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ABSTRACT

In this thesis, we work on the explicit computation, algebraic and geometric points of

view, of some numerical invariants of hypersurfaces with singularities.

In the case where the hypersurface has an isolated singularity, we reviewed the Milnor
number and the Tjurina number of the defining analytic function f of the hypersurface.
After, we present the Newton number attached to the Newton polyhedron of f. We
compute it in the case when f is both convenient and not. Then, we examine the relation

between these numerical invariants.

In the case where the hypersurface has non-isolated singularities, we are interested in the
L& varieties of an analytic function f and their intersection number with certain linear
subspaces at the origin in the ambient space. This intersection number is called L&
number of f at the origin. On this subject, we mainly follow the book [21]]. We examine
the algebraic and geometric computation of the L& number of a hypersurface. To
compute L€ numbers from the geometric point of view we present the modified Newton

number associated with the Newton polyhedron of the defining analytic function f.

We give good examples of calculating all these numerical invariants of a hypersurface,
algebraically and geometrically. Our examples are mostly hypersurfaces whose singular
locus of dimension 1, but we give also examples of a hypersurface with a O-dimensional

singular locus and with a singular locus of dimension 2.

Keywords: Milnor number, Tjurina number, L& number, Newton number, modified
Newton number, Newton polyhedron, isolated singularities, non-isolated singularities,
hypersurfaces,



RESUME

Dans ce ménoire, nous traitons du calcul explicite, d’un point de vue algébrique et

géométrique, de quelques invariants numériques des singularités des hypersurfaces.

Dans le cas ou I’hypersurface a une singularité isolée, nous avons revu le nombre de
Milnor et le nombre de Tjurina de la fonction analytique définissante f de I’hypersurface.
Ensuite, nous présentons le nombre de Newton qui dépend du polyedre de Newton de f.
Nous I’étudions par rapport a deux cas : lorsque f est commode et lorsque f n’est pas
commode. D’ailleurs, nous étudions la relation du nombre de Newton avec le nombre de
Milnor pour une hypersurface. De plus, nous avons brievement énoncé la relation entre

le nombre de Newton et le nombre de Tjurina pour une hypersurface.

Dans le cas ou I’hypersurface possede des singularités non isolées, on s’intéresse aux
variétés Leé d’une fonction analytique f et a leur nombre d’intersection avec certains
sous-espaces linéaires a 1’origine dans 1’espace ambiant. Ce nombre d’intersection est
appelé le nombre de L€ de f a I’origine. A ce sujet, nous suivons principalement le
livre [21]. Nous examinons le calcul algébrique et géométrique du nombre L& d’une
hypersurface. Pour calculer les nombres de L& du point de vue géométrique, nous
présentons le nombre de Newton modifié associé€ au polyedre de Newton de la fonction

analytique définissante f.

Nous donnons de bons exemples de calcul de tous ces invariants numériques d’une
hypersurface, algébriquement et géométriquement. Nos exemples sont principalement
des hypersurfaces dont le singulier locus de dimension 1, mais nous donnons également
des exemples d’une hypersurface avec le locus singulier de dimension O et avec le locus

singulier de dimension 2.

Mots Clés: Nombre de Milnor, nombre de Tjurina, nombre de L&, nombre de Newton,
nombre de Newton modifié, polyedre de Newton, singularités isolées, singularités non

isolées, hypersurfaces.



OZET

Bu tezde, tekilliklere sahip hiperyiizeylerin bazi sayisal degismezlerinin cebirsel ve

geometrik bakis agisiyla agik hesaplamasi {lizerine calisiyoruz.

Hiperyiizeylerin izole bir tekillige sahip oldugu durumda, hiperyiizeyin tanimlayicist f
analitik fonksiyonunun Milnor sayis1 ve Tjurina sayisim1 gozden gegiriyoruz.
Sonrasinda, f’in Newton ¢ok yiizliistine bagl olan Newton sayisini sunuyoruz. Bu
say1y1 f’in uygun oldugu ve f’in uygun olmadigi iki farkli durumda inceliyoruz. Daha
sonra, bir hiperyiizey icin Newton sayisinin Milnor sayisiyla arasindaki iligkiyi
inceliyoruz. Ayrica bir hiperyiizey icin Newton sayisi ile Tjurina sayist arasindaki

iligkiyi kisaca ifade ediyoruz.

Hiperyiizeyin izole olmayan tekilliklere sahip oldugu durumda, f’nin L€ varyetesiyle ve
bu varyetelerin belirli dogrusal alt uzaylarla orijindeki kesisim sayilariyla ilgileniyoruz.
Bu kesisim sayisina, f’nin orijindeki Lé sayis1 denir. Bu konuda esas olarak [21]] kitabini
takip ediyoruz. Bir hiperyiizeyin L€ sayisinin cebirsel ve geometrik olarak
hesaplanmasini inceliyoruz. L€ sayilarini geometrik agidan hesaplamak icin, tanimlayici
analitik fonksiyon f’nin Newton ¢ok yiizliisiine bagli olan f’nin degistirilmis Newton

Sayisini sunuyoruz.

Bir hiperylizeyin biitiin bu sayisal degismezlerini cebirsel ve geometrik a¢idan
hesaplanmasina iyi ornekler veriyoruz. Orneklerimiz ¢ogunlukla, tekil yerinin boyutu 1
olan hiperylizeylerdir; ancak, tekil yeri O boyutlu ve tekil yeri 2 boyutlu olan

hiperyiizeyler i¢in de ornekler veriyoruz.

Anahtar Sozciikler: Milnor sayisi, Tjurina sayisi, Lé sayisi, Newton sayisi,
degistirilmis Newton sayis1, Newton cok yiizliisii, izole tekillikler, izole olmayan

tekillikler, hiperyiizeyler.



1 Introduction

Consider a hypersurface V(f) := {p € C"! | f(p) =0} where f : (C"*1,0) — (C,0)
is an analytic function. We say that two hypersurfaces V(f) and V(g) are topologically
the same if there exists a homeomorphism & : (C"*!,0) — (C"*!,0) such that
®(V(f)) = V(g), In the case where V(f) has an isolated singularity at 0 € V(f) we
obtain the topological equivalence by computing the Milnor number u( f,0) introduced
in [24]. By [16], if V(f) and V(g) are topologically the same then u(f) = u(g). The
inverse implication is not true, meaning that f and g can be topologically different when
u(f) = u(g). Hence the Milnor number is a topological invariant of the singularity. In
Section we present some results on that number and compute it for a few

hypersurfaces.

We associate another number with a hypersuface V(f), called the Tjurina number t(f,0)
of f. In [22], the authors show that if V() and V(g) are analytically equivalent then
t(f) = 1(g). In general, we have u(f,0) > t(f,0); the equality holds when f is weighted
homogeneous (See [26]]). In this work, we are interested in computing in different ways,

algebraic and geometric, these invariants.

Another number associated with f is the Newton number v( f) introduced in [15] and
compute it using the Newton polyhedron of f in R"*!. But, v(f) can be associated with
an abstract bounded polyhedron in R**! (See Section [3.2.2). The computation is done
by means of the subcones in the bounded polyhedron. Furthermore, we can explicitly
calculate u(f) and t(f) using v(f). We have u(f) > v(f) and the equality holds for a
v(/)
(n+1)

In the case where the hypersurface V( f) has non-isolated singularities with

Newton non-degenerate f; and, t(f) > (see Section [3.2.2)).

d :=dim(Xf), we are interested in the L& varieties introduced in [[19].We show that the

L& varieties have the same information as X f (see Corollary {.1.12). We compute the L¢
numbers which are the intersection number of L& varieties with a certain linear subspace
in an algebraic and geometric way and we give some results of L& numbers with detailed

examples.

We also give attention to modified Newton number and special modified Newton number
introduced in [8]] which are the certain numerical invariant attached to the Newton

polyhedron of f in R"*!. When f is Newton non-degenerate, the computation of these



invariants with respect to the Newton polyhedron of f +zi' + - - - + 2]} with sufficiently

large m gives an algorithm to obtain L& numbers of f.

In Chapter 2, we recall the operations on the ideals in the polynomial ring

k[x1,x7,...,x,] and the facts about the defining variety after such an operation.

In Chapter 3, we concentrate on the Newton number of an isolated hypersurface
singularity. First, we review some basic definitions and results on the Milnor number and
the Tjurina number of an isolated singularity. We explain roughly the relationship
between these two invariants and show how these are calculated algebraically with the
help of examples. Then, we present the Newton number of f which depends on its
Newton polyhedron 'y (f). We explain in detail how to calculate the Newton number
whether f is convenient or not, and we examine the relationship between the Newton
number and the Milnor number in both cases. We precise the conditions the Milnor can

be computed directly by Newton number.

In Chapter 4, we concentrate on the L& numbers of non-isolated singularities. First, we
give the definition of the L€ varieties of f and we show some important results about
them. We determine a good choice of ordering for the coordinates (zo,z1,...,2,) in crl
to compute the L& numbers. We show some important results in the computation of the
L& numbers. We give some examples for non-isolated singularities with 1-dimensional

singular locus and for these singularities with 2-dimensional singular locus.

In Chapter 5, we give attention to some numerical invariants for non-isolated
hypersurface singularities. We present the modified Newton number and the special
modified Newton number of f obtained by computing the volumes of subcones of the
Newton polyhedron of f. We give an algorithm to compute the L€ numbers of f from its
Newton polyhedron calculating these numerical invariants for f +zg + - -+ + 2z} with

sufficiently large m where d is the dimension of the singular locus of f.



2 Preliminaries

In this section, we recall the operations on the ideals in the polynomial ring
k[x] := k[x1,...,x,] including sums, intersections, product, radicals, and primary

decomposition. We also recall the facts about the defining variety after such an operation.

2.1 Ideals in the polynomial ring

Let k be an algebraically closed field. Let I and J be two ideals in the polynomial ring
k[x]. The sum of I and J is the set

I+J={f+g|f€landgecJ}.

Example 2.1.1. Consider / = (x> +yz,z>+y*) and J = (xy?). Then,
I+J ={f+g|lf =AK%+yz)+B(>+*) and g = Cxy* where A,B,C € k|x,y,z]}
= {h|h=A(*+yz) +B(z* +y*) + Cxy* where A,B,C € K|x,y,7]}
= (x> +yz,22 4y, xy%)

Remark 2.1.2. If 1 = (fi,....f,) and J = (g1,.... &), then I-+J = (fi,. ., frr 81, .- 8s)

is the smallest ideal containing / and J.
The product 1J of two ideals in k[x] is defined as follows: Let I = (fi,..., f,) and J =
(g1,---,8s)- The product is
={fg|1<i<ni<j<s}.
Example 2.1.3. Consider / = (xy,z) and J = (y,z) in k[x,y,z].

IJ = {fg|f=Axy+Bz,g =Cy+DzwithA,B,C,D € Kk[x,y,z]}
={h|h=(Axy+Bz)(Cy+ Dz) withA,B,C,D € k|x,y,z]}
={h|h=Axy*+B'yz+Cxyz+D'z> withA',B',C',D' € K[x|[x,y,7]}
= (0%, y2,02,2%).

The intersection I NJ of the ideals is the set

INJ={f€k[x]|fe€land f€J}



which is an ideal in k[x].

Example 2.1.4. Consider the ideals (x?,y) and (x,y) in k[x,y]. We have:
<x2,y> N{x,y) ={f| f=Ax>+Byand f = A'x+B'ywithA,A',B,B' € K[x,y,z}
={f | f=Cx*+DywithC,D € k[x,y,2]} = (x*,y).

Remark 2.1.5. We have IJ C I'NJ. In fact, the relation can be given by strict inclusion.

For instance, the ideals I = J = (x,y) give
1] = <x2,xy,y2> and InJ= <x>y> N <X,y> = <X,y> :

Since x € INJ but x ¢ 1J, we obtain IJ C INJ.

Algorithm to compute the intersection Let I = (f,..., f,) and J = (gy,...,g;) two
ideals in k[x].

1. Consider (tf1,...,tfr, (1 —1)g1,...,(1 —1)gs) CKlxy,...,xp,1].

2. Compute a Grobner basis of this ideal with respect to the order t > x,, > --- > xj.
3. Eliminate the elements in this basis that contain the variable ¢

4. INJ=tIN(1 —1)JNKk[x].

Example 2.1.6. Let I = <x2y> and J = <xy2> be ideals in k|x, y|]. Following the above

algorithm we have
(tl,(1—1)J) = <x2yt,xy2 —xy2t> C klx,y,1]

whose Grobner basis is {txzy, 1xy* — xyz,xzyz} with respect to the order ¢ > y > x.Then,
the elimination of ¢ gives /NJ = (x?y?).

The quotient of ideals in k(x| is defined as
[:J:={f€k[x]|fgel forallgeJ}.

Example 2.1.7. Consider I = (xy*,yz*) and J = (y). Then
T ={fekxyd|fyel} ={f €klx,yz | fy=Axw*+Byz}
={f €klx,yg | f=Axy+ B} = (xy,2%)

Remark 2.1.8. The quotient / : J is an ideal and contains /.

Proposition 2.1.9. ([[19], 0.1) LetI;,/>,I3 and I4 be ideals in k[x]. Then we have



@) (]1 —I—Iz) 3= (11 Iz +[2) 1,
(i1) if Is C I; + I, then

— (1411 +]2) = (14 +12) 13
— ((14 ﬂh) —I—Iz) = (14 +]2) £

Proposition 2.1.10. ([2], 1.12) Let I,J,1;,...I, be ideals in k[x|. Then,
(i) (ﬂ]l) J=N:T)
i=1 i=1

(i) J: (ﬁl,-) —NU:L)
i=1 i

=1
.
In particular, for J = (f1, fa,...,fr) Withr > 1 wehave I : J = " (I: (f;)).
i=1
Example 2.1.11. Consider I = <y3,y5 — Z4> and J = <y, z3>. By the previous proposition
[:J=1:(y)NI:(z%) where

I:(y)={f eklxyz|fyel}
={f eklxyz | fy=A°+B(’ —7*)}
={feklxyq|f=4"+B (")}
_ <y2,y5 _ Z4>
1:(2) ={f ekl | f2 €I}
={feklxyq| [ =47 +B(’ -2")}
={feklxy7| f=AY +BY ~Bz)}
=(y,z).
Thatis, I : J = <y2,y5 — z4> N <y3,z>. By using the algorithm given to compute the
intersection of ideals, we obtain / : J = <y3,y2Z,Z4> .

Example 2.1.12. Let/ = (x?y+)°,2) and J = (y,z) = (y) + (z) two ideals in K[x,, z].
We need to find the intersection of 7 : (y) and I : (z) because

[:J=(:{)N{:(z)).

We obtain
] — <y(x2+y2),z3)> _ <y,z3>ﬂ<x2—|—y2,z3>.
So,
I:{y) = ((12%) : (0) N ((F* +5%,2%) : (7)) and
1@ = () @) N (2 +32.2): 0)

Since



02) ) ={f ekl | fye(»2)}

= {f €klx, vz | fy=Ay+Bz’, A,Bckfx,y,z}
={f eklx,y,7] | f=A+BZ AB €klxy,z]}
=k[x,y,7]

(P +y22) () ={f eklx,y,2] | fy e (& +)%,2%)}
={f eklx,yq | fy=A*+y*)+ B}, A,Bek[x,yz]}
={f €klryd | f=A"(P+)*)+ B2, A" B €Klx,y,z7]}
= (X 4+32,2)

we obtain

I:(y) =k[x,y, N (x> +y%,2%) = (& +5°,2).
Now, we compute [ : (z) :
) () ={f eklxyz | fye (n23)}

= {f €k[x,v,7] | fe=Ay+Bz*, A,B<cKk[x,y 7]}
={feklx,y3 | f=Ay+B?, A, Bek[xyz]}
= 2%

(> +y2,23): (@) ={f eklx,nz | fye (P +y*2)}
= {f eklx,y,q | fa=A(*+y*)+B2’, A,BEKlx,yz]}
= {f eklx,y,2g] | f=A(P+y*)+ B, A',BcKlx,y,z]}
= (242,22

Hence, we obtain

1:(z) = (y,22) N {2 +y*,22) = (& Py +y K2 +y2?).
Therefore we have
I:J= <x2—|—y2,z3>ﬂ<Zz,x2y+y3,xzzz+y222> — <Z3,x2y+y3,xzzz +y222>-

2.2 Varieties in the affine space k"
Let / be an ideal in k[x]. The set
V() ={p=(p1.p2,-...pn) €EK" | f(p) =0 forall f €I}

is called the (affine) variety in k™ defined by the ideal /.
Theoreme 2.2.1. ( [14], 2.2.28) Let I and J be two ideals in k[x]. We have

V(I +J) = V() NV{).

Proof. LetheI+J. Wehave h = f+ g with f € Iand g € J. For p € V(I) NV (J) we

have h(p) = (f +g)(p) = f(p) +&(p). Since p € V(I) and p € V(J) we have f(p) =0
and g(p) = 0. So, h(p) = 0. This says p € V(I+J). Then, V(I)NV(J) C V(I +J).



For the opposite inclusion, recall that / 4 J is the smallest ideal such that I C I 4 J and
J CI+J.So,wehave V(I) D V(I+J)and V(J) D V(I +J). This implies that, for
g€ V(I+J),wehave g € V(I) and g € V(J). So, g € V(I) UV (J). Hence, V(I+J) C
V(I)NV(J). Then V(I4+J) =V(I)NV(J).

O

Example 2.2.2. Consider the ideals / = (x* +yz,z2 +y*) and J = (xy*) in k[x,y,z]. We
get
VI +J) = V(& +yz,22 +5,0%) = V2 +yz,22 +3°) NV (xy?).

Theoreme 2.2.3. ([14]], 2.2.2) Let I,J € k[x]. We have V(1J) = V(I)UV(J).

Proof. Leth € IJ. Letp € V(I)UV(J). Assume h = f-gwith f € Iand g € J. If

p € V(I),then f(p) =0.1If p € V(J), then g(p) = 0. In both cases, we have p € V(1J),
so V(HUV(J) C V().

To get the opposite inclusion, consider ¢ € V(1J). For all h € 1J, we have h(g) = 0. As
h=f-gwith f €I and g € J we have f(q)g(q) =0. If f(q) =0, then g € V(I). If f(q) #
0, we must have g(¢) = 0 such that g € V(J). In both cases we have g € V(I) UV(J).
Hence V(1J) C V(I)UV(J). So, we get the equality given in the theorem.

Example 2.2.4. Consider the ideals I = (xy,z) and J = (y,z) in k[x,y,z]. We have
V(1) = V(xy*,yz,092,2) = V(xy, 2) UV (y,2).
Theoreme 2.2.5. ( [14],2.2.2) Let I,J € k[x]. We have
V(InJ)=V({I)uv(J).

Proof. Let p € V(I)UV(J). Since INJ CIand INJ C J, we have V(INJ) D V(I) and
V(INJ) D V(). If pe V(I) or, p € V(J) then we have p € V(INJ). Hence, V(I) U
V() cv(InJ).
To get the opposite inclusion, consider p € V(INJ). So there is h € INJ such that h(p) =
0. By definition we have h = f- g for f € I, g € J; hence f-g(p) = 0. Thatis, f(p) =0
or g(p) = 0. This says p € V(I) or p € V(J). So, p € V(I) UV(J). Hence, V(INJ) C
V(I)UV(J). We get the equality in the theorem.

O

Example 2.2.6. For (x?,y) = (x%,y) N {(x,y), we have V(x?,y) = V(x?,y) UV(x,).



To define the variety of the quotient, we need to recall the radical of / which is
VI={f€k[x]|f™ €1 forsomem  N}.

An ideal ] is radical if and only if \/7 =1

Theoreme 2.2.7. ( [14], 2.2.38) Let I,J be two ideals in k[x]. Assume that J is a radical
ideal. Then
V(I :J)=V(I)—-V(J)

where V(1) — V(J) is the Zariski closure in k”.

Proof. Let us first show that V(1 :J) C V(I(V(I) —V(J))). To do this, we show
(%) IV -Vv())cI:J.

Let f € I(V(I) = V(J)). So f(p) = 0forall p € V(I) — V(J). Let g € J. We have
f-g(q) =0forall g € V(I). Thatis, f-g € I(V(I)). Since I is radical, we have fg € I
forall g € J. Then f € I : J, so we get (x). By inclusion-reversing we get V(I : J) C
V(I(V(I)—V(J))). Now we want to show that V (I(V(I) —V(J))) C V(I : J). Consider
f€l:Jand p e V(I)—V(J). By definition f(p)g(p) =0 forall g € J. Since p ¢ V(J),
we have g(p) # 0. So we obtain f(p) = 0. Since the argument is true for all p € V(I) —
V(J), we get f€I(V(I)—V(J)). Using inclusion-reversing, we get V(L(V(I) —V(J))) C
V(I:J). Hence, we get the equality given in the theorem.

O

Example 2.2.8. For I = (xy*,yz*) and J = (y) above, we have I : J = (xy,z’) and

V(I:J)=V(xy,2) = V(xy?,y23) = V(y).

We will mostly use the following remark about the variety defined by the quotient of

ideals.

Remark 2.2.9. Let f € k[x|. Let I be an ideal of k[x|. Consider a minimal primary
decomposition
I=L0LO---N1,.

By Proposition 2.1] (i), we have



So,
1) =L £ 21

Then we have

V)= UV | £ ¢

Decomposition of a variety: Let / be a radical ideal in k[x|. Consider / =1} N---N1,
is a minimal primary decomposition of I where /; are primary ideal for all i. (See
in the Appendix.) Further, we have

V(1) =V N...1) = V() UV(hL)U---UV(L,).

Thus, the primary decomposition gives us the decomposition of V(7) as the union of
irreducible varieties V(I;) for all 1 < i < r. Moreover, we say that \/T; is the associated
prime of / and Ass(I) :={/I; | 1 <i<r}.

Definition 2.2.10. Let I be ideal in R. Let p € Ass(I).

(i) V(p) is called the isolated (or non-embedded) component of V(1) if there is no element
q € Ass(I) such that g C p.

(ii) V(p) is called embedded component of V(1) if there is at least one prime ideal q €
Ass(I) such that q C p.

Notation. Let J be an ideal in k[x]. Assume that [;,1;,,...,; are in the primary decomposition
Ly, L C J, then we let V(I) < V(J) denote the variety
defined by I;, N1i; N...N1;. That s,

of I forsome s < r. If I;

V() <«V(J):=V (L, NliaN...N1).

Remark 2.2.11. The variety V(I : J) consists of the components of V(I) which are not

contained in V(J). So, we get
V() =V({I:J)U(V(I)<V(])) (2.2.1)

up to embedded components of V(I) and V(J). Moreover, if there is no isolated component
of V(I) in V(J), then we have V(I) <V (J) = 0. Hence we get V(I) = V(I : J) up to
embedded components.
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2.3 Singular points of a variety

Let C{z} = C{z0,z1,...,2,} be the ring of convergent power series. Let f € C{z}. Let

us first consider the variety

V(f):={peC"!|f(p) =0}

which is a hypersurface in C"™+!. The set

d d d
)= tpec L) =L ==L p)=0)
is called the critical locus of f. The set
d d d
2= P eC | f(0) = lp) = 3-(D) == 5-(p) =0} @3.1)

is called the singular locus of V(f). A point p of V() is called singular if

Vfp) = <§—£(p),§—zfl(p),m,§—i(p)> =0.

Otherwise, p is said to be non-singular (or smooth) point for V(f). In particular, a singular
point p is said to be isolated if there exist a neighborhood U, of p in C"*! such that
Up — {p} is smooth at each of its points. If p is not isolated then we say that V(f) has

non-isolated singularities.
Example 2.3.1. [E;-type] Consider f(z) =z} +2} + 2123 € C{z0,21,22}. We have
V£(p) = (220,321 +23,3u23) (p)

and the only point for which Vf(p) = 0is p = (0,0,0). So, p is an isolated singular
point of V(f). That is, dim(Xf) = 0.

Example 2.3.2. [E;o-type] Consider f(z) = z% —|-Z(2)2122 —|—z‘11 € C{z0,21,22}. We have

V£(p) = (2202122,2522 + 421,32 ) (P)

For all points p = (z0,0,0) with zg € C we get Vf(p) = 0. Hence V() has singularities
along zp-axis. So, V(f) has non-isolated singularities. In this particular case, we have
dim(Xf) =1.



3 Milnor, Tjurina and Newton number

of a hypersurface

3.1 Milnor number and Tjurina number

Let f € C{z} and p= (po, p1,...,Pn) € V(f). In this section, we will assume that V( f)

has an isolated singularity at the origin in C**!. Consider the Jacobian ideal of f:

(oL o 9
]<f)'_<3207321’m’azn>

Definition 3.1.1. The analytic algebras My p := C{z0 — po,z1 — p1,** s2n — Pn}/ I (f)
and Ty p == C{z0 — po,21 — p1,- - ,2n — Pn}/{f, I (f)) are respectively called Milnor
algebra and Tjurina algebra of f at p and the respective dimensions

u(f.p) :==dimc(Myp) and t(f,p):=dimc(Typ)
are called the Milnor number and Tjurina number of f at p. Here dimc is the dimension

as a C-vector space.

To simplify, we will use the following notation at the origin:

Mf = Mf7(), Tf = Tf70a H(f) :::u<f70) and T(f) = ’C(f,O)

For a smooth point p of V(f), we have u(f,p) =1(f,p) = 0. Further, when the singularity
is non-isolated we put u(f,p) = T(f,p) = . In general, from the fact that 7(f) C
(f,9(f)) we have u(f,p) > t(f,p) (See [10.|18]). Moreover, we have the relation

u(f)

— L <n+1

o)~
if f has an isolated singularity at the origin. (See ( [17],1.1))

Remark 3.1.2. Let V(f) and V(g) be two hypersurfaces in C"*!. Assume that they
have an isolated singularity at the origin. Let & : (C"*!,0) — (C"*!,0) be a map such

11
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that ®(V(f)) = V(g). We say that f and g have the same topological type if ® is a
homeomorphism. Furthermore, we have u(f) = u(g) when if f and g have the same
topological type (See [16]). We say that V(f) and V(g) are analytically equivalent if
& is biholomorphic. Moreover, V(f) and V(g) are analytically equivalent if and only
if their Tjurina algebras are isomorphic as C—algebras. In particular, if V(f) and V(g)
have the same analytic type then T(f) = t(g) (See, [22]]). In conclusion, the Milnor
number is a topological invariant of the singularity while the Tjurina number is an

analytical invariant of the singularity.

Example 3.1.3. [E;-type] Consider f = z% + zi’ + zgzl. The Milnor algebra of f is
My = C{z0,21,22}/ (32521,323 + 23, 222) = (1,20, 23,21, 2021, 2}, 202} )

and the Tjurina algebra of f is
Ty = C{z0,21,22}/ (3 +zf +Z821,3Z(2)ZI;3Z% +z8,2zz>
= C{z0,21,22}/(22,32521,32] + 23,2}
= (1,20,23,21,2021, 23, 2023)-
Hence we obtain u(f) =t(f) =7.

In the case of weighted homogenous f. Letwg,wy,...,w, and D be positive integers.
An element f € C{z} is said to be weighted homogeneous of weight w = (wg,w1,...,wy,)
and of degree ¢ if

f@"z0,0" 21, 0" 2,) = O f (20,21, -, Zn)
for o € C. In other words, for each monomial z;'z]" ...z in f we have
aowo +aiwi +---+ayw, =t.

For instance, the following surface singularities known as ADE-type singularities are
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all weighted homogeneous:

Ap-type: B+t =0, w=(2,2k+1,2k+1), t=4k+2, n=2k k>1
w=(1,k+1,k+1), t=2k+1, n=2k+1 k>0
D, - type : Z%—I-Z()Z%-FZS_IZO, w=(l,n-2,n—1), t=2n-2, for n>4

E¢-type: z5+7+75=0, w= (3,4,6), r=12,
E;-type: 25 +z:f +Z8z1 =0, w= (4,6,9), =18,
Eg - type: z% —|—z? +z(5) =0, w= (6,10,15), t = 30.

Theoreme 3.1.4. ([25],Th.1) Assume that V(f) has an isolated singularity at the
origin. If f is a weighted homogeneous of weight w and of degree ¢ then

= (1) (=)

Example 3.1.5. Consider E7-type singularity. The Milnor number of f is

o= () (8 (-

Theoreme 3.1.6. Let f be an analytic function. Assume that f has an isolated singularity

at the origin. If f is weighted homogeneous polynomial then % =1.
The statement follows from the fact that all weighted homogeneous polynomials of
weight (wg,wr,...,w,) and of degree ¢ satisfies the following relation:
of df of
tf(z) =wozo5— +Wi2i5—+ -+ WnZns—
f(z) =wo 00z0 1oz " 9z,

such that f € J(f). This relation is known as Euler Relation. For instance, the theorem

is true for all ADE-type singularities.

Remark 3.1.7. The inverse implication of the previous theorem is also true (See [26]).
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3.2 Newton number

Let u,v be points in R"T!. A line segment in R"*! is the set
[u,v]:={oau+(1-o)p:0<a<1}.

The set S := {vo,v1,...,va} € R*™is said to be convex if [v; ,v;] C Sforalli,j €
{0,1,...,d}. The convex hull of S is the set

d
conv(S) :={oovo +0vi+---+0ogvy [d>1,0; >0, Zo‘i =1}.
i=0
A polytope is the convex hull of a finite set of points in R""!. A (positive) closed half
space is
He:={veR™ | (1v) > a)

where u is nonzero and (—, —) denotes the standard inner product. A polyhedron is

an intersection of finitely many closed half-spaces in R"*!. A polyhedron is called
bounded if it does not contain {u +1tv | > 0} for any v # 0. In particular, a bounded
polyhedron in R"*! is a polytope in R"*! which is known Minkowski-Weyl Theorem,

see ( [30],1.1). The dimension of a polytope is the dimension of the corresponding

linear vector space. For instance, O-dimensional polytopes are the points in R"*!, 1-dimensional
polytopes are the line segments in R"T! and 2-dimensional polytopes are the polygons

in R"*1. A d-simplex is the convex hull of any d + 1 affinely independent points in

R+ with d < n. A d-simplex is a polytope of dimension d with d + 1 vertices. We
will use simplex to determine higher dimensional polytopes. A face of a polytope P

is the intersection of P with a supporting hyperplane. Hence P itself is a face. The
dimension of a face F of P is the minimum of dimensions of coordinate plane containing
F. Indeed, if P is a polytope in R"*!, then

e 1-dimensional faces F; of P are given by PN {z;, = 0,z;;, =0,---,z;, , =0} for
all subset {ig,i1, " ,in—1} C {0, ,n},

e 2-dimensional faces A; of P are given by PN {z;, =0,z;, =0,...,z;, , = 0} for
all subset {ig,i1,...,in—2} C{0,---,n}, and

e k-dimensional faces of P are given by PN {z;, =0,z;, =0,---,z; , = 0} for all
subset {i(), [yeny in—k} C {O, e ,n}.
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The number of k-dimensional faces of a polytope with n vertices is at most ( k:l_ 1) .
Each faces F of P is a polytope (see [30], 2.3). Let F' := conv(0,v;,,vi,,...,v;,) be

a k-dimensional face of P with v;; € R¥ and {i,...,i, 1} C {0,---,n}. Then the
k-dimensional Euclidean volume of F is

1 det 0 Vip, Vip oo Vi
1 1 1 ... 1

voly(F) := o

where the matrix has size (k+1) x (k+1).

3.2.1 Newton number of a polyhedron P

Let P be a bounded polyhedron in R"*!. We are interested in a convex polyhedron

in R"*! with vertices at integral points. Let V; be the sum of i-dimensional Euclidean
volumes of the intersection of P and i-dimensional coordinate plane sections of R"*1.
That is,

e V] is the sum of lenghts of the 1-dimensional compact faces of P,

e V, is the sum of areas of the 2-dimensional compact faces of P

e V; is the sum of the k-dimensional volume of the 2-dimensional compactt faces
of P, and

o V, + 1 is the volume of P.

Definition 3.2.1. [15] The number

V(P) = (n+ D)Wyt —nlV,+ -+ (= 1)1V + (=1)"*! (3.2.1)

is called the Newton number of P.
Example 3.2.2. Consider the following polyhedron P:

Figure 3.1: Polyhedron P
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The notation in Figure [3.1means the following:

Ao =PnN{z =0}, A; =Pn{zo =0}, Ay =PnN{z1 =0};
Fo=PN{z1=0,0=0}, 1 =PN{z0=0,20=0}, F,=PN{z=0,z1 =0}.

We need V3 which is the volume of P, V, which is the sum of areas of A;’s and V| which
is the sum of the lengths of F;’s for i =0,1,2. We have V3 =Vol3(P) =5, Vo = Vol (Ag) +

31
VOlz(Al) + VOlz(Az) = 7 and finally V| = Vol (F()) + Vol (F]) + Vol (Fz) = 10. By
the formula|3.2.1] we obtain v (P) = 3!V3 -2V, +V; — 1. So, v(P) = 8.

3.2.2 Newton number of f

Let f:= Y c¢,z" with ¢, € C. The support of f is the set
veN"

supp(f) == {v e N""! [ ¢, #0}.

The Newton polyhedron of f in R"! is

T4 (f) := comv{y+ R |v € supp(f) - {0}}.

The Newton boundary is
[(f):= U{F is a compact face of T (f)}.
F

The segments from the origin to the extremities in I'( f) defines an (n + 1)-dimensional
cone lying below I'(f) which will be denoted by I"_(f). That is, I'(f) is contained in
I"_(f) as a union of n-dimensional compact faces. The restriction of f to the n-dimensional

compact face

fo:= Z cyz”
vel'(f)

is called the Newtonian main part of f.

Example 3.2.3. [Es-type] Consider f = z% + z? + zg. We have

supp(f) ={vo = (5,0,0),v; = (0,3,0),v2 = (0,0,2)}.

The Newton polyhedron I' (f) looks as below.



Figure 3.2: Newton Polyhedron of Eg-Type Singularity

The boundary I'(f) of T'.(f) is
F(f) =voUviUv,UCoUCLUCGUC

where v;’s are O-dimensional compact faces; Cy = conv(vgvy), C; = conv(viv,) and
Cy = conv(vavy) are 1-dimensional compact faces; C = conv(voviv;) is the 2-dimensional
compact face in 'y (f). The cone I'_(f) lying below I'(f) in Iy (f) is the cone with

—>

vectors Ov;.

Definition 3.2.4. Let F be a compact face of I (f). The restriction of f to F

flr= Y o

veFNNn+1

is called the face function of f associated with F. The restriction of f to T(f) is

[ lrg= oz’ = fo
vel'(f)

where fo is the Newtonian main part of f.

Example 3.2.5. [Es-type] Consider I (f) as in Figure The face functions of the
0-dimensional compact faces are

2_ 2
flo=2" =55 =2, flw=2"=x0%=23, [lh=2"=3345=3

The face functions of the 1-dimensional compact faces are

flo=2"+2"=2+2, flo=2"4+22=2+2, fle,=22+2"=23+27).
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Finally, the face function of the unique 2-dimensional compact face C = conv(vy, v, v2)
of I'(f) is
fle=72"+2"4+27? = +2 +2.

Note that f |¢c= fop = f which is Newtonian main part of f.

Remark 3.2.6. The Milnor number of f/k is

u(flr) = Clzigsziy, -+ »2i; 3/ I(fF)
where {z; -axis} N F # 0.

Example 3.2.7. [Eg-type] The Milnor numbers u(f|r) for each compact face F we
have u(fo) = u(f|c) = Cllz0,21,22]]/ (52 + 327 +222) = 8 = u(f) and

u(fley) = Clzo,21] /(525 +323) = 8, u(flv) = Clzol/(55) = 4,
u(fle)) = Clz1,22)/ (321 +222) =2, u(fly) = Clz1]/(321) =2,
u(fle,) = Clzo,22) /(525 +222) =4, u(fh,) = Clza]/(222) = 1.

One can attribute the Milnor number to each face function and compute Vi by means of

them. We will examine it in the next section.

Definition 3.2.8. We say that f is convenient if U (f) meets each of the coordinate

axes in R, Otherwise, f is called non-convenient.

Let us first treat the case where f is convenient and extend the definition to the case

where f is non-convenient.

When f is convenient The number v(I'_(f)) is called the Newton number of f,
denoted by v(f). That means,

In particular, the Newton number of an analytic function f is a lower bound for its
Milnor number i.e. u(f) > v(f) regardless of whether f is convenient or not (see [15],
1.10).

Example 3.2.9. In the case of Es-type singularity, f is convenient as I'; (f) meets
each axis in R? (see Figure [3.1). We have v(f) = v(I'"_(f)) = 8 (see Example [3.2.2)).
Note that the definition is not applied in the case of E7-type singularity since it is not

convenient.
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Remark 3.2.10. [12] Let ", and I, be two convenient polyhedra in R"!.
IfI’, c 'y, thenv(I",) > v(T'y).

Example 3.2.11. Consider f = 23 +z; +z). We have

T (f) = conv(vo = (5,0,0)+R> v; = (0,3,0)+R>,v, = (0,0,2) + R?)
and v(I'_) = 8 from Example Let g = 23 +2; + 25 € C{z}. We have

', (g) = comv(vo = (6,0,0) +R> v; = (0,3,0) +R>,v, = (0,0,2) + R?)

such that I"y (g) C '+ (f). We will compute the Newton number of I'_(g). The cone
I"_(g) looks like in R? as follows:

——pm==

%]

. :?“‘

Figure 3.3: The cone I'_(g)

Here we have
Vi =voli(conv(0,vg)) +vol (conv(0,vy)) 4 voly (conv(0,v3)) =9

(

Vo = voly(conv(0,vg,v1)) +vola(conv(0,vy,v2)) + vola(conv(0,vp,v2)) = 18
Vi =vol3(I'_(g)) =6.

Then we obtain v(I'_(g)) =3!6 —2!18 +9 — 1 = 10. Hence, v(g) > v(f).

When f is convenient, the face functions f|r are convenient. So, the Newton number

of f is also given by means of the sum of the volumes of I'_ ( f|r) using the following

formula:

Vk = Z VOlk(F_(f |F))
FeI'(f)
dim(F)=k—1
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Here, k € N* and V,,.1 1= Vol 1 (T-(f)).

When f is non-convenient This means that there is at least one i € {0, 1,...,n} such
that no monomial of the form zé‘, k € N (a pure power of z;), appears in f. Renumbering
the variables, we may assume that there exist ¢ € {0,...,n — 1} such that pure powers

of 2o, ...,z4 do not appear in f, but pure powers of 7,1 1,...,z, do. Put
m=f++4++2
with m € N. Here, f,, is convenient and the Newtonian main part of f, is
(Ffm)o:=fo+ay +2/'+-- +24
where fj is the Newtonian main part of f. So the Newton number of f is defined by

v(f):= sup v(fn) (3.2.2)

meN*

Let us clarify the choice of m: Assume that f does not contain the monomial z:.)(io but
contains all other monomials z;j for j # io. Put f, = f + z;, such that fu becomes

convenient.

Example 3.2.12. [E;-type] Consider [ = z% + z? + zgzl. The support set of f is

supp(f) ={vo=(3,1,0),v; = (0,3,0),v, = (0,0,2)}

and

Figure 3.4: Newton boundary of E7-type singularity
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The Newton boundary I'(f) doesn’t meet the zp-axis, so f is non-convenient. Indeed,
Fo#T_(f)N{z1 =0,z22 =0} and A #I'_(f)N{z; = 0}. Consider

fo=f+20
We obtain
V(A) =0,v(f2) =2,v(f3) =4,V(fa) = 6, and V() =T form > 5

hence sup{0,2,4,6,7} =v(f) =17.

Lemma 3.2.13. ( [[15],3.5) Let J be an ideal in C|[z]]. Assume that
dim (C[[z]]/(1+ml+1)) <1

with I > 0. Thenm! C J

Proposition 3.2.14. Assume that f has an isolated singularity at the origin. With preceding
notation, u(f) = u(f) for sufficiently large m.

Proof. Assume that f does not contain the monomial of the form z;(;o but contains all
the monomials z;j for j # ip. Put ﬁﬂ i= f+zj; withm > 2 such that ﬁn is convenient.
Let mg := u(f). Consider m > mg + 2. If fo— f = zj then fm— f € m™+2 where m is

o Fr —
the maximal ideal of C[[z]]. Moreover we obtain N fm=f) € m™0*! That is,

0z;
I+ mmH = g () 4w,

As u(f) < mo+ 1, we have dim(C[[z]]/ (J(f) + m™*2)) < mg + 1. Then, by the

previous lemma, we obtain m"™*! C 7(f) and so,
I(f) = I(f)+mmrt,
Furthermore,
mo = u(f) = dim(C[[2)}/3(f)) = dim(C[[2]]/ (I (f) +m"*") < mo+ 1.

So dim(C[[2]]/(J(f) +m™+2) < mg + 1 gives m™+1 C 9(f) by the previous lemma.
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Then,
I(f) = I (fur) +m™ T = 7(f).

Hence,

u(f) = dim(C[[2]] /(I (fn) +m"*") = dim(C[[2)}/ I () = 1 fn)-
O

Proposition 3.2.15. ( [5],3.6) Let f be a non-convenient function. Let v(f) < oo. With
preceding notation, then there exist m > 2 such that v(f) = v(f).

Proof. Assume that f does not contain the monomial of the form zl-v(;o but contains all

the monomials z;" for j # ip. Put ﬁn i= f +z; with m > 2 such that fm is convenient.
Form < m', we have I'y (f,y) C Ty (fin). This gives V(I (f,)) > V(T (fu)) by
Remark 3.2.10| Since I'_(f,,)’s are convenient we obtain V( fyr) = V(fix). More generally,
for an increasing sequence 2 < m < mj; < my < ... of positive integers, we have

0 <V(fon) <V(Fim) V() < ...

From the fact that v(f) = sup(V(f,,)) < oo the sequence {V(f;) }m is bounded. Then it
m

converge to its upper bound i.e. V(f,) = v(f) for m > 2. O

Remark 3.2.16. ( [15]],1.25) Let f be a weighted homogeneous function of weight

(wo,w1,...,w,) and of degree ¢. Consider f is non-convenient. By taking m = (n+1)M

t
with M := max | —+1| wehave V(f) =v(f+z + - +2I).
0<i<n | w;

Example 3.2.17. [E7-type] Consider f = z% + z? + zgzl. f is weighted homogeneous of
weight w = (4,6,9) and of degree t = 18 (see Table[3.1). So,

comf [ )}

which gives m = 3.5 = 15. Put f]s = f+z(1)5 +z}5 —|—z§5. The Newton boundary of f15

1S
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Figure 3.5: Newton boundary of fi5

where vy = (3,1,0),v; = (0,3,0),v, = (0,0,2) and v3 = (15,0,0). Moreover, we have
Vi = vol; (voli (conv(0,v1)) +vol; (conv(0,v2)) 4+ voly (conv(0,v3)) = 20

Vo = volp(conv(0,vo,v3)) + vola(conv(0,vo,vy) + volp(conv(0,vy,v2)) +
voly(conv(0,v2,v3)) = 30

V3 = volz(conv(0,vg,vi,v2)) 4+ volz(conv(0,vg,vz,v3)) = 8.

Then we obtain v(I'_(fi5)) = 3!8 —2!30+20— 1 = 7. Moreover, since f|5 is convenient
we have v(I'_(fi5)) = v(fi5). Hence, v(fi5) = 7 = v(f), see also Example [3.2.12|for
v(f)-

Proposition 3.2.18. ( [17], 2.2) Assume that f is an analytic function at the origin with

v(f)

only isolated singularity. Then T > .
y gularity (f) > et 1)

u(f)

Proof. First, note that if f has an isolated singularity then we have —= < n+1 by the

©(f)
Equality This gives ‘u(f)l < 1(f) but we know that u(f) > v(f) for any analytic

V) ) )
n+1

f ti .S btain ——=% < <7 . That is,
unction f. So we o a1nn+1_n+1_ (f) at is

<

<t(f). O

Example 3.2.19. Consider f = 23+ (20 +21)25 + 2202122 + (25 +27)2] +25 € C{z} with
an isolated singularity at the origin. We have

supp(f) =14(0,0,3),(1,0,2),(0,4,2),(1,4,2),(0,8,0),(2,4,0),(0,7,0),(8,0,0) }.
So it is convenient. The Newton boundary of f is
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Figure 3.6: Newton boundary of f

where vy = (8,0,0),v; = (2,4,0),v, = (0,7,0),v3 = (0,0,3) and v4 = (1,0,2). In this
case, I'_(f) consists of 3 tetrahedra such that

T_(f) = conv(0,vp,vi,va) Uconv(0,vy,v3,v4) Uconv(0,vi,vo,v3).

So the volumes of compact faces in I'_(f) are

vol (conv(0,vg)) = voli (conv(0,vy)) =7 voli(conv(0,v2)) =3
voly(conv(0,vp,vy)) = 16 volp(conv(0,vy,v2)) =17 voly(conv(0,v2,v3)) = 3
voly(conv(0,v3,v4)) = % voly(conv(0,vp,vs)) =8

volz(conv(0,vp,vi,v4)) = 33—2 volz(conv(0,vi,v3,v4)) =2  volz(conv(0,vi,v2,v3)) =7

Thus V; = 18,V, =43 and V3 = 2. Hence v(T'_(f)) = 3!579 —21434+18—-1=139.

Since f is convenient we have v(f) =Vv(I'_(f)) =39. Then, by the previous proposition,
39

we have t(f) > 3= 13.

3.2.3 Non-degeneracy of f
Let F be a compact face in I'(f) and fr denote the face function associated with F.

Definition 3.2.20. We say that f is non-degenerate on F € T'(f) (in the sense of Kouchnirenko)
if the system

9fr :aﬁ():...:aﬁ’
970 1 071 K 0z

(g)=0 (3.2.3)
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has no solution in (C*)"*'. We say that f is Newton non-degenerate (in the sense of
Kouchnirenko) if it is non-degenerate with respect to each compact face in T'(f). We
say that f is degenerate (in the sense of Kouchnirenko) if there exists at least one compact

face F on which fr is degenerate.

Example 3.2.21. (i) The singularity of Eg-type is Newton non-degenerate. See Example
[3.2.5]for the face functions.

(ii) The singularity E7-type is Newton non-degenerate. The face functions (means, the

restriction of f to the compact faces) are:

f|V0 :Z?)Zla f\v1 :Zi f‘Vz :Z%

3 3 3 2 3 2
f|Co =Zp%1 +27, f‘Cl =21 t22, f|C2 =)+

Note that C;’s are the 1-dimensional compact faces of I'(f); and, we have f|c = f for
the 2-dimensional compact face C of I'(f). Since any of the face functions has singular
points except the origin, f is non-degenerate. See Figure [3.2.17|for I'(f).

Corollary 3.2.22. [15] Let f be convenient. Assume that fj is non-degenerate in
Kouchnirenko sense and u( fo) = u(f). For a compact face F in I'_(f), let us denote
dF the dimension of I'_(f|r) in R"*1. Then we have

Z Z u(flz) |, ifk=1,2,--n
Fel_(f) \Fel'_(f|r)
kv ={ =k

7

Y urle). ifk=n+1.

(FEr-(f)

Example 3.2.23. [Eg-type] For each compact face F € T'(f) we have
313 = u(flo) +u(flvo) +ulflv) +u(fln) +ulflcy) +u(fle) +u(fle,) +ulfo) = 30,

2V, = 3/1(f|0) +2:u(f|v0) +2,U(f|v1> +2:u(fv2) +:u(f|Co) +‘u(f|C1) +:u(f|C2) =31,

11 =3u(flo) +u(flv) +u(flw) +u(fly,) =10
By Formula[3.2.1{we obtain v(f) =30—31+10—1=38.

Remark 3.2.24. The non-degeneracy of f does not depend on the fact that f is convenient

or non-convenient.
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Example 3.2.25. [1] Consider f = z(z)(z() +21)2 +z0(z0 +21)* + zg + (20 + 21 + 22)°.
The Newton boundary I'(f) € R3 is

Figure 3.7: Newton boundary of f

We have f|c = z§ + 2323 + 23 for the 2-dimensional compact face C = conv(vo,v1,v3),

SO
'%:4Zg+zzoz%=0
aathC:k%Z] =0

The system above admits a solution at each point (0,z;,0) with z; € C. Hence f is
degenerate on C. Then f is degenerate in the Kouchnirenko sense.

Proposition 3.2.26. ( [5]], 3.8) Consider f is Newton non-degenerate and non-convenient
as in - Put f,, := f+ zg + 2] + -+ +zg. Then the Newtonian main part of fn is
Newton non-degenerate for m > 2.

Example 3.2.27. [E;-type] Consider f = z% + Z’;’ + Zgzl. Put f: f+ Z(S). Note that
f 1s non-convenient and Newton non-degenerate (see Example (3.2.21)). The Newton

boundary I'(f) gets the additional part and looks as below.
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Figure 3.8: Newton boundary of f

So fis clearly convenient. In the figure above, the face generated by vg,v| and v, is
I'(f). In Example [3.2.21], we saw that the compact faces C and C;, v; withi =0, 1,2 are
Newton non-degenerate. So it remains to show that f is Newton non-degenerate on the

compact faces v3,C3,Cs, and C'. We have f |,,= 2" = Zg and
5,3 5,2 5.3 2
foa =2+, fo,=x+7, fo=z+tu+35.

As the only singular point of these face functions is the origin we conclude that fis

Newton non-degenerate.

Theoreme 3.2.28. ( [15],1.10) If the Newtonian main part fj of a polynomial f is
non-degenerate then u(f) = v(f).

Proof. First, assume that f is convenient. We know that the Newton number of f is

given by the formula
V(f) = (n+ D)Wgr =tV + -4 (=) TV o (1), (- 1)

Using Remark [3.2.22] this formula becomes

v =m+D) Y u(fle)++ DR Y Y w(flp) e+ ()M
Fel'_(f) Fel(f) Fer_(f)
df=k FCF
That is,

= Y Z )DL (f| ).

Fel'_(f)Fer_(f)
FCF
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Let us rearrange it with respect to d,f . We obtain

(n+1)—df

n _F
V= £y (DT ),

FET_(f) =0

For dX 1 = n+1, the coefficient of u(fF) is equal to 1. Hence we get

(n+1)—df B
GRTTORD WD WG G d’f)umc).
Fer(f)  i=0 !
dkF%(n—H)

Fordl =1,2,---,nand N = (n+1)—d¥ > 0, the binomial theorem gives

i (N) D)V =1+ (=1)V =0.

i=0 \ !
Then v(f) = u(fo). Since u(fo) = u(f) for a convenient function we have v(f) = u(f).

Now, assume that f is non-convenient with v(f) < oo. Without loss of generality,

. . Vi . . Vi
assume that f does not contain the monomial zioo but contains all other monomials z j’
for j #ig. Put f,, = f +2zjy with m > 2 such that fin is convenient. By Proposition [3.2.26
the Newtonian main part (f,,)o of fy, is non-degenerate. Hence v(f) = V(fn) = u(fm)-
As fn—f = zpp € m™ where m is the maximal ideal of C{z}, by Proposition[3.2.14| we
have u(f) = u(f) for sufficiently large m. Then,

It is clear that when v(f) = oo, u(f) = eo. O

The following example shows that one can find f whose Newtonian main part fj is
degenerate and v(f) = u(f).

Example 3.2.29. (See [15], 1.21) Consider f = (zo +z1)2 + 2022 —i—z%. We have fo = f

and
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Figure 3.9: Newton Boundary of f

We have fc = z(z) + 2021 + 2022. Since V fe = (2z0 + z1 + 22,20,20) vanish at the points
(0,z1,—2z1), means we have a solution in (C*)? except the origin, f is Newton degenerate
on C; so, f i1s Newton degenerate. Furthermore, we obtain Vi = 6,V, = 6, and V3 =
Vol3(T_(f)) = %; hence v(f) = 3!V3 — 2!V, 4+ Vi — 1 = 1. Let us compute the Milnor
number of f.
u(f) = C{zo,21,221/9(f)

= C{z0,21,22} /(220 + 221 + 22,220 + 221,20 + 222)

= C{z0,21,22}/(z0,21,22) = 1.
Then, we get V(f) = u(f) when f is Newton degenerate.

For some particular f, the Newton number can be calculated regardless of whether it is

convenient or not.

Proposition 3.2.30. Let f be a weighted homogeneous with weight (wo, w1, ..., wy)
of degree t. Assume that f has an isolated singularity at the origin. If f is Newton

V(f) = (Wi0_1)(WL_1)

Proof. This fact follows from Theorem [3.2.28] and Theorem [3.1.4] O

non-degenerate then



4 Leé numbers

4.1 Leé varieties

Let f(z) € C{z}. The singular locus of fis Lf :=V(J(f)) where J(f) := <§7{),%,~-

such that dim(Xf) < dim(V(f)). Consider the ideals

o) o)
Iy z = <—f, ,—f> foreachk, 0 <k <n.
07k 07,

In this manner, I ; depends on the ordering of the coordinate system in C™*+!. Here
we consider the ordering as z = (zo,z21,...,2,) but we will see that the choice of the
ordering of the coordinate system plays an important role in the computation of L&

numbers. Moreover, we have
0CLChL 1S ChC---ChHCh=I(f),
and, additionally,
0C L I(f) Sl 2 I(f) S CheI(f) S Sh:I(f) Clo: I(f) =(1).

Furthermore,

V(lo:J(f) SV :I(f) S CVI:I(f) S CV(—1: I(f) SV (L2 I(f))

where V(I : 7(f)) = 0. When k = 1 the variety V(I; : 7(f)) is known as the relative

polar curve of f with respect to the zp-axis.
Notation. When the choice of the ordering of the coordinate system is clear we will

use [ instead of I 5.

Definition 4.1.1. The kth Lé variety of f at 0 is

d
AP o= |V (I :y(f))mv(a—iﬂ aTf.

of

) aZn

)
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Remark 4.1.2. (i) For each k, the varieties V(I : J(f)) consists of the components of
V(I) which are not contained in the singular locus of f.

(ii) The k-th L& variety depends on the choice of the first k coordinates zp,z1,- -+ ,Zx—1-

Example 4.1.3. [E o-type] Consider f = z3 + z3z> + 23z} such that V(f) C C>. The

Jacobian ideal of f is its primary decomposition are
J(f) = <Z0Z%,Z(2)Z1 +7322,23 +z%>
with the primary decomposition
](f) = <Z15Z%> N <10721,Z%> N <Z0,Z?,Zz> N <Z% +Z1zz,z%,z%> .

Let us compute the L& varieties of f with respect to the different ordering of the coordinates.
(i) Fix the ordering (zo,z1,22). Note that the L& varieties of f with respect to the ordering

AP = [V () NV(EE)] <z

A = [V () nvEh] azs

Here, we have

of d
I = —f,—f =(z1(+u2),5+23) = (21,83) N {(+ 212,73 +23)
071 922
)
L= () =(a+3).
together with

L:J(f)= <z%+zmz,z?+z%> and L:J(f)= <Z31’+z%> =b.
Let us compute firstly Oth L& variety of f. Thus,

V{1 - 9(f)) ﬂV(%) =V(Z+ 222,73 +23) NV (2022) = V(3 + 2122, 23 +23,2023)-
Here, the primary decomposition of the defining ideal is

<z% +2122,Z% +z%,zoz%> = <Zo,Z1,Z%> N <zo,z?,zz> N <z(2) +Z1zz,z%,z%> .

Since each primary ideal in the decomposition is contained in J(f) i.e.
2 3 2 2 2
(20,21,23) (20,21, 22) , (2§ + 2122, 21,25 ) C I(f)
we obtain Oth L€ variety of f

A;O) = V(zg +Z1Z2,z? +z§,zoz%) aXf = V(zg,zhz%) UV(Zo,zf,zZ) UV(z%,z%,z% +2122)-
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Now, we will compute 1st L€ variety of f. So,

V(L :9(f))NV <§—£) = V(53 +23) NV (B2 +2222) = V(23 + 25,21 (3 + 2122))-

Here, we have the primary decomposition
(B +73, 2@ +02)) =(2,3) N {7 +23,55+212)
in which <z:f +23,2 +2z122) Z J(f). Hence the 1th L variety of f is

A.;]) = V(2] +3,21( + 2122)) AZf = V(z1,23).

(ii) Now let us consider the ordering (z1,z2,20) = (Yo, y1,y2). The L& varieties of f are
0
AP = [V 3 V(D) | ez
AP = [Vin: 3()NV(ED)] «5f

Here, we have:

h:<§7f,37€>=<§7€737f;> (3 +5) = (g +3)0(ED)

along with I : J(f) = <ZOZ1,Zl +Z2> and b : I(f) = <ZOZ%> =h.

Furthermore , we have

0
V(- 9(f)NV (a—zfl) =V (z0z1,23 +23) NV (21(Z3 +2122)) = V(201,73 + 23,21 (2 +2122)).-
Since <Z()Z1,Z:1" +Z%,Zl (Z% +Z1Z2)> — <Z17Z%> m<Z07Z17Z%>m <ZO7Z?5Z2> m<Z% +ZIZ27Z1723>’

we get

V(I ](f))ﬂV(aazf) V({z1,23) N{z0,21,23) N (20,23, 22) N {25 +2122,21,23 )

moreover

vl 30 (35 = Ve AU v d.a)
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Since (z1,23),(20,21,23) (20,23, 22) , {(z§ + 2122, 21,23) C I(f), we have

9w ()] xr=vinssopnv (L),

Hence, the Oth L¢ variety of f is
AP =V(21,3) UV (20,21,83) UV (20,23 22)-

Now, let us compute 1st Lé variety of f. Thus,

V(l:I(f)) ﬂV(;—i) = V(202) NV (25} +23) = V(2021, 23 +33)-

Note that

(zoz%,z? +z§> = (zo,z? +2z2)N (z%,z%)

in which (20,2} +22), (z},25) C J(f). Then, the 1st L& number of f is
AS}) = V(20,21 +22) UV (21, 23)-

Notation. We will use the usual ordering (z9,z1,- - - ,2,) if we don’t specify.
Proposition 4.1.4. ([21], 1.14 ) An irreducible component of A;k) has dimension > k.

Proof. Fix akand putV := V(I : J(f)). Let V = |JV; where V; is the irreducible
component of V. So, the ideal I(V) is generated by (n+ 1) — (k+ 1) polynomials and
the ideal I(V;) is a minimal prime ideal in I(V'). Hence we have ht(I(V;)) < (n+1) —
(k+1); s0, dim(V;) = (n+1) — ht(I(V;)). This says that each V; has dimension at least
k+ 1 and the intersection V ﬂV(g—Z];) has dimension at least k.

O

Example 4.1.5. [Eg o-type] Consider f = z% + zfm + z(z)z% in the example above. The
components of Oth L& variety of f are V(zg,zl,zg), V(zg,z%,zZ) and V(z%,z%,zg +2122).
Each of which is of dimension 0. The 1st L€ variety of f has a unique component for

which dim(V(z1,23)) = 1.

Definition 4.1.6. Let [ and J be two ideals in C{z}. We say that V(I) and V(J) equal

up to embedded components if their isolated components are equal.
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Lemma 4.1.7. ( [19]],1.8) With preceding notation, we have

Vet 90V (55) = vl s oA

for all k, up to embedded components.

Proof. Let 0 <k < n. We have

Va3V () = (harsa+ (L)),

aZk

9zk

PutV(I):=V (Ik+1 () + <a—f>> By Proposition [2.2.1{ we have

V(I) =V(I:3(f))UV(I)<Zf

up to embedded components. We have V(I)<Xf = A;k) and, by Proposition|2.1.9,

w00 = (e (3)) c00) = 30

Hence, V(I) =V (I, : 7(f)) UA;k). That’s what we want to show. O

—

Proposition 4.1.8. ( [21], 1.14) With preceding notation, A fk) =0Qforalld <k<n+1.

The statement follows from Lemma Definition and from the fact that each
component of V(41 : J(f)) has dimension at least K+ 1 (See the proof of Propi4.1.4).

Example 4.1.9. [E7-Type] Consider f = z% +z? —|—z(3)zl. The singular locus of f is
Lf=VJ(f) =V (3z321,zg + 3z%,2zz) :

We have
I=79(f), h=(z+321,222) and b= (2z2)

and0 C I, CIL Cly=J(f). Since
height (Iy) =3, height(I}) =2 and height(I;) = 1

codim(V(Iy)) =3, codim(V(I,)) =2 and codim(V(L)) = 1.
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So the variety V(I;) for each i is complete intersection, hence Cohen-Macaulay and
V(L;) = V(I; : 9(f)). The later equality can be found by applying the quotient, for
instance:
I 9(f) ={f € Clzo,21,22] | fs € Iy forall g€ J(f)}
= {f € Clz0,21,22] | fg € Iy with g = A(3z3z1) + B(z3 + 32}) + C(222) with
A,B,C € Clz0,21,22] }
={f €Clzo,z21,22] | fg € Iy with g =A(3z5z1)+ 11, A € Clzo,21,22]}

={f €Clzo,21,22] | fe 1} = 1.

We get ASCO) = [V(I;) NV (3z5z1)] <Zf. Since

V(1) NV (3z5z1) = V(I + (3z821)) = V(23 + 321, 222,3%521) = V(Ip) = Zf.

Hence we obtain, A = f aXf = Xf.

Now, let us describe explicitly the 1st L€ variety
AV = [V (B J() NV (3 +33)] <f.

We have V(L : 7(f)) =V (») and A}l) = [V(L) NV(zj+3z3)] <Xf. By using Theorem

2.2.1} we obtain A;l) = V(222,23 + 32}) <X f which gives

A = V(1) axf.

Since V(1;) is Cohen-Macaulay, V(/;) has no embedded subvarieties. Then, A;l) =0.

Proposition 4.1.10. Let V(f) C C**! be a hypersurface with an isolated singularity at
(k

the origin. Then, Af) =0 for k> 0.
) . - _ af df of
Proof. First, note that the singular locus of fisXf =V Pt R = and
0CL1CL,C---CL Cly=J(f)- So, for all i, we have height(I;) =n+1—i. Thus,
V(I;) is a complete intersection for all i = 0, --- ,n. Then, V(I;) is Cohen-Macaulay i.e.
it has no embedded subvarieties. In addition, we have V([;) <X f = 0. Furthermore,
V(L) =V 3(f) U (V) <Xf) =VV(L: I(f)) for all i. The O-th Lé variety is
0 2 df

AP = v(n) mV(%)] aTf = {V (11 + <a—zo>>} aTf =V(Ip)aZf =5f

knowing that Iy = J(f). For k # 0, we have
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N :](f))ﬂV(aZk> :V([kﬂ)mv(%) —V(I,).
Moreover,

A = [V 900NV (3)] 9zf = Vi) <xf.
As V(I;) <X f = 0, we obtain AY = 0for 0<k<n.

=
[l

Proposition 4.1.11. ( [21]], 1.15) For each k£ we have
V(leer s 9N NEf =AY UAY U uAP (4.1.1)

as sets.

Proof. By induction on k. When k =0,
V(I 3(F))NEf = V(I 1 3(F))NV(EL) nzf

V(lo: 9(f)) UA}°)> NZf by Lemmald.1.7

NLf because V(lp): J(f)=0.

I
>>/\

)

(0)
f
© by definition.

When k=1,
V(L :J()NEf=V(L:I(f ))ﬂV(a—f
(

— (v
= (V(n: 3 nzfU (AP nEf)

EROURYRD _ A0 A
= Al U(Af ﬂZf)_Af uAl.

Nxf

)
) NXf by Lemma@.1.7
U

Now assume that the Proposition is true for k. Let us show it for k + 1:
V(I I(F))NEf = V(la: I()) NV (G2 nzf

_ (V(I,<+1 L 9(f)) UAYHY ) AZf by Lemma.1.7

0%y 1

= (Vi : 3(N)NEHU (AF T nxy)

= (Vs : I(f ))mEf)UA (k1)

) ;AW (k) ) A1)
=N UAS U UATUA

Then we have the affirmation of the proposition is true.
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Corollary 4.1.12. ( [21]], 1.15) We have

sf=APuA U uAl

as germ of sets at p € V(f).
Before proving this corollary let us give an example.

Example 4.1.13. [E¢ o-type] Consider f = zg +z%z2 +z(2)z%. Fix the coordinates (zo,z1,22)
for f. Note that the Jacobian ideal of f is

J(f) = <ZOZ%7Z%Z1 +Z%Z2,Z? +Z%> .

So the singular locus of f is the variety defined by zo =0 i.e. dim(Xf) = 1. The primary

decomposition of J(f) gives
I(f) = (z1,35) N{z0,21,25) N (20,27 ,22) N (2§ + 212,21, 25 ) -
Furthermore from Example |4.1.3| we have
A;O) = V(20,21,23) UV (20,2,22) UV (21,25, 55+ 2122)  and Agcl) =V(z1,2).

Hence we get
sf =AY uAl.

Proof of Corollary By Proposition #.1.TT| we have
V(g 3())NEf = AP uAP U uAl?.
So, it suffices to show that V(I : J(f))NEf =Xf. Note that Lf = V(J(f)) and

V(la+1) = V(lg1: I(f) U(V(lay1) <Xf)

up to embedded components. Indeed, V(1,41 ), consists of the components lying in £ f
and those which are not in X f. By the discussion in the proof of Proposition each
component of V (I, 1) has dimension at least d + 1. Since dim(Xf) = d, the variety
V(I441) has no components in Lf, that is, V(I;41) <¥f = 0. Thus, we get V(I ) =
V(L1 : J(f)) up to embedded components. Furthermore,

V(Iga1 : () NEf = V(Igp1) NEf = Zf
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since I;+1 C J(f). Then, the singular locus of f is the union of the first d+ 1 L& varieties

of f.
O

4.2 Lé tuples

In this section, we will determine a good choice of the ordering for the coordinates
(20,21, ,2u) in C"*! regarding Remark

Definition 4.2.1. Fix the ordering as (20,21, ,2n) in CM1. Let 1 <k <n. We say that
(20,21, »2x) is a Lé tuple if
df

Vit 9NV (35) VG o)
<k

is 0-dimensional or empty at the origin. In particular, when k = 0 we say that z is a Lé
axis if V(I : 9(f)) ﬂV(aaT{)) is 0-dimensional or empty.

In other words, (20,21, -+ ,2x) is a L& tuple if the intersection A}k) NV(zo0,21,* y2k—1)

is of dimension O or empty at the origin.

Example 4.2.2. [Eg o-type] Consider f = z3 + zjz2 +z3z7. By (i) of Example 4.1.3] we
have
V(I I()NV(EL) = V(B +2122.5 +B,208)
= V(z0,21,23) UV(20,23,22) UV(25 + 2122,23,23).-
As each component on the right hand side is O-dimensional, V(1; : 7(f)) N V(%) is

0-dimensional. So, zo is a L& axis for f at the origin. By (ii) of Example 4.1.3] we have
V(L :9(f)) ﬂV(%) NV(z0) = V(20,23 +23,21(z3 +2122))
= V(z0,21,23) UV (20,21,23) UV (20,23,22)
which is of dimension 0. So, (zo,z1) is a L& tuple for f at the origin. In this case, we

will say that the ordering (zo,z1,22) is a good choice for f at the origin. However,
(z1,22,20) is not a good choice: Indeed, (ii) of Example says that
of

V(I :j(f))ﬂV(a—Zl) = V(21,25) UV (20,21,23) UV(20,23,22) UV (23 + 2122, 21, 23)
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where dimo(V(z0,21,23)) = dimo(V(z20,23,22)) = dimo(V(z5 + 2122,21,23)) = 0 and
dimo(V(z1,23)) = 1. So dimo(V(I, : 7(f)) ﬂV(g—gl)) = 1 and z; is not a Lé axis for f;
hence (z1,z2) is not a L& tuple for f at the origin.

Remark 4.2.3. When z is a L& axis for f at the origin, V(I; : 7(f)) N V(%}) has no
embedded components at the origin. Furthermore, we have
of

AP =1 9() V).

Proposition 4.2.4. ( [19], 2.4) Consider a L& tuple (0, ,2) for f. Then A} is

purely k-dimensional at the origin.
Proof. By definition, the variety V(I;1: J( f))ﬂV(g—Zi) NV(zo," -+ ,zx—1) has dimension
0 or empty at the origin while V(I : 7(f)) has dimension at least k+ 1. From Lemma
we have 3
k
Vs 90NV () =Vt 5 UAY.

The variety V(Ii4; : 9(f)) should be purely k + 1 dimensional at the origin. The fact
that (zo,...,2x) is a L& tuple for f implies that (zo,...,zx_1) is a L& tuple for f. So the
variety V(I : J(f)) is purely k-dimensional at the origin. As the left hand side of the

(k)

equality above is purely k dimensional, A ¥ is purely k-dimensional at the origin.
[

Corollary 4.2.5. ([19], 2.4) Consider a L& tuple (zo,- - ,zx) for f. Then, A;k) contains

all k-dimensional components of X f through p.

Proof. Let C be a component of the singular locus of dimension k. One can find a
component C' of V(I;41) such that C C C’. As the dimension of C’ is at least k + 1,

C’ can not be a component of £f. Then C’ is a component of V(I;1 : 7(f)), so does C.
This gives,

vy e v 30 v,

azk aZk
By Lemma we obtain
: (k)
C V(s I(f)UAY

where C = CN V(%). As V(I : 9(f)) does not contain any component of Xf, C can
not be in V(Z; : (f)). Then we have C C A}k) since A;k) is purely k-dimensional at the

origin. That is what we want to show.
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]

Proposition 4.2.6. ([19], 2.8) Let dim(Xf) =d > 1. A tuple (2o, ,z4) is a L& tuple
for f if and only if £ (fy(z,.... -, ,)) is of dimension .

Proof. We know that each component of V(I 1) has dimension at least d + 1. As sets,
we have V(111 : J(f)) = V(Iz4+1). The singular locus of the restriction of f is

2 (fvizorriza 1)) = V(20 ,qu,a%,“' 737{1)
V20, 2a-1) NV(35) NV (I 41)
=V(z0,++,2a-1) VL) NV (a1 2 I()).

If (2o, ,24) is a L& tuple for f then V(I 1 : I(f)) ﬂV(%) NV(zo,*+,2a-1) is

of dimension 0. By the equality above, the singular locus of the restriction of f is of

dimension 0. To show inverse implication, suppose that dim (Z ( f |V(zo,-~~ 24 1))) =0.
Thus, V(I : I(f)) N V(%) NV(zg,---,z4—1) is of dimension 0. Then, by definition,
(zo,-+ ,zq4) is a L& tuple for f.

O

Remark 4.2.7. When d = 0 in the proposition, the variety V(I ) is k4 1-dimensional,
it has no components in X f and no embedded components. So V(I : 9(f)) =V(lxs1)

(as sets) for k > 0. Furthermore, we have

d o) d %)
V(Ik-i-l . j(f)) nv (_f) QV(ZO, e azk—l) - V<ZO7Z17' o 7Zk—17_f7 —f? e 7_f>

0k 07k 9Zjs1 0z,
which equals the singular locus of the restriction f \V(Z07... ;). Hence (20,21, ,2k) s
a Lé tuple for f at the origin if and only if V(zo,z1,- - ,2x_1) intersects transversely the

smooth part of V(f).

Generic Lé tuples. To define the genericity of a L& tuple we need first to have a good
stratification of V(f). Recall that a stratification of V(f) is a locally finite partition of
V(f) into analytic submanifolds called strata, such that the closure of each stratum is
analytic and V() is a union of strata. We say that stratification of V(f) is good if the
smooth part of V(f) is a stratum and the stratification satisfies Thom’s ay condition
with respect to U — V(f) where U is an open subset of C"*1. (See [23]], p.28). When
d =1 the stratification

{V(f) _Zf7z‘f_p7p}
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is good for V(f). (See [21],1.29).

A Lé axis z; is called generic for f at p € V(f) with respect to the good stratification
of V(f) if V(z; — p;) intersects transversely each stratum, except perhaps the stratum
p, in a neighborhood of p. For 0 < k < n, a L& tuple (z9,z1,...,z) is called generic for
f at p with respect to the good stratification if V(zo — pg) transversely intersects each

stratum except perhaps the stratum {p} itself, in a neighborhood of p.

4.3 Leé Numbers

Let V(f) CC"™, p=(po,...,pn) € V(f) and d := dim (Zf).
Definition 4.3.1. Let (20,21, ,2x) be a Lé tuple for f. The intersection number at p

k(fk)(lf) = (Aﬁfk) V(20 — po,21 — P1, "+ sZk—1 — Pk—1) )p

is called the k-th Lé number of f at p. In particular, 7»;0) (p) = multp(Ach)).

Here, we denote by mult, (ASP)) the multiplicity of ASP) at the point p. Note that kgf) (p)

is not defined when Agck) ‘V(z0—po,z1 —P1,** ;Zk—1 — Pk—1) is not purely O-dimensional
at p.

Proposition 4.3.2. ([21], 1.14) Then A} = 0 forall d <k < n+1.

Proof. This follows from Proposition 4.1.4] and Proposition
[

Remark 4.3.3. Assume that V(f) has an isolated singularity at the origin. By Corollary
4.1.10, we have

AV =5f and AP =0 forall k> 0.

f
Moreover, we know that k;o) equals the multiplicity of A}O) at the origin. That is, 7\,;0)

is the multiplicity of the singular locus of f at the origin which is exactly the Milnor

number of f. Hence, for an isolated singularity, we always have 7»;0) = u(f).
Example 4.3.4. [E;-Type] Consider f = z% + z? + zgzl having an isolated singularity at
the origin. From Example 4.1.9| we have:

AP = V(32,222,323 UV(23,22,21) and A} =0.
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The Oth Lé number at 0 is
AP 0) = (A C)o = (V(35,222.38)) o + (V(,222.21)) g = 2243 =T = ().

(See Example[3.1.3).

Example 4.3.5. [Eg o-Type] Consider f = z2 + z1z2 + zoz1 We have dimyg~f = 1 and
the singularity is along zg-axis. The Oth and 1th L€ varieties are

AE‘O) = V(20,21,23) UV (20,2,22) UV (27, 23,25 + 2122) and Ag‘l) =V(z1,2).
and the L& numbers are
XS,O) = (V(z0,21,23) UV (20,23, 22) UV (2}, 23,25 + 2122))
= (V(z0,21,8)) ¢ + (V20,23 22) ) g + (V(&}. 83,3 +2122))
=2+3+8=13,

A = (VenB)Viz))y = (V(1,3.)) NV (20)g = 2.

Generalized Lé-lomdine Formula. LetXf = d > 1. Fix the ordering of coordinates
z = (20,21,---,2n) for C"t1 guch that it is an extension of Lé tuples of f. So, k;k) 18

defined for all k < d. Put f, = f + 22" such that dim(Lf,,) = d — 1 form > 2+ 1"
Remark 4.3.6. We take m > max{1,deg(f)} whenever f is weighted homogeneous.
We will use the ordering of the coordinates as Z = (20,21, - - ,Zigs - - - »Zn, Zip) fOr ]A‘,;

Lemma 4.3.7. ( [|19], 3.1) With the preceding notation, for all m > 2 + 7&;0) we have
@ V(L :9(f) V(L f +mZl N = V(L I(f))- V(aazf ), and
(i) Tfp= ZfNV(z,) as sets.

Proof. Without loss of generality put ﬁ;, = f+zy. Use the ordering of coordinates
(z1,22,---,2n,20) for I

(i) We will show that V(Iy : 9(f)) - V(5L +mzy™") = V(L : 9(f)) - V($L). First
note that V (/) is of dimension 1 and V(Il 9N (%) is of dimension 0 since k( )
is defined. Let C be an irreducible component of V(I : 7(f)). It suffices to show the

equality
of

0720

df

(CV(aZO

+mzg ™ ))o=(C-V(3))o.
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If C C V(z0) the equality is clear. Assume C € V(z9). Note that

)= (V30 (.

020

df

A = multg(AL)) = multg(V(I 2 9(£))) NV (5 9%

Furthermore, when C € V(zg) we have (C-V(zp))q # 0 and so

A= (Va0 V), >

Since m > 2—|—7»§C0) we havem—1> 1+ X(fo) > 7»5[0) and so @ > ﬁ This gives

(c-vsh), (cv@),  (cv@),
kﬁ‘O)(C'V(ZO))0>(m_l)(C'V(ZO))o <C Vizg ™ ))0.

Hence, we get (C-V(Z’O”_l)>0 > <C~V(§7{))>0. On the other hand, by [9], we know
that

of

o7 e o= minf(C- (S5 ) (v

(C V(a +mz0
m—1 _ X af

So we get (C V( s +mzg ))0— (C V(aZO))o.
(ii) We will show that £f,, = £ NV(zo) as sets. We have

(o af) (af ) (af 8f>
Sh=V (S gt 2L )y (2L nv L2,

f (azo mz 071 92y 020 mzg dzi’ 0zy
Thatis, £f,, =V (;—f +mz6”1> NV(I;). So from the fact that

<0

V() =V 9(f))UV(IL)Ef =V(L : I(f))UES

~ o)
we obtain X f,,, = (—f +mzy !

920 ) N(V(I: J(f))UV () <Xf). Thus we have

2= (207 (5L 4 ) YU (Vi 20V GE 4mp ).
20 020

By (i) we obtain

020

VANV g = st v (5.

This gives
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Sfp = (zmv (aa_z{) +ng”)) UV I(f)NV (a_f) .

920

As 7#)) is defined, V(I : 7(f)) NV (%’;) is O-dimensional or empty. So we obtain

Zfn= (ZfﬂV (a—f +mz8”)) =Ifnv (g—i) NV (mzy ).

020

AsV <8_f) C X f then we have
020

T =Zf V() =2 NV (20)

as sets.

Remark 4.3.8. Let (z0,21,...,2) be L& tuple for f with k < d. Put
fui= FH+4 4+

Lemma can be generalized in this case by induction on k. That is,
Zf: LfNV(zo,21,---,2k)-

Moreover,

~ of o d
Zf:meV(Z()aZ]J"'aZk) :V(Z()uzla'"7Zkaa_£)78_£7"'7a_i) :Z(f|V(ZQ,.A.,Zk))

as sets.

Proposition 4.3.9. With the preceding notation, fix the ordering of the coordinates
(20,21, - - ,2n) such that it is an extension of the Lé tuples of f. Assume d > 1. Then
dim(Sf,) =d — 1.

Proof. Without loss of generality put E = f+2z. So, we have Z}; =XfNV(z0) by
Lemma Furthermore, we get from Corollary [4.1.12

d

Efu =2 V() = U (AP NV(z0) )
k=0
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as sets. Thus, if dim(Xf,,) > d then the dimension of the union of A;k) NV(zp) is at
least d, i.e., V(zp) contains some of d-dimensional component of some A;k) but this is

not the case. Indeed, as k;k) (0) are defined for all k < d, we have A;k) NV (z0,215--+52k—1)
is 0-dimensional or empty. Thus, V(zg) does not contain any d-dimensional component

of A;k) for all k. Hence we obtain dim(Xf,,) <d—1. As we have £fNV(z9) =X (flviz))

by Remark [4.3.8| then
dim(Sfy) = dim(Zf NV (z0)) =d — 1.

]

Lemma 4.3.10. ( [20], 5.16) Fix the ordering of the coordinates (zo,z1,...,2,) for C**!

such that it is an extension of the L€ tuples of f. Then
dim(V(Iy1 - I(f))NEfNV(z0)) <k—1.

Proof. By Lemma4.3.7|we have

k

V(I - I(F) NNV (z0) = (AP U AP ) 0V (@) = J(AF 0V (@0)).
i=0

So, if dim (V(Is1 : 9(f)) NEfNV(z0)) > k then the finite union of A} N V(zo) has
i

—

dimension at least k i.e. V(z9) contains some k-dimensional component of A’ for

~

some i. However, as all L€ numbers of f are defined by assumption, A;i) NV (zo,...zi-1)
is O-dimensional or empty. Thus V(zp) can not contain any k-dimensional component

of Agf) for all i. Hence, we get
dim (V(ly1: I(f))NZf NV (z0)) <k —1.

]

Lemma 4.3.11. ( [19], 3.2) Fix the ordering of the coordinates (z9,z1,...,z,) for C"*!

such that it is an extension of the L& tuples of f. With preceding notations, we have

of

9z,

+mz" ).

V(lz: I(fm) = V(12 () NV(

Proof. Without loss of generality consider f,, = f + 7o withm > 2 + 7»;0). So, by
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Theorem [2.2.7] we have

(Ikz- (fm))_ ( i)_zfl/w

Furthermore,

(Ikz . (fm)) - ( ) (meV(ZO))
by Lemma4.3.7 Note that

N of af of m—1 af me1
V<Ik7z>_v(82k+1 030 aZO+mz0 =V(lkt1)NV 8zo +mz; .

From the fact that

V(let1) = V(liyr 2 I()) U (V(Lgy1) <Zf)

we get

V) = (Vs 2900 V) <201V (3 +meg ).
Then we obtain

V(lz) = (V(IkH S I(f))NV (g—i +mz0’"—1)> (V(Iiy1)<Zf)NV ( af gH) .

020

Here as we have

of

(V{liar) 92f) NV (a—ZO +ng"—1) C5fN1V(z0)

then we obtain

(Vi) <2007 (L 4meg ) 270 an) =0

Hence we get

Vltia: 9G) = (Vo s 30007 (L 4mg ) ) -2 09 o)
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Since the dimension of
d
(Ve 3w (35 +meg 1))
<0

is at least k but from Lemma 4.3.10|

(V<Ik+1 9NV <§_Z]; +ng-1> ﬂZfﬂV(zo)) — (V{1 : 905 NEFNV(20))

is of dimension < k — 1. That is, (V(IkH 2 J(f)NV <§—ZJ; + ngkl)) does not contain
any component of £f N'V(z9)). Hence,

V(lz: 9(Fn)) = (V<1k+1 JNNY (g—i *ng_l))

[]

Proposition 4.3.12. ( [19], 3.3) Suppose that (z9,z1,-..,2,) is an extension of L& tuples
for f. Then (zo,z1,...,Z,- - -,2Zn,Zi,) is an extension of the L& tuples for E with m >
2+,

Proof. Without loss of generality consider f,, = f + zg withm > 2+ 7»;0). Assume that
(z0,---,zx) is a L& tuples of f with k < d. To show the statement is true it suffices to
show that (z1,...,zx) is a L& tuple for f,,. That is, we will show that

V([k : j(fm)) nv (%) mV(Zl,---,Zk—l)

is of dimension 0 or empty. From Lemma[.3.T1] we have

Vilke: I0n)) = Vllier - 30 NV g )

It suffices to show that

V(L4 :](ﬁ)mv(% +mzp~ NV (88_1];) NV(z1,.-  2%-1)

is 0 dimension or empty. Put

S:=V(y1:9(f)NV (aa—f) NV(z1y.eey2k—1)-
Tk
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As (z0,...,zx) is a L& tuple for f, each component of V(;1; : 7(f)) has dimension
k + 1 and then the dimension of § is equal to 1. Furthermore, if SN V(- f +mzy h

m—1

is of dimension 1 then V( - +mzy ) contains a component of S. C0n51der Cisa

component of S such that

0
CC V(a—£)+ng’ h.

Indeed, C is contained by V( -+ mizg'~ ! and V( o+ mazg” ~1 for any sufficiently
large m; and my with m| # mz. This show that zg Vamshes along C but this is not the
case since from the fact that (zo,z1,...,2) is a L& tuple for f we have
of
Vit 5V (L

; ) NV (z0,...,zk—1) = SNV (z0)
k

is of dimension O or empty. Then V( ;T mzy ) does not contain any component of
S. Thus S ﬂV(aZ +mzp~!) can not be 1-dimensional. Then,

of |
d

Vi s I(0) V(S + )mV(af)ﬂV(Z1,...,Zk_1)

0Zk

is of dimension 0. Hence, (z1,...,z) is a L& tuple for f,, for m > 2+ X(fo). O

Theoreme 4.3.13. ( [20], 1.14) With the preceding notation, the L. numbers of ;‘; are

() A7 (0) = 2(0) + (m— DAY (0),

oy n (k k+1
(i) x%;)(()) = (m—1DAV(0) for 1<k<d-1.
Example 4.3.14. Consider f = z2 + zl + zOzl + z3z1 We have Xf = V(z;,z2) with
J(f) = (23,2} + 2021 + 232}, 23,2 ) and dim(Zf) = 2. We get Agf) =0 and k( )( 0)=0
for all k > 2. Let us first show that (z3), (z3,20) and (z3,z0,21) are L& tuples for f:In
this case, the ideals I; with respect to the ordering (z3,20,z1,22) =: (Yo,¥1,Y2,y3) are

(& a_fa_f =(z 3 2\ _ 2 2 2
_<azovazlvazz>—<sz1(zo+z1+Z1Z3),zz>_<Z17Z2>H<Z1,Z27Z2,ZO+Z1Z3>7
_/of Of\ _ /.4 L

2= <aZ1 7 az2> - <Zl T 2021 +Z1Z3722> , and

AN

13—<8Z2> (z3).
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Since J(f) = (z1,23) N {z0,2},23), we have I, : 7(f) = 1,s0 V(I; : J(f)) = 0. Thus

Vi3 NV(GL) =0

implies that (z3) is a L& tuple for f. Since I : J(f) = (23,20 +z123+ 2] ) and

)
V(L :9(f)) ﬂV(a—ZfO) NV(z3) = V(z%,zo—szs +z?,z%,13) = V(zo,z%,z%,m)

is of dimension 0, (z3,70) is a L& tuple for f. Finally we have I3 : 7(f) =< z3 > and

0
V(:9(f)) ﬂV(a—ZJZ) NV (z3,20) = V(23,21 + 2021 + 2323, 23,20) = V(20,27,23,23)
This last variety is O-dimensional. Hence (z3,20,z1) is a L& tuple for f. In consequence
(z3,20,21,22) is a good choice for f. With respect to this ordering the L& varieties of f
are

A©

¥ = 0 since V(I ;j(f))mv(a_f) —0

073

A;l) = [V(Iz 2 J(f)) ﬁV(%)} QLf = V(z%,z%,zo+21Z3)<IZf = V(Z%,Z%,ZO+ZIZ3>

AE"Z) — [V(13 :](f))mv(%)} ALf =V(23,2] + 2021 + 2323) AXf

= V(23,21 + 2021 +2323).
Then the L& numbers of f are as follows.
Al (0) = 0 since A = 0,

k(fl)(O) = (V(53,20+ 2123 +73,27) - V(z3)) g = (V(3,20 + 2123+ 73,27) NV (23))
= multy(V(z0,23,25,23)) = 4, and

7»;2) (0) = (V(23,2] + 2021 +2327) - V(23,20) ) y = (V(23, 2] + 2021 +2327) NV (23,20))
= multo(V(zO,z‘f,z%,zg)) = 8.
Note that f is weighted homogeneous polynomial with deg(f) = 5. Put ]ch =f+ zg.
We get dim(Ef) = 1and k}i) = 0 fori > 1. Fix the ordering of the coordinates as
(z0,21,22,23) for f such that it is an extension of the L& tuples of (f). By previous

theorem the L.é numbers of fNat the origin are:
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xﬁ,f) (0) =2%"(0) +51{"(0) =20, and x}_“(()) =527 (0) = 40.

Corollary 4.3.15. ( [21], 4.6) Consider (z9,z1,...,2,) for C**! such that (z9,z1,...,2)
is a L& tuple of f. Let d := dim(Xf) such thatd > 1. Put

fr= 420+ 42

where my < my < - < myg,—1 and m; > 2+ 7»;0) (0) for all i. Then fhas an isolated

singularity at the origin and

Remark 4.3.16. Let f be an analytic function. Assume that dim(Xf) = 1. Fix the
ordering of coordinates as (zo,Z21,- - .,2,) for C"*! such that it is an extension of the Lé
tuples of f. So, k;k) (0) is defined for each k and k}k) (0)=0fork>2.Put f = f+ 2
with m > 2. Let us use the ordering (z1,22,...,2n,20) for f. AsLf = LfNV(zo) by
Lemmal4.3.7} we have dim((f) = dim(E(f)) — 1 = 0. This implies that 0-th L&
number of f is defined and non-zero, furthermore, we have X}O) (0) = u(f) by Remark
4.3.3l Hence we obtain

u(F) =22 0) + (m— 12" (0)

by applying Theorem
Corollary 4.3.17. ( [21], 4.7) Let f be a homogeneous polynomial. Let d := dim(Xf)
with d > 1. Consider the order of coordinates (zg,z;,- - ,2,) is an extension of the L&

tuples of f. Then we have
d
Y (deg(£) — 13,7 (0) = (deg() = 1)"*".

k=0

Example 4.3.18. Consider f = zg + z% + z()z%. It is homogeneous of degree 3. We have
J(f) = <z%3z% +2zoZ1,3z%,> = <z1,z%> N <zO,z%,z%>

and f has singularities along zp-axis and dim(Xf) = 1. Thus, A;k) =0 and k;k) (0)=0

for all k > 1. To compute kff)) and 7»;1 ) we need first to see that (zo0) and (z9,z1) are Lé
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tuples for f. We have

, <af of
1=\ 03z, 92

> = (32} +22021,323), and I : I(f) = (z0+21,23),
V(z0+21,23) NV (z}) = V(z0 +21,23,27)
is of dimension 0, hence zy is a L& axis. The second tople (zo,z1) is also a L& tuple for
fsince I = <3—ZJ;> = (3z3) and L : J(f) = (3z3) with
V(325) NV(323 +22021) NV (20) = V(323,327 + 22021, 20)

which is O-dimensional. So the L¢ varieties of f are

A_Efo) =V(z0+21,23,23) 4Xf = V(20 +21,23,73), and

A = V(323,32 + 22021) 45f = V(323,32 + 22021)-
and, the L& numbers of f are

7»;0) (0) = multy (V(Zo +Z1,ZZ,Z1)) 4, and

AD(0) = (V(323,32 +22021) - V(20)) = (V323,323 +22021) NV (20))
—multo(V(3z2,3z1+2ZOZ1 20)) =2

Note that we have

(-1 0)+ (- DA(1)(0) =4+22=8=(3-1)%



5 Modified Newton Numbers

5.1 Modified Newton Number

Let f € C{z} andT"_(f) C R""!. Assume that I"_(f) intersect at least one of the
coordinate axes of R"*!. Let K be a set of k-dimensional compact faces in I"_(f)
intersecting with k-dimensional coordinate planes sections of R"*! for all 0 < k <

n+ 1. Let us fix one of the axes, say z;-axis.

K, :={F € K| FN{zi-axis} is al-dimensional face of T_(f)}.

According to the choice of zp, let Fbea compact face obtained from F' € K; replacing
v1 by unit vector e; in R**! We denote by f(vl the set of such compact faces F. Let us

see this sets on a concrete example.

Example 5.1.1. [E;-Type] Let us recall the Newton polyhedron of f:

Figure 5.1: Newton polyhedron of f

The 1-dimensional compact faces of I'_(f) are Fo = [0 vo|, F1 = [0 v;], and F> = [0 v,];
and the 2-dimensional compact faces of I'_(f) are Ag = [0 vo v1], A; = [0 v; v2] and
Ay =[0vp vy

We have K = {F},F>,A0,A1,I'_(f)}. Fori =0, 1,2 the subsets K; of K with respect to

z;-axis are as follows:

K():@a Kl :{F17A07A17F—<f)}7 K2:{F23A17F—<f)}
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So we have I~(o =0.
In the case of choosing z;-axis, we replace vy of all compact faces in K; with the unit
vector e and we get

K| = {F, Ao, A1, T_(f)}.
Note that F; = conv(0,ey), Ay = conv(0,vg,ep), Ay = conv(0,e1,v,) and l::(f) =
conv(0,vg,e1,v2).

In a similar way, replacing v in K> by the unit vector e, we obtain
K> = {F, A1, T_(f)}

with B, = conv(0, ez),gl = conv(0,vy,er), and f‘j(f) = conv(0,vg,vy,e2).

Example 5.1.2. [E o-Type] Consider

Figure 5.2: Newton boundary of Eg o-type singularity

The 1-dimensional compact faces of I'_(f) are Fo = conv(0,vy), F1 = conv(0,v;), and
F, = conv(0,v2); the 2-dimensional compact faces of I'_(f) are Ag = conv(0,vo, v, A} =
conv(0,v1,v2) and Ay = conv(0,vp,v2). Put K = {F>,A;,I'_(f)}. Fori = 0,1,2 the

subsets K; of K with respect to z;-axis are as follows:
Ko=K; =0 and K, ={F,A;,T_(f)}.
So we have ﬁo = ﬁl = (. Replacing v, in K, with the unit vector e; we obtain
Ky = {F, A1, T_(f)}

with F> = conv(0,e3), A; = conv(0,vy,e3), and T_(f) = conv(0, vy, v1,e2).
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Definition 5.1.3. With the preceding notation, let Vi be the sum of volumes of k-dimensional

faces in K;. The number
Vilf) := (4 D)W =W+ -+ (=) v o (—1)"y,

is called modified Newton number of f with respect to zj-axis (corresponding to K; ).

Example 5.1.4. [E;-type] By Using Example|5.1.1] we have
120:07 121:{[7:17;07 Avhl::(f)} and IA(/Z:{E?A\/I?I:\:(]C)}

So, f has modified Newton numbers with respect to the z; and zp-axes. First we compute
the one v (f) of f with respect to the zj-axis: The volumes Vj with respect to K, are:

- ~ ~ 3 5 ~
V3 =Vol3(I'_(f)) =1, Vo =Voly(Ag) +Voly (A1) = §+1 =3 and Vi =Vol,(F) = 1.

Hence, we have Vi (f) = 2.
Now, let us compute the modified Newton number v, (f) of f with respect to the z;-axis.

The volumes V. with respect to K> are

. 3 ~ 3 -
V3 = VOl3(F,(f)) = 5, V2 = VOlQ(Al) = 5 and V1 = VOll(FQ) =1.
Hence, the modified Newton number is Vo (f) = 7.

Example 5.1.5. [E¢ o-type] By Example we have
Ko=K =0 and K,={F, A, T_(f)}.

This means that f may get the modified Newton numbers with respect to the z;-axis.

To compute V5 (f) the volumes Vj in Ka: are
. 2 ~ -
V3 =Volz3(I'_(f)) = 3 Vo =Volh(A)) =1, and V) = Vol (F,) = 1.

Hence the modified Newton number is V5 (f) = 3.

5.1.1 Special modified Newton number

Let us fix one of z;-axes as before, put

K;, := {F € K|F N{zj,-axis} is not a 1-dimensional face on{z;,-axis}}.
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Definition 5.1.6. Let Vj, be the sum of volumes of k-dimensional compact faces in K%,

The number

\)

VE(f) = (n+ D)Wy =tV o+ (= D) RRV oo (= 1)V

is called the special modified Newton number of f.

Example 5.1.7. [E;-type] We have
K == {Fl 7F27A07A17F—(f)}'

Let us fix zg-axis. So K{) = K. Then, the special modified Newton number of f with

respect to the zp- axis is

vi(f) :3!3—2!175+5:8:v(1“(f))+1 —74+1.

Now le us fix zj-axis. So, K} = {F>}. The special modified Newton number of f with
respect to the zj-axis is v{ = 2. Finally, by fixing z>-axis we obtain K5, = {A¢,F;}. In

this case, the special modified Newton number is
S | 9
vy (f) = —25 +3=—6.
Example 5.1.8. [E¢ o-type] Recall that K = {F>,A;,T'_(f)} and
VOll (Fz) = 3, VOlz(Al) =3 and VOl3 (1—‘, (f)) =2

If we fix zp-axis, we get K = K] = K. Then, the special modified Newton numbers of

f with respect to the zg and z;- axes are

vo(f) =vi(f) =9.

Since there is no compact faces in K intersecting the z-axis we have K = 0. Hence,

the special modified Newton number with respect to the z;-axis does not exist.
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5.2 Modified Newton numbers and L.é numbers

Let f be a non-degenerate analytic function in Kouchnirenko sense. Let d := dim(Lf)

such that d > 1. Assume that (z9,z1,...,2,) is an extension of the Lé tuples of f. Put

fi=f+z+ 42"
where m; > 2+7u§c0)(0) fori =0,1,...,d — 1 such that my < m; < --- < my_;. Here,
we take m; > max{2,deg(f)} whenever f is weighted homogeneous polynomial. Let

us use the rotated coordinates (24,2441, - - »,2n,20,21,- - - y2d—1) for f.

Theoreme 5.2.1. ( [8]], 4.1) If f is non-degenerate then the Lé numbers are:

AL 0) = (=1 V30 gy (D) +V0(F);
A0(0) = (~ 1 (@t (F) — W (f) for L <k < d —1(if d > 2);

MD(0) = (1) (Fai ));

4

Remark 5.2.2. When d = 1, let us put f(z) := f(z) +z;° where mo > 2 + k;o). By the

previous theorem, we have
A (0) = (— 1) v (F) +Vo(F) and AV (0) = Vo ().

Moreover, all other Lé number of f is defined and equal to zero at the origin, that is,

x;k) —0forall k> 1.

Example 5.2.3. [Es o-Type] Consider f = zg —l—zfzz + 7373 with deg(f) = 4. So, f has
a line singularity along zo-axis such that dimg¥Xf = 1. Let us fix the order (zo,z1,z2) for
C? such that zg a is Lé-axis for f. Since f is weighted homogeneous of weight (5,4,6)
and of degree 18, one can take m > 4. Put f =f+ zg. To compute L& numbers of f
we will first calculate the modified Newton number and the special modified Newton

number for fwith respect to zg-axis. Note that the Newton boundary of fis
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Figure 5.3: Newtonboundary of ]7

Here, I'_(f) contains two tetrahedra as 3-dimensional compact faces

{(0,0,0),vo = (2,2,0),v; = (0,3,1),v, = (0,0,3)} and

{(0,0,0),vo = (2,2,0),v2 = (0,0,3),v3 = (5,0,0)}
such that first one is the same as I'_(f). In the figure F; = conv(0,v;) are 1-dimensional
compact faces of I'_(f) and A; = conv(0,v;,v;1) are its 2-dimensional compact faces
for i = 0, 1,2, furthermore, A3 = conv(0,v3,vp) is also 2-dimensional compact faces of
I'_(f). Note that to compute modified Newton numbers of fwe will use the compact
faces of I'_(f) in the set

K= {F,F,F3,A1,A2,A3,conv(0,v,vi,v2),conv(0,vp,v2,v3)}.

In particular, we are interested in two subsets of K:

Ko = {F3,A2,A3,conv(0,vy,v2,v3)} and Ky = {F2,A1,conv(0,vp,v1,v2)}.

Let us put the reduced form of the compact faces in K into the set

Iz;) = {ﬁg = conv(0,173),:4v2 = conv(O,vz,%),;l\g = conv(0,v3,vp),conv(0,vy,v2,v3) }

where v3 = (1,0,0). To compute the Modified Newton number of f with respect to the

zo-axis, Vo(f), note that the volumes:
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_ — ~ 3 _
voli(F3) = 1, voly(Ay) = 1, voly(A3) = > and volz(conv(0vovyv3)) = 1.

Thus,

N 3
Vo(f) =33 —2Va 4 Vi =6-2(1+ ) +1=2

from where Vs = vols(conv(0vov2 13)]), Va = voly(A2) +voly(A3), and V| = vol, (F3).
Now, note that the volumes of the faces in K{, are

voli (Fy) =3, volp (A1) = g, and volz(conv(0vovyvy)) = 3.

9
we obtain vj)(f) =3!V -3 -2V, +V; =313 —2!5 +3 = 12 where V; = vol; for each i.
Then the L& numbers of f are

AV (0) = (— 13 4V () +Vo(f) = —1+12+2 =13, and A} (0) = vo(f) = 2.
Remark 5.2.4. Let f be a non-degenerate function in Kouchnirenko sense. Consider

I'_(f) N{zj,-axis} = 0. When d = 0, from Remark 4.3.3| we have ?»500) (0) = u(f) and

k;k) (0) = 0 for all k > 0. If we take f = f then Theorem [5.2.1|gives

AP () = (1" v () + Vi ().

Since I'_ (f) N {zj,-axis} = 0 we have K;, = 0 and so V;,(f) = 0. Furthermore if f is
non-degenerate then u(f) = v(f) by Theorem 3.2.28| Hence,

v(f) = (=1)"" Vi (f).

Example 5.2.5. [E7-Type] Note that I (f) N {zo} = 0, see Figure From Example

5.1.7|we have K = {Fy,F>,A0,A1,T_(f)} = K§ and v (f) = 8. Then, v(f) = (—1)* +
vy(f) = —1+8=7. See Example [3.2.12] for v(f).

Corollary 5.2.6. ([8]], 5.1) Let f, g be two non-degenerate functions. Consider the
coordinates system (zo,z1, - -,2,) for C*+1) is an extension of the L& tuples of f and
of g. Assume that I'(f) =I'(g). Then we have

dim(3(f)) = dim(2(g)) and A (0) =2{(0)

for all &.
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Proof. Letd, := dim(Xf) and d; := dim(Xg). Suppose for instance that d; < d, and
dy > 1. Put

1

f;:f+26”0_|_...+zzdg and g::g—i—zglo—f—“'-f—zzlldfll

where my < m; < -+ < myg,_1 and m; > 2+ 7»500) (0) for all i. Note that fand g are
Newton nondegenerate by Proposition and they have an isolated singularity at

the origin by Corollary |4.3.15| Thus ,u(f) = V(f) and u(g) = v(g) by Theorem [3.2.28

From the fact that I'(f) = I'(g) we have I'(f) = I'(g). Hence, V(Ff) = V(') and than

V(f) = v(g). On the other hand, since (z9,z1,...,2,) is an extension of the L& tuples of

f and of g we have

Sf=XfNV(z0,21,...,20-1) and Xg=%gNV(z0,21,- .- 24-1)

and dim(Xf) = dim(Xf) —d; = 0 and dim(Xg) = dim(Xg) —di = d» — d; > 0. This
is in contradiction with the fact that g has an isolated singularity at the origin. Then

di = d when di > 1. Moreover, as fand g are nondegenerate and d; > 1 one can apply
Theorem to calculate the L& numbers. Indeed, I'(f) = I'(g) implies v;(f) = vi(2)

and v§(f) = vi(g) for all i. This gives A" (0) = A{"(0) for all k when d > 1. Now
suppose that d; = 0. So we have l;k) (0) =0 forall kK >0 and k;o) (0)=pu(f). If fand g
is Newton non degenerate then we have u(f) = v(f) and u(g) = v(g). AsT'(f) =T(g)
we have v(f) = v(g). So, u(f) = v(f) = v(g) = u(g) and d» = 0. This concludes the
proof. [

Example 5.2.7. Consider f is Eg o-type singularity. Let us fix the coordinates system
(20,21,22) for C3. Let

g =B+B85+ (G + 1B+ (B2 +23)20 + 2007 + 287 + 323
Note that
Supp(g) - {(07056)7 (2’374)’ (07473)7 (070’ 3)7 (3737 1)’ (0737 1)7 (]"570)7 (27470)’ (272’0)}'

SoI'(g) =conv((0,0,3),(2,2,0),(0,3,1)) =T(f), see Example for T'(f). Moreover,
we have the system
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P zozlzz +Z()2122 +z1 +202] + 2023 =0

<0
98 _ 224133, + 2322+ 2021 + 0
aZl —ZOZ1Z2 ZIZZ Z()ZIZZ ZIZZ Z()Zl Z()Zl
9
FYEES: +Z%Z%z%+z‘fz%+zz +zozl +zl =0

\ 022

As all points (zp,0,0) satisfy the system above, g has singularities along the z-axis.
Thus,
dim(Xg) = 1 =dim(Xf).

Note that the coordinates system (zo,z1,2z2) is also an extension of the L& tuples of g.
Then we obtain Kék) (0) =0 for all k> 1. Since g is a weighted homogenous polynomial,
one can take m > deg(g) = 9. Put g = g+ z}° with dim(£g) = 0. So we get I'_(§) as
in the Figure by replacing the vertex v3 with the vertex v4 := (10,0,0). To compute
L& numbers of g we need to compute the modified Newton numbers of ¢ with respect

to the zo axis: V(&) and v{(g). Since the sets

Ko = {conv(0,vy),conv(0,v;,V4), conv(0,v4,vo), conv(0,vo,v2,v4) }

with v4 = (1,0,0) and K{ = {conv(0,v7),conv(0,v1,v2),conv(0,vo,v1,v2)} are the
same as in Example the corresponding modified Newton numbers are the same
as in the Example i.e. Vo(g) = 2 and v{j(g) = 12. This gives 7\;0) 0) = Kéo) (0) and
7\,;1)(0) = lél) (0) by Theorem|5.2.1} Hence, k;k) (0) = kék) (0) for all k.




6 Conclusion

In this thesis, we aim to understand the relation between numerical invariants of f
using the Newton polyhedron. When d = 0, we present roughly the Milnor number
and Tjurina number of f. The Milnor number is a topological invariant of f while the
Tjurina number is an analytic invariant of f. We give some results about the relation
between them as u(f) > v(f) and ©(f) > % We have u(f) = v(f) when f is Newton
non-degenerate. When d > 1, we present L€ varieties and we explain in detail how to
compute it in an algebraic way. We show that the singular locus of f is the union of the
first d L€ varieties of f. The Le number can be seen as a generalization of the Milnor
number defined for isolated singularities to non-isolated singularities. In particular,

the Milnor number of an isolated singularity equals its Oth L& number. We present
another numerical invariant of f associated with the Newton polyhedron of f, called
the modified Newton number. We explain in detail an algorithm which give Lé numbers
of f using the modified Newton number of f + z;' + z{' + - - - + 2} for sufficiently large
m. Almost all examples in this thesis are new, and don’t appear in the literature; we aim
that these examples lead us to relate the Tjurina number, L€ number, and Lojasiewicz

number.
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APPENDIX

On Primary Decomposition of Ideals

Let R be a Noetherian ring. An ideal / C R in R is said to be a primary if xy € [ and x ¢ I
implies y* € I for some s.

Proposition 6.0.1. ( [14], 1.4.8) Let I C R be an ideal. If the radical V1 is a maximal

ideal, then [ is a primary ideal.

Proof. Suppose that V/1 is a maximal ideal. Put m := +/I. We want to show that [ is a
primary ideal. Let xy € I with x ¢ I. Assume that y* ¢ I for all s € N. So, y ¢ m. Asm
is a maximal ideal, we have (y) + m = R. Thatis, | = ry+m withr € Rand m € m.

Moreover, we have x = 1x = (ry+m)x = ryx+ mx and its iteration gives
x=r(1+m+m* 4+ mb)yx+mly

for all k > 0. Hence, m**! € I. Then we get x € I. This contradicts the assumption.

Hence, y* € I for some s . Therefore, / is primary. [

Proposition 6.0.2. ( [14], 1.4.8) If I C R is a primary ideal, then /7 is prime.

Proof. Let xy € v/I. We have (xy)* € I for some s. Assume that x ¢ V1. So, x* ¢ I. This
gives (y*)" € I for some r. Hence, y € V1. Then, /1 is a prime ideal. O

Remark 6.0.3. The inverse implication of the statement in the previous proposition is

not always true. That is, an ideal whose radical is prime is not necessarily primary.

Example 6.0.4. Let R = k|[x,y,z]/ (xy —z%). Consider I = (x,z) C R. We have
R/I'=K[x,y,z]/ (x,2) = k]|

which is an integral domain. So, [ is a prime ideal and we have I> = <x2,xz,zz>. Since
7> € I? and 72 = xy in R, we have xy € I?>. And, we have x ¢ I>. Asy* ¢ I? for any s € N,

I? is not primary.
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Theoreme 6.0.5. ( [14], 1.4.11) Let I C R be an ideal. Then there exist finitely many
primary ideals I ,1I,--- ,I, in R such that

I=hLnNnhnN---NI.

Definition 6.0.6. Let I be ideal in R. A primary decomposition | =11 NI, N...N1 of I is
said to be minimal if I; # 1;, I; ¢ I; for all i # j and P; := \/I; are pairwise different for
all i.

Example 6.0.7. Consider [ = <x2y, y2x>. A decomposition into ideals of [ is:

I={(x*y—yx,y°x) = (xy(x —y),yx) = ) N (x(x —y),y*x) = x) N ) N (x—y,))

To say that it is a primary decomposition for / each ideal in the decomposition should be
a primary ideal. Obviously, (x) and (y) are primary. For the last ideal on the right-hand
side, we have

(x=»y%) = @x=y,y) = {xy)

which is a maximal ideal in k[x,y]. By Propositionm <x -, y2> is primary. Hence,
the right-hand side of equality above is a primary decomposition for /. Furthermore, as
the primary ideals in the decomposition are pairwise different, the primary decomposition

is the minimal primary decomposition of /.

Consider I = I N--- N1, is a minimal primary decomposition of 1. Then, /I; is called
the associated prime of I and Ass(I) := {/I; | 1 <i<r}.

Definition 6.0.8. Let I be ideal in R. Let p € Ass(I).

(i) V(p) is called the isolated (or non-embedded) component of V(1) if there is no element
q € Ass(I) such that g C p.

(ii) V(p) is called embedded component of V(I) if there is at least one prime ideal q €
Ass(I) such that g C p.

Example 6.0.9. Consider / = (x?y,y’x) as in Example We have

I={x)NE)Nx—yy*)

where \/(x—y,y?) = (x,y). So, all associated primes are pairwise different. Hence, the

primary decomposition is minimal and we have

Ass(l) = {(x), () (%)}
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Since (x), (y) C (x,y), the ideals V(x) and V(y) are isolated components of V (/) and
V(x,y) is an embedded component of V(7).
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