in the next subsection in Fig. 4.5a at the
4th frame. It is important to mention that the standing wave pattern inside the
supersonic region is fully recovered already by the mean-field density simulation.
The growing standing wave pattern as mentioned earlier is referred in the [44] as
evidence for the self amplifying Hawking radiation. It is claimed in the paper that
the pattern is due to the interference between two negative norm phonon modes.
One of the phonon modes is the Hawking partner generated from the emission of
the +ve norm Hawking radiation that travels away from the black hole. Moreover,
the growing standing wave pattern which is exhibiting an exponential behavior
over time is claimed to be due to the round trips of the hawking partner between
the two holes which acts as a cavity for the modes. However, we show here that
the lasing effect as well as the standing wave pattern is generated using a mean
field simulation of the condensate and without any quantum fluctuation in terms

of phonons.

A further detailed discussion about the origin of the growing standing wave pat-
tern has been introduced in [48] where it is said that the wave pattern is due to
classical modulation of the mean field density of the condensate. Furthermore, it
is shown that the standing wave results from the Bogoliubov-Cerenkov radiation
effect where the saturated amplitude of this standing wave is proportional to the
strength of the density of the background flow. As shown in Fig. 4.4a, 4.4b the
pattern starts to appear at the white-hole position then it travels toward the
black hole position which is another property of Bogoliubov-Cerenkov radiation
that happens when a condensate traveling at supersonic speed is facing a weak
obstacle [32, 45].
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Figure 4.4: Numerical Simulation of the mean field density without quantum fluctua-
tion added to it showing the growth of the standing wave patterns at different times

4.2.2.1 Quantum fluctuation Simulation

We now add the quantum fluctuations to the mean field GP soltuion of the

condensate and obtain their time evolution. In this regime we are dealing with

the fluctuation as a small perturbation on top of the mean field. Here we again

follow the same methodology of the TWA mentioned and illustrated earlier in

3.3.2 and 2.3. The initial noise is added in terms of Bogoliubov modes which we

include in terms of plane wave solution written as the following equation:
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Po(x) = Yarr + ), | BeUre™ + B Ve ™ (4.1)
k=0

Where Sy, Uy, T}, are defined according to the same definition in 2.21. ¢y, is the
stationary initial mean field solution of the condensate wave function. We define
the total density of the condensate here according to Eq. 2.3 We have sampled
the quantum fluctuations numerically in terms of 64 modes. We evolve the wave-
function of the condensate with an intitial random noise then it is averaged over
different many realisations. The different realisations are termed trajectories and
we have used 58800 trajectories. Result of the time evolution of the condensate
with the quantum fluctuation is shown in Fig. 4.5 where a comparison between
the experimentally reported density profile (4.5a) and the numerically simulated
one (4.5b) at different times is shown. The numerical simulation is able to repro-
duce the growing standing wave pattern within the supersonic region as in the

experiment.

It is worth mentioning that the standing wave pattern in Fig.4.5b is not as clear
as in the case of the meanfield simulation shown earlier. There are also weak
oscillations at time = 161.1 shown in Fig.4.5b in addition to the previous ones
appearing in the mean field simulation in Fig.4.4b. The density profile of the
latest time is showed in Fig.4.6 that has a lower amplitude of the standing wave

pattern than the one in 4.4d. A discussion behind these observations is left to
Subsec. 4.2.3
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4.2.3 Density-density correlation function

In this subsection we introduce the study of the density-density correlation
function. The correlation function was reported in [44] to have the checker
board feature that was introduced by [41| and the the extending bands which is
attributed to be the Hawking radiation.

4.2.3.1 Density-Density Correlation Function Simulation

We implement the density-density correlation function using the TWA method
discussed earlier. In the experiment the density-density correlation was realized

by averaging over 80 ensembles. We follow the same definition given in [44] for

the correlation function
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GO (z,a") = pi*[{p(x)p(2") = (p(2))p(2")) = (p(2))d(z - 2")] (4.2)

We choose the value of p;, to be the density in the middle of the supersonic region,
while it was defined in [44] as the average density of the supersonic region. Our

value is p;, = 26.32.

A comparison at all times between the experimental density-density correlation
function and the numerically generated one is showed in Fig.4.7. As showed in
Fig.4.8 the numerical simulation indicate the checker board feature that were
present in the experiment as well as the extending bands outside the horizon
region. In Fig. 4.8c, The number of maxima is 10 which is the same reported in
the experiment for the largest step potential profile. Near the white-hole location
the correlation function is showing fringes parallel to the diagonal which was
attributed in the experiment to be due to the fact that the white-hole location is
determined by the hydrodynamics.

The correlation function was smoothened by a Gaussian smoothing with an av-
erage length of 1.5 to get a better resolution. The correlation function is rescaled

so that the details of the figure can be clearer.
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Figure 4.7: The upper figure shows the experimental correlation function at differ-
ent times , the figure in the bottom shows the numerically simulated one at different
times of the experiment
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4.2.4 The one-body-density matrix simulation
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4.2.4.1 Condensed Vs Ucondensed Densities

A criteria to differentiate between the condensed and uncondensed parts of the
total density of the condensate is set by Pensore-Onsager [1]. We can expand the
one body density matrix p(z — z’) in terms of eigen values Ay which represent
the occupation number and eigen vectors vy that represent the condensate wave

function.

p(r,r') = Zk: NeO (") Vi (1) (4.3)

Then we define the condensed density as

Peond = )\k|79k(r)|2 (44>

consequently the uncondensed density is defined as puncond = Prot — Peond

We used the previous equations to solve numerically for the different compo-
nents of the density. The results are supplied in Fig.4.9 and Fig.4.10. We shall

comment on the results as follows:

1. The condensate starts heating by a noticable amount after the time evolu-

tion just starts.

2. In Fig.4.10 Our results showed that the main contribution to the standing
wave pattern is coming from the classical condensed density not from the

uncodensed part of the density that resembles the quantum fluctuation.

3. Moreover, The uncondensed part of the density is maintaining a constant
phase relation over different trajectories. The constant phase relation shows
that there is an interaction between the condensed and the uncondensed

parts.

4. We should mention here that the classical fluctuation of the BEC and the

quantum excitations are obeying the same eq.2.21.
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4.3 Conclusion

In this thesis we have numerically studied systems to simulate the analogue Hawk-
ing radiation (AHR) in Bose-Einstein condensate. The first question was to pro-
pose a simple system in which we can simulate the Analogue Hawking radiation.
We have showed the possibility of simulating (AHR) in simple system turning su-

personic through looking at the long range density-density correlation function.

The second question was toward the recent black hole lasing experiment [44].
The question mainly was whether the lasing phenomenon observed in the ex-
periment is a signature of Hawking pohnons. We have indicated that the lasing
phenomena is not purely a quantum fluctuation or a contribution coming from the
vaccum fluctuation of the condensate but it is more of a classical density pertur-
bation. We also found that the density of the condensate is having a signficance
modulation due to the white hole position uncertainity. The current experimental
realisation therefore may not say that the lasing effect is purely due to the zero

point vaccum fluctuation corresponding to Hawking radiation.

A further detailed study to seperate the contribution coming from the quantum
and the classical fluctuations need to be carried out. Furthermore, a critical
attention in the experimental realization should be paid to the the fluctuation in
the position of the White-hole. More studies are needed to provide better system

parameters and regimes to enhance the experimental realization.
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Appendix A

Numerical methods

A.1 Dimensionless formalism

In order to guarantee generic numerical calculations that does not depend on spe-
cific units, a dimensionless formalism was used during the numerical calculations.
It is convenient to normalize the calculated quantities with parameters related to
Bose-Einstein condensates. The following table indicate the natural units used

for normalization.

Table A.1: Normalization units

Quantity Natural unit

Length n= %ﬂ healing length
Energy it chemical potential
Time b

Using the natural units in Tab. A.1, we convert the quantities used in the
numerical calculation of the one-dimensional Gross-Pitaevskii Eq. 2.1.3 to the

following dimensionless units.
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Table A.2: Dimensionless Quantities

Parameter Dimensionless Form
x T = %

t t=14

V(x,t) I{(i,f) = Lol

Uy Uy =1t

o(x,t) (&, 1) = 2o

p p=pxn

Inserting the parameters of Tab.A.2 into Eq.2.1.3 we obtain the dimensionless

one-dimensional GP equation to be

0 _ 19951

o7 =iy g (@ DIGE.DP + V(E.5))o(.1) (A1)

A.2 Programming

Numerical simulations have been done using XMDS2 high-level language [43, 7,
19]. XMDS2 is a tool for solving initial value ordinary and partial differential
equations (PDE). Basically, the problem of interest is written in an XML script
which describes the parameters and the variables involved. The XML then gener-
ates C++ codes which solve the problems using different algorithms stated earlier
in the XML script. The result of the simulation is written in a data file that could
be processed using different post-processing programs . Throughout this thesis

Matlab has been used for post-processing and visualisation.

Obtaining the dynamics of the GP equation requires a start from a ground state

which is obtained using the imaginary time evolution method discussed in Subsec.
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2.1.2 and described by Eq. 2.1.2. The imaginary time evolution equation is solved
using the Runge-Kutta (RK4) algorithm which is a fourth order in the step size.

The dynamics of the condensate is obtained using the Adaptive Runge-Kutta
algorithm ARKS89. The implementation of truncated-Wigner approach described
theoretically in Sec. 2.3 beside the results of 4.2.2.1 and 3.3.1 was obtained by
running multiple trajectories simulation. The multiple trajectories simulation
is done by specifying the use of multiple processors from XMDS2 scripts. The
parallelization job is to run the simulation multiple times then averaging over
all the runs. It should be mentioned that in the context of truncated-Wigner
simulation, averaging initial noise in one trajectory over the grid is the same as

averaging noise value on one grid point over many trajectories.

49



Bibliography

[1]

2l

131

4]

[5]

6]

17l

Oliver Penrose and Lars Onsager. “Bose-Einstein Condensation and Liquid
Helium”. In: Phys. Rev. 104 (3 1956), pp. 576-584. DOI: 10.1103/PhysRev.
104.576. URL: https://link.aps.org/doi/10.1103/PhysRev.104.576.

Jacob D Bekenstein. “Black holes and entropy”. In: Physical Review D 7.8
(1973), p. 2333.

Stephen W Hawking. “Black hole explosions?” In: Nature 248.5443 (1974),
p- 30.

William George Unruh. “Experimental black-hole evaporation?” In: Physi-
cal Review Letters 46.21 (1981), p. 1351.

N. D. Birrell and P. C. W. Davies. Quantum Fields in Curved Space. Cam-
bridge Monographs on Mathematical Physics. Cambridge University Press,
1982. DOI: 10.1017/CB09780511622632.

C. K. Law. “Effective Hamiltonian for the radiation in a cavity with a
moving mirror and a time-varying dielectric medium”. In: Phys. Rev. A 49
(1 1994), pp. 433-437. DOIL: 10.1103/PhysRevA .49 .433. URL: https:
//link.aps.org/doi/10.1103/PhysRevA.49.433.

M.J. Werner and P.D. Drummond. “Robust Algorithms for Solving Stochas-
tic Partial Differential Equations”. In: Journal of Computational Physics
132.2 (1997), pp. 312 —326. 1sSN: 0021-9991. DOI: https://doi.org/10.
1006/ jcph.1996.5638. URL: http://www.sciencedirect.com/science/
article/pii/S0021999196956387.

20



8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

TA Jacobson and GE Volovik. “Event horizons and ergoregions in 3 He”.
In: Physical Review D 58.6 (1998), p. 064021.

S. A. Morgan et al. “Nonlinear mixing of quasiparticles in an inhomogeneous
Bose condensate”. In: Phys. Rev. A 57 (5 1998), pp. 3818-3829. DOI: 10.
1103/PhysRevA .57 .3818. URL: https://link.aps.org/doi/10.1103/
PhysRevA.57.3818.

M. J. Steel et al. “Dynamical quantum noise in trapped Bose-Einstein con-
densates”. In: Phys. Rev. A 58 (6 1998), pp. 4824-4835. DOI: 10.1103/
PhysRevA . 58 . 4824. URL: https://1link. aps.org/doi/10. 1103/
PhysRevA.58.4824.

M. Naraschewski and R. J. Glauber. “Spatial coherence and density corre-
lations of trapped Bose gases”. In: Phys. Rev. A 59 (6 1999), pp. 4595-4607.
DOI: 10.1103/PhysRevA.59.4595. URL: https://link.aps.org/doi/10.
1103/PhysRevA.59.4595.

Luis Javier Garay et al. “Sonic analog of gravitational black holes in Bose-
Einstein condensates”. In: Physical Review Letters 85.22 (2000), p. 4643.

Ulf Leonhardt and Paul Piwnicki. “Relativistic effects of light in moving
media with extremely low group velocity”. In: Physical review letters 84.5
(2000), p. 822.

Carlos Barcelo, Stefano Liberati, and Matt Visser. “Analogue gravity from
Bose-Einstein condensates”. In: Classical and Quantum Gravity 18.6 (2001),
p. 1137.

Vanja Dunjko, Vincent Lorent, and Maxim Olshanii. “Bosons in cigar-
shaped traps: Thomas-Fermi regime, Tonks-Girardeau regime, and in be-
tween”. In: Physical Review Letters 86.24 (2001), p. 5413.

Luis Javier Garay et al. “Sonic black holes in dilute Bose-Einstein conden-

sates”. In: Physical Review A 63.2 (2001), p. 023611.

Juan José Garcia-Ripoll and Victor M Pérez-Garcia. “Optimizing
Schrédinger functionals using Sobolev gradients: Applications to quantum
mechanics and nonlinear optics”. In: SIAM Journal on Scientific Computing
23.4 (2001), pp. 1316-1334.

51



18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

27]

Patricio Leboeuf and Nicolas Pavloff. “Bose-Einstein beams: Coherent prop-
agation through a guide”. In: Physical Review A 64.3 (2001), p. 033602.

“xmds: eXtensible multi-dimensional simulator”. In: Computer Physics
Communications 142.1 (2001). Conference on Computational Physics 2000:
pp. 219 —223.

Mario Novello, Matt Visser, and Grigory E Volovik. Artificial black holes.
World Scientific, 2002.

Kestutis Staliunas, Stefano Longhi, and German J. de Valcarcel. “Faraday
Patterns in Bose-Einstein Condensates”. In: Phys. Rev. Lett. 89 (21 2002),
p. 210406. DOI: 10.1103/PhysRevLett.89.210406. URL: https://link.
aps.org/doi/10.1103/PhysRevLett.89.210406.

Weizhu Bao, Dieter Jaksch, and Peter A Markowich. “Numerical solution of
the Gross—Pitaevskii equation for Bose—Einstein condensation”. In: Journal
of Computational Physics 187.1 (2003), pp. 318-342.

Weizhu Bao and Weijun Tang. “Ground-state solution of Bose-Einstein
condensate by directly minimizing the energy functional”. In: Journal of
Computational Physics 187.1 (2003), pp. 230-254.

Carlos Barcelo, S. Liberati, and Matt Visser. “Probing semiclassical analog
gravity in Bose-Einstein condensates with widely tunable interactions”. In:
Phys. Rev. A 68 (5 2003), p. 053613. DOI: 10.1103/PhysRevA.68.053613.
URL: https://link.aps.org/doi/10.1103/PhysRevA.68.053613.

Carlos Barcelo, Stefano Liberati, and Matt Visser. “Towards the observa-
tion of Hawking radiation in Bose—Einstein condensates”. In: International
Journal of Modern Physics A 18.21 (2003), pp. 3735-3745.

E. A. Calzetta and B. L. Hu. “Bose-Einstein condensate collapse and dy-
namical squeezing of vacuum fluctuations”. In: Phys. Rev. A 68 (4 2003),
p. 043625. DOI: 10.1103/PhysRevA.68.043625. URL: https://link.aps.
org/doi/10.1103/PhysRevA.68.043625.

Petr O Fedichev and Uwe R Fischer. “Gibbons-Hawking effect in the sonic
de Sitter space-time of an expanding Bose-Einstein-condensed gas”. In:
Physical review letters 91.24 (2003), p. 240407.

52



28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

Crispin Gardiner, Peter Zoller, and Peter Zoller. Quantum noise: a hand-
book of Markovian and non-Markovian quantum stochastic methods with

applications to quantum optics. Vol. 56. Springer Science & Business Me-
dia, 2004.

Thilo Stoferle et al. “Transition from a Strongly Interacting 1D Superfluid
to a Mott Insulator”. In: Phys. Rev. Lett. 92 (13 2004), p. 130403. DOLI:
10.1103/PhysRevLett .92.130403. URL: https://link.aps.org/doi/
10.1103/PhysRevLett.92.130403.

Lorenzo Isella and Janne Ruostekoski. “Nonadiabatic dynamics of a Bose-
Einstein condensate in an optical lattice”. In: Phys. Rev. A 72 (1 2005),
p. 011601. DOT: 10.1103/PhysRevA.72.011601. URL: https://link.aps.
org/doi/10.1103/PhysRevA.72.011601.

Astrid Lambrecht. “Electromagnetic pulses from an oscillating high-finesse
cavity: possible signatures for dynamic Casimir effect experiments”. In:
Journal of Optics B: Quantum and Semiclassical Optics 7.3 (2005), S3.
URL: http://stacks.iop.org/1464-4266/7/1i=3/a=001.

I. Carusotto et al. “Bogoliubov—éerenkov Radiation in a Bose-Einstein Con-
densate Flowing against an Obstacle”. In: Phys. Rev. Lett. 97 (26 2006),
p. 260403. DOI: 10.1103/PhysRevLett.97.260403. URL: https://link.
aps.org/doi/10.1103/PhysRevLett.97.260403.

P. Engels, C. Atherton, and M. A. Hoefer. “Observation of Faraday Waves
in a Bose-Einstein Condensate”. In: Phys. Rev. Lett. 98 (9 2007), p. 095301.
DOI: 10.1103/PhysRevLett.98.095301. URL: https://1link.aps.org/
doi/10.1103/PhysRevLett.98.095301.

Sebastian Wuester. “Classical and Quantum Field Theory of Bose-Einstein
Condensates”. PhD thesis. Faculty of Science, Department of Physics and
The Australian National University, Jan. 2007.

Sebastian Wiister and CM Savage. “Limits to the analog Hawking temper-
ature in a Bose-Einstein condensate”. In: Physical Review A 76.1 (2007),
p. 013608.

23



[36]

137]

38

[39]

[40]

[41]

42]

[43]

[44]

Roberto Balbinot et al. “Nonlocal density correlations as a signature of

Hawking radiation from acoustic black holes”. In: Physical Review A 78.2
(2008), p. 021603.

Gerard J. Milburn D.F. Walls F.R.S. Quantum Optics. Springer Science &
Business Media, 2008.

Alessio Recati Roberto Balbinot Tacopo Carusotto Serena Fagnocchi and
Alessandro Fabbri. “Numerical observation of Hawking radiation from
acoustic black holes in atomic Bose-Einstein condensates”. In: New Journal
of Physics, 10.103001 (2008). 1SSN: 1367-2630. DOI: 10.1088. URL: http:
//iopscience.iop.org/article/10.1088/1367-2630/10/10/103001.

C. J. Pethick and H. Smith. Bose-FEinstein Condensation in Dilute
Gases. 2nd ed. Cambridge University Press, 2008. por: 10 . 1017 /
CB09780511802850.

A. Recati, N. Pavloff, and I. Carusotto. “Bogoliubov theory of acoustic
Hawking radiation in Bose-Einstein condensates”. In: Phys. Rev. A 80 (4
2009), p. 043603. DOI: 10.1103/PhysRevA .80 .043603. URL: https://
link.aps.org/doi/10.1103/PhysRevA.80.043603.

Stefano Finazzi and Renaud Parentani. “Black hole lasers in Bose-Einstein
condensates”. In: New Journal of Physics 12.9 (2010), p. 095015.

Germain Rousseaux et al. “Horizon effects with surface waves on moving
water”. In: New Journal of Physics 12.9 (2010), p. 095018.

Graham R. Dennis, Joseph J. Hope, and Mattias T. Johnsson. “XMDS2:
Fast, scalable simulation of coupled stochastic partial differential equa-
tions”. In: Computer Physics Communications 184.1 (2013), pp. 201 —208.
ISSN: 0010-4655. DOI: https://doi.org/10.1016/j.cpc.2012.08.
016. URL: http://www.sciencedirect . com/science/article/pii/
S0010465512002822.

Jeff Steinhauer. “Observation of self-amplifying Hawking radiation in an
analogue black-hole laser”. In: Nature Physics 10.11 (2014), p. 864.

54



[45] S. Finazzi et al. “Instability of the Superfluid Flow as Black-Hole Las-
ing Effect”. In: Phys. Rev. Lett. 114 (24 2015), p. 245301. DOI: 10.1103/
PhysRevLett.114.245301. URL: https://link.aps.org/doi/10.1103/
PhysRevLett.114.245301.

[46] Stringari Pitaevskii Lev. Bose-Finstein Condensation and Superfluidity.
Oxford University Press, 2016.

[47] M Tettamanti et al. “Numerical study of a recent black-hole lasing experi-
ment”. In: EPL (Europhysics Letters) 114.6 (2016), p. 60011.

[48] Yi-Hsieh Wang et al. “Mechanism of stimulated Hawking radiation in a
laboratory Bose-Einstein condensate”. In: Physical Review A 96.2 (2017),
p. 023616.

95



