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ABSTRACT

BALANCE IN RESOURCE ALLOCATION PROBLEMS:
A CHANGING REFERENCE APPROACH

Hale Erkan
M.S. in Industrial Engineering
Advisor: Ozlem Karsu
May 2018

Fairness has become one of the primary concerns in resource allocation problems,
especially in settings which are associated with public welfare. Using a pure
efficiency maximizing approach may not be applicable while distributing resources
among entities, hence we propose a novel structure for integrating balance into the
allocation process. In the proposed approach, balance is defined and measured as
the deviation from a reference distribution determined by the decision maker. We
acknowledge that what is considered balanced by the decision maker might change
with respect to the level of total output distributed. To provide an allocation
policy that is in line with this changing structure of balance, we allow the decision
maker to change her reference distribution depending on the total amount of
output (benefit).

We illustrate our approach using a project portfolio selection problem. We for-
mulate a mixed integer mathematical programming model for the problem with
maximizing efficiency and minimizing imbalance objectives. The bi-objective
model is initially solved with the epsilon constraint method. However for larger
problem instances this approach fails to find solutions within reasonable time
limits. Hence we implement metaheuristic algorithms and report on their perfor-
mance. As an alternative solution method, an interactive algorithm is presented
and used to find the most preferred solution of the decision maker. The pro-
posed resource allocation model provides important insights to decision makers
regarding the tradeoff between efficiency and fairness, and provides a useful tool
to incorporate specific balance concerns into the problem.

Keywords: Decision support systems, Biobjective resource allocation problem,

Fairness, Knapsack Problem, Balance.
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OZET

KAYNAK D_AéILIM PROBLEMLERINDE DENGE
FAKTORU: DEGISEN REFERANS YONTEMI

Hale Erkan
Endiistri Miithendisligi, Yiiksek Lisans

Tez Damsmani: Ozlem Karsu
Mayis 2018

Denge, kaynak dagitim problemlerinde onemli bir kriter haline gelmektedir.
Ozellikle toplumsal refahi etkileyen konularda denge faktoriine karsi hassasiyet
daha yiiksek oOlgiidedir. Bu tarz kaynak dagilim problemlerinde yalnizca ver-
imliligin encoklandigi bir yontem kullanicilar tarafindan uygun bulunmaya-
bilir.  Bu nedenle, bu g¢alismada denge ve verimlilik kriterlerinin birlikte
ele alindigi bir kaynak dagitim mekanizmasi Onerilmektedir. Denge ol¢timi
yapilirken gerceklegen dagilimin karar verici tarafindan 6nceden belirlenen refer-
ans dagilimdan ne kadar saptigi hesaplanmaktadir. Denge, farkl ¢ikti mik-
tarlar1 soz konusu oldugunda farkli sekillerde algilanabilir. Bu degisken denge
algisiyla uyumlu bir mekanizma gelistirebilmek icin farkli ¢ikti miktarlarinda

karar vericinin referans dagilimini degistirmesine olanak verilmigtir.

Onerilen yéntem proje portfoy secimi problemi tizerinde uygulanmistir. Prob-
lem, karigik tamsayr matematiksel modelleme kullanilarak iki amacg fonksiy-
onlu bir gekilde formiile edilmistir. Amag fonksiyonlarindan biri verimliligi
encoklamakken, digeri dengesizligi enazlamak olarak belirlenmistir. Iki amac
fonksiyonlu problem o6ncelikle epsilon kisit yontemi kullanilarak ¢ozilmiistiir.
Problem boyutu biiyudiikge hizla artan ¢oziim stireleri sebebiyle biiyiik problem-
ler i¢in metasezgisel algoritmalar kullanilmigtir ve performanslari: raporlanmistir.
Ardindan alternatif bir ¢oziim yontemi olarak interaktif bir algoritma uygu-
lanmugtir.  Onerilen yontem karar vericiye adaletli dagitim konusunda icgorii

kazandiracak ve probleme 0zel denge kisitlarini yansitmakta kullanigh olacaktir.

Anahtar sézciikler: Karar verme mekanizmasi, Iki amach kaynak dagihm prob-
lemi, Adillik, Sirt Cantas1 Problemi, Denge.
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Chapter 1

Introduction

Allocating resources across multiple entities is a problem encountered in many
real life settings, hence resource allocation problems are widely studied in the op-
erational research (OR) literature [1]. Various decision support systems have been
proposed to help the decision makers allocate resources so that system efficiency

is maximized.

Typically, resources are allocated so that the entities will enjoy benefits (out-
puts), i.e. any resource allocation to entities is associated with an output alloca-
tion. Resources and outputs can change based on the problem type: for example
in a health care resource allocation problem, resource can be budget and ben-
efit can be measured with the number of people who benefit from a healthcare
project or it can be measured by the quality adjusted life years gained by the
target population. Throughout this thesis we use the terms output and benefit

and also resource and input interchangeably.

One widely-used approach in resource allocation is efficiency maximization,
also known as the utilitarian approach. This method focuses on maximizing the
total output regardless of how it is distributed across the entities. It achieves the
best result in terms of efficiency; however it may fail to sustain fairness (balance)

in the allocation. This is because this approach may ignore allocating resources to



entities that are not as good as the others at converting resources to output. For
example, in a project portfolio selection problem, if some project categories are
more productive than the others, a pure efficiency maximizing model would lead
the decision maker to use the entire budget on them. However, such a solution
may not be acceptable, especially when categories provide benefits in different
technology areas, or to different population groups (as in the health care settings).
Consider a health care project selection problem, where projects are categorized
by target patients’ ages; resource usage is measured with the cost of a project and
benefit is the resulting quality adjusted life years for a patient group. In this case,
the utilitarian approach can result in a highly unfair resource distribution among
categories. Elderly patients may not receive any resource, since these patient
groups obtain relatively less benefit per unit resource devoted to them. Hence,

using a utilitarian approach could be considered a highly controversial decision.

One approach to ensure fairness can be equally dividing the resources among
entities, if possible. However, such an allocation may also be inapplicable, since it
may result in a high efficiency loss. Consider the same problem in healthcare pol-
icy making: a utilitarian approach may not give any resources to elderly (or ter-
minally ill patients) and hence is undesirable. On the other hand, a policy maker
may also find a completely equal resource allocation to infants and elderly unfair
or unacceptable on the grounds that the society should provide more resources
to younger generations. Between these two extremes (an efficiency maximizing
allocation and fairness maximizing allocation), there are other allocations, i.e.
the problem is a bi(multi) objective problem. Moreover, as the example shows,
fairness itself is a subjective term and different people may have different defini-
tions for a “fair” allocation. A good decision support approach should be able to

accommodate this difference.

In this thesis, we will suggest an approach that will address fairness in resource
allocation problems. The aim is to create a decision support system that will guide
decision makers to incorporate balance concerns into the allocation decisions.
Proposed method will enable decision makers to define a perfectly balanced (a
reference allocation) allocation differently at different levels of output. In order

to achieve this structure, a bi-objective mixed integer mathematical formulation
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is used. In addition, we will engage both a posteriori and interactive solution
approaches, which differs in terms of decision maker’s participation throughout

the solution process.

In the following chapter, Chapter 2, the underlying idea of changing reference
approach is introduced. Then the basis of this study, measurement of balance

while using changing reference allocations is explained with an example setting.

Chapter 3 reviews the most relevant literature on this topic. Literature review
is divided into 3 main groups and each group is discussed separately. First we
address the literature on fairness in OR problems, and provide applications and
categorizations. Then, we refer to the literature on multi objective portfolio
selection problems. Lastly, solution methods used for bi-objective programming
models are presented. Furthermore, main focus and distinctive characteristics of

this thesis are specified and novelty of this study is emphasized.

In Chapter 4 we exemplify the use of the proposed approach on knapsack
type discrete resource allocation problems. We provide the corresponding mixed
integer mathematical model and a variation of it. We assume that the decision
maker provides reference proportions, which indicate the proportions that she
wants to achieve in an ideally balanced allocation. The first model uses a discrete
reference distribution approach, meaning that reference proportion is constant
for each interval. As long as distributed total output is between two thresholds
balance is measured with a constant reference proportion. Its variation uses a
moving reference distribution approach which enables the reference proportion
to move along the threshold values. Details of the mathematical models are

explicitly explained in this chapter.

Chapter 5 is devoted to solution methods used to solve proposed bi-objective
resource allocation problem. We discuss the exact algorithms; Epsilon constraint
method and an interactive algorithm as well as metaheuristic algorithms for find-
ing approximate solutions; SPEA2, NSGA-II and MOCell. For the metaheuristic

algorithms performance metrics are defined to asses the quality of solutions.



In Chapter 6 we present the results of our computational experiments. We
conclude in Chapter 7 by summarizing our results and pointing out some further

research directions that could be pursued.



Chapter 2

Problem Definition

In this chapter we discuss the idea of changing reference points with respect to
which balance is measured. This way, we allow the decision maker to change her

desired proportions as the total output or the total input changes.

The underlying idea is similar to that of the well-known allocation rule from
Babylonian Talmud, which divides a given resource in different proportions,
changing with respect to the total amount of resource and demand (see [2] for a
detailed description). The story is as follows: a man dies leaving a heritage and
debts to three different creditors with amounts of 100, 200, 300 units. Accord-
ing to Talmud’s rule, if the heritage is 100 units, each creditor gets 33.3 units
(equal amounts); if heritage is 200 units then creditors receive 50, 75, 75 units
respectively and if it is 300 units, they receive 50, 100, 150 units respectively. In
this allocation policy the received shares change depending on the total amount
of heritage. When heritage is small, each creditor receives equal proportions;
however, as the amount on hand increases their shares become proportional to
their debt. If the decision maker keeps the equal proportion policy in the third
scenario, 100% of creditor one’s debt will be paid while only 33.3% of creditor
three’s debt will be covered. From creditor three’s perspective this allocation may
not be acceptable, therefore in such situations shifting the input distribution from

equal amounts to a distribution proportional to the debts may improve fairness.



A similar situation may also be seen in investment planning. [3] and [4] state
that investors may become more risk tolerant when the potential output is higher.
As the expected benefit gets higher, the investor becomes more prudent to invest

in more risky projects, hence the reference allocation changes.

We will explain the novel approach that we suggest for imbalance measurement

in resource allocation settings using a small example as follows:

Assume that a local healthcare provider is planning the annual budget allot-
ment for a set of proposed projects, each of which targets a different population
group. For simplicity we are going to assume that there are two population
groups, which are significantly different with respect to their life styles. Let
us assume that the first group represents people who are negligent about their
health while the second group consists of people that take care of their health
(Such behavioral differences could emerge due to other attributes of the groups
such as income.). The provider measures health gain in terms of the total quality
adjusted life years (QALYs). Assume that the total QALY's are normalized to

obtain a score.

If the total score that would result from the allocation decisions is relatively
low (e.g between 0 and 40), the policy makers may prefer to use the resources
such that benefit is evenly distributed across population groups. Making the
allocation in favor of the group that returns more benefit per unit resource (in
our example this corresponds to the second group) would create a significant
health gap; thus it may not be appropriate for ethical reasons. Conversely, if
total score is relatively high (e.g. between 70 and 100), the overall community
health may be considered to be above standards. Since the overall health state is
already good, having an imbalanced distribution between population groups may
be more acceptable. Both groups already have above satisfactory health status;
hence, when benefit distribution shifts towards one of the groups, the difference
would not be as striking as the first case. Therefore the policy maker may prefer
an allocation where the second population group has higher returns in order to
increase total health score. To summarize, distributing a good in an equal manner

may be more important when the total welfare is already low. As the total welfare



increases, the allocator may want to shift resources to more productive entities.

We illustrate the changing references in the example in Figure 2.1, where there
are two categories (population one and population two). The two axes represent
the total benefit enjoyed by the categories, i.e. the total health score of each
population. As long as total benefit (tb) is below 40 units, decision maker uses
the reference proportion «;. This reference proportion is a vector showing the
desired benefit percentages for each group, in this example a;=(0.5,0.5), i.e. if the
total benefit is below 40 units, the policy maker would like to distribute it evenly
across the two groups. When the total benefit exceeds 40 units she changes the
reference distribution vector from a; to ap =(0.4,0.6) and in this representation
she prefers to see that the bigger portion of the benefit is in category 2. As the

output increases reference distribution becomes less even between categories.
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Category 1 output

Figure 2.1: Changing reference distributions

This methodology can be applied to incorporate balance concerns in various
resource allocation environments which can be formulated as; e.g. continuous
knapsack problems, where benefits are obtained with respect to some production
function, discrete knapsack problems, where costs and benefit parameters are ex-

plicitly given, or in assignment problems with capacity limitations. We illustrate
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the proposed approach using a discrete knapsack problem. Knapsack problem is
a well known combinatorial optimization problem and it is in the class of NP-hard
problems [5]. The problems that we formulate will trade balance off against effi-
ciency while making discrete project portfolio selection decisions, hence they can

be classified as bi-objective discrete knapsack problems with fairness concerns.

We will discuss two methods to incorporate the notion of changing reference
points: The discrete and moving reference distribution methods. In the dis-
crete method, we will assume that the reference proportion changes at predefined
threshold values and is constant within each interval as in the example given
above. In the moving reference point approach we will allow the reference propor-
tion to move along between two threshold proportions, meaning that, depending
on the exact value of total output, reference proportion vector is calculated par-
ticularly for each allocation, rather than assigning a single reference proportion

vector by an interval based partition.



Chapter 3

Literature Review

The problem considered in this thesis can be classified as a bi-objective project
portfolio selection problem with fairness concerns. As the description reveals the
problem is related to three main areas; (i) fairness, (ii) project portfolio selection

and (iii) bi-objective optimization.

In the first section of this chapter, integration of fairness in OR problems is
discussed. [6] states that fairness has become an important criterion in many
OR applications. Fairness is a subjective concept, hence it does not have a de
facto definition. Depending on the problem setting and the decision maker sev-
eral different criteria can be listed to describe a fair operation. In this part, we
will discuss different implementations of fairness and their application areas stud-
ied in the literature. In the second section, the focus is on the multi-objective
project portfolio selection problems. The project portfolio selection problem has
been studied in the OR literature for over 40 years [7]. It became a very popu-
lar problem because it has an impact on various fields and it has a broad range
of extensions that yields to new research areas. In the last section, literature
on solution methods used for bi-(multi) objective programming problems are
analysed. First, a classification of solution methods depending on timing of elic-
itation of preferences are described. We then discuss some exact methods used

for solving bi-objective programming problems. Later we discuss, applications of



metaheuristic approaches used in multi-objective resource allocation literature.

3.1 Fairness in OR Problems

OR practitioners started to consider fairness as an important criterion along with
efficiency in many applications, such as resource allocation, airline scheduling
and energy distribution. Especially in decisions affecting social welfare, fairness

becomes an almost mandatory criterion [6].

Karsu and Morton [6] categorize fairness-related concerns as equitability and
balance. Equitability aims to achieve an even distribution of the resources (out-
puts) since it assumes that the entities are indistinguishable and anonymity holds,
i.e. the identities of the entities do not affect the decision. Balance concerns, how-
ever, are relevant in cases, where the entities have different characteristics. They
may, for example, differ in terms of productivity, need or claims. In such cases a
completely equal allocation may be undesirable and the decision maker may want
to allocate the resource in different proportions. Note that there are two relevant
distributions over which balance can be ensured: the resource distribution and
the output distribution. Note also that, a balanced resource distribution may not
lead to a balanced output distribution and vice versa as seen in the healthcare

resource allocation example discussed in Chapter 2.

Equitability and balance are studied in various articles in OR literature and
they are integrated in many classical OR problems. One can give examples from a
vast area of applications including but not limited to air traffic flow management,
slot assignment in airline planning [8],[9] and [10]; food re-distribution [11],[12];
public service provision [13]; public facility location [14] and even in cooperative
advertising [15], in which fairness concern for channel members and retailers are

taken into account.

There are also studies in the literature that focus on alternative ways of “mea-

suring” fairness. [16] and [17] analyse inequity measures that can be used with

10



the efficiency objectives in location problems. See also [18] for a discussion on
different equity measures used in location problems. [19] considers a generic re-
source allocation setting and discusses mathematical implications of utilitarian

and maxmin type (Rawlsian) welfare distributions with respect to equity.

[20] proposes a bi-criteria framework to handle balance and efficiency concerns
in resource allocation, and exemplify the approach through a discrete project
selection problem. They suggest using a reference distribution approach to mea-
sure how balanced a given distribution is. [21] uses a reference point approach
to solve a real life multi objective resource allocation problem where quantity,
quality and balance are the main concerns. Their balance definition is similar
to the one used in [20], where a desired proportion of input for each category
is used as a reference balanced distribution. In their problem categorization is
based on several different attributes which are client groups, time horizons and
alignment with management objectives. In order to engage fairness criteria into
this multi dimensional setting they used a form of chi-squared statistic to measure

imbalance.

Fairness

Equitability Balance
|

Constant Changing
Reference Reference

Figure 3.1: Fairness concept categorization in literature

Figure 3.1 illustrates the categorization used to describe fairness in the liter-
ature. As explained in Karsu and Morton [6] fairness can be identified as either
equability or balance. In an equitable allocation, anonymity holds and most
fair distribution gives each entity the same amount of output (or input). Main
principle is distributing equal proportion of output (or input) among entities re-

gardless of their characteristic properties. On the other hand we have the more

11



generic concept of balance to define fairness, where decision maker can choose
the ideal balance point to be different from equal proportions. In balance cri-
teria, anonymity does not hold and the most desired distribution depends on
decision maker. Decision maker distinguishes entities and desired allocation is
affected from the characteristic properties of entities, such as productivity and

needs, along with the structure of decision environment.

There are two ways of incorporating balance to a problem. First, definition of
a balanced distribution can be unique and in all possible scenarios of the problem
same ideal proportion vector can be used as a reference. This method is called
“Constant Reference” on Figure 3.1 and it is studied in [20] and [21]. Another
way of integrating balance to a problem is allowing the decision maker to change
the definition of balanced distribution depending on certain characteristics of the
problem such as amount of available resource, potential output level and types of
goods. This method is referred as “Changing Reference” on the figure and in this
thesis we focus on the mathematical formulation, implementation and solution

methods of this problem.

In this thesis we also assume that the decision maker has balance concerns
for the output distribution and provide a methodology to help decision makers
to trade balance off against efficiency in resource allocation settings. We ex-
tend Karsu and Morton’s [20] idea of balance measurement to a piecewise linear
concept, which allows the decision maker to change her reference distribution
depending on total output. This extension significantly changes the structure of

the multi-objective problem models solved, as will be discussed in Chapter 4.

3.2 Multi Objective Project Portfolio Selection

Project portfolio selection problem is planning the allocation of a limited amount
of resource to a set of projects, that will return some type(s) of output. There can
be different preferences and priorities of decision makers in the process of project

selection. Hence in many portfolio selection problems a set of diverse objective

12



functions are simultaneously used. In many cases these objectives are conflicting,
such as maximizing revenue, minimizing risk, minimizing cost and maximizing
utilization. This multi-objective structure necessitates the use of multi-objective
programming models. A multi-objective integer programming model, where all

variables are binary, can be expressed in the following way:

Optimize Z(z) = {z1(x), 22(x), ..., 2p(x) } (3.1)
s.t. reX (v; € {0,1}; i=1,2,....,n) (3.2)

where x is the binary decision vector and in the project selection problem its
dimension equals to the number of candidate projects n = N. X is the feasible
set in the decision space. x; = 1 indicates that project ¢ is selected and x; = 0

indicates the opposite. z;(z) is the j objective function, j =1, ..., p, [22].

Multi-criteria project portfolio selection problem has been studied in a wide
range of areas with several different methodologies. [23] studies long- and short-
term valuation of IT investments with high outcome uncertainties. [24] and [25]
integrate analytical network process and goal programming to solve the infor-
mation system project selection problem with interdependencies. [26] develops
a two phased method to solve project selection problem under uncertainty. [27]
discusses the use of analytic network process to evaluate value of different R&D
project selection settings. [28] uses goal programming to select projects in multi-

objective healthcare management problems.

The task of selecting a set of projects with a certain amount of resource con-
stitutes a knapsack problem. Knapsack problem is an NP-hard combinatorial
optimization problem and it has many implementations in various fields. In the
original knapsack problem, resource is the capacity of the knapsack; projects are
the items, each entitled with a weight and benefit value. Capacity of the knap-
sack is not sufficient to fit all the items, hence a set of items has to be selected
so as to maximize total benefit without exceeding the capacity. It is also called
0-1 knapsack problem [29], [30] and [5].

In the multi-objective extension of the problem, items are associated with mul-

tiple benefit values. Generic formulation of the multi-objective knapsack problem

13



is provided below [30];

Max z(z) = {z1(2), 22(), ..., zp(x) } (3.3)

n

(2

r; €{0,1}; i=1,2,...n (3.5)

In the model, ¢; is the weight of item ¢ = 1,2, ..., n. Constraint (3.4) ensures that
capacity is not violated. b;; is the benefit of item i = 1,2,...,n for j = 1,2,...,p

and objective functions are in the following form;

Zj(I) = Zbuxz j = 172, P (36)

To solve multi-objective project portfolio selection problems, multi-objective
knapsack formulation or its variations are frequently used in the literature, There
is a vast number of articles in the literature using multi-objective knapsack for-
mulation or a variation of it to solve project portfolio selection problems [26],
[31], [32], [33], [34] and [20].

The problem encountered in this thesis can be generically described as a bi-
objective knapsack problem. However, unlike the formulation provided above, in
our problem there is a single resource and items are entitled with a particular
cost and benefit values. The first objective function maximizes efficiency and
the second objective function aims to minimize imbalance in the distribution.
The mathematical formulation and details of our model is further discussed in
Chapter 4.
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3.3 Solution Methods Used for Bi-(Multi) Ob-

jective Programming Problems

Bi-objective optimization is a reduced version of multi-objective optimization to
two objective functions. As a result of project portfolio selection problems’ mul-
tifaceted structure, they are commonly solved with multi-objective programming
models. Note that, optimizing a vector is not a well-defined operator, hence
solving a multi-criteria decision making model may refer to finding all (or a sub-
set of) the nondominated solutions of the problem or finding the solution that
is most preferred by the decision maker. All definitions provided below are for

maximization settings.

Definition 1: z(2') = (z1(2), 22(2'), ..., 2,(2')) is said to dominate z(x) =

(z1(x), 22(), ..., 2p(2)) is zj(2") > zj(x) Vj and z(2") > 2(x) for at least one k.

Definition 2: If iz € X such that z(z') dominates z(z) then z(z) is nondom-

inated.
Definition 3: If z(x) is nondominated then z is efficient.

While solving a multi criteria decision making problem, a key point is the
timing of articulation of preferences. As demonstrated in Figure 3.2 there are
three main classifications depending on the timing of elicitation of preferences;

(i) a priori, (i) a posteriori and (iii)interactive (progressive) approaches [35].
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Elicitation of Preferences

A priori A posteriori Progressive
e Lexicographic Exact e Interactive
approach o Weighted sum algorithms
e Goal scalarization
programming e Epsilon
constraint
approach

e Two phase

methods
e Branch and bound

e Dynamic

Programming

Metaheuristic

algorithms

Figure 3.2: Categorization by timing of elicitation of preferences

Prior articulation of preferences requires the use of explicit value function
of the decision maker. For instance, in lexicographic ordering, value function is
assumed to be a lexicographic function of the criteria. In goal programming, there
are some predetermined goals for each objective and value function is assumed to
be a weighted minimization of deviations from these goals. Even though, these
approaches are relatively easier to handle, it is very difficult to determine value
function of the decision maker over multiple objectives. Hence these methods are

not always suitable for practical use [35].

Algorithms using posterior articulation of preferences aim to present all the
nondominated (Pareto) solutions of a problem to the decision maker. Then,

the decision maker is expected to select the most preferred solution among all
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nondominated solutions. The main and only assumption of this method is that
decision maker’s value function satisfies monotonicity; in other words “more is
better”. Hence there is no need to know the exact value function to represent
decision makers preferences. As long as monotonicity holds these methods can be
employed to find the Pareto front. However this approach can be very complex for
decision makers since the number of Pareto solutions can be very large to analyse.
Some commonly used methods are weighted sum scalarization, epsilon constraint
approach, two phase methods, branch and bound methods and metaheuristic
algorithms [35].

In the progressive articulation of preferences the purpose is to find the most
preferred alternative by iteratively using the preference information obtained from
the decision maker. At each iteration the algorithm asks the decision maker
questions about preference relations among a set of alternatives. Then using this
information, solution space is reduced and a new set of solutions are presented
to the decision maker. The algorithm stops when the most preferred (or a close

enough) solution is obtained.

Solution Methods ‘

Exact solution methods Metaheurisctic Algorithms
e Dynamic Programming e NSGA-II
e Epsilon constraint method e SPEA2
e Branch and Bound o MOCell

e Goal Programming

e Weighted sum scalarization
e Two-phased methods

e Lexicographic method

e Exact interactive algorithms

Figure 3.3: Solution methods for bi-objective programming problems
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Solution methods used to solve multi-objective optimization problems can also
be categorized into two main groups depending on whether true Pareto solutions
are found or not; exact solution methods and metaheuristic algorithms. This
categorization and frequently used methods are illustrated in Figure 3.3. Exact
methods guarantee exact Pareto front however they require solving large number
of optimization models and that can take considerable amount of time. On the
other hand metaheuristic algorithms are computationally-efficient but they only
provide an approximation of the real Pareto. Some frequently used metaheuristic
algorithms are Non-dominated Sorting Genetic Algorithm (NSGA) [36], Strength
Pareto Evolutionary Algorithm (SPEA) [37] and MOCell [38].

Metaheuristic algorithms can find multiple solutions with a single simulation
run. They are flexible and can be easily adjusted or combined depending on
the problem specifics to improve efficiency. Thus, metaheuristic algorithms are
adopted to solve many multi-objective resource allocation problems in the litera-
ture. [39] develops a multi-objective generic algorithm to approximate Pareto
front of a linear resource allocation problem with project interdependencies,
stochastic objectives and uncertain parameters. [40] combines two metaheuristic
algorithms, Tabu Search and Scatter Search, to solve the selection and schedul-
ing problem of project portfolios. [41] solves the multi objective, multi constraint
knapsack problem by using both exact (Branch and Bound) and metaheuristic
algorithms (SPEA2 and NSGA-II).

As highlighted in the Figure 3.3, initially we used epsilon constraint method
to find all exact nondominated solutions of our problem. However as the problem
size grows it becomes difficult to obtain exact solutions in reasonable time limits.
In order to overcome this computational difficulty we adopt metaheuristic algo-
rithms; NSGAII, SPEA2 and MOCell to find approximate Pareto fronts. Then
we employ an interactive algorithm so as to obtain the most preferred solution of
the decision maker without obtaining the whole Pareto front. We demonstrate
the details of these methods and corresponding performance analysis in Chapters

5 and 6 respectively.
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Chapter 4

Mathematical Programming

formulations

In this chapter, we first introduce the structure and mathematical formulation of
Discrete Reference Distribution Model. Then, characteristics of Pareto solutions
obtained with this model are briefly discussed with an example. In the following
section, we provide an improved approach to formulate the balance concerns in

the problem, which is referred to as Moving Reference Distribution Model.

4.1 Discrete Reference Distribution Model
(DRDM)

We consider a bi-objective discrete knapsack problem to illustrate our resource
allocation mechanism. In the problem setting, suppose there are N proposed
projects (IV is the set of projects) and each project incurs a cost of ¢; units and
returns a benefit of b; units. Projects are divided in different categories such
that each project belongs to one (and only one) category. Let K be the set of
categories and let K < N. We assume that the decision maker has a limited

budget B, which is not enough to fund all of the projects (Zfil c; > B).
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Figure 4.1: Distances from reference distributions

We define the binary variable z; for i = 1,..., N taking the value 1 if project
1 is selected in the portfolio and 0 otherwise. We assume that the degree of
balance of any distribution is measured by its distance to a reference allocation,
which distributes the benefit according to decision maker’s desired (reference)
proportions. We allow the DM to determine different reference proportions for
different total benefit intervals. Assume that there are M intervals, each of which
is defined by two threshold levels (interval m is defined by threshold levels T,
and T),). @i is the reference proportion showing the desired proportion of
total benefit allocated to category k = 1,..., K if the total benefit is in interval
m = 1,..., M. «, can increase/decrease as we move along on the intervals to

shift the allocation in favor of particular categories.

Imbalance of a realized allocation is measured as the ratio of total compo-
nentwise deviation from reference distribution to the total benefit of that al-
location. Figure 4.1 shows the componentwise deviations of two realized al-
locations to their reference allocation vectors. Realized allocations are rep-
resented with real!, real? and !, x? are the corresponding decision variable
vectors. Note that, these two realized allocations have total benefits lying in

different intervals and their imbalance level should be calculated with respect
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to their own reference proportion vectors. By using the corresponding o val-
ues we calculate reference distributions as follows; ref! = Zf\il aipbiz} and
reff = Zfil agkbiz?, k = 1,2. Componentwise deviation from reference dis-
tribution can be measured as devi = |reali — refg] j=1,2 k=1,2. Then,

K j
D i1 dev,

iy bii
tion with a higher benefit when two solutions have the same deviation from their

imbalance’ = j = 1,2. This measure allows us to favor the alloca-

reference distributions.

Notations used throughout this thesis for the mathematical formulations are

introduced below;

Problem Parameters
N: number of projects

K: number of categories
M: number of thresholds
B: total budget
¢;:  cost of project i =1,..., N
b;:  benefit of project it = 1,..., N
T,.: threshold values defining intervals for total benefit values m =1, ..., M
ami:  reference (desired) proportion for category k in interval m
S k=1 an€RX k=1,.,K m=1,.,(M-1)
gir: 1 if project i =1, ..., N belongs to category k =1, ..., K, and 0, otherwise.
TB: total benefit of all the suggested projects Zf\il b;

AT,,: Difference between two consecutive threshold values, T,,.1 —T,, m=1,...,(M — 1)

Decision variables
x;: 1 if project ¢ is accepted, and 0, otherwise, 2 = 1, ..., V.

X,,: amount of benefit gained within the interval m = 1,..., (M — 1)
Ym: 1 if the total amount of benefit is higher than T,,,1, m = 1,..., (M — 2),
and 0, otherwise
aor:  selected reference proportion for each category k=1, ..., K, Zszl o = 1

Imbalance: Imbalance indicator of the benefit distribution
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Discrete Reference Distribution Model (DRDM)

The proposed bi-objective Discrete Reference Distribution Model (DRDM) is

provided below;

N

max Z bix;, min Imbalance (4.1)

i=1
N
Z cr; < B (4.2)
=1
N M-1
=1 m=1
X, < AT, (4.4)
X > ATy m=1,..,(M—2) (4.5)
X < AT ym1 m=2,....,(M —1) (4.6)
AT, — X < AT, (1—1) m=1,..(M—2) (4.7)
ATy —Xpm>(1—1,) m=1,..(M—2) (4.8)
Tm < Ym m=1,..,(M-2) (4.9)
M—2
agr, = an(1 —y1) + Z U1k (Ym = Ymy1) T vy k=1, K
m=1
(4.10)
PO ‘Zi]\il bicvok; — Sy bigini
Imbalance = = , (4.11)
D e biwi

r;€{0,1} i=1,..,N (4.12)
Xpn>0, m=1,..,(M~-1) (4.13)
ym € {0,1} m=1,....(M —2) (4.14)

Constraint (4.2) ensures that the budget is not exceeded. Constraint (4.3) is used
to calculate the total benefit of the projects which are selected in the portfolio.
Constraints (4.4) - (4.6) are used to identify the interval of total benefit. If to-
tal benefit corresponds to interval m then {y; = 1Vj < m} and {y; = 0 Vj > m}.
Constraints (4.7), (4.8) and (4.9) are used to indicate the interval of the threshold
values. Whenever total benefit is exactly equal to a threshold value, T,,, it is in-

cluded to interval m+ 1 and a1 is assigned to this solution. Constraint (4.10)

22



makes sure that oy is equal to the reference proportion vector of the corresponding
interval. Imbalance is measured in (4.11), it is calculated as the total proportional
deviation from the reference benefit distribution, ([20]). SN, biagxz; is the de-
sired (reference) benefit in category k = 1,..., K and Zf\il b;z;g;, is the actual
benefit in category k = 1, ..., K. We add up the absolute difference between de-
sired and realized benefits over all categories and obtain a relative measure by
dividing it to the total realized benefit. Since total benefit would differ in each

feasible portfolio, using a relative measure is more meaningful.

Note that constraint (4.11) involves nonlinear terms. We linearise them using

additional auxiliary variables; wg;, f;, px, and di. Then we obtain the following
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model, Constraints (4.1)-(4.10), (4.12)-(4.14)

Wi SOKOk k= 1,...,K 1= 1,...,N (416)
wg > agp— (1—2;) k=1,.,.K i=1..,N (4.17)
N N
i=1 i=1
N N
i=1 i=1
N N
di — () bigawi — Y bwy) <2TB(1—pp) k=1, K (4.20)
i=1 i=1
N N
i=1 i=1
fi <ImbPz; i=1,..,N (4.22)
fi < Imbalance i=1,..,N (4.23)
fi > Imbalance — Imb"?(1 —z;) i=1,..,N (4.24)

K N

> d =) bif; (4.25)
k=1 =1

wy >0, k=1,..K i=1,..,.N (
pe€{0,1} k=1, K (
>0, k=1,.. K (4.28

Constraints (4.15)-(4.17) are used to linearise the product of gy (continuous)
and x;(binary) decision variables such that wy; is equal to this product (wy; =
aorr;). With constraints (4.18)-(4.21) and the auxiliary variables d and py, we
rewrite the absolute deviation value term with linear inequalities. New vari-
able dj is the deviation in category k from the reference distribution. TB is
an upper bound on this absolute value. Constraint (4.11) involves the term

Imbalance Zf\il bix;: the product of a continuous and a binary variable. We
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define f; = Imbalancex; for i = 1,..., N, and we linearise this term in (4.22)-
(4.24). We take the lower bound on imbalance as 0 and the upper bound
(ImbYP) as K - TB/min;c;. After the linearisation we obtain constraint (4.25).
In the linearised model there are 5M + 3NK + 5K + 3N — 6 constraints and
2N +3K + 3M + KM — 4 variables, 2M + N + K — 4 of which are binary.

As an example, we solve a model with N = 30, K = 4 using the well-known
epsilon-constraint approach, described in Chapter 5. Figure 4.2 shows the set of
all nondominated solutions. At one end of the Pareto front we have a completely
balanced allocation with 280 units of total benefit, on the other hand there is the
solution with 576 units of benefit and 0.33 unit of imbalance. The reference pro-
portion vector used for the most balanced solution is a; = (0.25,0.25,0.25,0.25).
As the total benefit increases reference proportion vector changes and it becomes
harder to achieve better imbalance values. Figure 4.3 represents the change in
realized benefit distributions with respect to their references as we move towards
the most efficient solution. Categories 3 and 4 are more productive than category
1 and 2, it is clear that as we move towards the efficiency extreme their outcomes

are significantly higher than those of the first two categories’.

600 [ \ w \ T \ ! ‘ —
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e e T 00
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Q
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0 5.102 0.1 0.15 0.2 0.25 0.3 0.35
Imbalance

Figure 4.2: Pareto solutions of DRDM Type C N =30, K =4
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Figure 4.3: Reference benefit distribution (ref) vs. Realized benefit distribution

(soln)

In this thesis we made the analysis assuming that as the total benefit increases
decision maker prefers to make the allocation in favor of more productive cate-
gories. However in certain problem settings decision maker may prefer a more
even distribution when total benefit is higher. As the total benefit increases,
uneven distributions may result in significant differences among categories. For
instance in a setting where there are two categories and reference proportion vec-
tor is set to (0.3,0.7) when total benefit is 10 units, categories get 3 and 7 units
of benefit, respectively. On the other hand in the same setting if total benefit is
1000 units, categories get 300 and 700 units of benefit, respectively. As seen in
the example when total benefit is higher, difference between categories’ benefit

level is significantly higher.

In order to reflect the affect of reversing balance definition in different levels of
benefit, we resolved the problem instance presented in Figures 4.2 and 4.3 with
this reversed policy and its results are provided in Figures 4.4 and 4.5. In the given
example reference proportion vectors are reversed over the intervals; meaning that
as the total benefit increases, more even reference proportion vectors are assigned.
In this policy the most balanced solution has a higher efficiency score since more

productive categories are promoted in lower benefit levels.
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Figure 4.4: Pareto solutions of DRDM Type C N = 30, K = 4 with reversed

reference proportion vector
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Figure 4.5: Reference benefit distribution (ref) vs. Realized benefit distribution

(soln) with reversed reference proportion vector

4.2 Moving Reference Distribution Model (MRDM)

In this chapter we present a modified version of our initial model. We begin with
pointing out a noteworthy observation from the solutions of DRDM that brings
out the need for this modification. Following this observation, we discuss the

necessary adjustments for this new approach and provide the reformulation of
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the model.

In DRDM there are multiple reference proportion vectors and the model assigns
an agr based on the interval of the total benefit. Note that the same reference
distribution is used for the entire interval between two thresholds, regardless of
its distance from the threshold points. Although this may seem reasonable, in
some cases it may result in abrupt changes in the solutions, especially for the

ones with total benefit values closer to the thresholds.

Let us consider the allocation policy in Figure 4.6 with two categories. Until
total benefit reaches 77 = 100 units, g is (0.4,0.6) and afterwards it changes
to (0.3,0.7). Suppose that there are two Pareto solutions with efficiency values
96 and 102 units. In the first solution, with 96 units of benefit, benefits are
distributed as (38,58) units between categories. In the second solution total
benefit is in the second interval, hence reference distribution vector shifts to
(0.3,0.7) and benefit distribution becomes (31,71) units. Note that in the second
solution the benefit of category 1 decreases by 18% while benefit of category
2 increases by 22 %. Even though total benefit scores of these two solutions
are close to each other, their distributions have significant differences. It may
be expected that as the total benefit increases, each categories’ benefit will also
increase; however, this may not be possible for the entire Pareto frontier. In
the neighborhood of thresholds, results do not coincide with this expectation.
For a fact, these increases/decreases are inevitable due to the selected reference
distribution coefficients: while one category’ share is increasing others’ have to
decrease. Thus in the threshold neighborhoods there are sudden jumps from one

distribution to the other, which may be undesired.

o1 = (0.4,0.6) »‘- a2 = (0.3,0.7) -)‘ a3 = (0.2,0.8) —)‘

Figure 4.6: Example setting

In order to address this drawback, we enhanced our model to move «g;, val-

ues from one breaking point to the other by taking the convex combination of
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the two reference distribution vectors depending on the exact position of total
benefit. This way, benefits of entities will gradually increase/decrease as the
total benefit changes. In the previous example; where we have 96 units of bene-
fit the corresponding reference distribution will be calculated with the equation

- Xlw + aup, in this example it is equal to (0.304,0.696). In
the second solutlon with 102 units of benefit, reference distribution becomes
(0.298,0.702). Consecutively benefit distributions are (29,71) and (30,70), re-
spectively. By moving the reference distribution vector from one breaking point

to the other we can achieve a more smooth change in distributions.

We modify DRDM to formulate this change. Reference distribution constraint
(4.10) is reformulated as a piecewise linear continuous equation provided below

and this adjusted model is referred to as the Moving Reference Distribution Model
(MRDM);

Xi(ao, —
aoe = (1 —y1) [ 1 2AkT L) + o |+
1
M—3 -
X1 (Qmaor —
~ Ymt1) [ +1( g;f +1t) + g1k | Fym—2anm— k=1, K
m=1 m

(4.30)
This term is non-linear due to the product of variables v, (binary) and X,
(continuous). We linearise it with the additional decision variable ¢;; and the
new formulation contains the constraints (4.1)-(4.9) and (4.12)-(4.29) with the

following ;

(vop — 1) (o — 1)
pr— ——eee — t _—
Ak |:X1 Tl + (o5} 11 Tl + Y101k +

[t (a Qi 1k)
mm~+1\m+42k — Cm+1k
[ )

" (CYm+2k: - Oém+1k) ty o i
m+1m—+1 m+1&%m—+41
AT,,

+ym—apy_1x k=1..,K
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by < Xy m=1, ., (M —2) (
trmet < X Py m=1,..., (M —2) (
trm < X m=1,...,(M —2) (
trmal < X1 m=1,..., (M —2) (
X — X 21— y) < toegn m=1,..., (M —2) (4.36
Xons1 = X (1= ym) < toms m=1,..., (M —2) (
tom >0 m=1,...(M—2) (
tms1 =0 m=1,..,(M—2) (

In linearisation upper bound on X,,, ¥m = 1,...,(M — 1) is set as X7 =

max?_, (AT,,) and the lower bound is zero. This model has 11M + 3NK +
5K + 3N — 18 constraints and 2N + 3K + 5M + KM — 8 decision variables.
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Chapter 5

Solution Methods

In this chapter solution methods used to solve the proposed bi-objective discrete
resource allocation problem are introduced. As mentioned in Chapter 3 we used
the Epsilon constraint method and an interactive algorithm to find the exact
Pareto front (or a subset of it) and metaheuristic algorithms SPEA2, NSGA-II
and MOCell for the approximate results.

5.1 Epsilon Constraint Method

In a multi-objective optimization problem suppose there are p objective functions.
As stated in Chapter 3, multi-objective optimization problems (for a maximiza-

tion setting) can be modelled as follows;

max Z(z) = {z1(2), 22(x), ..., p(x) } (5.1)
s.t. reX (5.2)

where X is the feasible set of decision space and z(x) is the feasible criteria space.

Epsilon constraint method is categorized within the methods using a poste-

riori preference articulation, meaning that it aims to find all the nondominated
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solutions of a given problem. The method is based on solving single objective

models repetitively. The generic form of these models is shown below:

p

max Z(z) = zj(x)+6 Z zi(x)
i#]

s.t. reX

(5.3)

(5.4)
(5.5)

The method, by systematically changing the ¢; values and solving the updated

model iteratively, obtains different nondominated solutions. In the bi-objective

setting, when the decision space is discrete, it is possible to obtain all nondomi-

nated solutions of a problem. Note that, this is an augmented formulation of the

method. We use a lexicographic approach instead of this augmented form. The

approach we use for our bi-objective mixed integer problem setting is provided

in Algorithm 1.

Algorithm 1 Pseudocode of Epsilon Constraint Method

Initialize: Set e =0 and f =1
while f=1 do
P(1): min imbalance
st efficiency > €
reX
if the problem is infeasible then
f=0
else
objective value vector=(imbalance*, efficiency™). Solve,
P(2): mazx ef ficiency
s.t  imbalance < imbalance*
reX
objective value vector=(imbalance**, efficiency**)
Add this vector to the set of non-dominated solutions.
Set € = ef ficiency™ + step_size
end if
end while

We assume that the cost and benefit parameters are all integer, therefore setting

step_size = 1 guarantees that all Pareto solutions are generated.

We use this algorithm to solve our bi-objective problems. We have two single

objective models P(1) and P(2). P(1) minimizes imbalance while restricting
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efficiency with a lower bound and P(2) maximizes efficiency with a constraint on
imbalance value. We start from the initial solution obtained from P(1) that has
the minimum imbalance value, then in each iteration we find a new solution by
restricting the efficiency by an e- constraint and solving the given model. In each
iteration, both P(1) and P(2) models are solved to ensure that a nondominated
solution is found. Algorithm terminates when model P(1) is infeasible, meaning
that we reached the solution with the maximum efficiency value and all Pareto

front is obtained.

5.2 Metaheuristic Algorithms

Metaheuristic algorithms are frequently used to solve multi-objective optimiza-
tion problems. They do not guarantee the exact Pareto front however they are

computationally very efficient and very flexible to fit different problem types.

As it will be demonstrated in Chapter 6, it is challenging to obtain exact so-
lutions for bigger problem instances with the epsilon-constraint method. Thus,
with the hope of finding good solutions in reasonable time, we adopt three meta-
heuristic algorithms: SPEA2 [42], NSGAII [36] and MOCell [38].

We modified the source codes of these heuristic approaches available at MOEA
Framework, which is a free and open source java framework for multi objective

optimization [43].

5.2.1 Strength Pareto Evolutionary Algorithm 2 (SPEA?2)

Strength Pareto Evolutionary Algorithm (SPEA) is a metaheuristic algorithm
first introduced by Zitzler et.al [30] to find a set of approximate Pareto solutions
of multi objective optimization problems with a single run. SPEA2 is developed

to enhance the strategies used in its predecessor SPEA [42].
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SPEA2 starts with initializing a population and creating an archive. Then
fitness values of all members in both population and archive set are evaluated.
Following the fitness function evaluation, selection is made to create the mating
pool. During the selection operation nondominated solutions are copied to the
archive set of next generation and if they do not fit, in terms of size, a truncation
operation is needed. Recombinations and mutations are then applied to the
mating pool and resulting population is updated. The algorithm terminates when
it reaches the predefined maximum number of iterations (termination condition).

Flowchart of the algorithm is provided in Figure 5.2.1.

Generate initial population and}

empty archive (external set)

!

Fitness Evaluation Function ]

l

{Environmental selection: Copy

Truncation
all nondominated individuals No
mechanism

to archive of next generation

Yes

[ Mating selection

!

{ Variation:recombination

and mutation

Figure 5.1: Flowchart of SPEA2
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5.2.2 Non-dominated Sorting Genetic Algorithm II
(NSGA-II)

Nondominated Sorting Genetic Algorithm II (NSGA-II) is a nondominated sort-
ing based evolutionary algorithm proposed by Deb et.al [36]. NSGA-II is known
by having good spread of solutions and fast convergence to the Pareto. First,
the algorithm generates an initial population and checks whether these initial
solutions are feasible or not. If an initial solution is not feasible a repair mech-
anism is used. Then fitness value of each member is evaluated and solutions are
sorted. After the sorting procedure algorithm selects parents and by crossover
and mutation operations new solutions are generated. Fitness values of these new
solutions are evaluated and sorted to select new parents. Procedure continues un-
til maximum number of generations is attained. Figure 5.2.2 shows flowchart of

the algorithm.

35



[ Generate initial population ]

Feasible L{ Repair Mechanism ]

|

|

Yes |

|

[ Fitness Evaluation Function ]‘ *************

Y

[ Nondominated Sorting ]—»

condition

Select Parents

!

Crossover

!

Mutation

!

)
)
)
Repair Meachanism ]
)
)
)

!

Fitness Evaluation Function

!

Nondominated Sorting

!

Replacement

Y N N Y Y ™Y M)

Figure 5.2: Flowchart of NSGA-II

5.2.3 MOCell

MOCell algorithm is developed as an adaptation of cellular model of genetic
algorithms and multi-objective framework [38]. In cellular model of genetic al-

gorithms a member in the population may only cooperate with solutions in its
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own neighbourhood. MOCell algorithm uses an external archive set to store non-
dominated solutions, like SPEA2. The speciality of this algorithm is that at the
end of each iteration a number of solutions are included back into the population
from this external archive by a feedback mechanism. Flowchart of the algorithm

is demonstrated in Figure 5.2.3.

[ Create an empty Pareto front }

!

{ Parent selection } 77777777

Y
Feedback

Terminatio

condition

Figure 5.3: Flowchart of MOCell

5.2.4 Performance Metrics

In order to assess the performances of the algorithms in terms of solution quality,
we use various performance metrics. Whenever possible, the comparison is based
on the exact Pareto frontier. We use the following three metrics for this purpose:
Let NS be the set of nondominated solutions and ANS be the solution set obtained

from the heuristic algorithms.

P: Ratio of nondominated objective vectors returned by the heuristic to the

total number of nondominated solutions.
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_ |ANSN NS
ILE

P considers the number of nondominated solutions found but it does not mea-
sure closeness of heuristic solutions in ANS to their nondominated counterparts
in NS.

We also use two distance measures to observe how close ANS is to NS, ([44]).
To define the distances, we assume (E", ") is a vector from set NS and (E?, [9)
is in set ANS where E and [ are efficiency and imbalance scores of the vector,

respectively. We calculate the range of the values in exact Pareto solutions.

Ri= max FE — min FE"
(ET,IT)ENS (ET,I")ENS
Ry= max [I"— min ["

(ET,I")ENS (ET,I")ENS

FUEST7), (B 17) = max {0, (E" — EY) /Ry, (I = I") / Ry}

R, and Ry are the component wise range of points in NS. f gives the maximum
component wise normalized distance between point ¢ and point r. If solutions ¢

and r are the same, f takes value 0. Distances are defined as follows;

Distance 1 (D1): The average distance between the points of set NS and
the points in set ANS.

1
1)1:— . ET ]T’ Eq ]q

|IN S| Z (Eq,lq)lenANs{f(( A7), (B 1)}
(ET,I")ENS

Distance 2 (D2): The maximum distance between the points of set NS and
the points in set ANS.

2= max {min (B0}

(ET,I")ENS | (E4,I9)€EANS

Performance is better when D1 and D2 values are smaller.
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For problems where N > 50 it is not possible to find exact Pareto frontier
therefore we compare the results of metahuristic algorithms within themselves.
Performance metrics we used to compare different metaheuristic methods are

listed below.

Spacing (S): This metric is proposed by [45] to measure distribution of
solution vectors over the Pareto front for a single set. It is measured with the

standard deviation of pairwise distances.

1 = r
S: . dl—dQ
n—1 121( )
di=min» [0} - 0| i,j=12..n
J
k=1

n is the number of nondominated solutions and m is the number of objectives.
In our problem O = (E*, I') is a solution vector in set ANS, d is the mean value
of all d;. It is better when S value is smaller; when S is equal to zero all points

are spread uniformly.

Maximum Spread (MS): The maximum extension covered by the nondom-

inated solution set;

MS =] max (]|0"= 0]
=1

n is the number of solutions in the set, ||O" — O?|| is the Euclidean distance
between points O and O/ € ANS. The distance of each nondominated solution
to all other solutions in the set is calculated ([37]). Higher MS values means

solutions can reach further edges of Pareto front indicating better performance.

Set Coverage (SC): Used for comparing two sets of solutions. It calculates
the ratio of points that are dominated by at least one of the solutions in the other

set.
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| {O € ANS,|30 € ANS, : O, < OZ-,W} |

SC(ANS;, ANS,) = NS
2

Let ANS; and AN S, be two sets of solution vectors. SC(ANS;, ANS;) can
take values between [0,1]. If it equals to 1, points in AN S; dominate all the points
in AN Sy (dominance in the weak sense). If SC(ANS;, ANS,) equals to 0, then
points in AN S; are all dominated by solutions in ANS;. Note that since there
can be intersections between the sets, both SC(ANS;, ANS,) and SC(ANS,,
AN S}) should be calculated separately.

Mutual points in the sets ANS; and ANS; can not indicate any superiority
of one set over the other. Since they are identical points they will always domi-
nate each other in a weak sense and their effect on both SC(ANS;, ANS,) and
SC(ANS,, ANS;) will be the same. In order to calculate distinct points’ set
coverage on the opponent set, we eliminated common points from the analysis by

using strong dominance as follows;

| {0 € ANS,[30 € ANS, :3i O < Oi} |

SC'(ANS;, ANS,) = NS
2

We performed set coverage analysis with both SC and SC’ approaches, results
are provided in Chapter 6.

For further exploration we also made Hypervolume test for these heuristics.

e Hypervolume: Hypervolume is the volume of the dominated space sur-
rounded by the nondominated points and the origin. In bi-objective settings
it corresponds to the dominated area. This metric is first introduced by Zit-
zler and Thiele [30]. We modified the C code prepared by Eckart Zitzler

based on the methods introduced in [46] for our bi-objective problem.

40



5.3 Interactive Approach

We now discuss a progressive approach that could be used to guide the decision
maker to her most preferred solution without generating all the nondominated
solutions beforehand. This approach has multiple advantages over a-posteriori
approaches: It requires less time as it does not generate the nondominated so-
lutions that would not be of interest to the decision maker. It also helps the
decision maker by guiding her to the most preferred solution as opposed to just

presenting her the set of Pareto solutions, which may be too large.

The interactive approach we adopted is based on the approach proposed by
Lokman et.al [47] to find the most preferred alternative of a decision maker for
multi-objective integer programming settings. We adjusted this method to our
bi-objective mixed integer programming problem. We begin with providing neces-
sary definitions, assumptions and theorems used throughout the algorithm. Then
we will describe the adapted version of the algorithm to our problem in detail.

Lastly we exemplify the algorithm by going through steps of an example solution.

All the definitions and theorems are provided below are for bi-objective max-

imization settings.

Note that in the original model we have two objective functions: one is effi-
ciency maximization and the other one is imbalance minimization. In order to
obtain maximization setting in the overall problem, we convert our imbalance
term into a balance term. To do so, we subtract imbalance from its nadir value,

N

meaning that zo = 2 — 20, 20 € Ry. 2V = max,ep {zi(x)} i = 1,2 is the nadir

point, where E denotes the set of efficient solutions.

Definition 4: Let z = (21, 22) be a solution vector in our proposed bi-objective
problem setting, z; and 2, denote efficiency and balance values of the solution,

respectively.

Definition 5: u(z) : 2 — R is a nondecreasing function if u(z™) > (%) for

every 2™ = (2", 20") and zF = (2F, 25) such that 2" > 2F i =1,2.
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Definition 6: u(z) : ®* — R is a quasi concave function if u(} ;| p;2") >

mini—1,. pu(z") for Y0 =1, p; > 0.
Definition 7: > denotes the binary relation “is preferred to” .

Definition 8: For each pair of alternatives z* and 2™ such that 2™ > 2*, a
2-point cone is defined as;
C(zm,2%) = {z:z2=2F+p(z" —2™),p > 0}. 2™ and 2% are called the upper

and lower generators of the 2-point cone, respectively.

Definition 9: T is the set representing available preferences of decision maker,
T ={(z2%) : 2™ »= 2*}

Assumption: The fundamental assumption of the algorithm is that decision

maker has a non-decreasing quasiconcave utility function, which is unknown.

Theorem 1: Let u be a nondecreasing quasiconcave function u(z) : R? — R.
Let u(z*) < u(z™), m # k, where zF € %2 and 2/ € R2. Consider;

maxr € (5.6)
p(zF —2m) —el > 2 — 2P (5.7)
w>0 (5.8)

If ex > 0; then u(2%) > u(2') [48].

Theorem 1 is first introduced by Korhonen et.al [48]. It implies that if the
utility function is quasi concave and some prior knowledge on the preference of
decision maker is known, one can infer that some parts of the feasible criteria
space would not contain the most preferred solution; such areas are referred as
cone dominated areas. This method is called the convex cone method and it allows
to narrow down the feasible criteria space by eliminating more cone dominated

areas as more preference information is obtained.

Mathematical model described in Theorem 1 checks whether alternative 2’ is
inferior to the cone 2* + (2% — 2™). If so, theorem implies alternative 2’ can be

at most as preferred as alternative z*.
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Using the results from [48], Lokman et.al [47] introduced the following theorem

that defines the characteristic of cone dominated solutions through 2-point cones.

Theorem 2: Let u be a nondecreasing quasiconcave function defined in
Euclidean space %#2. Consider the two distinct points 2™ and z*¥ such that
u(2¥) < u(z™). Then a point z is cone dominated by cone C(z™;z*) if and

only if the following conditions hold:

k oL Sk m
1. 2, <27, 1:27—2"<0

2. zi(2f — 27) + (2" — 27) S 252 — 272, iz — 2 <0527 =2 > 0.

We define Theorem 2 for bi-objective settings. Hence we provide a simplified

version of the proof in Lokman et al [47] for these settings.

Proof: =We want to show that given two distinct points 2™ and z* such that

u(2¥) < u(z™) conditions (1) and (2) are satisfied.

Note that, since this is a bi-objective setting if ¥ and 2™ are two distinct
nondominated solutions, then they have to satisfy exactly one out of the following

four conditions;

Lo2b—2m<OAnZE—2m>0
2 k m <) k __ .m

2 =2 <O0Azg — 29" >0
3. 28— 2> 0N — 20 <0
© 21 1 2 T2 >

4o 28— 2 >0N 25— 20 <0

Without loss of generality assume 2 — 2 < 0 and 25 — 20" > 0. If 2 is cone

dominated by C(2™; z*) from Theorem 1 we know that 3 > 0 satisfying;

2 < 2P 4 p(2F — 2 i=1,2 (5.9)
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We can rewrite the inequalities in (5.9) separately as follows;

ME P (5.10)

o =2 < p(z — 23) (5.11)
Now, both sides of (5.10) and (5.11) are multiplied by (25 — z5") and (27" — 2¥),
respectively. Following inequalities are obtained;

P — ) (2 — 25) < (21 = 21)(25 — 25) (5.12)

(22 = ) (21" = 21) < plzg = 25") (A" — #1) (5.13)

Since we already assumed 0 < 2 — 2F 28 — 2™ > (0 and p > 0, inequality

(5.12) implies the following;
e > 0= 2 <P (5.14)

(5.14) satisfies condition (1) in Theorem 2.
Now we will show that inequality 2 is also satisfied.

p(zh — 25 (2 — 2¥) is a common term in inequalities (5.12) and (5.13), hence

they together imply;

(22 — 23) (21" — 21) < (21 — 21)(25 — 23") (5.15)

By rearranging (5.15) can be written as;

21(28 — 20 + 2(2 — 2F) < 2 — 2R (5.16)

(5.16) is exactly same as condition (2) from Theorem 2.

We conclude that for any cone dominated solution both conditions (1) and (2)
have to be satisfied.

< We want to show that if a solution z satisfies conditions (1) and (2) then z

is a cone dominated solution. To show this, one should prove that Ju for any z
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dominated by cone C(2™; z*) satisfying the following inequalities;

We need to discuss following two cases separately;
(a) 2§ — 2" =0 and 25 — 20" > 0

(b) 2F — 2" <0and 25 — 2" >0

(a) For the cases where; 2¥ — 2™ = 0 from condition (1) we can directly derive

the following inequality

a <2 +ple — A =2 (5.19)

(b) Let us now consider the case when; 2f — 27" < 0 and 2§ — 25" > 0.

We can add and subtract z§z5 from right hand side of condition (2);

k m m k k.m k.m k _k k _k
21(25 — 25") + z0(2]" — 27) < z527" — 2725 + (2725 — 2725) (5.20)
. 29 — Zéc Zf — 21
By rearranging; — < ot

m m
R T 2 21 T A1

From our initial assumption, z¥ — 2™ < 0 and 25 — 2" > 0, we know both

denominators are positive; therefore 3 satisfying:

<pu< 5.21

2K —2m = a 2 — 2k ( )

1" can be set to m Since we already assumed that 2{* > 2y and
A1 T AL

25 > 2" we can guarantee existence of such p*. We write (5.21) as follows,



(5.19), (5.22) and (5.23) together imply that z is cone dominated. [J

As a result of Theorem 2, any point that is not cone dominated by C'(2™; z¥)

has to satisfy at least one of the following conditions;

(i) 3 d:2F—2" <0 satisfying 2F < 2.

i J—

(i) 3 d:2F—z"<0andj: zf — 27" < 0 satisfying

i —

22— 22 < zi(2F = 2) + 2( — 2F).

Figure 5.4 demonstrates a 2-point cone and the corresponding cone dominated
region for our bi-objective problems. Assuming 2™ = z¥ and 25" > 2% it directly

* is nondominated). As shown by [47], any point z

follows that 27" < 2f (since z
that is not cone dominated has to satisfy at least one of the conditions (4), (i),
as otherwise it is in the cone dominated region (shaded).

Ef ficiency

el = 2belt > 21 (af — o) + (e - o)) ()

z§ <z (i)

1

Balance

Figure 5.4: Cone dominated region when 2™ = z* (shaded)

Following these results Lokman et.al [47] provide a mathematical model so as
to obtain new solutions that are not dominated by any cone C(2™; z*). Modified

version of the problem to our bi-objective problem setting is as follows;
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P" mazr  M\z(z) + Aze(x)

(zF + )r™F < zi(x) (2™ M) eT, i:2F—2m<0 (5.24)
(g2 — b + " < zila) (2 — 2") + 25(@) (2" — 2F)
(2™ ) eT izl =2 <0, j:zf —2">0 (5.25)
T;"’k—{—t;?’k:l, (2™ M) eT, iz —2"<0, jiZb—2">0 (5.26)
(2" + ys < zi(x), 1=1,2 (5.27)
Bty =1 (5.28)
t?;k, e 0,1}, (2™ 2N eT, i:ZF-2m<0, jiZF-2m>0 (5.29)
(5.30)
(5.31)

in{O,l}, 1=1,2
re X

where 2" is representing the current incumbent which is the most preferred
solution found so far, A; and Ay > 0 are arbitrary weights and e is a small
positive constant. If the problem P" is feasible, we refer to its optimal solution
as 2.

Constraints (5.24) and (5.25) guarantee that the obtained solution is not cone
dominated by checking conditions (i) and (ii). When r7" = 1, for (2™, 2%) €
T, i:zF—2z" <0 constraint (5.24) becomes 2¥ + € < z; meaning that condition
(i) is satisfied. In the same way, 1ftml‘C =1, (™) eTi:zk-2m<0, j:
2§ — 2" > 0 then constraint (5.25) implies (2] 2" — 2f2]" + €) < z(2} — 2") +
zj(zi - zf) so that condition (ii) will be satisfied. Constraint (5.26) is used to
ensure that one of these conditions (i) or (ii) to be satisfied. At the beginning
of the algorithm there is no preference information yet therefore no cones can be
generated to obtain a distinct nondominated solution. (5.27) and (5.28) assert

nc

that 2" will have a strictly better objective function value than z™¢ in at least

one of the objectives; meaning that 2" is a distinct nondominated point.

The model creates 2 binary decision variables (tZLk and 7™*) and 3 constraints
for each 2- point cone (5.24, 5.25 and 5.26), however the number of cones that

needs to be generated throughout the algorithm can not be determined a priori.
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Now we will discuss the adopted version of the algorithm to our problem set-
ting. The algorithm begins with finding an initial incumbent by using a weighted
sum scalarization model. Then a new nondominated solution is obtained by
solving model P" with different weight values. Since there is no preference infor-
mation yet, T = () and P" only consists of constraints (5.27), (5.28), (5.30) and
(5.31). This new solution, 2" is a challenger to the incumbent solution. To obtain
preference information, decision maker is asked to make a pairwise comparison

between 2" and z Depending on the choices of decision maker, preference

information set 7' and 2™ are updated then model P” is resolved with a new
weight vector by eliminating all cone dominated regions. These steps are repeated
until the most preferred solution is the only feasible solution to the problem. A

pseudocode of the algorithm is provided in Algorithm 2.
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Algorithm 2 Interactive Algorithm
Imitialize: T = 0, f = 1 and h = 1. Arbitrarily select weights \; > 0,

i = 1,2, (322, A\ = 1). Solve the initial model. (7 is a set representing

available preferences of DM)
max  A121(x) + Aaze(x)
reX
if the problem is infeasible then
Stop
else
2! = (21, 23) is the initial incumbent, 2 = 2!
end if
while f =1 do
Set h = h + 1. Select new weights \;, by solving model P", and solve the
model with additional cone domination constraints defined over set T
if the problem is infeasible then
Set f = 0. The incumbent point, 2 = (21", 2i"¢)  is the most preferred
solution of the DM.
else
Denote optimal solution as challenger, 2" = (21, 2%).
Compare the incumbent ¢ and the challenger 2"
if zi"¢ = 2" then
T =TuU/ (2 zh)
else
T =TU(UZtzme, 2
Update incumbent, 2™ = z
end if
end if

end while

h

Assuming there are finite number of nondominated solutions the algorithm
terminates in finite number of iterations. In our problem there is certain amount
of projects, N, and we make 0-1 selection decisions therefore total number of

possible allocation decision is bounded. In fact Zi\i 1 (]X ) is an upper bound on
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the maximum number of solutions that can be obtained. Hence we can also
conclude that proposed algorithm will reach the most preferred alternative in

finite number of iterations.

In our computational experiments initial incumbent weight vector is selected
as (0.5,0.5). For each iteration of the algorithm model, P" is solved with new
weight vectors. To select weight vectors that will help us to find highly preferred

distinct nondominated solutions, following mathematical model P* is solved;

2 max € (5.32)
22—1(Zm — zk))‘i k
e L > ope, (227 eT (5.33)
|2 — 24|
A+ =1 (5.34)
N>os-e i=1,2 (5.35)
€>0 (5.36)

Om and o; are random parameters which are uniformly distributed between
[0,1] and they allow us to find distinct weights from different parts of the feasible

weight space.

5.3.1 Interactive Approach Example

Now we will exemplify the algorithm with an example demonstrated step by step
with Figures 5.5-5.8. The example is provided for an instance from DRDM, Type
C N = 15 and K = 4. When the instance is solved with epsilon constraint
method, it is observed that there exists 132 nondominated solutions. These solu-
tions are represented with the circles on the graphs. Solutions obtained through-
out the algorithm are shown with triangles. At each iteration newly added cone

constraints are drawn in red and previous ones are black.
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Initially an incumbent solution is found by solving the weighted sum scalar-
ization model with the initial weight vector, this solution is referred as z! = 2%,
Then by solving P", challenger 22 is obtained. Recall that since this is the first
iteration, set 1" is empty and there are no cone constraints in the model. It only
aims to find a nondominated solution different from 2. 2? is marked as the
first challenger point. Later, decision maker is asked to make a pairwise compar-
ison between 2™ and z? and she prefers z? over z™¢, 22 = 2. This preference
information is added to set T" and cone dominated region is defined accordingly.
Figure 5.5 demonstrates the cone dominated region (shaded) generated by 2% and
z¢_ All the solutions interior to this region are eliminated from further search.

Incumbent solution is updated, z™¢ = 22 and algorithm moves to the second

iteration.
3007 T T T T -
o PY Py ‘ 22
5 \ \\\\\\\Zznc
g 200 .
(®]
=
€2
100 aInteractive hand o
e Pareto ° o
0 01 02 03 04 05 06 07 08 09 1
Balance

Figure 5.5: Interactive-DRDM Type C N = 15, Iteration 1

New weight vectors are obtained by solving the mathematical model defined

with (5.32)-(5.36). P" is solved with the information obtained in iteration 1

and a new challenger solution is found, z3. This time, assume that decision

3 over 2 (2?). Since we already know 2% = 21, by transitivity we

maker prefers z
conclude that 2% = z'. As described in the algorithm both preference information
23 = 2™ (%) and 23 = 2! are added to set T. Figure 5.6 shows the new
cone constraints and the overall cone dominated region. Incumbent is updated,

i

Z"¢ = 23 and algorithm proceeds with the iteration 3.
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Figure 5.6: Interactive-DRDM Type C N = 15, Iteration 2

Model P" is solved again with the additional cone constraints and a new weight
vector. z* is the new challenger and decision maker prefers 27¢ = z4. A new cone

is generated as shown in Figure 5.7. Incumbent does not change.

300
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100 alnteractive
e Pareto
0 01 02 03 04 05 06 07 08 09 1
Balance

Efficiency

Figure 5.7: Interactive-DRDM Type C N = 15, Iteration 3

As seen on Figure 5.8, 2% is returned to the decision maker for comparison

as it is the only solution left exterior to any cone and she picks 2™ over 2z°.
After adding new cone constraints P" fails to find a new nondominated solution
since there are no solutions left. Algorithm terminates and 2" = 23 is the most

preferred solution.
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Figure 5.8: Interactive-DRDM Type C N = 15, Iteration 4

Interactive algorithm finds the most preferred solution among 132 solutions
only by asking for 4 pairwise comparison questions to decision maker while solving
5 models. Of course, such an interactive algorithm would require the decision
maker to be available to answer the preference questions. Further analysis on the

performance of the algorithm will be made in Chapter 6.
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Chapter 6

Computational Experiments

This chapter is dedicated to computational experiments that we performed to
demonstrate the feasibility of proposed approach. To begin with, data genera-
tion and assumptions used in different types of problem instances are explained.
Afterwards computational results obtained with the solution methods described

in Chapter 5 are demonstrated and corresponding results are analysed in detail.

6.1 Data Generation and Assumptions

In different decision making environments, parameters may have certain charac-
teristics; for instance output and input values may be correlated or productivity of
projects may differ depending on the category of each project. In order to mimic
different types of project portfolio selection problems that could be encountered

in real life, we used 3 different problem types.

In all three problem types, cost values are generated randomly with Java ran-

dom seed as follows:
ci=rand+a rand €[0,30] i€ N a€Z"

Benefit values are generated with a different policy in each type. In type A
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instances, benefit is generated randomly, while in types B and C, it is generated

using a linear function of cost. Problem types are described below.

Type A: Benefit values are generated randomly as follows:
bi=rand+a rand €[0,30] i€ N a€Z"

In this type, there is no dependency between cost and benefit values. We use
the constant value a to avoid having 0 benefit. In our case study we take a = 5.
Note that this policy implies that productivity of the projects are also randomly

determined.

Type B: In this type, benefit values are positively correlated with the cost

values.
bj=c;-t+d teZ" ieN deZ"

The coefficient of the linear function ¢ determines how productive a project is.
a’ € Z™" is used to have some diversity among projects. In our case we took a’ as

a random integer taking values between 0 and 10 and ¢ as 1.2.

Type C: In this type we assume that each category has a different level
of productivity, hence use t, instead of t. In our case study we took
tr = {1.2,1.5,1.8} where K = 3 and t;, = {1.2,1.5,1.8,2.0} where K =
4.

for k <+ K do

bj=ci-tp+d 1€N decZ"

end for
Zz‘eN Ci
2

problem instances with 3 and 4 categories and assumed there are 5 intervals. The

In all of the generated instances budget, B, is set to . We generated

threshold levels defining intervals are determined as a function of TB =), b;

(The total benefit that would have been gained if initiating all projects were

possible). Used «,,, and T values are provided below;
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Table 6.1: Reference a,,, and corresponding 1" values

Interval(m) o T
K =3 K=14
1 (0.33, 0.33, 0.33)  (0.25,0.25,0.25,0.25) 0-TB*0.4
2 (0.30, 0.30, 0.40) (0.20,0.21,0.26,0.33) TB*0.4-TB*0.5
3 (0.20, 0.25, 0.55)  (0.15,0.18,0.27,0.40) TB*0.5-TB*0.6
4 (0.15, 0.20, 0.65) (0.12,0.15,0.30,0.43) TB*0.6-TB*0.75
5 (0.10, 0.15, 0.75)  (0.10,0.12,0.33,0.45) TB*0.75-TB

For each type we generated instances with N = 30 and N = 50. For each

combination of these parameters we generated 10 instances.

Computational studies are performed on Eclipse Java Oxygen and solved using
CPLEX 12.6. All of the instances are run in a computer with Intel Xeon CPU
E5-1650 3.6 GHz processor and 32 GB RAM. Computation times are given in

central processing unit seconds (CPU).

6.2 Epsilon-Constraint Algorithm Results

Initially we employ the epsilon constraint method explained in Chapter 5 to
obtain the exact Pareto front of our problem. We run the algorithm for 10
instances for each problem type and report the average and maximum values of
the solution time and number of exact nondominated solutions obtained, |NS],
for the DRDM and MRDM models, respectively.

Results of the DRDM are provided in Table 6.2. We used a time limit of 3
hours as follows: If the instance cannot be solved within 3 hours, that is, if the
whole set of Pareto solutions cannot be returned, we terminate that instance and
its values are not included in the performance metrics. Number of instances that

can not be completed within the time limit is reported under the column “NF”.
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It is seen in Table 6.2 that Type A problems have the highest number of
nondominated solutions and hence the largest solution time. In the cases where
N = 30, increasing the number of categories from 3 to 4 does not create a
significant difference in |[NS|. Although solution times increase, they are still
under 30 minutes on average. When N = 50, solution times increase significantly;

most of the instances with N = 50, K = 4 cannot be solved within the time limit.

Table 6.2: Results of discrete reference distribution model
N K Type CPU Times |INS| NF

mean max mean max

30 3 A 37.8 70.0 71 128
B 29.2 25 20.5 41
C 22.3 46 27.2 o8
4 A 102.3 210 69.9 146
B .y 159 36.5 110
C 111.5 257  52.7 122
o0 3 A 1565.6 5327 99.125 158 2
B 1785 752 208 41 2
C 169.2 802  36.8 20 1
4 A 1515.5 2261 1845 240 8
B 186.0 186 14.0 14 9
C 717.6 1728  29.0 91 7

Table 6.3 shows the solution times of MRDM with the same data sets. Due to
the additional constraints and binary variables, MRDM’s solution times are sig-
nificantly higher than DRDM. | N S| values also tend to increase in this approach.
Note that larger instances could not be solved within the time limit, hence we do

not provide results for these cases.
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Table 6.3: Results of moving reference distribution model

N K Type CPU Times |INS]

mean max mean max

30 3 A 22759 5577 879 136
B 24108 6901 347 &4

C  3692.8 10168 289 85

4 A 505.5 2059 788 172

B 099.7 3275 493 143

C 1320.2 5260 65.8 150

Figure 6.1 shows the nondominated solutions found by the DRDM and MRDM
approaches for a small-size Type A instance. The frontiers have a similar pattern;
while MRDM has more solutions and its efficiency axis range starts from smaller

values in general.
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Figure 6.1: DRDM and MRDM solutions Type A results, N=30 K=3

6.3 Heuristic Algorithm Results

We conducted experiments by solving the problem instances with three meta-
heuristic algorithms, SPEA2, NSGA-II and MOCell, and analysed quality of
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their solutions with the performance metrics introduced in Chapter 5.

We begin with discussing performance of metaheuristics in smaller sized prob-
lem instances, N = 30, where we can compare the results of metaheuristics with

the true Pareto obtained with epsilon constraint method.

The results of the experiments are seen in Tables 6.4 and Table 6.5 for DRDM
and MRDM approaches, respectively. For each algorithm, average and worst case
values for P, D1 and D2 metrics are reported. The results of these metrics show
that algorithms performed similarly in problem instances where K = 3. When
the number of categories is increased, K = 4, it is clear that algorithms SPEA2
and MOCell have very close performance and they are better than NSGA-II.
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Table 6.4: DRDM Heuristic results

P

D1

D2

DRDM
N K
30 3

SPEA2

NSGA-II

MOCell

30 4

SPEA2

NSGA-II

MOCell

Type
A

QW= QW= QW QuW== QW= W

mean worst
0.846 0.384
0.674 0.000
0.610 0.000
0.850 0.411
0.605 0.000
0.596  0.000
0.856 0.384
0.784  0.000
0.671 0.000
0.677 0.182
0.556 0.033
0.572  0.000
0.285 0.030
0.144 0.000
0.142  0.000
0.730 0.182
0.560 0.033
0.602  0.000

mean
0.000
0.013
0.004
0.000
0.011
0.004
0.000
0.003
0.002
0.003
0.004
0.004
0.015
0.038
0.016
0.004
0.004
0.003

worst
0.001
0.067
0.016
0.001
0.04
0.009
0.001
0.008
0.007
0.009
0.013
0.017
0.033
0.181
0.065
0.020
0.013
0.006

mean
0.016
0.068
0.029
0.012
0.051
0.03
0.004
0.023
0.020
0.023
0.025
0.020
0.068
0.096
0.048
0.048
0.020
0.017

worst
0.076
0.333
0.101
0.046
0.116
0.105
0.008
0.057
0.062
0.042
0.041
0.036
0.117
0.348
0.157
0.218
0.034
0.030
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Table 6.5: MRDM Heuristic results

P D1 D2

MRDM Type mean worst mean worst mean worst
N K  SPEA2 A 0.802 0.400 0.000 0.001 0.004 0.007

0.669 0.000 0.001 0.050 0.014 0.216
0.512 0.053 0.004 0.013 0.023 0.079

30 3 B 0.575 0.033 0.002 0.009 0.011 0.059
C 0.576 0.000 0.002 0.007 0.008 0.017
NSGA-II A 0.793 0.400 0.000 0.002 0.007 0.016
B 0.481 0.000 0.003 0.010 0.014 0.059
C 0.548 0.000 0.002  0.005 0.009 0.012
MOCELL A 0.809 0.422 0.000 0.001 0.005 0.007
B 0.260 0.000 0.001 0.004 0.004 0.023
C 0.622 0.000 0.001 0.001 0.005 0.009
30 4  SPEA2 A 0.710 0.000 0.006 0.040 0.035 0.159
B 0.697 0.000 0.001 0.040 0.015 0.159
C 0.617 0.013 0.003 0.0146 0.022 0.085
NSGAII A 0.270 0.000 0.014 0.045 0.062 0.172
B 0.185 0.000 0.011 0.045 0.037 0.172
C 0.170 0.000 0.014 0.038 0.049 0.101
MOCell A 0.709 0.000 0.007  0.050 0.040 0.216
B
C

In Figure 6.2 exact Pareto solutions and the solutions found by SPEA2 of an
instance are illustrated to give an idea about how close these two sets are. An
instance with close to average results for the three metrics is chosen. SPEA2
succeeded in finding 77% of the exact nondominated solutions. Most of the
solutions that could not be found are from the part of the Pareto front with
better imbalance values. Solutions found by SPEA2 that has the best imbalance
values are dominated by the exact Pareto, since exact solutions are able to achieve
the same (or better) imbalance scores while obtaining more benefit. For the other
regions of the graph, it is observed that the heuristic solutions are close to the

exact Pareto set, as implied by the small D1 and D2 values.
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Figure 6.2: DRDM exact Pareto frontier and SPEA2 results, Type B N = 30,
K =3 P=0.77 D1=0.003 D2=0.024

Now we will discuss the performance of metaheuristics for the instances where
exact Pareto front could not be obtained within the time limit. The comparison is
made among the metaheuristic results based on their Spacing, Maximum Spread

and Set Coverage values.

Table 6.6: DRDM-Heuristic Comparisons

DRDM

Type A Type B Type C
mean worst case mean worst case mean worst case
SPEA2 S 1.225 4.621  3.980 14.420  3.593 24.258
MS 82.965 33.271 27.414 13.453 48.881 20.952
NSGAII S 10.115 54.607  2.491 12.192  8.098 37.026
MS 62.481 26.248 27.474 11.269 60.538 29.155
MOCell S 3434 10.392  4.559 32.106  1.638 6.375
MS 88.564 48.114  27.087 15.199 51.994 23.36
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Table 6.7: MRDM-Heuristic Comparisons

MRDM
Type A Type B Type C
mean worst case mean worst case mean worst case
SPEA2 S 2.034 7.482 1.954 6.757 3.151 11.539

MS 102.823 69.627 39.378 14.142 56.404 20.000
NSGAII S 5.338 10.529  3.230 10.572  6.378 28.143
MS  68.437 23.643 41.002 11.832 64.871 22.803
MOCell S 1.5786 8.037  1.885 6.530 1.8726 5.630
MS  95.747 63.624 40.612 16.733  52.904 21.118

In Tables 6.6 and 6.7 spacing and maximum spread metrics of these algorithms
are provided. On average MOCell seems to be performing better than other
two algorithms in terms of spacing. Especially in Type C problems MOCell is
notably better than NSGA-II. In terms of maximum spread, SPEA2 has better
performance in Type A problems but in Types B and C no significant difference

is found.

For set coverage, as mentioned in Chapter 5, we performed two analyses: Table
6.8 shows the results in which mutual elements in two sets are considered and
results in Table 6.9 are calculated with only using strong dominance between
solutions. According to both analyses SPEA2 performs strictly better than the
other two heuristics. MOCell seems to be better than NSGA-II in general with

a few exceptions.
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Table 6.8: Set coverage results-weak dominance

DRDM MRDM

Type A Type B TypeC Type A Type B TypeC

SC(SPEA2,NSGAII) 0.879 0.844  0.852 0.800 0.848  0.792
SC(NSGAIL,SPEA2) 0.381 0.657  0.732 0.336 0.716  0.684
SC(SPEA2,MOCell) 0.829 0.775  0.867 0.813 0.811  0.775

SC(MOCell,SPEA?2) 0.825 0.642  0.711 0.768 0.739  0.671

SC(NSGAIL,MOCell) 0.387 0.663  0.754 0.376 0.692  0.732
SC(MOCell,NSGAII) 0.891 0.686  0.777 0.851 0.765  0.636

Table 6.9: Set coverage results-strong dominance
DRDM MRDM

SC’(SPEA2,NSGA-II)
SC’(NSGA-II,SPEA2)
SC’(SPEA2,MOCell)
SC’(MOCell, SPEA2)
SC’(NSGA-IL,MOCell)
SC’(MOCell,NSGA-IT)

0.086
0.001
0.049
0.016
0.045
0.108

0.293
0.128
0.306
0.126
0.307
0.287

Type A Type B TypeC

0.205
0.068
0.278
0.079
0.205
0.179

Type A Type B TypeC

0.089
0.004
0.029
0.010
0.004
0.085

0.256
0.143
0.243
0.149
0.201
0.247

0.263
0.127
0.224
0.132
0.210
0.185

Tables 6.10 and 6.11 show the hypervolume values for SPEA2, NSGAII and

MOCell heuristics.

Vi, Vo and V5 are areas of the spaces dominated by the

objective vectors obtained by SPEA2, NSGAII and MOCell, respectively. V; \ V;

is the area of the space which is dominated by algorithm i’s objective vectors but

not by 7’s objective vectors ¢, = 1,2, 3

1 # j. It is seen that both SPEA2 and

MOCell have very similar performance in terms of hypervolume while they are
both better than NSGA-II in general.
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Table 6.10: Hypervolume comparison for DRDM

DRDM Vi Vs Vi Vi\Ve Ve\Vi Vi\ Vs Va\ Vi Va\V3 V3\ 1

Type A 0.889 0.882 0.889  0.007 0.001  0.001  0.001  0.000
Type B 0927 0921 0.922 0.006 0.000 0.001  0.001  0.000
Type C 0.789 0.778 0.79 0.011  0.001  0.000  0.001  0.000

0.007
0.007
0.021

Table 6.11: Hypervolume comparison for MRDM

MRDM Vi Vs Vi Vi\Ve We\Vi Vi\ Vs Va\ Vi Va\V3 V3\1;

Type A 0.88 0.873 0.877 0.013 0.000 0.009  0.000 0.004
Type B 0930 0.929 0.931 0.002 0.000 0.001 0.001  0.000
Type C 0.798 0.798 0.798 0.000 0.001  0.001  0.001  0.001

0.007
0.002
0.001

6.4 Interactive Approach Results

In the epsilon constraint method, we have to solve 2 models to find each non-
dominated solution and we cannot solve many instances due to the high number
of iterations required and rapidly increasing solution times. One way of han-
dling this challenge is using metaheuristic algorithms that return a set of ap-
proximate Pareto solutions. Such algorithms are computationally very efficient,
however they do not guarantee exact solutions. We discuss three such algorithms
in Chapter 5. As an alternative, in Chapter 5 we proposed an interactive algo-
rithm to find the most preferred solution of the decision maker without finding

all nondominated solutions. Now we will present performance of this approach

During computational experiments, at each iteration of the algorithm we need
some preference information from decision maker. In order to represent deci-
sion makers underlying utility function we used the following quadratic function:
max 37 —w?(z — 21)? where w = (0.3,0.7) and 2! denotes the ideal point

2l =margex {z(2)}, i =1,2.

The results of these experiments are summarized in Table 6.12 and 6.13. In-
stead of |N.S| we report the maximum and average number of pairwise compar-
isons made to achieve the most preferred alternative. Compared to the epsilon

constraint approach (see Tables 6.2 and 6.3), this approach solves the problems
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in considerably less CPU time and number of iterations. Especially when N gets
higher, greater number of instances can be solved and improvement in solution

time is more significant.

Table 6.12: Performance of Interactive Approach on DRDM
N K Type CPU Times Comparison NF

mean max mean max

30 3 A 28.4 212 484 111
B 8.1 43 9.4 32
C opL 66 15.8 53
4 A 22.3 100 36.8 118
B 10.1 51 10.3 21
C 38.3 18.74 3322 46
50 3 A 146.2 464 61.8 97 3
B 3.8 8 9.1 18 1
C 18.1 104 14.0 18 1
4 A 19441 8719 823 119 4
B 208.7 1603 9 17 2
C 249.6 1329 29.7 54 1

Table 6.13: Performance of Interactive Approach on MRDM
N K Type CPU Times Comparison

mean max Imean max

30 3 A 10.8 53  28.0 102
B 30.3 271 271.0 68

C 184 166 13.5 72

4 A 5332 5070 50.6 123

B 291.8 5730 227 97

C 224.1 2144 26.7 115
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Chapter 7

Conclusion

In this thesis we consider resource allocation problems with fairness concern, in
which an indivisible resource is allocated across multiple entities so that they will
enjoy benefits. Resource allocation is a well known problem, which is faced by
authorities in many real life decision making environments such as R&D project
portfolio selection, healthcare and air traffic management. Decision maker can
prefer different allocation policies depending on the problem setting, needs of
entities and resource types. One commonly used approach is pure efficiency (total
benefit) maximizing approach, which is entirely focused on the total amount
of output received at the end. However efficiency maximization is not always

necessarily the only objective in the allocation problems.

Our study is motivated by the fact that a pure efficiency maximizing approach
may not be appropriate in terms of balance. In certain settings, balance can be
considered as crucial as efficiency to both entities and decision maker. Especially
when social welfare is the main scope of the allocation problem, it is expected
to have balance in the distribution of benefits. In this thesis, we suggest a bi-
objective optimization framework that trades balance off against efficiency by
measuring how balanced a given distribution is based on reference proportions

provided by decision maker.
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Initially, we introduced a changing reference approach that enables decision
maker to create different reference proportions for different levels of total output.
We define imbalance as the deviation of actual benefit allocation from its reference
distribution. As a novel extension of the current works in the literature, the
proposed method allows different (moving) reference distributions to be used
for different budget (benefit) allocations. For instance, when the total allocated
amount is small, the decision maker may want the distribution to be equal among
categories and as the total amount increases she may use a different reference

allocation, which gives priority to some entities over the others.

We exemplify the proposed method on project portfolio selection problems,
where the projects belong to different categories and there is a concern for ensur-
ing a balanced allocation of the benefit as well as maximizing total benefit. We
solve the resulting bi-objective optimization problems (with one efficiency and one
imbalance objective) using the epsilon constraint method and generate Pareto so-
lutions. For larger problems, which can not be solved in reasonable time, we use
multi-objective metaheuristic approaches to find approximate Pareto solutions

and report on their empirical performance.

As an alternative solution method, we implemented an interactive algorithm
that finds the most preferred solution of a DM. Rather than presenting all non-
dominated solutions, this approach determines the most preferred solution and

enables us to solve more instances in less time and number of iterations.

In addition to the solution methods we presented in Chapter 5, we have also
tried a Tabu Search algorithm to generate approximate Pareto solutions to our
bi-objective problem. However its performance was considerably worse than the
metaheuristic algorithms. Hence its details and performance are not reported in

this thesis.

We believe that considering balance concerns explicitly in the decision support
systems will provide useful insights to the decision makers on the alternative allo-
cation options and the trade-off between efficiency and balance concerns. More-

over we suggested different solution approaches to solve this problem. Among

68



these solution methods decision maker can choose the one that suits the best to

her particular decision environment.

Further research can be performed on the multi objective version of the prob-
lem, in which relationship among different balance and efficiency measures can
be examined. The problem can be extended to a multiple resource and multiple
output setting, which will result in more challenging models. Hence, efficient
exact solution methods or customized heuristic algorithms that exploit problem

structure can be designed.
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