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ABSTRACT

Modeling and Optimizing Resource Allocation Decisions through
Multi-model Markov Decision Processes with Capacity Constraints
Onur Demiray
Master of Science in Industrial Engineering
November 19, 2020

This thesis proposes a new formulation for the dynamic resource allocation problem,
which converts the traditional MDP model with known parameters and no capacity
constraints to a new model with uncertain parameters and a resource capacity con-
straint. Our motivating example comes from a medical resource allocation problem:
patients with multiple chronic diseases can have either regular or special care, where
the capacity of special care is limited due to financial or human resources. In such
systems, it is difficult, if not impossible, to generate good estimates for the disease
evolution for each patient. We formulate the problem as a two-stage stochastic
integer program. However, it becomes easily intractable in larger instances of the
problem for which we propose and test a parallel approximate dynamic program-
ming algorithm. We show that commercial solvers are not capable of solving the
problem instances with a large number of scenarios. Nevertheless, the proposed al-
gorithm provides a solution in seconds even for very large problem instances. In our
computational experiments, it finds the optimal solution for 42.86% of the instances.
On aggregate, it achieves 0.073% mean gap value. Finally, we estimate the value of
our contribution for different realizations of the parameters. Our findings show that

there is a significant amount of additional utility contributed by our model.
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OZETCE

Kaynak Dagitimi1 Kararlarinin Kapasite Kisitli Cok Modelli Markov
Karar Siirecgleri ile Modellenmesi ve Eniyilenmesi
Onur Demiray
Endiistri Miihendisligi, Yiiksek Lisans
19 Kasim 2020

Bu tez dinamik kaynak dagitimi problemi i¢in yeni bir formiilasyon onermektedir.
Bu formiilasyon, parametrelerin bilindigi varsayilan ve kapasite kisitlari icermeyen
geleneksel MDP modelini parametrelerdeki belirsizliklerin ve kapasite kisitlarinin
da dahil edildigi yeni bir modele doniigtiirmektedir. Bu formiilasyon, birden fazla
kronik hastaligi olan hastalara kullanimi kisith olan 6zel bakim kaynaklarinin nasil
paylasilacaginin calisildigr bir medikal kaynak dagitimi probleminden esinlenerek
geligtirilmektedir. Bu sistemlerde herbir hasta icin saglk durumunun gelisimini
dogru tahmin etmek oldukca giictiir. Bu calismada bu problem 2 asamali stokastik
tamsayili programlama ile modellenmektedir. Fakat, bu model biiytik 6lgekli prob-
lem oOrnekleri icin ¢oziilmesi zor bir duruma gelebilmektedir. Bundan dolayi, bu
caligmada bir paralel yaklagik dinamik programlama algoritmasi onerilmektedir.
Tezde hesaplamali deneylerle ticari eniyileme yazilimlarinin yiiksek sayida senaryo
iceren problem oOrneklerinde yetersiz kaldigi gosterilmektedir. Bununla birlikte,
onerilen algoritma cok biiyiik Olgekli problem orneklerinde bile saniyeler icerisinde
¢oziimler tiretmektedir. Onerilen algoritma, hesaplamali deneylerde kullanilan prob-
lem orneklerinin %42.86’sinda en iyi ¢oziimii bulmaktadir. Biitiin problem érnekleri
hesaba katildiginda, onerilen algoritma ortalama olarak en iyi ¢oziimden %0.073
uzaklikta sonuclar iiretmektedir. Son olarak, cesitli parametreler altinda modelin
degeri tahmin edilmektedir. Secilen ornek caligmada yapilan hesaplamali deneyler

gostermektedir ki yeni gelisgtirilen model énemli olc¢lide ek fayda sunmaktadir.
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Chapter 1

INTRODUCTION

Markov Decision Processes (MDPs) are successfully used to find optimal policies
in sequential decision making problems under uncertainty. The application areas
of MDPs vary from inventory management, finance, robotics, telecommunication to
humanitarian logistics [Altman, 1999, Boucherie and Van Dijk, 2017, Merakli and
Kiiglikyavuz, 2019, Puterman, 2014]. It is also extensively employed in medical
decision making literature. Practices in this literature range from determining the
initiation time of a drug to scheduling patients for a treatment [Alagoz et al., 2004,
Denton et al., 2009, Denton, 2018, Shechter et al., 2008]. We refer to [Alagoz et al.,
2010] for a comprehensive review on the medical practices of MDPs. However, they
have certain limitations, as they assume that both transition probability matrices for
all actions and the rewards incurred for all state-action pairs are known. In practice,
these parameters are generally estimated by maximum likelihood estimators derived
using observational data [Zhang et al., 2017a]. However, having the right data set
and deriving reliable estimators are notoriously hard and it is prone to errors which
may cause suboptimal solutions [Denton, 2018, Grand-Clement et al., 2020, Mannor
et al., 2016, Mannor et al., 2007, Meraklh and Kiiciikyavuz, 2019, Zhang et al.,
2017a, Zhang et al., 2017b]. Hence, in recent years, there are studies on MDP models
with uncertain parameters, such as [Steimle et al., 2018]. Another important feature
that traditional MDP models generally ignore is the capacity constraints, which has
also received increasing attention in the recent years [Ayvaci et al., 2012, Cevik
et al., 2018, Deo et al., 2013]. Our work combines these two emerging areas, as we
consider a system with uncertain transition probability matrices and rewards, which

operate under a resource constraint.



Chapter 1: Introduction 2

Most of the studies in the literature employ robust optimization or stochastic
programming to deal with parameter uncertainty in MDPs. However, all of them,
to the best of our knowledge, address only the unconstrained version of the model.
Nevertheless, some healthcare applications employing MDPs necessitate taking ca-
pacity constraints into account due to existance of resource scarcity [Ayvaci et al.,
2012, Cevik et al., 2018, Deo et al., 2013]. [Deo et al., 2013] proposed a constrained
MDP model scheduling patients for a community-based chronic care delivery prob-
lem. [Ayvaci et al., 2012] and [Cevik et al., 2018] developed constrained MDP and
partially observable MDP (POMDP) models of diagnostic and screening decisions
for breast cancer. However, none of these studies incorporated parameter uncer-
tainty which may cause suboptimal solutions for such medical resource allocation
problems.

With a motivation from medical resource allocation problems, we, in this paper,
introduce a capacity constrained, finite-horizon, and finite-state MDP model with
uncertain transition probabilities and rewards. In addition to the finite number of
non-absorbing states, we consider only one absorbing state to reflect all conditions
that stop the decision process. Under the healthcare setting, this absorbing state
corresponds to all the terminating conditions such as death, stroke, or hearth failure.
The another assumption we make in our model is that the action space consists of
two actions, which is consistent considering the nature of the resource allocation
problems (allocate versus don’t allocate or accept versus reject). Though we re-
strict the model to have two actions in each decision epoch, the formulation can be
extended easily to the cases with more complicated action spaces. Moreover, the
model can represent any capacity constrained problem using MDPs, i.e., its scope
is larger than medical resource allocation problems. For example, our approach can
be applied to the dynamic product portfolio management problem [Seifert et al.,
2016] under a financial constraint, where the probabilities associated with product
life cycle transitions are uncertain. The case of a varying level of working capital
over different business cycles can also be addressed. Thus the proposed model can
be used under different domains spanning from finance, inventory management to

marketing.
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We adopt a multi-model MDP approach to solve our model. In other words, we
provide an extensive-form formulation that is an approximation of the underlying
two-stage stochastic integer program with the help of multiple MDP representations,
i.e., scenarios. In this respect, our model can be considered as an extension of the
model developed by [Steimle et al., 2018] with capacity constraints. They formulated
their models based on the primal linear program (LP) developed for finding optimal
policies for an unconstrained MDP. However, we build our formulation based on the
dual LP which is the version allowing us to incorporate additional constraints to the
MDP framework. To the best of our knowledge, this is the first study combining
capacity constraints and parameter uncertainties in MDPs.

The extensive-form formulation, i.e., the deterministic equivalent of the two-stage
stochastic programming formulation, can easily become intractable because of ca-
pacity constraints, scenarios, and decision epochs. With this in mind, we first prove
results leveraging the problem structure, and then develop a parallel approximate
dynamic programming algorithm based on these results. This algorithm makes us
capable of solving the model efficiently even if we have a large number of scenarios
and decision epochs. Lastly, the proposed model and the corresponding solution ap-
proaches are applied to a chronic care delivery problem, which also forms the basis
for the computational experiments. Through computational studies, we compare
different solution approaches. We also measure the value of perfect information and
stochastic solution introduced by taking transition probability and reward uncer-
tainties into account. Then, we address specific managerial aspects such as price of
fairness, value of flexibility, and capacity management. It is worth to mention that
all experiments are conducted for a fixed state space which provides a reasonable
number of states for our analysis. Thus, our algorithm reflects to the challenges for
increasing number scenarios and decision epochs.

Our main contributions can be summarized as follows:

e We introduced a new model incorporating both parameter uncertainty and
capacity constraints in MDPs. To the best of our knowledge, this is the first

study considering these two dimensions together.
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e We prove problem specific structural results, and propose a novel network
representation, which together enable a parallel approximate dynamic pro-

gramming algorithm to solve larger instances of the problem.

e We conduct extensive computational experiments to measure the value of em-
bracing parameter uncertainty and to compare the solution approaches using

the chronic care delivery problem setting as an example.

e We provide managerial insights for potential practitioners with a special focus

on the price of fairness, the value of flexibility, and capacity management.

The remainder of this thesis is organized as follows. A detailed literature review
is made in Chapter 2, and the necessary background is provided in Chapter 3. The
problem is formally described and mathematically modeled in Chapter 4. Chapter 5
is devoted to explain the proposed solution approach. Then, a comprehensive com-
putational study based on the chronic care delivery problem is provided in Chapter
7, after the problem is introduced in Chapter 6. Finally, Chapter 8 concludes the

thesis and draws directions for future research.
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Chapter 2

RELATED WORK

This study mainly contributes to the literature addressing parameter uncertain-
ties within MDP components. Hence, Section 2.1 is devoted to analyze this litera-
ture. In addition to this, both our motivation and the illustrative case study belong
to the medical decision-making literature utilizing MDPs. In this regard, Section
2.2 studies the existing body of the literature employing MDPs as a modeling tool
in medical decision making problems. Then, Section 2.3 specifically focuses on the
studies in medical decision making literature both using MDPs and taking parame-
ter uncertainties into account. Lastly, Section 2.4 addresses the corresponding part

of the literature where capacity constraints are taken into account.

2.1 Parameter Uncertainty in MDPs

Robust optimization is extensively employed to deal with parameter uncertainty in
MDPs [Grand-Clement et al., 2020, Merakli and Kii¢iikkyavuz, 2019, Zhang et al.,
2017al. Robust optimization is one of the widely used techniques for optimiza-
tion under uncertainty where no probability distribution is assumed for uncertain
data. It is based on the worst-case realization of the parameters from a set of
alternatives what is so-called uncertainty set [Ben-Tal et al., 2009, Ben-Tal and Ne-
mirovski, 2002, Bertsimas et al., 2011, Gorissen et al., 2015]. A number of studies
approached the parameter uncertainty in MDP problem employing robust optimiza-
tion with a polyhedral uncertainty set due to its properties allowing tractable solu-
tion algorithms [Givan et al., 2000, Satia and Lave Jr, 1973, Tewari and Bartlett,
2007, White III and Eldeib, 1994], whereas another group modeled the problem
with the rectangularity assumption which ensures the independence of the rows in

transition probability matrices [Iyengar, 2005, Nilim and El Ghaoui, 2004, Sinha
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and Ghate, 2016]. [Wiesemann et al., 2013] studied robust MDPs by relaxing this
assumption.

Parameter uncertainty in MDPs is also examined with stochastic programming
where different types of Bayesian approaches are adopted [Merakli and Kiigiikyavuz,
2019]. In this context, [Steimle et al., 2018] propose a multi-model MDP (MMDP)
approach for a finite-horizon MDP, where transition probabilities and rewards can
come from different models. They further claim that having a single policy optimized
with respect to all models can be a good idea to capture variations within MDP
parameters. An MMDP model can be seen as a two-stage stochastic programming
formulation where different models correspond to different scenarios. [Merakl and
Kiglikyavuz, 2019] provided a stochastic programming model for an infinite-horizon
MDP model under a risk-averse setting, and applied it to a humanitarian inventory

management problem.

2.2 Medical Decision Making Applications of MDPs

As policy makers discover the potential impact, we have witnessed a growing in-
terest in operations research methodologies, particularly MDP models, for medical
decision-making problems in recent years. Within this context, [Kurt et al., 2011]
developed a model to find optimal statin initiation policies where statin is useful for
lipid abnormalities, but dangerous due to its side effects. Moreover, [Alagoz et al.,
2004] developed a discrete-time, infinite-horizon, discounted MDP model which de-
termines the optimal timing of living-donor liver transplantation by maximizing pa-
tients’ quality-adjusted life expectancy. Then, [Shechter et al., 2008] decided when
to initiate HIV treatment through an MDP model by considering the trade-off be-
tween negative side effects and potential damages caused by a delayed therapy. In a
similar manner, [Denton et al., 2009] studied when and which patients with partic-
ular cardiovascular risk scores and attributes should be targeted for statin therapy
that is effective for the patients with diabetes. [Denton, 2018] also examined the op-
timal clinical management of chronic diseases through the lens of MDP and POMDP
models. We refer to [Alagoz et al., 2010] for further healthcare applications of MDPs.
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2.3 Medical Decision Making Applications of MDPs with Parameter

Uncertainty

MDPs with transition probability and/or reward uncertainties are also studied in
the field of medical decision making. [Zhang et al., 2017a] is the first study address-
ing this issue in the literature. They retained the rectangularity assumption. Even
though this allowed them to develop a tractable solution approach, it also led to
conservative solutions as a result of taking extremely rare conditions into account.
In order to overcome this challenge, they used the concept of budget uncertainty
which controls the conservatism level by including an upper bound on the deviations
from the nominal model [Bertsimas and Thiele, 2006a, Bertsimas and Thiele, 2006b)].
They applied their robust MDP framework to a treatment planning problem where
an agent decides when to initiate medications for glycemic control which is vital for
the patients with type 2 diabetes. Then, [Grand-Clement et al., 2020] developed a
robust MDP framework in order to produce sound strategies for proactive intensive
care unit transfers. They used factor matrix uncertainty model instead of rectan-
gularity assumption to avoid conservative solutions. The factor matrix uncertainty
set which relaxes the independence of rows of transition probabilities assumes that
transition probability rows are jointly varied. This is first proposed by [Goh et al.,
2018] and further theoretically analyzed by [Goyal and Grand-Clement, 2018].

2.4 Medical Decision Making Applications of Capacity Constrained
MDPs

MDPs are not only employed for individualistic models, but also extensively used
in population level medical decision making problems where a fixed amount of a
resource is tried to be efficiently allocated to the patients in a population. In other
words, they are kind of public health problems in the form of resource allocation
framework. This framework exclusively focuses on the allocation of a medical re-
source to a subset of individuals at certain periods due to scarcity, where operational
(capacity constraints) and medical (clinical outcomes) aspects mutually effect each

other [Deo et al., 2013]. From this perspective, [Deo et al., 2013] is the first study
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developing this framework. In this study, the authors present a model of a healthcare
delivery system specialized for the patients with chronic diseases. In this model, the
social planner solves a scheduling problem in which different patient groups are as-
signed to the service under a capacity constraint in each decision period. Moreover,
they consider both medical and operational aspects. After this study, [Ayvaci et al.,
2012] and [Cevik et al., 2018] studied the allocation of preventative instruments
for breast cancer which causes the majority of cancer deaths for women. [Cevik
et al., 2018] studied the allocation of mammography screening tools among women,
whereas [Ayvaci et al., 2012] had focused on the diagnostic process happened after
a mammography screening activity. Both have studied their problems under limited
capacity due to labor and technology constraints, and also allowed the model to
consider the progress of women’s health status, while assuming the parameters of

the problem are known.
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Chapter 3

BACKGROUND

The basis of the model in this study is an MDP. All extensions arising from the
novelty of the problem are built on this model. For this reason, it is important to
wise up to the essentials of an MDP model. In this regard, Section 3.1 is devoted
to remark the fundamentals of MDPs. Then, Section 3.2 explains the solution
techniques developed for finding optimal policies to them. Finally, Section 3.3 makes
reference to the 2-stage SP with which we are able to solve the optimization problems
where there exists an uncertainty within problem parameters. The last section is
required for the complete comprehension of the proposed solution technique in the

study.

3.1 Markov Decision Processes

MDPs, also referred to as SDPs have accomplishedly utilized for finding optimal
policies for sequential decision making problems under uncertainty [Ross, 2014b].
They have been applied to vast range of areas such as biology, economics, and
engineering [Puterman, 2014]. As the name suggests, it satisfies the Markov property

defined in Definition 3.1 [Ross, 2014a].

Definition 3.1 Consider a stochastic process {S, : n € NU{0}} ' and let S, be
the state of the process at time n € N U{0}. Then, Markov property states that the
future of the process is independent of how it has reached its current state. It just

depends on the present state, 1i.e.,
P{Sn+1 = Sn+1|SO = S0y .-, Sn = Sn} = ]P){Sn+1 = Sn+1‘Sn = Sn} (31)

for all sp, ... ,s,41 €S and n > 0 where S is the set of the states.

IHere we focus on a discrete-time stochastic process.
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An MDP is a decision process in which the underlying evolution of states is

endowed with the Markov property and is dependent on decisions.
Definition 3.2 An MDP is a tuple < S, A, P, R,y > where

e S and A are the finite sets of states and actions, respectively.

o P = {Puj}ijesxsaca s the transition probabilities, i.e.,
-Piaj é ]P){St+1 - j’St - ’L., At - CL}, V(Z,j) c 8 X S, a < A (32)

where Ay denotes the action taken at time t, and Piq; represents the probability
that the process will reach to state j € S just after state 1 € S when the course

of action is a € A. P has to satisfy the following conditions:

Piaj >0, V(i,j) €S x S,a € A (3.3a)
> Puj=1, VieS,ac A (3.3b)
jES

o R ={Ri}icsaca is the set of immediate rewards where R;, shows the imme-
diate reward (utility) obtained by taking action a € A when the process is in

state 1 € S

e v €(0,1] is a discount factor. [Sutton et al., 1998] >

The behavior of an agent ® is characterized by what is called policy. A policy is
denoted by 7 and is nothing but a conditional probability mass function over the

set of actions for a given state. That is,

m(ali) = P{A; = a|S; = i}, Vae AieS (3.4a)

> w(ali) =1, VieS (3.4Db)
acA

Moreover, a policy may be deterministic. If so, it becomes a function 7 : & — A

which maps each state in the state space into an action.

2We slightly change the notation to be compatible with the rest of the study.

3 Agent, policy-maker, and decision-maker are all used interchangeably.



Chapter 3: Background 11

The value function v(7) is the total expected reward starting from state i € S

and acting optimally afterwards. It has to satisfy the Bellman optimality conditions.
That is,
o(0) = max{ R+ 7Y Pupl(i)}, Vi€ S (3.5)
j€S
So far, we reconnoitred infinite-horizon MDPs in which an agent always follows
the same policy 7* whenever she is required to take an action*. However, some
problems require separate decision blocks for which the agent may apply different
policies. More specifically, a finite-horizon problem, in addition to the components
listed in Definition 3.2, consists of decision epochs denoted by 7 = {1,...,T}.
At each time ¢t € T \ {T'}, the agent is expected to apply 7'*. The collection of
policies applied at each decision epoch constitutes the strategy denoted by II* =
{m" her\(ry-
In finite-horizon problems, the value function v;(i) becomes the total expected
reward starting from state i € S at time t € 7 and acting optimally afterwards.

Then, Bellman operator implies the following optimality conditions.

UT<i> = Ria VieS (36&)
(i) = mgi({Rm +3 ijvtﬂ(j)}, Vte T\{T},ieS (3.6b)
jES

Where R; shows the final stage reward of state ¢ € S, which indicates the immediate
reward obtained by finalizing the decision process in state ¢ € S. It is also worth to

mention that we are no longer required to use the discount factor ~.

3.2 Solving Markov Decision Processes

For an agent, the important thing is to find the optimal policy and thus the op-
timal value function. For finite-horizon problems, there exists a polynomial time
algorithm called backward induction. For finite-horizon problems, three efficient

methods draw the attention of the researchers: Value iteration, policy iteration, and

4We accept the optimization principle indicating that a rational economic agent always per-

forms the best possible option [Varian, 1996].
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linear programming. We refer to [Sutton et al., 1998] and [Ross, 2014b] for the meth-
ods apart from linear programming which we explain in this section. The reason
why we only focus on the LP approach stems from the fact that our mathematical
model is built on the dual LP since it both allows us to express the parameter un-
certainties and capacity constraints, which is not possible through other approaches.
Although we show the LP model for the infinite-horizon case, it is slightly extended
to the finite-horizon problems by adding additional index for the decision epochs as

we carry out in the study.

(Primal LP) minimize w’v
veRIS]

(3.7)

subject to; v(i) > R, + WZijv(j), VieS,aec A

jES

The primal LP in (3.7) gives us the optimal value function and therefore the
optimal policy. Here, w is a |S| dimensional vector indicating the prior probabilities.
In other words, w; shows the probability that the process starts the decision process
in state i € S. 17w = 1 has to be satisfied since w must constitute a valid PMF.

Although (3.7) could be easily solved due to its pure LP structure, this formu-
lation, with its current form, is not handy for the constrained MDP models since it
is not obvious how to define the constraints. To tackle this challenge, the dual form

of the primal LP is introduced as follows.

(Dual LP) maximize R® X

|SIx]Al
XeR!

subject to; ZXJ'“ — ’yz ZXumj =w;, Vjes
acA i€S acA

(3.8)

Where X is called occupancy measure matrix.

Constraints in (3.8) can be interpreted as flow conservation constraints. In other
words, what is done in dual LP is nothing but just maximizing the total expected
reward under the condition of probability flow conservation. This interpretation will

be useful to develop the model for the finite case in this study.



Chapter 3: Background 13

3.3 Two-Stage Stochastic Programming

In two-stage SPs, the decision is divided into two parts separated by an intervening
stochastic event represented by a random data vector @ [Kiigiikkyavuz and Sen, 2017].
A general form of the mathematical formulation for a two-stage SP is represented
as follows:
(2-SP) minimize ¢’z + E[h(z,d)]
subject to; Az >0 (3.9)

re X

where for a particular scenario w of @, h(z,w), what is so-called recourse function,

is defined as follows:

h(z,w) £ minimize g(w)’y
subject to; W(w)y > r(w) — T(w)x (3.10)
yely

where z € R" ¢ € R, A € R™™ p € R™ y € R qw) € R? W(w) €
R™2%"2 r(w) € R™2) and T'(w) € R™2*"™,

In (2-SP), the first-stage decisions, x, must be made before any realization of
random data vector w. The second-stage decisions, namely the recourse action,
denoted by y is taken once nature reveals a realization w of @. Here, it is important
to notice that the recourse function is another LP which depends on x and w,
and the aim is to minimize the sum of the cost caused by the first-stage decisions
and the expected cost of the second-stage decisions computed through the known
distribution of &.

In practice, it is intractable to compute the expectation in (3.9) for high dimen-
sional problems. For this reason, the general approach is to approximate the true
distribution of @ with a set of scenarios Q = {1,...,w,...,|Q|} by assuming that
sufficiently large number of scenarios becomes sufficient to represent the underly-
ing distribution of @ [Kall et al., 1994]. Each scenario w € Q is associated with a

probability measure A, so that ) oA, = 1.
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The two-stage formulation in (3.9) and (3.10) can be expressed by single deter-
ministic mathematical program called extensive form (EF)® under the given distri-
bution of @ [Shapiro et al., 2014]. The monolithic representation given in (3.11) is
obtained by creating copies of the second-stage variables and constraints for each
scenario.

minimize ¢’z + Z Ao g (W) Y
weQ
subject to; Ax > b (3.11)
T(w)z+W(w)y, >rw), YweQ
reX,ye)y

where 3, encodes the second-stage variables under scenario w € €.

®Sometimes it is called deterministic equivalent formulation (DEF).
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Chapter 4

PROBLEM DEFINITION AND FORMULATION

We consider a capacity allocation problem in a system with N homogeneous
individuals who can be in different states throughout the planning horizon. The
actions are taken at the population level to respect a capacity constraint, whereas
the individuals’ states evolve depending on their initial states and on the actions.
We first describe the process for an individual, and then relate it with the process
at the population level.

The state of an individual evolves according to an uncertain transition prob-
ability matrix. In addition, the rewards collected are also uncertain. Hence, her
evolution can be represented by a Markov decision process with uncertain parame-
ters, which corresponds to a multi-model Markov decision process (MMDP) with
the corresponding tuple (7,S,A4,Q,A) (see e.g., [Steimle et al., 2018]). Here,
T £ {1,...,T — 1} is the set of decision epochs and T = T U {T} is the set of
all periods; an individual can be in state s € S in time period ¢, where § is the
set of all states, S is the set of non-absorbing states, and D is the single absorbing
state, so that S = SU {D}; A = {0,1} is the set of action space, where a = 1
corresponds to special service with a limited capacity, and a = 0 to regular service
with unlimited capacity ; €2 is the set of models or scenarios that specify different
transition probability distributions and rewards; and A = (A, ),eq, where A, > 0 is
the probability that scenario w is in effect and ) A, = 1.

Scenario w specifies two transition probability matrices; one among the non-
absorbing states, P¥ = { Pt j)esxsacfony, and the other from non-absorbing
states to the absorbing state D, Q¥ £ {Q?&}ieé,ae{o,l}- In words, when action

a € A is taken in state i € S under scenario w € Q, P,

is the probability that an
individual in state ¢ moves to state j € S, whereas Q% is the probability that the

individual reaches the absorbing state. For each scenario w € €2, P and Q¥ satisfy
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the following inequalities:

P, >0 V(i,j) e SxS,ac AweQ (4.1a)
Qi =0 VieS,ae AweQ (4.1b)
sz‘o;j‘l’Q%Zl VieS,ae AweQ (4.1c)

jes
For all non-absorbing states i € S, the reward gained by action a under scenario w
is denoted by r¢ , whereas the reward of being in state 7 at the final stage 7" is given
by R¥. We further assume that the reward of visiting the absorbing state, RP is
fixed for all scenarios.

In general, the objective of MMDPs is to find a strategy over the entire planning
horizon, denoted II, that performs well with respect to different scenarios accounted
in MMDP. One of the widely-used techniques to solve such problems is to employ
a two-stage stochastic program, where the first stage determines the strategy II
and the second stage evaluates the performance of II. The discrete set of scenar-
ios called solution sample allows developing a mixed integer program that solves
for both stages at the same time, which is also called extensive form of MMDP.
Our solution approach also uses this technique; however it has to incorporate the
additional capacity constraint at the population level, as we describe below.

The initial population consists of N individuals, where n; of them are in state
i so that N = >, _sn;. Consequently, the initial distribution of states is specified

=, where

by 0; = . The state of the system in period ¢ is given by n(t) = (n;(t)),cs,

N
N —3,csni(t) individuals are in the absorbing state at time ¢. Individuals receive
either regular or special service, where the special service needs additional resources.
Hence, the problem is a capacity allocation problem, where scarce resources are
rationed among the individuals in different states in each decision period to maximize
the total expected reward over T" periods. We represent the scarcity of the resources
by a constraint that limits the expected number of individuals who receive special
service by Cy at decision epoch ¢ € T. This constraint requires tracking the evolution

of all individuals through the states as well as of the actions over time.

The system manager decides on the group(s) of individuals who will receive
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special service in each period, i.e., she chooses a subset of S who are entitled to use
the additional resources under this constraint. Hence, the action space in all states
is given by D = (0, 1)|‘§|. We set 7t = 1 if the resource is used for the individuals
in state ¢ at decision epoch ¢, and 7! = 0 otherwise, where i € S. The policy in
decision period t is then given by n* = (7}),.s, and the strategy over the planning
horizon by II £ (7');e7- This study aims to find a deterministic strategy IT that
maximizes the total expected reward over T' periods, while satisfying the capacity
constraints in each decision period under all scenarios. Hence, the optimal strategy
I1, which is independent of the scenarios, determines the groups that will receive
special service in all periods ¢ € 7.

To account for the expected rewards and to respect the capacity constraints,
we represent the evolution of the system in the model by defining the so-called

occupancy measures for each scenario w:

e X' probability of being in state ¢ under action a at decision epoch ¢
e Z¥!: probability of visiting the absorbing state at period ¢

e V¥: probability of finalizing the decision process in non-absorbing state ¢

For a given strategy II, the total expected reward is computed as follows:

component 1 component 2 component 3
7\ 7\

U(H):N[Z)\w( > zwt35+229c;;gr;;f+2yﬂz§>]. (4.2)

wen teT\{1} teT ieS i€S

J/

VvV
expected reward of an individual under scenario w € €2

~
expected reward of an individual

total expected reward of all individuals
The quantity in the brackets corresponds to the expected reward of an individual
under all scenarios, which gives the total expected reward of the system when mul-
tiplied by the total population N. The expected reward of an individual under
scenario w € €2 has three components: Component 1 computes the expected reward
over all periods due to visits to the absorbing state. Component 2 accounts for the
expected reward of an individual in the non-absorbing states throughout all stages

t € T. Finally, component 3 determines the expected reward in the final period, 7.



Chapter 4: Problem Definition and Formulation 18

At this point, we point out certain characteristics of the problem: (1) Actions
7t can be either 0 or 1, so that either all individuals in state ¢ use the additional
resources or all are excluded from the special service. We can easily relax this condi-
tion to allow partial coverage, as demonstrated in some of our numerical experiments
in Section 5. (2) Policy 7' changes with respect to time ¢, but not with respect to
the state of the system, n(t). More explicitly, we determine the strategy II for the
entire planning horizon at time 0 and commit to it till the end of period 7. This al-
lows us to account for the future effects of our current actions in expectation. Note
that in practice, the realized number of individuals to receive the special service
may exceed the capacity. However in this paper we aim to support strategic-level
decisions, whereas such violations which may be encountered and dealt with at the
operational level are ignored. Solving this model on a rolling-time horizon basis
by replacing the initial population with the current number of individuals in each
period will account for the dynamic change of the system state and ensure that the
capacity constraint is never violated.

The mixed integer programming (MIP) formulation demonstrated through (4.3)-
(4.11) finds IT* which maximizes the total expected reward of the population without
violating the capacity constraints for the MMDP model. For the remainder of the
paper, we call it (MIP-MMDP). It is the deterministic equivalent of the underlying
two-stage stochastic integer programming formulation. In this formulation, II =
{7} }ieg e7 form the first-stage decision variables that need to be made before nature
reveals the uncertainty. Hence, they are independent of scenarios. The second-stage
problem, on the other hand, determines the values of the occupancy measures after
values of the uncertain parameters are realized by the scenarios. As mentioned
above, these two stages can be combined in a single mixed-integer program when

solving for MMDPs.
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max  U(II) (4.3)
st; > xpt=0 VieS,weQ  (44)
acA
SN apttps = xnt vteT\{1},jeSweQ  (45)
ieS acA acA
DY at P =Yy VieS,we  (4.6)
ieS a€A
DY At = Az Vie T\{1L,weQ (47
ZES a€A
N> xt <, VieT,weQ  (4.8)
icS
X2t < gt VieSteT,weQ  (4.9)
xot<(1—xb) VieSiteT,weQ (4.10)
e {0,1} VteT,ieS  (4.11)
X2 > 0 Y(ti,a,w) e (T,S,A4,Q)  (4.12)
Z9t>0 Vie T\ {1}, weQ (4.13)
Ve>0 VieS,weQ (4.14)

where AZwt = Zwt — Zwt=1 > ( and Z«! =0, for all w € €.

In (MIP-MMDP), the objective function is given by (4.3), which maximizes the
total expected reward obtained by all individuals, as defined by Equation (4.2).
Equations in (4.4)-(4.7) are called forward equations, and they recursively compute
the values of the occupancy measures. From a different viewpoint, they balance the
probability flows in the model. Furthermore, (4.8) ensures that capacity constraints
are satisfied for each scenario. Particularly, the expected number of individuals
entitled to special service, i.e., those in states with action a = 1, cannot exceed the
allowed capacity C; at decision epoch t € T for each scenario. Constraints (4.9) and
(4.10) establish the link between the first stage decisions Il and the second stage
variables X'. Specifically, if the strategy Il does not take action a for the group of
individuals in state ¢ at time ¢, then the corresponding occupancy measures has to

be equal to 0. Otherwise, they can take values up to 1. Constraints (4.11) ensure
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that all individuals in state ¢ receive either regular or special service.

We now provide two valid inequalities for the (MIP-MMDP) formulation. Their
proofs are presented in Appendix A. Proposition 4.1 is a simple consequence of
transition probability distributions, while Proposition 4.2 is achieved by aggregating

the capacity constraints over all decision epochs.

Proposition 4.1 Hyperplanes in (4.15) are valid inequalities for (MIP-MMDP).

)
Sy a e
ieS acA
w,t w,t e
1= ZZXZ-G —|—Z , thE{Q,,T—l} \V/CUEQ (415)
ieS a€A
> V42 ift=T
\ i€S
Z Ci+N
Proposition 4.2 > [Z Xt + 29t > T — T —— defines a valid inequality for
teT ~ieS

each scenario w € Q for (MIP-MMDP).
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Chapter 5

SOLUTION APPROACH

Global optima may be obtained in reasonable times for (MIP-MMDP) with small
and medium-size problem instances by using commercial solvers. However, reaching
the optimal solution(s) for larger instances of the problem is typically impossible.
Nevertheless, the applicability of the model for real settings requires a huge num-
ber of parameters, since a large number of scenarios should be used to satisfy the
convergence of the extensive-form formulation. Therefore, we propose a parallel ap-
proximate dynamic programming (PADP) algorithm that provides either optimal
solutions or solutions which are very close to global optima. To that end, our ap-
proach is based on certain structural properties of the (MIP-MMDP) that allows us
to represent it as a specific network problem. Hence, we first prove these structural

properties, and then present our algorithm.

5.1 Structural Properties

In this section, we first introduce Proposition 5.1, observing that the problem is
reduced to a Markov Reward Process (MRP) when a strategy is fixed. Then, its

immediate consequences are asserted in Corollary 5.1, followed by Corollary 5.2.

Proposition 5.1 A strategy I yields a unique set of values of the occupancy mea-

sures for each scenario in Q.

The observation stated by Proposition 5.1 leads to our first result. The values of
the occupancy measures can be computed by a strategy evaluation algorithm, such
as Algorithm 4 (see Appendix C). Algorithm 4 utilizes the forward equations in
(4.4)-(4.7) to find the values of the occupancy measures.

Corollary 5.1 The feasibility of a strategy I can be determined by Algorithm /.
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Corollary 5.1 is implied by Proposition 5.1 as it is shown in Appendix B.2.

Corollary 5.2 Consider two strategies 11 and I1 with the following property: There
exists t* € T\ {T — 1} such that 7t = 7! for alli € S,t < t*, and iy # T,y for
some i € S. Even though I #£ 11, the occupancy measures until t* under Il and II

are equal to each other for each scenario.

Corollary 5.2 stems from the fact that Algorithm 4 computes the occupancy
measures in a forward direction. Thus, any change in policy 7* impacts only the
occupancy measures related to decision epoch t and afterwards. This idea is the
cornerstone of the proposed algorithm, as it enables us to express the problem in a

network structure.

5.2 The Parallel Approximate Dynamic Programming Algorithm

5.2.1 The Network Representation

In this section, we provide the components of the network structure used by the
PADP algorithm.

policies: There are 281 different possible policies to follow at a decision epoch
teT, considering that the action space consists of only two actions'. Then, O £
{1,...,0,..., 2“§|} is the set of all policy options. Each option o € O characterizes
a unique policy 7! for t € T.

nodes: There is a node for each pair of policy option and decision epoch. In
other words, a node is generated for each element in 7 x . This way of creating
nodes allows us to represent all possible strategies in a single network. The node
associated with decision epoch ¢t € T and option o € O is represented by m(0),
which implies that the policy represented by o is accepted for t. The set of nodes
related to ¢t € T is shown by k; 2 {m(0)}oco, and K £ {k;},c7 U {ANy, ANr}
becomes the set of nodes, where AN, and ANr are the artificial nodes taking place
for t = 0 and t = T, respectively. They are called artificial since they do not involve

an action.

'More generally, there are |.A|“§| different possible policies.
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arcs: Arcs take place only between the nodes of two consecutive decision epochs.
An arc from 7,(6) € k; to m41(0) € ki1 means that the strategy follows the policies
in 6 € O and 0 € O for decision epochs t and t + 1, respectively. The set of arcs
coming to the nodes in &, is denoted by m; = {(m,_1(6),m(6)) : (6,6) € O x O},
where t € T\ {1,T}. Then, M £ {mi}em 1,73 U {m1,mr} becomes the set of
arcs, where m; = {(ANp,71(0)) : 0 € O} and my = {(77_1(0), AN7) : 0 € O}
are the arcs for t = 1 and ¢t = T, respectively. Figure 5.1 provides an illustration
of the network representation. It can be also seen from the figure that the state
space grows exponentially, as the number of non-absorbing states and/or actions
increases. Therefore, in this study, we draw our attention to the challenges posed

by large numbers of scenarios and decision epochs.

Figure 5.1: Network Representation

=
[N]

I ky k1

m1(1) (1) Tr—_1(1)

] my(2) K X
m1 m2

®

strategy path: A strategy path, denoted by o, is an ordered list of the nodes
in K so that there is exactly one node from k,, Vt € 7. Since it involves exactly one
node, thus policy for each decision epoch, it defines a strategy. Figure 5.2 provides
an illustrative example with 2 non-absorbing states and 3 periods. In this simple

example, we have the following set of policy options: O = {(0,0), (0,1),(1,0),(1,1)},



Chapter 5: Solution Approach 24

Figure 5.2: A Simple Illustrative Example with 3 Different Strategic Paths

Option | State 1 | State 2

0

0z

Oz

== o | o
=lo|=» | o

04

b) All policy options

t=1 t=2
state 1 state 2 state 1 state 2
1 1 1 1
1 0 0 0
0 0 0 1
a) 3 different strategy paths in the network c) Strategies within the paths

as we have 2 non-absorbing states. Each option in O implies a policy as shown in
Figure 5.2b. Furthermore, o', 02, and o? all define a strategic path in Figure 5.2a,
equivalently a strategy for the problem. Figure 5.2¢ also illustrates how o', o2,
and o® represent strategies. Since a path defines a strategy, it is endowed with
Proposition 5.1. That is, there is a unique set of values of the occupancy measures,
found by Algorithm 4, for a given strategy path. Figure 5.3 provides a simple
example with 7" = 3 to show how it is achieved for a path ¢ = (7', 7?) under
scenario w € (). It shows how an arc ¢ € m; specifies the values of the occupancy
measures for ¢ € T. Besides, Figure 5.4 shows our parallel processing scheme that
makes computations with scenario-based decomposition.

the length of an arc: The length of ¢, denoted by 7, is then determined as

the additional expected reward obtained by the occupancy measures of period ¢.

S ONAZYRP YT N ahy), ifteT

we i a
=1 €5 ecton (5.1)

D N(ZYRP 4> ey, ift =T

weN iGS
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Figure 5.3: An Example Computation of Occupancy Measures
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Figure 5.4: An Illustration of the Parallel Processing Scheme
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Remark 5.1 For an arc { € my, 1, is not static but changes depending on the nodes

associated with t =1,...,t — 1 in the path.

Figure 5.5 is provided in order to motivate the remark above. Consider two
different paths in the figure: the blue path and the red path. Notice that the
only difference between them is the nodes they visit at period ¢t — 2. As a result,
Neme_1(.),me (i) May be different within these two paths since they may specify different
values of occupancy measures for period t — 1, thus period t. This simple exam-
ple motivates the remark, and further demonstrates the additional computational

complexity we encounter.

Figure 5.5: A Sample Case to Motivate Remark 5.1

@ 01#02

5.2.2  The Algorithm

In Section 5.2.1, the length of an arc is defined in a way that the strategy II*
which provides the maximum total expected reward without violating the capacity
constraints is equivalent to ¢*. Then, our ultimate goal is to find o*, i.e., the feasible
longest strategy path. In this regard, we develop a parallel approximate dynamic
programming (PADP) algorithm. The path found by the PADP algorithm does
not guarantee the optimality since it only searches the feasible nodes in k;_; for

the node m;(0). However, the algorithm verifies the feasibility of a node, as shown



Chapter 5: Solution Approach 27

in Algorithm 2, based only on the best found path to it, where another path that
makes it feasible could be more promising, considering the subsequent iterations.
Hence, the path obtained as a result of the PADP algorithm is an approximation of
o.

We now introduce the notation that helps us to understand the fundamentals of

the proposed PADP algorithm. These are as follows:

o X7, (0)) : The value of X¥* when the policy within m(0) is accepted for
period ¢, and the best-found feasible longest path to m;(0) is followed.

o Z¥(m,(0)) : The value of Z“' when the policy within m(0) is accepted for
period t, and the best-found feasible longest path to m;(0) is followed.

° fm (o) : The total length obtained from the first decision epoch to period ¢t when
the policy within m;(0) is accepted for period ¢, and the best-found feasible
longest path to m(0) is followed.

Following remarks are essential in order to comprehend the notation, and the

logic behind the algorithm.

e The values of the occupancy measures of periods ¢ = 1,...,t — 1 are known
by Proposition 5.1 for the best-found feasible longest path to m;(0). They can
be obtained by calling Algorithm 4 and terminating it at the end of period
t—1.

e We do not need to know the values of the occupancy measures of periods

t'=1,...,t—2 by Corollary 5.2 in order to compute X2 (m,(0)). It is enough

Sw,t—1
to have {Xz“;t (ﬂ'tfl(0,))}ieé,ae{o,l},weﬂ,o’eO'

e For the node m(0) € ki, {X2"(1(0))}, {29 (m1(0))}?, and fr,(,) are found

as indicated by Algorithm 1. It first finds the occupancy measure values for

2{.)E'i°;t (Wt(o))}ieé,ae{o,l},weﬂ is shortly represented by {fiﬁt(m(o))}, whereas {ﬁwt(wt(o))} de-

notes {Z!(m(0))}wen-



Chapter 5: Solution Approach 28

t = 1, and then checks the feasibility based on these values. If the feasibility is
violated, it sets fm(o) to —oo, and occupancy measure values are determined
as null®>. Otherwise, the computed values are assigned as shown in the pseu-
docode. This assignment does not involve an optimization since there is only

one arc in ms

e For the node 7,(0) € ki, {X24(m,(0))}, {24 (m:(0))}, and fr, (o) are found as
shown in Algorithm 2. It basically searches all the nodes in k;_;. It computes
the occupancy measure values of period t for each node in k;_;. Then, it selects
the node which provides the maximum ]Em(o) value among the ones which does
not violate the feasibility. If there is no node satisfying the feasibility, then

fm(o) is set to —oo.

e For the node mr_1(0) € kr_y, {X27 " (wr_1(0))}, {27 (mr_1(0))}, and
ﬁrTfl(o) are found by following Algorithm 2 with a replacement which changes
line 9 of it as if fz + Nz r (o)) T Nire(0),ANy) > fri(o) then. Consequently, fr, (o
in line 10 is updated to fz + Mz (o)) + N(re(0), ANT) -

e Our algorithm uses parallel processing techniques while decomposing the sce-

narios in {2 whenever a computation or a feasibility check is required.

Our PADP algorithm starts with ¢ = 1, and finds {2 (71(0))}, {29 (71(0))},
and fm(o) for each node m(0) in ky; by using Algorithm 1. Then, iterations are
performed in a forward direction, i.e., t = 2,...,T7 — 1. For period t, it finds
(X2 (m(0))}, {Z24m(0))}, and fr,() by using Algorithm 2. Then, the objective

~

function value found by the algorithm is determined as the maximum f value?

tackled by the nodes within kp_y, i.e., fPAPP £ nax fz
1ERT -1

3Basically, we leave them empty since an infeasible node is not taken into account by the

upcoming periods.

4Here, we use the term f with abuse of notation in order to make the explanation convenient.
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Algorithm 1 Evaluation and Feasibility for the First Period

Require: m1(0)
1: 7l < 7m1(0)
Xl 1(nl = a);, Vi€ S,a € {0,1},w € Q
2wl =0, YweQ
if weQ: N Y X7 > Ci then
i€s
Fri(o) & =
{X (m1(0))} 0
{29 (m1(0))} < 0

else

frr(0) € M(ANG 71 (0))

X (w1 (0)) = X2t vie S,a € {0,1},w € Q
11: Z91(11(0)) + 291 Vw € 0

12: end if

Ensure: {22 (m1(0))}, {21 (11(0))}. fry (o)

,_.
@

Algorithm 2 Evaluation and Feasibility for the Periods t € {2, ...

Require: 7¢(0)
1: 7t < (o)

2: f7\'t(0) < —00

3 {Xp!(me(0)} 0
4: {24t (mi(0))} 0
5: for 7 € ky—1 do
6: Xt Unt=i) Y Y XN R) PR, Vi€ S,ae{0,1},weQ
hed a€f0,1}
7: Zot - 2ot + ¥ Y AR, YweQ
he§ a€{0,1}
8: if Vo € Q:n 35 X" < G then
9: if fr+ 77(55(0» > fri(0) then
10: Fre(o) & Fa 4 Mz 70 (0)
11: Xt (7 (0)) ¢ X2, Vi€ S,a€{0,1},w €N
12: 2@t (4(0))  Zt, Yw € Q
13: end if
14: end if
15: end for

Ensure: {‘)ei“ét(ﬁt(o))}v {2Wt(7ri (0))}7 fﬂ't (o)
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Chapter 6

CASE STUDY: CHRONIC CARE DELIVERY PROBLEM

U.S. National Center for Health Statistics defines a chronic condition as a disease
which lasts three months or more, and they further claim that there is not any
vaccine, medication, or cure that can stop it, or it does not disappear spontaneously.
Therefore, it is assumed that recovery is not possible when a patient has a chronic
condition. CDC demonstrates stroke, cancer, and diabetes as major chronic diseases.
[Bernell and Howard, 2016] further include hypertension, pulmonary conditions, and
mental illnesses to the list of chronic diseases.

According to the records of National Health Insurance in the United States, 65%
of the population have multimorbidity, i.e., they have more than one chronic diseases.
From societal perspective, a huge economic burden, approximately 80% of Medicare
spending, is caused by the patients with 4 or more chronic diseases [Wolff et al.,
2002]. In addition, multimorbidity is more common in disadvantaged groups, which
causes more social inequality [Britt et al., 2008]. Consequently, we are witnessing
a changing paradigm called chronic care management where polycronic patients’
physical, mental and social needs are managed in one center. As in all systems, this
approach has trade-offs since this system requires both fixed and variable costs. In
this regard, the effective use of this resource is important. Therefore, the question of
which patients should be targeted for chronic care delivery under capacity constraints
becomes important. Here we will assume a hypothetical chronic care management
system with a constrained resource. In this setting, the patient classes that will be
eligible for the service for each period in the planning horizon should be determined
at the system design stage.

The most distinctive and challenging part of designing a system for polychronic
patients is that the underlying mechanism for the progress of health conditions

may significantly vary from disease to disease. In the case of multimorbidity, the
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number of diseases, their severity, and which combinations of diseases occur can
vary dramatically for each patient. For instance, a patient may have type-2 diabetes
and breast cancer, whereas another patient may have hypertension, asthma, and a
cardiovascular disease. In this perspective, it is necessary to deal with transition
probability and reward uncertainties, considering the range of chronic conditions,
their breakdowns, and various levels of severity for the diseases.

Patient targeting problem for chronic care delivery model is a suitable case study
to test our model with its capacity constraints and inherently appeared parameter
uncertainty within the system. In this regard, the associated MDP model is intro-

duced in Section 6.1.

6.1 MDP Model

In this section, we conceptualize the dynamics of a patient in regard of chronic care
delivery. In the rest of this section, we explain the components of the underlying

MDP model.

6.1.1 States

A state involves two components. The first one is health status which can be, without
loss of generality, any measure indicating the physical well-being of a patient. In
this study, we discretized this component into 3 categories: simple, moderate, and
complex. The severity of conditions is getting worse from simple to complex.

The second component of a state includes the engagement of a patient due to the
statistics revealing that about 50% of premature deaths are caused by behaviors that
could be changed [Council et al., 2015]. Moreover, [Meng et al., 1999] states that
chronic diseases have very close link with lifestyle habits such as excessive alcohol
use, poor nutrition, lack of physical activity, and tobacco use. In this regard, the
term engagement corresponds to all behavioral aspects required to maintain patients’
own physical well-being. It is discretized by two alternatives: low and high. The
consciousness of patients increases from low to high.

In summary, we have six states coming from the pairwise combination of the



Chapter 6: Case Study: Chronic Care Delivery Problem 32

physical and behavioral components: Low-Simple (0), Low-Moderate (1), Low-
Complex (2), High-Simple (3), High-Moderate (4), High-Complex (5). In addition

to these states, we also include the state death (6) as an absorbing state.

6.1.2 Actions

For each patient with a health status and a behavioral characteristic, an agent
chooses either reqular care or special care. Thus, the action space consists of two
elements: 0, for regular care and 1, for special care. The action space is not binding

for those reaching to the absorbing state.

6.1.3 Transition Probabilities and Immediate Rewards

Transition probabilities are subject to uncertainty due to highly combinatorial na-
ture of multimorbidity. Hence, it is not possible to have data representing all possible
transitions to obtain significant statistical inferences. Even if we have such data,
the estimations are prone to large statistical errors because of limited or missing
data for each possible transition. Nevertheless, it is possible to approximate the
probability distributions by using expert opinions. We demonstrate one approach
to employ these opinions. In this respect, we first generate hierarchical rules, i.e.,
relations among transition probabilities based on the prior beliefs (see Appendix D).
These are the rules that can be generated by any healthcare analyst who is familiar
with the system. The base model, the so-called nominal model, assumes that the
parameters take the values that a Monte Carlo (MC) algorithm depicted in Algo-
rithm 3 converges to. The points where Monte Carlo converges may be seen as a
center of the polyhedral set in which the transition probabilities lie for our nominal
model. Then, all scenarios are generated based on this center by adding uniform
random noises around it. A similar approach is carried out for the immediate re-
wards with their own rules. Detailed description of scenario generation is explained
in Section 7.1. Our MC algorithm starts with empty set of patients. A patient is
randomly generated following the hierarchical rules in each iteration until reaching

to the desired number of iterations. Then, the parameters of the nominal model are
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Algorithm 3 Monte Carlo Approach for Transition Probability Estimation

Require: number of iterations, expert opinions

1: nlteration < 1

P+0

Q<+ 0

for nlteration < number of iterations do
P <A random realization which satisfies the required rules
Q" <A random realization which satisfies the required rules
P+ PU{P"}
Q0+ ou{Q"}

nlteration <— nlteration + 1

,_.
e

end for

: P + mean(P)
12: O« mean(Q)
Ensure: 75, Q

—_
—_

determined as the mean of the corresponding parameters of the generated patients.
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Chapter 7

COMPUTATIONAL EXPERIMENTS

In this section, we conduct computational experiments to obtain an understand-
ing of (i) the contribution of the proposed model; (ii) how effective our solution
approach is. All experiments are conducted on a computer with an Intel@®) Core ™
i7-6500U 2.39 GHz processor and 64 GB of RAM, with the Windows 10 operating
system. In this context, Section 7.1 explains the way problem instances are gener-
ated. Then, Section 7.2 is devoted to investigate the impact of valid inequalities,
whereas Section 7.3 examines the computational aspects of the proposed algorithm.
Section 7.5 analyzes the value of perfect information after Section 7.4 studies the
value of stochastic solution. Finally, Section 7.6 provides managerial insights for
potential practitioners with a special focus on the price of fairness, the value of

flexibility, and capacity management.

7.1 Instance Generation

For chronic care delivery problem, it is not possible to have a sufficiently large
dataset that includes longitudinal data capturing all possible transitions in sufficient
numbers. This is due to the large number of chronic conditions each of which has
a variety of types. Furthermore, patients may have different numbers of chronic
conditions of varying severity. In this respect, it becomes difficult to have reliable
time-series data of patients as in specialized services such as diabetes, HIV, and
cancer treatments. Nevertheless, we have some prior beliefs about the relations
among the uncertain parameters. These are not complicated medical consequences,
but simple justifiable facts allowing us to come up with a polyhedral uncertainty
set for the nominal model. Point estimations for the so-called nominal model, are

generated through Monte Carlo approach depicted in Algorithm 3. Then, different
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scenarios are generated by adding uniform noise to the nominal model. We refer
to [Hérmann et al., 2013] and [Zhang et al., 2017b] for different scenario generation
methodologies.

Let @, denotes the nominal value of uncertain parameter z, whereas w, denotes
the corresponding parameter value in scenario w € Q'. Given nominal model @,

scenario w is generated as follows:
b {wx oy UN]F<(1 i, (14 e)@x> } e (0,1) (7.1)

Then, elements of transition probability matrices are normalized so that they satisfy
the conditions in (4.1a)-(4.1c).

A problem instance is uniquely characterized by 4 parameters. (i) |€2|, the num-
ber of scenarios in the solution sample; (ii) 7', the number of decision epochs; (iii)
¢ = C/n, the proportion of the population that can utilize the resource at a particu-
lar decision epoch; (iv) €, the maximum allowed variation from the nominal model.
Without loss of generality, we assume that the capacities allocated per decision
epoch are equal. Then, a problem instance with the given parameters is denoted by
Z(|€2|, T, ¢, €). Furthermore, prior probabilities are assumed to be equal. That is, the
probability for a new patient to start the decision process in a state is equal for each
non-absorbing state in S, i.e., P{s; =i} = %',W € S. Moreover, the probability
of each scenario is equal to each other, i.e., A\, = ﬁ,‘v’w € ). Lastly, the reward

obtained after visiting the absorbing state, RP, is set to zero.

7.2 Impact of Valid Inequalities

There are three components affecting the computational complexity of the problem:
the number of decision epochs, scenarios, and states. In the case study, i.e., chronic
care delivery problem, the size of the state space is fixed so that we can embrace
the problems with a large number of scenarios and/or stages. Therefore, we gen-
erated problem instances for a varying number of scenarios and decision epochs.

To this end, we created 35 problem instances, each with the values of ¢ = 0.4 and

'Nominal value corresponds to the expected value of a parameter.
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e = 0.25. While generating them, we use the set of different numbers of scenar-
ios {5, 10,25, 50,100, 250,500} and the set of various numbers for decision epochs
{5, 10, 20, 30, 40}.

In order to prepare an experiment analyzing the impact of the valid inequalities,
we first solve (MIP-MMDP) by using the well-known commercial solver CPLEX
12.10 for all problem instances. Then, each valid inequality is separately included
in the formulation, and solved again by the solver. All computational runs are im-
posed a time limit of 4 hours. In this time horizon, the solver could find the optimal
solutions only for 21 instances among the 35 instances we generated. Table 7.1 pro-
vides required solution times in seconds and relative percentage gap values for each
instance and setting. We compare the required solution times for the 21 instances
where the optimal solutions could be found, whereas the relative percentage gap
values are compared for the rest of the instances.

When we focus on the instances with zero gap values?, we realize that valid
inequality 1 provides the best solution time in 33.3% of the instances, whereas this
statistic becomes 15.15% for valid inequality 2. In the case where we look at the
remaining instances, valid inequality 2 provides the best gap values for almost half

of the instances, whereas valid inequality 1 provides it only for 2 problem instances.

7.3 Computational Performance of the Parallel Approximate Dynamic

Programming Algorithm

Table 7.1 shows that commercial solvers are not capable of solving problem instances
with the desired number of scenarios for convergence. Therefore, an efficient algo-
rithm providing solutions of high quality in a short span of time is essential for the
applicability and the value of the developed model. In this context, a high quality
solution refers to the ones that are optimal or very close to it and found within an
acceptable amount of time.

In Section 5, a parallel approximate dynamic programming algorithm is proposed

as an alternative to solvers to provide an efficient algorithm required for the model.

2Valid inequality 1 and 2 refer to Propositions 4.1 and 4.2, respectively.
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In this section, we test its capabilities in terms of time and optimality. In accordance
with this purpose, we first use the 21 problem instances for which the solver could
provide the optimal solutions in Section 7.2. The proposed algorithm, PADP, is
run for these problem instances, and the corresponding solution times in seconds
and the percentage gap values are presented through Table 7.2. PADP finds the
optimal solutions for 42.857% of the problem instances. For the remainder of them,
the maximum deviation from the optimal solution is only 0.24% which is quite good
for an algorithm trying to find an approximate solution. When we focus on the
aggregate level performance metrics, we see an outstanding approximation so that
the mean percentage gap value is only 0.073%. Another remarkable fact about the
superiority of the algorithm is that it achieves these approximations in considerably
short span of times. It finds the solution about 1000 times faster than the solver.
In Table 7.3, we compare the capabilities of CPLEX 12.10 and PADP for the
instances the solver could not find the optimal solution in 4 hours in Section 7.2. Re-
call that the solver loses its power for the instances with a large number of scenarios.
The column improvement(%) shows the relative percentage improvement provided
by PADP. A positive value in the column shows that the algorithm provides a better
solution than the solver with 4 hours time limitation. On the contrary, the negative
value indicates that the solution found by the solver in 4 hours provides a better
objective function than the algorithm. Results suggest that the algorithm produces
better results than the solver when the number of scenarios exceeds 250, i.e., for
more realistic instances. The amount of improvement becomes more significant as

the number of scenarios increases.

7.4 Value of Stochastic Solution

If agents do not take parameter uncertainty into account then the actions will be-
come sub-optimal. With this in mind, in this section, we investigate the value of
incorporating stochastic solution. In other words, we estimate the potential loss in
objective function value, if we do not consider the transition probability and reward

uncertainties. There is certainly a strong relation between the value of stochastic
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solution and the way we generate the problem instances. The main assumption we
make during the generation of data is the maximum variation from the nominal
model. Thus, we conduct sensitivity analysis for different values of e¢. Particularly,
we choose three values of e for the experiments: 0.10,0.25, and 0.50.

We also postulate uniform distribution when we consider the deviations from the
nominal model, and by force of uniform distribution, it is not possible to observe
any realization for the parameters outside of the sphere determined by e. However,
observing lots of outliers which lie in the exterior region of the sphere is very likely,
considering the large number of combinations within the nature of the problem.
Thus, the problem includes more randomness than our problem instances. Nev-
erthless, there are two advantages of this approach. Firstly, the value of stochastic
solution asserted for these problem instances intuitively provides a lower bound for
the actual value since we do not allow outliers. Therefore, if we find a considerable
value of stochastic solution, then we can assert that the actual value is expected to
be higher than it, which makes our contribution realistic. The second advantage is
that this way of generating data materializes itself without loss of generality. That
is, results associated with other experiments about the complexity of the model and
the efficiency of our algorithm are not affected by the assumptions made during the
generation of the problem instances.

Expected value of stochastic solution, EVSS(%), under solution sample Q =

{1,...,w,...,|Q]} is computed as follows:
MIP-MMDP _ fw(()
EVSS(%) & — / ) x 100 (7.2)
[Py

where fMIP-MMDP i5 the total expected reward of the optimal strategy found for €,

i.e., the objective function value of (MIP-MMDP) for Q, and f“(Q) is the total ex-
pected reward of following the optimal strategy for scenario w, where the realization
of nature is still explained by all scenarios in €. It is clear that () yields a lower

bound for fMIE-MMDP o = fo(Q) < fMIP-MMDPY,, ¢ Q) due to the sub-optimal be-

fMIP-MMDP_fw(
F2(Q)

relative value of stochastic solution compared to the deterministic solution found for

havior of the strategy governed by a single scenario. Thus, 2 shows the
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scenario w. Then, EVSS(%) gives the expected value of stochastic solution. Ap-
pendix E shows how f“() is evaluated for scenario w € €.

Table 7.4 shows the expected value of stochastic solution for different values of
€ and T when the number of scenarios is 200. Results suggest that expected value
is increasing as the value of € increases. Another important observation is that it
also increases with the growing number of decision epochs which implies that our

approach matters more for long-term problems.

7.5 Value of Perfect Information

Value of perfect information (VPI) is defined as the maximum cost a policy-maker is
willing to pay in order to obtain the perfect information about the uncertain param-
eters. Since we are dealing with a maximization problem, the objective function of
single scenario deterministic problem, denoted by f“, becomes an upper bound for
JMIP-MMDP 55 o - pMIP-MMDE < 0 gy € Q). Then, the expected VPI (EVPI) under
the set of scenarios €2 is computed as follows:

> 1

EVPI = w6|§;2| _ fMIP-MMDP (7.3)

Then, the percentage expected VPI, denoted by EVPI(%) is determined as
JCMFQ/% x 100. Table 7.5 illustrates the expected value of perfect information for
different values of ¢ and T" when the solution sample consists of 200 scenarios. We
find EVPI(%) for pairwise combinations of ¢ = 0.1,0.25,0.5 and T' = 5, 10, 20, 30.
The average EVPI(%) value is 7.88%. They also indicate that EVPI(%) increases

with the increasing number of € and T

7.6 Managerial Insights

In this section, we investigate managerial aspects of applying (MIP-MMDP). In this
context, we first examine the price of fairness, that is, the loss in total expected
reward caused by ethical issues. Then, we focus on the value of having flexibility in
operations. Lastly, we analyze the impact of different capacity levels. It is important

to notice that each part, except the one measuring the effect of different capacity
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levels, requires certain modifications in the model. For these parts, we change the
required components of the model, and then solve them with the solver. That is,
we do not modify our algorithm for the new cases, which is beyond the scope of
our study. Thus, the analyzes are limited with the problem instances solved by the
solver in 4 hours, i.e., small-medium problem instances. However, we think that
even this can be useful to understand the potential values and drawbacks of the

model for practical issues.

7.6.1 Price of Fairness

(MIP-MMDP) is limited to deterministic policies, even a randomized policy can
promise a better objective function value. Nevertheless, we require deterministic
policies due to the fairness concerns raised in healthcare operations [Cevik et al.,
2018, Steimle et al., 2018]. This is also the case for other domains such as hu-
manitarian relief operations [Merakl and Kiiglikyavuz, 2019]. The term fairness
relates to the ethical issues which oblige policy-makers to follow the same policy
for all patients in the same state. Hence, (MIP-MMDP) with randomized policies,

i.e., without (4.9) - (4.11), becomes a relaxation of the original formulation. Then,
fT‘_fMIP—I\IMDP
f’l‘
the objective function value because of the constraints which eliminate randomized

price of fairness (%), determined as x 100, corresponds to the loss in
policies, where f" denotes the optimal objective function value of the model allowing
randomized policies.

Price of fairness (%) for each small-medium problem instance is demonstrated
in Table 7.6. The average loss caused by the ethical concerns is 5.75%. It stems
from the fact that a portion of the capacity at each decision epoch becomes idle
due to the deterministic policy constraints. Allowing randomized policies enables
the model to fulfill the capacity, even if only a subset of patients in a state utilize
the resource. Results also show that as the number of scenarios increases, price of

fairness tends to increase.
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7.6.2  Value of Flexibility

We have so far assumed flexibility in actions, where in each period the actions are
independent of the actions taken in other periods. That is, one state may receive
special care in stage ¢t and not accepted in stages t' € 7'\ {t}. In practice, policy
makers may not have this flexibility; a state is either entitled to the resource for all
decision epochs from the beginning or not at all. Therefore, here we consider the case
in which once action is 1 for a state in a particular decision epoch, then it must also be
1 for other decision epochs. Mathematically, this corresponds to adding the following
constraint to (MIP-MMDP): 7t — 7t~ = 0,Vi € S,t € T\ {1}. It is clear that this
narrows the feasible region so that the previous objective function value becomes
an upper bound for the new model, i.e., f < fMPMMDP where f ig the optimal
objective function value under the same policy approach. In this study, flexibility
implies that policy-makers can change their course of actions over time. Since (MIP-
MMDP) allows it, value of flexibility (%) is determined as % x 100.
Value of flexibility (%) is computed for each small-medium problem instance,
and the values are represented in Table 7.7. It shows that 7.98% additional value
can be obtained by (MIP-MMDP) instead of using the same policy approach. In
other words, embracing flexibility yields almost 7.98% additional total expected
reward. Furthermore, average values for T' = 5, 10, 20, 30, and 40 are computed and
summarized in Figure 7.1. It demonstrates that as the number of decision epochs
increases, the value of embracing flexibility also increases dramatically since the
suboptimal behavior is retained for longer periods. This also shows the relative
importance of our model for long-term planning problems compared to the ones for

short-terms.
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Figure 7.1: Average Value of Flexibility for T" = 5, 10, 20, 30, 40

]
16 =T
I T

- 14 "
= =
= P
F 12 -
i
=10 e
] ,f
= Py
L g .
& e
w -~
-

‘q JII‘

L
-
2 ¥
5 10 0 £ 40

Number of Decision Epochs

7.6.3  Capacity Management

In this section, we analyze the additional total expected reward that can be obtained
by adding one more capacity at each period. To this end, we find total expected re-
wards for each instance from (ijg Z(200,t,¢,0.25) for t € {10,20,30,40}. In words,
for t € {10, 20, 30,40}, we st;?‘é).zxivith stage capacity 200 and gradually increase it
until 800 for a fixed solution sample which consists of 200 scenarios. Figure 7.2 and
Figure 7.3 illustrate the results of the experiment for the cases with deterministic
policies and randomized policies, respectively. The main difference between deter-
ministic and randomized policies become more clear when we compare the figures.
Figure 7.3 clearly shows that the graph tends to perform concave characteristics.
That is, the marginal utility of adding one unit of stage capacity is decreasing, as
the value of stage capacity increases. Unlike the graph in Figure 7.3, we do not
observe smooth increases within the graph in Figure 7.2. That is, increasing the
capacity for deterministic policies does not necessarily improve the current condi-
tions since the model still may not find an available group to fulfill the remaining
capacity. Thus, system managers embracing deterministic policies must take this

situation into account when they need to decide how much to increase the capacity.



Chapter 7: Computational Experiments 43

Figure 7.2: Total Expected Rewards under Different Stage Capacities and Decision
Epochs for the Model Restricted with Deterministic Policies
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Figure 7.3: Total Expected Rewards under Different Stage Capacities and Decision
Epochs for the Model with Randomized Policies
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Table 7.1: Impact of Valid Inequalities in 35 Problem Instances

(MIP-MMDP) Model Valid Inequality 1 Valid Inequality 2
nScenario  nStage | Time (sec) Gap (%) | Time (sec) Gap (%) | Time (sec) Gap (%)
5 5 0.2 0 0.247 0 0.965 0

10 2.371 0 2.36 0 2.538 0
20 8.241 0 8.95 0 7.27 0
30 10.31 0 9.99 0 10.818 0
40 9.63 0 9.788 0 10.232 0
10 5 0.225 0 0.221 0 0.21 0
10 6.8 0 6.845 0 8.441 0
20 53.848 0 80.211 0 116.207 0
30 101.423 0 162.75 0 132.885 0
40 138.449 0 157.163 0 170.913 0
25 5 0.511 0 0.532 0 0.47 0
10 256.734 0 229.86 0 251.009 0
20 1891.068 0 1515.171 0 1368.60 0
30 1425.692 0 1193.41 0 1783.103 0
40 3015.04 0 2818.66 0 3052.309 0
50 5 9.664 0 9.486 0 9.846 0
10 3643.571 0 1176.563 0 2355.285 0
20 14401.456 0.6 14401.213 0.9 14401.537 0.8
30 14401.767 0.5 14439.982 0.01 14402.806 0.6
40 14470.37 1.1 14429.526 1.4 14430.794 1.2
100 5 106.115 0 196.078 0 96.072 0
10 9669.398 0 13778.265 0 14425.731 0.1
20 14404.549 2.0 14406.66 1.9 14409.823 2.3
30 14421.458 2.1 14406.278 2.1 14432.652 1.9
40 14406.975 1.8 14434.273 2.1 14411.393 1.9
250 5 193.304 0 339.143 0 272.681 0
10 14405.094 1.9 14407.678 1.8 14407.396 1.7
20 14406.464 5.4 14407.621 5.4 14409.304 4.8
30 14404.798 6.4 14405.341 6.0 14405.035 5.3
40 14406.866 5.7 14407.235 6.1 14403.145 5.5
500 5 742.221 0 861.041 0 1103.164 0
10 14407.241 4.5 14402.248 5.4 14406.788 5.3
20 14406.308 7.0 14407.461 7.1 14410.242 6.9
30 14406.978 7.7 14405.62 7.6 14406.41 7.7
40 14405.674 8.9 14409.774 8.9 14407.159 9.2
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Table 7.2: Computational Comparison of PADP and CPLEX 12.10 for Small-
Medium Problem Instances

Instance Time (MIP) | Time (PADP) | GAP(%)
Z(5,5,0.4,0.25) 0.2 0.084 0
(5, 10,0.4,0.25) 2.371 0.204 0
Z(5,20,0.4,0.25) 8.241 0.683 0.13
(5, 30, 0.4, 0.25) 10.31 1.127 0.16
Z(5,40,0.4,0.25) 9.63 1.567 0.16
7(10,5,0.4,0.25) 0.225 0.115 0

7(10,10,0.4,0.25) 6.8 0.36 0
7(10,20,0.4,0.25) 53.848 1.041 0.02
7(10, 30, 0.4, 0.25) 101.423 1.742 0.05
7(10,40,0.4,0.25) 138.449 2.437 0.06
7(25,5,0.4,0.25) 0.511 0.149 0
7(25,10,0.4,0.25) 256.734 0.466 0
7(25,20,0.4,0.25) 1891.068 1.332 0.14
7(25,30,0.4,0.25) 1425.692 2.248 0.2
7(25,40,0.4,0.25) |  3015.04 3.176 0.22
7(50,5,0.4,0.25) 9.664 0.17 0.02
7(50,10,0.4,0.25) | 3643.571 0.555 0.24
Z(100, 5,0.4,0.25) 106.115 0.245 0
7(10,10,0.4,0.25) 9669.398 0.802 0.13
7(250,5,0.4,0.25) 193.304 0.304 0
Z(500,5,0.4,0.25) 742.221 0.434 0
min 0.2 0.084 0
max 9669.398 3.176 0.24
mean 1013.563 0.916 0.073
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Table 7.3: Computational Comparison of PADP and CPLEX 12.10 for Large Prob-

lem Instances

Instance CPLEX Time(sec) | CPLEX Gap(%) | PADP Time(sec) | Improvement (%)
Z(50,20,0.4,0.25) 14401.456 0.6 1.628 -0.33
Z(50,30,0.4,0.25) 14401.767 0.5 2.699 -0.36
7(50, 40, 0.4, 0.25) 14470.37 1.1 4.025 0.37
(100, 20,0.4,0.25) 14404.549 2 2.251 0.05
(100, 30,0.4,0.25) 14421.458 2.1 3.635 0.01
(100,40, 0.4, 0.25) 14406.975 1.8 4.9 014
7(250,10,0.4,0.25) 14405.094 1.9 0.98 0.09
7(250,20,0.4,0.25) 14406.464 5.4 3.005 0.66
7(250,30,0.4,0.25) 14404.798 6.4 5.658 0.87
7(250,40,0.4,0.25) 14406.866 5.7 7.724 0.13
7(500,10,0.4,0.25) 14407.241 4.5 1.502 0.62
(500, 20,0.4,0.25) 14406.308 7 5.662 1.13
Z(500, 30,0.4,0.25) 14406.978 7.6 8.255 1.48
Z(500,40,0.4,0.25) 14405.674 8.9 10.203 2.66

€ nStage | Value of stochastic solution(%)
0.1 5 2.97
10 4.52
20 4.47
30 4.53
0.25 5 4.03
10 5.70
20 6.83
30 7.31
0.5 5 3.95
10 5.89
20 7.80
30 9.30

Table 7.4: Expected Value of Stochastic Solution for Different € and 7" Values with
200 Scenarios
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Table 7.5: Expected Value of Perfect Information for Different ¢ and T" Values with

200 Scenarios

€ nStage | Value of perfect information(%)
0.1 5 1.72
10 2.14
20 1.84
30 1.76
0.25 5 5.62
10 7.09
20 5.81
30 5.17
0.5 5 12.44
10 16.36
20 17.66
30 16.92

Table 7.6: Price of Fairness for Small-Medium Problem Instances

nScenario  nStage  Price of Fairness (%) | nScenario nStage Price of Fairness (%)

5 5 4.10 25 5 5.96
5 10 4.66 25 10 6.98
5 20 4.15 25 20 6.45
5 30 3.89 25 30 6.31
5 40 3.80 25 40 6.27
10 5 4.19 50 5 6.81
10 10 5.02 50 10 7.99
10 20 4.89 100 5 7.13
10 30 4.82 100 10 8.39
10 40 4.80 250 5 7.08

500 5 7.07

Table 7.7: Value of Flexibility for Small-Medium Problem Instances

nScenario  nStage  value of Flexibility (%) | nScenario nStage value of Flexibility (%)

5 5 2.53 25 5 2.12
5 10 5.38 25 10 5.34
5 20 10.24 25 20 13.33
5 30 12.39 25 30 17.61
5 40 13.25 25 40 19.59
10 5 2.16 50 5 1.55
10 10 5.88 50 10 4.73
10 20 11.81 100 5 1.23
10 30 15.11 100 10 4.15
10 40 16.63 250 5 1.21

500 5 1.25
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Chapter 8

CONCLUSION

In this study, we introduce a capacity-constrained multi-model Markov decision
process model, and illustrate its use in medical resource allocation problems. Multi-
model approach implies the relaxation of the traditional assumption which assumes
perfect knowledge of transition probabilities and rewards. Capacity constraints pose
limitations on the selection of particular actions. To the best of our knowledge, the
proposed model is the first constrained MMDP model.

We develop a mixed integer programming (MIP) formulation for the model in
order to find the strategy which maximizes the total expected reward without vi-
olating capacity constraints. It corresponds to an extensive-form formulation for
the underlying two-stage stochastic integer program. The scenarios used in the
extensive-form formulation basically corresponds to different MDP models. The
MIP formulation becomes easily intractable as the size of the problem increases.
In this regard, we propose a parallel approximate dynamic programming algorithm
leveraging the problem structure. We also propose two valid inequalities in the hope
that they can strengthen the formulation.

We use the chronic care delivery problem as an example to test our model and
algorithm. We adopt a Monte Carlo approach which uses prior beliefs about system
dynamics to generate problem instances. Extensive computational experiments are
then performed to test the computational aspects of the proposed algorithm as well
as the value of our model. We show that the algorithm works pretty fast so that it
generates solutions in seconds even for very large problem instances. It also offers
very high quality solutions in terms of optimality. However, we have a limitation
that our algorithm embraces the cases with a large number of scenarios and stages,
excluding the last level of complexity which is the state space.

There are several potential approaches to complement our work. First, a new
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algorithm can be proposed that also works fast for large state space problems. In this
context, it may be promising to address constrained reinforcement learning models.
Secondly, some medical problems such as breast cancer make it impossible to have
perfect information of the health status of patient [Cevik et al., 2018]. To deal with
these kind of challenges, our model can be extended for POMDP models.
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Appendix A

PROOF OF VALID INEQUALITIES

A.1 Proposition 4.1

o fort=1:

We are given that 3 X' =6, for each i € S and w € Q by (4.4). Then,

acA
>N at=> "6, Vweq
icS a€A i€S
=1, Yw e Q  (Since 0 is a valid PMF over S)

e for2<t<T—1:

We are given that S A%t = S S A% 'Pe for each i € S and w € Q
acA heS a€A
by (4.5). Moreover, we can re-write Z“" as shown in (4.7). Then, following

equations are satisfied for each scenario w € €

DI IEALT-AED DD DY B AL DY B e A

ie§ acA ieS heS acA heS a€A

DI PR

heS acA ieS

1,Y(h,a)€(S,A)

_ ZZXI:}a,tfl + Zw,tfl

he§ acA

Now, we should prove that 37 7 A ' + 21 must be equal to 1. To that
heg acA
end, we utilize proof by induction as follows:

— Base Case: fort =2, 3 S At 4 zwtt Z1,YweQ
hes a€A
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For ¢t = 2, the lhs is reduced to > > X,‘fa’l + Z«1. We have already
he§ acA

proved that > > X}fcf = 1,Vw € Q. We also know that Z“! = 0,Vw €
heg CLEA
Q). Thus, base case is satisfied.

— Induction Step: 3 S A 4 et 21 given that 3" > &% 4
hed acA heS acA
Zw,t—Q = 1,\V/CU e )

We are given that S A" =37 3 X2 ?PY, Vw € Q foreach h € S

acA icSacA '
by (4.5). Moreover, we can re-write Z“~1 as expressed in (4.7). Then

following equations are satisfied for each scenario w € 2,

ZZX;:;t—I + Zw,t—l A ZZXZZJ—Q [ZR‘Z}L + Qz;;:| + Zw,t—Q

hes acA ic§ acA heS

1,¥(i,a)€(S,A)

_ ZZX;,t—z | gwi-2

icS acA

=N

o fort="1T:

We are given that Y = S 3> 27 ' P for each i € S and w € Q. More-
heS a€A

over, we can re-write Z“T~! as depicted in (4.7). Then, following equations

are satisfied for each scenario w € §:

DV HET =3 > > A T P+ ) ) Qi+ 2!

ieS ieS hes acA heS a€A
- E 2 w,T—1 E : w w w,T—1
- Xha [ Phai+Qha:| +Z
heS acA heS

1,Y(h,a)e(S,A)

_ ZZXZJG,TA | gwl-1

he§ acA

=1
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A.2 Proposition 4.2
Zxﬁgg Vi€ T,weQ
< N
1€S
oy
xer < €T Yw e Q
ZZ < we
teT ieS
e
STz < T s D[Tan ] weo
teT feS ) teT ieS
1 by (4.1)
e
T-1<S— 1+ 3 [> x+ 2] Vw € Q
teT ieS
> Ci+ N
teT wt wt
T_TSZZX;70+Z Yw € Q)

teT icS
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Appendix B

PROOF OF STRUCTURAL PROPERTIES

B.1 Proposition 5.1

o fort=1:

It is known that either Xffdl =0 or Xi"”l’l = 0 by (4.9) and (4.10) for each

1
)

1 : : 1
5 =0, if 7} = 1; otherwise, X;J" = 0. For each

i€ S,w e Q. Since we are given the value of 7!, we know which one of

them equals zero, i.e., &
ieSweQ Xy + X5 =0; by (4.4). Since we know the one which equals
to zero in the left-hand-side, and the value of 6;, there is only one value for

X! and Xf7', and can be found by the equality ensured by (4.4).

o for2<t<T —1:

Equations for 2 < ¢t < T'—1 are governed by (4.5) and (4.7). Let’s first focus on
(4.5). We know the exact value of the first term in the equation since we know
the values of the occupancy measures for ¢ = 1 and equations are updated
recursively. Thus, we know the value for the following summation: X4 A5
Again, we know which one of X} and X} equals zero by m}. Hence, we know
the value of the other occupancy measure. Similar reasoning can be made for

the equality in (4.7) by using the fact that Z“! = 0,Vw € Q.

o fort="1T:

Related equations are governed by (4.6) where left-hand-side specifies a unique
value for each w € 2,5 € S. Since there is just one term for each of them in
the right-hand-side of the equation (R¥), again we can find a unique value for

each of them.
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B.2 Corollary 5.1

By Proposition 5.1, the values of the corresponding occupancy measures for a given
strategy IT are known. It is also known that the resulting values definitely satisfy
all the constraints in (MIP-MMDP) except (4.8). Hence, the feasibility check is
reduced to verify whether (4.8) is satisfied or not. Since the left-hand-side of the
inequalities are now known, we can easily verify that whether (4.8) is satisfied or

not, thus the feasibility of II.



Appendiz C: Pseudocode of the Strategy FEvaluation Algorithm

Appendix C

PSEUDOCODE OF THE STRATEGY EVALUATION
ALGORITHM

Algorithm 4 Strategy Evaluation Algorithm

Require: II: the given strategy
1: fort € T do
2: if t =1 then

3 for j € S do

4 if 7?]1 =1 then

5 Xl 0 and X 0 VweQ
6: else

7 X0, and X0 YweQ
8 end if

9: Z9l 0 YweQ

10: end for

11: end if

12: if 1 <t<T then

13: for j € S do

14: if fr;i =1 then

15: Xgh 0

16: Xep e 3 X;‘;’;jll Py YweQ
17: else e ’

18: AL 0

19: A > X::r,gjll Py, YweQ
20: end if <

21: ZUt e ety B ANTIQE, YweQ
22: end for e Z

23: end if

24: if t =T then

25: for j € S do

26: DY) XUTIPE VweQ

27: end for < l

28: end if

29: end for

Ensure: (X,), Z)ﬁ: the resulting occupancy measures
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D.1

4.

Appendix D

HIERARCHICAL RULES FOR TRANSITION
PROBABILITIES AND REWARDS

Transition Probabilities

Consider two patients in the same engagement level. The patient with worse

health status is more likely to worsen.

Pias > Poan Va € {0,1}

Pyas > P3a4 Va € {0,1}

Consider two patients in the same complexity level. The patient with the

higher engagement level is less likely to worsen.

Pyor > Paga Va € {0,1}

Piao> Py Va € {0,1}

Consider two patients in the same complexity and engagement levels. The
patient taking regular care is more likely to worsen than the patient taking

special care.

Poo1 > Poaqa
Pios > Piao
Psos> Ps14

Pios > Pyas

Probability of making a transition from low engagement level to high engage-

ment level are equal regardless of the health status for all patients under same
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10.

action. Moreover, special care is increasing this probability.

Poaz = Praa= Paugs Va € {0,1}

Pitiv3 > Pioiys Vi € {0,1,2}

Probability of making a transition from high engagement level to low engage-
ment level are equal regardless of the health status for all patients under same

action. Moreover, special care is decreasing this probability.
Pso0=Pig1 = 542 Va € {0,1}

Pioi—3> P13 Vi € {3,4,5}

A patient cannot change its health status and engagement level in one decision
epoch. That is, diagonal arcs in the network is not possible for all patients
under any course of action. Therefore, related transition probabilities equal to

Zero.

Popa=Pios = P31 = Pao2=Paoo=Ps501=Pioz=Ppos=0
Poia=Pias=P11=Piip=FPiio=FPsi1=Pi3=FP14=0

There is not any direct transition from simple to complex.

Poao=Ps05=0 Va € {0,1}

Recovery is not possible for all patients under any course of action. Therefore,

transition probabilities associated with the arcs to the left equal to zero.

Pioo=Pog1=PFPiaz=DF504=0 Va € {0,1}
Following relations related to the death probabilities have to be satisfied:
QQ,a > QS,a = Ql,a > Q4,a = QD,a > QS,a Va € {07 1}

Special care reduces the death probabilities

Qix < Qip Vie{0,...,5}
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11. There is an upper bound for death probabilities

Qia <0.20 Vie {0,...,5},ae A

D.2 Rewards
1. Following relations have to be satisfied:

T2,a > 5.0 = T1,a > T4a = T0,a > T3,a Va € {0; 1}

2. Special care is more desirable than regular care.

Ti1 2 Tip Vi e {0,...,5}

3. Final stage rewards are computed as follows:

R & %4 Vi € {0,...,5)

4. Domain of rewards is [100, 1000] except RY where R = 0.

100 < ry, < 1000 Vie{0,...,5},ac A
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Appendix E

EVALUATING F“(Q)

An optimal strategy for a single scenario does not guarantee the feasibility un-
der a large number of scenarios. Because the occupancy measures implied by the
strategy of a single scenario may violate the capacity constraints for one of the other
scenarios. Thus, we embrace the following approach to evaluate f“(2).

Let [I¥ = {7¥'},_ G.c7 be the optimal strategy, and 7" be the optimal policy
at stage t € T for state i € S under scenario w. We first evaluate II* under €
by using Algorithm 4. If it does not involve any infeasibility, the total expected
reward characterized by I1¥ becomes f“(£2). Otherwise, [I“ consists of inapplicable
policies. Thus, we find the nearest feasible strategy IT* to I1“, and evaluate f*(Q) as
the total expected reward characterized by II*. Here, the nearest feasible strategy
refers to the one that entails feasible policies with a minimum number of changes
in the original policy. The distance is specified based on the changes in the policy
since we assume that policy makers tend to apply as few as possible changes in the
original plan as inconveniences appear during the execution. In this regard, the

nearest strategy II* to I1* is determined by the following mixed-integer program.

min Z Zﬁf (E.1)

teT ieS

st; (4.4) — (4.11) (E.2)
mt— vt < Bt VteT,icS (E.3)
7ot — gt < Bt VteT,ieS (E.4)
Bt e {0,1} VteT,ieS (E.5)



