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ABSTRACT

PRESCRIPTIVE MODELING FOR
COUNTERFACTUAL INFERENCES

ELIF SENA ISIK
M.S. in Industrial Engineering
Advisor: Taghi Khaniyev
June 2024

In real-life scenarios, conducting experiments or simulations to optimize out-
comes can be costly in terms of time and resources. This thesis explores the
utilization of trained neural networks for predictive modeling and optimization
to address this challenge. The methodology involves training neural networks on
historical data or simulated environments to capture complex relationships be-
tween input variables and outputs. We then employ optimization techniques to
explore parameter/input spaces and identify optimal configurations for desired
outputs. Importantly, this approach enables us to conduct counterfactual analy-
ses, allowing us to assess how changes in input parameters would affect outputs.
We present case studies utilizing two distinct real-life scenarios: firstly, the public
simulation model FIuTE, where we demonstrate the effectiveness of our approach
in optimizing strategies to alleviate the spread of infectious diseases. Secondly, we
tackle an assortment problem and demonstrate how decision-making processes in
retail settings can be assisted by trained neural networks to maximize profitabil-
ity. We then also suggest an improved methodology to control the uncertainty
in predicted outputs from neural network. We utilize dropout networks to quan-
tify variability in the output predictions and embed them into the optimization
model. Computational experiments are conducted with the two case studies and
customized problem specific methodologies are suggested that includes decompo-
sition methods and heuristics.

Keywords: Mixed Integer Linear Programming, Metamodeling, Neural Networks.
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OZET

KARSIOLGUSAL CIKARIM ICIN RECETESEL
MODELLEME

ELIF SENA ISIK
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danigmani: Taghi Khaniyev
Haziran 2024

Gergek hayat senaryolarinda, sonuclari optimize etmek i¢in deneyler veya
simiilasyonlar yapmak zaman ve kaynak agisindan maliyetli olabilir. Bu tezde
bu zorlugun iistesinden gelmek icin tahmine dayali modelleme ve optimiza-
syon icin egitilmis sinir aglarimin kullanimini arastirilmaktadir.  Metodoloji,
girdi degiskenleri ve sonuclar arasindaki karmasgik iligkileri yakalamak icin sinir
aglarinin gecmis veriler veya simiile edilmis ortamlar tizerinde egitilmesini igerir.
Daha sonra parametre uzaylarini kesfetmek ve istenen sonuclar i¢in en uy-
gun konfigiirasyonlar: belirlemek i¢in optimizasyon teknikleri kullanilir. Daha
da onemlisi, bu yaklagim, girdi parametrelerindeki degisikliklerin farkli kosullar
altinda sonuglar1 nasil etkileyecegini degerlendirmemize olanak taniyan karsi ol-
gusal analizler yapmamiz1 saglar. Makalede iki farkli gergek hayat senaryosunu
ele alan vaka caligmalar1 sunulmaktadir: ilk olarak, bulagici hastaliklarin
yayillmasini hafifletmek icin stratejileri optimize etmede yaklagimimizin etkinligini
gosterdigimiz kamuya acik simiilasyon modeli FIuTE. Ikinci olarak, bir iiriin
sunumu problemini ele aliyoruz ve perakende ortamlarindaki karar verme
siireglerinde karliligi en tist diizeye ¢ikarmanin sinir aglari tarafindan nasil destek-
lenebilecegini gosteriyoruz. Daha sonra, sinir agindan tahmin edilen giktilardaki
belirsizligi kontrol etmek igin geligtirilmis bir metodoloji de oOneriyoruz.
Giiven araliklarini bulmak ve bunlari optimizasyon modeline yerlestirmek igin
sontiimleme aglarini kullaniyoruz. Deneyleri yine iki 6rnek olay ¢aligmasiyla yaptik
ve ayrigtirma yontemleri ve bulugsal yontemleri igeren 6zellestirilmis, probleme

0zgi metodolojiler de ortaya sunuyoruz.

Anahtar sozcikler: Karigik tam say1 dogrusal programlama, Metamodelleme,

Sinir aglari.
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Chapter 1

Introduction

In both everyday life and scientific studies, several questions emerge that explores
the causality such as "How would the profit have changed if we decided on using
another supplier”, or "How much would the spreading rate of an illness change
with different supply rates to different places?”. To answer these questions dif-
ferent methods are developed to analyze the interactions with the interventions

from real world and hypothetical outcomes, counterfactuals [2].

Conducting real-life experiments to investigate causal questions can often be
impractical, expensive, or ethically challenging. This is where machine learning
techniques come into play. Machine learning provides powerful tools to model
complex systems and predict outcomes based on existing data. These techniques
enable researchers to simulate interventions and analyze counterfactual scenarios

without the need for costly or impossible experiments.

Artificial neural networks are among the most commonly used machine learn-
ing models thanks to their robustness, compatibility and convenience. ANN
models are known to be universal approximators due to their capability of ap-
proximating any measurable function and achieving any desired degree of accu-
racy with one hidden layer [3]. They are also generalizable and have easy to

replicate structure with linearizable framework while having ability to capture



non-linear relationships within high dimensional data, making them suitable for

causal analysis.

The methodology proposed in this thesis involves training neural networks on
historical data as predictive models, or simulated environments as metamodels,
to learn patterns and relationships that underlie the real-life events. Utilizing
the predictive capabilities of these networks, we then employ optimization tech-
niques to explore parameter spaces and identify optimal configurations for desired
outcomes. The use of optimization models provides an efficient exploration of fea-
sible parameter space while making the proposed approach versatile and highly
effective for various real-life problems by handling both integer and continuous

interventions.

The objective of this work is to create a new general-purpose approach that
can be used to conduct counterfactual analyses, allowing us to assess how changes
in input parameters would affect outcomes under different conditions. We will
present two case studies: one involving the calibration of the publicly available
simulation model FIuTE using ANNs as metamodels, and another utilizing the
trained ANN on real-life data from a fast-moving consumer goods (FMCG) com-

pany for predictive modeling.

The thesis is organized as follows: first, we discuss relevant literature, briefly
explain the case studies used, then present the proposed base method and the
computational results through the two case studies which require slight modifica-
tions from the base model. We then propose an improved methodology based on
the results of the base method. Lastly, we show the computational experiments

with the same case studies.



Chapter 2

Literature Review

2.1 Neural Networks

The simplest type of artificial neural network (ANN) is a feed-forward network,
which does not have loops in its network architecture. One input layer, one output
layer, and the hidden layers that lie between them combine to form them. Every
layer is made up of nodes, or neurons, and the general structure of these nodes is
composed of three main components: (i) a set of weighted synapses, or connecting
links; (ii) a summing junction, which adds the input signals that are weighted by
the synapses of individual neurons; and (iii) an activation function, which modifies
the output signal to capture non-linearities. Important components are shown in
an illustration of a neuron in Figure 2.1. The linear (weighted) combination of
input nodes from one layer of nodes to the next is summed with a bias term and

then passed through an activation function to produce the final output [3].

From now on, artificial neural networks will be our preferred machine learning
model because of its accuracy and computational efficiency. However, the general
strategy outlined in the methodology can be adapted to other algorithms, such

as tree-based models and linear regression.
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Figure 2.1: Ilustration of neural network neuron

2.2 Monte Carlo Dropout in ANN

Srivastava et al. presented dropout as a method to enhance neural network
generalization. The basic concept involves randomly ”dropping out” (i.e., setting
a unit’s output to zero with a specific probability) units in a neural network
during training. This lessens overfitting by preventing the units from adapting
excessively. In order to maintain the expected output during testing, the outputs
are scaled by p, while each unit is retained with a probability of p during training.
Hence, By preventing the network from depending too much on any one neuron,

it lessens overfitting and facilitates robustness [4].

To further increase dropout’s efficacy, a number of variations have been sug-
gested, such as; DropConnect [5], SpatialDropout [6], adaptive dropout methods
[7], Monte Carlo dropout (MC dropout) [§].

The dropout method for estimating uncertainty in deep learning models is
made by MC dropout. MC dropout was introduced by Gal and Ghahramani
(2016) as a neural network approximation for Bayesian inference. Multiple for-
ward passes and the application of dropout at test time produce a distribution of
outputs from MC dropout provides an approach to estimate uncertainty in neu-
ral networks [8]. It also has been effectively used in a number of fields; including
natural language processing, autonomous driving, and medical image analysis.
In order to increase the robustness and reliability of deep learning models for
semantic segmentation and object detection, Kendall and Gal (2017) employed

MC dropout to estimate uncertainty in the models. Moreover, MC dropout has



proven useful in active learning, in which informative samples for labeling are

selected based on uncertainty estimates [9].

2.3 Neural Network Optimization

In recent years, there has been many studies utilizing the integration of neural
networks (NNs) with optimization models, specifically mixed-integer linear pro-
gramming (MILP) [10, 11, 12, 13]. This hybrid approach solves difficult decision-
making problems by combining the optimization capabilities of MILP solvers with

the predictive power of NNs.

Strong mixed-integer programming formulations for trained neural networks
were developed by Anderson et al. in 2020. Creating MILP formulations that
faithfully capture the behavior of neural networks with ReLLU activation functions
was the main goal of their work. These formulations allow for more accurate and
efficient optimization by giving a more accurate representation of the decision
boundaries of the neural network [14]. We will also use their model as a guide

for our base approach in this thesis.

Another similar study introduced a novel technique for optimizing objective
functions derived from trained ReLLU neural networks. ReLLU networks are well-
known for having a piecewise linear structure, which makes optimization strate-
gies applicable to them. The authors estimated the objective function that the

neural network represented using a sampling-based method [15].

Incorporating an approach similar to dropout networks, one paper utilizes
ensemble of neural networks to efficiently control the uncertainty in neural net-
works within an optimization setting. By expressing the ensemble of networks
as a MILP problem, the solutions are obtained over combined outputs of neural
networks. This approach further improves the reliability of predictions and the
decision making process[16]. A similar approach will be utilized using dropout

networks in this thesis.



2.4 Simulation Parameter Calibration
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Figure 2.2: Simulation Parameter Calibration Process [1]

Figure 2.2 provides a summary of the parameter calibration procedure. An
initial set of input parameters is used to initiate the process. Next, the simulation
model is run using the current set of parameters at each iteration, and the output
of the simulation is compared to the observed output. The calibration process
is stopped if the difference in error between the two outputs is small enough; if
not, the current parameter set must be changed using a predefined method. This
adjustment, or calibration, is done at the ” Adjust model parameters” highlighted
component. There are a few different ways to do this, including automated
calibration methods and manual iterative calibration [1]. In the former case, the
simulation output is adjusted through trial and error until it adequately reflects
the real data, based on the user’s experience; in the latter case, the simulation
output is adjusted through specific intrusive tests and measurements, as well as

customized testing and analytical procedures [17].

Grid search, also known as parameter sweep, is among the most basic auto-
mated calibration methods. Because of its ease of use and simplicity, the medical
community has embraced it widely. Using this method, all possible combinations
of values for all parameters are explored by splitting the domain of each parame-
ter into equally spaced values (i.e., the simulation model is run for each parameter
combination). For instance, 10 = 1000 possible parameter combinations are pro-
duced by a grid search using 1-unit increments for three input parameters, each

of which takes values in the range of 1 to 10. Even for a moderate number of
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parameters, it is frequently impractical to implement complete parameter sweep
due to the exponential growth of parameter combinations with the number of

input parameters, despite the method’s simplicity [1].

Not only is it impractical to explore the entire parameter combination grid,
but the parameter sweep method usually covers the entire space in a uniform
manner. The need for smart allocation of limited computational resources grows
with a simulation model’s complexity, or run time. There are more complex ap-
proaches in the literature that focus more of their time and energy on optimizing
configurations that have worked in the past, disregarding areas of the parameter

space that are not likely to produce global optima.

For instance, Malleson introduces automated techniques like genetic algo-
rithms, simulated annealing, and hill climbing. The technique known as "hill
climbing” starts with a random combination of parameters and then modifies
one of them slightly. Adopted if the modification lowers error and enhances
model performance. A change is discarded if it results in an increase in error.
Until no change to the local parameter reduces the error, this process is repeated.
In contrast to hill climbing, which always selects the best option among those
presented, simulated annealing and genetic algorithms permit the adoption of a
neighboring solution, even if it results in an increase in error. The problem of
becoming trapped at the local optima that is seen in hill climbing can be avoided
by this tactic [1].

The Bayesian calibration method, which uses the Bayes theorem and observed
data to derive posterior distributions for unknown parameters, is another ap-
proach used. The prediction can handle all factors of uncertainty through the use
of prior input distribution, and the Bayesian calibration approach corrects model
inadequacy due to discrepancies between model predictions and observed data.
These two advantages make the Bayesian calibration approach more effective than
the traditional method [18, 19].



2.5 Simulation Metamodeling

A simulator’s metamodel, sometimes referred to as a surrogate model, is a sim-
plified representation of the simulator. An approximation of the input/output
function of the underlying simulation model can also be conceptualized as a
metamodel. Reducing the cost, time, and effort associated with conducting a
simulation study is the primary goal of simulation metamodeling [20]. A variety
of metamodeling techniques for simulation metamodeling are covered in the lit-
erature. A comparison of the Gaussian process emulator (GPE), support vector
machine (SVM), neural network (NN), multiple linear regression model (MLR),
and multivariate adaptive regression splines (MARS) is presented by Lim and
Zhai [18]. Polynomial regression (PR), multivariate adaptive regression splines,
kriging (KR), radial basis function networks (RBF), and neural networks are the

five metamodel approaches that Van Gelder et al. compare [21].

Since artificial neural networks (ANN) work with most simulation models, they
are one of the most popular metamodeling techniques. Applications of ANN
metamodels in various domains, including healthcare, production, and energy

systems, are available in the literature [3, 22, 23].

2.6 Assortment Optimization

In the assortment optimization problem, a subset of a wide range of products is
chosen to be presented to customers. Traditional approaches to solve the assort-
ment problem relied on basic rule-based systems or heuristic methods. However,
as retail environments became increasingly complex, mathematical modeling be-
came a popular approach to solve this issue more effectively [24]. By presenting
the issue as an optimization task to maximize profit, mathematical models are
essential to assortment optimization. In order to maximize revenue while tak-
ing into account constraints like inventory levels and shelf space, early models

mostly utilized linear programming techniques [25]. More advanced techniques



that include mixed-integer programming (MIP) and nonlinear optimization are

also utilized as a result of improvement in mathematical modeling recently [26].

Machine learning (ML) also has become an important complement to math-
ematical modeling. Without explicit programming, ML models—in particular,
supervised and reinforcement learning algorithms—offer the capacity to identify
patterns and relationships from data [27]. In order to determine the best product
assortments, ML models can examine past sales data, customer behavior, and

market trends.

Based on past data, supervised learning algorithms, including neural networks,
decision trees, and linear regression, can predict product demand. For example,
characteristics such as historical sales, seasonal patterns, and price adjustments
can be utilized to predict future sales of specific products [28]. With the aid of
this predictive power, retailers can more precisely meet customer demand and

optimize expected revenue by selecting which products have in their assortment.

In practical applications, hybrid approaches that integrate machine learning
and mathematical modeling—such as optimization with deep learning-based de-
mand forecasting—have demonstrated impressive results [29]. For instance, to
determine the optimal assortment, deep learning models can be used to forecast
demand for each product then these forecasts can then be used as inputs in a
mathematical optimization model [30]. These hybrid models can dynamically
update and adjust to new data by utilizing ML techniques, guaranteeing that
the optimization process stays relevant as consumer preferences and market con-
ditions change [31]. Furthermore, the efficiency and scalability of mathematical
models can be improved by integrating ML. Large datasets can be preprocessed
and their dimensionality can be reduced by ML algorithms, which makes them

easier to handle for optimization algorithms.



Chapter 3

Case Studies

3.1 FIuTE Parameter Calibration

Through the use of virtual environments for experimentation and behavior pre-
diction under various scenarios, simulation models enable researchers and practi-
tioners to obtain insights into complex systems without requiring for expensive,
and often impractical real-world experiments. Ensuring the validity of simulation
models, which involves comparing their output with observed real-world data, is
one of the most significant challenges when using them. In order to improve the
agreement between the simulated outputs and the observed/target data, validat-
ing a simulation model necessitates a proper calibration of its many parameters,
many of which have a range of values. Since it requires running the underlying
simulation model for numerous parameter combinations, which can take any-
where from several minutes to several days, this calibration process can often be
computationally expensive. To alleviate this problem the proposed methodology
can be utilized. For this thesis, we have done the computational experiments

with a specific simulation model, FIuTE.

Simulation Model

10



We experimented with a particular simulation model that is frequently em-
ployed in the epidemic studies in order to assess the effectiveness of the calibra-
tion strategies previously described: Developed by Chao et.al., FIuTE is a freely
accessible stochastic influenza epidemic simulation model. It mimics how the in-
fluenza virus spreads throughout the main cities in the continental United States

[32]. The simulation seeks to offer helpful information regarding:

e What percentage of people are susceptible to an illness or become infected?

e To what extent can a given transmissibility rate of an epidemic be controlled

by vaccination coverage?

e Which population group needs vaccinations the most to lower the rate of

illness strikes overall?
e How long can one hold off on responding to an outbreak?

e What range of transmissibility rates is a given pandemic strategy capable

of controlling?

The simulation model establishes smaller mixing groups, such as neighbor-
hoods and households, with varying transmission probabilities and divides the
population into communities of 500-3000 people. Additionally, it separates the
population into age groups: 04, 5-18, 19-29, 29-64, and 64+. For every person,
the model incorporates a probability of traveling of varying lengths. The afflicted
individuals are separated into two cohorts based on their infectiousness: asymp-
tomatic and symptomatic. A person recovering from influenza is expected to take

six days, and those who are asymptomatic may develop symptoms at some point.

42 input parameters overall, including RO (transmissibility rate), vaccination
fraction, response delay, etc., are required for the full original model. Follow-
ing that, 16 output values are given, including the overall symptomatic attack
rates and the percentage of pregnant women who are symptomatic by age group.
Ten million people can run a simulation in under two hours. In order to train

a metamodel and generate a training sample for this study’s proof-of-concept,

11



thousands of simulation runs were necessary. This made it necessary to use a
simulation model that, for a given combination of input parameters, had a rel-
atively short runtime. As a result, we reduced the number of participants in
the original simulation model to 500,000, fixed other parameter values based on
values from the literature, and included only six input parameters. We also elim-
inated nine output variables that exhibited notable variability in relation to the
chosen parameters. A single simulation model run took about 5-6 minutes with
this reduction. Table 3.1 show the list of input parameters and output variables
we used. For more information on the FIuTE simulation model, refer to the Chao
et. al. article from 2015.

‘ Input ‘ Description ‘

1 Transmissibility rate of the disease

2 Fraction of population to vaccinate

3 Number of days to wait before initiating reactive strategies

4 Number of days it takes medical personnel to ascertain a symptomatic
individual

Fraction of working-age adults that belong to the ”essential workforce
and are prioritized for receiving vaccine

Number of vaccinations that can be administered daily by available
workforce

‘ Output ‘ Description

1 Total symptomatic attack rate

2 Total symptomatic attack rate - infant

3 Total symptomatic attack rate - school age

4 Total symptomatic attack rate - adult

5 Total symptomatic attack rate - elderly

6 Symptomatic pregnant individuals - school age

7 Symptomatic pregnant individuals - adult

8 Symptomatic high risk and pregnant individuals - school age
9 Symptomatic high risk and pregnant individuals - adult

Table 3.1: Input Parameters and Output Variables of FIuTE selected

3.2 Assortment Optimization Problem

For our second case study, we focused on the assortment optimization problem.

As mentioned is Section 2.6, assortment optimization is an important problem

12



in retail and inventory management, which aims to choose the ideal combination
of products to offer in a store or catalog. The objective is to maximize total
profit or other business goals, like market share or customer satisfaction, while
taking into account a variety of constraints which may include shelf space, budget,
and product compatibility. In order to identify the optimal assortment that
maximizes profitability, this problem requires evaluating customer preferences,
sales information, and product attributes. We used a specific dataset to make
computational experiments. The details on dataset generation will be provided
in the next parts, with the problem specific constraints that are considered in the

optimization problem.
Dataset Generation

For this case study we generated artificial data based on an extensive dataset
from an FMCG (fast-moving consumer goods) company. The dataset consists
of multiple essential elements that enable a comprehensive examination of prod-
uct diversity, demographic factors, and sales outcomes. It consists of 112 binary
variables that specifically indicate whether or not a given product was included
in the assortment over time. The dataset also includes 46 continuous variables
that represent different neighborhood demographics, including population den-
sity, average income, and distance to schools. In addition, it offers a matrix of
time series data that records sales for each of the 112 products over a 12-month

period. As the output, a gross sales value (GSV) is provided for each month.

Initially, we conducted an analysis to understand the importance of each input
variable. This involved training two neural networks based on the input groups.
The first neural network, an LSTM (Long Short-Term Memory) network, was
trained using the time series sales data. The second network, a feed-forward neu-
ral network, was trained using the 46 continuous demographic variables. Then,
the binary vector for assortments was also incorporated into another neural net-
work that received the combined outputs of the first two networks. The gross

sales value was predicted as an output by this final network for every month.

13



We tried various network configurations in order to assess the prediction accu-
racies. In the end, we decided to utilize just the assortment data. The choice was
made considering that, although adding more input variables greatly increased
the size and complexity of the optimization model in our methodology, it did not
significantly increase prediction accuracy. We were able to maintain a balance
between computational efficiency and accuracy by simplifying the dataset. Af-
ter we decided to use only the assortment data, we generated artificial binary
assortment vectors using the information on the given dataset. In the end, we
generated a dataset with 112 binary input variables representing the assortment
information of different products and one output for gross sales value. Compu-
tational results given in this thesis were done by using this dataset, however, the

original dataset can also be easily incorporated to the suggested methodology.
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Chapter 4

Optimization of Point Predictions

4.1 Problem Definition

Lets assume a real life system z = R(x), with © = (z1,29,...,2y) as the vector
of interventions (inputs) and z as the system’s output vector. For any problem
involving finding input combinations to find hypothetical system outputs, the
optimization model can be formulated as follows (assume minimization problem);

¥ = argminR(x)
rzeX

where the feasible region of the input interventions is represented by X. For
majority of real-life systems mathematical expression of the system R is not
possible due to high complexity between the interventions and outcomes. To
solve this problem, approximation of the real-world system that can replicate the
hidden structure of them can be used. Machine learning models are commonly
used to approximate the relationship between the inputs and outputs of a system.
Let L(x) be a machine learning model that efficiently approximates R(x) globally,
ie.,

L(z) =~ R(z),Vr € X
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Let 2* represent the optimal parameter combination derived from the problem:
¥ = argminL(x)
zeX

*

Then, z* should reasonably approximate x*; thus, * ~ x*.

4.2 Methodology

4.2.1 Neural Networks Training

This study utilizes feed-forward neural network as the main machine learning
model. Hence, in this section only the ANN models’ detailed structure will be
explained. Training is the process of determining the network weights w*, and
the bias terms b such that, for a set of training observations, the total error
(calculated as a function of the difference between the actual and the predicted
outcomes) is minimized. The network coefficients are used to approximate the
system outputs given the input parameters. The structure of feed-forward neural

networks can be expressed mathematically as follows.

Let us look at an example feed-forward neural network, where the hidden layer
1 (2) has Ly (Lo) internal nodes, the input layer has N input nodes, the output
layer has P output nodes, and so on. The representation can be seen in Figure
4.1. Let wk, denote the set of weights between two successive layers that are
used to compute the weighted sum of the inputs. The final value of a node is
obtained by adding this weighted sum to a bias term bf and passing it through
an activation function. For instance, the following formula is used to determine

the output of the first node in hidden layer 2:
2 2 1,1 11 1.1
yi = o(by +wpyy + wyyy + -+ wp YL
where o is the activation function that presents nonlinearity in neural networks.
The rectified linear unit (ReLU) function is the activation function commonly
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Figure 4.1: Neural Network Representations

used in feed-forward neural networks. It can be expressed explicitly as follows:
o(z) = max(0,z), V€ (—o0,+00)
ReLU will also be used in this study as the hidden nodes’ activation function.

Assume that we have a trained neural network with K hidden layers (each layer

k having L nodes) and the network coefficients w* and bF. For a given input

vector X = (21,9, ...,2y), the hidden nodes’ values can be computed as follows:
N
y; = max(0,b; + Zw%xi), Vi=1,2,..., 1
i=1

Il
\.H
0o
h
-

Ly,
yt(kH) = max(0, bﬁ’““) + ngty§>’ k=12, (K-1), Wt

s=1

We only use the linear activation function for the output layer because, de-
pending on the specific application, the output may take on negative values. As a

result, the P output node values are computed or predicted by the trained neural
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network as follows:

Lk
=0 LYy =12, P
s=1

4.2.2 Base MILP Model

After training the neural network model, the coefficients are used to make predic-
tions inside the MILP model. The parameters and decision variables are defined
as in following tables. For the sake of generalization, let x be the set of all deci-
sion variables, X be the feasible region and F be the representation for objective

function in a specific problem.

Parameters ‘
M An arbitrarily large number, e.g. M = 10°
N  Number of input parameters

P Number of outputs

K Number of hidden layers

Number of nodes in the (hidden) layer k

L Ly=N and Ligiy =P Yk =0,....(K+1)

Wk Weight between node s in layer k and node t Vk =0,...,(K +1),Vs =1,..., Ly,
st in layer (k+1) Vt=1,..., Ly

bF  Bias value for node t = 1, ..., L in layer k Vk=1,.., L

Ib;  Lower bound value for i*" input parameter Vi=1,..,N

ub; Upper bound value for i input parameter Vi=1,..,.N

Decision Variables

x; Value of " input parameter Vi=1,..,N

y¥ Value of node t in hidden layer k VE=0,..(K+1)

uk Binary variable indicating if node t in layer k has a Vh=0, K. Vt=1.. L
nonzero value

z;  Value of j™ output Vj=1,..,P

The mathematical optimization model is written inspired by Anderson et al.
(2020). The values of the hidden nodes are represented by the decision variables
y¥, which are computed using x;, the network coefficients w¥,, and the bias terms
bF. The binary variables uf represent the state of activation function of a hidden
node, i.e., whether or not y* > 0. The neural network’s predicted outputs are
represented by the variables z;. The objective function (1) in model is given

in generalized format and can be adapted to specific problems. Constraints (2)
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through (7) ensure that the network coefficients and node values from the preced-
ing layer are correctly used to calculate the hidden node values. The non-linearity
in the neural network caused by the ReLU function is effectively linearized by
these constraints. The model incorporates a binary variable called u¥ for every
hidden node in order to appropriately account for this non-linearity. Constraints
(8) use the node values from the last hidden layer and the associated network
coeflicients to predict the output node values. Constraints (9)-(12) provides the
domains of base decision variables. Finally, constraint (13) is given to represent

any problem specific constraint set.

min /max F(x) (1)
N
st. oyt Zbi—ka%aji Vi=1,.., 1y (2)
i=1
N
yr > by + Y wha + M(1— ) Vi=1,.., L (3)
i=1
y; < Mu; Vi=1,.., L (4)
Ly
y ) = b 1wk Wt =1, ..., L,
s=1

Ly,
D > b S gt M- W) =1, L,
s=1

g < Muf Vi=1,.. L,

Lk
zj = bg-KH) - ngyf Vj=1,..,P (8)
s=1
yr>0 Vk=1,..K,
Vt=1,.,Ly  (10)
uf € {0,1} Vk=1,.. K,

Vt=1,..,L, (11
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z; unrestricted Vi=1,..,P (12)
reX (13)

4.3 Computational Experiments

4.3.1 Case Study 1: Simulation Parameter Calibration
4.3.1.1 Problem Definition and Customization of the Methodology

We have a simulation model z = S(z), with = (2, 29,...,2x) as the vector
of input parameters and z as the simulation’s output (or a vector z of outputs).
The calibration task we have can be formulated as an error minimization problem
given a target output Z observed in the real world. The error is defined as
e = ||z — 2| = [|S(x) — Z||. In particular, when the simulation has a single
output, determining the best parameter combination calibrated with respect to

the target output Z problem can be formulated as follows:

x* = argmin||S(z) — 2|
rzeX

where X represents the feasible region of the input parameters. In a similar way,
if the simulation results in more than one output, say z = (21, 29, ..., 2p), then

the total error can be expressed as the weighted sum of the errors for each output,

P P P
€=y wie; =Y wilz — 5| =) wlS(x) - 2]
j=1 j=1 j=1

where w; represents the relative weight assigned to the output j, and S;(x) rep-
resents the j-th output of the simulation. In order to keep things simple and
maintain generality, we will assume w; = 1,Vj = 1,2,..., P, in the rest of the
parts of the thesis. The problem can be stated as follows:

P
= argminz |S;(z) — 2]
j=1

zeX
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Approximation is the only option available for the majority of realistic simulation
models since it is impossible to find a closed form expression for the optimal x*.
Such approximations to the original simulation models are known as metamodels.

Let M(z) be a metamodel that adequately approximates S(z) globally, i.e.,
M(z) =~ S(z),Vr € X

Let 2* denote the optimal parameter combination found from the following prob-
lem:
" = argmin||M (z) — Z||
rzeX

Then, z* should adequately approximate x*; hence, * ~ x*.

Change in the Base Model
Considering the specific problem, following parameters and decision variables are
added to the model,

| Additional Parameters |
z; Target value for output j Vi=1,..,P

| Additional Decision Variables |
0; Difference between predicted and target output j Vj=1,..., P

The objective F is defined as; minimize Zle d;

Two additional constraints are added to the model to linearize the absolute

difference between the target and predicted outputs;

5] Z Aj — Zj Vj = 1, ,P (131)
5j22j_2j ijl,,P (132)
The input parameter combination &* = (Z}, T3, ..., ¥) that has the smallest total

predicted error (i.e., § = 25:1 |M(z*) — 2;|) with respect to the target outputs is
obtained by solving this mathematical optimization model for a given trained neu-
ral network metamodel and the target output values. We expect 2* to be close to
x* if the neural network metamodel sufficiently approximates the underlying sim-

ulation model, assuming the optimally calibrated input parameter combination
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x* calibrated based on the actual error (i.e., z* = argmingex Zle |S;(x) — 24])

is unique.

The use of a metamodel alone for calibration could result in subpar results as
we are not always in control of a metamodel’s accuracy. Even in such instances,
raising a metamodel’s accuracy typically comes at the cost of more computing
power during the training process. So, we also suggest using the input parameter
combination found via optimal metamodel calibration, or x*, as a starting point
for finding better calibrated input parameters relative to the real simulation error.
This essentially translates to reducing the search space that real simulation runs

will investigate.

Problem Specific Hybrid Methodologies
For the computational efficiency, let’s say there is a set budget of r simulation
runs. How can these expensive r simulation runs be used most effectively? One
common method for baseline calibration involves selecting a random point r from
the whole feasible region for the input parameters, running the simulation model
for those random points, and selecting the point that yields the lowest actual error
concerning the desired outputs. This approach will be known as RandomlySimu-
late (RS). An alternative approach is the matemodel-based optimization method
that was just mentioned and will be referred to as OptimallyPredict (OP) from
now on. We also suggest two hybrid methods that combine the two baseline

strategies:

Simulate-then-Predict (StP) is the descriptive term of the first hybrid tech-
nique (the words ”optimally” and "randomly” are omitted for conciseness). As
the name implies, after executing the RS strategy (i.e., using our budget of r
simulation runs in this stage), we choose the point with the smallest actual error
as an anchor. We then execute the OP strategy close to the anchor point (by
imposing lower and upper bounds on the input parameters). Lastly, we select the

calibrated input parameter combination as the point that OP finds.

Predict-then-Simulate (PtS), the second hybrid approach, combines the two

base strategies in the opposite order. To be more precise, we apply OP to the
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Figure 4.2: Illustration of 4 calibration strategies

entire feasible input region first, selecting the point with the least predicted error
as an anchor. Next, we use our budget of r simulation runs in this narrow region
to run RS close to the anchor point, and select the point with the least actual

error among the simulated r points.

Figure 4.2 presents a graphic representation of the four calibration approaches
discussed. The actual simulation runs are represented by red dots, and the anchor
point with the least amount of error among them is the red quad. The feasible
space in which OP is run is represented by blue-shaded regions, and the blue
quad represents the ”"optimal” point—that is, the anchor point—that is discov-
ered by the corresponding OP run. The user can specify how big the proximity
region is around an anchor point. We demonstrate in our computational results
how selecting different proximity region sizes affects the calibrated parameters’

accuracy.

4.3.1.2 Metamodel Training

As previously indicated, the unique structure of a neural network makes it possible

to embed it into an integer linear optimization model for the purpose of parameter
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calibration, which is why we chose to use it as our metamodel. As a baseline
architecture, we use a relatively simple neural network with an input layer of
six nodes, a single hidden layer of one thousand nodes, and a multi-output layer
of nine nodes. Additionally, we employ mean absolute error as the loss function
during training and the rectilinear unit (ReLU) function as the activation function
for hidden nodes. In order to prevent potential scaling problems, input and output

are finally normalized to values between 0 and 1.

We trained two other widely used metamodels (linear regression and regression
trees) and compared their predictive performance with that of neural networks
in order to support our decision to use neural networks as our metamodel. Us-
ing 5000 random input parameter combinations, the simplified FluTE simulation
model is used to produce a total of 5000 samples. 15% of the samples were used
for testing, 15% for validation, and 70% for model training. The coefficient of de-
termination, or R?, served as our measure for assessing how well the metamodels
predicted the future. The R? values for each metamodel in the training and test
samples for all of the nine outputs are shown in Table 4.1. Neural network con-
sistently performs better than the other two approaches, as can be seen. Lastly,
there is almost no overfitting in the models, as evidenced by the extremely close

R? values between the training and test samples.

Linear Regression Regression Tree Neural Network
Output | Training R? | Test R> | MAE | MARE | Training R? | Test R*> | MAE | MARE | Training R? | Test R> | MAE | MARE
1 0.9581 0.9589 | 0.0469 | 0.2501 0.9884 0.9885 | 0.0239 | 0.1348 0.9997 0.9997 | 0.0039 | 0.0155
2 0.9614 0.9618 | 0.0461 | 0.2640 0.9897 0.9893 | 0.0253 | 0.1165 0.9995 0.9994 | 0.0053 | 0.0184
3 0.9778 0.9778 | 0.0357 | 0.2261 0.9900 0.9896 | 0.0252 | 0.1824 0.9996 0.9996 | 0.0045 | 0.0250
4 0.9743 0.9645 | 0.0382 | 0.2332 0.9871 0.9867 | 0.0236 | 0.1380 0.9998 0.9998 | 0.0034 | 0.0168
5 0.9880 0.9835 | 0.0262 | 0.1753 0.9889 0.9889 | 0.0217 | 0.1642 0.9997 0.9997 | 0.0041 | 0.0199
6 0.9689 0.9674 | 0.0376 | 0.1850 0.9683 0.9655 | 0.0405 | 0.2666 0.9941 0.9939 | 0.0166 | 0.0636
7 0.9694 0.9688 | 0.0370 | 0.1667 0.9689 0.9657 | 0.0380 | 0.1779 0.9973 0.9972 | 0.0112 | 0.0379
8 0.9408 0.9405 | 0.0452 | 0.1847 0.9510 0.9471 | 0.0429 | 0.2163 0.9782 0.9754 | 0.0312 | 0.1007
9 0.9531 0.9499 | 0.0396 | 0.1692 0.9633 0.9621 | 0.0408 | 0.1916 0.9913 0.9914 | 0.0185 | 0.0568

Table 4.1: Comparison of performance metrics for Linear Regression, Regression
Tree, and Neural Network models

After we argue the selection of neural networks as the metamodeling technique,
we focused on a network architecture design decision. Given that the FluTE
simulation model has nine outputs, the question of whether it is preferable to
train nine independent models with a single output or one single model with nine

outputs (a multi-output model) emerges. The neural network architectures with
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multiple outputs and one output are shown in Figure 4.3.
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Figure 4.3: Illustration of single and multi output neural network model

We decided to use mean absolute error (MAE), mean absolute relative error
(MARE), and R? values for each of the nine outputs for both models in the test
sample in order to compare the performance of the two network architectures.
The results, presented in Table 4.2, demonstrate clearly that the multi-output
metamodel consistently outperforms the independent models with respect to all
outputs and evaluation metrics. We think this is caused by the strong output cor-
relations, which are best utilized when all outputs are jointly trained. From now

on, we will use the multi-output metamodel as our preferred network architecture.

Lastly, we examined how the size of the training sample affected the predic-
tive ability of the metamodel. The computational cost increases exponentially
with increasing sample size because creating training samples requires simulation
runs. It is therefore very important to maintain sufficient predictive power while
minimizing the size of the training sample. The R? values in the test sample for
each output at various sample sizes (n=100, 500, 1000, 2000, 5000, and 10,000)
are shown in Table 4.3. The findings indicate that while 500 training samples are
needed for the metamodel to perform at a level that is satisfactory (R? > 0.97 for
all outputs), 100 training samples are insufficient to provide adequate predictive

power. Moreover, it appears that the predictive power reaches a saturation point
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Single-Output Models Multi-Output Model
Output R? MAE | MARE | R? MAE | MARE
0.9633 | 0.0381 | 0.3111 | 0.9997 | 0.0039 | 0.0155
0.9662 | 0.0369 | 0.2224 | 0.9994 | 0.0053 | 0.0184
0.9779 | 0.0343 | 0.1995 | 0.9996 | 0.0046 | 0.0250
0.9700 | 0.0397 | 0.4166 | 0.9998 | 0.0034 | 0.0168
0.9868 | 0.0259 | 0.1947 | 0.9997 | 0.0041 | 0.0199
0.9695 | 0.0364 | 0.1646 | 0.9939 | 0.0166 | 0.0636
0.9699 | 0.0361 | 0.2159 | 0.9972 | 0.0112 | 0.0379
0.9473 | 0.0455 | 0.1509 | 0.9754 | 0.0312 | 0.1007
0.9624 | 0.0402 | 0.2411 | 0.9914 | 0.0186 | 0.0568

—_
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Table 4.2: R*, MAE, and MARE values (in test sample) for single and multi-
output neural network models

at 1,000 samples, after which the accuracy does not significantly improve. We
will carry further calibration experiments using the metamodel trained with 1000

samples in accordance with these findings.

Output 100 300 200 1000 2000 5000 10,000

1 0.95794 0.99657 0.99828 0.99894 0.99947 0.99970 0.99971
0.96182 0.99573 0.99806 0.99909 0.99916 0.99942 0.99942
0.98597 0.99524 0.99861 0.99912 0.99945 0.99959 0.99969
0.97886 0.99340 0.99794 0.99906 0.99962 0.99978 0.99976
0.99143 0.99733 0.99885 0.99919 0.99950 0.99968 0.99960
0.98530 0.98545 0.99253 0.99320 0.99380 0.99389 0.99462
0.96033 0.99153 0.99354 0.99543 0.99716 0.99716 0.99786
0.96065 0.96888 0.96748 0.97164 0.97150 0.97540 0.97619
0.93732 0.98204 0.98712 0.98837 0.99056 0.99144 0.99087

© 00 O T WD

Table 4.3: R? values for each output by sample size

4.3.1.3 Input Parameter Calibration

We now compare the performance of the four calibration techniques—RandomlySimulate
(RS), OptimallyPredict (OP), Simulate-then-Predict (StP), and Predict-then-
Simulate (PtS)—introduced in previous part. For all methods (apart from OP,
which doesn’t require any simulation runs), we employ a budget of r = 100 simu-

lation runs. The total actual error (A = Zle |Sj(x) — 2;]) is the primary metric
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we use to compare various calibration techniques; however, we also report the

total predicted error (§ = Zle |M;(x) — 2;|) when necessary.

Comparing base strategies: The performance of the two base calibration
strategies, RS and OP, is compared in the first analysis. The list of target output
vectors for our experiments consists of the output vectors from 50 randomly
chosen simulation runs (observations). For the i-th random observation, let 2* =
(21,25, ...,2%) be the vector of target outputs. We perform both base calibration
strategies for each random observation ¢ and its corresponding target output
vector 2. The input parameter vectors calibrated using RS and OP are denoted
by 275 and 297, respectively. Lastly, we designate the actual error of RS and OP
for the observation i as ARY = Zle |S;(xf¥%) — 2!| and AP = Zle |S;(x9F) —
2. Let 685 = 30 | |M;(aFS) — 21 and 697 = S0 | |M;(29) — 21| denote the

predicted error of RS and OP, respectively, for the observation ¢ in a similar way.

The findings of experiments with 50 randomly selected target outputs are
summarized in Figure 4.4. It presents the actual errors (AE) and predicted errors
(PE) from 50 experiments for RS and OP, respectively, in a boxplot. In terms
of the proxy/predicted error, the boxplots for PEs provide evidence that the
OP model does, in fact, choose better - in fact, the best - input parameters;
that is, 67 < 685 holds for each individual observation i. Therefore, we can
say that the OP method optimizes the proxy metric as intended. We then ask
whether optimizing for a proxy metric is equivalent to optimizing for an actual
metric. This time, we can clearly see that the RS method outperforms OP. The
RS method chooses the point with the smallest actual error among r» = 100
randomly sampled input combinations. This contrast highlights a crucial point:
Consideration should be taken when using calibration strategies like OP, which
only uses a metamodel-based optimization (of a proxy error metric). We note that
selecting an input parameter combination calibrated solely based on predicted
error may be suboptimal, even in cases where the trained metamodel appears
to be approximating the underlying simulation model relatively accurately (in
our case, the NN metamodel had test sample R? value greater than 0.97 for
each output - see Table 4.3). As a result, we now focus on the hybrid tactics

introduced.
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Figure 4.4: Predicted and Actual Error Boxplots for RS and OP methods

Comparing hybrid strategies: The comparison between the RS and OP
base strategies indicates that the RS strategy is a better means of obtaining
more precisely calibrated input parameters. However, since the RS strategy ne-
cessitates actual simulation runs, it must be noted that it is significantly more
expensive (100x5 minutes vs. 30 seconds) than the OP method. ”If one has a
budget of r = 100 simulation runs for a calibration task, how should they be
used?” becomes an important question as a result. We will next evaluate the
effectiveness of two hybrid calibration strategies previously discussed, assuming
that we have a trained metamodel on hand and a fixed budget of » = 100. These
strategies are (iii) Simulate-then-Predict (StP), (iv) Predict-then-Simulate (PtS).

An initial anchor point and a proximity range surrounding that anchor point
are necessary for both hybrid strategies. StP employs the OP strategy to look
for better solutions close to the improved anchor point after using its budget of
r simulation runs with the RS strategy to create a better anchor point. PtS, on
the other hand, uses its budget of r simulation runs to find a better point within
a radius of that anchor point via RS strategy after first finding an anchor point
via OP strategy (which is not always the best one, as the results in the previous

subsection demonstrated).

Finding an anchor point is simple for both strategies (you just need to run RS

or OP, respectively). However, user input is needed to define the anchor point’s
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proximity range for additional search. The anchor point loses significance as the
proximity range increases. The search spaces for different proximity ranges in
a two-dimensional PtS strategy parameter space are shown in Figure 4.5. The
point from OP with the smallest predicted error is indicated by the point with

. ., 11 11
the anchor symbol. In the other images, the proximity range (R € =5 300 197 5)
is increased, indicating a wider area around the anchor point. In the following

series of experiments, R = % is used, we set the vicinity of the anchor point in

each input dimension as follows: x; € AnchorPoint; 4 1—10 X (ub; — 1by)

Optimal Point
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Figure 4.5: Illustration of PtS strategy with different proximity ranges

The actual error distributions from 50 experiments with randomly chosen tar-
get outputs for each of the four strategies are displayed in boxplots in Figure
4.6. It is clear that the PtS strategy performs noticeably better than the other
three strategies. All methods’ performances can be arranged in the following or-
der: PtS > RS > StP > OP. These findings demonstrate the benefit of making
practical use of scarce computational resources. To be more precise, while blindly
sampling the entire input space results in significantly lower calibration accuracy,
using OP to narrow it down for a more computationally intensive search (i.e.,
random simulation runs) yields significantly higher calibration accuracy at rela-
tively little additional computational cost. This is in contrast to solely relying
on a metamodel-based calibration strategy, which yields the worst performance.

Lastly, the fact that PtS outperforms StP offers crucial evidence that the base
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strategies’ execution order matters. The best results are obtained when an RS is

used to identify the optimal point after an OP is used to reduce the search space.
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Figure 4.6: Actual Error distributions for 4 calibration strategies

Effect of proximity ranges in calibration accuracy: We set the proxim-
ity range around the anchor point in the previous experiment to 15 of the initial
range for each input parameter. Since this was a purely subjectlve decision, we
examine the effects of selecting alternative proximity range values in the last set
of experiments. As previously demonstrated in Figure 4.6, the rectangular bor-

10° 20}
and then calculating the distance from the anchor point in each parameter di-

ders are created by multiplying the original parameter range by R € {5,

mension. With six input parameters, the search space was thereby reduced by
56, 10%, and 20° times, respectively. Now, we will examine the PtS strategy’s
performance (i.e., actual error distributions) for various proximity range values;

R € {I’ = 1—0, %, =5 1000} Observe that R = 1 represents the entire input do-

1
1000

and OP strategies are represented by PtS with R =

roughly corresponds to the anchor point. As a result, RS
and PtS with R =

main, while R =

1000
respectively.

For the cases of R = (OP), + &, £, and 1 (RS), the actual error dis-

1000 1 50" 207 10°
tributions are displayed in Figure 4.7 from left to right. The boxplots and median

error values demonstrate how the performance of the PtS strategy increases as

1

the proximity range around the anchor point grows until approximately R = 5,

and after that point it begins to decline.
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Figure 4.7: Error distributions for different ranges in PtS method

4.3.2 Case Study 2: Assortment Optimization Problem

4.3.2.1 Problem Definition and Customization of Methodology

We have a real-life FMCG system at hand such that; z = F(z), with x =
(x1,22,...,xy) as the vector of inputs (assortment information) and z as the
system’s output (GSV). The problem can be defined as a profit maximization
problem by changing the assortments in stores, which means finding an assort-
ment for the highest sales value. The optimization model can be formulated as
follows (assume minimization problem);

x* = arg maxF(x)
reX

where the feasible assortments are represented by X'. Similar to the general
problem definition, mathematical expression of the system F is not possible due
to high complexity between the assortments and sales value. So, a neural network
model is used to approximate the relationship between the inputs and the output.
Again, let L(x) be the neural network model that efficiently approximates F(z)
globally, i.e.,

L(z) = F(z),Vz € X
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Let 2* represent the optimal assortment derived from the problem:
¥ = argmaxF(x)
zeX

Then, * can be used to approximate z*; thus, z* ~ z*.
Change in the Base Model

Considering this problem, following parameters and decision variables are
added to the model;

‘ Additional Parameters ‘
Z; Current assortment information Vi
¢ Number of changes allowed from the current assortment

I
—

’ Additional Decision Variables
0; Difference between the optimal assortment and current assortment Vi=1,...,N

The objective F is defined as; mazimize z (Notice P=1)

Following additional constraints are added to the model;

Y i< (13.2)
&=

N N

=1 i=1
v €{0,1} Vi=1,...,N (13.4)

Constraint 13.1 calculates the difference between the optimal and current assort-
ment by only considering products in the current assortment. Constraint 13.2
ensures that the number of changes from current assortment is less than or equal
to specific user defined number ¢ (some computational experiments in later sec-
tions will take this as equal to ¢). Lastly, 13.3 ensures number of products in

optimal assortment found is the same as the current assortment.
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4.3.2.2 Neural Network Training

For this case study, as we had available real-life data, all data points were used in
training the neural network. With the dataset, a pre-trained neural network was
also provided which had 2 hidden layers with 400 and 40 nodes respectively. %20
of the dataset was used for testing, %20 for validation, %60 for model training.
Similarly to other case study R? was used for main accuracy measure. The R?
values for training, validation and testing were found as 0.81658, 0.7597, and

0.8285 respectively which shows sufficient approximation performance.

4.3.2.3 Assortment Results

As we do not have a simulation model for this case study, the potential com-
putational experiments that can be done was limited and making comparisons
between predicted profit increases within different times and actual changes was
not possible. However, a previous study done with the same dataset and base
methodology reports a %14.31 GSV increase in a pilot study for one month which
closely matches the predicted increase that ranges from %12 to %16, for multi-
ple time periods and assortments, which we have found utilizing the suggested

methodology.

4.4 Discussion

By inspecting the computational results, we can say that the proposed method-
ology provides a successful approach to solve problems in real-life systems with
hidden inner structures. Although the optimization over neural networks pro-
vides an environment to make complex inferences about the real-world systems
with nearly negligible computational cost, the reliability of these results can be
further improved as it can also be seen from the hybrid approaches utilized in
simulation case study. As it can also be seen from the Figure 4.8, the point pre-

dictions can change for a single instance according to the approximation model
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Objective Values

Figure 4.8: Representation for change in predictions with different approximation
models for a single instance

used which can be misleading. The cross represents the objective from the main
neural network model and dots represent the predictions from different approxi-
mation models (e.g., dropout networks) which will be defined in the next section.
According to the results, we can say that there is a ground for improvement to
make the approximations more robust and reliable by employing more complex
approaches and exploiting the structure of our choice of approximation model,
neural networks. In the next chapter, we will introduce an improved approach
that utilizes dropout neural networks to alleviate the problem of reliability in

neural network predictions.
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Chapter 5

Estimation Error Constrained

Optimization of Point Predictions

5.1 Problem Definition

Following the definitions on previous chapter, we have L(z), a machine learning

model that efficiently approximates R(x), a real life system, i.e.,
L(z) ~ R(z), YrxeX
Optimal parameter combination found z* derived from the problem:

" = argminL(x)
zeX

That should reasonably approximate optimal interventions in a real-world system.
However, as the computational results have shown the reliability of predictions
varies according to the training procedure and value of data points. Hence, we
also want to define a measure of estimation error on approximation which gives
an approximation range rather than point prediction. One possible measure of
estimation error can be defined as the difference between predictions. Let’s as-
sume multiple trained models for the system besides the main model, namely L,,
ri, ..., R such that;
L.(x)~ R(z), VYxe X, VreR
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We can redefine the problem as;

i* =argminL(z) | L.(z)—L.(x)<e ¥Yr,r €R
reX

which yields stronger approximation results by restricting predictions to be sim-

ilar to each other by value e.

5.2 Methodology

5.2.1 Dropout Neural Networks

As mentioned in Section 2.2, dropout networks are commonly used in estimat-
ing uncertainty in neural network predictions as they ensure predictions are not

strongly dependent on any small part of the network structure.

Figure 5.1: Dropout Neural Network Structure

An example of dropout neural networks can be seen in Figure 5.1. For a system
with 3 inputs and 1 output, a neural network with two hidden layers including 5
and 2 nodes respectively is trained. After applying dropouts, some of the nodes
in hidden layers are randomly deactivated /silenced and output prediction is made
only using the active nodes. To normalize the prediction values, remaining node
values are multiplied with 1 + d, where d is the dropout rate, for example, 1 + %

in this case. For instance, let dropout rate = d, the calculation for first node in
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layer 2 becomes;
Yy = (1 +d) * o(bly + wiy ¥ + wigyie + -+ + w71nL11y71nL1)

where wj, and b}, becomes 0 if node 1 in layer k is dropped in dropout neural

network r.

We decided on randomly dropping the nodes in the network. To make calcu-
lations easier, rather than changing the values of weights and biases, indicator
parameters were generated to represent if the node is active or dropped out and
how much they change the node output. Given the number of dropout networks

and dropout rate, following parameter is defined;

0 if node | in layer k is dropped out for dropout network r
Iy = Vk=0,.,KVl=1,.. Ly,Vr=1,..R
1+d otherwise

Using this parameter, the node outputs can be calculated without defining
network weights and biases for each dropout. Hence, following the above example

the calculation for first node in layer 2 for dropout network r becomes;

Yo, = Iy * U(b% + why% + w%ﬂJ% +oeee wiﬂyil)

5.2.2 MILP Model with Dropout Networks

As mentioned before, we now want to have an estimation error measure that is
calculated with the optimal input parameter configuration. To ensure the relia-
bility of the optimal result, after generating the indicator parameters for dropout
networks, they are similarly used inside the MILP model to make multiple pre-
dictions. Then, their values are compared inside this mathematical model to find
a result that have similar predictions for these different dropout networks. The
parameters and decision variables are defined similarly to base model (i.e., point
prediction optimization model) with most of them having an additional index for

different dropout networks.
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‘ Parameters

€

Parameter for estimation error constraint

R Number of dropout ANNs+1 (original model)
M An arbitrarily large number, e.g. M = 10°
N  Number of input parameters
P Number of outputs
K Number of hidden layers
I, 0if node s in layer k is dropped in network r, 14-d otherwise zi f 8’ ...,gw’s =L
Number of nodes in the (hidden) layer k _
Ly Lo = N and Lycsy) = P Vk=0,..,(K+1)
1 Weight between node s in layer k and node t Vk=0,...,.K¥Vs=1,.., L,
Wst in layer (k+1) in dropout r Vi=1,..., L
b¥  Bias value for node t in layer k for dropout r Ve=1,.. K+ 1,Vt=1,...,L;
Ib;  Lower bound value for i*" input parameter Vi=1,..,.N
ub;  Upper bound value for i*" input parameter Vi=1,..,N
‘ Decision Variables ‘
x;  Value of i input parameter Vi=1,..,N
yp,  Value of node t in hidden layer k in dropout r Vk=0,...,(K +1),Vr =0,....R
" Binary variable mdlc.atmg if node t in layer k Wk =0, K. V=1 . L¥r=0 R
has a nonzero value in dropout r
z;  Value of 4™ output for dropout r Vi=1,.,PVr=0,.,R
min  F(x) (1)
N
1 0
sty > 17,0 + Zwitxi) Vt=1,..,L,,Vr=0,..,R
i=1
(2)
N
1 1
yh < I (bp + ) wja + M(1—ul)) Vi=1,..,L,Vr=0,..R
i=1
(3)
vy < I Muf, Vi=1,...,L1,Yr=0,..,R
(4)
Ly
k+1 k, k _ _
yl:Jrl,t Z[l:l(bt +Zwstys) Vi = 17 "7Lk7Vk_ 177K_1
s=1
Vr=0,...R (5)
Ly

Yer1a = ]I:l(berl + watyl:s + M(1- uql;Jrl,t)) Vi=1,..

s=1



?le+1,t S ]I:lMu};t Vt = 17 s '7Lk7Vk = 17 )K

Vr=0,..,R (7)
Lk
Z;:berl—{—ngy;(s Vi=1,.,PVr=0,..,R
s=1
(8)
Y >0 Vk=1,...,K,Vt=1,..., L
Vr=0,..,R (10)
uy, € {0,1} Vk=1,...K,Vt=1,..., L
Vr=0,...,R (11)
ziunrestricted Vi=1,.,PVYr=0,..,R
(12)
reX (13)
2 < (14¢€)z) Vi=1,..,PVr=0,..,R
(14.1)
r 0 S _
zi > (1 —¢€)z Vji=1,..,P,Vr=0,...,R
(14.2)

Constraints (3)-(7) are changed according to the equation provided on the
previous section. Additional indicator multiplications are added to force node
values 0 if nodes are dropped, or proportionally increase the node outputs if not.
As the nodes in input and output layers remain the same, constraint (8) stays
same. Constraints (14.1) and (14.2) enforce dropout network predictions to be
in a vicinity of the main network prediction (indicated by r = 0) by e. The
estimation error constraints can be defined differently according to the specific

problem structure.
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5.3 Computational Experiments

5.3.1 Case Study 1: FIuTE Parameter Calibration
5.3.1.1 Customization of Methodology

To start with, lets first write the main model without extending. The additional
parameters and decision variables remain the same as the previous chapter. The

objective F is defined as; minimize 25:1 ;.

Two additional constraints are similarly defined as;

;> 2 — 2 W= 1,. NE (13.1)
8; > 2] — % Vi=1,...,P (13.2)

with an index 0 on decision variable z to indicate the predicted output from the
main neural network. We have done our first set of computational analysis with

previously defined estimation error constraints (14.1) and (14.2).

Then, due to problem specifications we decided on changing the estimation er-
ror constraints (14.1) and (14.2), as they were controlling vicinity of the dropout
values with respect to the main predicted output and we similarly calculate the
difference between the target and predicted output. Hence, we wrote the con-
straints by making the calculations by directly considering the target value. A

new decision variable set is added to the model;

‘ Additional Decision Variables
7;  Difference between the target value and the predicted dropout output Vj=1,..,P,Vr=1,.., R

And the estimation error constraints are defined as follows;

V> 5 — 2 Vi=1,...,PVr=1,...,R (14.1)
A Vi=1,...,PVr=1,....R (14.2)
P
>y <e Vr=1,...,R (14.3)
j=1



in which we constrained the maximum total difference between the target output

and the dropout predicted outputs.

5.3.1.2 Dropout objectives vs maximum difference limits

As mentioned before, we are now utilizing the optimization model with estimation
error constraints defined as (14.1), (14.2) and (14.3), which ensure the maximum
difference between the target output and the predicted output from dropout
networks is less than some e value. With these constraints, the optimal result
found will provide that the difference to target output will still be less than some
value even for the worst case scenario. By taking the number of dropouts 5 and
dropout rate 0.2, the dropout objectives are recorded with different maximum
difference/variance limits. The results can be seen in Figure 5.2. As we expected,
we can see an increase in the predicted objective which, in this case, is the total
deviation from the target outcome, while the bound on variance becomes tighter.
Hence, our confidence on the objective found also becomes higher which should
show an effect in actual error values by approximating the objectives with higher

accuracy.

Objective Value Ranges with Variance Limits

Variance Limit
N
N
9
9
L
L

0.0 0.5 10 15 2.0 25
Objective Values

Figure 5.2: Dropout values with different maximum difference limits
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5.3.1.3 Dropout objectives vs dropout rates

Objective Value Ranges with Variance Limits

214 - *0 -
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3.24 - -
3.34 - >
3.4 4 - >
3.51 - >
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Objective Values

Figure 5.3: Dropout values with different maximum difference limits and dropout
rates

For the same target value and number of dropouts, the objective and dropout
objectives were recorded for two different dropout rates; 0.2 and 0.3. The ob-
jective values for dropout rate 0.2 and 0.3 can be seen in Figure 5.2 and Figure
5.3 respectively. As expected, with higher dropout rate the maximum difference
found also started higher. However, the lowest variance limit both had a feasible
solution was also close to each other, which can result in a more reliable approx-
imated point with higher dropout rate. To analyze the effect of dropout rate
in measuring uncertainty further experiments are needed that takes the actual

errors into account.

5.3.1.4 Dropout objectives vs number of dropouts

The effect of number of dropouts was tested by recording the dropout objective
with maximum value for one targets’ solution by randomly sampling each dropout
100 times. The results can be seen in Figure 5.4. As it can be seen in the figure,
the maximum objectives with generated random dropout values have higher vari-

ance when dropout number is smaller as we expected. As the number of dropouts
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Distribution of Maximum Dropout Values (Dropout Rate = 0.2)
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Number of Dropouts

Figure 5.4: Distribution of maximum dropout objectives with different number
of dropout networks

increase up to 40-50 the distribution of maximum objectives starts to converge.
Which means after 40 dropout using more networks will become unnecessary and
only increase the computational cost. Before 40 dropout, the reliability of the
solutions may not be optimal as the dropout networks may underestimate the

error.

5.3.1.5 Dropout objectives vs training methods

We tried to see the effect of how the training samples and target output are
selected by using two methods. We first splitted the dataset according to the
parameter values so that one part only had points with each parameter being less
than the %60 of its maximum value. The training of the neural network was done
by using data points from this part only. Then, two target points were selected,
one from the first split and other from outside of it. The representations can be
seen in Figure 5.5. The dots represent the values of training samples and cross

represents the target value.
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Figure 5.5: Representation for target value selection

The maximum dropout objective values with different number of dropout net-
works are presented in Figure 5.6. One can see the direct effect of how training
samples are selected and underfitting for data points in a specific region. As the
targets and optimal input parameters are found outside of the trained region,
their error clearly becomes higher compared to a point we know is in a region
we learned well. Also, as the number of dropouts increase, the gap between the
error values for the two method becomes bigger as we expect due to more reliable

measurement of estimation error in predictions.

Error Values for In-Sample and Out-Sample Targets with Different Dropout Counts
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Figure 5.6: Distribution of objectives with different training methods and number
of dropout networks
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5.3.2 Case Study 2: Assortment Optimization Problem
5.3.2.1 Customization of Methodology

The additional parameters and decision variables remain same with the previous
chapter, and the problem specific constraints are similarly added to the model.

The objective F is again defined as; mazimize z.

We utilized two set of estimation error constraints. The first set is as defined

in the generalized optimization model;

2 < (14 ¢€)2) Vi=1,..,PVr=0,..,R (14.1)
28> (12620 Vi=1,..,PVr=0,..,R (14.2)

which constraints the predicted values from dropout networks according to the

predicted value from main network by some proportion e.

Then, we used the estimation error constraints defined as;

€> 2" — 2" Vr=1,...,R (14.1)
e>20— 2" Vr=1,...,R (14.2)

in which the difference between the dropout prediction and the main network

prediction is constrained by a value.

Heuristics: We also developed an heuristic approach by using the problem
specific constraint to further improve the computational efficiency. We tried mak-
ing one change to the current assortment with each iteration and using greedy
approach to fix the initial change to continue up to allowed number. The explana-
tion can be seen in Algorithm 1 and Algorithm 2. The last element of the output
lists of the Algorithm 1 gives the optimal assortment and the optimal objective

respectively.
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Algorithm 1 Heuristic Algorithm for Maximizing Objective

1: Input: Initial assortment z, number of changes allowed d, variance limit e,
Dropout neural networks L,

2: Output: Assortment updates and Best objectives

3: Initialize Assortment_updates < [z, Z]

4: Initialize ze, < T

5: Initialize Best_Objectives < ||

6: for i =1 to d do

7 updated_lists <— enumerate_one_change(iter)

8: Initialize all_preds < ||

9: Initialize all_ranges < []

10: for each z"Pdeted in updated_lists do

11: if updated_list # iterative_list_updates[—2] then
12: x" 4 L7 (gurdated)yr =0, ... R
13: max_range < max,cr(|r° — z"|)
14: Append max_range to all_ranges
15: Append [z",Vr € R] to all_preds
16: end if
17: end for
18: filtered_indices «— {i | all_ranges]i] < €}
19: max_index <— arg max;efitered_indices all_preds|[i]
20: Append updated _lists|max_index| to Assortment_updates
21: Append [all_preds[max_index], all_ranges|max_index|| to Best_Objectives
22: Titer < updated_lists|max_index]
23: end for

24: return Assortment_updates, Best_Objectives
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Algorithm 2 Enumerate One Change

Input: Original assortment 2
Output: New assortments with one change
Initialize new_assortments < ||
one_indexes < {i | Z[i] = 1}
zero_indexes < {i | Z[i] = 0}
for each value; in one_indexes do
new_assortment < (original list)
if new_assortment|value;] = 1 then
new_assortment [value;] = 0
for each valuey in zero_indexes do
updated_assortment <— new_assortment
if updated_assortment|valuey] = 0 then
updated_assortment[valueg] = 1
Append updated_assortment to new_assortments
end if
end for
17: end if
18: end for
19: return new_assortments

oI e T e S S S S S G S

5.3.2.2 Objective vs Variance Limit vs Allowed Assortment Change

To see the effect of variance limit and allowed assortment changes with the initial
estimation error constraints, we reported the dropout network predictions with
different variance limits in each allowed change groups. Note that variance limit
1 represents no constraint for estimation error, hence, utilizing the base model
from previous chapter while also recording the dropout network predictions for

the optimal point.

As it can be seen from the Figure 5.7, increasing the number of changes allowed
from the current assortment also increases the predicted revenue which was an
expected result intuitively. With the decreasing variance limits we lose some
value from our objective, however, it also makes the dropout predictions closer.
Hence, it gives a point where we approximate with more confidence. Some outlier
values can also be seen in the figure due to the optimization time limit and the

stopping gap. In general, increase in objectives with higher assortment charge
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Objective Value Ranges with Different Variance Limits and Assortment Change Constraint
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Figure 5.7: Objective changes with different variance limits and allowed assort-
ment change

and decreasing objectives with higher variance limit is observed.

5.3.2.3 Objective vs Range Limit vs Allowed Assortment Change

Similar experiments were made with another measure of estimation error. Similar
to checking variance between the dropout values proportionally, now we checked
using the range values. As it was mentioned before, the results gave similar struc-
ture to the method with initial variance limit. From Figure 5.8, with the increase
in allowed assortment change, the objectives increase. Also, looser limit on the
range between approximations increased the dropout values but also decreased
the confidence. However, compared to 5.7 the increase in the objective with al-
lowed assortment change is less evident as the estimation error limit is defined
numerically, not proportionally. Outliers are again caused by the gap not closed
due to time limit. Please note that the target values are different from the Figure

5.7, hence, there is a difference in objective values.
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Objective Value Ranges with Different Variance Limits and Assortment Change Constraint
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Figure 5.8: Objective changes with different range limits and allowed assortment
change

5.3.2.4 Heuristics vs Optimization

To compare the heuristic and optimization model’s results we first recorded the
values with no estimation error constraints, hence the base model for optimization
and iterative greedy assortment changes. As it can be seen from the Figure 5.9,
two methods gave approximately same values in each instance with heuristic
having a computational benefit. Heuristic approach was only needed to run one
for the 15 allowed assortment and other results were also returned as we save the
list for each iteration. On the other hand, optimization was run for each allowed
change parameter while also having larger computational time. In accordance to
this result, we tried the methods for different variance limits. Heuristic approach
still maintained it’s computational benefit but the objective values found from
optimization approach was slightly better. Also, after assortment change 3 or 4,
for most of the target values heuristic approach returned empty set, infeasible, as
we were losing many feasible points after each iteration. Hence, we can say that
heuristic approach may offer some benefit with relatively less allowed assortments
changes but the results should also be tested on real-life to compare the reliability
of them. For higher allowed assortment changes, or for more complex systems,

the optimization approach with estimation error constraint performs better.
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Objective Values with Number of Changes from Current Assortment - Optimization vs Heuristic
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Figure 5.9: Objective Changes for Different Allowed Assortment Changes with
No Variance Limit (Optimization vs Heuristic)

5.4 Decomposible Structure and Extended Model

Notice that the defined decision variables in the optimization model mostly have
r index and constraints are all defined for each dropout network with nearly no
joint usage in one constraint. Except the measure of estimation error constraints
(14.1) and (14.2), what binds sets of constraints defined for each dropout network
are only the input variables. This implies a potential decomposable structure for
improving computational efficiency. However, due to problem specific constraint
set (13) decomposed models may change. Hence, we will only present the ex-

tended model in this section.

The change in the model structure can be seen in Figure 5.10. As mentioned
before, ignoring the constraints (14.1) and (14.2), the only binding constraints in
the optimization model are (2),(3), and (9) with the shared decision variables z;.
Hence to extend the model, the x; variables are copied across for each dropout

network, redefining them as;
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Figure 5.10: Structure of the main model and reformulated model

a2l : Value of input parameter i=1,...,N for dropout network r=1,....R

After copying the decision variables, the model constraints change as;

pt” > 1, b1+Zthzp Vt=1,..,L,Vr=1,...,R (2

yr, < I, b1+zw o+ M1 —-u,)  Vt=1,.,L,¥r=1,.,R  (3)

Remaining constraints stay same. An additional constraint set is defined to ensure

the equality of input parameters for each dropout;
x, =x] Vr=0,..R—1,7"=r+1 (15)

By relaxing this set of constraints, if there is no other binding constraint in the set
(13), the model forms a decomposible structure and the problem can be splitted
into R subproblems. We used A\ as the relaxation coefficient, which makes the

objective in the extended model;

min / max F(z —l—ZZY&: — (1)

r=1 =1

Decomposition for Simulation Calibration Problem
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As mentioned before, the first set of computational experiments were done
using the estimation error constraints (14.1) and (14.2) which are also binding
constraints as they contain decision variables from two different dropout neural
networks. As we did not want to relax them, the decomposition was also done
such that each subproblem contained both the main neural network and one
dropout neural network. One can easily obtain subproblems by taking R = 2 in

the main model. The objective in each subproblem becomes;

5t
min Z ﬁ iy Z(AZ — N Hay (1.r)

jet i€Lo
Then, we utilized Lagrangian Decomposition method due to continuous input
space. However, as the model size nearly doubled the decomposition did not
present any computational benefits. The representation of reformulation and

decomposition can be seen from Figure 5.11.
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(—» | NNDropoutt1 | ——» Oropout Output Z4

Dropout Output Z4

Input Viector

Dropout Output Z,

II et =
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Figure 5.11: Trial Decomposition Approach Structure with Initial Uncertainty
Constraints

Then, we decided on changing the estimation error constraints to allow better
decomposition which are (14.1), (14.2) and (14.3). These constraints are used to
control the maximum total difference between the target output and the dropout
predicted outputs. Although they do not give the same results, a similar effect
can also be obtained by minimizing differences for each dropout network sepa-
rately which allows problem to be decomposed in R subproblems each having only

one network calculation. So, the model constraints in each subproblem becomes
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same as the base model introduced in the previous chapter. The objectives for

subproblems can be written as;

min Z'y; + Z()\: — A Y (L.r)

jeJ i€Lo
in which the objective of the problem is approximated as sum of the objectives
subtract Zf;l > jcs ;- However, computational experiments shown similar re-

sults with no computational benefit of decomposition.
Decomposition for Assortment Optimization Problem

As mentioned in the other case study, due to (14.1) and (14.2) being binding
constraints decomposition was done so that in each subproblem both the main
network and one of the dropout networks remained as shown in Figure 5.11. So,

the objective in each subproblem becomes;

i

min (Rﬁfl) + ZGZLO()\: — Ny (L.r)
Due to the input space being binary for this problem we decided on taking A = 0
which completely separates the subproblems and using Branch&Bound Approach
to achieve better computational efficiency. Hence, in each subproblem, the pre-
dicted revenue is maximized while approximated revenues from dropout networks
are made sure to be in vicinity of the main prediction. Then, the assortments
found in each subproblem is compared. The branching strategy was decided as;
branch on product i which the assortment decision differs most across the sub-
problem solutions. As the parameter is binary, bounds are defined as; x; = 0
and x; = 1. The branching is continued until lower bound is equal to the upper
bound. If any solution found such that assortments are same for all subprob-

lems than the lower bound is updated. The detailed explanation can be seen in
Algorithm 3.

To further improve the process, we also added a feasibility check at step 18
to find a solution to the problem. For each iteration, the solution z’* of the
subproblem that gives the minimum objective value was tested to see if it also

is a feasible solution to the main problem. This approach was motivated from
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Algorithm 3 Branch and Bound for Assortment Problem

e e el e e e

17:

18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

Input: Initial problem P with R subproblems
Output: Optimal assortment
Initialize the best found solution z* < ()
Initialize the best found objective value LB < 0
Initialize the upper bound UB < oo
Initialize a flag for convergence converged <« false
while not converged do
Initialize list X to store solutions and objective values for each subproblem
for each subproblem P, in P do
Solve subproblem P, to obtain solution 2" and objective value z
Append (27, 277) to S
if min 2z < UB then
UB < min 2"
end if
end for
Compute the variance for each product ¢ across subproblems:

Py

R

T = 1 Zxr, o? = 1 zR:(ﬂ —7;)?
R ) i R g i

r=1
Identify the product ¢* with the maximum variance:

2

it = arg max o
if all 2 are identical then
x* < b
LB « 2™
else
for each subproblem P, in P do
Create subproblem P, by adding constraint z; = 0 to P,
Create subproblem P,; by adding constraint z; = 1 to P,
Replace P, in P with P,q and P,
end for
end if
if LB=UB then
converged < true
end if
end while
return z*
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the fact that all P, objectives gives an upper bound to the P, which means the
problem with minimum objective yields the best possible solution that can be

found for P. The process can be represented as in Algorithm 4.

Algorithm 4 Feasibility Check for Subproblem Solutions

. Input: Solution x" and objective value 2" for subproblem P,
: Output: Updated lower bound LB if solution is feasible
if P(z!") is feasible then
if 2 > LB then
LB + I
end if
end if

g Wy e

From the computational experiments done with this algorithm, we found that
for this problem the branching nearly always ended at root node or first iteration
as the subproblem with minimum objective provided a feasible solution to the
main problem. This results also indicated for this specific problem, optimizing
the main problem with multiple dropouts gives same solution as optimizing the
worst case scenario. Although we do not know which dropout network will give

the minimum value, the problem can be adjusted to obtain best efficiency.

We then defined the measure of estimation error in the main problem by using
the worst case scenario which is the minimum GSV value or predicted output 2"

in this case. Then, the constraint set (14) can be written as;

2" >€ Vr=1,....R (14)

which ensures all dropout outputs are greater than €, hence, minimum output or

worst, case scenario is also greater than e.

Notice that the model in this case have a decomposable structure as shown in
Figure 5.10. The process of copying the input variables is done same as in the
general case which makes the constraint (15), assortments should be same for each
dropout, only binding constraint. After extending the model and decomposing
it into subproblems, each subproblem constraint can be defined same as the base
model from the previous chapter. Hence, we will have R subproblems that max-

imizes the predicted revenue. Then the objective of the main problem is found
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by; P(z)|r = argmin,cpz™ with optimal assortment vector z7. Similarly to
first case study, computational experiments shown no significant computational

benefit of decomposition.

5.5 Discussion

According to the results, we can say that dropout neural networks provide a
good measure of estimation error for the output predictions. Various estimation
error measures can be utilized within different problems by using dropout net-
works which further improve the reliability of optimal found from the suggested
approach. Although we were not able to explore the computational benefits of
decomposition in our case studies, by defining adequate constraints to control
uncertainty that allows simpler decomposable structures and with parallelization

of sub problems further improvements can be seen in the methodology.
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Chapter 6

Conclusion and Future Search

There are various approaches introduced in literature to make causal inferences
about the real-life scenarios. We studied how the input interventions should be
altered to achieve some counterfactuals, and demonstrated how neural networks
can be utilized within optimization models to achieve this. Our methodology,
which combines machine learning with optimization techniques, has proven to
be versatile and effective in handling problems with both integer and continuous

parameter spaces across different domains.

Through the case studies presented-calibrating the FIuTE simulation model
and predicting revenues for a FMCG company with different assortments-we have
shown that our approach can provide valuable insights into how changes in input
parameters affect outcomes. We have also given some customized approaches to
show how the methodology can be improved specific to the problem. Compu-
tational experiments in our base model show that the methodology, optimizing
over neural networks, approximates the optimal parameter configurations rela-
tively well while providing a big computational efficiency. The methodology can
also be used together with other traditional approaches to balance the trade-off
between the accuracy and the computational cost. This is also shown for one of

our case studies by suggesting hybrid approaches.
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We also suggest an approach to control estimation uncertainty in the approx-
imated solutions by utilizing the dropout networks. The optimization is done
while considering multiple approximations to improve our confidence interval.
The methodology shows a great promise for providing estimation error bounds
for the solutions. Computational results present multiple successful ways of em-
ploying the dropout networks with various measures of estimation error. We also
provide an algorithm by decomposing the suggested methodology and utilizing
branch and bound approach for problems with integer parameter space, binary
in our case. Although the computational benefits for decomposition was not seen
well in our case study as the original model already had a short runtime and the
solutions were obtained easily, for more complex systems it may have significant
benefits.

Future research could expand on this work by exploring the decomposition ap-
proaches for the model with estimation error bounds as it’s structure is very open
to it and it can provide great computational benefits. Especially for the problems
with continuous spaces, although we only tried utilizing Lagrangian Decomposi-
tion method, our experiments were cut short due to model already having great
computational efficiency similarly. While the suggested methodologies work well
directly in our case studies, further improvements can also be made as we also
showed with some customized approaches. Hence, for other specific problems
the methodologies can be significantly improved by considering the suggested

approaches even if we did not explore them deeply.

In conclusion, this study provides a foundation for continued exploration of
machine learning-driven optimization models, with the potential to transform
how we approach causal questions and make decisions based on hypothetical

scenarios.
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Appendix A

Calculation of Performance
Metrics

A.1 R? Calculation

The formula for R? is given by:

S5
S Stot

R?=1

where S5, is the residual sum of squares and 5SS, is the total sum of squares.

Define the following variables to calculate the SS.e and 5SS ;

y; is the actual value of the output variable.

; is the predicted value from the neural network model.

1y is the mean of the actual values.

n is the number of data points.
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Residual Sum of Squares (.SS;cs)

The residual sum of squares is calculated as:

SSres = Z(yz - gZ)Q

Total Sum of Squares (SSiot)

The total sum of squares is calculated as:

n

SSior = Y (yi = 9)°

A.2 Mean Absolute Error (M AE) Calculation

The Mean Absolute Error (MAE) is a measure of the average value of errors in a

set of predictions, without considering their direction. It is calculated as follows:
1 n
MAE = 52 |y — il
1=

A.3 Mean Absolute Relative Error (MARE)

Calculation

The Mean Absolute Relative Error (MARE) is a measure of the average relative

value of errors in a set of predictions. It is calculated as follows:

n

MARE = = Z

n <
=1

Yi — Ui

Yi
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