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ABSTRACT

CHARACTERISTIC BISETS AND LOCAL FUSION
SUBSYSTEMS

Mustafa Anil Tokmak
M.S. in Mathematics
Advisor: Matthew Justin Karcher Gelvin
September 2018

Fusion systems are categories that contain the p-local structure of a finite group.
Bisets are sets endowed with two coherent group actions. We investigate the relation

between fusion systems and bisets in this thesis.

Fusion systems that mimic the inclusion of a Sylow p-subgroup of a finite group
are called saturated. Similarly, if S is a Sylow p-subgroup of G, then G regarded
as an (.5, .5)-biset has special properties, which make it a characteristic biset for the
p-fusion of G. These two concepts are linked in that a fusion system is saturated if
and only if it has a characteristic biset. We give a proof for this result by following
the work in [1] and [2].

Fusion systems have a notion of normalizer and centralizer subsystems, mimicking
the notion for finite group theory. This thesis reviews a proof by Gelvin and Reeh
[3] of a result of Puig [2] asserting that normalizer and centralizer fusion subsystems
of a saturated fusion system are saturated. This result comes from the connection
between saturation of fusion systems and the existence of characteristic bisets.

Keywords: Fusion, bisets.
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OZET

KARAKTERISTIK IKILI KUMELER VE LOKAL
FUZYON ALT SISTEMLERI

Mustafa Anil Tokmak
Matematik, Yiiksek Lisans

Tez Danigmani: Matthew Gelvin
Eylil 2018

Fiizyon sistemleri sonlu bir grubun p-lokal yapilarini iceren kategorilerdir. Ikili
kiimeler iki grubun uyumlu etkisine sahip kiimelerdir. Biz bu tezde, fiizyon sistemleri
ve ikili kiimeler arasindaki iligkiyi aragtiracagiz.

Bir sonlu grup ile Sylow-p altgrubu arasindaki iligkiyi taklit eden flizyon sistemler-
ine doygun fiizyon sistemi denir. Eger S sonlu bir grup olan G'nin Sylow p-altgrubu
ise, (S, S)-ikili kiimesi olarak diigiiniilebilen G' grubu kendine has 6zelliklere sahip-
tir ki bu o6zellikler, onu G'nin p-fiizyonunda karakteristik ikili bir kiime yapar. Bu
iki kavram su sekilde iligkilidir: Bir flizyon sistemi ancak ve ancak karakteristik bir
ikili kiimeye sahipse doygundur. Bu sonucu, [I] ve [2]’deki ¢aligmalar takip ederek
ispathiyoruz.

Fiizyon sistemleri sonlu grup teorisindeki normalleyici ve sabitleyici kavramlarini
taklit ederek kendine has normalleyici ve sabitleyici alt sistemlere sahiptir. Bu tez,
Puig tarafindan [2]’de kanitlanan doygun flizyon sistemlerinin normalleyici ve sabit-
leyici fiizyon alt sistemlerinin de doygun olmasi sonucunu, [3]’deki bir ispat1 gozden
gecirirek tekrar inceliyor. Bu sonug karakteristik ikili kiimelerin varligindan ve fiizyon

sistemlerini arasindaki iligkiden gelmektedir.

Anahtar sézcikler: Fizyon, ikili kiime.
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Chapter 0

Introduction

Let G be a finite group, p a prime number that divides the order of G, and S a Sylow
p-subgroup of G.

A fusion system F on S is a category whose objects are the subgroups of S and
whose morphisms are contained in the set of injective group homomorphisms between
subgroups. Conjugating a subgroup P of S to a subgroup @ of S by an element of
G is a G-fusion, and we say that P and @) are fused in G.

Fusion systems have shown up in finite group theory during the last thirty years,
but the ideas of fusion theory and the term fusion itself can be traced back to Frobe-
nius and Burnside as they talked about fusion of p-elements. Frobenius also investi-
gated the relation between the fusion in a finite group and its normal p-complement
subgroups. His normal p-complement theorem states that finding a subgroup of G
that is normal p-complement to S is equivalent to all morphisms induced by G can
be induced by S.

Alperin’s Fusion Theorem was an important step toward think of fusion systems



as objects in their own right. It says that any G-fusion between p-subgroups of a

finite group can be generated by using the normalizers of certain subgroups.

A major contribution to fusion theory was made by Puig. He abstracted the no-
tion of a G-fusion on S, and wrote the axioms of saturated fusion systems [4] with
the motivation of discovering some relations between fusion systems and modular
representation theory. Then, several mathematicians contributed to development
of fusion theory. For instance, Broto, Levi, and Oliver used the relation between
the theory of fusion systems and homotopy theory managed and proved some re-
sults related to p-completed classifying spaces of finite groups, the Martino-Priddy

Conjecture being among the most famous of these results.

The classification of the finite simple groups is one of the biggest projects in
finite group theory. This big project is a compilation of hundereds of journal paper
written by many mathematician over the 50 years. Gorenstein, Lyons and Solomon
revised and simplified these results and collected them in [5]. The project came
to an end after the announcment of Aschbacher and Smith in their 1221 page long
work that finishes the classification of quasithin groups [6][7]. Aschbacher also has
a considerable contribitution to the local theory of fusion systems. As an important
collection of results in the local theory of fusion systems can be found in [§]. After
the developments in local theory of fusion systems, today fusion theory is considered

as a promising tool in order to simplify the classification of finite simple groups.

0.1 Flow Of The Thesis

The first chapter contains definitions, examples and many useful tools related to
fusion systems. It mostly draws upon the work in [I], but presents some alternative

definitions to some key concepts, and presents proofs to some important theorems



with a different approach.

In the second chapter, we start exploring the relations between bisets and fusion
systems. We define the stabilizer fusion systems that come from bisets and try to
understand when these stabilizer fusion systems are actually saturated by following

the work given in [2].

In the third chapter, we introduce characteristic bisets. We will prove that for a
given saturated fusion system, we can always find a related characteristic biset. On
the other hand, a characteristic biset of a fusion system encodes the fusion data of
this fusion system, therefore characteristic bisets maybe considered as an alternative
definition for saturated fusion systems. Most of our work in this section is taken
from [1].

For the fourth chapter, we review of some results related to local subsystems
given by Puig in [2] by using the work of Gelvin and Reeh in [3]. After introducing
normalizer and centralizer fusion systems, we give sufficient conditions that make

those fusion systems on local subgroups saturated.

0.2 Notation

Throughout this thesis, p is always a prime number.

Let G be a finite group. By |G| we refer the order of G. A subgroup H of G is
denoted by H < G. If H is proper or normal subgroup of G, we write H < G or
H <G, respectively. The symbols Ng(H) and Cg(H) will denote the G-normalizer

and G-centralizer of H respectively.

We denote the set of the Sylow p-subgroups of a finite group by Syl (G). Given



g,h € G, the left conjugate of h by g is ghg™! and is denoted by 9h, and the right
conjugate of h by g is g *hg and is denoted h9. For P < G, 9P is the subgroup
{gag™' : a € P}, and again swap g and g~' to obtain PY.

Let P,Q < G. The set of group injections from P to @ is denoted by Inj(P, Q).
We write Homg (P, Q) for the set of group homomorphisms from P to () induced by
left conjugation in G. We denote the automorphism group of S in G by Autq(S).
The symbols Outg(S) and Inn(S) denote the outer automorphism group of S in G
and the inner automorphism group of S, respectively. Recall that Inn(S) = Autg(S)
and Outg(S) = Autg(S)/Inn(S).



Chapter 1

Fusion Systems

In this chapter, we introduce basic concepts of fusion systems. We first define fusion
systems for a finite group G and its Sylow p-subgroup S. Then we remove G and
define fusion systems on S without talking about any over group of S. We also
review Alperin’s Fusion Theorem and give a proof of it. At the end of this chapter,
we look at the direct products of fusion systems, as we will use them to prove the

core theorem in Chapter 3.

1.1 The Transporter of A Finite Group

Definition 1.1.1. Let G be a finite group and P, () subgroups of G. The transporter
of P to @ in G is the set Tg(P,Q) ={g € G : 9P < Q}. If n € Tg(P,Q), the n-
conjugation map is defined by ¢, : P — @ such that ¢,(a) = "a for all a € P. Thus,

each element of 7¢(P, Q) gives rise to a conjugation map from P to Q.

A quick comment on transporters is that if n and m are in Tg(P,Q), and
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m~'n € Cg(P), then ¢, and c,, turn out to be the same map. If we consider quoti-
enting 7o (P, Q) by Cq(P), we get the maps from P to @) induced by conjugations
in G. Therefore, Homg (P, Q) = To(P,Q)/Cq(P), and that result, in fact, gives a

sense of fusion systems that we are about to define.

1.2 The p-Local Structure Of A Finite Group

Let G be a finite group whose order can be divided by p. By the p-local structure of
G, we consider a Sylow p-subgroup of G and G-conjugacy morphisms between the
subgroups of S. Since all the Sylow p-subgroups of G are isomorphic, they hold the
same p-local structure of GG, so which Sylow-p subgroup of G we choose does not

matter.

Definition 1.2.1. Let GG be a finite group and S a Sylow p-subgroup of G. We call
R < S a p-local subgroup of S whenever there exists a non-trivial subgroup P of G
such that R = Ng(P).

One can consider the next definition as an encoding of p-local structure of a finite

group into a category.

1.3 The Fusion System Of A Finite Group

Definition 1.3.1. Let S be a Sylow p-subgroup of a finite group G. The fusion
system on S induced by G is the category Fs(G) whose objects are all subgroups of

S, and whose morphisms Morzy e (P, Q) are

Morry ) (P, Q) = {¢ € Homg(P, Q) : ¢ = ¢,4|p for some g € G}.

6



Remark 1.3.2. We could also define fusion systems on a non-Sylow p-subgroup of the
ambient group, and the definition above would still be valid on any subgroup of G.
In fact, the fusion systems we handle in Chapter 2 will usually be on subgroups that

are not Sylow in the groups that induce their morphisms.

To visualize fusions systems, we provide an easy example of three different fusion

systems on a finite p-group.

Example 1.3.3. Recall that Dg is the group of symmetries of the square. It is
generated by 7, the 90 degrees clockwise rotation of the square, and f, a flip-

ping of the square by a fixed axis perpendicular to its one of the edges, so that
Dy={rf:ri=f2=1,fr=r7f).

Initially, we illustrate the fusion system on Dg induced by Dg. After that, we
compare Fp,(Dg) with the fusion systems Fp,(X4) and Fp,(Ag), where ¥, is the
symmetric group of order 24 and Ag is the alternating group of order 360. Note that
Dg is Sylow-2 subgroup of all these groups.

Consider the following lattice diagram of Dg with three different types of arrows.
In the diagram, all the arrows except dotted and dashed ones are morphisms of
Fpe(Ds). Specifically, the one directional arrows are injective non-isomorphisms, and
the double directional ones are isomorphisms. We omit using arrows for the identity

morphisms and the automorphisms of subgroups for the clarity of the diagram.



It is important to keep in mind that every morphism in the diagram can be factored
as an isomorphism followed by an inclusion. One can immediately observe that there
are no isomorphisms between the center (r?) and any other subgroups of size 2 of
Dsg.

On the other hand, if we consider the fusion system on Dg whose morphisms
induced by 4, we have (r?f) and (r?) are fused, represented by the dashed arrow.
Setting r = (1234) and f = (13) generates an isomorphic copy of Dy in ¥4, and the
map c(1a3) fuses (rf) to (r?). Yet we do not have that (rf) and (r?) are fused .

Now we examine Fp,(Ag) by setting r = (1234)(56) and f = (13)(56). Define
Bi == (r*f) — (r?) to be i = cpas) 346 Then define By := (r?) — (rf) to be
B2 = c(1324)(56), represented by the dotted arrow. In this case, all the subgroups of

size 2 of Dy are fused.

For further discussion, let ¢ := By 0 By : (r?f) — (rf) be an isomorphism. Note
that caosyaa6) € Aut((r?, f)) and casanse) € Aut((r?,rf)). We call these two au-
tomorphisms «o; and as, respectively. Since ay|y2p = f1 and a2y = B, the
composition azl;2y 0 aq|q2py gives ¢, which is generated as restrictions of automor-
phisms of subgroups of Dg whose size is larger than 2. This is an example of the

“local-to-global” principle, and we will explain how this principle works for fusion
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systems with Alperin’s Fusion Theorem.

Notation 1.3.4. Let F be a fusion system of a finite p-group S. We write F(P, Q)
for P, < S for the morphisms from P to @ in F and F(P, Q);s will mean the set

of isomorphisms from P to () in F.

Definition 1.3.5. Let F be a fusion system on a finite p-group S. If there ex-
its an isomorphism between P and () in F, then P is said to be F-conjugate or

F-isomorphic to (), and this isomorphism is called an F-isomorphism.

For a fusion system Fg(G), if we consider the Fg(G)-isomorphism class of P < S,
not all subgroups in this class enjoy the same properties relative to S and G. As
an example, we could find subgroups of S which are F-conjugate P, and their S-
normalizers are not Sylow in their G-normalizers, while for others this does hold.

This situation motivates us to use following terminology.

Definition 1.3.6. For a fusion system JF on a finite p-group S and P < S a subgroup,

i. P is fully F-normalized if |[Ng(P)| > |Ng(Q)| whenever @ is F-conjugate to
P.
ii. Pis fully F-centralized if |Cs(P)| > |Cs(Q)| whenever @ is F-conjugate to P.

Here is another characterization of fully normalized and centralized subgroups.

Lemma 1.3.7. Let G be a finite group, S a Sylow-p subgroup of G, P a subgroup of
S, and F = Fs(G). Then P is fully F-normalized if and only if Ng(P) is a Sylow
p-subgroup of Ng(P). Furthermore, P is fully F-centralized if and only if Cs(P) is
a Sylow p-subgroup of Ce(P).

Proof. Suppose that P is fully F-normalized. Let T" be a Sylow p-subgroup of Ng(P)
that contains Ng(P). Since S is a Sylow p-subgroup of G, there exist ¢ € G

9



such that 97 < S, and we have also 97" < 9Ng(P) = Ng(9P). It follows that
9T < SNINg(P). Note that ¢ |p defines an F-isomorphism from P to 9P, so P and

9P are F-isomorphic. We can now form the following inequality:
T = ["T] <[SNNe(P)| = SN Ne(*P))| = [Ns("P)| < [Ns(P)| < [T

Thus, Ng(P) and T are of the same order, hence Ng(P) is a Sylow p-subgroup of
Ng(P).

Conversely, suppose Ng(P) is a Sylow p-subgroups of Ng(P). Ng(P) and Ng(?P)
are of the same order, so the order of their Sylow p-subgroups is |Ng(P)|. Since
Ng(9P) is contained in a Sylow p-subgroup of Ng(P), we must have |Ng(P)| >
|Ns(9P)| where P and 9P are F-conjugate. Hence, Ng(P) is fully F-normalized.

The proof of the latter condition follows similar arguments. ]

To sum up briefly, morphisms in a fusion system are induced by finite groups,
thus all morphisms are injective. Recall that in Example [[.3.3] each morphism was
an isomorphism followed by an inclusion. In the next section, we will define fusion
systems without a reference to an ambient group by considering our observations in

this section.

1.4 Saturated Fusion Systems

When talking about fusion in a finite p-group S, we always gave a reference to an
ambient group inducing the fusion between the subgroups of S. In [4, 2.3], Puig
defined the divisible P-categories that encode the data of a fusion system without
the information of a finite group which induce the morphisms of the fusion system.
Elsewhere in the literature, divisible P-categories are known as (abstract) fusion

systems, and we follow this presentation of the topic.
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Definition 1.4.1. ([I, Definition 1.1]) An abstract fusion system on a finite p-group
S is a category F that has all the subgroups of S as its objects and the morphisms

of F are group homomorphisms that satisfy

i. Homg(P,Q) C Morz(P,Q) C Inj(P,Q)
ii. If p € Morz(P,Q), then ¢ € Morz(P, ¢(P)) and ¢~ € Morz(p(P), P).

Composition in F is composition of group homomorphisms. The second axiom
implies that every morphism in an abstract fusion system is an isomorphism followed
by an inclusion.

Remark 1.4.2. From now on, any fusion system will mean an abstract fusion system
on a finite p-group.

Ezxample 1.4.3. Fs(Q) is clearly an abstract fusion system.
Definition 1.4.4. If ¢ € F(P,Q)is0, the extender subgroup of ¢ is

N, :={n € Ns(P) : poc,op ' € Auts(Q)}.

Remark 1.4.5. Let ¢ € F(P,Q)is0o, R < Ng(P), and suppose that ¢ extends to ¢ €
F(R,S). Given a € Ns(P), Q = ¢laPat) = 3(a)@(P)3(a) = p(a)p(P)p(a),
meaning cz()|g € Auts(Q), hence poc, oo™t € Autg(Q), so R < N,. Therefore,
N, is the largest subgroup of Ng(P) to which ¢ could possibly extend.

Before defining saturated fusion systems, it would be good to remark that in
[2], Puig calls them Frobenius p-categories. On the other hand, there are several
equivalent definitions of saturated fusion systems, but we stick with the definition
provided by Broto, Levi, and Oliver as it is the most useful for the remaining part
of our work. However, we will provide an alternative definition for saturated fusion

systems with a minor change at the end of this chapter.

Definition 1.4.6. ([I, Definition 1.2]) Let F be a fusion system on a finite p-group
S. We say that F is a saturated fusion system whenever the following axioms are

satisfied:

11



(i) (Sylow axiom) If P < S is fully F-normalized, then Autg(P) is a Sylow
p-subgroup of Autx(P) and P is fully F-centralized.

(ii) (Extension axiom) If ¢ is an isomorphism of F(P, Q) and @ is fully
F-centralized, ¢ extends to a morphism ¢ € F(N,,S) (i.e., ¢|p = ¢).

Proposition 1.4.7. [I, Proposition 1.3] If S is a Sylow p-subgroup of a finite group
G, then Fs(Q) is saturated.

Proof. Set F := Fg(G). Suppose that P < S is fully F-normalized. By
Lemma [L37, Ng(P) € Syl,(Na(P)). Define a := [Ng(P) : Ng(P) - Ca(P)],
b:=[Ns(P)-Cs(P): Ns(P)], and ¢ := [Ng(P) - Ca(P) : Cg(P)], which all can

be seen in the following diagram:

Since the index of Ng(P) in Ng(P) is prime to p, the index of Ng(P) in Ng(P) -
Ng(P) is also prime to p, so Ng(P) € Syl,(Ns(P) - Cq(P)). By the Isomorphism
Theorems for finite groups, Ng(P) - Co(P)/Ca(P) = Ng(P)/Cs(P), and the index
of Cg(P) in Ng(P) is also ¢. By counting the indices over the left and the right
lines in the lattice diagram, we calculate that [Cq(P) : Cs(P)] = b, meaning Cg(P)

12



is a Sylow p-subgroup of Cg(P) since b is prime to p. By Lemma [[L37 P is fully

JF-centralized.

Observe that |Autg(P)| = |Ng(P)/Ca(P)| = |Ng(P)|/|Ca(P)| = ac and
|Auts(P)| = |Ns(P)/Cs(P)| = |Ns(P)|/|Cs(P)| = c. It follows that [Autg(P) :
Auts(P)] = a, so Autg(P) € Syl (Autg(P)) as a is prime to p, and Lemma [L3.7]
implies that P is fully F-normalized.

For the second saturation axiom, fix an isomorphism ¢ € F(P,Q) for P,Q < S
with @ is fully F-centralized. Fix g € G such that ¢ = ¢y|p. Let n € N, so
Cyng-1 € Autg(Q). Then there exists m € Ng(Q) such that cg,,-1(q) = ¢, (g) for all
q € Q. Therefore, m™'gng=! must centralize Q. Thus, there is a z € Cg(Q) such
that m~tgng™' = z, and gng~' = mz, which implies YN,, < Ng(Q) - C5(Q).

By Lemma [L37 Cs(Q) € Syl,(Ca(P)), thus one can draw the lattice diagram
of Ng(Q) that is similar to the lattice diagram of Ng(P) after replacing P with Q.
Then it is immediate that Ng(Q) € Syl (Ns(Q) - Cq(Q)). Then we can conjugate
IN, into Ng(P) by an element in C(Q). Fix an h € Cg(Q) such that "N, < Ng(P)
and define ¢ : N, — S by n — "n. Since p|p = ¢, we see that ¢ extends to ¢. [

After Proposition [L4.7], we need to distinguish the saturated fusion systems whose
morphisms can be induced by a finite group from those whose morphisms cannot be

induced by a finite group, so we give the following definition.

Definition 1.4.8. Let F be a fusion system on a finite p-group S. If there exists
a finite group G such that F = Fg(G), then F is weakly realizable. Moreover, if
S € Syl,(G), we call F realizable. In case F is not realizable, then F is said to be

exotic.

Today we know that every saturated fusion system is weakly realizable due to
Park [I0] and in Chapter 3, we will talk about this result.

13



For p = 2, in [I1], Solomon’s work shows that there are three saturated fusion
systems on the Sylow 2-subgroups of the group Spinz(3), and one of the is exotic. We
call this exotic fusion system Solomon fusion system, and it is the smallest example

of exotic fusion systems on prime 2.

For p # 2, Ruiz and Viruel have classified the fusion systems of all extra-special
groups of order p? in [12]. We know that some fusion systems of the extra-special

group of order 73, i.e., 72, are exotic.

The following notation is for the next proposition.

Notation 1.4.9. Let G be a finite group, P < S, and ¢ be an isomorphism from P
to a subgroup of GG. We define

?Autg(P) = {poaocp ! : for all a € Autg(P)}.

The next proposition presents a case where the extender subgroup has maximal

order. We also use the next proposition several times during our work.

Proposition 1.4.10. Let ¢ € F(P,Q) be an isomorphism. If Q 1is fully F-

normalized, then there exists a x € Autz(Q) such that x¢ extends to some
U € F(Ns(P), Ns(Q)) (i.e., 9|p = xp).

Proof. By the Sylow axiom, Autgs(Q) € Syl,(Autz(Q)). Consider *Autg(P), which
is clearly a subgroup of Autz(Q), so “Auts(P) < Autz(Q). It follows from the Sylow
theorem that there exist some x € Autz(Q) such that X?Autg(P) < Auts(Q). Then
given n € Ng(P), we have n € N, since ¢, € Autg(P) and ¥ Autg(P) < Auts(Q).
Therefore, N,, = Ng(P). By the extension axiom, ¢ extends to a morphism 9 €
F(Ng(P),S). It remains to show that J(Ng(P)) < Ng(Q). Let n € Ng(P), then
d(nPn~') = Q. Therefore, ¥(n) - Q - ¥(n)~! = Q. This means that J(n) normalizes
0. 0

14



1.5 Alperin’s Fusion Theorem

In [9], Alperin shows that fusion of p-elements (elements of order a power of p)
is determined by p-local subgroups. In other words, he introduces one of the key
aspects of the “Local-to-Global principle” for finite groups, which enable us to write
the same fusion between subgroups by using restrictions of automorphisms of larger

subgroups.

In [13], Goldschimdt moved Alperin’s work one step further by identifying a subset
of local subgroups that generate the fusion. We will call these special local subgroups

F-essential. This result today is known as the Alperin-Goldschimdt Theorem.

Puig has adapted Alperin’s Theorem to (abstract) fusion systems in [4]. In part
of our work, we present Alperin’s Fusion Theorem for fusion systems, but first we

need to define F-essential subgroups.

Definition 1.5.1. Let F be a saturated fusion system on a finite p-group S. For
P< Sand C:={R<S||P|<|R|} we define the subgroup Aut®(P) that consists
of the elements of Autz(P) that can be written as the composite of restrictions of

automorphisms of the elements of C.

There are some alternative definitions to the next one, the reason we prefer Puig’s

version is that it eases the work to prove Alperin’s Fusion Theorem.

Definition 1.5.2. ([2, 5.7]) Let F be a fusion system on a finite p-group S and P
be a subgroup of S. P is F-essential if Aut®(P) # Autz(P).

In Definition [L51] if we let P < .S, S would be an F-essential. However, most
sources on fusion systems avoid doing that, so we do not consider S as an F-essential

subgroup.
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Theorem 1.5.3 (Alperin’s Fusion Theorem). [4, Corollary 5.10] Let F be a saturated
fusion system on a finite p-group S and F"¢° be the set of fully F-normalized, F-
essential subgroups of S together with S itself. Then every isomorphism of F can be

written as a composite of restrictions of automorphisms of subgroups in F™°.

Proof. 1f 0 € F(S,5), the theorem trivially holds, so we work on proper subgroups
of S. Suppose the theorem does not hold for all F-isomorphisms and let A be
the set of isomorphisms of F that can be written as a composite of restrictions of
automorphisms of subgroups in F"°. We proceed by a downward induction on the
size of the source of the isomorphisms not in A. Thus, pick an F-isomorphism
¢ : P — @ such that ¢ ¢ A and |P| is maximal among the orders of the sources of

the other isomorphisms not in A.

As an initial step, suppose that @ is fully F-normalized. By Proposition [I.4.10]
there is some x € Autz(Q) such that xp extends to ¥ € F(Ng(P), Ns(Q)). Since
P < S and S is a p-group, we have P < Ng(P). The maximality of |P| implies that
e A If xy € AutE(Q), then x € A, meaning p € A as p = xV|p. If x & AutE(Q),
we must have that Autz(Q) # Aut:(Q). In this case, Q would be F-essential and
x € A.

If @ is not fully F-normalized, to have the diagram below we can pick an R in
the F-isomorphism class of P such that R is fully F-normalized and ¢ : ) — R is

an JF-isomorphism. Now we have

[ S
\/’
P

Note that ¥ in the figure above is an F-isomorphism. So by repeating the preceding
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argument, we get ¢,p € A. Writing ¢! o ¢ = ¢ implies that ¢ € A. That

contradicts our initial assumption. [

By following similar steps in the proof of the previous theorem, we show that if
an J-conjugacy class contains an F-essential subgroup, then all subgroups in this

class are F-essential.

Proposition 1.5.4. Let F be a saturated fusion system on a finite p-group S and
P an F-essential subgroup of S. Then every subgroup that is F-isomorphic to P is

also F-essential.

Proof. Let Q < S be F-isomorphic to P. Suppose that () is not F-essential. Since
P is F-essential, we have Autz(P) # Autk(P). Fix a € Autz(P) \ AutZ(P), and

we aim to get a contradiction.

First suppose that @) is fully F-normalized. By Proposition there is an F-
isomorphism ¢ € F(P, Q) that extends to p € F(Ng(P), Ns(Q)). Let 3 = poaop™,
clearly 8 € Aut#(Q). Since Q is not F-essential, 3 € Aut%(Q), so 3 can be generated
by the restrictions of automorphisms of subgroups larger than (). Note that ¢ is an
F-isomorphism from Ng(Q) to ¢(Ng(Q)). By Alperin’s Fusion Theorem, we can

1 as composite of restrictions of automorphisms of F-essential, fully

write ¢ and @~
F-normalized subgroups of S. The size of each of these subgroups is larger than |Q)
because Q < Ng(Q). Since a = p|poBo g™, we get @ € AutE(Q), and this leads

to a contradiction.

To handle the case that @ is not fully F-normalized, let ¥ € F(Q, R)is, and
0 € F(P, R)is, where R is fully F-normalized subgroup of S, then examine the figure

below.

17



By Proposition [L410, we can extend # and 9 to 6 and 9 to S-normalizers P
and @ respectively. We also have that ¥~! o § is an F-isomorphism from P to Q.
Since R is fully F-normalized, it follows from the argument above that # and ¥ can
be generated by the automorphisms of larger subgroups, so can ¥9~! o 6, and this

completes the proof. O

1.6 Direct Products Of Fusion Systems

In Chapter 3, we will prove a result that is shared by all saturated fusion systems,

and at some point when proving it, we will need the work that is done in this section.

In this section, we will see that direct products of fusion systems generate a fusion

system and examine the case where those fusion systems are saturated.

Definition 1.6.1. Let F; and JF, be fusion systems on given finite p-groups Sy
and S3. The category F; X F» has subgroups of S; x Sy as objects and the set of
morphisms between P, () < 57 X Sy is

Fix Fo(P,Q) ={(p1,92)lp : P< P x P,Q < Q1 X Qa,p; € F(P;,Qi)}

where P; and (); are the projections onto the ith coordinate of S; x S for i =1, 2.

F1 X F is a fusion system on S7 x 5. We will show that F; x F is saturated if F;
and F; are individually saturated, but first we need to prove a lemma that provides

an alternative definition for saturated fusion systems.
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Lemma 1.6.2. ([I, Lemma 1.4]) Let F a fusion system on a p-group S. The Sylow
Aziom of Definition[1.4.6 can be changed to the following:

- Any subgroup P of S is F-conjugate to a subgroup Q) of S which is fully F-
centralized and Autgs(Q) € Syl,(Autz(Q)).

Proof. The Sylow Axiom in Definition [[L.4.6] directly implies our new condition. We
claim that our condition also implies the Sylow Axiom, so suppose it holds. Let P be

a fully F-normalized subgroup of S. We want to show that P is fully F-centralized.

There is a subgroup @ < S which is JF-conjugate to P such that
Auts(Q) € Syl,(Autz(Q)) and Q is fully F-centralized by the condition. Since
P =7 @, we also have Autz(P) =r Autz(Q). By the definition of fully F-normalized
subgroups, |Ng(P)| > |Ns(Q)|. Thus, we can write the last inequality as

[Auts(P)[|Cs(P)] = [Auts(Q)[|Cs(Q)] (1.1)

Since Autgs(Q) € Syl,(Autz(Q)), we must have |[Auts(P)| < |Auts(Q)|. This
forces |Cs(P) > |Cs(Q)| by (L), but since @ is fully F-centralized, we must have
that |Cs(P)| = |Cs(Q| and |Autg(P)| = |Auts(Q)|, meaning P is fully F-centralized,
and Autg(P) € Syl (Autz(P)). O

Proposition 1.6.3. ([I, Lemma 1.5]) Let Fy and F» be saturated fusion systems on

given p-groups S1 and Sy. Then Fi X Fo is a saturated fusion system on S; X Ss.

Proof. Set S := S; x Sy and F := F; x F. Additionally, for any P < S and
¢ € F(P,Q), let P, and @Q; be projections of P and @) onto the ith coordinates
respectively. We first prove that F satisfies the Sylow axiom by using Lemma [[.6.2]

If the P, are not fully F;-normalized, we pick another subgroup from the
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F-conjugacy class, so that its projections on the first and second coordi-
nates are fully F;-normalized. We now move our attention to the subgroup
P, x Py. It clearly includes P, and since Cg(P) = Cs(Py x Py) = Cs(Py) x Cs(P2),
we have P and P, x P, are fully F-centralized. Definition [L6.1 implies
that Autz(P; X Py) = Autz, (P;) X Autg,(FPs), repeating the same arguments for
S-automorphisms yields Autg(P; x Pp) = Autg, (P1) x Auts,(P,). Since Autg, (P;)
are Sylow in Autg, (P;) (by the Sylow axiom) for ¢ = 1, 2; then Autg(P; X P,) is Sylow
in Autz(P; x Py).

By Definition [6JI we have Autz(P)<Autz(P X P,). For a
given « € Auty(P, x P,), consider the set a o Autz(P) o a™!, and let
B e Autg(P). We see that aofoat|yp) =aoflp=alpe€ Autz(a(P)), so
aoAutr(P)oa ™ = Autz(a(P)). Then by the Sylow Theorem, there is an
0 € Autz(P, x P») such that Autg(P; x P,) contains the Sylow p-subgroup
of Autz(a(P)). This shows that Autg(a(P)) is Sylow in Autrz(a(P)) since
Autg(a(P)) = Autg(P1 X Po) NAutz(P x P»).  Then Autg(a(P)) is fully F-
centralized, so it follow by Lemma that Sylow axiom is satisfied.

For the extension axiom, take ¢ € F(P,S) and suppose that ¢(P) is fully F-
centralized. Since Cg(P) = Cg,(P1) x Cs,(P2), P; are fully F;-centralized for i = 1, 2.

As ¢ and ¢y extend to N,

o and N,,, ¢ extends to N, x N,,. This proves the

proposition.
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Chapter 2

Bisets

In this chapter, we review the structure of bisets and try to express group homo-
morphisms induced by the elements of bisets. Then we will show that bisets encodes

morphisms of a specific fusions system, which we call a stabilizer fusion system.

The sections of this chapter are based on the ideas of Puig, which appear in
Chapter 21 of [2].

2.1 Bisets

Definition 2.1.1. Let G and H be finite groups. A (G, H)-biset is a set {2 with a
left G-action and a right H-action such that whenever g € G, h € H, w € , we

have
g-(w-h)=(g-w)-h

Let ¢ : K — G be an injection, and Q a (G, H)-biset. By £y, we mean the
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(K, H)-biset © on which K acts via ¢, meaning if ©® is the left K action on (2,
kE©w=p(k)- wforall k € K, where - is the left G-action.

We call Q) left free if the left G-action is free, right free if the right H-action is
free, and bifree if ) is both left and right free.

The (G, H)-biset € can also be viewed as a left (G x H)-set: For (¢,h) € G x H,
set
(ghow=g w-h,
where - is the biset action. We can also make a (G, H)-biset from a (G x H)-set by
writing
g-w-h=(g,h"") 0w
Hence, when working with bisets, we can view a biset as a left (G x H)-set via this

Correspondence.

Definition 2.1.2. If Q and U are (G, H)-bisets, a biset morphism ¢ : Q) — V¥ is a
map such that p(g-w-h) =g - p(w)-h forany g € G, h € H and w € .

2.2 Stabilizer Fusion Systems

Definition 2.2.1. Let 2 be a (G, H)-biset. The opposite biset Q°P is the (H, G)-biset
such that = Q°P as sets, and for all g € G, h € H, and w € () the (H, G)-action is
given by

hOowog=g ' -w-h
where - is the (G, H)-biset action. If G = H and Q = Q° as (G, G)-bisets, we say ()

is symmetric.
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Let S be a finite p-group and €2 be a bifree and symmetric (S, S)-biset. Let Gg
be Aut(;2s), the group permutations of €2 that respect the right S-action, meaning

for all 0 € G, w € Q, and a € S we have o(w - a) = o(w) - a.

Since the elements of €2 are permuted by the left S-action, and the left and right
S actions commute, each element of S induces an element of Gg: For any a € S, let
0, € Gg be given by w+— a-w. The map e: 5 — Gq: a — o, embeds S in Gq. If
P < S, we denote (P) by Pq.

Next, for P,@ € S, we can map T, (Pa, Qq) (the Gq transporter of Py to Qq)
to Hom(P, Q). Let ¥ be the map Tg,(Pa,Qq) — Hom(P,Q): o — ¢ such that

000,00 = 0y for each a € P.

Definition 2.2.2. Let € be a symmetric (5, 5)-biset. We call the category Fq =
Fs,(Gq) the stabilizer fusion system of €.

The first observation about Fgq is that since Sq = S, we can view JFq as a fusion
system on S. On the other hand, S, does not need to be Sylow in Gg, so Fo(Gq) is

not a priori saturated.

Remark 2.2.3. Letting 2 be symmetric says that constructing the stabilizer fusion
system Fg(Aut(s€2)) gives that Fg(Aut(sQ)) and Fs(Aut(1€s)) are isomorphic.

A better description for the morphisms of Fg, is required, and the following lemma

enables us to do that.

Lemma 2.2.4. Let Q be a bifree-symmetric (S,S) biset. Given P,QQ < S and
¢ € Hom(P, Q), ¢ € Fq if and only if pQs and $Ss are isomorphic as (P, S)-bisets.

Proof. We first prove the necessity part of the lemma. For ¢ € Fqo(P,Q), there is

some o € G such that c oo, 007! = Op(a) for all a € P. Then for all w € Q, we
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have 0(0,(w)) = 0y (0(w)), and it follows that o(a - w) = ¢(a) - 0(w), therefore o

is an isomorphism of (P, S)-bisets pQlg = £Qs.

The sufficiency part is easy, since if we are given the isomorphism ¢ : pQg — 5Qg,
for all @ € S,w € Q, we have ¥(a-w) = a ® P(w) = P(a) - Y(w) where ® is the left
P action on the (P, S)-biset £Qg. O

2.3 Fixed-point Morphisms

In this section, we investigate the relation between fixed-point morphisms and stabi-
lizer fusion systems. As a result of our work, in the next chapter, we review Park’s
result in [I0]. We will see that stabilizer fusion systems are saturated if their mor-

phisms match up with the corresponding fixed-point morphisms.

Definition 2.3.1. Let Q be a (G, H)-biset. Given w € €, the point-stabilizer of w
is the set

Stabgys(w) = {(g,h) EGx H : g-w-h ' =w}.

Clearly (1,1) € Stabgxs(w). Given (g,h) and (k,m) in Stabgyg(w), we have
(gk,hm) € Stabgyxs(w) < G x H. Therefore, Stabgys(w) is a subgroup of G x H.

Definition 2.3.2. Let S be a finite p-group, P < S a subgroup, and ¢ : P — S an

injective group homomorphism. The twisted diagonal subgroup of ¢ and P is

(p, P) :={(¢(a),a) : a € P < S}.

Definition 2.3.3. Let 2 be an (5, .5)-biset, P < S a subgroup, ¢ : P < S a group

1= w, then we say (¢, P) fixes

w. The set of all points of Q fixed by (i, P) is denoted by Q).

injection, and w € Q. For each a € P, if p(a) - w-a~
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With the following lemma, we will get closer to relating point-stabilizers with the

corresponding morphisms of a fusion system.

Lemma 2.3.4. Let 2 be a bifree (S, S)-biset. Then all point-stabilizers in ) are of

twisted-diagonal form.

Proof. Let w € €. Since Stabgyxs(w) < S x S, let @ and P be the projections of
Stabgy s(w) onto the first and second coordinates respectively. For each a € P, there
exists a b € @ such that (a,b) € Stabgys(w), so that b-w -a™' = w. Note that b is
here uniquely determined as the left S-action on 2 is free. Then we can define the
map ¢, : P — @ such that (®,(a),a) € Stabgys(w) for each a € P. Furthermore,

®,, is injective due to the free right S-action on (2. Since
(By(a)) ™ w-a=®,b)-w-b"
we conclude that ®,,(a)®,(b) - w - (ab)~!, meaning ®,(ab) = ®,(a)®,(b). Hence,

¢, € Hom(P, Q). O

Indeed, we are interested in twisted diagonal forms whose group homomorphisms

come from a fusion system F.

Definition 2.3.5. Let F be a fusion system on a finite p-group S. The bifree
(S,S)-biset Q is F-generated if for each w € 2 we have

Stabgxs(w) = (¢, P),where P < S and ¢ € F(P,S).
It will be useful to represent all fixed-point morphisms in a set.

Definition 2.3.6. For each P < S we define Hom® (P, S) to be those group injections
¢ : P < S such that Q") is non-empty.
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We do not know yet that how stabilizer fusion systems and fixed-point morphisms
are related. We will first show that the existence of a possible composition between

them. Then the containment Fo(P,S) € Hom®(P,S) will be proved in some cases.

Proposition 2.3.7. [2, 21.3.2] Let Q be a bifree (S, S)-biset. If QUdsS) s non-empty,
then Fo(P,S) C Hom®(P,S) for each P < S.

Proof. Let P,Q,R < S, ¢ € Hom®(P,Q) and ¢ € Fo(Q,R). We claim that
Yo € Hom®(P, R).

Since ¢ € Hom®(P, Q), there exists an w € Q such that ¢(a) -w = w - a. On the
other hand, by Lemma2.2.4] there exists a (Q, S)-biset isomorphism o : Qg — gQS
such that o(z - w) = ¥(z)o(w) for all z € Q. Observe that

o(w) =0o(p(a) w-a™)
= ¥(p(a)) o(w) a™".

Hence, ¢ o ¢ € Hom"(P,R). Note that for a given any subgroup P < S,
Hom“(idp, P) is non-empty as Hom®(idg, S) is non-empty. This implies that we
have 1 o idp = 1) € Hom®(P, S) by our claim whenever ¢ € Fq(P,S). O
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Chapter 3

Characteristic Bisets Of Fusion

Systems

In this chapter, we will explicitly describe the properties of certain bisets that exist
for every saturated fusion system. As we pointed out earlier, exotic fusion systems
cannot be realized by a finite group unless we remove the Sylow condition for real-
izability. Therefore, this important difference between exotic and realizable fusion
systems leads us to work with different structures that can hold all the information
of a saturated fusion system. At this point, characteristic bisets will be our new way

of seeing saturated fusion systems.

3.1 Characteristic Bisets

Characteristic bisets and fusions systems together were first investigated by Linck-
elmann and Webb in their unpublished notes as a result of their work on the IF,-

cohomology of fusion systems. Since the homotopy theory of fusion systems is not
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a subject of this thesis, we avoid saying more about this material, but the details

about how their biset idea emerged can be found in [14].

Before introducing characteristic bisets, we need the following definitions.

Definition 3.1.1. Let F be a fusion system on a finite p-group S. An (S, S)-biset
Q is

i. Left F-stable if |Q@F)| = |QUHP)| (45 stands for the inclusion of P in ) for
all P < S and ¢ € F(P,95).
ii. Right F-stable if QPP = Q@ ¢P)| for all P < S and ¢ € F(P,S).
iii. JF-stable if ) is both left and right F-stable.

Remark 3.1.2. If © is an bifree (S, S)-biset and F is its stabilizer fusion system, €
is always JF-stable.

Fact 3.1.3. For a bifree (5, S)-biset 2 and a fusion system F on S, being F-generated
and F-stable is equivalent to Qs = pQg for all P < S and ¢ : P— S in F.

Definition 3.1.4. Let F be a fusion system on the finite p-group S, and €2 an
(S, S)-biset. We call 2 an F-characteristic biset if the following conditions hold:

i. Q is F-generated (see Definition 2.3.9]).
ii. 1is F-stable.
iii. |Q2|/|S] is prime to p.

Remark 3.1.5. The first condition of characteristic bisets implies that each twisted
diagonal subgroup has trivial intersection with the left (1 x S) and (S x 1) actions,

hence we get free left and right S actions on €2, in other words €2 is bifree.

We continue with the key example of characteristic bisets.

Ezample 3.1.6. Suppose that S is a Sylow p-subgroup of G' and F := Fg(G) is the
induced fusion system on S. Recall that G is an (5, 5) biset as S acts on G from
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the left and right via the group operation. Given z € G, let (a,b) € Stabgys(x),
then azb™! = z or b = x~taz. This implies that (c,, SN S%) = Stabg.s(z), and G is
F-generated as ¢, € F.

For a subgroup P < S and a morphism ¢, € F (P, S), define the maps:

0, : GCoP) s Glea eo(P) gy =1

0y : GCoF) =5 GUPP) | gy g7,
Note that for z € G°s") and each a € P, since c,(a)(r)a™! = x, we have that

= (cgla)(z)a™) 7 = alz)(cy(a) ™ = ¢ (eola)) (271 (cg(a) ™!
9w =g ey(a)(w)a”" = alg ' z)a

hence both maps are well defined. On the other hand, the inverse maps are given by

o7l Gl o P) _y GleaP) gy L,

057" : GUPP) 5 GoP) | s ga.
Therefore, G is F-stable as #; and 6y are bijection.

The third axiom follows immediately as S is Sylow in G. Therefore G is an
(S, S)-characteristic biset of the saturated fusion system Fg(G).

3.2 Saturated Fusion Systems From A Different

Perspective

If F is a realizable fusion system, we know that F is always saturated by Proposition
47 Example [3.1.6] then motivates us to ask a natural question, is a fusion system

saturated if and only if it holds a characteristic biset? We will need the following
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lemma before we respond to the first part of this question. In this lemma, for a finite
p-group S, we prefer to work only with left S-sets rather than using both the left
and right group actions to handle things more easily. It is also an example to see

how one can manipulate and construct new S-sets by adding orbits.

Lemma 3.2.1. [I, Lemma 5.4] Let F be a saturated fusion system on a finite p-
group S and H be an arbitrary collection of subgroups of S such that H is closed
under taking subgroups of S and F-subconjugacy. Let X, be an S-set such that
|XP| = |XE| whenever P =z Q and P ¢ H. Then there exists an S-set X that
contains Xo and has the following properties for all P < S:

i. | XP| = |X°P)| whenever p € F(P,S).
. If P ¢ H, then XT = X[

Proof. If H = (), simply let X be X,. Otherwise, we construct X to satisfy the
lemma by adding related orbits to Xj.

We apply induction on the number of subgroups in H. Let P be maximal in H,
and without lose of generality, we can assume that P is fully F-normalized in its
F-conjugacy class. After that we define Hy such that it contains all the subgroups
in H but P and the subgroups F-conjugate to P. By the inductive hypothesis, the

lemma is satisfied for H,.

We aim to have that |X'| = | X&| for all Q < S that are F-conjugate to P. If this
equality fails, we will add orbits of type [S/P] or [S/Q)] (using brackets to indicate
orbit type). However, when adding [S/Q]-orbits we need Proposition [LAZI0l For this
reason, by adding [S/P]-orbits we first guarantee the inequality |XF| > | X&|.

Now fix @ < S that is F-conjugate to P. By Proposition [TZ4.10)
© € F(Ns(Q), Ns(P)) restricts to an F-isomorphism from ) to P. Then consider
the Ng(Q)/Q action on X and XI (via ¢). A quick observation about the orbits

30



of this action is that if the size of the orbit of an element z, € X is [Ng(Q)/Q)|,
then zy must have trivial stabilizer, so the action of Ng(Q)/Q on this type of orbit
is free. However, if the orbit of z( has size less than |Ng(Q)/Q|, then Ng(Q)/Q
acts non-freely on these orbits, meaning the points live in the orbit wy must be
fixed by some subgroups of S properly containing (). Before making use of that
fact, we define two subsets / X& and "/ X, namely free and non-free parts of X©.
Hence, X& = I XP [ XE, similarly X{Q = 7 X2 @ [ XY We claim that the

non-free parts can be written as below:

anOQ: U Xé% and anE)P(Q): U X(‘)P(R)'
QSR<Ns(Q) P(Q)SR<Ns(»(Q))

The containment C is obvious. Conversely, given x, € ™ X(?, xo should be stabilized
by some subgroup of S that contains () as it lives in an orbit whose size is smaller
than |Ng(Q)/Q| by Orbit-Stabilizer Theorem, and similar arguments follows for sec-
ond equality just above. This also implies that |XZE| = |X¢| by the induction
hypothesis.

Hence, we have the same number of elements living inside the non-free orbits of
X& and X[ for the action of Ng(Q)/Q on X& and (via ¢) XSQ(Q), and the difference
IXE| — |X¢ (Q)| will give the number of elements living inside all orbits where the
Ns(Q)/Q action is free. We can then divide |X&| — |XBP(Q)\ by |Ns(Q)/Q] to obtain
the number of these orbits.

IXE1-1XS

Let cq be Txi@ar

and define a new S-set by
xo=xoll( T o [570))
QE[PIF\P

where cg - [S/Q)] can be seen as the ¢q different disjoint union of [S/Q)] orbits. Since
we did not change the balance of the points fixed by T' ¢ H, we still have XT = X[

The proof follows inductively for the sets X; and H;. O
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Just as in the above lemma, we would like to be able to work with transitive
subsets of the bisets we are acting on. With the help of the next definition, we will
have transitive sub-bisets, so that we can write any given bifree (5,S)-biset as a

union of that kind of subbisets.

Definition 3.2.2. Let ¢ : P — S be an injective group homomorphism. Set
SX(p,p)S =S x S/ ~, where ~ is given by (s1p(a)), s2) ~ (s1,as2) for s;,55 € 5,
a € P. Note that S x,, p S is an (5, S)-biset.

We can also relate these sub-bisets with the stabilizers as we need this relation in

the next theorem.

Lemma 3.2.3. If P < S and ¢ € Hom(P,S), then S X(py) S is isomorphic to
(S x 8)/(p,P) as (S, S)-bisets.

Proof. Define f : S X(py) S — (S x S)/(¢, P) by (9,h) — (g,h~"). We only need
to show that this map is well defined. Note that for ¢ € G, h € H and a € P, the
elements equivalent to (g, h) are of the form (gp(a),a™h), and they will be mapped
to (gep(a),ah™), which lives with (g, ') inside the same coset. O

In the next theorem, we will construct a characteristic biset for a given saturated
fusion system. In this construction, we will use similar arguments given in the

previous lemma.

Theorem 3.2.4. [I, Proposition 5.5] Let F be a saturated fusion system on a finite
p-group S. Then F has a characteristic (S, S)-biset.

Proof. As we mentioned earlier, every (G x H )-biset corresponds to a left (G, H)-set.
We will construct a left (S x S)-set, and use Lemma [3:21] to finish the proof.
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Start by defining the set

Q= J] (Sxus9).

[¢]l€0ut = ()
Note that given ¢; and ¢y € F, we have that (¢1,5) and (¢2,.5) are conjugate in
S xS whenever ¢y and ¢, are in the same equivalence class in Autp(P)/Inn(S).
Hence, Qq is well defined as an (S x S)-set.

Since S is fully F-normalized we have Inn(S) € Syl,(Autx(S)) by the saturation
axioms, so |Outz(S)| is prime to p. As each subgroup (¢, S) has order p, Then by
LemmaB.23] S x5 S| = [(S x5)/(p,9)| = |5], thus |Q]/|S| = |Out£(S)| which

is prime to p.

Let H be the set of subgroups of S x S of the form (p, P) for all proper subgroups
P of S and ¢ € F(P,S). Since F is saturated, F X F is a saturated fusion system on
S x S by Propostion [L6.3l Observe that if P < .S x S and P ¢ H, we have Q' = ()
because € is a bifree (.5, 5)-biset and ¢ factors as an F-isomorphism followed by
an inclusion in F, so all stabilizers are of twisted diagonal form by a morphism in
F. In addition, the case P = (¢, R) for ¢y € F(R,S) is not our concern as we use
F-morphisms in the construction of €y. Therefore, H, as a left (S x S)-set, satisfies

the conditions given in Lemma [3.2.1]

Lemma 3211 implies that there exits (S x S)-set Q D Qg such that |QF] = |Q|
whenever P and P’ are F x F-conjugate, and Q9 = (282 if Q ¢ H.

Lastly, since the orbits of /Qq are of the form (S x S)/(¢,S) for P < S, they
are multiple of p|S|, we get Q2 = Qg mod(p|S|). This implies that |2/S] is prime to
p. O

As we promised at the end of the previous chapter, here is Park’s result.
Theorem 3.2.5. [10, Theorem 1] Every saturated fusion system is weakly realizable.
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Proof. Let F be a saturated fusion system on a finite p-group S. By Theorem B.2.4]
the fusion system F has an F-characteristic (.5,.5)-biset Q. Let Fo = Fg,(Gq) be
the stabilizer fusion system of 2 where G = Aut(,€2s) and Sq = S. We claim that
F = Fa.

Let P < S and ¢ € F(P,S). By Fact B3] we have £Qg = pQlg, so that p € Fq,
meaning F C Fq.

For the containment F O Fq, let P < S and ¢ € Fq. Consider the right S-action
on S\Q. All the non-trivial orbits of this S-action have length divisible by p, so the
set of fixed points (S\2)? is not empty as p does not divide |S\Q|. For P < S, an
orbit containing a point with point stabilizer (¢, P) has order |S|?/|P|. If all points
have such a point stabilizer with P < S, this would force |S\Q| =, 0. Therefore,
since ) is F-generated, there is an a € Autz(S) such that Q% is non-empty.
Since ) is F-stable, we have Hom®(idg, S) # §). Then Proposition 2237 implies that
v € Fq. Hence, F = Fq. ]

To conclude our work in this chapter with characteristic bisets, we need to show
that for a fusion system JF, the existence of F-characteristic bisets implies saturation.
To give a proof for this result, the technical lemma will be needed. Ragnarsson and
Stancu expanded the ideas given in [I5, Proposition 1.16] and had some results that

we collect in the following lemma.

Lemma 3.2.6. [14, Lemma 6.1 and Lemma 6.2] Let F be a fusion system on a finite
p-group S,  an F-characteristic (S, S)-biset, and P < S. Let m: Q — S\Q be the
projection and Qg be the pre-image 7= *((S\Q)F). Then we have

)10 = 5 1967 and [2)/15] £, 0,
peF(P,S)
(ii) Givgn o € F(P,S), then ¢(P) is fully F-centralized if and only if
207 D))

csty) 7o 0-
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Proof. (i) We first review the structure of {2y. It is naturally an (S, P) biset, and if
w € o, then for all a € P, there is some b € S such that b-w-a~! = w. Here b is
uniquely determined since €2 is bifree by Remark [3.1.5 Therefore, for each w € €},

we have injective group homomorphisms ®,, : P — S such that
Stabg.p(w) = {(Pu(a), a)}acp.
Since 2 is F-generated, @, € F(P,S). Then let us define
O :Qy— F(P,S)
by w — ®,. If ¢ € F(P,S), the pre-image ®~!(¢) is given by Q(()“D’P) = Q") Then

O = H Q(<PJ’)7
peF(P,S)
and the order of each side is given by

Q= > [P (3.1)

pEF(P,S)

Consider the right P-action on S\€. All non-trivial orbits have length divisible
by p. Since |[S\Q| is prime to p, then by the Orbit-Stabilizer Theorem, the set of

P-fixed points has size prime to p. Therefore, we have

1S\Q] =, [(S\Q)"] =[S\ Q| %, 0.

(i) Given w € Qq, let ¢ be ®,,. For all a € P,b € S we have the following equality:
b-w=0b-(pla) - w-a ) =bpla)b™'-(b-w)-a . (3.2)

We conclude that &,, = ¢ o &,. Therefore, @ induces a map
P : S\Qy — Repr(P,S), where Repx(P,S) := Inn(S)\F(P,S). We also define the
projection 7 : F(P,S) — Repx(P,S), and let § = 7o ®. All these maps give the

commutative diagram below.
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Qo F(P,S)
l \ [_
S\Q 0 Repz(P,5)

Note that if ¢ € F(P,S), the size of its Inn(S)-coset in Rep (P, S) is |S/Cs(¢(P))|
by ([B2)). With this in mind, for each [¢] € Rep(P,5), the size of each pre-image

071([¢]) can be written as

_1sei?)]
ICs(p(P))]’

On the other hand, each S x P-orbit with a point-stabilizer (p, P) has order |S]| as

()]

the left S-action is free on €2y , hence

() e I e
S T Cs(e@)]  [Cs(e(P)]

The latter equality holds since 2 is F-stable. Then we can partition the sum (B))
for each [p] € Rep£(P,S), and with the information of from (i), we get

27
0 l/1SI= Y
[p]€Rep £ (P,S)
Since 07'([¢]) is not empty, |Cs(¢(P))| divides |Qg’SD’P)\ for each ¢ € F(P,S).
Let ¢, € F(P,S) such that ¢(P) is fully F-centralized and ¢(P) is not, then
|Cs(p(P)| = p*|Cs(p(P))] for some positive integer k. Since ]Q(()LI%’P)\ is constant in
the summand, only the order of fully F-centralized subgroups cancel out the p-factor

of |fof”P)|, and this finishes the proof of this lemma.

The following Theorem is due to Puig.
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Theorem 3.2.7. [2, Proposition 21.p| Let F be a fusion system on a finite p-group
S and Q an F-characteristic (S, S)-biset. Then F is saturated.

Proof. For a given fully F-normalized subgroup P of S, we need to show that P is
fully F-centralized and Autg(P) € Syl,(Autz(P)). We keep the same setup given in
Lemma [3.2.6]

Let 7 be the projection Q — S\Q and set Qg := 7~ 1((S\Q)), so Qp is the disjoint
union of the points fixed by (¢, P) for each ¢ € F(P,S). Therefore,
Q=[] a#.
PEF(P,S)
By Lemma B.2.6, the order of S\ is given by the sum
0%, 1S\l = g 30 10
pEF(P,S)
Since Q is F-stable we can change [Q®F)| to |Q¢7P)| in the summand and take
advantage of Lemma [3.2.601 However, this sum says nothing about Cg(P). At this
point, to have |Cs(P)| in the summand, we will manipulate this sum by changing its
partition. In the first place, note that the number of F-morphisms from P to S is
the sum of the number of F-morphisms from P to each subgroup that is F-conjugate

to P. Hence,
1

inm

7 FEP.Q) - Q).

Q=P

Whenever () is F-conjugate to P, then P is automatically F-conjugate to the
subgroups S-conjugate to () by the definition of fusion systems. We want to partition
the sum for the representatives of each S-conjugacy class, so multiply the summand
by |S/Ns(Q)| which is the number of subgroups S-conjugate (). Let’s denote the
S-conjugacy class of @ by [Q]s and write the sum as:

1 ’S‘ S P
0% o — - |F(P,Q)| - |QUP)].
" 18] [Q]SZEFP Ns(Q)
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Since the whole sum is prime to p, and the summand can be divided by p whenever
@ is not fully F-normalized, we can omit the non-fully F-normalized subgroups from
the sum. After canceling out each |S|, since Ng(Q)/Cs(Q) = Autg(Q), we can
replace |[Ng(Q)| by [Auts(Q)]|Cs(Q)|. In addition, since P =z @) we also replace
F(P,Q)| by [Aut+(Q)].

[Aut(Q)] (5,P) Autz(Q)] QU]
0 » .| QP = . ,
2 2 Easl @l 4T 2 Rus@] G

Q c ]_-fn Q c ]:fn

where F™ is the set of subgroups fully F-normalized in F. Then,

02, 3 [Autr(@): Auts(@)] - 1220
e IGs@I
QeFfn

Since the sum above is prime to p, both [Autz(Q) : Autg(Q)] and [Q“#D)|/|Cs(Q)|
must be prime to p too in the summand. Hence, Autg(P) € Syl,(Autxz(P)) and by
Lemma B.2.6] Cs(P) is fully F-centralized.

To show that the extender axiom is satisfied, let ¢ € F(P,S) and suppose that
©(P) is fully F-centralized.

Let N be the S x S normalizer of the twisted diagonal subgroup (¢, P). Given
(m,n) € N and (¢(a),a) € (p,P), there is some (p(b),b) € (¢, P) such that
C(mm) (p(a),a) = (¢(b),b). Then,

cm(p(a)) = @(b), (3.3)
cn(a) =0, (3.4)

and (33) and (3.4) together yield ¢, (¢(a)) = (cn(a)) for all a € P, so cp|ppy =
poc,|popt. Note that since n € Ng(P), we have ¢, and p o ¢, o o~ € Autg(p(P)).
With this in mind, recall that N, is the extender of ¢ given by the set

Ny ={n € Ns(P)lpocyop™" € Auts(p(P))}.
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This shows that if we define the projection 7w from N onto its second coordinate,

we get m(N) = N,. We see that the kernel of this projection is Cg(p(P)) x 1 by
B.3), so Cs(p(P)) x 1IN.

We now consider the action of N on Q). To evaluate this action, let (m,n) € N

1

and w € QW) (m,n)-w=m- w-n"! and

ed)m-w-n"t =mep(a)-wy-n* by (3.3)

=m-w-an"

= m-w-n"'b by (33),

so (m,n) - wy € Q@) Tt follows that N acts on Cs(p(P))\ Q¥ Since Q is F-
stable, we have |Q®P)] = |Q>P)|. As o(P) is fully F-centralized, by Lemma 326,
% is prime to p. Therefore there must be trivial orbits of this action, so for all
(m,n) € N, there is some z € Cs(p(P)) such that m-w-n™' = z-w, 27 'm-w=w-n,
and we end up with (z7!'m,n) € Stabgys(w). Let Stabgxs(w) = (¢, Q) where Q < S
and ¢ € F(Q,S5), thus P < @ and ¢|p = ¢. Since for all (m,n) € N, there is some

such z € Cs(p(P)), we have N, < @, and ¢ extends to 9|, . O

As a result of Theorem 32,7, we have the following corollary.

Corollary 3.2.7.1. [15, Proposition 1.16] Let F be a saturated fusion system on a
finite p-group S and P be any subgroup of S. The order of S-conjugacy classes of
subgroups that are fully F-normalized and F-conjugate to P is prime to p.

Proof. Since F is saturated, there exists an F-characteristic (.5, .5)-biset Q2 by The-
orem B.2.4l By Theorem B.2.7 we have the following sum that is prime to p.

00)
0 ?_ép Z [Aut]-'(@) : AUtS(Q)] ’ |C (Q)’ .
[Qls=rP s
QeFfn
The result is immediate. O
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Chapter 4

Local Fusion Subsystems

Let F be a fusion system. In [4], Puig introduced the F-normalizer subsystem and
showed some essential results about this topic. In this chapter, we first introduce
F-normalizer and F-centralizer fusion systems, which are also known as F-local
subsystems. Of course as we are interested in saturated fusion systems, saturated
F-normalizer and F-centralizer systems will be our main interest. At the end of this

chapter, we will focus on the saturation of F-local subsystems.

4.1 Normalizer And Centralizer Fusion Systems

Definition 4.1.1. Let F be a fusion system on a finite p-group S. We define the
F-normalizer Nx(P) of P as a subcategory of F, its objects are all subgroups of
Ng(P), and for U,V < Ng(P), Nx(P) has morphisms given by

Nx(P)(U,V) :={p eF(U,V) :
35 € F(PU,PV) s.t. 3l = ¢, @|p € Autz(P)}.
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Similarly we define the F-centralizer C'x(P) of P as a subcategory of F with all
subgroups of Cs(P) as objects, and morphisms for U,V < Cg(P) are given by

Cr(P)(U,V) = {p € F(U,V) : 3p € F(PU,PV) s.t. glu = ¢, &lp = idp}.

Lemma 4.1.2. Let F be fusion system on finite p-group S, and P < S. Then,
Nz(P) and Cx(P) are fusion systems.

Proof. All the morphisms of Nz(P) and Cx(P) are in F by definition, so they are
all injections. Let a € Ng(P) and U,V < Ng(P). If ¢,(U) =V, then ¢,(PU) = PV,

so ¢, extends to PU. Thus, we have
Hompg(py(U, V) € Nx(P)(U,V) C Inj(U, V).

This result is similar for Cx(P). For the second axiom, given an isomorphism
¢ € Nz(P)(U,V), the extension ¢ € F(PU, PV) of ¢ is an isomorphism too by
Proposition [LZT0. Therefore, 7|,y € Nx(P)(V,U), so it is the inverse of . O

We again use bisets to investigate the saturation of normalizer and centralizer

fusion systems.

Definition 4.1.3. Let F be a saturated fusion system on a finite p-group S, 2 an
F-characteristic (.S, .5)-biset, and P < S. We define the subset No(P) C Q to be

No(P)= [ o=

acAutr(P)

Lemma 4.1.4. Let F be a saturated fusion system on a finite p-group S, Q0 an
F-characteristic (S, S)-biset, and P < S. Then Nq(P) is an (Ns(P), Ng(P))-biset.

Proof. Let w € Nq(P), then there is an ¢ € Autz(P) such that ¢(a) - w = w-a
for all @ € P. Let m,n € Ng(P). Since ¢, o ¢ o ¢, € Autz(P) we claim that
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(EmoPuocy, P) < Stabyg(pyxng(p)(m-w-n), then this will imply that m-w-n € No(P).
Given a € P, there is b € P such that a = nbn~!. It follows that

cmo@oc,(bym-w-n=cpopoc,(ntan)m -w-n
= cp(pla)m) -w-n
=mep(a) - w-n
=m-w-an

=m-w-nb.

Thus, Nq(P) is an (Ng(P), Ng(P))-biset. O

For the next theorem, we adopt some arguments given by Gelvin and Reeh in
[3]. They prove a similar result for semi-characteristic bisets (characteristic bisets

without the p-prime condition).

Theorem 4.1.5. [2, Proposition 21.11] Let F be a saturated fusion system on a
finite p-group S. If P < S is fully F-normalized, then Nx(P) is saturated.

Proof. [3, Proposition 9.10] Fix a fully F-normalized subgroup P of S. Since F is
saturated there exists an F-characteristic (.5,.5)-biset 2 by Theorem B.27 Given
w € Nq(P) C €, there is some T" < S and ¢ € F(T,S) such that ¢¥|p € Autz(P),
and Stabgys(w) = (1, T) as §2 is F-generated.

We claim that StabNS(p)st(p)(w) = (77D|TONS(P)7T N Ns(P>> Let n € TﬂNs(P>

For a,b € P, we have nan~! = b, and

Ulrangpy(nan™") = Ylrang ey (n) Y] rans ) (@) (V] rnsp) (1)

= Y|rns(p) (b)-

This implies that ¢|rangpy(n) € Ng(P). Then our claim holds, so No(P) is
Nx(P)-generated.
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For the stability condition, let R, Q < Ng(P) and ¢ € Nz(P)(R,Q)iso. We first
deal with the easy case P < R. Since each point fixed by (¢, R) is fixed by (¢, P),
then QW C QWP and QWH C No(P), so (No(P))¥H = Q@) By using the
F-stability of Q) we get that

|(Na(P)#0] = |(Na(P)) ] = |(Na(P))##9)]. (4.1)

For the case P £ S, we focus on the subgroup PR to make use of the argument
above. Let {®;}1, be the set of maps such that ¢; € Nz(P)(PR, Ng(P)) and each
©ilr = . Note that for each ¢;, we have v;(PR) = ¢;(P)pi(R) = PQ. It is clear
that (Ng(P))®PR C (No(P)) @ Let wy € (No(P)) ™. Since 2 is F-generated,
there is a subgroup @ < S and 0 € F(Q, S) with Stabgxs(wy) = (6, Q). Notice that
PR < Q. Since wy € Nq(P), then 0|p € Autz(P) and 0|r = ¢. Then ¢ extends to
0| pr, so 0| pr has to be one of these ¢;. This shows that we can write

n

(Na ()" = [ [(Na(P)) ™.

i=1
Since P < PR, we have (Nq(P)) @R = QPR "and this gives

[(Na(P))'7] =3 070,
=1

We are left to verify that |(No(P))®P| = |(No(P) " ). Let {a}™, be the
set of extensions in Nz(P) of idg with source PR. Note that since a(P) = P and
a(R) = R, then a(PR) = PR. Therefore, each a; € Auty,(p)(PR), meaning {a}2,
is a group. Given @, @ € {@;}1;, then the composition (p;' o @;) € Auty,(py(PR)
as (¢ 'o@y)|r = idg. Then (§, ' o) must be in {a;}™,. Therefore, the right {a}™,

action on the set {@;}!; given by composition is free and transitive, so m = n.
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(p,R)

Following similar arguments for (Ng(P)) gives

|(Na(P))Hm ] =3 (P,
=1

iy (¢.R) x5 R)

By the F-stability of 2, we conclude that |(Nq(P))*”™| = |(No(P))"® |. One
_ N

can also show that |(No(P))™¥ )| = |(No(P)“2" P, hence Nq(P) is Nx(P)-

stable.

Lastly, we need to show that |Nqo(P)|/|Ngs(P)| is prime to p. Let
n = |Nq(P)|/|Ns(P)|. Recall that

No(P)= [ o=
a€Autx(P)
Then the size of the left or right Ng(P)-cosets of Nq(P) is given by
1
n=—— | Q(Q:P)|
W2,
« utrF

The rest of this proof is quite similar to the proof given for B.2.71 Remember that 2

is F-stable, hence [Q@P)| = |Q02P)| for each o € Autz(P), so we can write that
1 s
n= JAut£(P)] - |Q )
Since Ng(P)/Cs(P) = Autg(P), we can replace |Ng(P)| by |Auts(P)||Cs(P)], so
Autr(P)_ [003D) 0057
n= : = [Autx(P) : Autg(P)] - :
[Ns(P)/Cs(P)| |Cs(P)| [Cs(P)|

By the Sylow axiom of saturated fusion systems, P is fully F-centralized and
Autg(P) € Syl (Autz(P)). Since P is fully F-centralized, Lemma implies

(3P
that % is prime to p. Furthermore, the index [Autz(P) : Autg(P)] is also
prime to p as Autg(P) is Sylow p-subgroup of Autz(P), thus n is prime to p, and

we are done.
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By using arguments which are similar to the proof of Theorem [A.1.5] we show the

same result for the centralizer fusion systems.

Theorem 4.1.6. [2, Proposition 21.11] Let F be saturated fusion on a finite p-group
S. If P < S is fully F-centralized, then Cqo(P) is a saturated.

Proof. By Therem B2 let 2 be an F-characteristic (S, S)-biset. Set up a subset
Cq(P) C Q such that
Ca(P) = QU

We first observe that Cq(P) is an (Cs(P), Cs(P))-biset. Given w € Cq(P), and for
each a € P, we have a-w-a~ ! = w. Let ¢,d € Cg(P), the following equality shows
that Cq is an (Cs(P), Cs(P))-biset:

1

ac-w-da ' =ca-w-atd=c-w-d.

As P is fully F-centralized, Lemma 2.6 implies that [Q¢#)|/|Cg(P)| is prime
to p, in other words, |Cq(P)|/|Cs(P)| is prime to p.

Since 2 is F-generated, for K < S, we can suppose that Stabgxs(w) = (¢, K)
such that ¢ € F(K,S) and ¢|P = idp. For ¢ € Cs(P) and k € K N Cg(P), the
following equality

Ulkncsp) (k) = Ylkncsp) (cac™) = Ylrncsp) (€)Y knes ) (@)U knes) (¢7)

yields that Q/J(k) S Cs(P>, hence Stabcs(p)xcs(p) = (w‘KﬂCS(P)a KnN Cs(P)) As this
is true for each w € Cq(P), we have that Cq(P) is C'x(P)-generated.

We are left to show that Cq(P) is Cx(P)-stable. Let L,Q < Cg(P) and
v € Cr(P)(L,Q)iso. If P < L, then ¢ = idy, meaning Cx(P) is Cg(P)-stable.
If this is not the case, let {@;}; be the set of Cz(P)-morphisms from PL to PQ
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such that @;|p = idp and @;|;, = . It is easy to see that

( H gol PL

To see the above containment is an equality, let wy € Cx(P). For R < S and
0 € F(R,S), suppose that Stabgxs = (¢, R). Since PL < R we have that 0|p = ¢,
and 0|p = idp. This result implies that 6 € {®;}" ;, and we now have

n

(Co(P)) D = H(CQ(P))(%PL)‘

i=1
Since (Cq(P))¥iPE) = QWiPL) e get

(Ca(P)#P| =) |Q#FD)]. (4.2)
=1

On the other hand, we need to show that |(Co(P))%:PH)| = |(Cq(P))#»L)]|. Let
{a;}, be the set of extensions of id;, in Cx(P) with source PL. Since «o;(P) = P
and o;(L) = L, we get a; € Aute,(p)(PL). Observe that given ¢, ¢ € {5},
then ¢; "o € Aute,(py(PL). Since (¢, o@)|r = idp, the set {o;}7; must contain
(¢, 'o@;). This shows that {a;}™, has a free and transitive action on {;}7_,. Hence,

m=n.

Then using similar arguments for finding (Co(P))#") gives

(Ca(P) ) Z D),

As Q is F-stable, we have |(Cq(P))®D)| = |(OQ(P))(LS}-<P>’L)|. Similar arguments
for (Co(P))# ™M) yields |[(Co(P)# )| = |(Ca(P) " D)), thus Cx(P) is
Cs(P)-stable.
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