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ABSTRACT

SCHWARZ PROBLEM IN THE COMPLEX PLANE

This thesis consists of six chapters and the conclusion chapter. In the first chapter, an
introduction to the history of boundary value problems, theorems and definitions to be used
in the thesis are given. In the second chapter, for the sake of completeness, we review the
Schwarz problem given in the unit disc. In the third chapter, we give the unique solution of the
Schwarz problem for inhomogeneous Cauchy-Riemann equations and generalized Beltrami
equations in a ring domain. In the fourth chapter, we extend the discussion to second-order
equations and investigate the unique solution of the Schwarz problem for second-order linear
equations in a ring domain. In the fifth chapter, we give the unique solution of the Schwarz
problem for higher-order equations and higher-order linear equations in a ring domain. To
analyze the unique solution of the Schwarz problem for higher-order linear equations in a
ring domain, we also discuss the properties of higher-order operators. In the sixth chapter,
we investigate the Schwarz problem for nonlinear higher-order equations. In the conclusion

chapter, we summarize the research conducted and the key outcomes of this thesis.



Vi

OZET

KOMPLEKS DUZLEMDE SCHWARZ PROBLEMIi

Bu tez alti bolim ve sonu¢ boliimiinden olusmaktadir.  Birinci boliimde simir deger
problemlerinin tarihgesine bir giris, tezde kullanilacak teoremler ve tanimlar verilmistir.
Ikinci boliimde, biitiinliigii saglamak icin, birim diskte verilen Schwarz problemini gézden
geciriyoruz.  Uciincii béliimde, bir halka bolgede homojen olmayan Cauchy-Riemann
denklemleri ve genellestirilmis Beltrami denklemleri i¢in Schwarz probleminin tek ¢6ziimiinii
veriyoruz. Dordiincti boliimde, tartigmay: ikinci mertebeden denklemlere genisletiyoruz
ve bir halka bolgedeki ikinci mertebeden lineer denklemler i¢in Schwarz probleminin tek
cOziimiinii aragtirtyoruz. Besinci boliimde, bir halka bolgede yiiksek mertebeden denklemler
ve yiiksek mertebeden lineer denklemler i¢in Schwarz probleminin tek ¢éziimiinii veriyoruz.
Bir halka bolgedeki yiiksek mertebeden lineer denklemler i¢in Schwarz probleminin tek
cOziimiinii analiz etmek i¢in, ayn1 zamanda yiiksek mertebeden operatorlerin 6zelliklerini
de tartistyoruz. Altinci boliimde, lineer olmayan yiiksek mertebeden denklemler igin
Schwarz problemini inceliyoruz. Sonug boliimiinde, yiiriitiilen aragtirmay1 ve bu tezin temel

sonuglarini 6zetliyoruz.
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1. INTRODUCTION

Complex function theory is an important branches of mathematics, particularly in partial
differential equations, complex analysis, geometry, mathematical physics, elasticity, fluid
dynamics, electromagnetics, wave mechanics etc. Many problems in mathematics or
mathematical physics are modeled by differential equations under various auxiliary conditions
which are called as boundary value problems. Boundary value problems in C have initiated
with Riemann. The relevant problem is stated as in Vekua [1]:

“Find a function w(z) = u + iv analytic in the domain G, which satisfies at every boundary

point the relation

F(u,v)=0

onT.”
Later, Hilbert converted the problem in such a way that it may be handled in the following
alternative form [1].

“Find in the domain G the solution w(z) = u + iv of the equation
ow+A(z2)w+B(z)w=F(z)inG (1.1)
satisfying the boundary condition

au+ v = Re [MW] =1v(z) (onT)

Az) =a(z) +if(z), y € C,(I), 0 < v < 1 (1.2)

where C, (') represents the Holder continuous functions of order v on I'.”

The above problem is called the generalized Riemann-Hilbert problem for a linear first-order
equation. There are different boundary value problems derived from Riemann-Hilbert
problem such as the Dirichlet problem, Neumann problem, Robin problem and Schwarz
problem. Many researchers have been attracted by the boundary value problems in C.
Schwarz problems are treated in various types of domains. We can find the investigation in
simply connected domains such as unit disc [2,3,4,5,6], plane [7], half plane [8], unbounded

sectors [9], rectangle [10], triangle [11,12], lens-lunes [13,14,15] and multiply connected



domains [16,17,18,19,20]. We are going to take a ring domain R = {z € C: r < |z| < 1}
which is a special case of multiply connected domains. Some boundary value problems are
discussed in a ring domain, see for example [19,20,21,22,23,24,25,26,27]. We concentrate
on the Schwarz problem in a ring domain. It is more difficult to investigate the Schwarz
problem in a ring domain than in simply connected domains. Even if we consider wz = 0
which represents analytic functions, solvability conditions arise for the problem to have only
one solution in a ring domain. Integral representation formulas are important to derive the
solution of boundary value problems. We start with the complex form of Gauss Theorem in
a regular domain D. From the Gauss Theorem, the Cauchy-Pompeiu integral representation
formula in a regular domain D can be deduced.

L (e L[ dedn
W@ =g [ w721 [ weo)
oD

b -z
D

The area integral in the above formula is called the Pompeiu operator. It is essential to know
the properties of this operator. These properties were investigated by Vekua [1]. These are
o;Tf = f and 0,Tf =: I1f where II is a singular integral operator. But it is necessary to
modify the Cauchy-Pompeiu integral representation formula appropriately and the operator
T f for a particular domain R. Kernel functions are also encountered. The kernel functions
have been derived previously by Akhiezer [28] and Courant-Hilbert [29]. We define the
operator T by the formula [19,20]

1 f)
Trf(2) == —5= {—
2n;!' ’

_Q7l1+zz

ftz+1+K1(Z,§)]

+ —= Z +3+Ko(z,0)
¢ |1-z¢

}d§dn

which has similar properties to the operator 7.

(i) O:Trf(2) = f(2),
(ii) ReTpf(z) =0, z€dR ; 5= [ ImTgf(2)% =0.
|z|=r
In this thesis we consider the inhomogeneous first-order Cauchy-Riemann equations in a ring

domain. We derive the solutions of relevant boundary value problem. We give the unique



solution to the Schwarz problem for generalized Beltrami equations in a ring domain using

the Fredholm alternative, [19].

To discuss the solutions of second-order equations in a ring domain we adjust the kernel
functions for w € WP2(R;C) with the help of the iteration method. We investigate the

unique solution of second-order linear equations in a ring domain by Fredholm theory.

We discuss the Schwarz problem for higher-order equations in which w € WP"*(R; C), n > 2,
[20]. While examining this case, we also find the properties of higher-order operators for a

ring domain.

In the last part of this thesis, we transform the Schwarz problem for nonlinear higher-order
equations into the system of integro-differential equations and we obtain the existence of

unique solution using Banach fixed point theorem.
1.1. PRELIMINARIES

In order to find the solutions of boundary value problems in C, it is very important to derive
integral representations of the functions in C. To find such an integral representation we start
with the Gauss Theorem in a regular domain D, i.e., bounded domain with smooth boundary

oD.

Theorem 1. /2] (Gauss theorem, real form)
Let (f.g) € CL(D;R?) N C(D;R?) be a differentiable real vector field in a regular domain
DCR? then

/ (fx (x,y) + &y (x,)) dxdy = —/ (f (x,y)dy — g (x,y) dx) .
oD

D

The following form is the counterpart of Theorem 1 for complex valued functions.

Theorem 2. /3] (Gauss theorem, complex form)

Letw € CY(D;C) N C(D;C) in a regular domain of the complex plane C, then



1
wz(2)dxdy = — | w(2)dz,
/ 210,[

D

1 _
w (2)dxdy = —— | w(z)dz
/ 2164

D

The following theorem gives the Cauchy-Pompeiu representations for functions which are

not assumed to be holomorphic.

Theorem 3. [3] Let D C C be a regular domain and w € C*(D;C) N C(D;C). Then

w(z) = / <4>— - —/

/ (0= dgdn (1.4)

—Z

dfdn

(1.3)

and

w(z) =

hold in which { = &€ + in.

Observe that if wz is given in D and the values of w along the boundary is known, we
can identify a unique function w(z). This representation is an example of the solution of
the Dirichlet problem. After some modification, Schwarz problem can be solved using the

representation Equation (1.3) or Equation (1.4).

We will investigate the Schwarz problem in a ring domain. Throughout this thesis, R = {z :
r < |z| < 1} is given as the ring domain. We will also deal with the properties of the above

integral operators. These integral operators are classified as follows.

Definition 1. [30] Suppose D is a domain in C. Also suppose that F(z,() is a bounded
function for z, { € D. Then

F(z,{)
(¢ -2

O<a <2

K(z,0) =

is called a kernel with a weak or strong singularity depending on whether a < 2 or a = 2,



respectively. The operator
Tu) = [ Kou@dedn ¢=¢+in
D

is called the corresponding singular integral operator.
In the sequel, we give a list of definitions, lemmas and theorems used in our investigations.

Lemma 1. [30] (Schmidt’s Inequality) If Q is a domain in the complex plane having finite

area, denoted by m&, then

1 2 [(mQ 1-%
dédn < |
//Ig’—zl" f"‘2—a(7r)
Q

holds for each z, provided that O< a <2.

Lemma 2. [30] If D is a domain of finite area, then for any two points z1,z2 € C and
a,Be(1,2)

ﬂ dfdn < Ml(a’ﬁ’D) |Z1_Z2|2_a_ﬁ’lfa/+18>2
Wolg-al®lE -2l | Ma(a.p.D)+Ms(a..D) llog(z1 — 22)| . ifa = f =1

Definition 2. [31] If p and q are positive real numbers such that p + q = pq, or equivalently

1
—+—-=1,
P q

then we call p and q a pair of conjugate exponents.

Theorem 4. [31] (Holder’s Inequality) Let p and g be conjugate exponents, 1 < p < oo.
Let X be a measure space, with measure u. Let f and g be measurable functions on X, with

range in [0, o] . Then

=

1

q
./M@S./ﬂw /ﬂ@ :
X X

X



Definition 3. [32] The family ¥ is said to be equicontinuous on compact set K if, given

€ > 0, there exists 6 > 0 such that for all f € ¥ the condition

LZweK, lz-wl<déd = |f(z) - f(w)| <e

holds.

Theorem 5. [31] (Arzela-Ascoli Theorem) Suppose that F is a pointwise bounded
equicontinuous collection of complex functions on a metric space X, and that X contains a
countable dense subset E. Every sequence { f,} in F has then a subsequence that converges

uniformly on every compact subset of X.

Theorem 6. [32] (Montel Theorem) Let F be a family of holomorphic functions on an open
set U of the plane. Then the following conditions are equivalent:

a) Every sequence of functions of the family F has a subsequence that is uniformly convergent
on compact sets of U.

b) The family F is uniformly bounded on compact sets of U.

Definition 4. [33] Let X, Y be normed vector spaces. A linear operator K from X to'Y
is called compact (or completely continuous) if the domain D(K) of K is X and for every
sequence {x,} C X such that ||x,|| < C, the sequence {Kx,} has a subsequence which

convergesinY.

Definition 5. [33] Suppose X, Y are normed vector spaces and A € B(X,Y), the space of
bounded linear operators from X to Y. For each y' € Y’, the expression y’'(Ax) assigns a

scalar to each x € X. There is an x’ € X’ such that

vy (Ax) = x'(x), x € X.

We designate this assignment by A’ : Y’ — X’ such that

V' (Ax) = A"y (x).

The operator A’ is called the adjoint (or conjugate) of A.



Now, we give a few theorems and definitions regarding Fredholm theory [34], [35], [33].

Definition 6. Ler X,Y be Banach spaces. An operator A € B(X,Y) is said to be a Fredholm
operator from X to Y if the numbers a(A) = dimker A and B(A) = codimIm A are finite.
The set of Fredholm operators from X to Y is denoted by ¢(X,Y). The index of a Fredholm
operator is defined as i(A) = a(A) — B(A).

Theorem 7. For an index-zero Fredholm operator A, either of the following mutually
exclusive events take place.

(1) The homogeneous equation Ax = 0 has only the zero solution. The equation Ax =y is
solvable and has a unique solution given an arbitrary right hand side.

(2) The homogeneous equation Ax = 0 has a nonzero solution. The homogeneous equation
Ax = 0 has finitely many linearly independent solutions x1, ....,x,. The conjugate equation
A’y = 0 has finitely many linearly independent solutions y’, ....y,. The equation Ax =y
is solvable if and only if y|(y) = ... = y,(y) = 0 and the general solution is the sum of a

particular solution and the general solution of the homogeneous solution.

Theorem 8. Let K € K(X) be the space of compact operators on X. Then I — K is an

index-zero Fredholm operator.

Definition 7. Let A € B(X,Y). An operator L € B(Y,X) is a left approximate inverse
of Aif LA—1 € K(X). An operator R € B(Y, X) is a right approximate inverse of A if
AR -1 € K(Y). An operator S € B(Y, X) is an approximate inverse of A if S is a left and
right approximate inverse of A. If an operator A has an approximate inverse S, then A is

called approximately invertible.

Theorem 9. (Noether Criterion) An operator is a Fredholm operator if and only if it is

approximately invertible.

Theorem 10. (Nikolskii Criterion) An operator is an index-zero Fredholm operator if and

only if it is the sum of an invertible operator and a compact operator.

Definition 8. /[36]Amap F : (X,d) — (Y, p) of metric spaces that satisfies p(F (x), F(z)) <
Md(x, z) for some fixed constant M and all x, z € X is called Lipschitzian; the smallest such

M is called the Lipschitz constant L(F) of F. If L(F) < 1, the map F is called contractive



with contraction constant L(F).

Definition 9. [36] Let X be any space and f a map of X, or of a subset of X, into X. A point
x € X is called a fixed point for f if x = f(x).

Theorem 11. /36] (Banach Contraction Principle) Let (Y,d) be a complete metric space
and F : Y — Y be contractive. Then F has a unique fixed point u, and F"(y) — u for each

yevY.

Definition 10. Ler f,g € L' (D). Then g is called the generalized (distributional) derivative
of f with respect to 7 if for all ¢ € Cé (D)

// (fg—g +g¢) dxdy =0,
D

where Cé (D) denotes the set of complex-valued functions in D continuosly differentiable and
having compact support in D. The derivative is denoted by g = fz = 0:f. Analogously the

relation

//(fg—f+ggo)dxdy:0

D

defines a generalized derivative with respect to 7.



2. SCHWARZ PROBLEM IN THE UNIT DISC

In this chapter, we mainly present the Schwarz problem for first and higher-order equations

in the unit disc. Firstly, we review the Schwarz problem for first-order equations.

Theorem 12. [4] The Schwarz problem for the inhomogeneous Cauchy-Riemann equation

in the unit disc D defined by

wz = finD,Rew =y on 0D, Imw(0) =c¢

is uniquely solvable in the distributional sense for f € L'(D),y € C(0D;R),c € R by

Cauchy-Schwarz-Poisson-Pompeiu formula

(rzdd 1 [+ f(O)1+2L
24 { {-z ¢ 1-z

1
W(z)=%/7({)§_ r A = | dédn.
oD

In the above formula, the second integral is called S; f(z) in [37]. If homogeneous conditions
are given, S1f(z) is the only solution to the Schwarz problem for the inhomogeneous
Cauchy-Riemann equation. Differentiability properties of the function S; f(z) are given

in the next lemma.

Lemma 3. [37] For f € L' (D), the function S1 f has generalized first order derivatives

0

0

a—Slf = Hlf
Z

where 11y is given by

H1f=—%/

D

[f(é) e IO | gean e

(=22 (1-20)?

The operator I is a strongly singular operator from L” (D) into itself, satisfying || 11 [ ,2(py =

1, which is proved in [1].
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Secondly, we state the Schwarz problem for second-order equations.

Theorem 13. [2], [5] The Schwarz problem for the inhomogeneous Bitsadze equation in the
unit disc D defined by

wzz = finD, Rew =7y, Rewz =y on dD, Imw(0) = co, Imwz(0) = ¢y,

for f € LY (D), y0, y1 € C(OD;R), co, c1 € R is uniquely solvable in the distributional sense
by

§+zd§
z ¢

w(z) —lco+l(Z+Z)Cl+—/ 0(()

L ™ 71(()—(4—Z+§—Z)—
i

oD

L[ LD l+z f(§)1+ZZ
27 4 f—Z 11—z

)@— T Ddedn

Finally, we provide an overview of Schwarz problem for higher-order equations.

Theorem 14. [5] The Schwarz problem for the inhomogeneous polyanalytic equation in the

unit disc D defined by
ﬁzkw =finD, Re@éw =17y, on dD, Imazlw(O) =c, 0l <k-1,

is uniquely solvable in the distributional sense for f € LY (D), y; € C(dD:R), ¢; € R,

0 <!l < k—1.The solution is

;\N
H

k-1
cr, o _ (-1)! —\ 4
W(Z) —ll l—(Z+Z)I+IZ(; o]l /y1(§)—( —Z+§—Z) ?
- oD

LD /f(m+z [ 1+2L
27T(k—1)!D { {-z2 ¢ 1-z

I
o

) ({ —z+ E)H dédn.
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3. SCHWARZ PROBLEM IN A RING DOMAIN FOR
FIRST-ORDER EQUATIONS

In this chapter, we begin to investigate the Schwarz problem in a ring domain for first-order
equations. Next, we deal with Schwarz problem in a ring domain for generalized Beltrami
equations. These are studied in [19]. In the following the operators T and Ilg appears.

These operators are defined over L,(R).

3.1. SCHWARZ PROBLEM IN A RING DOMAIN FOR
INHOMOGENEOQOUS CAUCHY-RIEMANN EQUATIONS

We start investigating the Schwarz problem in a ring domain for first-order equations. Firstly
it is defined by Vaitsiakhovich [16] but we think that there are inaccuracies in the content of

the problem. So we modify the problem.
The Schwarz problem in a ring domain is:

Theorem 15. [19] Find the solution of w7 = f(z) in R satisfying

1 d
Rew(z) =y(z) on R, — / Imw(z)—Z =c
2mi Z

|z|=r

fory(z) € C(OR;R), ¢ € R given. The Schwarz problem defined in R has the unique solution

W) = 21/(@[
Ry m___/f(g)

|Z|=r

2ﬂ/f(é)

subject to the solvability condition

2ri

L i Kz 4)]———/ <§>

§+z
—Z

+1+Ki(z, §)] dédn

1+z§

+3+Ka(z,0)
1—z

dédn (3.1)
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i 10, 7@
o [ 0% =5 [ A
R

[{I=r

where

© (g y2n,
Ki(z,0) = 22(r2"§—z+§—r2"z)’

n=1

&0 2n ’,2nZZ
Kalz, é)_QZ(r z{+1—r2”zZ)'

n=

Before starting the proof, the operator T defined on a ring domain R similar to the discussion
for the operator §; defined in a simply connected domain given in [37] which has a slight

difference from his definition:
_ L )| {+z
TRf(Z) = 27(‘/ { g [{ —

+1+Ki(z, {)]
Z
A0 [

¢

+3+K2(z 0)

}dfdn

1-z¢
satisfies the properties
() 0:Trf(2) = f(2),

(ii) ReTpf(z) =0, z€R ; o= [ ImTpf(2)% =0.

|z|=r

For the first property, we can separate T f(z) into two integrals as

_ 1L [fl))i+z f(§)1+z§
Trf(2) = 2ﬂ/( . {—z 7 1—z{)d§d

__/(f(é) L+ K1z é«))+f(;) (3+K2(z,{)))d§d77-

In a regular domain, the derivative of the first integral in Tk f(z) with respect to z is f as
in [37]. The second integral in Tg f(z) is analytic. Its derivative with respect to 7 is 0. So,
the first property is satisfied. For the second property, the solution of the inhomogeneous

first-order equation with homogeneous conditions is w = Tg f. It comes naturally from the
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definition of the problem.
In the proof of Theorem 15, we use the Poisson kernels to derive the boundary condition. We

make the following definition.

Definition 11. The expression

4 4

+

{—z (-2

-1

for|z| < 1, [{| = 1 or for |z| > r, |{| = r is the well known Poisson kernel for the unit disc
|z| < 1 or for the domain |z| > r. Poisson kernels for |z| < 1 or |z| > r possess the following

important properties

lz|—>1, |z|<1 27i

1 { dq
li — 1| ===
m |§|/1 y(s’)[ { 1] z ¥(2)

¥()

im
|z|>r, |z|>r 27Tl
|¢1=r

fory € C(OR;C).
Now, we can start the proof of Theorem 15.
Proof. The solution satisfies the inhomogeneous Cauchy-Riemann equation. Therefore, it is

sufficient to check the boundary condition and the normalization condition. Firstly, we check

the boundary condition.

2Rew(2) = /'(§>[ ST RED| G

+4+K1(z,0) +Ka(z,0) | dédn

_g:/f@)f+z 142
27 (-2 1-2¢

+4+K1(z,0) + Ka(z,0) | dédn

Q| 2+7 1+
{-z

mg ¢ |{-T 1=«
2 ¢
"o 7’(4)?- (3.2)
(cl=r

When we restrict the real part of w to the boundary of the domain R, Equation (3.2) can be

written as
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2n

— 1 r——-z
2Rew(2) 6R—{2—m./ (5)[ o4 zz( e
1£1=1

’,an r2n |Z|2§ )] d{ 1 / 25 22

~ oo b2 -2
2z —|2)*¢ ’ z—r2z2 ¢ 2m'|§|: y() Iz + 7z

l’2nZ 7"2(”+1)Z p2(n-1) |Z|2{ d¢

+22(r2”5 TS P TP |z|2{) 7

f(§) §+Z z+1z°¢ rQnZ

T e e N e

ZZ+|Z|2 1+{z

2n 2n |12 T
rz o e )]dg—‘dn—i [

renz — 2122 z-r2n|z|?¢ 2rg L |z IZI2 1-¢z
0 2n.» 2n 2 2n 2n.»
+4+2 reze = 12 S —— V| agan
s rz”zé— 2l 2l =relt -zl 1= oR
2
=30 y(é) (3.3)
7Tl
\|=r

In the above formula, the first two integrals which are over || = 1 and |{| = r tend to 2y

using Poisson kernels in Definition 11. So we obtain

=y-on [0f ﬂ/(f(f) f(;))dfd
|=r R

2Rew(z)

Hence the boundary condition Rew(z) = y(z) on dR holds if

_/M) /(f(;) f(;))dgd

[|=r

For the normalization condition, we need to calculate the following integral

dzd{

1 dz _ 1 1 J+
o [ @S =0 [rog [ S vheo] <4
OR

|z|=r

|z|=r



——/w(é)%/ %%+%/lmw(g)2im,/ %%

¢l=r ¢l=r lz|=r
f@Q) 1 [ [i+z dz
-5 : 2711/ »g_z+1+K1(z,{)} ?dfdn
R |z|=r
_ L @L/ 1+ZéV+3+K2(z {) —dfdn
27rR l 2m|| [ 1-z¢
where
1 {+z
oPe & + K4 (z, {)] =-1,
|z|=r
. LA 4)] ~ 1 for{ eR
7Tl|z|=r 1—26

which are given in [16]. Substituting the above results, the integral becomes:
1 d
T/W@_Z:__/ ok L [ ok /(f({) f(é))dfd
i % 27 l 7
lel=r I

Taking its imaginary part, we obtain

d
— Imw(z)—Z =c.
2mi z

|z|=r

Thus, the proof of Theorem 15 is completed.

15

m]
3.2. SCHWARZ PROBLEM IN A RING DOMAIN FOR
GENERALIZED BELTRAMI EQUATIONS
Now, we discuss the solution of the Schwarz problem
wz + A1(2)w: + A2 (2w + Bi(2)w + B2(2)w = f(2) (3.4)
Rew(z) =0on dR, —/Imw(z)— =0 (3.5)

|z|=r
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for generalized Beltrami equations in a ring domain [19].

To solve the Schwarz problem for generalized Beltrami equation in a ring domain, we need to
convert it into an integral equation. The solution of the inhomogeneous first-order Beltrami
equation with homogeneous boundary condition is w = Trf. But we are looking for the
solution of the generalized Beltrami equation. We want to see if we can find a function
g € LP(R) for which Tgg is a solution of the Equation (3.4). So we will substitute Tgg for w

to see whether we can determine g or not.
(Trg)z + A1(2)(Trg): + A2(2) (Trg): + B1(2)Trg + B2(2)Trg = [(2).
We call (Tgrg), = [1zg similar to the notation used in [38]. The equation assumes the form
g + A1(2)Igg + Ag(2)T1rg + B1(2)Trg + B2(2)Trg = £ (2).

So, we need to investigate the boundedness of the operators Tk and I1. Firstly, we start with

the properties of Tg. We separate the function Tgg into two parts as T1gg(z) and Torg(z):

Tle(z):_i/(g(§)§+z+g(§)1+z{

— = | dédn,
w )\ T 1—z§) e

2n 4
R

Torg(2) = ——- / (g“) (1+K1(z0) + % 3+ Kz, 4))) dédn.

We have to check the boundedness of two parts. Let us start with the boundedness of 7.

L (e i+z g1+
|T1R8(Z)|—27TR/( R 1_Zz)d§d77
si/ g i+z g1+

2 J & -z ¢ 1-z¢£

1 8({) {+z
SQ_R/(‘ { {-z

dédn

)

g1+
{ 1-z¢

+ dédn

3

S~—
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2(£) 20 [ 22
S2n (‘ ; (é—z_l)‘+7(1-zz”))d§d"

[ £

/zg(é) dédn + _/ g(() dédn

1-2z¢

/‘g(é) dédn+ /‘g(é)’dgd zg((; dédn. (3.6)
—Z

For the first integral in Equation (3.6), we use the Holder inequality for its boundedness.

1 P q
/'g“) dfdns;(/ Igl”dfdn) (/ |§z|qd§dn)
R R

For the second integral on the right hand side of the above inequality, we can use Schmidt’s

inequality.
1 1

g 1-3\q
1(/|§_Z|qd§d,7) 31( (k) ) By,
n n\2-g\ n

R

1 [18(0)
;/’E'ddeSMl lgll, -
R

for g < 2. So,

For the second integral in Equation (3.6), we obtain

1 (g0 1 [
;/’T‘dfdn<;(/ Ig”dfdn) (/ Wdfdn)
R R R

For the second integral on the right hand side of the above inequality, we have

Q=

1 or 1 1
1 1 ! B 1 1—r249\\4
;(/Wf‘”) S‘(//”pd’"’@) S%(Q"( 27— )) -
R

for g < 2. Thus,

1
L 2 aean < ma e,
R



For the last integral in Equation (3.6), we obtain

</

R

Q=

q
<

- . _ >
B | gean < L / e acan / ‘ _
"\z R 17%

dédn

1-zC¢

Since it is trivial that

we have

for ¢ < 2 and
z8({)

1-z2

dédn < M3 |lgll, -

/
T
R

Tirg(2)| < (M1 + Mo+ Ms3) lIgll,, »

Thus,

1+g
q

2-q

(1 - I’Q)W +(1- rQ_Q)%

r

1( 2n
M+ My + Mz =—
n\2—-¢q

Tirg ()17 < M7 ligll}; .

/ Turg ()P dedy < M |g]|” / dxdy,
R R

=
<=

1
/|T1Rg(z)|l’ dxdy| < M|gll,n? (1 _rz) ,

R
1

ITikg Dl < M |z (1=72)| ligll,

ST

ITiell, < M |z (1-12)|

1
= 1_ 2
Ll (=)

18

M,
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Thus T7y is bounded. Now, we check the boundedness of Tog.

dédn

e
8()
4

R
1 8(Q)
L[
R

1 g(4)
/e
R

For the first and third integral in (3.7), we obtain

j#

For the second and fourth integral in (3.7), we should investigate the properties of the series

|Torg (2)| = % / [(g(g) (1+K1(z, {))) + (%(3 +Ko(z, 5)))
R

%(3 +Ka(2.0)

o :
dédn / 1L+ K (2, 0)| dédn

R

<L (14 Ki(z. )|+
2w

~—

) dédn

IA

Y :
dfdn) (/ |3+ Ko(z,0)|? dfdn) . 3.7
R

1 .

p P 1 P
dfdn) sngnp( / Wa’fdn) <lgll, 25— G
R

(o)

r2né« r2nZ
K00 =23 (s + o)

00 r?ﬂ I"QnZZ
Ks(z,{) = 22 (an — s rQ”ZZ) .

We want to investigate convergence of these series. We apply ratio test to the first part of

Ki (Z, 5) with

r2n§
a, = —————
n r2n§_z7
. |ann . P2 otz
lim = lim 50 — =r<1.
n—oo| dy n—oo | pelt é’_Z rnéf

Again, we apply ratio test to the second part of K1 (z, {) with

b rQnZ
n— g _ r2nz’
' bn+1 ' I”2n+2Z év _r2”Z 9
lim = lim S5 =r-<1
n— oo bn n—oo é’ — péntaz refz
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So, K1(z, {) is absolutely convergent.

Similarly, we apply ratio test to the first part of K2(z, () with

r2n
C}’l = —
r2n _ Z{
2n+2 2n T
. Cp+l . r r—-=z . —Z
lim 22| = lim —. 5 ¢ = lim —{ =r? < 1.
n—o | c, n—o0 r2n+2 _ Zé‘ r n—o00 r2n+2 _ Z{
Again, we apply ratio test to the second part of K5(z, {) with
4= rQnZ{
n — —_
1- rQ”z{
' d 1 ) 1”2”+2Z_ | 1”2”2_ . 1— l’2nZ
lim == = lim Z;_. _§ = lim 2 {_ =<1
n—oo e, n—oo |1 _ r2”+2Z{ I”QnZ{ n—oo 1-— 1”2”+2Z{

So, K3(z,{) is absolutely convergent. Ki(z,{) and K2(z,{) are bounded holomorphic
functions in R by Montel theorem [32]. For the upper bound of K1(z,{) and K2(z, {), they

assume their maximum values on d R with respect to {. Let us start with

2n

filz ) _22( Ty é“ir;”z)’

which gives

1K1(z, )|

o ||
<2 39
S (;1—r2"|§| Zm ) G2

2n| |
—r2n|¢|

— of the second series in (3.9) is a decreasing function of |{]|;

Observe that the general term 7 of the first series in (3.9) is an increasing function of

||, and the general term —/——-

I(I
hence
© 2n 2n
r
Z, <2
|z|=1, r<|é’|<1| ( §)| nzz; (1 r2n r —1"2 )
& 2n
r
< 4; (r —r2n)



42(1_r2n 1)S 1fr;r2n_l

IA

< 4r Z”Qn 4r 1 = 42r '
1—rn:0 l—rl-r (I=r)*(1+r)
Now let us take
& 2n |§| 2n+1
|K1(z, Q)| ( )
|Z|—r z; 2}1 |é’| | | r2n+1

Using similar discussion given above, we have

2n p2ntl 0 r2n p2n
max |Ki(z,{)] <2 E =2 E +
|zl=r, r<||<1 r—r? r — " r—r2n  1—r2

< )
T (1-r)2(1+r)

Thus we have
4r

max K1 (2. 01 € T r Ty

Repeating a similar argument for

00 ,,.211 I"2nZZ
Ko(z, () = 2; (rQn — 7 * 1- rQ”ZZ) ’

we obtain

2n

s 2n
< QZ( r 5+ r 2|§| )
|Z|:1 n=1 |§| —r 1 —rt |§|
& 2n 2n+1
r r
< QZ(r_an + 1_r2n+1)

© 2n
r 4r
<4 <
Zr—rZ” (1-r2)(1+7)

[K2(z, 0]

for |z| = 1. For |z| = r we find

|K2(z, {)

o 2n 2n+1
r re (|
= QZ — 2n + _ 2n+l
riff=ra 1=rot{{]

|z|=r n=1

21



22

2n o 2n+1

(o]
RO
= + —

}"2 _ r2n 1-— r2n+1

n=1 =1

& o 2n+1
:22 +221—r2”+1

n=1

o0 r2n a 2n+1

=2

1_r2n+221_r2n+1

<4Zl—r2” 1—r22 e

So we find
i [Ka(z, )] < —— 2 -
X , < =
Z€0R 2% 1-r21-1r2 (1—r2)2
and
4r 4 4
K + , K s < ) = .
mEaX(I 1(z, O, [K2(z, 0)) max((l—r)2(1+r) (1_r2)2) (1-1r2)2

Q=

For the upper bound of (f 1+ K1(z,0)|? dfdn) in (3.7) we obtain
R

( / |1+K1(z,{)|"d§dn) < / (1+|K1(z,§)l)qd§dn)

R R

Q=

4r 4
< /(“(1—r>2<1+r>) dedn
R
4r 1 %
. (“(1—r>2<1+r>) | azan
R
B 4r 4 9 .
B (“(1—r>2<1+r>) ”(1‘”)

_ L PP
= 1+(1—r)2(1+r))ﬂ (1 =r°)a.
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Q=

For the upper bound of (/ 3+ Ko(z,0)|? dfdn) in (3.7) we find
R

1
q

/I3+Kz(z,§)l"d§dn < /(3+|K2(z,§)|)qd§dn)
R R

4 q
/ (3+ (1 —r?)?) aed
R

4 q
(3+ (1—r2)2) | acan
R

L4
(1-r2)2

1
q

Q=

IA

Q=

IA

=13

)né(l —rQ)%.

So
1 1—p2P ;4 1 4r 4
T < —2 a(1-r2a 1+ +3+—
| 2Rg(Z)| o T 2-p ma ( re)a ”g”p( (1—r)2(1+r) (1—}’2)2
1—r2P

1 o1 2
- ﬂq(l—r)q4(1+(1—r)(r +r+1) lell,
4

Torg (2)|” < AP igll}

/ Torg ()I? drdy < A” |Ig]|” / dxdy,
R R

S =

1
L 7
/ [Torg(2)IF dxdy| < Allgll, 77 (1 B r2)’ ,
R

Targ (), < 4| (1= )| el

<=

||T2R||p <A [7( (1 - I”Q)]
T>g is bounded. Since the sum of the bounded operators is bounded, 71z + Tog is bounded.

Now, we show the equicontinuity of the operator Tk. For this, we examine the equicontinuity
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of T1rg(z) and Torg(z). We start with Ty zg(z).

g(){+x g(§)§+Z2
déd
2/( . (- §§—m)§”

IT1rg(z1) — T1rg(z2)| <

+
2
R

/( g 1+z:1C g(§)1+z2§)d§d
{ 1-zl ¢ 1-2f

1
+_
21

_ 1 _/g(_{)(1+112_1+z2§)d§dn
2

{ \1-z1 1-2o¢

_/g(é) (§+Zl_§+22)d§d
¢ \{-a (-2

1 g({)(z1 - z2) 1 (D) (z1 - 22)
- _ déd - — —déd
) (¢ —z1)(¢ —z2) o i J (1-z210)(1 - z20) s

Q=

N

q
(/ (Ié—ml |§—Zz|) dfd”)
q
1
Sy -

<lz1 — z2| (/ g ()P dfdn)
R

NG

1
q

1 q
< Z1—zz|||gp;(/(|§_ml{_m) a’fdn)

q 7
+lz1 = z2| llgll, % (/ (‘1 2‘1‘1 Z‘) dfdﬂ) : (3.10)
2\ L-z1d|[1 - 22

By Lemma 2 the first integral in (3.10) is bounded. In [1], the second integral in (3.10) is

bounded in a regular domain. Thus,

IT1rg(21) — Tirg(22)| < (C1+ C2) lIgll, 121 — z2| = C3 I8l 121 — 22| -

Hence, T1gg is equicontinuous.
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For the equicontinuity of Togg(z), we find

|Torg (z3) — Torg(z4)| <

L /(_@( 1+ K (2, 4))+@( 1+ K1 (24, é)))dédn

R

i/(_g_ (-1 +K;(z4, g))+%( 1+ Ko(z4, é)))dfdn
R

o Z
:% _ / 8€) (k) (23.0) - Ky(z0. 0))dédn
R
g / %(Kg(zg,g)—lfz(u,{))dé‘“dn
R

1 g [, < (z3 — z)r*"¢ S (z3 —z)r*¢
S DN 2 déd
o R/ Z (22 - o <§—r2m><4—r2"z3>) e

R

g [, -zl N r*(z3 = 24){ Jid
/ ¢ ( Zl (rZ"—Z3Z><r2"—Z4Z)+2; (1-r2252) (1-r2"Z4Z)) -

r2n

= 23)(r*'¢ — z4)

<~z -l ( [1sr dfdn) (
R

r2n

(é, _ r2”z4) (év _ r2nZ3)

+%|Z3—Z4|(/ |g(§)|pd§d77) (/
R

R

q
dfdn) .

Q=

q

1

dfdn)

3
Il
—

o0
r2n

H )

Q=

r2n

)

=1 (1 - r2"z3Z) (1 - r2”z42)
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[S¢]
. r2n
Let us now consider ’g,l Tyt We have

m p2n+2 (r2n§ _ Z3)(l”2”{ ~2)
n—oo (r21’l+2{ _ Z3)(I’2n+2§ — Z4) . o
=72 lim (r*¢ — z3)(r*" = z4) _ oy
n—oo | (r2¥27 — z3) (r?m2 — z4) '
o }’2"
For n§1 (T=r22) (¢=r23)” © have
I; r2n+2 ({ _ r2nZ4) (é, _ r2”Z3)
111 .
n—oo (§ — r2”+2z4) (Z: r r2n+2z3) o
2n 2n
_ y2n, _2n,
2 g | 1) (£ 3 |_,2 o1
n—oo (f - r2n+2z4) (é” - r2n+2Z3)

The above two series are absolutely convergent. The sum of two absolutely convergent series

also converges absolutely. The sum of these two series converges to a holomorphic function

of £ in R.

Sy 2n
For L —, we have
& =) (D)

242 (rQ” —~ 232) (r2” - Z4Z)
lim — —. o™
n—eo (r2n+2 _ 234“) (r2n+2 _ Z4§) r
o) (-
=r? lim — —|=r?<1.
n—eo (r2n+2 _ Z3§) (r2n+2 _ 245)
S 2n
F = — h
or n§1 (=5050) (1=2D)” we have
2042 (1 - r2”z32) (1 - r2"Z4Z)
lim — —. 5
n—co (1 _ ,,2n+2z3§) (1 _ r2n+224§) r
(1 - rznzgz) (1 - 1’2”142)
=72 lim =r? <1

n—oo (1 _ r2n+2z32) (1 _ r2n+2Z4Z)
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Similarly, the above two series are absolutely convergent. The sum of two absolutely
convergent series also converges absolutely. The sum of these two series converges to a

holomorphic function of £ in R. So

1T2rg (23) — Torg(z4)| < Cylzz — zal llgll, + Cs |z3 — z4l llgll, = (Ca + C5) |23 — z4l ]I,

=Cellgll, -

Hence, Togg is equicontinuous. By Arzela-Ascoli Theorem [31], Tk is compact. We separate

the function I1gg into two parts as [1;zg(z) and [1ogg(z):

1 g(0) g(0)
"9 2 "/ -2 (1 _z?)z -

89 5 Ki(2.0) + %aﬂ@(z, 0

dédn.
. &dn

Iorg(z) = —% /

R

We start with the boundedness of I1;z. We separate it into two parts as:

1 89
Ii1rg(2) = —— —
7g (£-2)

Miorg(2) = —%/ %d&ln

R

dédn,

In [1], IT11¢ is shown to be bounded in a regular domain G. We can choose the domain as
the ring domain (particular case of G). So Il is bounded. For the boundedness of 112,

we use a simple extension. Let

~ 0, f e D\R
f =
f(2), fER
We obtain
||H12Rf||LP(ID)) <C ||f||LP(]D) =C ”f”LI’(R) ’
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or,

ITa2rll e (r) < IMi2rllLr ) < C-

So, I ¢ is bounded. For the boundedness of the operator 1oz, we have

1
Torg(2)| < |-

| (@@Kl(z,m@@Kz(z,@)dfdn
" Z

4
R

q

!
<L / ‘@ dédn / 10.K1 (2, )19 dédny
Vs 4
R R

1 g2({)
A7
R

We have shown in (3.8) that the first and third integrals in (3.11) are bounded. Other integrals

p p
dédn / 10,K2(z, )| dédn | . (3.11)
R

include derivatives of holomorphic functions in R. Thus, g is bounded. Since the sum of
two bounded operators is bounded, I1g is bounded, too.
Thus, we have converted the generalized Beltrami equation into an integral equation. The

resulting equation is

(I+Tg+Kr)g(2) = £(2)

where

Nirg = A1(2)TIgg + A2(2)TIgg

Krg = B1(2)Trg + B2(2)Trg.

We also investigate the existence of a unique solution. Kg is a compact operator
by Arzela-Ascoli theorem [31]. [z is a bounded strongly singular operator of

Calderon-Zygmund type. I + ﬁR is invertible if there exists gg such that
qollTgllLe(r) < 1for p > 2.

By Nikolskii criterion, an operator is an index-zero Fredholm operator if and only if it is the
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sum of an invertible operator and a compact operator. So [/ + Ilg + Kg is a Fredholm operator
with index-zero. Hence Equation (3.4) subject to the condition (3.5) has a unique solution of

the form w = Trg where g € LP(R), p > 2.
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4. SCHWARZ PROBLEM IN A RING DOMAIN FOR
SECOND-ORDER EQUATIONS

The second-order equations and its higher-order generalizations are investigated in [20].

4.1. SCHWARZ PROBLEM IN A RING DOMAIN FOR
INHOMOGENEOUS CAUCHY-RIEMANN EQUATIONS

We start with a remark on the integral representation for Schwarz problem in a ring domain.

The following theorem and its proof are given previously in Section 3.1.

Theorem 16. [19] The Schwarz problem defined in R has the unique solution
AN {+z ¢ _ 1 ¢
v =50 [ 10| skeo|F - [r0F
oR |¢1=r
_ / A
2n 4
/ IACY] @)
o

subject to the solvability condition

1 f(Q) f({)
2ni 7({) 271/ [ 4 {
R

[|=r

S i1+ K (2 é)] dé&dn
{—-z

1+z{
1-z0

+3+Ka(z,0) | dédn 4.1

dédn, (4.2)

where

Kl(z’g)ZQZ(Fan irénz)’
=1

n

a 2n, »
KQ(Z,{)=2Z( I” r Zé/ )

—~ 7'2”—2§ 1_r2nzé

7 77

An observation: We want to see what happens if we write instead of 1, ”b” instead of

3 with a, b € R. In such a case we can write the corresponding formula to Equation (4.1) as
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Wian)(2) = — / (4)[ LKz 4)]——— / (é)
OR

I|=r

i 2ﬂ/[f(§)§+z FO 1+ dedy

& {-z ¢ 1-z

(b +K3(z,)) | dédn,

L [f(() Wik s L@
T A é’

with the exception of the last term in the above representation is a holomorphic function. It

is easy to observe that

W (ap)(2) = f(2),

SO W (4,p)(z) is also a solution of inhomogeneous Cauchy-Riemann equation. Now we need
to check the auxiliary conditions. In the following theorem we show that only solvability

conditions are effected by the choice of a, b instead of 1, 3.

Theorem 17. The Schwarz problem defined in R has the unique solution

wan(@ =5 [ 10| vreo| F-on [r0%
OR

\Ci=r

lc—ﬁ % giz +K1(z,§)] dgdn
R
_L [FONIRL oo dean (43)
2r J e 1- Z(

subject to the solvability condition

(a+b+2) f () f(()
2 / (éu) /[ {
[Z]=r

dédn =0, 4.4)

if boundary integral over |{| = r is computed in the positive sense where

© 2n 2n
Kl(z’{)_22(’,2n{§ +§ir§nz)’
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2n rQnZ_
Ko(z,0) = 22 + S
—\r? n_zl 1-r2nzgl
Proof. For the proof of this theorem, it is easy to see that the solution satisfies the

Cauchy-Riemann equation. To determine the solvability condition and the normalization

condition we must compute 2Rew (4)(z) and 2m f Imw(a,b)(z)%. Firstly we compute
|z|=r

2Rew (45)(z). We rearrange w4 1) (z) using Equation (3.1).
1
W (@) = 5 / 7o [ vkeo| % - - / "o
[<]=r
1
+g/lmw<ab>(§)———/f“) L = Kz )| dédy
|¢]=r
- — f(_{:) L+ +3-3+b+Ko(z,0)|dédn
27r l 1—Z{
=—/ (4)[—+K1< 4)]———/ "%
[<]=r
ag 1 f(Q) [{+z
"‘%m/ Imw(a,b)(f)?—gR/T[g_z+1+K1(Z,§)]d§d77
L IO\ k(e | ey
”R ¢ |1-z¢

- — f@)( — 1)dédn ——/&(b 3)dédn.

Y k() + K@D ‘2—5
—Z

1
2Rewian(@) = 5= [ 10 |3

OR

_i/f({) §+Z+1+Z§+4+K1(z 0) +Ko(z,0) | dédn
2r ’ _{—Z 1-2z¢ |

1 [ fO 42 1P RGO + Ke(z,0)| dedn
27T . |¢-7 1-2 /

R
2 f)
2 [ )___/_( _ )dédn
Cl=r



1 f_ 0]

_L f_

2R/ ;- (b = 3)dedn

:;u/ 1O |+ S K0+ R0 | T

_i/f(() c+z 1+Z§+4+K1(z 0)+Ka(z,0) | dédn
2 |

»§—z 1-2z¢

_1 (19 2 I K@D + Koz, 0) | dédn
27rR I3 (-7 1-% i

2 ()
— e y(g)__—/—( + b —4)dédn

|&1=r

L (D e 4)dédn.

27TR Ve

When we restrict the real part of w to the boundary of the domain R, we obtain

d
2ReW(a,b)(Z)a :27—21”/3/(4)%_%/(% f(;))dfd
R
|&1=r R
_at+b-4 f () f(§)
4 R/( l § )dfd
ReW(u,b)(Z)aR=y—[%/y(g)%+a+4[;+2/(f({§) f(;))dfd ]
|¢]=r R

We have obtained solvability condition.
Secondly, we compute the normalization condition.

d
- wwm§=—/ﬂ&—/

|z|=r |z|=r

1 1 [ dzd¢ 1 dz d¢
—o 7(()% / ??+§ / Imw(ab)(f)Qm / vl
|¢1=r |z|=r |¢1=r |z|=r

]jj
{
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/ [5_i+a+1<1(z g)] X ggdn

+ b+ Ko (z, g)] —dé—'drl

-1,

4
R |z|=r
1 / 0 1 [1 47
2n 7 2mi 1—
2 ¢ L 2l
where
1 { + 2z dZ
P K . —_— =
27ri/ (-Z+ 1(Z§)]z
|z|=r
1 1
1 +Z§+K2(Z ()] =1 for{eR
2mi 1-2¢
|z|=r
and
1 dz
il = _ _
21 z
|z|=r
1
— N b% =-b
27mi z
|z|=r

for a, b € R. Now, we check the normalization condition.

/ 7(4)—+lc

Since

1 dz
o W(a,b)(z)7=—2—m/ (C)

|z|=r

e
f(g)( 1 —a)dédn ——/&(1 b)dédn,
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_27r
R
we have
1 d 1 d
ori W(““(Z)_Z‘_- W(ab)(z)—=——/7(§)— 2—/ ({)fﬂ‘c
|zl=r |z|=r
o= &( 1—-a)dédn — — &(1_]9)
27TR 27TR l

_{21 /7(()——2%”/ ({)——zc

OR

[|=r
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1 f() f(Q)
_E/ ) 1~ aydedn __/ L8 (1~ b)dedn }
R

L y(@———/ (4>—+2zc
é‘R |<|=r
_% f@)( +b)dédn ——/f(g)( +b)dédn
R
:_3 (g)——i b)/(f({) f(é))dfd
aR {
+ 2ic.

So,
1 d
2iIm— / W(a b)(z)—z = 2ic.
2mi ’ z

|z|=r

or

1 dz
— [ I A — =c.
27Ti/ W ’b)(z) Z ¢

|z|=r

Thus, we may take any pair for (a, b) in Theorem 17. In the sequel we take a = 1,b = —1.

The statement of the Schwarz problem for second-order equations is as follows.

“Find the solution of w= = f(z) in R satisfying

1
Rew(z) = yo(z) on OR, ey / Imw(z)— = ¢y

|z|=r

1 dz
Rewz(z) = y1(z) on OR, " / Imwz (z)— =c]

|z|=r

for yo,y1 € C(OR;R), co, c1 € R given.”
Theorem 18. The Schwarz problem defined in R has the unique solution

wi =ieo+itz+Der+ o [ [ @-n @ (e-2+773)] [ v meo| %
OR
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-5m | I @-n@(c-:+73)| ¢
|Z1=r

1 [ _
+%/%§) §ii+1+[(l(z,§)] (g—z+§—z)d§dn

4
1 (19 1+Z§—1+K2(z,§)]( —z+m)d§diy 4.5)
27r l »1_Z§

R

subject to the solvability conditions

55 | w0 -noe-+7-2] %

Ig1=r
+2 (f(é) f(g))(f— +§)d§dﬂ=0’ (4.6)
m 4
1 IACORNPACY
- Y1 (g) i / ( . { )dfd =0 4.7)
|¢|=r R

where

s r2n§ },.an
K0 =2 (e ),

n=1

o0 2n 2n,.»
Kz(z,{):2z L z{_ ,

— r2n _ Z{ 1— anZé‘

Proof. Similar to the discussion of the properties of the operator Tk, we see that the above
representation is the solution of the Bitsadze equation. To see that this problem is uniquely
solvable, we first need to check if it satisfies the boundary condition. We use the Poisson

kernels given in Definition 11.

REW(Z)Z%/ [70(4’)—71(4)({—“@)] [{g .

1£1=1 ¢

© n r2n |Z|2§ l”2nZ I’an
+Z r2név_z 2"|Z|2§—z+§—r2”Z_ 2
n=

|z|* ¢ —r?nz
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/ ¥0(0) = 71(0) —z+ﬁ)][ S S
o {-z2 (-2
00 2(n=1) |Z| ’ p2n, B p2(ntl) %
+;(r2”§—2 r20=D |z ¢ -z §—r2”1 IZIZZ—"Q(””)Z) ¢
f(e“) §+z

- om [ [0 -m@@-+772] %
|¢|=r

z+|z|2{ = r2ng r2nz rohz
+ 2 +2Z 2n + 2n + 2 2
z—lzI7¢  H\rl -z -1z g —z|7¢

"zl ¢ ) —— 1 /f(é“) 2 + 1z
— —z2)déd — — =
+z—r2"|z|2§ ({ —z+{-2z)d¢ n+4ﬂR 7 |- 1P
. co m_ 7 2n 2 2n
+1+Z£+22 r_z{ 7 _r 2 5+ / —
1-z¢ S\r?z - z|° 20 -rz|* -z
2n, »
L Zé_)]({—u{—z)dﬂn-
1-r2ngl

If we restrict Rew(z) to the boundary dR, we obtain Equation (4.6).

“5m [ 00 -n@e-24779| %
I|=r

s (f(é) f(é))(g_ +T=2)dédn =0,
27rR 4 l

To satisfy the second boundary condition, we take the derivative of w with respect to z.

Wz(Z)—l61+—/)’1(§) l—+K1(Z 5)]

—%m/m@)———/f“)[

|=r

L [T@
27TR Ig

+1+K(z, é)] dédn

1+z{
1—z{

—1+K3(z,{)| d&dn.
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Now, we take the real part of wz(z).

_ 1 { , ¢
ReWz(z)—2ﬂi/71(§)[§_Z+§ 1

-z
|{|=1
r2n |Z|2§ ’,2nZ r2nz
+Z 2n_ 2n2_+_2n_2_2n
’”51 Izlg“ {—r¥z |z|* ¢ —rig

~—/1m[

I|=r
Z r2(n—1) |Z|2 l r2nZ r2(n+1)Z
+ + —~
( ME—z 2l 1z2¢—z {-r¥z |7P¢ - r2("+1)z)

__/ /ﬂo

d¢

¢

—1

¢

¢

{+2 Z+|1|2{
{-z Z—IZI2§

iCl=r
r nZ r nZ r2n |Z|2§
+22( o ——ot 12 + BT dédn
¢ AT r lzI¢ z-r*"|z|7¢
+_/f(§) el 1+2f Z i S 2
ArJ |zl -zl 1—Z§ L\ gl — |22 27 —r2n|g)?

+

dédn.

2n 2n sz
r r—z
— + g_
2n_Zév 1—1’2”Z§

If we restrict Rewz(z) to the boundary dR, we obtain
——/mm———/ﬁﬁf@Pw
|g1=r ¢ ¢

That is, we obtain Equation (4.7).

Finally, we need to satisfy the normalization conditions to see if this problem is uniquely

solvable. For this, we calculate the following integrals.

1 1
e / w(z)— lC()% — i— / (z+z)cl—
|z|=r |z|=r IZI r
1 {+7 d{
iﬁ[?’o({) 2—|Z/ = Z+K1(Z {)] .



39

——/mg)—/

|z|=r

PR Y

ﬂ+[{1(z 4)]( —Z+§—Z)?%

o z {
|<|=r |z|=r
1 1 —\ dzd(l
+%/71(§)%/(§—Z+§—Z)??
1|=r |z|=r
f) 1 [{+2
- T%/ _§—+1+K1(z {)]( —z+§—Z)—d§dﬂ
R |z|=r
2 @L/ 1J’Zg—1+1(2(z 5) —z+{—z —dfdn
27rR l 2m| / | 1-2¢

When calculating the above integrals, we use the following integrals computed by

Vaitsiakhovich [16].

1 {+72 2%
o | |55 i o]a= 0

s ?fz +K1<z,4>] —=-1
lzl=r
2%1. th+K1(z,§)]§=§+(1_2r:2)g
lzl=r
o [ reeo| £
Jal=r

When we substitute the values of the above integrals, we obtain

1 dz 1 — 221 =] de
oy W(Z)?—l0——/)’0(5)———/71(5)[5 f—m "
OR

|z|=r
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1 f() 2r’(1-{?)
~om / O(Z)— / [25 +20 - W] dé&dn
|<|=r

1 3 = 2r*(1-¢)
"on Tl%*%‘ml e

R

2r2(1- %)) d¢

o | @% —wo——/mm———/y(o (4T
|z|=r
——/70(5)—
\(i=r
1 f() f(()
- o ( Tt )(2§+2§)d§dn
R

f0220-) F@ 201 -7)
2n/( ;a-m7 g (1_r2)z)d‘fd”

We take the imaginary part, so we see that the first normalization condition
— / Imw(z)— =
IZI—r

is satisfied. To satisfy the second normalization condition, we compute the integral over

|z| = 7.
1 1 zdl
o [0S i [ £ —/mo—/ o] %
|z|=r |z|=r |z|=r
dzd
——/m(é)—l/ 2%
|Z|=r |z|=r
[ 1 [{+2 dz
27r 14 2711/ | £ — ]?d‘fdn
R |z|=r )
GRS / 142 ke K)I—dfdn
27r ¢ 2mi [1-2C

R |z]=r
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If we write the results computed by Vaitsiakhovich [16], we obtain
1 1 1 / d
P / wz(z) _ =ia 2m./71(§ . omi y1({) T

|zl=r IR I£]=r

Taking the imaginary part, we obtain the second normalization condition:
dz
/ Imwz(z)? =c
|z|=r

The proof of the theorem is completed. O

4.2. SCHWARZ PROBLEM IN A RING DOMAIN FOR
SECOND-ORDER LINEAR EQUATIONS

In this section, we investigate Schwarz problem for second-order linear equations in a ring
domain. The solution of second-order Schwarz problem with homogeneous conditions is

given in [20]:

§—+z +1+Ki(z, {)]

_ 1 ()
vo=5 [ {725
R

RACOR R Y +K2(z,{)]} (¢ -2+ 7=z agan
¢ |-«
= Tif (2).
We take the linear equation:
wz + A1(Dwz + A2 (Dwy + Bi(Dwz + B2(w, + C(w = f. (4.8)

Assume there exists a function g such that Tg g = w for the linear equation. Then:

Ig + A1 (2)[Thg + Ao(2)[Tag + B1(2)Thg + B2(2)TIhg + C(2)Tag = f



or

(1+ AN} + A2 + Bu()Th + Bo (g + C(ITE) g o= f

where

1
Tig:‘%/{%
R

{+7
-z

:__/{g(a

0
¢

1+z§
1—z§

and

H}eg 8T1%8(Z)———/(

% [
R

+1+K1(z,0)| +

g({)

&)
¢

1+z§
1—z§

-1+ K2(z, )

} dédn,

+ 1+ K(z, 5)]

+Ko(z,4)

}( —z+ﬁ)d§dn

8(0)

(£ -2)° ' (1 - ZZ)Q)dgdn

8€) 5 Ki(2,0) +

2D ko0 0)| aan,
¢ {

1
Mg = 3.Tag(z) = ~5r / [
R

5 +0:K1(z, g)] (g —7+¢ - z) d¢dn

1 reg@| 2« _3
‘%R/ ¢ |a-ap e g)]( eeEo)den
1 [gld)|{+z
+ QHR/T »§+1+K1(Z,§)] dddn
1 g() 1+Z§
— | &35/ - did
+2”R/ = 1+ Ka(2,0) | didn

g({)

_%R/( 20
]

[\I>|)_l

| ——

8(d) 5
¢

9:K1(z,0) + Té’ K>(z, )

_)2)<g—z+z—z>dwn

-z{

s(0) ]( —Z+Z—Z)d§dz7
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1 8() |{+z
[ PP |
+@ 1+Z€—1+K2(z,§) }dfdn.
¢ [1-«
We need upper bounds for ”H]le |p, | TI%HP, | H12e||p and ||TI%||p. In Section 3.2, we found upper

bounds for [|T1r|| . [|T2rll,- Hence,

[Tze (2|, < IT1rg (DN, + IT2rg (],

< oty [ (1) el + s e (1-12)] s,
ITzg @], < [7(1=r)]7 . (M1 + A1) llgll,,

262, < 4|The (], = 4 [x(1 = )]7 . (M1 + A1) gl

=

So, TI% and TI% are bounded.

Also, TI%g(z) is the sum of Tigpg(z) and Togrg(z). In Section 3.2, we showed that
Tirg(z) and Togrg(z) are equicontinuous. The sum of two equicontinuous functions
are also equicontinuous. Thus, TI%g(z) is equicontinuous. We know that TI%g(z) =
(§ - z+§) Tl%g(z). Similar to the operations in Page 24, it can be shown to be
equicontinuous.

Besides, in Section 3.2 we know that ||I11z||,, and ||TIzg||, are bounded. Therefore,

IMzg )], < IMirg ()l + IM2r8(2)l,

INzg )], < 41Mirg (I, +41T2rg (), +[Tze(2)]],

Thus, H}e and H12e are bounded. Now we prove the existence and uniqueness theorem for the

solutions of Schwarz problem in a ring domain for second-order linear equations.
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Theorem 19. There exists a unique solution w € WP2(R) of the Schwarz problem for

Equation (4.8) subject to the homogeneous boundary conditions

Rew(z) =0 on OR, —/Imw(z)—:()

|z|=r

1 d
Rewz(z) =0 on dR, — / Imwz(z)—Z =0
2mi Z
|zl=r

where A1(z) , Aa(z), B1(z) and B2(z) are bounded measurable functions with

|A1(2)| +[A2(2)] < go <1

satisfying
qollTgllLr(r) < 1

and C, f € LP(R), p > 2.

Proof. Assume that w = TI% g, g € LP(R) is a solution of Equation (4.8). Then we observe

that g should be the solution of

(I+Tg+Kr)g(2) = £(2) (4.10)

where

Tirg = A1(2)[Tpg + A2(2)[T2g

Krg = B1(2)Tpg + Ba(2)[1kg + C(2)T2g.

Thus we have converted Equation (4.8) into an integral equation. Krisa compact operator by
Arzela-Ascoli theorem, and Il is a bounded strongly singular operator of Calderon-Zygmund

type. I + Tl is invertible if there exists qo such that

qolTgllLr(r) < 1 for p > 2.
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Sol+ ﬁR +K r 1s a Fredholm operator with index-zero. Hence Equation (4.8) has a unique

solution of the form w = T,%g where g € LP(R), p > 2, is a solution of Equation (4.10). O
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5. SCHWARZ PROBLEM IN A RING DOMAIN FOR
HIGHER-ORDER EQUATIONS

Now, we investigate higher-order equations. To examine higher-order equations, we need
to know the properties of higher-order operators. Thus, in this chapter, we also give the

properties of higher-order operators.

5.1. SCHWARZ PROBLEM IN A RING DOMAIN FOR
INHOMOGENEOUS CAUCHY-RIEMANN EQUATIONS

In Section 4.1 an integral representation for w € W”"1(R; C) depending on w+ is given. This
helps us to find an integral representation for w € W?"(R;C) in terms of the derivatives of

w with respect to z. Using an induction method we obtain the integral representation

n—1
w@ =iy s+ - o [ Z( Redlw(@)(¢ -2+ 2=/ %
=07 igl=r 7=
n—1 ;
v [ Y R0 -0 200 | £ k0| £
maR = ¢ {—-z 4

1 (_1)n—1(92”w(§) _§+Z .
o O n +1+K1(L§)](§-Z+§—z) dédn
R/(Vl D! ¢ |-z

_1yn-1 02w(&)
_iﬂ/( 1) 5_ 1+Z§_1+K2(Z,§)](§_Z+§_Z)n ldfdn
R

2 (n-1! ¢ 1-2¢
5.1
It is easy to observe that
SR O T S N G Ve = de
azw(z)ﬂjz_;mcj(uz)f - ;(] oRedl WO - e+ T =D
N Z|=r 7~

: +K1(z,§>] %
Z 4

(- 1) 1 1
=7 Z Red! w(() (£ 2+ =) [4
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12O ey, = _ =2
__/(n_g)] z [§_Z+1+K1(Z,§)](§—Z+§—Z) dédn

LB 122

-2 7 1_Z§—1+K2(Z,§)](§—Z+§ 2)"2dédn.

We compute iteratively 8%"1w(z) as follows.

2w = o / Yaa Q) [“Z

vien /f(()[

» w[
27rR I

a1 dc
]?—% /yn—l(‘:)?

|=r

+1+Ki(z, {)] dédn

-1+ Ko(z,{)| dédn,

1-2z¢

and differentiation of the above formula with respect to 7 gives

(9sz = f(2).

Hence Equation (5.1) is the required integral representation for W”*(R; C). Thus we may
employ this formula for the solutions of the boundary value problems, similar to our previous
discussion for the nonhomogeneous Cauchy-Riemann equations. Now recall the statement
of the Schwarz problem for higher-order inhomogeneous Cauchy-Riemann equation in a ring
domain given in [20]:

“The Schwarz problem for inhomogeneous higher-order Cauchy-Riemann equation in a ring
domain is to find the solution of

aZw = f(z)

subject to
Re(')jw( ) =7v;(z) on OR ; L Im@jw( )% =c
W\ =YL " i VT
|z|=r
foryj(z) e C(OR;R)andc; €R, j=0,1,..,n-17

It is trivial that the proposed solution is
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n-1 1 1 n-1 1 j 3 g
W(Z) TCJ(Z'FZ)J——' ) 7](()(§—Z+§—E)J—§
! 2mi [ 7
./=0‘]' e =0 J:
1 n—1 1)J p
o = )VJ(f)(f—Z+§—Z)][ Z+K1(Z,§)]—§
. j! — z
or 170
L@ [4s o
_ER/@@-D! ¢ g—z”’“Kl(Z’@}(f—“é-z) dédn
L ()@ [1+22 .
_%R/(n_m 7 »1_Z§_1+K2(Z é)](f—Z+§ 2)" " dédn.

(5.2)

since Bsz = f(z). Thus we have to observe if the auxiliary conditions are satisfied. Hence
we start with the computation of the derivative of Equation (5.2) with respect to z of order s

where 0 < s <mn-1.

s 1 (R sd¢
Gn ) IZ( TRAAE _Qm/Z(J PRACKE AT S

[|=r

1 ( 1)f s s+
2—[ G- z+{-2)" lé

< +K1(Z’§)] %
4 4

1 (- 1)’”1 f)[{+z i
o) i=s-1! ¢ §_Z+1+K1(z,§)]({—Z+§—z) dédn

R

n—s—1
L[ FON L e o] -2 Z-mrlagan
27r (n-s=-D! 7 |[1-z¢
A !

Restricting the real part of agw(z) to the boundary d R we obtain

2RedZw(z)

(=17 Jd¢
={ /;(] SO+l

IZI

1 S (¢ l = yedd

oR J=5 ¢
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I e (O B 103 = Cnsed
‘;/nm-s—n![g "7 ]@_Z+§_@ d&m}
R

OR
( 1)J i v _ = '—sdg
—27s(z)——m/JZ - ),7](4)({—Z+§—Z)’ 7
1 (_1)n—s—1 f(g) f(é) —\n—s—1

- = (n_s_l)![ . ]({— {-2)"dgdn.

Hence the solvability conditions for the inhomogeneous polyanalytic equation related with

Re@%w(z)bR = y,(z) are

Qm/ZEjl)])ﬂ’J(()(f z+§_z)1s§
lZl=r 70

({ —z+{-2)"*dédn =0,

1yt @, TO
(n=s-1)!

for j=0,1,2,...,n—1. We use a similar approach to the one Vaitekhovich [17] has given to

check the normalization conditions

; dz

J - . . _
Tl Imé?zw(z) o cj, j=0,1,2,...,n—1.
|z|=r

To give an idea about this computation, we assume n = 2. Then we have to check if the

following holds:

1 d 1 d
— Imw(z)—Z =co, — / Imwz(z)—Z =c
2mi z 271 Z
|z|=r |z|=r

These validities of normalization condions are available in Section 4.1. So combining the

computations presented above with the normalization conditions we obtain

Theorem 20. [20] The inhomogeneous Schwarz problem for higher-order equation

ow = £(2)
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in a ring domain, subject to

; 1 ; dz
J — L J ae
Red-w(z) =v;(z) on OR ; o / Imdzw(z) = c;

|z|=r

foryj(z) € C(OR;R) andc; € R, j=0,1,...,n—1 has a unique solution in WP"(R; C) if

the set of solvability conditions

— ] N . d
2ri / Z( ) )ﬂ’]@)(f Z+§—Z)/—5?§
g|=r 7

({—z+¢-2)"*dedn =0

+

(~1)ns-! [f(s’)

%)
(n—s-1)! Vi

hold for j =0,1,...,n—1.

5.2. PROPERTIES OF HIGHER-ORDER OPERATORS

The operator T1:L? (D) — LP (D)

T1f(z) =

/[f(é)éu F@O1+2| e

& {-z2 ¢ 1-z

has been defined by Vekua [1]. The iterations of 77 have been denoted with the symbol S, or
Ty. Its properties are investigated by several researchers [38,37]. We will prefer the notation

T in our computations for iterations of 77. For k € N

—1)k e 7
T/ () = o 131)!//[”““%”_“1”5
D

— \k-1
2n(k { (-2 . 1-2¢ (g_Z+§_Z) dédn

and Ty f(z) = f(z). These operators satisfy
) 0T f =Tearf, LIk,
(ii) RedTyf=00ndD, 0<I<k-1,

(iii) ImdlTif(0)=0, 0<Il<k-1.
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Besides
S (D= )1 — £(0)
i _ 1 _ ——\k-a-1| _ J)
aszf(Z)—/lZ:(:)(/l) k=1-1)! ”4(4 z+{—72) [({—Z)l_/“'l
—1-1-1
¢ (=Dt 1 T\ ki1
+(1T§)l—/l+1 dfdﬂ+m%/(§—z+§—2)
D
10 1) geay

is a weakly singular integral operator for0 < / < k—1since k—A—-1-(l-A+1) = k—[-2 > -1,

however

i f(2) := 05T f(2)
—_ k-1
(=1)"k! {-z f(Q)
n {/ (é—Z) (¢ -2)?

+ (—5 _Z+Z__ ZZ— 1)k_1 —f(—él
-z (1-2¢)?

dédn

is a Calderon-Zygmund type strongly singular integral operator. It is proved [38,37] that T}

are compact and I1; are bounded singular operators over D.

Now we need to generalize the integral operator T for the particular solutions of 8gw = f(2)

in R. Let us start with a simple case. Take the equation
6§w = f(2).
We may convert it into a system of equations:
o=w = wi,

ozw1 = f(2).

Their solutions are

w =Trwq,
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w1 = TRf.

Thus

w=Tg (Trf(2)) = T f(2).

Iterating the operator Tk with itself using the rule % f(z) = Tg (TX ™' f(z)) gives us

1)k B _
Thf(2) = . /(‘:—Zﬂ”—z)k1[&(§+Z+1+K1(Z’{)

27r(k—1)!R ; \¢-z
+@(1+Z§—1+K2(z,§)) dédn
¢ \1-2z¢
= Tipf(2) + Top f(2) (5.3)
where
k o (=D)F — U+ f(O 1+
th© = g (-++7-3) [ AV ErAR e L
R
—_1)k _ k-1
et @ =5 [ (e-+2-9) 7 |22 ko)
R
I103)

+T (—1 + KQ(Z, {)) dfd?]

Similar to the case in which the problem is discussed in D, we may derive the following

properties for f € LP(R), p > 2and k € N:
(i) LTy f(2) = AT R f(2) + ATy f(2) =T1% f(2) + To ' f(2) = T f (=),
(ii) RedlTif(z) = ReTy ' f(z) =0ondR for 0 <1 <k,
(i) 5 [ ImOTRf()£=0,0<1<k
|z|=r

under the solvability condition

/ l&+@] -2+ T-7 " dgdn] =0
¢ 4 R
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fors =0,1,2,...,n — 1. Let us note that these three properties may also be derived starting
with the definition of Tk. Previously it is proved in [6,37] that alTk are compact operators

for 0 < [ < k. They are also compact in subsets of D. Hence (9 0 <1l <k, are also

1R’

compact in R. To discuss the properties of (9 ITk

o> WE must know the properties of Ki(z, {)

and K>(z, ). In Section 3.2, we have proved that these series are convergent and they define

holomorphic functions of £ in R. So ||T¥

»gll is bounded, hence (’)ZITI’g are compactfor() </ < k.

Now let us compute

Tk f(2) =0KTE f(2) = 5 TS f(2) + X TSR £ (2)

(=D / -z s
n {-z] ({-2)?

R

— -1 ——
+(4—z+§—z2_1) IO | yean

1-z¢ (1-20)2

(-=D* - N\
+8Zk m/(f—Z"'g Z) [ (1+K1( g))
R

f(()

(=1+Ka(z,0)) | dédn.

Then 82" leR' LP(R) — LP(R), p > 2is a Calderon-Zygmund type strongly singular operator
and 621‘ Tsz is a bounded operator. Thus H,’g: L?(R) — LP(R), p > 2, is a bounded integral

operator.

5.3. SCHWARZ PROBLEM IN A RING DOMAIN FOR
HIGHER-ORDER LINEAR EQUATIONS

In this section we study the solvability of the Schwarz problem of higher-order linear equation
stated as:

“Find w € WP*(R) as a solution to the k — th order complex differential equation

k
O%w + Z [qu(z)aga;f"w +q2j(2)000; W
J=1



l

k
+ Z [am,(z)a;”a;mw + bml(z)a;"azi—mw] = f(z)in R

=0 m=0

subject to the homogeneous Schwarz boundary conditions

1 d
Redlw =0 on IR, — / Im(?fw(z)—zzo, 0<l<k-1
< 27 < Z

|z|=r

where

and q1j and qoj for j = 1,2, ..., k are measurable bounded functions satisfying

k
(|lg1;(2)| +|g2;(2)]) < g0 < 1
=1

J

inR.”
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(5.4)

(5.5)

(5.6)

(5.7

To find the solution we need to convert Equation (5.4) into a singular integral equation. We

recall the definition of w = TI’; g is the unique solution of
631‘ w=g
satisfying the homogeneous boundary conditions.Then we can find
8108w = 0l0*7 (Thg) = 0! (Tig) =1
207 "W =0;0; R8 ) = 0z \{Rp8] = LUR8,

and

obal~w =l (7 (1)) = /(1) = i

4 Z

S~——

for 1 < j < k. Similarly
oL = ool (Thg) = T s,

and

oL = 9 (9" Thg) = AN TEg
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for 1 < m <[ < k. Thus we obtain
(1+ﬁR+ER)g - 1. (5.8)

So we may combine the above discussion as

Lemma 4. The Schwarz problem (5.4)-(5.5) stated in the annular domain R is equivalent to

the singular integral equation

(1+ﬁR+I?R)g:f (5.9)
where w = T}tfg,
Mrg = Z (qqu;g + qzjﬂjgg) ; (5.10)
j=1
and
y ko1
KRg = Z Z [amlaZmT}lé—ng + bmlazlnTllé—ng] ) (51 1)
=0 m=0

So Equation (5.4) is transformed into the singular integral equation (5.9). Now we have to

recall the Fredholm alternative [33] to discuss the invertibility of 7 + ﬁR +K R.

Lemma S. If
q0 max I llzrr) < 1 (5.12)

then I + Ty is invertible for p > 2.

Proof. We need the norm of the operator Tg:

k
Tkl e (r) < Z (|l1,] + |g2;]) ”HR”LP(R)
=
< J
< 4o max T N e Ry-

Under the restriction (5.12),

”ﬁRHLP(R) <L

Sol+ fIR is invertible. O

Now, for the invertibility of 7 + Iz + Kg, we will see if Kg is compact. We have decomposed
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the operator T}g into two parts as in (5.3). The part

(-DF - U O+ f(O1+2L
@)= e 2y | (€-2+-7) [ (-2 7 1-x
R

dédn

has been studied previously [6,37] in a simply connected domain. Following the line of that
proof we observe that HéleR is a compact operator on L”(R).

The second part has the form

—1)k — k—
Thef @) =5mpoy [ (¢-2+2-3) 1[%(1”«@4))
R

(=1+K3(z, 7))

+% dédn.

K1(z,¢) and K»(z, {) are analytic functions in R by Montel theorem [32]. So

Thf(2) = T{rf(2) + Tor f(2)

which defines the compact operators leR and TQI‘R. Eventually

Theorem 21. Under the condition (5.6) Kg is a compact operator in LP (R) for p > 2.

Proof. As in [6,37] we know that 6ZIT£ g is equicontinuous on R. Besides Arzela-Ascoli
theorem holds. Thus HéT}g for 0 < [ < k — 1 are compact operators on L”(R). Now let us

compute ||ER||:

k1
K - _ p
Rrgl” < 3 3" (lam (@) 0275 g| + b ()1 |02 T "))
=0 m=0
or by [6,37] we obtain

k-1 1 p k=1 1 p
IR R8I,y < Crlgll e, / [( mel(zn) +(ZZ|bml<z>|)

% L\1=0 m=0 1=0 m=0

dxdy.

Using the Minkowski inequality we obtain

|KrgllLocr) < M lgllLocr) -
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Let {g,} be a sequence of bounded functions in L” (R). Then {8§T1’§ gn}isboundedin L? (R).
By the Arzela-Ascoli theorem it has a convergent subsequence on R. Hence Krisa compact

operator from L” (R) into itself for p > 2 and is a solution of (5.9). i

Now, we can state the unique solution of Equation (5.8).

Theorem 22. If (5.12) holds, the equation (5.4) subject to the homogeneous conditions has

a solution of the form w = Tlltfg where g € LP(R), p > 2 and the solvability conditions

> _=\h—s-1 _
on) (n-s-D!| ¢ ({-z2+{-2)""dédn=0
R

1oyt [f(§)+@

fors =0,1,2,...,n — 1 are satisfied.

Proof. Since K is compact, the operator I + Ilg + K is the sum of the invertible operator
I + g and compact operator Kg which implies that 7 + Mg + Kg is a Fredholm operator
with index-zero. The Fredholm alternative applies to singular integral equation (5.9). Thus

w= T,’; g is the solution of (5.4) subject to the homogeneous conditions. O
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6. SCHWARZ PROBLEM IN A RING DOMAIN FOR
NONLINEAR HIGHER-ORDER EQUATIONS

The boundary value problems for nonlinear elliptic equations have been studied by several
researchers, for example, Mshimba [39,40,41], Akal and Begehr [7], Aksoy, Begehr, Celebi
[8], in the books by Wen [42] and others. In this chapter we consider the Schwarz boundary
value problem for a nonlinear differential equation in a ring domain.

Thus we start with elliptic equation
(9z”w =F(z,w,D%w, ..., D™w) 6.1)
of order » in a ring domain R. As in [8] we employ the notations
D= (0,06, aj=(k), |a;|=k+1=j, j=0,1,2,..n
with restriction (k, 1) # (0, n). To simplify the notation, we take
{D""w,D%w, ..., D"w} = {WkJ} .
Hence Equation (6.1) may be written as
02w = F(z, {wr}). (6.2)

To discuss the boundary value problem, we need some assumptions on F(z, {w k,l}) defined
inR={z:r<|z] <1}

Assumptions:
(i) The function F(z, {w k,l}) is continuous with respect to all of its variables,

(ii) For multiples (z, {w;}) if {wi,} € LP(R), p > 2, then
F(z,{wii}) € LP(R),

(iii) The function F(z, {w k’l}) satisfies the Lipschitz condition
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n n
‘F(Z, {Wk,l}) - F(Z, {WZI})‘ < Z Ly ‘Wk,l - WZJ‘ <L Z ‘Wk,l - Wz’l‘
k+1=0 k+1=0

where L = maxyyi<n Lii, (k,1) # (0,n) in which Ly, are constants.

Now we define the relevant Schwarz problem:

“Find a solution w € WP (R) with 2 < p < oo of Equation (6.2) subject to
H 1 H
Redzw =y, on OR, P Imo; w(z)— = cy (6.3)
i
|z|=r
fory,(z) € C(OR;R)andc, €R, u=0,1,..,n-1"

To solve this problem we employ the operators

(- O 1,
CEDIEV;

Trw(z) = ti +1+Ki(z, {)] ({ —z+{-2)" "dédn

(_1)n—1 agw(f) 1+ Z{

! : n-1
T -DU T T K2(Z’5>](5—Z+€—z) déd.

As in [8] we transform the Schwarz problem for nonlinear equation into the following system

of integro-differential equations:

w(z) = ¢w(2) + TRF (2, {wi}) (2)
wii(2) = 050l (2) + OXTRT'F (2, {wii}) (2)

for 0 < k +1 < n, with the restriction (k,[) # (0,n) and

n—1 . j
8(2) —’Z%CJ'(ZJFZ)J o | Z R (@(¢ -2+ T -0
¢l=r 7=

>_n

1

v | 5T

oR =

+K1(z g)] 4 (6.4)
-z 4

Re@’W(()(é—H{—z)’ [

It is trivial that ¢,, is a polyanalytic function. The relevant solvability condition is
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1)/-s
2ni / ZE] ) )171(5)(5 2+7-7)" sd g’
1Z)=r 17°

1 (Yt [ FEAwa@Oh)
(n—s-1)! 4
JEAaOD | e ey =, 6.5)

forj=0,1,2,...,n—1.

Now we may discuss the solvability of the Schwarz problem. We use the notation given in

[8]. Firstly we introduce the function space £°(R) , p > 2:
gp(R) = ({Wk,l} Wi € Lp(R), p > 2)

where 0 < k+1 < n, (k,I) # (0,n). £P(R) is a Banach space with norm

”{WkJ}HBP(R) = Og,ffin || kil ||LP(R)

We introduce an operator Q by

0 ({werp) = ({Wii})
if

W(z2) = ¢ (z) + TpF (2, {wri}) (2)

Wii(2) = 050l + 0XTR™ F (2, {wia}) (2)

where ¢,,(z) is given by Equation (6.4). Thus we obtain a system of integro-differential
equations. Then the fixed point of Q is the solution of Equation (6.2), satisfying the Schwarz

boundary conditions Equation (6.3) subject to the solvability requirements.

Now we try to show that Q has a fixed point. We take the images of {wk,l} and {Wk,l} in
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LP(R) which are denoted by {Wk,l} and {Wk,l} respectively. Then

HW - WHLP(R) < ligw - ¢W||LP(R) + ||T£F(’ {Wk,l(')}) —TRF(., {Wk’l(')})“LP(R)

<l Hwd - b,

and

[Wer =W, o < L1 vk} = (i, (©6)
forO0 < k+/ <nand

Wi =], < IR Wi} = o, ©7)

for k + [ = n. Combining (6.6) and (6.7) we obtain

H{Wk,l} - {Wk,z}

< M[{wia} = (Wi

2(R) 2P (R)

where

M:Lmax{max||ag<rg—l|| gl }
R)

Thus the operator Q is contractive if M < 1. From Banach fixed point theorem [36] we

obtain the existence of the unique solution wy ;.
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7. CONCLUSION

In this thesis, firstly we have examined the Schwarz problem for first-order equations in
a ring domain which was studied by Vaitsiakhovich [16] in which the problem has more
restrictions than the usual cases. We obtained the unique solution to Schwarz problem for
first-order equations in a ring domain [19]. Then we employed a different perspective to
second-order equations as well. We derived the unique solution of the Schwarz problem for
second-order equations in a ring domain subject to the solvability conditions. Moreover, we
extended the investigations to higher-order equations. We achieved the unique solution of the
Schwarz problem for higher-order equations in a ring domain and developed the properties of
higher-order operators for a ring domain. This part has been published as an article [20]. On
the last chapter, we investigated the existence of the unique solution of the Schwarz problem

for nonlinear higher-order equations using the idea given in [8].
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