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ABSTRACT

HOMOLOGY IN COMPLEXES
Eker, Ozgiir
Master of Science, Department of Mathematics
Supervisor: Assist. Prof. Dr. Tahire Ozen Oztiirk

February 2010, 64 pages

In this thesis, we study on the generalizations of the some concepts in the
category R-Mod (for ex. Projective module, injective module Ext, complete
cotorsion pair, etc.) to the category of complexes on R-Mod. Moreover it is used
Enochs’ definition for Ext. This definition is different from Foxby and Avramov’s.

This thesis consists of four chapters. In the first chapter, the first part contains
some basic homological concepts in the category R-Mod and the second part
contains some basic concepts in the category of complexes. . In the second chapter,
it is studied the relationships between exact complexes and DG-projective and DG-
injective complexes. Moreover we see that every complex has an exact cover with
kernel DG-injective, an exact envelope with cokernel DG-projective and a DG-
injective envelope with cokernel exact. In the third chapter, it is given a necessary
condition to be that a quasi-isomorphism is an isomorphism. In the final chapter, if
(C,D) is a complete cotorsion pair in the category of complexes such that C is

suspension closed, we see that when we regard C and D as subcategories of the
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homotopy category K(R-Mod), then the embedding functors C—K(R-Mod) and

D—K(R-Mod) have left and rigt adjoints, respectively.

Keywords: projective - injective module, Ext, cover - envelope, DG-projective -

DG-injective complex and injective - projective complex.
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OZET

KOMPLEKSLERDE HOMOLOJI
Eker, Ozgiir
Yiksek Lisans, Matematik Bolimu
Tez Yéneticisi: Yrd. Dog. Dr. Tahire Ozen Oztiirk

Subat 2010, 64 sayfa

Bu tezde sol (yada sag) R-modiillerin kategorisindeki bazi kavramlarin
(6rnegin projective modiil, injective modiil, Ext, komplete kotorsion pair, vs.) sol
(yada sag ) R-modiiller lizerindeki komplekslerin kategorisine olan genellemeleri
iizerinde ¢alistik. Ayrica Ext icin Enochs’ un tanimini kullandik. Bu tanim Foxby ve
Avromov’ un tanimindan farklidir.

Bu tez dort boliimden olugmaktadir. Birinci boliimde ilk kisim sol (yada sag)R-
modiillerin kategorisindeki tezde kullandigimiz bazi temel homolojiksel kavramlari
ve ikinci kisim ise komplekslerin kategorisindeki bazi temel kavramlari
kapsamaktadir. Ikinci bdliimde exact komplekslerin smifiyla DG-projective ve DG-
injective komplekslerin sifi arasindaki iligkiler incelenmistir. Her kompleksin,
kernel1 DG-injective olan bir exact cover a, kokerneli DG-projective olan exact
envelopa ve kokernelir exact olan DG-injective envelopa sahip oldugunu gordiik.
Ugiincii bdliimde ise herhangi bir quasi-izomorfizmin izomorfizm olmas1 igin

gerekli bir sart verilmistir. Son bdliimde ise (C,D) komplekslerin kategorisinde C



suspension kapali olacak sekilde bir komplete kotorsion cift ve ayrica C ve D,

homotopi kategorisi K(R-modiil) iin alt kategorileri olarak alinirsa gémme
functorlar1t CHK(R-modiil) ve D—K(R-modiil) nin sirayla sol ve sag adjointlere

sahip oldugu incelenmistir.

Anahtar Kelimeler: projective - injective modiil, Ext, cover - envelope, DG-

projective - DG-injective kompleks ve injective - projective kompleks.
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CHAPTER 1
INTRODUCTION AND PRELIMINARIES

1.1 Some Basic Concepts in Homology

Definition 1.1 (Category, Additive and Abelian Category) A categ@rgonsists of
three ingredients: a class olgj of objects, a set of morphisms HMB) for every or-
dered pair(A, B) of objects and composition H@gf B) x Hom(B,C) — Hom(A, C),
denoted by(f,g) — gf, for every ordered triple A, B, C of objects. [We often write
f:A-> BorA 4 B instead of fe Hom(A, B).] These ingredients are subject to the

following axioms:

() The Hom sets are pairwise disjoint; that is, eacke fHom(A, B) has a unique

domain A and unique target B;

(i) For each object A, there is an identity morphisiiyf= f and1g f = f for all
f:A— B;

(i) Composition is associative: given morphisms-AB Sch D, then

h(gf) = (hg)f.

A categoryC is said to be additive if Hop{A, B) is an abelian group such that if
f, f,, f, € Hom:(A,B), 0,01,8. € Hom(B,C), then df, + f,) = gf, + gf; and
(01+92)f =01 f +gf. We note that i€ is an additive category, then HQitA, B) # @
since the zero morphism is always in Hgy, B). This is denotedss. Easily, R-
Mod(or Mod-R) is an additive category.

An additive category HogtA, B) is said to be an abelian category if it satisfies the

following conditions:



() C has products (and coproducts),

(i) every morphism irC has a kernel and a cokernel where if :fA — B is a
morphism, then a kernel of f, denoted by(Kérns a morphism k K — A such
that fk= 0 and for each morphism gC — A with fg= 0, there exists a unique
morphism h: C — K such that g= kh. K is denoted by K¢f). Dually, a
cokernel of f, denoted by coKé) is a morphism p B — C such that pf=0
and for each morphism gB — D with gf = 0, there exists a unique morphism

h: C — D such that hp= g. C is denoted by Cokéf),

(i) for every morphism i@ f : A — B, the map Cokdker(f)) — Ker(coker(f))

is an isomorphism.
For example, R- Mod and Mod-R are abelian categories.

Definition 1.2 (Covariant Functor) IfC and D are categories, then a functor

T : C — Dis afunction such that
() If A€objC,thenT(A) € obj D,
@iy ff:A-> AinC,thenTf):T(A) —» T(A)in D,

Giy 1A S A S A ine then TA) 28 T(a) 12 T(A) in D, and
T(gf) = T(9)T(f),

(iv) T(1a) = 1y(a for every Ae objC.

Definition 1.3 (Contravariant Functor) A contravariant functor TC — D, whereC

and D are categories, is a function such that
(i) IfC eobjC, then T(C) € obj D,
@ii) ff :C—>C'inC,thenT(f): T(C') - T(C) in D (note the reversal of arrows),

i) 1c 5> Scvine then ey X3 1) X8 1(C) in D and
T(gf) =T(f)T(9),



(iv) T(1a) = 1y(a for every Ac objC.

Definition 1.4 (Tensor Product) Given a ring R and modulesahdgB, then their ten-
sor pruduct is an abelian group@x B and an R-biadditive functionhAxB — AQrB
such that, for every abelian group G and every R-biadditivéAik B — G, there exists
a uniqueZ-homomorphisnf : A®z B — G making the following diagram commute.

(fh = f)

h

AxB A®r B

f

—h) ..‘

»

G

Definition 1.5 (Pushout) Given two morphisms:fA — B and g: A — C in a cate-
goryC, a pushout (or fibered sum) is a triple (B, B)with g = « f that is a solution to
the universal mapping problem: for every triple &Y, 3’) with 8’g = o’ f, there exists

a unique morphism : D — Y making the diagram following commute.

A
ﬂ
B

_Y.c
|
a D

Pushouts are unique up to isomorphism when they exist. In the above if we=set D

Y

(BeC)/K where K= {(f(a), —g(a)) : a € A} and leta(b) = (b,0)+K, B(c) = (0,¢)+K,
then D with morphisma, 8 is a pushout. If g is one to one (onto), then saisAnd

also if g is one to one, then/@ = D/B.

Definition 1.6 (Pullback) Given two morphisms fB —- Aandg: C - Aina
categoryC, a pullback (or fibered product) is a triple (@, 8) with g = fg that is a
solution to the universal mapping problem: for every triple ¢X8’) with go’ = 3,

there exists a unique morphigm X — D making the following diagram commute.



- ’
- a
‘A
a

D——C
’ J

B

>

f

Pullbacks, when they exist, are unique up to isomorphism. If we set{{b,c) €
Bo C: f(b) = g(c)} and leta andp be projection morphisms, then D with morphisms

a,B1s a pullback. If g is one to one (onto), then s@is

Definition 1.7 (Complex) Let C be an abelian category whose objects are modules.
By a (chain) complex C of R-modules we mean a sequence G- C, R C, N
Co LR C.1 SN C_, — ... of R-modules and R-homomorphisms such that,c ¢, =
O, for all n € Z. Notice that Ind, € Kerf,_;. Also C is denoted b{(C,), (¢,)) or

(C, ¢) where thef,, are called the boundary operators of the complex C &nsl the

differential of the complex C .

Definition 1.8 (Exact Sequence ) A sequence of R-modules and R-homomorphisms
. — M, - My & Mo % M_; — ... is said to be exact if Img, = Kerd for all
I € Z. An exact sequence of the fortlh— A 4 B 2% C - 0 is said to be a short

exact sequence.

Remark 1.9 If F is a covariant additive functor in the some category of modules, then
FIC) :... - F(Cy) k) F(Cy) ) F(Co) — ... Iis also complex where the complex
C:...>GC, -, Ci LN Co — .... Similarly, if F is a contravariant additive functor,
then the sequence(€) : ... —» F(C_,) il F(Co) ) F(Cy) — ...Is a complex.
For example in the category of R-Modules if A is an R-Module, then (Apr) is a
covariant functor and Hoir-, A) is a contravariant functor. Then HA®,C) : ... —
HOMA,Cs) 5 Hom(A.C1) = HOmA,Co) — ... wherefif = £,f forall f e
HOM(A.C;) and Hom(C, A) : ... - Hom(Co, A) > Hom(Cy, A) 5 HomCyp, A) — ...

where(:f = f¢, forall f e HomC,_;, A).



Definition 1.10 (Chain Map) IfC andC" are complexes, then a chain map € —
C' is a sequence of morphisms :fC, — C',, for all n € Z making the following

diagram commutative:

dhn

On+1
C L > Cn+1 > Cn
fn+1 fn fn—l
c..—C C

n+1 ’ n ’
dn-¢-1 dn

Cos
It is easy to check that the composite gf of two chain map€ + C’ andg: C' —

C” is itself a chain map, wher@f), = g, f,. The identity chain mafc on ((C,), (dn))

is the sequence of identity morphistas : C, — C,.

Definition 1.11 (nth Homology )I{A, d) is a complex, then its n-th homology ig() =

Kerd,
Imdh1

n - boundaries. And also we can show that KerdZ,(A) = Z,, Imd,,; = B,(A) = B,

. The elements of Kegdre called n - cycles. The elements of indare called

implies that H(A) = 223

-1
Definition 1.12 (Cochain Complex) A chain complex of the form:C..C™? LA

a° ot . .
C® — C!' — C? — ... is called a cochain complex wheé& o 9" = 0 for alll

n € Z. Then nth cohomology 'C) = K&

Imon-1-
Definition 1.13 (¥ — precover¥ — cover) LetC be an abelian category and 1€t be
a class of objects af. Then for an object Me C, a morphismp : F — M where
F € ¥ is called anF -precover of M, if f: F* — M where F € # and the following

diagram

can be completed to a commutative diagram. If whea F’ and the only such g is

automorphism of F, thep : F — M is called an¥ -cover of M.
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Definition 1.14 (F-preenvelope ¥ -envelope) LeC be an abelian category and let
¥ be a class of objects @f. Then for an object Me C a morphismy : M — F
where Fe ¥ is called an ¥ -preenvelope of M, if f M — F’ where P € ¥ and

the following diagram

T

can be completed to a commutative diagram. If whea- F’ and the only such g is

automorphism of F, thep : M — F is called anF-envelope of M.

Definition 1.15 (Enough Projective Objects) Létbe an abelian categonyC is said
to have enough projectives, if for every object ACothere is a projective object P

C and an exact sequence-P A — 0 (epic).

Definition 1.16 (Enough Injective Objects) Laf be an abelian categoryC said to
have enough injectives, if for every objecteAC , there is an injective object E C

and exact sequencé — A — E.

Definition 1.17 (Resolution) LetC be an abelian category and be a class of ob-
jects of C. By a lefte-resolution of an object M o€, we will mean a complex
- — F, — Fp — M — 0 (not necessarily exact) with each E & such
that Hone, —) makes the complex exact. A rightesolution of an object M of is
Hom(—, £) exact complexX0 — M — E° — E! — ... (not necessarily exact)

with each E € &.

We can give an example for a right resolution:

Let an abelian categong have are-preenvelope. Let Hoe ans-preenvelope of X C,
then there existg such thatd — X 2, g0 (not necessarily 1 - 1). Theﬁ% eC

implies that% has ane-preenvelope Esuch that,



¢ d°

Ca
EO
$(X)

whereg,mr = d°. Then d¢ = 0. If we continue in this way, then we can find that a
complex0 — X =5 E° i0> E! d—l> E2 — ... (not necessarily exact) such that
all E' € e. Hom(—, F) makes the complex exact wheneFe. That is, the sequence
.. > HomEy F) - HomE° F) - Hom(X,F) — 0 is exact. Such complex is a
right ¢ - resolution of X.

Similarly we can give an example for a left resolution:

Let an abelian categorg have ancs-precover. Let iy be ane-precover of Xe C, then
there exist® such that i 2ix—0 (not necessarily onto). Then K@) € C and

so it has are-precover R such that,

Fi —2 v Fo —— X - 0

. i
#1

EY

Kerg

where i, = 1;. Thenga; = 0. If we continue in this way, then we can find that a
complex--- — Fy =3 F; 25 Fy -5 X — 0 (not necessarily exact) such that all
Fi € e. HomF, —) makes the complex exact whereFe. Such complex is a left -

resolution of X.

Definition 1.18 (Balanced) Lef ande be two classes of objects@fsuch that every
object has ary - precover anck - preenvelope. We say that Hom—) is right bal-
anced byF X g, both if for every leftF - resolution ... - F; - Fg » X — 0 of
an object X olC, Hom(—, E) makes the sequence exact for alek and if for every

right & - resolution 0 - Y — E° — E! — ... of an object Y, HolffF, —-) makes the

7



sequence exact for all E . If Hom(E, —) makes eachsuch - F; - Fg > X —> 0
exact when Ec ¢ and Hon{—, F) makes each sudh — Y — E° — ... exact when

F € ¥, then we say Hof(r, -) is left balanced by x 7.

Definition 1.19 (¥ - Dimension) IfF is a precovering class of an abelian categary
then an object M o€ is said to have leff - dimension< n, denoted leff - dim M
< n, if there is a leftF - resolution of the fornf® - F, » F,.1 —» ... > F1 » Fg —
M — 0 of M. If nis the least, then we set I6ft - dim M = n and there is no such n,
we set leftF - dim M = co. Similarly, we can define the righft - dimension of objects

of C, denoted rightr - dim, if ¥ is a preenveloping class ¢f.

Definition 1.20 (Global ¥ - Dimension) LeC be an abelian category anfi be a
precovering class of. Then the global lefff - dimension ofC, denoted by gl left
¥ - dimC, is defined by gl leff - dimC = sup{left¥ - dimM: M € obj(C)} and is
infinite otherwise. The global right - dimension o€ is defined similarly wheff is

a preenveloping class.

Lemma 1.21 (Wakamatsu's Lemma) If the clags is closed under extensions and
¢ : F - Misan¥ - cover of an object M of, then Kerpp) e F+- and ifyy : M - F
is an¥ - envelope, then Cokef} € +F.

Proof.
LetAe F and0—» S - P - A — 0 be an exact sequence, wRhprojective. We
know that; Ext'(A, Kerg) = 0 if and only if Hom@ , Kerg) — Hom(S , Kerg) — O

epic. Letf : S — Kerg. Then we have the following diagram:

Kerg C F

’ M

whereg € ¥ . We can form the Pushout diagram as follow;



4',p

wn

f ‘B

;
F T’ G
whereG = W Thena : F — Gis aninjection and Cokef( — G) = g eF.

Since¥ is closed under extensiors,e F. We can supposg c G. By the properties
of the pushout diagram, we have a linbarG — M which agrees witlp on F. Since

¢ : F — M is a cover, we have a linear: G — F such thaipg = h. Then, since
#o(glr) = ¢ whereglr is the restriction ofon F, we have tha)| is an automorphism

of F. If we replaceg by (gl)~* o g, we see that we can assugje = id:. Sog makes

the diagram
S——P
F—G
commutative and hence makes commutative the diagram
S——P
F—— M

Thus¢g = 0 impliesgg(p) = 0 for all p € P. Theng(P) € Ker(¢). Dually, we can
prove thatcokely) €+ 7, if ¢ : M — F is an¥ -preenvelope.

O

Definition 1.22 (Free module) Let R be a ring. A left R-module F is a free left R-
module if F is isomorphic to a direct sum of copies of R: that is, there is a (possibly
infinite) index set B with = EBbeB R,, where R = (b) = Rforallbe B. We call B a

basis of F.

Proposition 1.23 (Proposition 2.33 in [1]) Let R be a ring. Given any set B, there

9



exists a free left R-module F with basis B.

Theorem 1.24 (Theorem 2.35 in [1]) Every left R-module M is a quotient of a free left
R-module F. Moreover, M is finitely generated if and only if F can be chosen to be

finitely generated.

Definition 1.25 (Projective Module) Let R be a ring. A left R-module P is projective
if, whenever p is surjective and h is any map, there exists a lifting g as the following;

that is, there exists a map g making the following diagram commute:

Lemma 1.26 (Corollary 3.6 in [1])
(i) Every direct summand of a projective module is itself projective.
(i) Every direct sum of projective modules is projective.

Definition 1.27 (Injective Module,Essential Submodule, Injective Envelope(Hull)) Let
R be aring. Aleft R-module E is injective if, whenever i is an injection, a dashed arrow

exists making the following diagram commute:

Let M be a left R-module and N be a submodule such that the intersection of N with
any nonzero submodule of M is nonzero. Then N is called the essential submodule of
M, denoted by NZ®55M.

If a left R-module M is essential in an injective module E, then E is called the injective

hull (or injective envelope) of M, denoted byNE). Then EM) is the smallest injective

10



module containing M and the greatest module containing M as essential. And also

every R-module has a unique injective envelope up to isomorphism.

Proposition 1.28 (Proposition 3.25 in [1]) A left R-module E is injective if and only

if Homg(—, E) is an exact functor.

Proposition 1.29 (Corollary 3.27 in [1]) If an injective module E is a submodule of a

module M, then E is a direct summand of M: there is a complement S witrBS .

Proposition 1.30 (Proposition 3.28 in [1])

() If (Exkek is a family of injective left R-modules th¢h.« Ex is also an injective

left R-module.
(i) Every direct summand of an injective left R-module E is injective.

Definition 1.31 (Homotopy) Let(C,d) and (C’,d’) be chain complexes. Then the
chain maps fg : (C,d) — (C’,d) are homotopic, denoted by £ g, if for all n,
with

there isamap s (s,) where §: C, —» C/ |

fn —0Oh = d;]+15n + S‘u—ldn-

an

dn+1
Cn+1 Cn Cn—l
Sh Sn-1
1 /fn l fn1
’ ’ ’
Cn+1 q . Cn d . Cn—l
n

n+1

A chain map f: (C,d) — (C’,d) is null-homotopic if f~ 0, where0Q is the zero chain

map.

Theorem 1.32 Homotopic chain maps induce the same morphism in homology: if

f,g: (C,d) — (C’,d) are chain maps and & g, then for all n,

11



Hn(f) = Hn(9) : Ha(C) — Ho(C).

Proof.

If zis ann-cycle, therd,z = 0 and

faiz—ognz=d 182+ S-10hz=d,,;S:Z

Therefore,f,z— gnz € B,(C’), and soH,(f) = H,(9).

O

Proposition 1.33 Let C be an abelian category of complexes. 0f —» (C’,d) iR
(C,d) 5 (C”,d”) — 0 is an exact sequence @, then for each re Z, then there is
a morphism inC such thatd, : Hy(C”) — H,_1(C’) defined byd, : z; + Imd’,;
i-t dnprtz; + Imd, where 7 € Kerd,.

Definition 1.34 The morphism$g, : H,(C”) — H,_1(C’) above are called connect-

ing homomorphisms.

Theorem 1.35 (Theorem 6.10 in [1])(Long Exact Sequence)
LetC an abelian category of complexes.Olf— C’ 1, c 2 c”— oisan exact

an+1

sequence i, then there is an exact sequencedrsuch that--- — Hp,;1(C") —

Ha(C) ™ Ho©) ™ Hoc”) B Hoa(C) = -+

Definition 1.36 (Ext) Let an injective resolution of an R-module B is @— B BN
0 1 0 1
Eod—>E1d—>E2—>~-,then B:o0—E 5L Y B2 ... and

0 — Hom(A E?) d—0> Hom(A, EY) OI—1> Hom(A,E?) — ---. Then EX(A B) =

H"(Homk(A, EB)) = i;‘*ﬁl, where @ : Homg(A, E") — Homg(A, E™Y) is defined, as
usual, by d: f — d"f.
Let C be any abelian category andbe a class of objects @f. If Ext}(X,Y) = 0 for

all X € g, then Ye g*. IfFExt}(X,Y) = Ofor all Y € &, then Xe ‘&,

12



Lemma 1.37 The module EX(A, B) is independent of the choice of injective resolu-

tion of B.

Proof.
We understand the proof by Proposition 6.40 in [1].

O

Corollary 1.38 (Corollary 6.42 in [1]) LetA be an abelian category with enough
0 1 2

injectives, let Be obj(A), and let E: 0 — B — E° e L e S e, be

an injective resolution of B. Defing)\& imn and define Y = imd™? for all n > 1.

For any left R-modules A and B,

Exy (A B) = Exy(A, Vo) = - -+ = EX(A, Vq1).
Remark 1.39 By definition we understand Hg#, B) = Ext(A, B).

Lemma 1.40 (Corollary 6.46 in [1])
If 0— B — B — B’ — 0 is a short exact sequence of left R -modules, then

for every left R -module A, there is a long exact sequence of abelian groups,

0 — Homg(A, B') — Honmk(A, B) — Homk(A, B”) — EXt(A, B) — Exti(A B) —
Exti(A, B”) — EX&(A, B) — EXE(A B) — Ex(A B’) — ...

Thus, Ext repairs the loss of exactness after applying k{(8m-) to a short exact
sequence.

Definition 1.41 (ext) If the chosen projective resolution of an R-module A is P

PP P A0 and Py — Py -2 Py % Py — 0, then

ker d;
imd,,

exk(A, B) = Hy(Homx(Pa, B)) =

where ¢ : Homk(P,-1, B) — Homk(P,, B) is defined, as usual, by

4 f e fd.

13



Lemma 1.42 (Corollary 6.57 in [1])

The module eR(A, B) is independent of the choice of projective resolution of A.

Theorem 1.43 (Theorem 6.67 in [1])

Let A and B be left R-modules, let £0 — B — E° il El <, E? i
E3 — ... be an injective resolution of B and let :P.. — P; L Po 5 A—0
be a projective resolution of A . Then,f#Homk(Pa, B)) = H"(Homg(A, EB)) for all
n>0 and so

Ext(A, B) = exfi(A, B) .

Definition 1.44 Given R-modules C and A, an extension of A by C is a short exact

sequence

05ASBSCoo0.

An extension is split if there exists an R-mapG — B with ps= 1c or equivalently

there exists an R-map:kB — A with ki= 1, .

Proposition 1.45 (Proposition 7.24 in [1]) If Ex¢(C, A) = {0}, then every extension
of A by C splits.

Corollary 1.46 (Corollary 7.25 in [1])

(i) A left R-module P is projective if and only if E&®, B) = {0} for all every R-

module B.

(i) A left R-module E is injective if and only if Ex#&, E) = {0} for all every R-

module A.
1.2 Complexes
Definition 1.47 IfC : --- — C, i Ci i Co i C.; — --- is a complex,
/ 7 d/
thenC : .- — C, — C, — C; — C’, —> --- is said to be a subcomplex

of C if C, ¢ C, for every me Z and if d, agrees with lon CG,. IfS c Cis a
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subcomplex, then for any mZ, d,, : C,, — C,,1 induces a ma@—: — g—ﬁ By

these maps, we can obtain a comp‘gex_et f: C — D be a morphism of complexes,
then dy(Ker(fy)) € Ker(fn-1). Then we can obtain a complex Kerf with m-th term
Ker(fy). Similarly, we can find a complex (i) € D. And also we have a complex
Coker(f) = % and Im(f) = C/Ker(f). Thus we can see that the family of all

complexes in R-Mod is an abelian category, denote@(®+mod).

Remark 1.48 Let C be a complex. Then we have a subcomp&x Z2 --- —
Ker(d,) — Ker(dy1) — --- where 4C),, = Ker(d,,) for all m € Z where d is
the djferential of the complex C. Notice that thgfdiential of ZC) is 0. And a sub-
complex BC) ¢ C is defined as &), = Im(dm,1). Since ¢ o dy,1 = 0, B(C) € Z(C).

The quotient complex(Z)./B(C) is denoted by KC) where HC)m = Hn(C) = 582,
Then the complex C becomes exact (CH= 0, or equivalently Kefd,) = Im(dm,1)

forallme Z.

Definition 1.49 (The Tensor Product Of The Complexes A and B) ¥ fA,A) and
B = (B,A"), then A® B is the complex defined bfA ® B), = [, qnAp ® By and
dh 1 (A®B)y — (A® B)n1 With 8, ® by — A'a, ® by + (—1)Pa, ® A"by where
ap € Apand y, € By,

Definition 1.50 (Hom(A, C)) If (A,A") and(C, A”) are complexes, theWom(A, C) is
the complex defined lffom(A, C),, = [1p;q-n HOMA_, Cg) and O, : Hom(A, C),, —
HoOomM(A,C)n-1 such that 3 : f — Dnf = {gpq} Where g4 : A, — C4 with

q+p=n-1 isdefined by g = A, fogis + (-1)P" 1A .

Al A A
Lemmal5llet A: .. > A 5 A — A —>A; > .. and C: ... >
A/I A/I "
C, — C, — Cy —> C_; — ... be chain complexes. ThenHom(A,C) : ... —

FHom(A, C); 5 Hom(A, C); =5 Hom(A, C)y = ... is a chain complex.

Proof.
Our aim is to find thaD,_;D, = 0. So we will show thatD,_;D,(f) = 0 for all
f € HomA,C),. Let Dn1Dy(f) = {hygt with p+qg = n-2 andD,(f) = {0gxy}
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Wlth X + y = n - 1 anng,y = A;;+lfx’y+1 + (_1)X+yfx+1’yA,_X . Then hp’q = A_p g

(_1)P+Q+1 fp+l,q+1A,—p) + (_1)P+Q(Aa’+l fp+1,q+1 + (_1)p+l+q 1:p+2,qA’_p—1)A,—p =0.

Lemma 1.52 Ker(Dy) = The abelian group Ho(#, C) of chain maps from A to C.

’ ’ ’ ’ ” ”

2 Al A0 A71 AZ Al
Proof.Let A: ... - A - AL —>A)—A;—> ..andC:..—->C, —>C; —

”

Ay A"
Co—C.1—> ... Ker(DQ) =7

Do : Hom(A,C)g —— Hom(A,C)_;

f

Do(f)

Since Hom(A,C)o = IETZHon(Ap,Cp) andHom(A,C)_; = E[ZHon(Ap, Cp-1), for all
f € KerDy Do(f) = {pgp,p_l} = {0} and then gpp-1 = A'F',fp,z +(-1) *fp1p14, = 0.
Therefore we have thad, f,, = f,_151A,. This gives that f is a chain map froni
to C.

O

Definition 1.53 A chain map f: A — A’ is an isomorphism if and only if each i&

an isomorphism as follow,

A: - Aﬂ - Aﬂ—l - e e
lfn lfn—l
A’ . - A;_l > A;‘l—l — - ..

d
Definition 1.54 If {A : k € K} is a family of complexes, whereXA... — A —

A<, — ..., then the coproduct] A* is defined as the complex][ A : ... —
k

A 28 1A — .. Then H(LIAY = [IHa(AY for every ne Z. If K is a

k k k k

quasi - ordered set, then linfA ... — limA{ — limAX_; (see for direct limit [4]). If

K is directed, then H(IimAS) = | imH,(AY) for all n € Z.
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Definition 1.55 (Suspension)The suspension of a complex C is the complex denoted
by S(C) or C[1] where C)y, = C[1]m = C1 (or S(C)™ = C[1]™ = C™1) and whose
differential is—d where d is the dferential of C. Then we can defin&(g) for any

k e Z as S(C)m = C[Klm = Cmk (or SK(C)™ = C[m]* = C™*) whose dfferential is
(-1)kd where d is the gferential of C.

Definition 1.56 (Mapping Cone)Let f (X, 1) — (Y,d) be a chain map. For each n,

define
X - X—l at - XO A - xl A - X2 e
f—l fO fl f2
Y : > Y—l — YO — Yl — Y2 R

d d d

n-1 n
and M(f)" = X™1 @ Y". Then the complex M) : --- M(f)"? 7 M(f)" LGN
whose boundary operators af8(x,y) = (—1"1x, f"1(x) + d"y) for (x,y) € X" @ Y"
is called a mapping cone. So there exists an exact sequénee; Y N M(f) LN

X[1] — 0.

Definition 1.57 (Quasi - Isomorphism (or Homology Isomorphism))A morphism f
(X, 1) — (Y, d) of complexes such that(i) : H(X) — H(Y) is an isomorphism will
be called a quasi - isomorphism wheré()) : H"(X) — H"(Y) with x+ ImA™! —

f7(xX) + Imd™1 for all x € Kera".

Definition 1.58 If M is a module, theM ; ---0 — M i M — 0 — --- where
M;=MandMg=MandM:---— 0— M — 0 — --- where_ M, = M. Then
M c M.

Definition 1.59 (Graded Set) A graded set A is a family of d&g)mz. If we assume
that A, N A, = 0 if m # n, then we write x¢ A to mean, xe UZAm and we write
me

dedXx) = mif xe An.

If A andB are graded sets by a morphisim: A — B of degreep € Z we mean

a family (fn)mez of functions f,, where f,, : Ay, — B for all m € Z. So we
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have a category wittHom(A, B), denoting the set of morphisms — B (of any

degree)Hom(A, B), means the set of all morphismb : A — B of degreep. By

the cardinality of graded sétwe mean}’ | An | (or > card(An)). LetC be a complex
meZ meZ

andA be a graded set, thec C means that for aline Z A, C C,,.

Definition 1.60 If A is a graded subset of the complex C, we say S is the subcom-

plex generated by A if S is the intersection of all subcomplexes of C containing A. C
is said to be a finitely generated complex if there is a finite set@generating C. C

is said to be finitely presented if there is an exact sequeneesSED — C — 0 of

complexes where E and D are finitely generated complexes.

Definition 1.61 (Free Complex) A complex F said to be a free complex with base B if
B C F is a graded subset of F such that for any complex C and any morphism 8

of graded sets of degre@ there is a uniqgue morphism F— C of complexes that
agrees with the morphism B-» C. We say F is free if it has a base. If F is free, then
all F,, are free.

For example, the compleR : ---0 — R 4 R— 0 — --- whereR, = R and

Ry = R is free with the base consisting of the R of degree-1. Now we note that if

F is free with base B F, then for any ke Z , SX(F) is free with base §B). Also, if

(F")ial is any family of free complexes, th,eit’F‘ is also free.
IS

Proposition 1.62 Given any complex C. Then there is a free complex F and an epi-

morphism F— C.

Proof. It suffices to find a fred= with a baseB such that B, [>| C,, |. Then there is
a degree 0 epimorphisi® — C (of graded sets). So the correspondihg— C is
necessarily an epimorphism.

O

Definition 1.63 A complex P is said to be a projective complex if for any morphism

P — D and any epimorphism &— D, the diagram
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»

C - D -0

can be completed to a commutative diagram by a morphisrFC.
Proposition 1.64 Any free complex F is projective.
Proposition 1.65 If P is a projective module, theR is a projective complex.

Proof. Consider the diagram i6(R - Mod):

whereg : C — C’ — 0 is an epic morphism anél : P — C is a morphism
andd , d’ are diferentials ofC , C’, respectively. Sincé is a projective module,
there is a morphisnh, : P — Cy with gihy = fx. Definehy; : P — Cy_; with

he1 = dhe. Thengeaher = gtk = digdhe = dify = fiea. Thus we have a

morphismh : P — C which is a chain mapo

Notice that for allm € Z, S™(P) is a projective complex whenevé¥is a projective

module. And also any direct sum of projective complexes is a projective complex.

Corollary 1.66 A complex P is projective if and only if it is a direct summand of a free

complex.

The following remark shows that P is a projective complex, then aH,, are projec-

tive, but the converse may not be true.
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Remark 1.67 Since a projective complex P is isomorphic to a direct summand of F,
we get R, is isomorphic to a direct summand of,FAnd also if F is free, then eachF
is a free module. Hence,Hs a projective module. But the converse may not be true.
that is, each B can be projective module, but P may not be a projective complex. For
exampleR has Ras a subcomplex ang/R = S(R). Since Homr(S(R),R) = 0, the

diagram

SR
id

S(R)

cannot be completed to a commutative diagram. ) & not a projective complex

R 0

even though each term of§) is a projective module.

Theorem 1.68 Let P be a complex. Then the following are equivalent:
(i) P is projective.
(i) P is adirect summand of a free complex.
(i) There is a familyP™)z of projective modules such thatsPEBZSm(ﬁ).
me
(iv) P is exact and ZP) has all terms projective.

Furthermore, for a projective P the famiP™)z in the part (iii) is unique up to

isomorphism.

Definition 1.69 (Injective Complex) | is said to be an injective complex if for any mor-

phism C— | and any morphism G— D, the diagram

can be completed to a commutative diagram by a morphisr0.
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Proposition 1.70 If M is injective module, theM is an injective complex.

Proof. Let0 — C — C’ be a monic morphism. Then we have the following diagram

hy
Cy 3

M

'

ifk'\
C, M

:

hi> :

. 4
de >< “
Gt 5 G
Here,gx andgy_; are parts of a monic chain m&— C’. SinceM is injective, there
is f,_; 1 Ciy — Mwith f g1 = hy. Let f 1 C; — M such thatf, = f;_,d;.
Then f/gc = f,_,digc = f, ;010 = h10k = he. So we have a chain morphism

f’ : C’ — M. ThereforeM is an injective complexa

Notice that for allm € Z, S™(M) is an injective complex whenevé is an injective
module. And also any direct product of injective complexes is an injective complex.
Let C be any complex. Then we have an injective linear monomorpd8m— ™

and then form the corresponding morphi€m—s ™. Then we haveC — mrEIZI_m

iIs @ monomorphism as a product of injective complexes WEISZ@ is an injective
complex. Thenngzl_m is an injective preenvelope df. Thus there are enough injec-
tive complexes. IC itself is injective, therC is isomorphic to a direct summand of
nlgzl_m and also it is exact. IfA is a non zero subcomplexes of a compléxsuch that
ANB # 0 for all nonzero subcomplexeB , then A is called an essential subcomplex
of C. There exists an injective complex containing essentially the conplex is

called the injective envelope of the compléx
Theorem 1.71 A complex E is injective if and only if it is injective for eacR(R).

Note that subcomplexes &are of the form; --- —- 0 — | —J — 0 — ---
wherel andJ are left ideals oR. Then we understand th&tis injective forR only

if every morphism--- —0— 1< R— 0— --- (WhereJ = R) into E can be
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extended to a morphisiR — E. Then we have the corresponding claim 8%(R)

andE (for anym e Z).

Definition 1.72 (Ext in Complexes) Let A and B complexes in the category of com-
plexes of left R-modul&s. The definition of Ext in complexes is the same as the defi-
nition of Ext in R-Mod. We can obtain an injective resolution of the complex B since
every complex has an enough injective complex. If the chosen injective resolution of B
iSE=0—B-5E S Bt % B2, ... then EXI(A B) = H'(Hom(A EB)) =

kerd’ where @ : Hom(A, E") — Hom(A, E™Y) is defined, as usual, by'd f — d"f.

imdi-1?

From definition we understand that Lemma 1.37, Corollary 1.38, Remark 1.39, Lemma

1.40, Lemma 1.42 and Theorem 1.4FRMod are satisfied also in complexes.
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CHAPTER 2
ORTHOGONALITY IN THE CATEGORY OF COMPLEXES

Let £ be the class of exact complexes a@R — Mod) (or shortlyC) be the category
of cochain complex of lefR-modules throughout this sectiof{,om(X, Y) denote the
usual complex formed from the two complex¥sandY (See 1.50) andHom(X,Y)
denote the group of cochain maps frofito Y. We call a complexP DG — projective

if eachP" is projective and ifHom(P, E) is an exact complex for alt € €. Thus every
projective complex isDG -projective. A compleX is calledDG - injectiveif each
I" is injective andHom(E, |) is exact for allE € . Thus every injective complex is
DG -injective. The classes dG-projective andDG-injective complexes are closed
under taking finite sums and taking summands. For examples guch that all" are
injective and such that for somrmg, 1" = 0 forn < ng (i.e. | is bounded below), then
| is DG-injective. Ifl.gl.dimR < oo, then any complex with all I" injective isDG-
injective. A bounded above complé&xwith all P" projective isDG-projective and if
l.gl.dimR< oo, anyP with all P" projective isDG-projective (see [2] and [3]). For any
n, X[n] denotes the complex such thgfn]™ = X™™ and whose boundary operators
are (1)"0™™ whered is a boundary operator of the complExIf X is DG-projective
(injective), then so iX[n] for anyn. And also ifM is any injective lefiR-module, then
the complex--- - 0 - M LR M—->0—------ is injective (with the firsR-module
M in then-th place). In fact, any injective complex is uniquely up to isomorphism the
direct sum of such complexes. Moreover we know t#at= {X € C(R- Mod) :
Ext(E,X) = Ofor allE € g} and*e = {X € C(R- Mod) : Ext}(X, E) = 0 for all

E € &}

Lemma 2.1 If | € &+, then each'lis injective.
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Proof. LetS € M be a submodule of a leR— module andf : S — " be linear form

the pushout,

0 - S - M
'
|n ...... > In@ M
12 A
whereA = (((9), —9) : s€ S). Thusi, is 1-1 the same ais Then, | : ... — I™! —

LM, mig M ™2 — | is a complex. If we denotd"2¥ by I" @5 M, then

we can obtain the following diagram where all rows are exact.

0 - |n—l > |n—1 -0 -0
A Y M

0 - " I"®s M - 3 0
id
M M

. N+l - |Mlgy — - >
0 [ ® S S 0
0 - |r:+2 - |n+2 -0 -0

Therefore we have an exact sequence —0 | 4 I — E — 0 whereE :

.—0— ¥ - ¥ — 0— ..andthus we have an exact complex —8
HomE,l1) — Hom(l,1) — Hom(l,I) — Ext(E,l) = 0 sincel € &-. So
Hom(I,1) — Hom(I,1) — 0 is epic. This implies that we can find that T — |

such thatf f = 1. Therefore there exists a functidn : 1" ®s M — 1" such that
—n

f f"=1. ThenS — |I" can be extended tf)nil : M — I". Sol" is injective.

O

Lemma 2.2 Let f : X — Y be a morphism of complexes. Then the exact sequence
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0 — Y — M(f) — X[1] — 0O associated with the mapping cong M splits in C

if and only if f is homotopic t@.

Proof.

(=)

Since the sequence splits, there exists a morphismX[1] — M(f) with g(x) =
(X, —s(X)) wheresis a morphism fronX[1] to Y. Then we have the following commu-

tative diagram:

in-1 n-1

0 - Y XN YT e X 0
82*1 anl L
0 . Yn ; . Xn+1 ® Yn gn+1 Xn+l 0

whered"1(x,y) = (=9"x, f"(x) + 87-1y) for all (x,y) € X" @ Y™*. By the commutative

diagram, we can find that for alle X"

6" H(g"(x) = ~g"1d"(x)

6"H(x, =S'(X)) = (=3"(x), S"*3"(x)
(=", "(X) + 977 (=S"(¥))) = (=3"(), $™*3"(X)).

This implies that f"(x) = 877s"(x) + s™19"(x), for all x € X". Therefore,f" =
o"1s" + 19" which implies thatf is homotopic to O.

(=)

Suppose that is homotopic to 0. Ifsis such a homotopy, then we can construct a
function,

g: X[1] — M(f)
X (X, —S(X))

wheres" : X" — Y™ 1suchthatf" = 9" 1s"+s"19". Then p*1g"(x) = p"1(x, —s(X)) =

I(x) forall x e X"and sop"'g" = |I. So the exact sequence-8> Y — M(f) —
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X[1] — 0 splits.

O

f . .
Lemma231f 05 A—-B>C—0isan split exact sequence, ther=BA & C.

Proof. Since 0— A N B-5C-—0is split exact, there exist both a morphism
h: B — A suchthathf = 1, and a morphismé : C — B such thatgd = 1¢ .
Sofor all b e B we can write thatb = b — fh(b) + fh(b) where b — fh(b) € Kerh.
Therefore B = Kerhe Imf. Since f is 1-1, Imf = A. Since the sequence
0—-c5LB LA 0 is exact,Kerh=Img=C.ThusB=CaoA.

O

Corollary 2.4 If X is a complex, thef{om(X, 1) is exact for a complex | such that |

is injective for all me Z if and only if Ext(X, I[n]) = Ofor all n € Z.

Proof.

(=)

Suppose thatHom(X, 1) is exact for a complex such thatl™ is injective for all

m € Z. SinceHom(X, |) being exact is equivalent to the claim that for each Z
each morphismf : X — I[n] is homotopic to 0, by Lemma 2.2 the exact se-
quence 0— I[n] — M(f) £, X[1] — 0 splits, so we have an exact sequence
0 — Hom(X I[n]) — Hom(X, M(f)) £ Hom(X, X[1]) — Exi(X.I[n]) —>
Ext(X,M(f)) — ... andp : X[1] — M(f) with g8’ = 1. Thus for allg €
Hom(X, X[1]) there exists at least ong'g € Hom(X, M(f)) such that g*(8'g) =
B(6'g) = g, that is,8* is onto. SEExt}(X, I[n]) = O for alln € N.

(=)

Since for alln € Z, Ext(X, I[n]) = O, this implies that any exact sequence—&

Iln] — Y — X — 0 of complexes splits. For, we have the exact sequence

0 — Hom(X, I[n])) — Hom(Y, I[n]) — Hom(I[n], I[n]) — Ext(X, I[n]) .

=0
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Since 0— I[n] — Y — X — 0 splits,Y = I[n] & X by Lemma 2.3. So this

sequence is isomorphic to a sequence

0— I[N — M(f) - X—0

wheref : X[-1] — I[n]. Therefore 0— I[n] — M(f) — X — 0 splits. By
Lemma 2.2 f : X[-1] — I[n] is homotopic to O foralh e Z. Sof’ : X — I[n+ 1]

iIs homotopic to O for alh € Z. Thus we understand from the explanation above that
Hom(X, 1) is exact.

O

Proposition 2.5 &* is the class of DG - injective complexes.

Proof. If | € &*, then by Lemma 2.1 all" are injective. Sincé € ¢+, forallE € ¢
Ext(E,1) = 0. By Corollary 2.4, Hom(E, 1) is exact for allE € . Sol is DG -

injective.

Dual arguments gives the following proposition;
Proposition 2.6 *¢ is the class of DG - projective complexes.
Proposition 2.7 () = ¢

Proof. Clearlye C (). LetE € *(¢*). We will show thatE is exact. Letl :
+—0-—0—1°— 0— 0— --- wherel®is an injective cogenerator
(see [4] for more details). Thehnis (so also any[n], n € Z) DG-injective complex.
By Proposition 2.5] € &*. SinceE e*(gt), Ext}(E,I[n]) = 0 foralln € Z. Let
E: .. — E! — E°— E! —- E2 — --.. Then we have the sequence
-+ —» HomE?, 1% - HomEY, 19) - Hom(E?, 1°) — ---. This sequence is equal to
Hom(E, 1). By Corollary 2.4 Hom(E, 1) is exact. Sincé is an injective cogenerator,

the complexE is exact.

27



Remark 2.8 If | € &%, thenforall Ec eand alli > 1 Ext(E, 1) = 0.

Because, we can find that an exact sequence of complexes with P projective complex
f g
0-S—P—E->O

Then we have the following diagram;

0 Sm—l - Pm—l - Em—l 0
gt gmt

0— S P
BT g™

0 Sr‘n+1 - Pn:+1 - Er‘n+1 0

whereg™? |gn1= ™1 and g™ |smn= BM. Therefore S is also an exact sequence. Since
Ext(S,1) = Ex®(E,I) and | € &* and S€ &, ExZ(E, |) = 0. Using the induction we

can write that for all i> 1 Ext(E, 1) = 0.

Similarly, if P *&, then for all i> 1, Ext(P,E) = 0.

Thusif 0 - I’ - | — |I” — 0is an exact sequence of complexes ananld I’ are
DG-injective, then by Proposition 2.5, &nd I’ € &+ and for all E € &, we can find
the exact sequence;

0 - HomE,l’) - HomE,l) —» HomE,1”) — Ext(E,I') - Ext(E,I) —
Ext(E,1”) — EXB(E,1") — ---.

Since EX{(E, ') = 0 = Ext(E, 1”), Ext(E,1) = 0, so | € &* and hence | is a DG-

injective complex.
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And also if I and | are DG-injective, then so i$']

Similarly, if 0 - PP - P - P” — 0 s exact sequence of complexes and P afid P
are DG-projective, then for all £ ¢, we can find the exact sequence;

0 —» Hom(P”,E) - Hom(P.E) - Hom(P",E) — Ext(P”,E) — Ext(P,E) —
Ext{(P",E) » ExB(P",E) - ---.

Since Ext(P,E) = Ext(P”,E) = 0, Ext{(P’,E) = 0, so P € ‘. By Proposition 2.6,

P’ is also DG-projective.

And also Pand P’ are DG-projective, then so is P.

Lemma29let0 - E—> 1| — IE — 0 be an exact sequence of complexes and let E
and | be exact complexes. Thgn's an exact complex , too. Similarly if | arvéjare

exact, then E is exact. And also if E aédare exact, then | is exact.

Proof. We will give only the proof of the first statement. We can write the following

commutative diagram;

n 'En I n
n @ n
0 E | = 0
fn gn hn {
Y Y 1 1
1 ozml el ﬁm- I n+ 0
0 n+ > > _
E I Ent+l
il g”+1 hn+1 L
v v
o2 ﬁn+2 | n+2
0 En+2 - | n+2 > - 0
En+2

wherelmf" = Ker f*! andImg® = Kerg™!. We will prove thatimh = Kerh™?!, Let
x+E™! € Imh". Then there exists at least opeE" € L such thah(y+E") = x+E™™.

Sog"(y) + E™! = x+ E™1. Then

hn+1(X + En+1) — hn+1(gn(y) + En+1) — gn+1(gn(y)) + En+2 — En+2‘
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Thereforex + E™! € Ker(h™?). Notice that this implies that is a complex.

Now letx+E™! e Ker(h™1). Thenh™(x+E™?) = g"1(x)+E™2 = E™2, Sog™i(x) e
E™2, Sinceg™2(g™(x)) = h™1(g™(x)) = 0, B™1(x) € Kert™L, so8™(x) € Imh.
So there exists at least oaer E" € L such thath"(a + E") = g™4(X) = x + E™?, so
X+ E™! e Imh'. As a result, we can write thanh" = Kerh™*.

O

Proposition 2.10 £ N &* is the class of injective complexes and *¢ is the class of

projective complexes.

Proof. Letl € e negt. We can find an injective (exact) compléxsuch thatl C J.
Then we have an exact sequence of complexes,0— J — Ii — 0. Sincel andJ
are exact,lg is an exact complex by Lemma 2.9. ontl(%, I) = 0. Since we have the

exact sequence
J J
0- Hom(l—,l) — Hom(J,1) —» Hom(I, 1) — Extl(l—,l) =0—>---,

the exact sequence 8 1 —» J — IQ — 0 splits. Thudl is a direct summand af
by Lemma 2.3, so it is injective. Similarly, we can prove that ¢ is the class of
projective complexes.

O

Proposition 2.11 (*&)* = &.

Proof. It is proved dual to proof of Proposition 2.7.

O

Theorem 2.12 ([5] ) For every complex X there are quasi-isomorphisms-PX and

X — | where P is DG-projective and | is DG-injective.
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Lemma 2.13 Let X and | complexes i@ and f: X — | be al- 1morphism. Then

% Isexactifand only if X- I is a homology isomorphism. And also if: ¢ — X is

onto morphism, then Kerg is exact if and only if—l X is a homology isomorphism.

Proof. We understand the proof by the long exact sequence in Theorem 6.10 in [1].

O

Corollary 2.14 Every complex X has a DG-projective precover in which kernel is

exact and a DG-injective preenvelope.

Proof. Let P —» X be as in the Theorem 2.12. Since there exists an onto morphism
Q — X with Q projective (so it is exact) complex, we can find an onto morphism
P& Q — X. And H(Q) = O implies thatP @ Q — X is a quasi-isomorphism. Hence
we have an exact sequence of complexesp, & - P& Q —» X — O whereE is
exact by Lemma 2.13. Lé¥ be anyDG-projective complex. Then by Proposition 2.6
Ext(P,E) =0, so HomP,P& Q) — Hom(P’, X) — 0 is onto. Therefore we have

the commutative diagram

P/

N

PoQ X -0

ThereforeP & Q — X is aDG-projective precover. Similarly, we get that evetyhas
a DG-injective preenvelopX — 1.

O

Remark 2.15 We see that such precovers B X and preenvelopes X~ | are
necessarily surjective and injective, respectively, since projective complexes are DG-

projective and injective complexes are DG-injective.

Lemma2.16If E € £ and E — | is an injective envelope, then B | is a DG-

injective envelope.
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Proof. Let0— E 5 | LA E’ — 0 be exact. Sincg andl are exact, by Lemma 25
is exact, too. Ifi” is DG-injective, thenExt'(E’, 1”) = 0 by Proposition 2.5 and so
Hom(l,1’) - HomE,1l’) — 0 is exact. Sincéd is DG-injective, E — 1 is DG-
injective preenvelope. Since it is an injective envelope, we see that D@-ejective
envelope.

O

Theorem 2.17 Every complex X has a DG-injective envelope-XI. Such an enve-
lope is injective and is a quasi-isomorphism. A morphism-X | of complexes is a
DG-injective envelope of X if and only if it is injective, if | is DG-injective, if>% | is
a quasi-isomorphism and if there are no exact subcomplexes &uch that X0 E = 0

and E+ 0.

Proof. The proof thaiX has aDG-injective envelope is a straight forward modification
of the proof of Theorem 6.1 in [6]. In that proof we replace the class of modules of
finite projective dimension with the class of exact complexes and note that this class
of complexes is closed under inductive limits. Since eV@@rinjective preenvelope

X — | is injective, so is such an envelope. Uétbe anyDG-injective complex.
Then the exact sequence-8 X —» | — Ii — 0 implies that the exact sequence;

0 — Hom(%, U) - Hom(l,U) - Hom(X,U) — Ext}(,U) — - .

SinceX — | is a DG-injective preenvelopeExt!(x,U) = 0. Soy €* (s*) by
Proposition 2.5. Since*(s*) = & by Proposition 2.7 is exact and therefore by
Lemma 2.13X — | is a homology-isomorphism.

Now let X — | be aDG-injective envelope (s&X — 1 is an injection) and c |

be an exact complex withk N E = 0. Since the injective envelopkof E is the DG-
injective envelope by Lemma 2.1, 25 | can be extended to a mdp: J — I.
SinceE is essential ind, f is injective. Sincef (E) = E is essential inf (J), XN f(J) =

0. Sinceld is the also exact, we can assume the origiBas injective. ThenlE is

also DG-injective by Remark 2.8. SincKk — | is a homology isomorphism and
H(E) = 0, by Theorem 1.35 we hav¥ — '—E is @ homology isomorphism. By
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Lemma 2.13 we have an exact sequence—9 X — 'E — F — 0 with F exact.
ThereforeX — IE is a DG-injective preenvelope. Becauselfis any DG-injective
complex, then 6— Hom(F,U) — Hom(¢,U) — Hom(X,U) — Ext!(F,U) =0

by Proposition 2.5. Hence there is a commutative diagram

with | — IE the canonical surjection. Singé— | is an envelopel, SN IE 2, I is
an automorphism of. Lete € E. Thengd(e) = B(6(e)) = B(e + E) = B(0) = 0 and
sincepd is an automorphisng = 0. SoE = 0.

Conversely, we know that there existD&-injective envelope oK such that 0—

X — 1. Letl’ be DG-injective, 0 — X — |’ be a quasi-isomorphism and
there are no exact subcomplexésc I’ suchthatXNE =0 and E # 0. Since

0 — X — I’ is a quasi-isomorphism and ég)is exact, 0— X — I’ isa

DG-injective preenvelope. So we have the following commutative diagram

Sincel — I” — | is an automorphism df, I’ =2 1 @ J where J = Ker(l’ — 1),
soJ is alsoDG-injective. SinceX — | andX — |’ are homology isomorphism, for
allne Z; Hy(1) = Hy(l"). Since0— | — I'isa quasi-isomorphisrﬂr', is exact by

Lemma 2.13 and’ = | & J implies thatJ is exact, sal € € N &*. By Proposition 2.10,
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J is injective. From diagram we understand thath J = 0. This implies thatl = 0
and sol” — | is an isomorphism. Hencé — |’ is an envelope.

O

Corollary 2.18 The DG-injective envelope X— | of a complex X is such that | is

injective if and only if X exact.

Proof. If X is exact, then since 8— X — | is DG-injective preenvelopei(X) =
H.(I) and so'y is exact, thereforé is exact. Sd € & N ¢ and hence by Proposition
2.101 is injective.

Conversely, leX — | be aDG-injective envelope and assume thas injective. If
00— X— | — E — 0is exact, ther;'z =~ E is exact by Lemma 2.13, since
H,(X) = H,(l) by Theorem 2.17. SinceandE are exactX is also exact by Lemma
2.9.

O

Corollary2.19 If 0 —- X — lg — |_; — |_, — -+ is a minimal DG-injective

resolution of X, then each;lfor i > 1 is injective, } is injective if and only if X is

exact.

Proof. By Theorem 2.17X — |g is injective and a quasi-isomorphism, gois
exact. By Corollary 2.18_, is injective. Repeating this argument we get, |3, - -
injective.

The converse follows from Corollary 2.18.

O

Proposition 2.20 For a DG-injective complex I, the following are equivalent:

(a) If E c I is an exact complex, then £0;

(b) If J c lis an injective subcomplex, then=J0;
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(c) For each n, Z(1) is essential in.

Proof.

(@) = (b) is satisfied since injective complexes are exact.

To argue ) = (c), assume"(l) is not essential ih". Then there is an injective sub-
moduleM c 1" with Z"(I) n M = 0 andM # 0. Thend" |y is an injection . But the
complex---0 - M — 9"(M) — 0--- is a non-zero injective subcomplex f This
is a contradiction.

To argue ¢) = (b), an injective complex c | is a direct sum of complexes of the
form---0 > M 5 M — 0 --- whereM is an injective module. But by (c), every
suchM must be 0. Hencé = 0.

To argue ) = (a), E has an injective envelopd such thatE is essential inJ.
By Lemma 2.16E — J is a DG -injective envelope. IfE c J is exact, then we

have the following commutative diagram

where fi, =i;. Then Ker(f)nE =0. SinceE is essentialind, Ker(f) =0. So
we can takeE c J c | with J aninjective envelope oE. Butthen J =0 implies
E=0.

O

Definition 2.21 A DG-injective complex | is said to be minimal if | satisfies one of the

equivalent condition§&), (b) or (c) in Proposition 2.20.

Proposition 2.22 A DG-injective complex is the direct sum of an injective complex
and a minimal DG-injective complex. This direct sum decomposition is unique up to

isomorphism.
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Proof. Let | be aDG-injective complex. Using the Zorn's Lemma, for eattve can

find a maximal submodulé@" c I" such thatJ" n Ker(I" — ™) = 0. Sincel" is
injective, we can find an injective modul€' such thatJ" c®5SK" C I". Then it must

be K" = J" and soJ" is injective. Thenl has the injective subcomplex;- —- 0 —

J"— 9"(I") - 0 - ---. Sinced™}(I"1) c Ker(I" — 1™1), 9" 1(I"1) nJI"= 0. So

the sum of these complexes is direct and is isomorphic to their external direct product,

because the sum is

Il:_..%Jn—l@an—l(Jn—l)_)|n+1®0n(‘]n)_)__.

Hence the sum is injective. Sgis a direct summand df and we havd = |, & I,.
By construction, we understand thiatis minimal. Now suppose we have another
decompositiod = 1] @ I} with |] injective andl, minimal. PutS = I, n 1. Let the
injective envelope o6 be E(S) C I;. Then the projectiop : E(S) c l;® 1, — I} is
injective, otherwis&erg # 0 andS N Kerg # 0 sinceS c**°E(S), butKerg C | and
Sn ] =0, butthis is a contradiction. Spis injective. Thusp(E(S)) is injective. But
sincel; is minimal, ¢(E(S)) = 0 and soE(S) = 0 = S. Hencel; projects injectively
into 17 with imageJ c 1. SoJ is injective and hencé is a direct summand df,, so
we have a decompositidn= J @ K @ |;. Sincel, projects isomorphically ontd, we
havel = I; @ Ko |;. Butthenl; = I'—l = K@ 1. SinceK is injective and is minimal,
K = 0 and sd projects isomorphically;. And alsol, = I,.

O

Corollary 2.23 Given any complex X, there exists a quasi-isomorphism Kwith |

a minimal DG-injective complex.

Proof. By Theorem 2.12, there is a quasi-isomorphi¥m- | with | a DG-injective
complex. Ifl = 1, @ I, with I injective andl, minimal from the proposition above,
then sinceH(l;) = 0, X — |, is the desired homology isomorphism.

O
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Theorem 2.24 Every complex X has an exact cover-E5> X. Every exact cover
E — X is surjective and KE — X) is DG-injective. A morphism E— X of

complexes is an exact cover of X if and only if E is exact—E X is surjective and
Ker(E — X) is a minimal DG-injective complex. If E— X is an exact cover, E is

injective if and only if X is DG-injective.

Proof. Given X, by Theorem 2.12 there is a homology isomorphifm X — |
with | DG-injective. So we have an exact sequence»>0 — M(f) —» X[1] — 0.
SinceH,(X) = Hy(1) andHn(X) = Hn_1(X[1]), by Theorem 1.35M(f) is exact. Let
E = M(f)[-1]. Then we have a surjective morphidin— X with the kernell[-1]

beingDG-injective by Corollary 2.4.

We claim thatE — X is an exact precover. For, B is an exact complex, by
Proposition 2.5; Ext{(E’,1[-1]) = 0 and so HOmM[E’,E) - HomE’,X) — 0 is
exact. SC(E — X is an exact precover. Sineds closed under inductive limits, if we
modify Corollary 5.2.7 in [4] to complexes, then we can find tidtas an exact cover.
If ¢ : E — X is an exact cover, since there is a projective comfesuch that
P — Xis surjective, s@¢ must be surjective. By Lemma 1.21= Ker(E — X) € &*
and so it isDG-injective. If | were not minimal, then by Proposition 2.22 it would
have an injective subcompldx # O. Then ifE = |; & E,, then the projection map
f:E— E;withforallae |, C | and forallb € E;, f(a+ b) = b gives the following

commutative diagram

E;CE p X

where¢f = ¢ and f is not automorphism. Singg: E — X is an exact cover, this

implies a contradiction. Hendemust be minimal.

Conversely, suppose: E — Xis a surjective morphism witk exact and = Ker(¢)

a minimal DG-injective complex. So ifE’ € g, then we haveHomE’,E) —
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Hom(E’, X) — EXxt(E’,Kerg) = 0. This implies thaty : E — X is an exact
precover. LeE — X be an exact cover. Then we have the following commutative

diagram:

But E — E — E is an automorphism d&. SoKer(E — E) is a direct summand
of E (so is exact) contained in= Ker(¢). Sincel is minimal,Ker(E — E) = 0 and
SoE — E is an isomorphism. Hende — X is a cover.

Now suppose thaX is DG-injective andE — X an exact cover with = Ker(E —
X). Then sincé is DG-injective and 0— | - E — X — 0is exactE is DG-injective.
But sinceE is also exact, by Proposition 2.1B,is injective.

If on the other handE — X is an exact cover an# is injective, then withl =
Ker(E — X), the exactness of & | - E — X — 0 wherel andE are DG-
injective, gives thak is DG-injective by Remark 2.8.

O

Now using the theorem above we can give an example that how we can determine the

exact cover of a complex.

Example 2.25Let X: ---0 — X° — 0 — --- where X € R-Mod be a complex.
fE: - —>0—00-> X5 X! - X2 5 X3 > ... is aminimal injective

resolution of the module %then the map E— X — 0 such that,

0 -0 . xO - xl . X2 RN
0\ 0\ ll 0 0
0 - 0 - XO -0 -0 -
is an exact cover of X, since we see that= Ker(E - X):--- > 0—-0—- X! -
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X? — ... and for each n, Z() is essential in X where n> 1 which we see from
construction of injective resolution E and so KEr— X) is a minimal DG-injective

complex.

Corollary 2.26 If --- - E;, » E; —» Eg —» X — 0is a minimal exact left resolution
of a complex X, then each & > 1) is injective and k& is injective if and only if X is

DG-injective.

Proof. By Theorem 2.24 the compleX has an exact coveE, — X such that;
Ker(Eo — X) is DG-injective. By Theorem 2.24, the exact coverkoér(E, — X)
exists, sayE; such thate; — Ker(E; — X) — 0 andE; is injective. If we continue in
this way, then for all > 1 eachE; is injective. Again by the same theorem, the other
part is proved, too.

O

Theorem 2.27 In C, Hon{—, -) is left balanced by e x &*.

Proof. If0 - Y — lg — |y — |_5--- is any righte*-resolution ofY andP € ‘¢,

we must show thaHom(P, -) leaves the sequence exact. Using Theorem 2.17, we
can construct the sequence®Y — lp —» I_; — |_»---, we see that we only need
show that ifY — | is a DG-injective preenvelope and € = CokelY — I), then
Hom(P, 1) - Hom(P,C) — 0 is exact.

Given another sucBbG-injective preenvelop¥ — | with cokernelC, by the definition

of preenvelopes, we see that if the diagram

]

0 -Y - | - C -0

-0

is commutative, then the vertical maps give a homotopy equivalence between the two

complexes. Hence HHom(P, —) leaves one of these exact, then it leaves the other exact.
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By Theorem 2.17 we have an exact sequence» ¥ — | — E — 0 wherel is
DG-injective and since 0—» Y — | is a quasi-isomorphisnt is exact by Lemma
2.13.

SinceE is an epimorphic image of a free (projective) complex, we have a surjection
Q — E — 0. SinceE andQ are exactKer(Q — E) is exact and s& xt'(P, Ker(Q —

E)) = 0. This implies thaHomP — Q) - Hom(P, E) — 0. SinceQ is a projective

complex, any mag — E has a liftingQ — I. By the following diagram

we understand thatom(P, 1) - Hom(P, E) — 0 is exact.

A dual argument shows thatif & D - P - X — 0 is exact withP — X a DG-
projective precover, then wheneueis DG-injective,HomP,1) - Hom(D, 1) — O is

exact.o

Lemma 2.28 Let | be a DG-injective complex and let idl — | give the exact
sequenc® — | — M(id) — I[1] — 0. Then Mid) is injective and Mid) —
I[1] is an exact precover. If | is minimal, thend M(id) is an injective envelope and

M(id) — I[1] is an exact cover.

Proof. Sinceid is a homology isomorphisnM (id) is exact by the long exact sequence.
Sincel and sol[1] are DG-injective, so isM(id). Then by Proposition 2.1M(id) is
injective. SinceExt}(E, I) = 0 for any exacE, HomE, M(id)) — Hom(E, I[1]) —

0 exact. SaM(id) — I[1] is an exact precover.

Now supposd is minimal. If M(id) is not an injective envelope df thenl is not

essential ifMM(id). So there is a nonzero complé@k< M(id) such that’’nl = 0. And
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also we have the injective envelope Bf sayJ such that)’ essential inJ. Then we

have the following commutative diagram

0 J
0y M)
0 3

such thatl — M(id) — J is an automorphism, s@ c®*J c M(id) whereJ is
exact andl N | = 0. ButJ maps isomorphically to a subcomplexi¢t]. Sinceldis
exact and[1] is minimal, we get a contradiction. 9d(id) is an injective envelope of
I. Whenl is minimal we get thaM(id) — I[1] is an exact cover by Theorem 2.24.

O

Corollary 2.29 A DG-injective complex | has injective dimensidar co.

Proof. If | itself is injective, then the injective dimension is 0. Lldbe not injective.

Then we have the following diagram by Lemma 2.28

0 I Mi(id) —— M(id) —— Mg(id) —— -+~

I[1] I[2]
0 0

where Mj(id) = I[j — 1] @ I[j] for j > 1 .Sincel is notinjective, forall j > 1 I[j]
cannot be injective. So the sequence above goes to infinity. So injective dimension is

[Sol
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Proposition 2.30 If P is a DG-projective complex and idP — P has the associated
exact sequendg —» P —» M(id) — P[1] — 0, then Mid) is projective and

P — M(id) is an exact preenvelope of P.

Proof. A dual argument of Lemma 2.28

O

Corollary 2.31 A DG-projective complex has projective dimendioor co.

Proof. Clear from Proposition 2.30

O

Lemma 2.32 Let X, Y be complexes, X — Y a morphism and let the exact
sequence0 — Y[-1] — M(id)[-1] — Y — 0 be gotten from id: Y — Y.
Then f: X — Y has alifting X— M(id)[-1] if and only if f is homotopic t@.

Proof.
(=)
Let f : X — Y have a lifting X — M(id)[-1] . Then we have the following

diagram

Mid[-1] —— Y 0

where ng = f . Let n/ : M(id)[-1] — Y[-1] be a projection ands = n’g. Since

g: X — M(id)[-1] is a chain morphism, by the following diagram
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/ln—l AN

xn—l - Xn > xn+l

gn+1

Yn—l ® Yn—2 = . Yn ® Yn—l = . Yl’l+l ® Yn

where

u": M@d)"[-1] = Y@ YL

Yn+1 ® Yn

(@h) — (-y"(@.a-y""*(h)

such that g™!a" = u'g", we have s™A" + y"1g" = gMHigtign 4 oyn-lpngn =
a™ungt + Yy ixngh = (Ut + Mgt . Forall @ b) € Y™ o Y (2 UM +
Y@ b) = M (=y"(@), a -y (D) + ¥y H(b) = a—y"H(b) + ¥ (D) = (a b) .
So s + 91" = g = f" and thereforef is homotopicto O .

(=)

Let f be homotopicto 0. Then there exists a homotapyX — Y[-1] such that

we have the following diagram:

At A

Xn—l > Xn

n-1 fn n+1
f l / Sn+1 l f

Yn—l — Yn — Yn+1

y Y

n
> Xn+1

wheres™1" + y"1s" = ", Then the required lifting is as the following:
g: X — M(id)[-1]

x — (f(%), s(x))

Lemma 2.33 Every complex C has astenvelope with cokernel DG-projective com-

plex.
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Proof. Let Cy, = C. We will construct an increasing sequence of compl&xges C; C
C, c --- with the properties thae%l has all its terms projective ardd= O foralln > 1,
and such thaZ(C,) c B(C,,,) for all n > 0. For then ifE = UC,, E is exact and by
the Lemma 3.1 in [7]% will be DG-projective. Clearly we only need show how to
construciC;. Then the same procedure allows us to constbgat C, C - - -.

Given anyx € Z"(C) c C", we can construct a complex: — C"2 — C"1gR —
C" — C™1... havingC as a subcomplex and such ti@it! @ R — C" maps (01)

to x. Itis clear that in fact this is a complex s& with x € B(D) and with 2 the
complex--- — 0— R— 0— 0 — --- with Rin the (— 1)-th place. With this
procedure we see that by attaching the direct sum of as many copgiessaiecessary
to C (at differentC*'s) we can construct the compl€x having the desired properties.
This completes the proof.

O

Proposition 2.34 In C, Hon{(—, —) is left balanced by x ¢.

Proof. By the Proposition and by Theorem 2.24 we get the required resolutions. The
other requirement of balance is immediate.

O
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CHAPTER 3
MINIMAL INJECTIVE RESOLUTIONS

The termDG-injective resolution is used in [2] and [8]. In this paperXiis bounded
below, thenX has so-calledrhinimal injective resolutioh This means that there is

a quasi-isomorphismX — | wherel is a minimalDG-injective complex. Such ah

will also be bounded below. Ifl; andl, are bounded below minimaDG-injective
complexes, any quasi-isomorphisim — I, is an isomorphism. This fact can be
used to prove that a "minimal injective resolutioX — | as above is unique up

to isomorphism. In this section we show that as a result of Spaltenstein’s work we
no longer need to restrict complexes to those which are bounded below to get these
results. We use quotation marks with the term "minimal injective resolution” since the
definition above is not in agreement with our usage in this section. In the rest of the

section we will refer to these resolutions by giving their properties.

Lemma 3.1 Every complex K has an injective envelope+ E(K) where EK) is
the injective envelope of K. I0 — K — E is an injective preenvelope and there
are no injective subcomplexescJE such that KnJ = 0and J# 0, then K— E is

an injective envelope.

Proof. The first part is clear.

We have the following diagram:

E(K)
0 K —-E
0 E(vK)
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ThenE(K) — E — E(K) is an automorphism, say = Ker(E — E(K)). Then
KnJ = 0sinceE(K) — E — E(K) is an automorphism. Sinée= JeIm(E(K) —
E), Jis injective. By hypothesis of lemmd,= 0. SoE = E(K). SinceK — E(K) is
envelope, so i — E.

O

Lemma 3.2 If | is a minimal DG-injective complex and E— | is an exact cover
with kernel K and E= M(id)[-1] for id : | — 1, then K is minimal DG-injective
complex and K— E is an injective envelope of K. And conversely if K is a minimal
DG-injective complex and k— E is an injective envelope with cokernel I, then | is

a minimal DG-injective complex and £- | is an exact cover.

Proof. Given a minimalDG-injective complex, letE = M(id)[-1] forid : | — 1.

Then we have the exact sequence

0— I[-1] — M(d)[-1] — I — O

Clearly I[-1] is a minimalDG-injective complex. Also sinc& is DG-injective and
exact by the long exact sequengésis injective by Proposition 2.10. By Theorem 2.24
E — | is an exact cover. So letting = 1[—1] we get the first part of the claim.

If 0 — K — E were not an injective envelope (but notice that8 K — E is an
injective preenvelope), then by Lemma 3.1 there exists an injective subcohgl&
such thatk N J = 0 andJ # 0. But thenE — | would mapJ isomorphically onto
an injective (so exact) subcomplexlofSincel is minimal, we get a contradiction. So
K — E is an injective envelope.

For the second part of Lemma, let K[1] and construct 6— 1[-1] — M(id)[-1] —
| — 0 as above. Theih[-1] = K and by the proceedini(= 1[-1]) — E(=
M(id)[-1]) is an injective envelope and we also have K[1] (that is, the cokernel of
K — E) is a minimalDG-injective complex.

O
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Lemma 3.3 Let | be a minimal DG-injective complex and let X — | be a mor-

phism of complexes. Then the following are equivalent:

(a) fis homotopic td.

(b) f can be factored through an exact coverg 1.

(c) f can be factored through some exact complex F.
(d) f can be factored through some injective complex J.
(e) H(f)=0

Proof. Forid : | — | we have the exact sequence- I[-1] — M(id)[-1] —

| — 0. By Lemma 2.28M(id)[-1] — | is an exact cover df.

By Lemma 2.32f has a lifting to M(id)[-1] (i.e., f can be factored through
M(id)[-1] — | ) if and only if f is homotopic to 0. Hencea] and ) are equivalent.
Since by Lemma 2.28, the exact coer= M(id)[-1] — | of | is injective (and of
course exact) k) implies () and ().

But each of ¢) and () implies (b) sinceE — | is a cover (and since injective com-
plexesl are exact).

Each of @) , (b) , (c) and d) implies (). And (e) implies d) by Lemma 2.28 and 2.32.

O

Corollary 3.4 If I is a minimal DG-injective complex and S End(l) (the endomor-
phism ring of 1), then any g S which is homotopic t@ is in the Jacobson radical of

S.

Proof. By the preceding lemma, any suéh | — | can be factored through — |
whereE — | is an exact cover df. Hence using the notation of Lemma 3.2 we get

a commutative diagram:
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I
Jid+g
I

Since E — | is an exact coverE — E is an isomorphism. By the five lemma
(see Proposition 2.72 in [1])d + g is an isomorphism. Since the set of ale S

homotopic to O is a two-sided ideal, the claim is establisired.

Theorem 3.51f I; and L are minimal DG-injective complexes, then any quasi-

isomorphism f. I; — |, is an isomorphism.

Proof. Let s: I; — J be an injective wherd is an injective complex. Then
¢ .1, — 1, & J is an injective homology isomorphism sindé,(l, ® J) = H,(l2).

So E = 22 is exact. So we have an exact sequence

0 ShLelLE—D0

with E exact. By Proposition 2.5¢* is the class 0DG-injective complexes. So

0 —» Hom(E, ;) - HomE, |, & J) - Hom(E, F) — Ext}(E,1) =0

and this implies

0L 5 Led5ESO

splits. Therefore there exist: 1,8J — |, and B : E — 1,®J such thaté¢’ = id
and BB’ = 1. Hence we have a homology isomorphisl@n—i> l,®J R l4.
Take g : I, — I such thatg = 6i. Thenif id : I; — 11, then we have the

following diagram,;
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Then using the morphisndif — 66" = 6(if —0") = gf — id, we have thatgo f —id
is homotopic to 0 by Lemma 3.3. By Corollary 3.4 { f —id) +id =go f isan
automorphism ofl;. Sogis onto.

Similarly we can find a morphisni : 1, — 1, such thath o g is an automorphism.
Thus g is 1- 1. So g has an inverse and sindego f is an automorphismf is
an automorphism.

O

Theorem 3.6 Given any complex X, there is a homology isomorphism—X |
where | is a minimal DG-injective complex. ##; : X — I; and ¢, : X — |,
are two such morphisms, then there is a morphisml;f— |, such that fo ¢; is
homotopic to¢,. Any such f is an isomorphism. Furthermore f is unique up to

homotopy.

Proof. In Corollary 2.23 it was established that given any compkxhere is a ho-
mology isomorphismX — | with | a minimalDG-injective complex.

Let ¢1 : X — I, and ¢, : X — |, be as in the theorem. Let 8- X — J be
an injective envelope oX. Then X — I; ¢ J and X — |, & J areDG-injective
preenvelopes. Because we have the following diagram;

hed |

0O—X—held—
where % is exact sinceX — |, @ J is a homology isomorphism. Then for all
DG-injective complexesA, we have the diagram;
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| |
0 - Hom(222 A) s Hom(l, @ 3 A) - Hom(A X) — Ext( 1;‘(”,

A)=0.

So X — Iy & J and similarly X — 1, @ J areDG- injective preenvelopes. Thus

there is a commutative diagram;

Lo J

y

X—— Lol

Let f be the compositionl; — I, & J —f> l,&J — 1|,. Then f is a quasi
isomorphism. Andf¢; — ¢, can be factored througl, so by Lemma 3.3f¢; is
homotopic tap, . By Theorem 3.5f : I; — |, is an isomorphism and uniqueness of
f follows from Lemma 3.3.

O
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CHAPTER 4
COTORSION PAIRS IN C(R-MOD)

Let S, T : A — B be covariant functors. A natural transformatien S — T isa

one-parameter family of morphisms if8 ,

7= (Ta:SA— TAacobj)

making the following diagram commute forafl : A— A" in A :

SA—2+ TA

Sf Tt

SA T’ TA

Natural transformations between contravariant functors are defined similarly. A natural
isomorphism is a natural transformatian for which eachr, is an isomorphism.
Let F:C— D and G: D — C be covariant functors. The ordered pak, G)

is anadjoint pairif, for each C € obj(C) and D € obj(D) , there are bijections
7cp - Homp(FC, D) — Home(C,GD)

that are natural transformations @ and D .
In more detail, naturality says that the following two diagrams commute forf all

C—CinCandg:D — D in D:

F *
Homy(FC, D) ——+ Homy(FC', D)
TCcDh TC’,D

Hom(C,GD) oy Hom(C’,GD)
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Fg)«
Homy(FC, D) ——2"+ Homp(FC, D)
TCc,D Tc,n’

Let C 5 p and D R C be functors. If E,G) is an adjoint pair, then we say

that F has a right adjoint and tha® has left adjoint. If C € obj(C) , then setting

D = FC gives a bijection
Tcrc - Homp(FC, FC) — Hom:(C,GFC),

so that nc , defined by nc = 7(1gc) is a morphismC — GFC. Thusp: 1, —
GF is a natural transformation; it is called the unit of the adjoint paiDIE obj(D) ,

then settingC = GD gives a bijection

Tabp | HOMGD, GD) — Hom(FGD, D)

with 73(1gp) = &p : FGD — D . Thus ¢ : FG — 1 is a natural transformation.

It is called the counit of the adjoint pair.

In 1979 L Salce introduced the notion of cotorsion pat, ) in the category of
abelian groups. But this definitions and basic results carry over to more general abelian
categories and have proved useful in a variety of settings. In this chapter we will con-
sider complete cotorsion pair€,(D) in the categoryC(R — Mod) of complexes of

left R-modules over some rinB. If (C, D) is such a pair and i€ is called under
taking suspensions, we will show when we reg&rdnd D as subcategories of the
homotopy categoriK (R— Mod), then the embedding functo€&s— K(R- Mod) and

D — K(R- Mod) have left and right adjoints respectively. In finding examples of
such pairs we will describe a procedure for using Hovey’s results in [9] to find more
model structures orC(R - Mod) .

Given f, ge Hom(C, D) we willlet f =g meanthatf and g are homotopic. If

we want to indicate the homotopy we write f N g . The symbolK(R- Mod) will
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denote the homotopy category (R - Mod) .

A pair (C,D) of classes of objects 0€(R - Mod) will said to be a cotorsion pair
in C(R- Mod) if D =C* ={ DIExt}(C,D) = 0,forall C € C}andifC =* D =
{CIExt}(C,D) =0, forall D € D} .

A cotorsion theory ¢, D) is said to have enough injectives if for evedy € C(R —
Mod) there is an exact sequence—8> X — D’ — C’ — 0 with D’ € D and
C' € C. We say that ¢, D) has enough projectives if for ever){ € C(R - Mod)
there is an exact sequence-&> D — C — X — 0 withC € C andD € D.
The cotorsion pair ¢, D) will be said to be complete if 4, D) have both enough
injectives and enough projectives.

Notice that if C, D) is complete cotorsion, the@ and 9 are closed under exten-

sions. If we have such sequences an@i€ C , then we have the exact sequence
Hom(C,C) — Hom(C, X) — Ext'(C,D) = 0.

This gives thatC — X is a C - precover. Similarly we getthak — D’ isa D -
preenvelope.

If C is a complex, thenx € C will mean that x € C, for some uniquen e Z . A
cotorsion pair ¢, 9) is said to be hereditary iExt'(C,D) = 0 forall n> 1 and
all CeC and D € © . We will also consider cotorsion pairsA(B) in the category

R -Mod. The definitions and terminology are essentially the same as those above.

Lemma 4.1 Given fe Hom(C, D) and the associated exact sequence

0— D -5 M(f) -5 C[1] — 0

If there exists a chain morphism :rM(f) — D being homotopic to the projection
morphism p : M(f) — D, then there exists a (chain) morphisén: M(f) — D
such thatéi = 1.

Proof. Lett be the corresponding homotopy. Then we have the following diagram:
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M(F)™t e M —Ee My

tn 1 LT

pg—l’rn—l - . pg’rn p2+1’rn+1

n-1 - n - n+1
D dn—l D dan D

where d™1t" + t™1g" = " — p! and d"(x,y) = (—di‘*l(x), f™1(x) + d"(y)) with
d:C"— cm+l |
Let

6"(x,y) =y + t"H™HEH(X) + r(x, 0)

for all (x,y) € M(f)" = C*1 @ D". Then ¢"i"(y) = 6(0,y) = y + t™1i™1f™1(0) +
r"(0,0) =y, thatis 6i = 1p .
Now let's find that 6 is a chain map fromM(f) to D . Forall (x,y) € M(f)"1,

O (xy) = (A3, 7(X) + dTHY) = £7(x) + dTHY) + LML (-dN() +
M(=d?(x), 0) = F1(x) + d™(y) — t™L(0, F™*1d1(x)) — r(d(x), 0) and d™1g™1(x,y) =
d™ 1y + (%) + r1(x, 0)) = di(y) + dLN(O, £1(x)) + d™r1(x, 0).

Since d™irt = "t | d™(xy) = dH(y) + A0, FU(X)) + r"9™ (%, 0) =
d™(y) + d™1t"(0, (X)) + r"(—=d7(x), f"(X)) . And also sinced™*t"(0, f"(X)) =
—t™197(0, f"(x))r"(0, f"(x)) — p7(0, (X)) , so we have the following equality:

d™ 16 H(x, y) = d™H(y)+r(=d}(¥), £"(x))~t"1a"(0, F(x))+r"(0, F"(x)-p1(0, (X)) =
d™H(y) — r'(d}(x), 0) — t™4(0, d"f"(x)).

Since d"f" = f™id} , ¢g"g"! = d"l¢"!, thatis, 6 is a chain map such that
0i = 1p . Thus 0— D — M(f) — C[1] — 0 is an split exact sequence.

O
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Lemma 4.2 Given fe Hom(C, D) and the associated exact sequence

0— D -5 M(f) -5 C[1] — 0.

If there exists a chain map s C[1l] — M(f) being homotopic to the injection
1 . C[1] — M(f), then there exists a chain ma@ : C[1] — M(f) such that
po=1.

Proof. Since s: C[1] — M(f) is chain map for allx € C[1], s(X) = (u(x), V(X))
where u": C" — C" and V" : C" — D™ and "*s"(x) = —s™*d}(x) forall C".
So

(=dF U (9) , FAUN(X) + dHV(X)) = (~uMHdR(9) » —VTHAI(X))) - (%)
Let w be the associated homotopy such that

wj:C"—CcM

and

wg :C"— D2,

Thus we have the following equality

(—™d] + 0" 2w™)(X) = (X, 0) — (U"(X), V(X)) .

So we can have

wydi(x) — diH(wi(X) = X~ u"(x) ,

and hence

wi™di(X) — i (wl(9) = '(x) - F(U"(X)
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— I dN(x) — A L(WI(K) = (%) — FIUNR)) .. ()

Let 6: C[1] — M(f) withforall xe C" 6"(X) : (x, f"1p"2(w"(X) + V(X)) . Then

p 6 =1.Now we will investigate that) is a chain map such thatg"'d} = 9"*¢"

—6Md](x) = (=di(x) . —f"P" W™ H(d](x)) — V*H(d](X))

= (-di(¥) , —fwl™(dI(¥9) + F"U") + dHV(¥))

by (x) .

AN(x) = 0" H(x, F"pW(X) + V(X))

= (~d)(®) . "9 + A"l + dVIA(K)

By ()

I1(x) = (~d(X), — W™ d(X) + FIUN(X)) + dTIA(K) = —0"1d(x)

forall xe C".

So 6 isachain map suchthghd =1 .
(Thatis, p: M(f) — C[1] has a section inC(R- Mod). )

O

Lemma 4.3 If C,D € C(R-Mod) andif Ex#(C[1],D) =0,thenevery £ C— D

is homotopic to0 .

Proof. By Lemma 2.2 , we know that 86— D — M(f) — C[1] — 0 is split
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exact if and only if f = 0 . Since Ext}(C[1], D) = 0, the sequence
0 — Hom(C[1], D) — Hom(M(f), D) — Hom(D,D) — 0

is exact. So 0— D — M(f) — C[1] — 0 is split exact. By the explanation
above f =0.

O

Proposition 4.4 Suppose that(C, D) is a complete cotorsion pair irC(R — Mod)
where C is closed under taking suspensions. Fore X(R— Mod) let 0 — D —
C — X — 0 be exact where G C and De ©. Thenif C € C and f ¢
Hom(C’,X) for i=1,2 let g € Hom(C’,C) for i = 1,2 be such that

C/

| N\

C—X
is commutative for £ 1,2. Thenif { = f,, then we have g= g, .

Proof. Letting f = f; — f, and g = g, — g, we see that we only need to show that
when f = 0 we haveg = 0 . Using the commutative diagram we get with suchfan

and g we get the commutative diagram

0 - C - M(g) —— C'[1] 0
0 X e M(f) —— C'[1] 0

K

Since f = 0, we get that the lower short exact sequence splits suchiiiiat 1 .
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Then we have the following commutative diagram

C —— M(9)

such thatk’ti = u. Since C is closed under extensions and suspensions we have
M(g) € C. Since C — X is a C -precover we get a liftingk : M(g) — C such

that uk=k't and uki=u.

Now we want to prove thaC — M(g) — C is homotopic toidc (the identity map

on C). We have the commutative diagram

Let h denote the compositiol© R M(g) X, C. Then we haveu o idec = u and
uoh =u. Sowe getuo (idc —h) = 0. This gives thatim(idc —h) € Ker(u) =D . So
idc —h:C — D. Since Ext(C[1],D) = 0, by Lemma 4.3idc — h is homotopic
to 0. By Lemma 4.2 we can find a morphisin: M(g) — C such thatgi =1 . So
0— C — M(g) — C'[1] — O is splitexact. By Lemma 2.3 =0 .

O

Theorem 4.51f (C, D) is a complete cotorsion pair iC(R - Mod) and if C is
closed under taking suspensions, then the embeddihgs K (R— Mod) andD —
K(R- Mod) have right and left adjoints, respectively.

Proof. A right adjoint T of C — K(R- Mod) can be constructed as follow. For

X e C(R-Mod),let 0— D — C — X — 0 be exactinC(R- Mod) with
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C e C and with D € D . Letting T(X) = C and using Proposition 4.4 we see that
we get the desired functor. The argument for a left adjoinfdf— K (R - Mod) is
dual to this argument.

O

Remark 4.6 If D above is exact, then (K) = C — X is a homology isomorphism.
Soif all such D are exact the counit of the adjunction consists of homology isomor-
phisms. If all Ce C are exact, we get a similar claim about the unit of the left adjoint

of D — K(R-mog .

4.1 Examples and Applications

In this section we point out how we can find complete cotorsion paiG(R— Mod) .

One of the principal tool in constructing complete cotorsion pairfin Mod is the
Eklof - Trlifaj Theorem (see [10] or [4] , Theorem 7.4.1) They proved tlatis any

set of leftR- modules, then if8 = S+ , there is a complete cotorsion paiA(B). In

this situation we say that the cotorsion paft,8) is generated by a set (some says
"cogenerated by a set”). We note that the Eklof - Trlifaj proof works as well in the
category C(R— Mod) , and so is a source of complete cotorsion pairs in this category.
If such a pair ¢, D) in C(R-Mod) is cogenerated by the s& of complexes and if

S is closed under taking suspensions, then s8.isHence we can then apply Theorem
4.5 and get the associated adjoint functors. We now recall a method of Gillespie for
creating cotorsion pairs it©(R— Mod) from pairs in R— Mod . Here ¢ is the class

of exact complexes.

Proposition 4.7 (Gillespie, Proposition 4.4 of [11]) If(A, B) is a cotorsion pair in
R — Mod which is generated by a set, that(8) and C(8B) N ¢ are the second

components of cotorsion pairs i@(R — Mod) which are generated by a set.

Itis also true C(A) and C(A) Nne are the first components of cotorsion pairs cogen-

erated by sets. We will not give the proof but point out that this can be shown using
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Stovicek and Trilifaj’s version of the Hill Lemma (see [12]). And also we will use the
symbolR-Proj to denote the category of projectiReanodules. Then we will use other

variations of this notation.

Example 4.8 We have the complete cotorsion pair (R-Proj, R-Mod) which generated
by the set R. Ther®(R - Proj),C(R- Proj)*) is a cotorsion pair which is generated
by a set by the explanation above. So it is a complete cotorsion pair by Theorem 7.4.1

in [4]. Consequently by Theorem 4K(R-Proj) — K(R—Mod) has a right adjoint.

Example 4.9 (R - Mod,R - Inj) is generated by the sétwhere | is a left ideal of
R by Theorem 3.1.9 in [4]. Then using Proposition 4.1 and proceeding as in Example

4.8 we get thatK(R- Inj) — K(R - Mod) has a right adjoint.

Example 4.10 We know that an R-module F is said to be flat if given any exact se-
quenced — A — B of right R-modules, the tensored sequefice-» A F —

B ®r F is exact. An R-module M is said to be cotorsion if ¥&tM) = 0 for all flat
R-modules F(R - Flat, R — Cotorsion is a cotorsion pair. By Proposition 7.4.3 and
Theorem 7.4.1 in [4] this cotorsion pair is a complete cotorsion pair. Similar argu-
ments give tha’{(R — Flat) — % (R - Mod) has a right adjoint. This was proved
also Neeman by other methods in [13] (see also [14]). Starting with the same cotor-
sion pair of modules we also get th&i(R — Cotorsion) — K(R — Mod) has left

adjoint.

Example 4.11In [11] and [15] Gillespie gives another method for constructing com-
plete cotorsion pairs IfC(R — Mod) from certain cotorsion pairgA, B) in R— Mod.

Each instance of these supplies us with adjoints.

Example 4.12 To get examples of complete cotorsion pair€{R — Mod) that don’t
necessarily come from pairs in RMod one could start with a set S of complexes
closed under taking suspensions and then generating a complete cotorsion pair. For
example if Ke C(R— Mod) is a Koszul complex we could let S consist of all tRE&KJ

where n> 0. In [16] one can find concrete descriptions of such cotorsion pairs albeit

60



in a different setting. But the translation to this setting is easy. In this construction we

could also use any set of Koszul complexes.

4.2 Hovey Pairs

Definition 4.13 We will say tha{C n &, D) and(C, D N ¢) form a Hovey Pair if each

of these pairs is a complete cotorsion pairGfR — Mod).

Hovey proved (Theorem 2.2 [9]) that every such pair gives rise to a model structure
on C(R - Mod) such thatC is the class of cofibrant object®) is the class of fibrant
objects and is the class of trivial objects of model structure. Here it will be given more
examples of Hovey pairs. All cotorsion pairs here will be in the cate@¢R~ Mod).

In Theorem 4.7 [11] Gillespie showed how to use #hef a cotorsion pairf, B) in

R — Mod which is generated by a set to create a Hovey pa®C(R — Mod). In that
article he suggested that there is an analogous way to usé tieegenerate Hovey

pairs.

Lemma4.14 If (C, %) is a hereditary cotorsion pair an@{, V) is a complete and
hereditary cotorsion pair where both are in-RMod or both inC(R - Mod) and are

such thatl/ C C, then if(C N V)* = D, we haved)’ = DN V.

Proof. SinceCNnvV Cc C, D =C* C (CNnU)* = D. Sincel c C we have
D =C-CcU"=YV. LetD € DN V. We want to show thab € D" = C*, i.e.
that Ext/(C, D) = 0 for all C € C. Since U/, V) is complete, for ang € C we have
an exact sequence9-> C — V — U — OwithU € U4 andV € V. Since
C e CandU € U c C, we haveV € C sinceC is closed under extensions. So
finally we getV € C n V. This gives thaExt(V,D) = 0. Since we have the exact
Ext(V, D) — Ext}(C, D) — Ext(U, D) and by hereditary conditioB xt?(U, D) = 0

, Ext(C, D) = 0. This gives thaD € 2. So we haved)’ = DN V. O

A dual argument gives the next result:
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Lemma4.15If (C’, D) is a hereditary cotorsion pair an@i{, V) is a complete and

hereditary cotorsion pair and iV c D whereC =* (D N U), thenC’ = C N U.

Proposition 4.16 If (A, B) is a cotorsion pair generated by a set inr-RMod, then if
D = (C(A) N &)+ we have thatC(A) N &, D) and(C(A), D N &) are a Hovey pair.

Proof. By Proposition 2.6 ¢ is the class 0DG-Projective complexes. By Proposition
2.11 we can say that¢, €) is a cotorsion pair. By Corollary 2.14 and Lemma 2.33 we
understand that“g, €) is a complete cotorsion pair. By Remark 2.8 we can say that
(*&, €) is a hereditary complete cotorsion pair. In Lemma 4.144et4) be the U, V).
Since @, B) is a cotorsion pair generated by a setRir- Mod, by the explanations
above we say thaQ(A)Ne, D) is a cotorsion pair generated by a set, so it is a complete
cotorsion pair. Since the classlB6G-projective complexes is generated by the complex
-+— 0 — R— 0— --- (with Rin the 0-th place) and all its suspensions (both
positive and negative) and algocontains all the projective objects, we hdve= A
and so all these suspensions areCifd) and also‘e ¢ C(A). Now let C,D’) =

(C(A),C(A)*) in Lemma 4.14 and we see that the claim hofdls.
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