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FINITE DIFFERENCE SOLUTIONS FOR FRACTIONAL DIFFERENTIAL
EQUATIONS

ABSTRACT

In this thesis, a difference approximation for the Caputo-Hadamard fractional
derivative by using spline on a nonuniform mesh is studied. Accuracy of error for the
Caputo-Hadamard derivative is investigated. Numerical experiment of the method is
performed to find approximate solution of a fractional differential equation with
initial and boundary conditions. The obtained numerical accuracy coincides with the

theoretical result.

Keywords: Caputo-Hadamard fractional derivative, finite difference, spline curve
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KESIRLI DIFERANSIYEL DENKLEMLERIN SONLU FARKLAR
COZUMLERI

0z

Bu tezde, kesirli Caputo-Hadamard tiirevi i¢in diizgiin olmayan araliktaki spline
egrisi kullanilarak fark yaklagimi ¢alisilmistir. Caputo-Hadamard tiirevi i¢in hatanin
dogrulugu arastirilmistir. Yontemin sayisal deneyi baslangi¢ ve sinir kosullu kesirli bir
diferansiyel denklemin yaklasik ¢6zlimiinii bulmak i¢in yapilmistir. Elde edilen sayisal

dogruluk teorik sonug ile ortiismektedir.

Anahtar kelimeler: Caputo-Hadamard kesirli tiirev, sonlu fark, spline egrisi
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CHAPTER ONE
INTRODUCTION

1.1 Introduction

Several natural phenomena can better described by fractional differential equations,
such as viscoelasticity, anomalous diffusion, signal processing and control theory. For
comprehensive information on these areas, see Mainardi (2010), Metzler et al. (1994),

Ortigueira & Machado (2003) Vinagre et al. (2000) and references therein.

In fractional calculus, there are several definitions for fractional derivatives. The
Riemann-Liouville and the Caputo derivatives are the most well-known. In 1892,
Hadamard introduced another derivative which is a generalization of n-th power of
differential operator x%, Samko et al. (1993). Detailed information about history of
the Hadamard fractional integral and derivative can be found in the book Kilbas et al.

(2006).

Recently, the Caputo-Hadamard fractional derivative was introduced by Jarad et al.
(2012). The existence of solutions for the Cauchy problem was shown with upper and
lower solution method by Bai & Kong (2017). Banach’s fixed point theorem was used
by Adjabi et al. (2016) to prove the existence and uniqueness of solutions. Numerical
methods to approximate the Caputo-Hadamard fractional derivative developed in the
literature. Almeida (2017) gave an approximation for the fractional derivative in an
expansion formula. A discretization on nonuniform grid was considered by Almeida &
Bastos (2016). The Euler and predictor-corrector methods were investigated by Gohar

et al. (2019).

In chapter 2, some basic definitions, properties and relations are presented. In
chapter 3, difference approximation by the help of non-polynomial spline curve for
the Caputo-Hadamard fractional derivative is established. Second order accuracy is

achieved in mesh and the efficiency of the derived method is shown.



CHAPTER TWO
THE HADAMARD FRACTIONAL DERIVATIVE

In this chapter, we review some basic definitions and properties of the left- sided
Hadamard and the left-sided Caputo-Hadamard fractional derivatives on a finite
interval. To find more knowledge see in Kilbas et al. (2006), Jarad et al. (2012) and
Gambo et al. (2014).

2.1 Preliminaries

The Hadamard fractional integral that Hadamard introduced in 1892 has a kernel of

logaritmic function of arbitrary exponents.

Definition 2.1.1 (Hadamard fractional integral) Let (a,b) be a finite or infinite
interval where 0 < a < b < oo and o > 0. The left-sided Hadamard fractional

integral of order « is defined by

T

(T f)(@) = ﬁ [ (e)" 10 (@ <o <) .1

a

where I'(«) is the Gamma function

(e 9]

[a) = /ta_le_tdt.

0

Definition 2.1.2 Let a < = < band o > 0. The left-sided Hadamard fractional

derivative of order « is defined by

(D5 )a) = D)) = ot (o) [ (o) 0% @2)

d
where § = T = [a] + 1, and [« is the integer part of c.
T



Property 2.1.1 Letao >0, p> 0 and 0 < a < b < oo. Then

( = (10g 2),01) () = % (log2)™", 23)

( ot (log 2)9—1> () = % <log %)p_a_l. (2.4)

In general, the Hadamard fractional derivatives of a constant is not equal zero for

the case of p = 1 and o = 0. For instance,

MY L AN
( a+1>—r(1_a)(1oga) , 2.5)

and when 0 < a < 1. The functions (logé)a_j, J = |a] + 1, are the zeros of DS,

(Kilbas et al. (2006), Property 2.24).

Theorem 2.1.2 Letav > 0, n = [a] and 0 < a < b < 0. If f(x) € L(a,b), Lebesgue

integrable on |a, b], and

(T f)0) € ACHa b = { £+ [0 5 R0 (0) € ACla,b), 6=
then ’
" (KT ) () ek
(T Da ; Mo — /<: +1) <log 5) ' (2:6)
In particular, while « = n € N and f(z) € AC}[a,b], then
n—1
n o _ (6°f)(@) (1 TNk
D)) = Fw) = 30 (10g>) @)

(Kilbas et al. (2006), Theorem 2.3).

Property2.1.3 Leta > p > 0,0 < a < b < oocand1 < p < oco. Then, for
f e Lp(a7b>7
Dp+\7 f \7 ) (28)



TXTLf =T f (2.9)

(Kilbas et al. (2006), Property 2.27).

Lemma2.14 Letn = [a] + 1, o = 0 and let f(x) € AC}[a,b], 0 < a < b < .

Then the Hadamard fractional derivative DY, f exists and the representation formula

n—1

T\ k—a 1 p\n—a-1
kz%r 1+k—a <1°g5> +F(n—a)/(log¥> (0" F) ()t
‘ (2.10)
holds almost everywhere on |a, b (Kilbas et al. (2006), Lemma 2.34).
For instance, if 1 < a < 2, then
o [l z\~  0f(a) AN
(Daef)@) = Il -—a) <log a) " I'2—-a) (log a)
1 i x\1-@ dt

——— [ (log= 2f(t)— 2.11
+F(2—a)/<ogt> IO 1D

a

where f(z) € AC?a, b].

Here the last term given by integral in (2.10) known as the left-sided

Caputo-Hadamard fractional derivative of order a, notated by CD§+. In other words,

(“DL f)(z) = [ Z‘Si,(a (logg) ] (), (2.12)

k=0

where « > 0, n = [o]+ 1and f(x) € AC}[a,b], 0 <a <b < 0.

Theorem 2.1.5 Leta > 0, n = [a] + 1 and f € AC}[a,b], 0 < a < b < co. Then

“De, f exists almost everywhere on [a, b) and



(i) if o & No,

xT

« _ 1 ARG n dt _ m—asn
@mq%w—ﬁ;:E/O%;) IS = g (@), @13
(i) ifa =n €N,
(“Dgs () = 0" f(=). (2.14)

In particular, (°D°, f)(x) = f(x) (Jarad et al. (2012), Theorem 2.1).

n—1
Let C7{a,b] = {f Nflley = 5 19l + nénfuoé}, 00,5 = Cla, b
=0
(Kilbas et al. (2006), p.5).

Theorem 2.1.6 Let o > 0and n = [a] + 1. If f € C}|a,b], where 0 < a < b < .

Then °D2, f(x) is continuous on |a,b] and the followings are valid.

(i) (°D2, f)(z) can be represented by (2.13) except for o ¢ No.
(“Dgi f)(a) = 0. (2.15)

(ii) If « = n € Ny, then the formula in (2.14) hold (Jarad et al. (2012), Theorem
2.2).

Lemma 2.1.7 Leta = 0 and n = [a] + 1.

(i) If a & Ny, then C'Df;+ is bounded from the space C}[a,b] to the space
Cyla,b] = {f € Cla,b] s.t. f(a) =0} and

10g Q)*ﬂ—a
Crya ( a
|| Da+f||0a < | F(n _ Ck) ‘ (n_ Od)

Ifllep- (2.16)



(ii) If o =n € Ny, then °D%, bounded from C}|a,b] to Cla,b] and
1“Di flle < £l (2.17)
(Jarad et al. (2012), Corollary 2.3).
Lemma 2.1.8 Leta =20, n=[a]+ 1 and f € Cla,b|.
(i) If a« #0,0r a € N, then
D (T (@) = f(x). (2.18)
(ii) If « € N, and o # 0, then
DL (T ) (@) = fla) - F(n—_of)) (l0e2)" " @19

(Jarad et al. (2012), Lemma 2.4).

Lemma 2.1.9 Let f € AC}[a,b] or C}[a,b], and o € R, then

3
—

01(a) <10g g)k (2.20)

2 (CDE () = flo) - >

B
Il

0

(Jarad et al. (2012), Lemma 2.5).

Specially, when f(z) € C§[a, b] and o = n, the relation (2.20) yields the following

representation
1 [ x\n-1 dt < 15kf(a) x\*k

a

Property 2.1.10 Ifa > 0,n = [a| + 1 and p > 0. Then

cpe, <log g)pl - %(log g)”l, p>n, (2.22)



k
CDgg(logf) —0, k=0,1,...n—1. (2.23)
a

Specially, we have

‘D1 =0. (2.24)
Lemma 2.1.11 Let « > 0 and n = [of + 1. If f is a function such that
D2, fand D2, | exist, then
Cpe, f(x) = D2, f(x) ni o fla) <10 x)“ (2.25)
T) = T)— Yy = :
at at ZTk—a+D\ a

(Gambo et al. (2014), Lemma 6).

We have under the condition of Lemma (2.1.11)

“Dg f(x) = Dy f(2), (2.26)

if and only if f has an n—fold zero at a.



CHAPTER THREE
FINITE DIFFERENCE APPROXIMATION TO THE CAPUTO-HADAMARD
FRACTIONAL DERIVATIVE

In this chapter, we obtain a difference expression for the fractional derivative via
a piecewise approximating function and the Taylor expansions. The theoretical and

computational study of accuracy are given.

3.1 A Non-polynomial B-Spline Curve of Order One

We constitute a logarithmic B-spline curve of order one based on the description
from the article Disibiiyiik & Goldman (2016). Let define the space
m(71,7) = span{vyi,v2} where 77 = 1 and v, = logx are differentiable and
linearly independent on the interval €2 = [a, b]. The point (1, log x) has non-negative

barycentric coordinates

_ logfy —logx
~ log#, —logh;’

_ logz —logt,

(@) ~ log#y — loghy

wa()

relative the end points of the arc I'(1, logt) for#; <t < f#yanda < 0; < 0y <b. The

B-spline basis functions of order one are defined recursively by

1, ifx € I:xk’xk+1)
Nk70(l‘) = )
0, otherwise,

logz — log zy, log z.o — logx

logziy2 — logzgss

Niq() Nio(x) +

N log zy41 — logzy er10(®)
We wish to interpolate for given data y, = f(x), k = 0, 1, ..., m at the given knots
rg < 1 < -++ < Ty, by spline function S,,(x) € o1(71,72). Denote by ¥y (x) B-

spline curve segments in (71, v2) on each interval [z, x5, 1] satisfying conditions



Ui (2k41) = Vi1 (xk41), & =0,1,...,m — 2. The continuous spline has the form

(

<
Sm(z) = . - (3.1)

L \I]mfl(aj)a Tm—1 S x S Lo -

On each interval [z;,z;,1] there are two interpolation conditions S(z;) = y; and

S(xit1) = Yip1. Since Ny 1(z) # 0 over [z;, x;11] for k =i — 1 and k = 4, we have

The solution of ¥;(z,) = y;, j = i,7 + 1, that is,

U,(x;) = Ni—1a(x) Py 4+ Nia(z) P = i,

Ui (2it1) = Nic1a(@ip1) Pica + Nia(2i41) Py = v

is P,_1 = y; and P; = y;,1 determined by uniquely. Hence,
m—1
Sm(@) = Y fwr1) Nia(z) (3.2)
k=—1
is interpolating spline to f(x). On each interval [z;, z; 1], we have

_ logwiyy —logx log x — log x;

S ()

fla:) +

' logz;y1 — logx;

J(wi). (3.3)

n logx; 1 — logx;

Example 1 Let f(z) = * where x € [1,e]. Choose the knots xy = 1,21 = <=
and x4 = e. Then the following B-spline basis functions active on [1,e|. We get the
restrictions

logﬁ/logﬁ, ro <z <1
N_ia(z) = T T

0 , otherwise
1—(logz/log <), 1<z<<H

0 , otherwise,



logx — logx log o — logx
Noa(x) = S S % Noo(@) + CRE
log x1 — log xg

log x5 — log 1 1o(?)

log z/ log <51 , 1<z <<t

= (1—logz)/(1—log<tt), H<z<e

0 , otherwise
and
log 2= /log 2%, <l <z <e
Nusa) = § e AT
0 , otherwise.

Moreover, the computed convergence order in Ly—norm is 2.00.

20
151
[ — f(x)
100
I S(x)
5+
n 1 n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n
05 1.0 15 20 25
Figure 3.1 S(x) is the spline that consists of two joined curve segments
1.0f
08}
—_— N_11 X
0.6f A(x)
No 1(x
0l 0,1(X)
N1 1(x
ozl 1,1(x)
0.5 1.0 15 20 25

Figure 3.2 N_y 1 (), No1(z) and Ny 1 (z) when the knots are {x;}2_, = {1, <!

10



3.2 Error in Interpolation

Let g(z) € m (1, logx) be approximate function on [z, z;41] that interpolates f(z)

at the knots x;, x4, as

9(z) = Nj—11(2) f(z;) + Nj1(z) f(2j41) (3.4)

or equivalently

_ logwjy —logx
N logzji1 —logxy

logx — logx;

g9() f(xy) + f(@jt), (3.5)

logzji1 — logx;

where g(z;) = f(z;), 9(zj411) = f(xj41).

Lemma 3.2.1 Let u(z) € C§[1,e]. Then

T Lo (3.6)

1 x
2 — 4 log —1
0 u(z) — S(z) 2(5 u(zy) log - og D

where v, < x < T, k=0,1,.... N — 1 and

10g($/$k) (52“

_ log(wgi1/)
(=) log(zpi1/7k)

= %u(xy,) +
log(wersfzr) 1)

(Tp1) (3.7)

is the spline curve segment.

Proof. Consider the representation of g(x) € C{[1, ¢

T

B x 1, r\2 1 T\2 4 , . dt
g() —9($k>+59($k)10gx—k+55 g(fk)<10g$—k) +5/<10g;> d 9(07-

T
(3.8)
Differentiating S(z), we get

11

6%S(z) = 8 (z) + 225" (x) = 0.

11



Utilizing (3.8), we can write the error for z;, < x < xp41,

E(z) = 6*u(x)— S(z)
= ((52u(:1:k) + log = 83u(xy) + ! (log —) §tu(zy,)
T 2'
1 5 . dt x
+2' <log ) ) u(t)?> — (S(xk) + (log x—k) 0S(xk) + 0)(3.9)
Tk,
Using the interpolation condition 6%u(xy) = S(zy), replacing

1 1
- Pul) 4+ —— : 3.10
10g(:vk+1/afk) U(I‘k) U(Ik+1) ( )

S (k) = — log(zk41/xk)

and expanding §?u (1) about x = xy, we get

E(x) = ( lng—k)(Sg( k) + %(log%>254u($k) 21|/<10g >55 ()Cit>

Tk

(
= ( <1og xﬁk) m [ = §2ulan) + 6Puley) + (log x;—;) 5u(zy)
1

9 Th41
Tk41 4 l Tk41 5 dt
5 (log o ) du(xy) + 5 / <log ; ) u(t )t .

Tk

The left side of above inequality are accurate to third order in An if

8%u € C[1, e]. Thus, we have

E(z) = 21' (10g—> <10g xm ) §tu(zy) + O(AR?). (3.11)
k+1

As aresult, Lemma (3.2.1) is proved.

12



Now, we can find a bound for the error in (xy,zy4+1). From the Mean-Value

Theorem, there exists a number p € (xy, ) such that

1
logi = —(z — xy).
T P

Hence,

log x log

max
k Tk Tr41

< |(z — z)(x — 2ps1)| - (3.12)

3.3 Approximation to the Caputo-Hadamard Fractional Derivative

Consider the left-sided Caputo-Hadamard derivative of order «

T

—« d
(CD%u)(z) = ﬁ/ <log §>1 5%(@5, l<a<2  (3.13)

a

where u € C%[a,b]. Let the subintervals [z;_1, z;] be the division of interval [a, b].

Define grid points zg, x1, . ..,z y With size Az; = x; — x;_; and
Ax;
I =7 1<j<N,
ASL’]',I

where r is a constant near 1. Approximate to 6%u by spline curve S;(z) with knots

T, k=0,1,2,...,7, givenin (3.2),

Si(x) =Y 6%u(wk) Np—1.1(x). (3.14)

For1 <k <jy—1,

log v / log xk, Th1 < T < Tp

L1 L1
_ Th+1 Lk+1
Nie-11(z) = { log + / log , T << gy
x Tk
0 , otherwise.

13



Fork =0,

logﬂ/logﬂ, o<z <1
N—ll(x)_ xT i)

0 , otherwise.
For k = 7,
log i / log i , xj <z <
Nj1a(x) = T
0 , otherwise.
Y R de
C na J 2
D = (1 —) ) Ny —
o) = Freo / o8’2) D otulaNeo1a(6)

Zj

— ﬁkz;é?u(xk)/(log%)laNk_Ll(f)%

Zo

We evaluate the following integrals. For k£ = 0,

T

1 : X o dg
b= e [ (9g) Yuog

o

14

. (3.15)



For k = 7,

J:J

- F(21—a) <l°g

Ty

rema ) (o) g

zo
Zj

raoa | () (e o)

Tj—1

2-a)(3 —1a)F(2 " a) <1°g xfj1>2a

1 1 2—a
a F(4 — Oé) < g xj—l) '

For1 <k<j-—1,

ik

1 z\' " dé
rema ) (%) MeuoF

§
Tk o log——

! / (log ﬂ) 1 ® iy dg

F(Q_ ) g log Tk 5
Tr-1 Tg-1

Th41 e log xkgl dg
_'_ (log J> xk+1_

£ log §

Ty T,

1 -1 Tk \ l-a d
_— log& / logﬁ log ¢ —f
['2-a) Tp_1 £ 1) &
N 1 log Tkt - 71 log 5 e log Th1 dg

r2-a) \ " u 5% T )
3

: ) () (o)
_— lo lo J — (log =
F(4—Ck) [ < g:ckl) ( gJZk,l gQZk

T —1 T 3—a T 3—a
+ <log k“) ((log I ) - (log —]> ) ] .
Tk Tk+1 Tk

15



Introduce the grid mapping () = ae” log ¢ from the interval [0, 1] to [a, b]. The N-
k
equal partition in [0, 1] such that n, = N converts to the nonuniform grid points

x), = x(n) in the interval [a, b].

For simplicity, we replace [a, b] = [1, ¢]. Then,

P N V)

PP L) . Y P iy
MDA =) T T4 —a)

3,0 = mcj,o,

1
where An = N and

(

(=1 = () *(a—3+) , k=0

Cik =G —k+13=2G—-kP¥*+(G-k-132 1<k<j-1

1 k=3

\

It follows that

A?72_a J
o) > Supcin. (3.16)

k=0

(“ DS u)(x;) =
Here the numbers c; ;, are the same as (Sousa, 2011). Besides this, the numbers c; ;,

are used by Maidi & Corriou (2019).

Writing Taylor expansions of u(zy41) and u(zy_1) at © = x4, Veldman & Rinzema

(1992), one can obtain

/ _— — A:C2 - A.TQ 1"
u(z) = u(pi1) — u(rp_1) - k+1 E_ (zx)
Thg1 — Th—1 2 @1 — 1)
A.Tg + Al’g "
-5 kt1 ku(xk)—---
3N g1 — Tg-1)
and
" 2 Al’k A$k+1
u (x = u(x + —U(Tp_
( k> AxkAxk—f—l ((Ik+1 —fEk—l) ( k+1) ($k+1 —Ik—l) ( g 1)
_ Al‘k+1 + Al’k AfEkAfL'2+1 — Al’k+1Aﬂ?2 m

u(rg) —

u (mk)—i----).

(Ths1 — Th—1) 3N Tht1 — Th—1)

16



Therefore,

2 / 2 "
0Cup = mpuy + iUy

Tk

_ Ty + Tp) ATy Up—
AiUk:AZUkH(CBkH - -Tk—l) <( ! ) i !

—2x (g1 — xpo1)ug + (g + :Uk,l)AxkukH) + R(xy).
Writing Awxjq = rAx;, and r = 2", we abbreviate the remainder
1
R(zy) = gxkAxk (1-— r)(3u§c) + kauk ) Axp(l —r+ 7“2)u,(€3) +-- } ,(3.17)

which is second order accurate where mazx (Azyp) = Az and Az = e(1 — e 27) if uff)

and all of its higher orders are bounded. Thus,
_1 r (2) (3) 2
R(xy) = kaAxk (1 —7)3u” + 2zpuy ) | + O(Az?). (3.18)

Replace the following estimation for 6%uy,.

T (Az g1 (-1 + T)up—1 — 205 (Thg1 — Tp—1)Up + A2 (Th + Thg1)Upt1)
Az 1 ATy (Tpy1 — Tp—1)

Auk =

?

or explicitly

eAn

Uk—1 — 2Uk + Uk+1). (319)
Therefore we obtain the discretizationatz = z;,1 < j < N — 1,
A,,,/Zfa
c
D _— Augc; 3.20
( 1+u)( F(4 _ a) kzg UKCj.k, ( )

which can be written as the following a difference formula

(D¢ u)(x Z dj i pttj_p. (3.21)

p=—1

17



Theorem 3.3.1 If the function u(x) is in C°[1, €], then

(¢ D) (z Z djj—pttj—p + €(;), (3.22)
p=—1
where
4
Cij , p=-1
An2faeAn
dj,k—P = 1—\(4 _ oz)(eA” _ 1)2 Cji—1— QCj,j , p=20 (323)
| Cii—p=1 = 2Cij—p + Cijpt1, 1SP S

and the error e(x;) = O(Az?) for maz (Azy) = Az = e(1— e27).

Proof. Due to the Taylor expansion of 6%,

A 2—«
1—o) Za Uk = T o ZAukc]k—i—El(x]) (3.24)

it becomes the following error

A?’/Qia J

R

k=0

There is a positive constant C; such that

A 2—a J
i) < O |p ey 2 ciel(l = e Am+ Aa?)

k=0
An~e A ! 2 2
n _ . .
< O Td—a) (e 1)Ax ;c]’k + Az %c],k
(jAn)* *Az?
< M=l =
s G r'(3—a)
(log(2;/0))* ™ \ o
= Ax”. 2
C T — (3.26)
Note that '
J
¢k =(3—a)*,
k=0
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e — 1 =e2(1—e 2 = eMe Az < A,

and

ZT; r; Ti-q T .
Zo LTj—1Tj-2 Zo

Hence, E;(x;) = O(Az?).

From now on, we need to show that the error Ey(xz;) of a spline function that

approximates d%u(z). That is,

Bao) = e [ (e 2)  @u@-s@F. e

We can write

Baw)| < o max |#u(©) - S| |pz— [ (10 ﬁ)l_aldé
2\4Lj r 21-0§£§$j J F(2—Oé)$ g é— é_
1 . 2—«
= Cy max [0%u(z) = S(a)] wfr%@i (3.28)

for some C5 > 0. From Lemma (3.2.1), we have
|E2(Q]])’ < CgKASCz,

where K = max |§*u(¢)| and C3 > 0. Combining (3.25) and (3.27), we conclude that

1<é<e

max {|E4(z)| + | Ealx))|} = O(Ad?). (3.29)

1<j<N

We have prepared a test example to illustrate accuracy.

Example 2 Consider the following fractional differential equation

r'®)

(“Dfu) (@) + 3u(z) = TG-a)

(logx)*® +3(logr)*, 1<z <e,
with the initial and boundary conditions u(1) = 0, u/(1) = 0 and u(e) = 1.
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The exact solution is u(z) = (logz)?. In the Table 3.1 and Table 3.2, we give the
observed order of convergence using average of

max |u; — U]

log, ———— 3.30
0g2 maX |uz . U2i” ( )

where U; denotes the approximate solution of w; at grid points x = x; for N = 100

and N = 500.

1
Table 3.1 Maximum errors and observed orders for An = 100’ and different values of «

a  mazx|u; —U;|  observed order
2

1.1 1.7394 x 1074 2.06
1.3 4.11527 x 107° 2.12
1.5 1.27858 x 107° 2.06
1.7 6.31782 x 10°¢ 2.02
1.9 3.77859 x 1076 2.00
Table 3.2 Maximum errors and observed orders for Ay = i, and different values of «

500

a  mazx|u; — Uy  observed order
2

1.1 6.05783 x 10°© 2.03
1.3 1.27483 x 1076 2.07
1.5 4.71214 x 1077 2.02
1.7 2.46503 x 1077 2.00
1.9 1.50409 x 1077 2.00
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CHAPTER FOUR
CONCLUSION

A difference approximation to the Caputo-Hadamard fractional derivative is given.
The discretization of the Caputo-Hadamard fractional derivative of a sufficiently
smooth function is accomplished by the method based on spline function and finite
difference. Second order accuracy of the derived difference formula on a nonuniform
grid is obtained. The presented method is implemented to a fractional differential
equation with initial and boundary conditions. Maximum errors and observed orders
in the test problem for some values of meshes and order of fractional derivatives are

illustrated. Numerical results confirm the theoretical study.
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APPENDICES

Appendix 1: Non-polynomial B-spline curves of order n

Definition A.1.1 A4 spline is a piecewice function consists of some curve segments

Jjoined together with certain smoothness condition.

The B-spline curve described by Disibiiyiik & Goldman (2016) is a follows.

Consider two differentiable locally linearly independent functions 7, (z) and 2 (z).
Define the space 7, (71,72) whose elements are homogeneous polynomials of degree

n spanned by the functions 77 *~5 k= 0,1,2, ..., n.

Definition A.1.2 The barycentric coordinates wi(x) and wo(x) of a given point on

planar curve (v1(x), v2(x)) with respect to the end points of the arc

L(t) = (n(t),72(t)), 1 <t < 0y

are of the form

wi(w) = S0y = S0 (A1)

where d(u, v) = 71 (u)72(v) = 72(u)n(v).

Definition A.1.3 4 sequence {x}2", of 2n real numbers satisfying the constraints

d(zj, xiyn) # 0 foralli < j < nis called progressive sequence.

For a fixed progressive knot sequence, let o, (71, 72) denotes the space of splines
whose curve segments lie in 7,(71,72). A B-spline curve in o,, (71,72) is a spline

generated by the de Boor algorithm (Disibliyiik & Goldman, 2016).
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Definition A.1.4 The B-spline basis functions in o, (71,72) of order n are defined

recursively by

17 #‘CE € [xk‘yxk-l-l)

Nio(z) = )
0, otherwise
andif n >0
d(l‘ka l’) d(l’, xk}-ﬁ-n-‘rl)
Nipp(zx) = ————-Nj,,_1(x) + Niiin_1(x).
k(@) d(Tk, Thin) ka1 (7) d(ZTt1, Thont1) k11 (7)

Ny.n(x) has compact support [xy, Tiini1] which contains n + 1 knots.

(A2)

B-spline curve segments Wy (x) in m,(y1,72) over the knot intervals [xy, zj41]

generated by fixed progressive knot sequence satisfy matching condition

\I]I(:)(xk+1) = ‘1’1(921(%“),7“ =0,1,...n— 1.

Any spline function S(x) € o0,(y1,72) with control points P and knots xy

represented as

(Disibiiyiik & Goldman, 2016).
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