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ABSTRACT 
 
 

                   HOMOLOGY IN COMPLEXES 
 

Eker, Özgür 
 

Master of Science, Department of Mathematics 

           Supervisor: Assist. Prof. Dr. Tahire Özen Öztürk 
 

February 2010, 64 pages 
 
 
 

In this thesis, we study on the generalizations of the some concepts in the 

category R-Mod (for ex. Projective module, injective module Ext, complete 

cotorsion pair, etc.) to the category of complexes on R-Mod. Moreover it is used 

Enochs’ definition  for Ext. This definition is different from Foxby and Avramov’s. 

This thesis consists of four chapters. In the first chapter,  the first part contains 

some basic homological concepts in the category R-Mod and the second part 

contains some basic concepts in the category of complexes. . In the second chapter, 

it is studied the relationships between exact complexes and DG-projective and DG-

injective complexes. Moreover we see that every complex has an exact cover with 

kernel DG-injective, an exact envelope with cokernel DG-projective and a DG-

injective envelope with cokernel exact. In the third chapter, it is given a necessary 

condition to be that a quasi-isomorphism is an isomorphism. In the final chapter, if 

(C,D) is a complete cotorsion pair in the category of complexes such that C is 

suspension closed, we see that when we regard C and D as subcategories of the 
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homotopy category K(R-Mod), then the embedding functors CK(R-Mod) and 

DK(R-Mod) have left and rigt adjoints, respectively. 

 

 

 

Keywords: projective - injective module, Ext, cover - envelope, DG-projective - 

DG-injective complex and injective - projective complex. 
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  Bu tezde sol (yada sağ) R-modüllerin kategorisindeki bazı kavramların 

(örneğin projective modül, injective modül, Ext, komplete kotorsion pair, vs.) sol 

(yada sağ ) R-modüller üzerindeki komplekslerin kategorisine olan genellemeleri 

üzerinde çalıştık. Ayrıca Ext için Enochs’ un tanımını kullandık. Bu tanım Foxby ve 

Avromov’ un tanımından farklıdır.  

Bu tez dört bölümden oluşmaktadır. Birinci bölümde ilk kısım sol (yada sağ)R-

modüllerin kategorisindeki tezde kullandığımız bazı temel homolojiksel kavramları 

ve ikinci kısım ise komplekslerin kategorisindeki bazı temel kavramları 

kapsamaktadır. İkinci bölümde exact komplekslerin sınıfıyla DG-projective ve DG-

injective komplekslerin sınıfı arasındaki ilişkiler incelenmiştir. Her kompleksin, 

kernelı DG-injective olan bir exact cover a, kokernelı DG-projective olan exact 

envelopa  ve kokernelı exact olan DG-injective envelopa sahip olduğunu gördük. 

Üçüncü bölümde ise herhangi bir quasi-izomorfizmin izomorfizm olması için 

gerekli bir şart verilmiştir. Son bölümde ise  (C,D) komplekslerin kategorisinde C 
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suspension kapalı olacak şekilde bir komplete kotorsion çift ve ayrıca C ve D,  

homotopi kategorisi K(R-modül) ün alt kategorileri olarak alınırsa gömme 

functorları CK(R-modül) ve DK(R-modül) nın sırayla sol ve sağ adjointlere 

sahip olduğu incelenmiştir. 

 

 

 

Anahtar Kelimeler: projective - injective modül, Ext, cover - envelope, DG-

projective - DG-injective kompleks ve injective - projective kompleks. 
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Some Basic Concepts in Homology

Definition 1.1 (Category, Additive and Abelian Category) A categoryC consists of

three ingredients: a class objC of objects, a set of morphisms Hom(A, B) for every or-

dered pair(A, B) of objects and composition Hom(A, B)×Hom(B,C) −→ Hom(A,C),

denoted by( f ,g) 7→ g f , for every ordered triple A, B, C of objects. [We often write

f : A→ B or A
f
→ B instead of f∈ Hom(A, B).] These ingredients are subject to the

following axioms:

(i) The Hom sets are pairwise disjoint; that is, each f∈ Hom(A, B) has a unique

domain A and unique target B;

(ii) For each object A, there is an identity morphism f1A = f and1B f = f for all

f : A→ B;

(iii) Composition is associative: given morphisms A
f
→ B

g
→ C

h
→ D, then

h(g f) = (hg) f .

A categoryC is said to be additive if HomC(A, B) is an abelian group such that if

f , f1, f2 ∈ HomC(A, B), g,g1,g2 ∈ HomC(B,C), then g( f1 + f2) = g f1 + g f2 and

(g1+g2) f = g1 f +g2 f . We note that ifC is an additive category, then HomC(A, B) , ∅

since the zero morphism is always in HomC(A, B). This is denoted0AB. Easily, R-

Mod(or Mod-R) is an additive category.

An additive category HomC(A, B) is said to be an abelian category if it satisfies the

following conditions:
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(i) C has products (and coproducts),

(ii) every morphism inC has a kernel and a cokernel where if f: A → B is a

morphism, then a kernel of f , denoted by ker( f ) is a morphism k: K → A such

that f k= 0 and for each morphism g: C→ A with f g= 0, there exists a unique

morphism h: C → K such that g= kh. K is denoted by Ker( f ). Dually, a

cokernel of f , denoted by coker( f ) is a morphism p: B→ C such that p f= 0

and for each morphism g: B→ D with g f = 0, there exists a unique morphism

h : C→ D such that hp= g. C is denoted by Coker( f ),

(iii) for every morphism inC f : A → B, the map Coker(ker( f )) → Ker(coker( f ))

is an isomorphism.

For example, R- Mod and Mod-R are abelian categories.

Definition 1.2 (Covariant Functor) IfC andD are categories, then a functor

T : C → D is a function such that

(i) If A ∈ objC, then T(A) ∈ objD,

(ii) If f : A→ A′ in C, then T( f ) : T(A)→ T(A′) inD,

(iii) If A
f
→ A′

g
→ A′′ in C, then T(A)

T( f )
−→ T(A′)

T(g)
−→ T(A′′) inD, and

T(g f) = T(g)T( f ),

(iv) T(1A) = 1T(A) for every A∈ objC.

Definition 1.3 (Contravariant Functor) A contravariant functor T: C → D, whereC

andD are categories, is a function such that

(i) If C ∈ objC, then T(C) ∈ objD,

(ii) If f : C→ C′ in C, then T( f ) : T(C′)→ T(C) inD (note the reversal of arrows),

(iii) If C
f
→ C′

g
→ C′′ in C, then T(C′′)

T(g)
−→ T(C′)

T( f )
−→ T(C) inD and

T(g f) = T( f )T(g),

2



(iv) T(1A) = 1T(A) for every A∈ objC.

Definition 1.4 (Tensor Product) Given a ring R and modules AR andRB, then their ten-

sor pruduct is an abelian group A⊗RB and an R-biadditive function h: A×B→ A⊗RB

such that, for every abelian group G and every R-biadditive f: A×B→ G, there exists

a uniqueZ-homomorphism̃f : A⊗R B→ G making the following diagram commute.

( f̃ h = f )

A× B A⊗R B

G

-h

?

f

ppppppppppp+ f̃

Definition 1.5 (Pushout) Given two morphisms f: A→ B and g: A→ C in a cate-

goryC, a pushout (or fibered sum) is a triple (D, α, β)with βg = α f that is a solution to

the universal mapping problem: for every triple (Y, α′, β′) with β′g = α′ f , there exists

a unique morphismθ : D→ Y making the diagram following commute.

A C

B D

Y

-
g

?

f

?

β
A
A
A
A
A
A
A
AAU

β
′

-α

HH
HHH

HHHj
α
′

p p p p p p pR

θ

Pushouts are unique up to isomorphism when they exist. In the above if we set D=

(B⊕C)/K where K= {( f (a),−g(a)) : a ∈ A} and letα(b) = (b,0)+K, β(c) = (0, c)+K,

then D with morphismsα, β is a pushout. If g is one to one (onto), then so isα. And

also if g is one to one, then C/A � D/B.

Definition 1.6 (Pullback) Given two morphisms f: B → A and g : C → A in a

categoryC, a pullback (or fibered product) is a triple (D, α, β) with gα = fβ that is a

solution to the universal mapping problem: for every triple (X, α′, β′) with gα′ = fβ′,

there exists a unique morphismθ : X→ D making the following diagram commute.

3



X

D C

B A

p p p p p p pR

θA
A
A
A
A
A
A
AAU

β
′

H
HHH

HHHHj

α
′

-α

?

β

?

g

-
f

Pullbacks, when they exist, are unique up to isomorphism. If we set D= {(b, c) ∈

B⊕C : f (b) = g(c)} and letα andβ be projection morphisms, then D with morphisms

α, β is a pullback. If g is one to one (onto), then so isβ.

Definition 1.7 (Complex) Let C be an abelian category whose objects are modules.

By a (chain) complex C of R-modules we mean a sequence C: . . . → C2
`2
−→ C1

`1
−→

C0
`0
−→ C−1

`−1
−→ C−2 → . . . of R-modules and R-homomorphisms such that,`n−1 ◦ `n =

0, for all n ∈ Z. Notice that Im̀n ⊆ Ker`n−1. Also C is denoted by((Cn), (`n)) or

(C, `) where thè n are called the boundary operators of the complex C and` is the

differential of the complex C .

Definition 1.8 (Exact Sequence ) A sequence of R-modules and R-homomorphisms

... → M2 → M1
d1
→ M0

d0
→ M−1 → ... is said to be exact if Imdi+1 = Kerdi for all

i ∈ Z. An exact sequence of the form0 → A
f
→ B

g
→ C → 0 is said to be a short

exact sequence.

Remark 1.9 If F is a covariant additive functor in the some category of modules, then

F(C) : . . . → F(C2)
F(`2)
−→ F(C1)

F(`1)
−→ F(C0) → . . . is also complex where the complex

C : . . .→ C2
`2
−→ C1

`1
−→ C0 → . . .. Similarly, if F is a contravariant additive functor,

then the sequence F(C) : . . . → F(C−1)
F(`0)
−→ F(C0)

F(`1)
−→ F(C1) → . . . is a complex.

For example in the category of R-Modules if A is an R-Module, then Hom(A,−) is a

covariant functor and Hom(−,A) is a contravariant functor. Then Hom(A,C) : ... →

Hom(A,C2)
`∗2
→ Hom(A,C1)

`∗1
→ Hom(A,C0) → ... where`∗n f = `n f for all f ∈

Hom(A,Cn) and Hom(C,A) : ...→ Hom(C0,A)
`∗1
→ Hom(C1,A)

`∗2
→ Hom(C2,A)→ ...

where`∗n f = f `n for all f ∈ Hom(Cn−1,A).

4



Definition 1.10 (Chain Map) IfC andC
′

are complexes, then a chain map f: C −→

C
′

is a sequence of morphisms fn : Cn −→ C
′

n for all n ∈ Z making the following

diagram commutative:

C : ... Cn+1 Cn Cn−1 ...

C′ : ... C
′

n+1 C
′

n C
′

n−1
...

- -dn+1

?

fn+1

-dn

?

fn

-

?

fn−1

- -
d
′

n+1

-
d
′

n

-

It is easy to check that the composite g f of two chain maps f: C → C′ and g : C′ →

C′′ is itself a chain map, where(g f)n = gn fn. The identity chain map1C on ((Cn), (dn))

is the sequence of identity morphisms1Cn : Cn→ Cn.

Definition 1.11 (nth Homology )If(A,d) is a complex, then its n-th homology is Hn(A) =

Kerdn

Imdn+1
. The elements of Kerdn are called n - cycles. The elements of Imdn+1 are called

n - boundaries. And also we can show that Kerdn = Zn(A) = Zn , Imdn+1 = Bn(A) = Bn

implies that Hn(A) = Zn(A)
Bn(A) .

Definition 1.12 (Cochain Complex) A chain complex of the form C: . . .C−1 ∂−1

−→

C0 ∂0

−→ C1 ∂1

−→ C2 −→ . . . is called a cochain complex where∂n ◦ ∂n−1 = 0 for all

n ∈ Z. Then nth cohomology Hn(C) = Ker∂n

Im∂n−1 .

Definition 1.13 (F − precover,F − cover) LetC be an abelian category and letF be

a class of objects ofC. Then for an object M∈ C, a morphismϕ : F −→ M where

F ∈ F is called anF -precover of M, if f: F′ −→ M where F′ ∈ F and the following

diagram

F′ M

F

-
fpppppppp?g

�
�

���

ϕ

can be completed to a commutative diagram. If when F= F′ and the only such g is

automorphism of F, thenϕ : F −→ M is called anF -cover of M.

5



Definition 1.14 (F -preenvelope ,F -envelope) LetC be an abelian category and let

F be a class of objects ofC. Then for an object M∈ C a morphismϕ : M −→ F

where F∈ F is called anF -preenvelope of M, if f: M −→ F′ where F′ ∈ F and

the following diagram

M F′

F

-
f

?

ϕ p p p p p
p p p�

g

can be completed to a commutative diagram. If when F= F′ and the only such g is

automorphism of F, thenϕ : M −→ F is called anF -envelope of M.

Definition 1.15 (Enough Projective Objects) LetC be an abelian category.C is said

to have enough projectives, if for every object A ofC, there is a projective object P∈

C and an exact sequence P→ A→ 0 (epic).

Definition 1.16 (Enough Injective Objects) LetC be an abelian category.C said to

have enough injectives, if for every object A∈ C , there is an injective object E∈ C

and exact sequence0 −→ A −→ E.

Definition 1.17 (Resolution) LetC be an abelian category andε be a class of ob-

jects ofC. By a left ε-resolution of an object M ofC, we will mean a complex

· · · −→ F1 −→ F0 −→ M −→ 0 (not necessarily exact) with each Fi ∈ ε such

that Hom(ε,−) makes the complex exact. A rightε-resolution of an object M ofC is

Hom(−, ε) exact complex0 −→ M −→ E0 −→ E1 −→ · · · (not necessarily exact)

with each Ei ∈ ε.

We can give an example for a right resolution:

Let an abelian categoryC have anε-preenvelope. Let E0 be anε-preenvelope of X∈ C,

then there existsφ such that0 −→ X
φ
−→ E0 (not necessarily 1 - 1). ThenE

0

φ(X) ∈ C

implies that E0

φ(X) has anε-preenvelope E1 such that,

6



0 X E0 E1

E0

φ(X)

- -
φ

-d0

?

π p p p p p
p p�

φ1

whereφ1π = d0. Then d0φ = 0. If we continue in this way, then we can find that a

complex 0 −→ X
ε
−→ E0 d0

−→ E1 d1

−→ E2 −→ ... (not necessarily exact) such that

all E i ∈ ε. Hom(−, F) makes the complex exact when F∈ ε. That is, the sequence

... → Hom(E1, F) → Hom(E0, F) → Hom(X, F) → 0 is exact. Such complex is a

right ε - resolution of X.

Similarly we can give an example for a left resolution:

Let an abelian categoryC have anε-precover. Let F0 be anε-precover of X∈ C, then

there existsφ such that F0
φ
−→ X −→ 0 (not necessarily onto). Then Ker(φ) ∈ C and

so it has anε-precover F1 such that,

F1 F0 X 0

Kerφ

-λ1p p p p p p p pR
φ1

-
φ

-

6
i

where iφ1 = λ1. Thenφλ1 = 0. If we continue in this way, then we can find that a

complex · · · −→ F2
λ2
−→ F1

λ1
−→ F0

φ
−→ X −→ 0 (not necessarily exact) such that all

Fi ∈ ε. Hom(F,−) makes the complex exact when F∈ ε. Such complex is a leftε -

resolution of X.

Definition 1.18 (Balanced) LetF andε be two classes of objects ofC such that every

object has anF - precover andε - preenvelope. We say that Hom(−,−) is right bal-

anced byF × ε, both if for every leftF - resolution ... → F1 → F0 → X → 0 of

an object X ofC, Hom(−,E) makes the sequence exact for all E∈ ε and if for every

right ε - resolution 0 → Y → E0 → E1 → ... of an object Y, Hom(F,−) makes the

7



sequence exact for all F∈ F . If Hom(E,−) makes each such...→ F1→ F0→ X→ 0

exact when E∈ ε and Hom(−, F) makes each such0 → Y → E0 → ... exact when

F ∈ F , then we say Hom(−,−) is left balanced byε × F .

Definition 1.19 (F - Dimension) IfF is a precovering class of an abelian categoryC,

then an object M ofC is said to have leftF - dimension≤ n, denoted leftF - dim M

≤ n, if there is a leftF - resolution of the form0→ Fn → Fn−1 → ... → F1 → F0 →

M → 0 of M. If n is the least, then we set leftF - dim M = n and there is no such n,

we set leftF - dim M=∞. Similarly, we can define the rightF - dimension of objects

ofC, denoted rightF - dim, ifF is a preenveloping class ofC.

Definition 1.20 (Global F - Dimension) LetC be an abelian category andF be a

precovering class ofC. Then the global leftF - dimension ofC, denoted by gl left

F - dimC, is defined by gl leftF - dimC = sup {leftF - dimM: M ∈ obj(C)} and is

infinite otherwise. The global rightF - dimension ofC is defined similarly whenF is

a preenveloping class.

Lemma 1.21 (Wakamatsu’s Lemma) If the classF is closed under extensions and

φ : F → M is anF - cover of an object M ofC, then Ker(φ) ∈ F ⊥ and ifψ : M → F

is anF - envelope, then Coker(ψ) ∈ ⊥F .

Proof.

Let A ∈ F and 0→ S → P → A → 0 be an exact sequence, withP projective. We

know that; Ext1(A,Kerφ) = 0 if and only if Hom(P , Kerφ)→ Hom(S , Kerφ)→ O

epic. Let f : S→ Kerφ. Then we have the following diagram:

S P

Kerφ ⊆ F M

-i

?

f

?

0

-
φ

whereP
S ∈ F . We can form the Pushout diagram as follow;

8



S P

F G

-i

?

f

ppppppp?β
-

α

whereG = F⊕P
{( f (s),−i(s)):s∈S} . Thenα : F → G is an injection and Coker(F → G) � P

S ∈ F .

SinceF is closed under extensions,G ∈ F. We can supposeF ⊂ G. By the properties

of the pushout diagram, we have a linearh : G→ M which agrees withφ on F. Since

φ : F → M is a cover, we have a linearg : G → F such thatφg = h. Then, since

φ◦ (g|F) = φ whereg|F is the restriction ofg onF, we have thatg|F is an automorphism

of F. If we replaceg by (g|F)−1 ◦ g, we see that we can assumeg|F = idF. Sog makes

the diagram

S P

F G

-

?

ppppppp	 ?
-

commutative and hence makes commutative the diagram

S P

F M

-

?

ppppppp	 ?
-

Thusφg = 0 impliesφg(p) = 0 for all p ∈ P. Theng(P) ⊆ Ker(φ). Dually, we can

prove thatcoker(ψ) ∈⊥ F , if ψ : M −→ F is anF -preenvelope.

�

Definition 1.22 (Free module) Let R be a ring. A left R-module F is a free left R-

module if F is isomorphic to a direct sum of copies of R: that is, there is a (possibly

infinite) index set B with F=
⊕

b∈B Rb, where Rb = 〈b〉 � R for all b ∈ B. We call B a

basis of F.

Proposition 1.23 (Proposition 2.33 in [1]) Let R be a ring. Given any set B, there

9



exists a free left R-module F with basis B.

Theorem 1.24 (Theorem 2.35 in [1]) Every left R-module M is a quotient of a free left

R-module F. Moreover, M is finitely generated if and only if F can be chosen to be

finitely generated.

Definition 1.25 (Projective Module) Let R be a ring. A left R-module P is projective

if, whenever p is surjective and h is any map, there exists a lifting g as the following;

that is, there exists a map g making the following diagram commute:

P

A A
′′ 0

pppppppp	
g

?

h

-
p

-

Lemma 1.26 (Corollary 3.6 in [1])

(i) Every direct summand of a projective module is itself projective.

(ii) Every direct sum of projective modules is projective.

Definition 1.27 (Injective Module,Essential Submodule, Injective Envelope(Hull)) Let

R be a ring. A left R-module E is injective if, whenever i is an injection, a dashed arrow

exists making the following diagram commute:

E

0 A B-

6
f

-
i

ppppp
ppI g

Let M be a left R-module and N be a submodule such that the intersection of N with

any nonzero submodule of M is nonzero. Then N is called the essential submodule of

M, denoted by N⊆ess M.

If a left R-module M is essential in an injective module E, then E is called the injective

hull (or injective envelope) of M, denoted by E(M). Then E(M) is the smallest injective
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module containing M and the greatest module containing M as essential. And also

every R-module has a unique injective envelope up to isomorphism.

Proposition 1.28 (Proposition 3.25 in [1]) A left R-module E is injective if and only

if HomR(−,E) is an exact functor.

Proposition 1.29 (Corollary 3.27 in [1]) If an injective module E is a submodule of a

module M, then E is a direct summand of M: there is a complement S with M= E⊕S .

Proposition 1.30 (Proposition 3.28 in [1])

(i) If (Ek)k∈K is a family of injective left R-modules then
∏

k∈K Ek is also an injective

left R-module.

(ii) Every direct summand of an injective left R-module E is injective.

Definition 1.31 (Homotopy) Let(C,d) and (C′,d′) be chain complexes. Then the

chain maps f,g : (C,d) → (C′,d′) are homotopic, denoted by f' g, if for all n,

there is a map s= (sn) where sn : Cn→ C′n+1 with

fn − gn = d′n+1sn + sn−1dn.

Cn+1 Cn Cn−1

C′n+1 C′n C′n−1

-

?

fn+1

-dn+1

�
�

�
�	

sn

?

fn

-dn

�
�

�
�	

sn−1

?

fn−1

-

- -
d′n+1

-
d′n

-

A chain map f: (C,d)→ (C′,d′) is null-homotopic if f' 0, where0 is the zero chain

map.

Theorem 1.32 Homotopic chain maps induce the same morphism in homology: if

f ,g : (C,d)→ (C′,d′) are chain maps and f' g, then for all n,

11



Hn( f ) = Hn(g) : Hn(C)→ Hn(C
′).

Proof.

If z is ann-cycle, thendnz= 0 and

fnz− gnz= d′n+1snz+ sn−1dnz= d′n+1snz.

Therefore,fnz− gnz ∈ Bn(C′), and soHn( f ) = Hn(g).

�

Proposition 1.33 Let C be an abelian category of complexes. If0 → (C′,d)
i
→

(C,d)
p
→ (C′′,d′′) → 0 is an exact sequence inC, then for each n∈ Z, then there is

a morphism inC such that ∂n : Hn(C′′) → Hn−1(C′) defined by∂n : z′′n + Imd′′n+1 7→

i−1
n−1dnp−1

n z′′n + Imd′n where z′′n ∈ Kerd′′n .

Definition 1.34 The morphisms∂n : Hn(C′′) −→ Hn−1(C′) above are called connect-

ing homomorphisms.

Theorem 1.35 (Theorem 6.10 in [1])(Long Exact Sequence)

LetC an abelian category of complexes. If0 −→ C′
i
−→ C

p
−→ C′′ −→ 0 is an exact

sequence inC, then there is an exact sequence inC such that· · · → Hn+1(C′′)
∂n+1
→

Hn(C′)
Hn(i)
→ Hn(C)

Hn(p)
→ Hn(C′′)

∂n
→ Hn−1(C′)→ · · · .

Definition 1.36 (Ext) Let an injective resolution of an R-module B is E: 0 −→ B
η
−→

E0 d0

−→ E1 d1

−→ E2 −→ · · · , then EB : 0 −→ E0 d0

−→ E1 d1

−→ E2 −→ · · · and

0 −→ Hom(A,E0)
d0
∗

−→ Hom(A,E1)
d1
∗

−→ Hom(A,E2) −→ · · · . Then ExtnR(A, B) =

Hn(HomR(A,EB)) = kerdn
∗

imdn−1
∗

, where dn∗ : HomR(A,En) −→ HomR(A,En+1) is defined, as

usual, by dn∗ : f 7→ dn f .

LetC be any abelian category andε be a class of objects ofC. If Ext1(X,Y) = 0 for

all X ∈ ε, then Y∈ ε⊥. If Ext1(X,Y) = 0 for all Y ∈ ε, then X∈ ⊥ε.
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Lemma 1.37 The module Extn
R(A, B) is independent of the choice of injective resolu-

tion of B.

Proof.

We understand the proof by Proposition 6.40 in [1].

�

Corollary 1.38 (Corollary 6.42 in [1]) LetA be an abelian category with enough

injectives, let B∈ ob j(A), and let E: 0→ B
η
−→ E0 d0

−→ E1 d1

−→ E2 d2

−→ E3 → · · · be

an injective resolution of B. Define V0 = imη and define Vn = imdn−1 for all n ≥ 1.

For any left R-modules A and B,

Extn+1
R (A, B) � ExtnR(A,V0) � · · · � Ext1R(A,Vn−1).

Remark 1.39 By definition we understand HomR(A, B) � Ext0R(A, B).

Lemma 1.40 (Corollary 6.46 in [1])

If 0 −→ B′ −→ B −→ B′′ −→ 0 is a short exact sequence of left R -modules, then

for every left R -module A , there is a long exact sequence of abelian groups,

0 −→ HomR(A, B′) −→ HomR(A, B) −→ HomR(A, B′′) −→ Ext1R(A, B′) −→ Ext1R(A, B) −→

Ext1R(A, B′′) −→ Ext2R(A, B′) −→ Ext2R(A, B) −→ Ext2R(A, B′′) −→ ....

Thus, Ext repairs the loss of exactness after applying HomR(A,−) to a short exact

sequence.

Definition 1.41 (ext) If the chosen projective resolution of an R-module A is P:

... −→ P2
d2
−→ P1

d1
−→ P0

ε
−→ A −→ 0 and PA : ... −→ P2

d2
−→ P1

d1
−→ P0 −→ 0, then

extnR(A, B) = Hn(HomR(PA, B)) =
ker d∗n
im d∗n−1

,

where d∗n : HomR(Pn−1, B) −→ HomR(Pn, B) is defined, as usual, by

d∗n : f 7→ f dn .
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Lemma 1.42 (Corollary 6.57 in [1])

The module extn
R(A, B) is independent of the choice of projective resolution of A.

Theorem 1.43 (Theorem 6.67 in [1])

Let A and B be left R -modules, let E: 0 −→ B
η
−→ E0 d0

−→ E1 d1

−→ E2 d2

−→

E3 −→ ... be an injective resolution of B and let P: ... −→ P1
d1
−→ P0

ε
−→ A −→ 0

be a projective resolution of A . Then Hn(HomR(PA, B)) � Hn(HomR(A,EB)) for all

n ≥ 0 and so

ExtnR(A, B) � extnR(A, B) .

Definition 1.44 Given R-modules C and A, an extension of A by C is a short exact

sequence

0→ A
i
−→ B

p
−→ C→ 0.

An extension is split if there exists an R-map s: C → B with ps= 1C or equivalently

there exists an R-map k: B→ A with ki= 1A .

Proposition 1.45 (Proposition 7.24 in [1]) If Ext1R(C,A) = {0}, then every extension

of A by C splits.

Corollary 1.46 (Corollary 7.25 in [1])

(i) A left R-module P is projective if and only if Ext1
R(P, B) = {0} for all every R-

module B.

(ii) A left R-module E is injective if and only if Ext1
R(A,E) = {0} for all every R-

module A.

1.2 Complexes

Definition 1.47 If C : · · · −→ C2
d2
−→ C1

d1
−→ C0

d0
−→ C−1 −→ · · · is a complex,

then C′ : · · · −→ C′2
d′2
−→ C′1

d′1
−→ C′0

d′0
−→ C′

−1 −→ · · · is said to be a subcomplex

of C if C′m ⊆ Cm for every m∈ Z and if dm agrees with d′m on C′m. If S ⊆ C is a
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subcomplex, then for any m∈ Z, dm : Cm −→ Cm−1 induces a mapCm

Sm
−→

Cm−1
Sm−1

. By

these maps, we can obtain a complexC
S . Let f : C −→ D be a morphism of complexes,

then dm(Ker( fm)) ⊆ Ker( fm−1). Then we can obtain a complex Ker f with m-th term

Ker( fm). Similarly, we can find a complex Im( f ) ⊆ D. And also we have a complex

Coker( f ) = D
Im( f ) and Im( f ) � C�Ker( f ). Thus we can see that the family of all

complexes in R-Mod is an abelian category, denoted byC(R-mod).

Remark 1.48 Let C be a complex. Then we have a subcomplex Z(C) : · · · −→

Ker(dm) −→ Ker(dm−1) −→ · · · where Z(C)m = Ker(dm) for all m ∈ Z where d is

the differential of the complex C. Notice that the differential of Z(C) is 0. And a sub-

complex B(C) ⊆ C is defined as B(C)m = Im(dm+1). Since dm ◦ dm+1 = 0, B(C) ⊆ Z(C).

The quotient complex Z(C)�B(C) is denoted by H(C) where H(C)m = Hm(C) = Z(C)m

B(C)m
.

Then the complex C becomes exact if H(C) = 0, or equivalently Ker(dm) = Im(dm+1)

for all m ∈ Z.

Definition 1.49 (The Tensor Product Of The Complexes A and B) If A= (A,∆
′

) and

B = (B,∆
′′

), then A⊗ B is the complex defined by(A ⊗ B)n =
∐

p+q=n Ap ⊗ Bq and

dn : (A ⊗ B)n −→ (A ⊗ B)n−1 with ap ⊗ bq −→ ∆
′

ap ⊗ bq + (−1)pap ⊗ ∆
′′

bq where

ap ∈ Ap and bq ∈ Bq.

Definition 1.50 (Hom(A,C)) If (A,∆
′

) and(C,∆
′′

) are complexes, thenHom(A,C) is

the complex defined byHom(A,C)n =
∏

p+q=n Hom(A−p,Cq) and Dn : Hom(A,C)n −→

Hom(A,C)n−1 such that Dn : f −→ Dn f = {gp,q} where gp,q : A−p −→ Cq with

q+ p = n− 1 is defined by gp,q = ∆
′′

q+1 fp,q+1 + (−1)p+q fp+1,q∆
′

−p.

Lemma 1.51 Let A : ... → A2

∆
′

2
−→ A1

∆
′

1
−→ A0

∆
′

0
−→ A−1 → ... and C : ... →

C2

∆
′′

2
−→ C1

∆
′′

1
−→ C0

∆
′′

0
−→ C−1 → ... be chain complexes. Then,Hom(A,C) : ... →

Hom(A,C)2
D2
−→ Hom(A,C)1

D1
−→ Hom(A,C)0

D0
−→ ... is a chain complex.

Proof.

Our aim is to find thatDn−1Dn = 0. So we will show thatDn−1Dn( f ) = 0 for all

f ∈ Hom(A,C)n. Let Dn−1Dn( f ) = {hp,q} with p + q = n − 2 andDn( f ) = {gx,y}
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with x + y = n − 1 andgx,y = ∆
′′

y+1 fx,y+1 + (−1)x+y fx+1,y∆
′

−x . Then hp,q = A−p →

Cq with hp,q = ∆
′′

q+1gp,q+1 + (−1)p+qgp+1,q∆
′

−p implies thathp,q = ∆
′′

q+1(∆
′′

q+2 fp,q+2 +

(−1)p+q+1 fp+1,q+1∆
′

−p) + (−1)p+q(∆′′q+1 fp+1,q+1 + (−1)p+1+q fp+2,q∆
′
−p−1)∆

′
−p = 0.

�

Lemma 1.52 Ker(D0) = The abelian group Hom(A,C) of chain maps from A to C.

Proof. Let A : ... → A2

∆
′

2
−→ A1

∆
′

1
−→ A0

∆
′

0
−→ A−1

∆
′

−1
→ ... and C : ... → C2

∆
′′

2
−→ C1

∆
′′

1
−→

C0

∆
′′

0
−→ C−1

∆
′′

−1
→ .... Ker(D0) =?

D0 : Hom(A,C)0 Hom(A,C)−1

f D0( f )

-

-

Since Hom(A,C)0 =
∏
p∈Z

Hom(Ap,Cp) andHom(A,C)−1 =
∏
p∈Z

Hom(Ap,Cp−1), for all

f ∈ KerD0 D0( f ) = {gp,p−1} = {0} and then gp,p−1 = ∆
′′

p fp,p + (−1)−1 fp−1,p−1∆
′

p = 0.

Therefore we have that∆
′′

p fp,p = fp−1,p−1∆
′

p. This gives that f is a chain map fromA

to C.

�

Definition 1.53 A chain map f: A −→ A′ is an isomorphism if and only if each fn is

an isomorphism as follow,

A : ... An An−1 ...

A
′

: ... A
′

n A
′

n−1
...

- -

?

fn

-

?

fn−1

- - -

Definition 1.54 If {Ak : k ∈ K} is a family of complexes, where Ak : ... −→ Ak
n

dk
n
−→

Ak
n−1 −→ ..., then the coproduct

∐
Ak is defined as the complex

∐
Ak : ... −→∐

k
Ak

n

∐
dk

n
−→
∐
k

Ak
n−1 −→ ... . Then Hn(

∐
k

Ak) �
∐
k

Hn(Ak) for every n∈ Z. If K is a

quasi - ordered set, then limAk : ... −→ limAk
n −→ limAk

n−1 (see for direct limit [4]). If

K is directed, then Hn( l
→

imAk) � l
→

imHn(Ak) for all n ∈ Z.
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Definition 1.55 (Suspension)The suspension of a complex C is the complex denoted

by S(C) or C[1] where S(C)m = C[1]m = Cm−1 (or S(C)m = C[1]m = Cm+1) and whose

differential is−d where d is the differential of C. Then we can define Sk(C) for any

k ∈ Z as Sk(C)m = C[k]m = Cm−k (or Sk(C)m = C[m]k = Cm+k) whose differential is

(−1)kd where d is the differential of C.

Definition 1.56 (Mapping Cone)Let f: (X, λ) −→ (Y,d) be a chain map. For each n,

define

X : ... X−1 X0 X1 X2 ...

Y : ... Y−1 Y0 Y1 Y2 ...

- -λ−1

?

f −1

-λ0

?

f 0

-λ1

?

f 1

-

?

f 2

- -
d−1

-
d0

-
d1

-

and M( f )n = Xn+1 ⊕ Yn. Then the complex M( f ) : · · ·M( f )n−1 ∂n−1

→ M( f )n ∂n

→→ · · ·

whose boundary operators are∂n(x, y) = (−λn+1x, f n+1(x) + dny) for (x, y) ∈ Xn+1 ⊕ Yn

is called a mapping cone. So there exists an exact sequence,0 −→ Y
i
−→ M( f )

p
−→

X[1] −→ 0 .

Definition 1.57 (Quasi - Isomorphism (or Homology Isomorphism))A morphism f:

(X, λ) −→ (Y,d) of complexes such that H( f ) : H(X) −→ H(Y) is an isomorphism will

be called a quasi - isomorphism where Hn( f ) : Hn(X) −→ Hn(Y) with x+ Imλn−1 −→

f n(x) + Imdn−1 for all x ∈ Kerλn.

Definition 1.58 If M is a module, thenM : · · · 0 −→ M
id
−→ M −→ 0 −→ · · · where

M1 = M and M0 = M and M : · · · −→ 0 −→ M −→ 0 −→ · · · where M0 = M. Then

M ⊆ M.

Definition 1.59 (Graded Set) A graded set A is a family of sets(Am)m∈Z. If we assume

that Am ∩ An = ∅ if m , n, then we write x∈ A to mean, x∈ ∪
m∈Z

Am and we write

deg(x) = m if x ∈ Am.

If A and B are graded sets by a morphismf : A −→ B of degreep ∈ Z we mean

a family (fm)m∈Z of functions fm where fm : Am −→ Bm+p for all m ∈ Z. So we
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have a category withHom(A, B), denoting the set of morphismsA −→ B (of any

degree).Hom(A, B)p means the set of all morphismsf : A −→ B of degreep. By

the cardinality of graded setA we mean
∑

m∈Z
| Am | (or

∑
m∈Z

card(Am)). LetC be a complex

andA be a graded set, thenA ⊆ C means that for allm ∈ Z Am ⊆ Cm.

Definition 1.60 If A is a graded subset of the complex C, we say S⊆ C is the subcom-

plex generated by A if S is the intersection of all subcomplexes of C containing A. C

is said to be a finitely generated complex if there is a finite set A⊆ C generating C. C

is said to be finitely presented if there is an exact sequence E−→ D −→ C −→ 0 of

complexes where E and D are finitely generated complexes.

Definition 1.61 (Free Complex) A complex F said to be a free complex with base B if

B ⊆ F is a graded subset of F such that for any complex C and any morphism B−→ C

of graded sets of degree0, there is a unique morphism F−→ C of complexes that

agrees with the morphism B−→ C. We say F is free if it has a base. If F is free, then

all Fm are free.

For example, the complexR : · · · 0 −→ R
id
−→ R −→ 0 −→ · · · whereR1 = R and

R0 = R is free with the base consisting of the1 ∈ R of degree−1. Now we note that if

F is free with base B⊆ F, then for any k∈ Z , Sk(F) is free with base Sk(B). Also, if

(F i)i∈I is any family of free complexes, then⊕
i∈I

F i is also free.

Proposition 1.62 Given any complex C. Then there is a free complex F and an epi-

morphism F−→ C.

Proof. It suffices to find a freeF with a baseB such that| Bm |≥| Cm |. Then there is

a degree 0 epimorphismB −→ C (of graded sets). So the correspondingF −→ C is

necessarily an epimorphism.

�

Definition 1.63 A complex P is said to be a projective complex if for any morphism

P −→ D and any epimorphism C−→ D, the diagram
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P

C D 0

ppppppp	 ?
- -

can be completed to a commutative diagram by a morphism P−→ C.

Proposition 1.64 Any free complex F is projective.

Proposition 1.65 If P is a projective module, thenP is a projective complex.

Proof. Consider the diagram inC(R− Mod):

P

Ck C′k P

Ck−1 C′k−1

pppppppppp	
hk

?

fk

@
@

@
@@R

1P

-
gk

@
@

@
@@R

dk

@
@

@
@@R

d′k

pppppppppp	
hk−1

?

fk−1

-
gk−1

whereg : C −→ C′ −→ 0 is an epic morphism andf : P −→ C is a morphism

and d , d′ are differentials ofC , C′, respectively. SinceP is a projective module,

there is a morphismhk : P −→ Ck with gkhk = fk. Definehk−1 : P −→ Ck−1 with

hk−1 = dkhk. Thengk−1hk−1 = gk−1dkhk = d′kgkhk = d′k fk = fk−1. Thus we have a

morphismh : P −→ C which is a chain map.�

Notice that for allm ∈ Z, Sm(P) is a projective complex wheneverP is a projective

module. And also any direct sum of projective complexes is a projective complex.

Corollary 1.66 A complex P is projective if and only if it is a direct summand of a free

complex.

The following remark shows that ifP is a projective complex, then allPm are projec-

tive, but the converse may not be true.
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Remark 1.67 Since a projective complex P is isomorphic to a direct summand of F,

we get Pm is isomorphic to a direct summand of Fm. And also if F is free, then each Fm

is a free module. Hence Pm is a projective module. But the converse may not be true.

that is, each Pm can be projective module, but P may not be a projective complex. For

example,R has Ras a subcomplex andR/R = S(R). Since HomC(R)(S(R),R) = 0, the

diagram

S(R)

R S(R) 0

pppppppp	 ?

id

- -

cannot be completed to a commutative diagram. So S(R) is not a projective complex

even though each term of S(R) is a projective module.

Theorem 1.68 Let P be a complex. Then the following are equivalent:

(i) P is projective.

(ii) P is a direct summand of a free complex.

(iii) There is a family(Pm)m∈Z of projective modules such that P�
⊕
m∈Z

Sm(Pm).

(iv) P is exact and Z(P) has all terms projective.

Furthermore, for a projective P the family(Pm)m∈Z in the part (iii) is unique up to

isomorphism.

Definition 1.69 (Injective Complex) I is said to be an injective complex if for any mor-

phism C−→ I and any morphism C−→ D, the diagram

0 C D

I

-

?

- ppppppp	
can be completed to a commutative diagram by a morphism D−→ I.

20



Proposition 1.70 If M is injective module, thenM is an injective complex.

Proof. Let 0−→ C −→ C′ be a monic morphism. Then we have the following diagram

M

Ck C′k M

Ck−1 C′k−1

@
@

@
@@R

1M

�
�

�
���hk

-
gk

@
@

@
@@R

dk

ppppp
ppppp6f ′k

@
@

@
@@R

d′k
�

�
�

���hk−1

-
gk−1

ppppp
ppppp6f ′k−1

Here,gk andgk−1 are parts of a monic chain mapC −→ C′. SinceM is injective, there

is f ′k−1 : C′k−1 −→ M with f ′k−1gk−1 = hk−1. Let f ′k : C′k −→ M such thatf ′k = f ′k−1d
′
k.

Then f ′kgk = f ′k−1d
′
kgk = f ′k−1gk−1dk = hk−1dk = hk. So we have a chain morphism

f ′ : C′ −→ M. ThereforeM is an injective complex.�

Notice that for allm ∈ Z, Sm(M) is an injective complex wheneverM is an injective

module. And also any direct product of injective complexes is an injective complex.

Let C be any complex. Then we have an injective linear monomorphismCm −→ Im

and then form the corresponding morphismC −→ Im. Then we haveC −→ Π
m∈Z

Im

is a monomorphism as a product of injective complexes whereΠ
m∈Z

Im is an injective

complex. Then Π
m∈Z

Im is an injective preenvelope ofC. Thus there are enough injec-

tive complexes. IfC itself is injective, thenC is isomorphic to a direct summand of

Π
m∈Z

Im and also it is exact. IfA is a non zero subcomplexes of a complexC such that

A∩B , 0 for all nonzero subcomplexesB , then A is called an essential subcomplex

of C . There exists an injective complex containing essentially the complexC. It is

called the injective envelope of the complexC.

Theorem 1.71 A complex E is injective if and only if it is injective for each Sm(R).

Note that subcomplexes ofR are of the form; · · · −→ 0 −→ I ↪→ J −→ 0 −→ · · ·

whereI andJ are left ideals ofR. Then we understand thatE is injective forR only

if every morphism · · · −→ 0 −→ I ↪→ R −→ 0 −→ · · · (whereJ = R) into E can be
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extended to a morphismR −→ E. Then we have the corresponding claim forSm(R)

andE (for anym ∈ Z).

Definition 1.72 (Ext in Complexes) Let A and B complexes in the category of com-

plexes of left R-modulesC. The definition of Ext in complexes is the same as the defi-

nition of Ext in R-Mod. We can obtain an injective resolution of the complex B since

every complex has an enough injective complex. If the chosen injective resolution of B

is E = 0 −→ B
η
−→ E0 d0

−→ E1 d1

−→ E2 −→ · · · , then Extn(A, B) = Hn(Hom(A,EB)) =

kerdn
∗

imdn−1
∗

, where dn∗ : Hom(A,En) −→ Hom(A,En+1) is defined, as usual, by dn
∗ : f 7→ dn f .

From definition we understand that Lemma 1.37, Corollary 1.38, Remark 1.39, Lemma

1.40 , Lemma 1.42 and Theorem 1.43 inR-Mod are satisfied also in complexes.
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CHAPTER 2

ORTHOGONALITY IN THE CATEGORY OF COMPLEXES

Let ε be the class of exact complexes andC(R− Mod) (or shortlyC) be the category

of cochain complex of leftR-modules throughout this section ,Hom(X,Y) denote the

usual complex formed from the two complexesX andY (See 1.50) andHom(X,Y)

denote the group of cochain maps fromX to Y. We call a complexP DG− projective

if eachPn is projective and ifHom(P,E) is an exact complex for allE ∈ ε. Thus every

projective complex isDG -projective. A complexI is calledDG− injective if each

In is injective andHom(E, I ) is exact for allE ∈ ε. Thus every injective complex is

DG -injective. The classes ofDG-projective andDG-injective complexes are closed

under taking finite sums and taking summands. For examples, ifI is such that allIn are

injective and such that for somen0, In = 0 for n ≤ n0 (i.e. I is bounded below), then

I is DG-injective. If l.gl.dimR< ∞, then any complexI with all In injective isDG-

injective. A bounded above complexP with all Pn projective isDG-projective and if

l.gl.dimR< ∞, anyP with all Pn projective isDG-projective (see [2] and [3]). For any

n, X[n] denotes the complex such thatX[n]m = Xn+m and whose boundary operators

are (−1)n∂n+m where∂ is a boundary operator of the complexX. If X is DG-projective

(injective), then so isX[n] for anyn. And also ifM is any injective leftR-module, then

the complex· · · → 0→ M
id
−→ M → 0→ · · · · · · is injective (with the firstR-module

M in then-th place). In fact, any injective complex is uniquely up to isomorphism the

direct sum of such complexes. Moreover we know thatε⊥ = {X ∈ C(R − Mod) :

Ext1(E,X) = 0 for all E ∈ ε} and⊥ε = {X ∈ C(R− Mod) : Ext1(X,E) = 0 for all

E ∈ ε}.

Lemma 2.1 If I ∈ ε⊥, then each In is injective.
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Proof. Let S ⊆ M be a submodule of a leftR−module andf : S −→ In be linear form

the pushout,

0 S M

In In ⊕ M
A

- -i

?

α

ppppppppp?i1p p p p p p p-
i2

whereA = 〈(α(s),−s) : s ∈ S〉. Thusi2 is 1−1 the same asi. Then, I : ... −→ In−1 −→

In⊕M
A −→ In+1 ⊕ M

S −→ In+2 −→ ... is a complex. If we denoteIn⊕M
A by In ⊕S M, then

we can obtain the following diagram where all rows are exact.

0 In−1 In−1 0 0

0 In In ⊕S M
M
S

0

0 In+1 In+1 ⊕
M
S

M
S

0

0 In+2 In+2 0 0

- -

?

-

?

-

?

- -

?

-

?

-

?

id

- -

?

-

?

-

?
- - - -

Therefore we have an exact sequence 0−→ I
f
−→ I −→ E −→ 0 whereE :

... −→ 0 −→ M
S −→

M
S −→ 0 −→ ... and thus we have an exact complex 0→

Hom(E, I ) −→ Hom(I , I ) −→ Hom(I , I ) −→ Ext1(E, I ) = 0 since I ∈ ε⊥. So

Hom(I , I ) −→ Hom(I , I ) → 0 is epic. This implies that we can find thatf : I −→ I

such thatf f = 1. Therefore there exists a functionf
n

: In ⊕S M −→ In such that

f
n
f n = 1. ThenS −→ In can be extended tof

n
i1 : M −→ In. SoIn is injective.

�

Lemma 2.2 Let f : X −→ Y be a morphism of complexes. Then the exact sequence
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0 −→ Y −→ M( f ) −→ X[1] −→ 0 associated with the mapping cone M( f ) splits in C

if and only if f is homotopic to0.

Proof.

(=⇒)

Since the sequence splits, there exists a morphismg : X[1] −→ M( f ) with g(x) =

(x,−s(x)) wheres is a morphism fromX[1] to Y. Then we have the following commu-

tative diagram:

0 Yn−1 Xn ⊕ Yn−1 Xn 0

0 Yn Xn+1 ⊕ Yn Xn+1 0

- -in−1

?

∂n−1
1

-
pn−1

?

θn−1

pppppppp�
gn

-

?

−∂n

- -
in

-
pn ppppppp�

gn+1
-

whereθn−1(x, y) = (−∂nx, f n(x) + ∂n−1
1 y) for all (x, y) ∈ Xn ⊕ Yn−1. By the commutative

diagram, we can find that for allx ∈ Xn

θn−1(gn(x)) = −gn+1∂n(x)

θn−1(x,−sn(x)) = (−∂n(x), sn+1∂n(x))

(−∂nx, f n(x) + ∂n−1
1 (−sn(x))) = (−∂n(x), sn+1∂n(x)).

This implies that f n(x) = ∂n−1
1 sn(x) + sn+1∂n(x), for all x ∈ Xn. Therefore, f n =

∂n−1sn + sn+1∂n which implies thatf is homotopic to 0.

(⇐=)

Suppose thatf is homotopic to 0. Ifs is such a homotopy, then we can construct a

function,

g : X[1] −→ M( f )

x 7−→ (x,−s(x))

wheresn : Xn −→ Yn−1 such thatf n = ∂n−1sn+sn+1∂n. Then pn−1gn(x) = pn−1(x,−sn(x)) =

I (x) for all x ∈ Xn and sopn−1gn = I . So the exact sequence 0−→ Y −→ M( f ) −→
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X[1] −→ 0 splits.

�

Lemma 2.3 If 0→ A
f
→ B

g
→ C→ 0 is an split exact sequence, then B� A⊕C.

Proof. Since 0−→ A
f
−→ B

g
−→ C −→ 0 is split exact, there exist both a morphism

h : B −→ A such thath f = 1A and a morphismθ : C −→ B such thatgθ = 1C .

So for all b ∈ B we can write thatb = b− f h(b) + f h(b) where b− f h(b) ∈ Kerh .

Therefore B = Kerh⊕ Im f . Since f is 1− 1 , Im f � A . Since the sequence

0 −→ C
θ
−→ B

h
−→ A −→ 0 is exact,Kerh= Imθ � C . Thus B � C ⊕ A .

�

Corollary 2.4 If X is a complex, thenHom(X, I ) is exact for a complex I such that Im

is injective for all m∈ Z if and only if Ext1(X, I [n]) = 0 for all n ∈ Z.

Proof.

(=⇒)

Suppose thatHom(X, I ) is exact for a complexI such thatIm is injective for all

m ∈ Z. SinceHom(X, I ) being exact is equivalent to the claim that for eachn ∈ Z

each morphismf : X −→ I [n] is homotopic to 0, by Lemma 2.2 the exact se-

quence 0−→ I [n] −→ M( f )
β
−→ X[1] −→ 0 splits, so we have an exact sequence

0 −→ Hom(X, I [n]) −→ Hom(X,M( f ))
β∗

−→ Hom(X,X[1]) −→ Ext1(X, I [n]) −→

Ext1(X,M( f )) −→ ... and β′ : X[1] → M( f ) with ββ′ = 1. Thus for allg ∈

Hom(X,X[1]) there exists at least oneβ′g ∈ Hom(X,M( f )) such that β∗(β′g) =

β(β′g) = g, that is,β∗ is onto. SoExt1(X, I [n]) = 0 for all n ∈ N.

(⇐=)

Since for alln ∈ Z, Ext1(X, I [n]) = 0, this implies that any exact sequence 0−→

I [n] −→ Y −→ X −→ 0 of complexes splits. For, we have the exact sequence

0 −→ Hom(X, I [n]) −→ Hom(Y, I [n]) −→ Hom(I [n], I [n]) −→ Ext1(X, I [n])︸         ︷︷         ︸
=0

.
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Since 0−→ I [n] −→ Y −→ X −→ 0 splits,Y � I [n] ⊕ X by Lemma 2.3. So this

sequence is isomorphic to a sequence

0 −→ I [n] −→ M( f ) −→ X −→ 0

where f : X[−1] −→ I [n]. Therefore 0−→ I [n] −→ M( f ) −→ X −→ 0 splits. By

Lemma 2.2 f : X[−1] −→ I [n] is homotopic to 0 for alln ∈ Z. So f ′ : X −→ I [n+ 1]

is homotopic to 0 for alln ∈ Z. Thus we understand from the explanation above that

Hom(X, I ) is exact.

�

Proposition 2.5 ε⊥ is the class of DG - injective complexes.

Proof. If I ∈ ε⊥, then by Lemma 2.1 allIn are injective. SinceI ∈ ε⊥, for all E ∈ ε

Ext1(E, I ) = 0. By Corollary 2.4,Hom(E, I ) is exact for allE ∈ ε. So I is DG -

injective.

�

Dual arguments gives the following proposition;

Proposition 2.6 ⊥ε is the class of DG - projective complexes.

Proposition 2.7 ⊥(ε⊥) = ε

Proof. Clearly ε ⊆ ⊥(ε⊥). Let E ∈ ⊥(ε⊥). We will show thatE is exact. Let I :

· · · −→ 0 −→ 0 −→ I0 −→ 0 −→ 0 −→ · · · whereI0 is an injective cogenerator

(see [4] for more details). ThenI is (so also anyI [n],n ∈ Z) DG-injective complex.

By Proposition 2.5,I ∈ ε⊥. SinceE ∈⊥(ε⊥), Ext1(E, I [n]) = 0 for all n ∈ Z. Let

E : · · · −→ E−1 −→ E0 −→ E1 −→ E2 −→ · · · . Then we have the sequence

· · · → Hom(E2, I0) → Hom(E1, I0) → Hom(E0, I0) → · · · . This sequence is equal to

Hom(E, I ). By Corollary 2.4,Hom(E, I ) is exact. SinceI0 is an injective cogenerator,

the complexE is exact.
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�

Remark 2.8 If I ∈ ε⊥, then for all E∈ ε and all i ≥ 1 Exti(E, I ) = 0.

Because, we can find that an exact sequence of complexes with P projective complex

0→ S
f
−→ P

g
−→ E→ 0.

Then we have the following diagram;

0 Sm−1 Pm−1 Em−1 0

0 Sm Pm Em 0

0 Sm+1 Pm+1 Em+1 0

- -

?

βm−1

-

?

φm−1

-

?
- -

?

βm

-

?

φm

-

?
- - - -

whereφm−1 |Sm−1= βm−1 andφm |Sm= βm. Therefore S is also an exact sequence. Since

Ext1(S, I ) = Ext2(E, I ) and I ∈ ε⊥ and S∈ ε, Ext2(E, I ) = 0. Using the induction we

can write that for all i≥ 1 Exti(E, I ) = 0.

Similarly, if P∈ ⊥ε, then for all i≥ 1, Exti(P,E) = 0.

Thus if 0 → I ′ → I → I ′′ → 0 is an exact sequence of complexes and I′ and I′′ are

DG-injective, then by Proposition 2.5, I′ and I′′ ∈ ε⊥ and for all E ∈ ε, we can find

the exact sequence;

0 → Hom(E, I ′) → Hom(E, I ) → Hom(E, I ′′) → Ext1(E, I ′) → Ext1(E, I ) →

Ext1(E, I ′′)→ Ext2(E, I ′)→ · · · .

Since Ext1(E, I ′) = 0 = Ext1(E, I ′′), Ext1(E, I ) = 0, so I ∈ ε⊥ and hence I is a DG-

injective complex.
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And also if I′ and I are DG-injective, then so is I′′.

Similarly, if 0 → P′ → P → P′′ → 0 is exact sequence of complexes and P and P′′

are DG-projective, then for all E∈ ε, we can find the exact sequence;

0 → Hom(P′′,E) → Hom(P,E) → Hom(P′,E) → Ext1(P′′,E) → Ext1(P,E) →

Ext1(P′,E)→ Ext2(P′′,E)→ · · · .

Since Ext1(P,E) = Ext2(P′′,E) = 0, Ext1(P′,E) = 0, so P′ ∈ ⊥ε. By Proposition 2.6,

P′ is also DG-projective.

And also P′ and P′′ are DG-projective, then so is P.

Lemma 2.9 Let 0→ E → I → I
E → 0 be an exact sequence of complexes and let E

and I be exact complexes. ThenI
E is an exact complex , too. Similarly if I andIE are

exact, then E is exact. And also if E andI
E are exact, then I is exact.

Proof. We will give only the proof of the first statement. We can write the following

commutative diagram;

0 En In In

En
0

0 En+1 In+1 In+1

En+1
0

0 En+2 In+2 In+2

En+2
0

- -αn

?

f n

-
βn

?

gn

-

?
hn

- -αn+1

?

f n+1

-
βn+1

?

gn+1

-

?
hn+1

- -αn+2
-

βn+2
-

whereIm fn = Ker fn+1 andImgn = Kergn+1. We will prove thatImhn = Kerhn+1. Let

x+En+1 ∈ Imhn. Then there exists at least oney+En ∈ In

En such thathn(y+En) = x+En+1.

Sogn(y) + En+1 = x+ En+1. Then

hn+1(x+ En+1) = hn+1(gn(y) + En+1) = gn+1(gn(y)) + En+2 = En+2.

29



Thereforex+ En+1 ∈ Ker(hn+1). Notice that this implies thatIE is a complex.

Now letx+En+1 ∈ Ker(hn+1). Thenhn+1(x+En+1) = gn+1(x)+En+2 = En+2. Sogn+1(x) ∈

En+2. Sinceβn+2(gn+1(x)) = hn+1(βn+1(x)) = 0, βn+1(x) ∈ Kerhn+1, soβn+1(x) ∈ Imhn.

So there exists at least onea+ En ∈ In

En such that,hn(a+ En) = βn+1(x) = x+ En+1, so

x+ En+1 ∈ Imhn. As a result, we can write thatImhn = Kerhn+1.

�

Proposition 2.10 ε ∩ ε⊥ is the class of injective complexes andε ∩ ⊥ε is the class of

projective complexes.

Proof. Let I ∈ ε ∩ ε⊥. We can find an injective (exact) complexJ such thatI ⊆ J.

Then we have an exact sequence of complexes, 0→ I → J → J
I → 0. SinceI andJ

are exact,JI is an exact complex by Lemma 2.9. SoExt1( J
I , I ) = 0. Since we have the

exact sequence

0→ Hom(
J
I
, I )→ Hom(J, I )→ Hom(I , I )→ Ext1(

J
I
, I ) = 0→ · · · ,

the exact sequence 0→ I → J → J
I → 0 splits. ThusI is a direct summand ofJ

by Lemma 2.3, so it is injective. Similarly, we can prove thatε ∩ ⊥ε is the class of

projective complexes.

�

Proposition 2.11 (⊥ε)⊥ = ε.

Proof. It is proved dual to proof of Proposition 2.7.

�

Theorem 2.12 ([5] ) For every complex X there are quasi-isomorphisms P→ X and

X→ I where P is DG-projective and I is DG-injective.
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Lemma 2.13 Let X and I complexes inC and f : X→ I be a1− 1 morphism. Then

I
X is exact if and only if X→ I is a homology isomorphism. And also if g: I → X is

onto morphism, then Kerg is exact if and only if I→ X is a homology isomorphism.

Proof. We understand the proof by the long exact sequence in Theorem 6.10 in [1].

�

Corollary 2.14 Every complex X has a DG-projective precover in which kernel is

exact and a DG-injective preenvelope.

Proof. Let P→ X be as in the Theorem 2.12. Since there exists an onto morphism

Q → X with Q projective (so it is exact) complex, we can find an onto morphism

P⊕ Q→ X. And H(Q) = 0 implies thatP⊕ Q→ X is a quasi-isomorphism. Hence

we have an exact sequence of complexes, 0→ E → P ⊕ Q → X → O whereE is

exact by Lemma 2.13. LetP′ be anyDG-projective complex. Then by Proposition 2.6

Ext1(P′,E) = 0 , so Hom(P′,P⊕ Q)→ Hom(P′,X)→ 0 is onto. Therefore we have

the commutative diagram

P′

P⊕ Q X 0

ppppppppp?
@

@
@

@@R
- -

ThereforeP⊕ Q→ X is aDG-projective precover. Similarly, we get that everyX has

a DG-injective preenvelopeX→ I .

�

Remark 2.15 We see that such precovers P→ X and preenvelopes X→ I are

necessarily surjective and injective, respectively, since projective complexes are DG-

projective and injective complexes are DG-injective.

Lemma 2.16 If E ∈ ε and E → I is an injective envelope, then E→ I is a DG-

injective envelope.
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Proof. Let 0→ E
θ
→ I

β
→ E′ → 0 be exact. SinceE andI are exact, by Lemma 2.9E′

is exact, too. IfI ′ is DG-injective, thenExt1(E′, I ′) = 0 by Proposition 2.5 and so

Hom(I , I ′) → Hom(E, I ′) → 0 is exact. SinceI is DG-injective, E → I is DG-

injective preenvelope. Since it is an injective envelope, we see that it is aDG-injective

envelope.

�

Theorem 2.17 Every complex X has a DG-injective envelope X→ I. Such an enve-

lope is injective and is a quasi-isomorphism. A morphism X−→ I of complexes is a

DG-injective envelope of X if and only if it is injective, if I is DG-injective, if X−→ I is

a quasi-isomorphism and if there are no exact subcomplexes E⊂ I such that X∩E = 0

and E, 0.

Proof. The proof thatX has aDG-injective envelope is a straight forward modification

of the proof of Theorem 6.1 in [6]. In that proof we replace the class of modules of

finite projective dimension with the class of exact complexes and note that this class

of complexes is closed under inductive limits. Since everyDG-injective preenvelope

X −→ I is injective, so is such an envelope. LetU be anyDG-injective complex.

Then the exact sequence 0→ X → I → I
X → 0 implies that the exact sequence;

0→ Hom( I
X ,U)→ Hom(I ,U)→ Hom(X,U)→ Ext1( I

X ,U)→ · · · .

SinceX −→ I is a DG-injective preenvelope,Ext1( I
X ,U) = 0. So I

X ∈
⊥ (ε⊥) by

Proposition 2.5. Since⊥(ε⊥) = ε by Proposition 2.7,IX is exact and therefore by

Lemma 2.13X −→ I is a homology-isomorphism.

Now let X −→ I be aDG-injective envelope (soX −→ I is an injection) andE ⊂ I

be an exact complex withX ∩ E = 0. Since the injective envelopeJ of E is theDG-

injective envelope by Lemma 2.16,E
1−1
−→ I can be extended to a mapf : J −→ I .

SinceE is essential inJ, f is injective. Sincef (E) = E is essential inf (J), X∩ f (J) =

0. SinceJ is the also exact, we can assume the originalE is injective. Then I
E is

also DG-injective by Remark 2.8. SinceX −→ I is a homology isomorphism and

H(E) = 0, by Theorem 1.35 we haveX −→ I
E is a homology isomorphism. By
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Lemma 2.13 we have an exact sequence 0−→ X −→ I
E −→ F −→ 0 with F exact.

ThereforeX −→ I
E is a DG-injective preenvelope. Because ifU is anyDG-injective

complex, then 0−→ Hom(F,U) −→ Hom( I
E ,U) −→ Hom(X,U) −→ Ext1(F,U) = 0

by Proposition 2.5. Hence there is a commutative diagram

I

X
I
E

I

?
θ

�
�

�
��

@
@

@
@R

-

?

β

with I −→ I
E the canonical surjection. SinceX −→ I is an envelope,I

θ
−→ I

E

β
−→ I is

an automorphism ofI . Let e ∈ E. Thenβθ(e) = β(θ(e)) = β(e+ E) = β(0) = 0 and

sinceβθ is an automorphism,e= 0. SoE = 0.

Conversely, we know that there exists aDG-injective envelope ofX such that 0−→

X −→ I . Let I ′ be DG-injective, 0 −→ X −→ I ′ be a quasi-isomorphism and

there are no exact subcomplexesE ⊂ I ′ such that X ∩ E = 0 and E , 0 . Since

0 −→ X −→ I ′ is a quasi-isomorphism and soI
′

X is exact, 0−→ X −→ I ′ is a

DG-injective preenvelope. So we have the following commutative diagram

I

X I ′

I

?�
�

���

@
@

@@R

-

?

SinceI −→ I ′ −→ I is an automorphism ofI , I ′ � I ⊕ J where J = Ker(I ′ −→ I ) ,

soJ is alsoDG-injective. SinceX −→ I andX −→ I ′ are homology isomorphism, for

all n ∈ Z; Hn(I ) � Hn(I ′). Since 0−→ I −→ I ′ is a quasi-isomorphism,I
′

I is exact by

Lemma 2.13 andI ′ � I ⊕ J implies thatJ is exact, soJ ∈ ε∩ ε⊥. By Proposition 2.10,
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J is injective. From diagram we understand thatX ∩ J = 0. This implies thatJ = 0

and soI ′ −→ I is an isomorphism. HenceX −→ I ′ is an envelope.

�

Corollary 2.18 The DG-injective envelope X−→ I of a complex X is such that I is

injective if and only if X exact.

Proof. If X is exact, then since 0−→ X −→ I is DG-injective preenvelope,Hn(X) �

Hn(I ) and so I
X is exact, thereforeI is exact. SoI ∈ ε⊥ ∩ ε and hence by Proposition

2.10I is injective.

Conversely, letX −→ I be aDG-injective envelope and assume thatI is injective. If

0 −→ X −→ I −→ E −→ 0 is exact, thenI
X � E is exact by Lemma 2.13, since

Hn(X) � Hn(I ) by Theorem 2.17. SinceI andE are exact,X is also exact by Lemma

2.9.

�

Corollary 2.19 If 0 −→ X −→ I0 −→ I−1 −→ I−2 −→ · · · is a minimal DG-injective

resolution of X, then each I−i for i ≥ 1 is injective, I0 is injective if and only if X is

exact.

Proof. By Theorem 2.17,X −→ I0 is injective and a quasi-isomorphism, soI0
X is

exact. By Corollary 2.18I−1 is injective. Repeating this argument we getI−2 , I−3 , · · ·

injective.

The converse follows from Corollary 2.18.

�

Proposition 2.20 For a DG-injective complex I, the following are equivalent:

(a) If E ⊂ I is an exact complex, then E= 0;

(b) If J ⊂ I is an injective subcomplex, then J= 0;
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(c) For each n, Zn(I ) is essential in In.

Proof.

(a)⇒ (b) is satisfied since injective complexes are exact.

To argue (b) ⇒ (c), assumeZn(I ) is not essential inIn. Then there is an injective sub-

moduleM ⊂ In with Zn(I ) ∩ M = 0 andM , 0. Then∂n |M is an injection . But the

complex · · · 0→ M → ∂n(M) → 0 · · · is a non-zero injective subcomplex ofI . This

is a contradiction.

To argue (c) ⇒ (b), an injective complexJ ⊂ I is a direct sum of complexes of the

form · · · 0→ M
id
→ M → 0→ · · · whereM is an injective module. But by (c), every

suchM must be 0. HenceJ = 0.

To argue (b) ⇒ (a), E has an injective envelopeJ such that E is essential inJ.

By Lemma 2.16E −→ J is a DG -injective envelope. IfE ⊂ J is exact, then we

have the following commutative diagram

0

0 E I

J

?
- -i1

?

i2

�
�

���f

where f i2 = i1. Then Ker( f )∩ E = 0. Since E is essential inJ, Ker( f ) = 0. So

we can takeE ⊂ J ⊂ I with J an injective envelope ofE. But then J = 0 implies

E = 0.

�

Definition 2.21 A DG-injective complex I is said to be minimal if I satisfies one of the

equivalent conditions(a), (b) or (c) in Proposition 2.20.

Proposition 2.22 A DG-injective complex is the direct sum of an injective complex

and a minimal DG-injective complex. This direct sum decomposition is unique up to

isomorphism.
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Proof. Let I be aDG-injective complex. Using the Zorn’s Lemma, for eachn we can

find a maximal submoduleJn ⊆ In such that,Jn ∩ Ker(In → In+1) = 0. SinceIn is

injective, we can find an injective moduleKn such that,Jn ⊆ess Kn ⊆ In. Then it must

be Kn = Jn and soJn is injective. ThenI has the injective subcomplex;· · · → 0 →

Jn −→ ∂n(Jn)→ 0→ · · · . Since∂n−1(Jn−1) ⊆ Ker(In→ In+1), ∂n−1(Jn−1) ∩ Jn = 0. So

the sum of these complexes is direct and is isomorphic to their external direct product,

because the sum is

I1 : · · · → Jn−1 ⊕ ∂n−1(Jn−1)→ In+1 ⊕ ∂n(Jn)→ · · · .

Hence the sum is injective. SoI1 is a direct summand ofI and we haveI = I1 ⊕ I2.

By construction, we understand thatI2 is minimal. Now suppose we have another

decompositionI = I ′1 ⊕ I ′2 with I ′1 injective andI ′2 minimal. PutS = I1 ∩ I ′2. Let the

injective envelope ofS beE(S) ⊆ I1. Then the projectionφ : E(S) ⊆ I ′1 ⊕ I ′2 → I ′2 is

injective, otherwiseKerφ , 0 andS∩ Kerφ , 0 sinceS ⊆ess E(S), butKerφ ⊆ I ′1 and

S ∩ I ′1 = 0, but this is a contradiction. Soφ is injective. Thusφ(E(S)) is injective. But

sinceI ′2 is minimal,φ(E(S)) = 0 and soE(S) = 0 = S. HenceI1 projects injectively

into I ′1 with imageJ ⊆ I ′1. SoJ is injective and henceJ is a direct summand ofI ′1, so

we have a decompositionI = J ⊕ K ⊕ I ′2. SinceI1 projects isomorphically ontoJ, we

haveI � I1 ⊕ K ⊕ I ′2. But thenI2 �
I
I1
� K ⊕ I ′2. SinceK is injective andI2 is minimal,

K = 0 and soI1 projects isomorphicallyI ′1. And alsoI2 � I ′2.

�

Corollary 2.23 Given any complex X, there exists a quasi-isomorphism X→ I with I

a minimal DG-injective complex.

Proof. By Theorem 2.12, there is a quasi-isomorphismX → I with I a DG-injective

complex. If I = I1 ⊕ I2 with I1 injective andI2 minimal from the proposition above,

then sinceH(I1) = 0, X→ I2 is the desired homology isomorphism.

�
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Theorem 2.24 Every complex X has an exact cover E−→ X. Every exact cover

E −→ X is surjective and Ker(E −→ X) is DG-injective. A morphism E−→ X of

complexes is an exact cover of X if and only if E is exact, E−→ X is surjective and

Ker(E −→ X) is a minimal DG-injective complex. If E−→ X is an exact cover, E is

injective if and only if X is DG-injective.

Proof. Given X, by Theorem 2.12 there is a homology isomorphismf : X −→ I

with I DG-injective. So we have an exact sequence; 0→ I → M( f ) → X[1] → 0.

SinceHn(X) � Hn(I ) andHn(X) = Hn−1(X[1]), by Theorem 1.35;M( f ) is exact. Let

E = M( f )[−1]. Then we have a surjective morphismE −→ X with the kernelI [−1]

beingDG-injective by Corollary 2.4.

We claim thatE −→ X is an exact precover. For, ifE′ is an exact complex, by

Proposition 2.5; Ext1(E′, I [−1]) = 0 and so Hom(E′,E) → Hom(E′,X) → 0 is

exact. SoE −→ X is an exact precover. Sinceε is closed under inductive limits, if we

modify Corollary 5.2.7 in [4] to complexes, then we can find thatX has an exact cover.

If φ : E −→ X is an exact cover, since there is a projective complexP such that

P −→ X is surjective, soφmust be surjective. By Lemma 1.21;I = Ker(E −→ X) ∈ ε⊥

and so it isDG-injective. If I were not minimal, then by Proposition 2.22 it would

have an injective subcomplexI1 , O. Then if E = I1 ⊕ E2, then the projection map

f : E −→ E2 with for all a ∈ I1 ⊆ I and for allb ∈ E2, f (a+b) = b gives the following

commutative diagram
E

E2 ⊆ E X
?

f

@
@

@
@@R

φ

-
φ

whereφ f = φ and f is not automorphism. Sinceφ : E −→ X is an exact cover, this

implies a contradiction. HenceI must be minimal.

Conversely, supposeφ : E −→ X is a surjective morphism withE exact andI = Ker(φ)

a minimal DG-injective complex. So if E′ ∈ ε, then we haveHom(E′,E) −→
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Hom(E′,X) −→ Ext′(E′,Kerφ) = 0. This implies thatφ : E −→ X is an exact

precover. LetE −→ X be an exact cover. Then we have the following commutative

diagram:

E

E X

E

ppppppp?@
@

@@Rppppppp?
-

�
�

���

But E −→ E −→ E is an automorphism ofE. SoKer(E −→ E) is a direct summand

of E (so is exact) contained inI = Ker(φ). SinceI is minimal,Ker(E −→ E) = 0 and

soE −→ E is an isomorphism. HenceE −→ X is a cover.

Now suppose thatX is DG-injective andE −→ X an exact cover withI = Ker(E −→

X). Then sinceI is DG-injective and 0→ I → E→ X→ 0 is exact,E is DG-injective.

But sinceE is also exact, by Proposition 2.10,E is injective.

If on the other hand;E −→ X is an exact cover andE is injective, then withI =

Ker(E −→ X), the exactness of 0→ I → E → X → 0 whereI and E are DG-

injective, gives thatX is DG-injective by Remark 2.8.

�

Now using the theorem above we can give an example that how we can determine the

exact cover of a complex.

Example 2.25 Let X : · · · 0 −→ X0 −→ 0 −→ · · · where X0 ∈ R-Mod be a complex.

If E : · · · −→ 0 −→ 0 → X0 → X1 → X2 → X3 → · · · is a minimal injective

resolution of the module X0, then the map E−→ X −→ 0 such that,

0 0 X0 X1 X2 · · ·

0 0 X0 0 0 · · ·
?

0

-

?

0

-

?

1

-

?

0

-

?

0

-

- - - - -

is an exact cover of X, since we see that I= Ker(E → X) : · · · → 0→ 0→ X1 →
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X2 → · · · and for each n, Zn(I ) is essential in Xn where n≥ 1 which we see from

construction of injective resolution E and so Ker(E → X) is a minimal DG-injective

complex.

Corollary 2.26 If · · · → E2 → E1 → E0 → X → 0 is a minimal exact left resolution

of a complex X, then each Ei (i ≥ 1) is injective and E0 is injective if and only if X is

DG-injective.

Proof. By Theorem 2.24 the complexX has an exact coverE0 → X such that;

Ker(E0 → X) is DG-injective. By Theorem 2.24, the exact cover ofKer(E0 → X)

exists, sayE1 such thatE1→ Ker(E0→ X)→ 0 andE1 is injective. If we continue in

this way, then for alli ≥ 1 eachEi is injective. Again by the same theorem, the other

part is proved, too.

�

Theorem 2.27 In C, Hom(−,−) is left balanced by⊥ε × ε⊥.

Proof. If 0 → Y → I0 → I−1 → I−2 · · · is any rightε⊥-resolution ofY andP ∈ ⊥ε,

we must show thatHom(P,−) leaves the sequence exact. Using Theorem 2.17, we

can construct the sequence 0→ Y → I0 → I−1 → I−2 · · · , we see that we only need

show that ifY → I is a DG-injective preenvelope and ifC = Coker(Y → I ), then

Hom(P, I )→ Hom(P,C)→ 0 is exact.

Given another suchDG-injective preenvelopeY→ I with cokernelC, by the definition

of preenvelopes, we see that if the diagram

0 Y I C 0

0 Y I C 0

-

?

‖

-

?

-

?

-

- - - -

is commutative, then the vertical maps give a homotopy equivalence between the two

complexes. Hence ifHom(P,−) leaves one of these exact, then it leaves the other exact.
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By Theorem 2.17 we have an exact sequence; 0→ Y → I → E → 0 whereI is

DG-injective and since 0→ Y → I is a quasi-isomorphism,E is exact by Lemma

2.13.

SinceE is an epimorphic image of a free (projective) complex, we have a surjection

Q→ E→ 0. SinceE andQ are exact,Ker(Q→ E) is exact and soExt1(P,Ker(Q→

E)) = 0. This implies thatHom(P→ Q) → Hom(P,E) → 0. SinceQ is a projective

complex, any mapQ→ E has a liftingQ→ I . By the following diagram

P Q

I E 0

0

p p p p p p p-

@
@

@@R ?

ppppppp	
- -

?

we understand thatHom(P, I )→ Hom(P,E)→ 0 is exact.

A dual argument shows that if 0→ D → P → X → 0 is exact withP → X a DG-

projective precover, then wheneverI is DG-injective,Hom(P, I ) → Hom(D, I ) → 0 is

exact.�

Lemma 2.28 Let I be a DG-injective complex and let id: I −→ I give the exact

sequence0 −→ I −→ M(id) −→ I [1] −→ 0. Then M(id) is injective and M(id) −→

I [1] is an exact precover. If I is minimal, then I−→ M(id) is an injective envelope and

M(id) −→ I [1] is an exact cover.

Proof. Sinceid is a homology isomorphism,M(id) is exact by the long exact sequence.

SinceI and soI [1] are DG-injective, so isM(id). Then by Proposition 2.10M(id) is

injective. SinceExt1(E, I ) = 0 for any exactE, Hom(E,M(id)) −→ Hom(E, I [1]) −→

0 exact. SoM(id) −→ I [1] is an exact precover.

Now supposeI is minimal. If M(id) is not an injective envelope ofI , then I is not

essential inM(id). So there is a nonzero complexJ′ ⊆ M(id) such thatJ′∩ I = 0. And
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also we have the injective envelope ofJ′, sayJ such thatJ′ essential inJ. Then we

have the following commutative diagram

0 J

0 J′ M(id)

0 J

@
@

@
@@R ?
-

�
�

�
���

@
@

@
@@R

-

?�
�

�
���

such thatJ −→ M(id) −→ J is an automorphism, soJ′ ⊂ess J ⊂ M(id) whereJ is

exact andJ ∩ I = 0. But J maps isomorphically to a subcomplex ofI [1]. SinceJ is

exact andI [1] is minimal, we get a contradiction. SoM(id) is an injective envelope of

I . WhenI is minimal we get thatM(id) −→ I [1] is an exact cover by Theorem 2.24.

�

Corollary 2.29 A DG-injective complex I has injective dimension0 or∞.

Proof. If I itself is injective, then the injective dimension is 0. LetI be not injective.

Then we have the following diagram by Lemma 2.28

0 I M1(id) M2(id) M3(id) · · ·

I [1] I [2]

0 0

- - -

?

-

?

-

�
�

�
�

���

�
�

�
�

���

�
�

�
�

���

�
�

�
�

���

where M j(id) = I [ j − 1] ⊕ I [ j] for j ≥ 1 .SinceI is not injective, for all j ≥ 1 I [ j]

cannot be injective. So the sequence above goes to infinity. So injective dimension is

∞.
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�

Proposition 2.30 If P is a DG-projective complex and id: P −→ P has the associated

exact sequence0→ P→ M(id)→ P[1] → 0, then M(id) is projective and

P −→ M(id) is an exact preenvelope of P.

Proof. A dual argument of Lemma 2.28

�

Corollary 2.31 A DG-projective complex has projective dimension0 or∞.

Proof. Clear from Proposition 2.30

�

Lemma 2.32 Let X, Y be complexes, f: X −→ Y a morphism and let the exact

sequence0 −→ Y[−1] −→ M(id)[−1] −→ Y −→ 0 be gotten from id: Y −→ Y.

Then f : X −→ Y has a lifting X−→ M(id)[−1] if and only if f is homotopic to0.

Proof.

(=⇒)

Let f : X −→ Y have a lifting X −→ M(id)[−1] . Then we have the following

diagram

Mid[−1] Y 0

X

-π -

�
�

�
�

��

f

6

g

where πg = f . Let π′ : M(id)[−1] −→ Y[−1] be a projection ands = π′g . Since

g : X −→ M(id)[−1] is a chain morphism, by the following diagram
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Xn−1 Xn Xn+1

Yn−1 ⊕ Yn−2 Yn ⊕ Yn−1 Yn+1 ⊕ Yn

-λn−1

?

gn−1

-λn

?

gn

?

gn+1

-
un−1

-
un

where

un : M(id)n[−1] = Yn ⊕ Yn−1 Yn+1 ⊕ Yn

(a,b) (−γn(a),a− γn−1(b))

-

-

such that gn+1λn = ungn , we have sn+1λn + γn−1sn = π′n+1gn+1λn + γn−1π′ngn =

π′n+1ungn + γn−1π′ngn = (π′n+1un + γn−1π′n)gn . For all (a,b) ∈ Yn+1 ⊕ Yn (π′n+1un +

γn−1π′n)(a,b) = π′n+1(−γn(a),a− γn−1(b)) + γn−1(b) = a− γn−1(b) + γn−1(b) = π(a,b) .

So sn+1λn + γn−1sn = πngn = f n and thereforef is homotopic to 0 .

(⇐=)

Let f be homotopic to 0 . Then there exists a homotopys : X −→ Y[−1] such that

we have the following diagram:

Xn−1 Xn Xn+1

Yn−1 Yn Yn+1

-λn−1

?

f n−1

�
�

�
�	

sn

?

f n

-λn

�
�

�
�	

sn+1

?

f n+1

-
γn−1

-
γn

wheresn+1λn + γn−1sn = f n. Then the required lifting is as the following:

g : X M(id)[−1]

x ( f (x), s(x))

-

-

�

Lemma 2.33 Every complex C has anε-envelope with cokernel DG-projective com-

plex.
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Proof. Let C0 = C. We will construct an increasing sequence of complexesC0 ⊂ C1 ⊂

C2 ⊂ · · · with the properties thatCn

Cn−1
has all its terms projective andδ = 0 for all n ≥ 1,

and such thatZ(Cn) ⊂ B(Cn+1) for all n ≥ 0. For then ifE = ∪Cn, E is exact and by

the Lemma 3.1 in [7],EC will be DG-projective. Clearly we only need show how to

constructC1. Then the same procedure allows us to constructC2 ⊂ C2 ⊂ · · · .

Given anyx ∈ Zn(C) ⊂ Cn, we can construct a complex· · · −→ Cn−2 −→ Cn−1⊕R−→

Cn −→ Cn+1 · · · havingC as a subcomplex and such thatCn−1 ⊕ R −→ Cn maps (0,1)

to x. It is clear that in fact this is a complex sayD with x ∈ B(D) and with D
C the

complex· · · −→ 0 −→ R−→ 0 −→ 0 −→ · · · with R in the (n− 1)-th place. With this

procedure we see that by attaching the direct sum of as many copies ofR as necessary

to C (at differentCk’s) we can construct the complexC1 having the desired properties.

This completes the proof.

�

Proposition 2.34 In C, Hom(−,−) is left balanced byε × ε.

Proof. By the Proposition and by Theorem 2.24 we get the required resolutions. The

other requirement of balance is immediate.

�
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CHAPTER 3

MINIMAL INJECTIVE RESOLUTIONS

The termDG-injective resolution is used in [2] and [8]. In this paper, ifX is bounded

below, thenX has so-called ”minimal injective resolution”. This means that there is

a quasi-isomorphismX → I whereI is a minimalDG-injective complex. Such anI

will also be bounded below. If I1 and I2 are bounded below minimalDG-injective

complexes, any quasi-isomorphismI1 → I2 is an isomorphism. This fact can be

used to prove that a ”minimal injective resolution”X → I as above is unique up

to isomorphism. In this section we show that as a result of Spaltenstein’s work we

no longer need to restrict complexes to those which are bounded below to get these

results. We use quotation marks with the term ”minimal injective resolution” since the

definition above is not in agreement with our usage in this section. In the rest of the

section we will refer to these resolutions by giving their properties.

Lemma 3.1 Every complex K has an injective envelope K−→ E(K) where E(K) is

the injective envelope of K. If0 −→ K −→ E is an injective preenvelope and there

are no injective subcomplexes J⊆ E such that K∩ J = 0 and J, 0, then K−→ E is

an injective envelope.

Proof. The first part is clear.

We have the following diagram:

E(K)

0 K E

0 E(K)

ppppppp?
-

�
�

���

-

@
@

@@R

ppppppp?�
�

���
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ThenE(K) −→ E −→ E(K) is an automorphism, sayJ = Ker(E −→ E(K)). Then

K∩J = 0 sinceE(K) −→ E −→ E(K) is an automorphism. SinceE = J⊕Im(E(K) −→

E), J is injective. By hypothesis of lemma,J = 0. SoE � E(K). SinceK −→ E(K) is

envelope, so isK −→ E.

�

Lemma 3.2 If I is a minimal DG-injective complex and E−→ I is an exact cover

with kernel K and E= M(id)[−1] for id : I −→ I, then K is minimal DG-injective

complex and K−→ E is an injective envelope of K. And conversely if K is a minimal

DG-injective complex and K−→ E is an injective envelope with cokernel I, then I is

a minimal DG-injective complex and E−→ I is an exact cover.

Proof. Given a minimalDG-injective complexI , let E = M(id)[−1] for id : I −→ I .

Then we have the exact sequence

0 −→ I [−1] −→ M(id)[−1] −→ I −→ 0

Clearly I [−1] is a minimalDG-injective complex. Also sinceE is DG-injective and

exact by the long exact sequence,E is injective by Proposition 2.10. By Theorem 2.24

E −→ I is an exact cover. So lettingK = I [−1] we get the first part of the claim.

If 0 −→ K −→ E were not an injective envelope (but notice that 0−→ K −→ E is an

injective preenvelope), then by Lemma 3.1 there exists an injective subcomplexJ ⊆ E

such thatK ∩ J = 0 andJ , 0. But thenE −→ I would mapJ isomorphically onto

an injective (so exact) subcomplex ofI . SinceI is minimal, we get a contradiction. So

K −→ E is an injective envelope.

For the second part of Lemma , letI = K[1] and construct 0−→ I [−1] −→ M(id)[−1] −→

I −→ 0 as above. ThenI [−1] = K and by the proceedingK(= I [−1]) −→ E(=

M(id)[−1]) is an injective envelope and we also haveI = K[1] (that is, the cokernel of

K −→ E) is a minimalDG-injective complex.

�
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Lemma 3.3 Let I be a minimal DG-injective complex and let f: X −→ I be a mor-

phism of complexes. Then the following are equivalent:

(a) f is homotopic to0.

(b) f can be factored through an exact cover E−→ I.

(c) f can be factored through some exact complex F.

(d) f can be factored through some injective complex J.

(e) H( f ) = 0

Proof. For id : I −→ I we have the exact sequence 0−→ I [−1] −→ M(id)[−1] −→

I −→ 0. By Lemma 2.28,M(id)[−1] −→ I is an exact cover ofI .

By Lemma 2.32,f has a lifting to M(id)[−1] (i.e., f can be factored through

M(id)[−1] → I ) if and only if f is homotopic to 0. Hence (a) and (b) are equivalent.

Since by Lemma 2.28, the exact coverE = M(id)[−1] −→ I of I is injective (and of

course exact), (b) implies (c) and (d).

But each of (c) and (d) implies (b) sinceE −→ I is a cover (and since injective com-

plexesI are exact).

Each of (a) , (b) , (c) and (d) implies (e). And (e) implies (d) by Lemma 2.28 and 2.32.

�

Corollary 3.4 If I is a minimal DG-injective complex and S= End(I ) (the endomor-

phism ring of I), then any g∈ S which is homotopic to0 is in the Jacobson radical of

S .

Proof. By the preceding lemma, any suchθ : I −→ I can be factored throughE −→ I

whereE −→ I is an exact cover ofI . Hence using the notation of Lemma 3.2 we get

a commutative diagram:
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0 K E I 0

0 K E I 0

- -

?

=

-

?

-

?

id+g

- - - -

Since E −→ I is an exact cover,E −→ E is an isomorphism. By the five lemma

(see Proposition 2.72 in [1])id + g is an isomorphism. Since the set of allg ∈ S

homotopic to 0 is a two-sided ideal, the claim is established.�

Theorem 3.5 If I1 and I2 are minimal DG-injective complexes, then any quasi-

isomorphism f: I1 −→ I2 is an isomorphism.

Proof. Let s : I1 −→ J be an injective whereJ is an injective complex. Then

θ′ : I1 −→ I2 ⊕ J is an injective homology isomorphism sinceHn(I2 ⊕ J) � Hn(I2).

So E = I2⊕I
I1

is exact. So we have an exact sequence

0 −→ I1
θ′

−→ I2 ⊕ J
β′

−→ E −→ 0

with E exact. By Proposition 2.5,ε⊥ is the class ofDG-injective complexes. So

0→ Hom(E, I1)→ Hom(E, I2 ⊕ J)→ Hom(E, F)→ Ext1(E, I ) = 0

and this implies

0→ I1
θ′

→ I2 ⊕ J
β′

→ E→ 0

splits. Therefore there existθ : I2⊕ J −→ I2 and β : E −→ I2⊕ J such thatθθ′ = id

and ββ′ = 1. Hence we have a homology isomorphismI2
i
−→ I2 ⊕ J

θ
−→ I1.

Take g : I2 −→ I1 such that g = θi. Then if id : I1 −→ I1, then we have the

following diagram;
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J

I2 ⊕ J I2 ⊕ J

I1 I1

@
@

@@R

i′6
π

?
θ

6
i f −θ′

-

Then using the morphismθi f − θθ′ = θ(i f − θ′) = g f − id, we have thatg ◦ f − id

is homotopic to 0 by Lemma 3.3. By Corollary 3.4 (g ◦ f − id) + id = g ◦ f is an

automorphism ofI1. Sog is onto.

Similarly we can find a morphismh : I1 −→ I2 such thath ◦ g is an automorphism.

Thus g is 1− 1. So g has an inverse and sincehg◦ f is an automorphism,f is

an automorphism.

�

Theorem 3.6 Given any complex X, there is a homology isomorphism X−→ I

where I is a minimal DG-injective complex. Ifφ1 : X −→ I1 and φ2 : X −→ I2

are two such morphisms, then there is a morphism f: I1 −→ I2 such that f◦ φ1 is

homotopic toφ2. Any such f is an isomorphism. Furthermore f is unique up to

homotopy.

Proof. In Corollary 2.23 it was established that given any complexX there is a ho-

mology isomorphismX −→ I with I a minimalDG-injective complex.

Let φ1 : X −→ I1 and φ2 : X −→ I2 be as in the theorem. Let 0−→ X −→ J be

an injective envelope ofX. Then X −→ I1 ⊕ J and X −→ I2 ⊕ J areDG-injective

preenvelopes. Because we have the following diagram;

0 −→ X −→ I1 ⊕ J −→
I1 ⊕ J

X
−→ 0

where I1⊕J
X is exact sinceX −→ I1 ⊕ J is a homology isomorphism. Then for all

DG-injective complexesA, we have the diagram;
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0→ Hom(
I1 ⊕ J

X
,A)→ Hom(I2 ⊕ J,A)→ Hom(A,X)→ Ext1(

I1 ⊕ J
X

,A) = 0 .

So X −→ I1 ⊕ J and similarly X −→ I2 ⊕ J areDG- injective preenvelopes. Thus

there is a commutative diagram;

I1 ⊕ J

X I2 ⊕ J
?

-
�

�
�

���

Let f be the compositionI1 −→ I1 ⊕ J
f
−→ I2 ⊕ J −→ I2 . Then f is a quasi

isomorphism. Andfφ1 − φ2 can be factored throughJ, so by Lemma 3.3fφ1 is

homotopic toφ2 . By Theorem 3.5 f : I1 −→ I2 is an isomorphism and uniqueness of

f follows from Lemma 3.3.

�
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CHAPTER 4

COTORSION PAIRS IN C(R-MOD)

Let S,T : A −→ B be covariant functors. A natural transformationτ : S −→ T is a

one-parameter family of morphisms inB ,

τ = (TA : S A−→ T A)A∈ob j (A),

making the following diagram commute for allf : A −→ A′ in A :

S A T A

S A′ T A′

-τA

?

S f

?

T f

-
τA′

Natural transformations between contravariant functors are defined similarly. A natural

isomorphism is a natural transformationτ for which eachτA is an isomorphism.

Let F : C −→ D and G : D −→ C be covariant functors. The ordered pair (F,G)

is anadjoint pair if, for each C ∈ ob j(C) and D ∈ ob j(D) , there are bijections

τC,D : HomD(FC,D) −→ HomC(C,GD)

that are natural transformations inC and D .

In more detail, naturality says that the following two diagrams commute for allf :

C′ −→ C in C and g : D′ −→ D in D :

HomD(FC,D) HomD(FC′,D)

HomC(C,GD) HomC(C
′,GD)

-
(F f )∗

?

τC,D

?

τC′ ,D

-
(G f )∗
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HomD(FC,D) HomD(FC,D′)

HomC(C,GD) HomC(C,GD′)

-
(Fg)∗

?

τC,D

?

τC,D′

-
(Gg)∗

Let C
F
−→ D and D

G
−→ C be functors. If (F,G) is an adjoint pair, then we say

that F has a right adjoint and thatG has left adjoint. If C ∈ ob j(C) , then setting

D = FC gives a bijection

τC,FC : HomD(FC, FC) −→ HomC(C,GFC),

so that ηC , defined byηC = τ(1FC) is a morphismC −→ GFC . Thus η : 1C −→

GF is a natural transformation; it is called the unit of the adjoint pair. IfD ∈ ob j(D) ,

then settingC = GD gives a bijection

τ−1
GD,D : Hom(GD,GD) −→ Hom(FGD,D)

with τ−1(1GD) = εD : FGD −→ D . Thus ε : FG −→ 1D is a natural transformation.

It is called the counit of the adjoint pair.

In 1979 L Salce introduced the notion of cotorsion pair (A,B) in the category of

abelian groups. But this definitions and basic results carry over to more general abelian

categories and have proved useful in a variety of settings. In this chapter we will con-

sider complete cotorsion pairs (C,D) in the categoryC(R − Mod) of complexes of

left R-modules over some ringR. If (C,D) is such a pair and ifC is called under

taking suspensions, we will show when we regardC andD as subcategories of the

homotopy categoryK(R−Mod), then the embedding functorsC −→ K(R−Mod) and

D −→ K(R− Mod) have left and right adjoints respectively. In finding examples of

such pairs we will describe a procedure for using Hovey’s results in [9] to find more

model structures onC(R− Mod) .

Given f , g ∈ Hom(C,D) we will let f � g mean that f and g are homotopic. If

we want to indicate the homotopys we write f
s
� g . The symbolK(R−Mod) will
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denote the homotopy category ofC(R− Mod) .

A pair (C,D) of classes of objects ofC(R− Mod) will said to be a cotorsion pair

in C(R− Mod) if D = C⊥ = { D|Ext1(C,D) = 0, for all C ∈ C} and ifC =⊥ D =

{ C|Ext1(C,D) = 0, for all D ∈ D} .

A cotorsion theory (C,D) is said to have enough injectives if for everyX ∈ C(R−

Mod) there is an exact sequence 0−→ X −→ D′ −→ C′ −→ 0 with D′ ∈ D and

C′ ∈ C . We say that (C,D) has enough projectives if for everyX ∈ C(R− Mod)

there is an exact sequence 0−→ D −→ C −→ X −→ 0 with C ∈ C andD ∈ D.

The cotorsion pair (C,D) will be said to be complete if (C,D) have both enough

injectives and enough projectives.

Notice that if (C,D) is complete cotorsion, thenC and D are closed under exten-

sions. If we have such sequences and ifC ∈ C , then we have the exact sequence

Hom(C,C) −→ Hom(C,X) −→ Ext1(C,D) = 0 .

This gives thatC −→ X is a C - precover. Similarly we get thatX −→ D′ is a D -

preenvelope.

If C is a complex, thenx ∈ C will mean that x ∈ Cn for some uniquen ∈ Z . A

cotorsion pair (C,D) is said to be hereditary ifExtn(C,D) = 0 for all n ≥ 1 and

all C ∈ C and D ∈ D . We will also consider cotorsion pairs (A,B) in the category

R -Mod. The definitions and terminology are essentially the same as those above.

Lemma 4.1 Given f ∈ Hom(C,D) and the associated exact sequence

0 −→ D
i
−→ M( f )

p
−→ C[1] −→ 0

.

If there exists a chain morphism r: M( f ) −→ D being homotopic to the projection

morphism p1 : M( f ) −→ D , then there exists a (chain) morphismθ : M( f ) −→ D

such that θi = 1.

Proof. Let t be the corresponding homotopy. Then we have the following diagram:
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M( f )n−1 M( f )n M( f )n+1

Dn−1 Dn Dn+1

-∂n−1

?

pn−1
1 ,rn−1

-∂n

?

pn
1,r

n

ppppppppppppp	
tn

?

pn+1
1 ,rn+1

ppppppppppppp	
tn+1

-
dn−1

-
dn

where dn−1tn + tn+1∂n = rn − pn
1 and ∂n(x, y) = (−dn+1

1 (x), f n+1(x) + dn(y)) with

dn
1 : Cn −→ Cn+1 .

Let

θn(x, y) = y+ tn+1in+1 f n+1(x) + rn(x,0)

for all (x, y) ∈ M( f )n = Cn+1 ⊕ Dn . Then θnin(y) = θ(0, y) = y + tn+1in+1 f n+1(0) +

rn(0,0) = y , that is θi = 1D .

Now let’s find that θ is a chain map fromM( f ) to D . For all (x, y) ∈ M( f )n−1,

θn∂n−1(x, y) = θn(−dn
1(x), f n(x) + dn−1(y)) = f n(x) + dn−1(y) + tn+1in+1 f n+1(−dn

1(x)) +

rn(−dn
1(x),0) = f n(x) + dn−1(y) − tn+1(0, f n+1dn

1(x)) − rn(dn
1(x),0) and dn−1θn−1(x, y) =

dn−1(y+ tnin f n(x) + rn−1(x,0)) = dn−1(y) + dn−1tn(0, f n(x)) + dn−1rn−1(x,0).

Since dn−1rn−1 = rn∂n−1 , dn−1θn−1(x, y) = dn−1(y) + dn−1tn(0, f n(x)) + rn∂n−1(x,0) =

dn−1(y) + dn−1tn(0, f n(x)) + rn(−dn
1(x), f n(x)) . And also sincedn−1tn(0, f n(x)) =

−tn+1∂n(0, f n(x))rn(0, f n(x)) − pn
1(0, f n(x)) , so we have the following equality:

dn−1θn−1(x, y) = dn−1(y)+rn(−dx
1(x), f n(x))−tn+1∂n(0, f n(x))+rn(0, f n(x))−pn

1(0, f n(x)) =

dn−1(y) − rn(dn
1(x),0)− tn+1(0,dn f n(x)).

Since dn f n = f n+1dn
1 , θn∂n−1 = dn−1θn−1 , that is, θ is a chain map such that

θi = 1D . Thus 0−→ D −→ M( f ) −→ C[1] −→ 0 is an split exact sequence.

�
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Lemma 4.2 Given f ∈ Hom(C,D) and the associated exact sequence

0 −→ D
i
−→ M( f )

p
−→ C[1] −→ 0 .

If there exists a chain map s: C[1] −→ M( f ) being homotopic to the injection

i1 : C[1] −→ M( f ) , then there exists a chain mapθ : C[1] −→ M( f ) such that

pθ = 1 .

Proof. Since s : C[1] −→ M( f ) is chain map for allx ∈ C[1] , s(x) = (u(x), v(x))

where un : Cn −→ Cn and vn : Cn −→ Dn−1 and ∂n−1sn(x) = −sn+1dn
1(x) for all Cn .

So

(−dn+1
1 (un(x)) , f n(un(x)) + dn−1(vn(x))) = (−un+1(dn

1(x)) , −vn+1(dn
1(x))) ... (∗)

Let ω be the associated homotopy such that

ωn
1 : Cn −→ Cn−1

and

ωn
2 : Cn −→ Dn−2 .

Thus we have the following equality

(−ωn+1dn
1 + ∂

n−2ωn)(x) = (x,0)− (un(x), vn(x)) .

So we can have

−ωn+1
1 dn

1(x) − dn−1
1 (ωn

1(x)) = x− un(x) ,

and hence

− f nωn+1
1 dn

1(x) − f ndn−1
1 (ωn

1(x)) = f n(x) − f n(un(x))
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− f nωn+1
1 dn

1(x) − dn−1 f n−1(ωn
1(x)) = f n(x) − f n(un(x)) ... (∗∗)

Let θ : C[1] −→ M( f ) with for all x ∈ Cn θn(x) : (x, f n−1pn−2(ωn(x) + vn(x)) . Then

p θ = 1 . Now we will investigate thatθ is a chain map such that−θn+1dn
1 = ∂

n−1θn

−θn+1dn
1(x) = (−dn

1(x) , − f npn−1ωn+1(dn
1(x)) − vn+1(dn

1(x)))

= (−dn
1(x) , − f nωn+1

1 (dn
1(x)) + f n(un(x)) + dn−1(vn(x)))

by (∗) .

∂n−1θn(x) = ∂n−1(x , f n−1pn−2ωn(x) + vn(x))

= (−dn
1(x) , f n(x) + dn−1 f n−1ωn

1(x) + dn−1vn(x))

By (∗∗)

∂n−1θn(x) = (−dn
1(x),− f nωn+1

1 dn
1(x) + f n(un(x)) + dn−1vn(x)) = −θn+1dn

1(x)

for all x ∈ Cn .

So θ is a chain map such thatp θ = 1 .

(That is, p : M( f ) −→ C[1] has a section inC(R− Mod). )

�

Lemma 4.3 If C,D ∈ C(R−Mod) and if Ext1(C[1],D) = 0 , then every f: C −→ D

is homotopic to0 .

Proof. By Lemma 2.2 , we know that 0−→ D −→ M( f ) −→ C[1] −→ 0 is split
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exact if and only if f � 0 . Since Ext1(C[1],D) = 0 , the sequence

0 −→ Hom(C[1],D) −→ Hom(M( f ),D) −→ Hom(D,D) −→ 0

is exact. So 0−→ D −→ M( f ) −→ C[1] −→ 0 is split exact. By the explanation

above f � 0 .

�

Proposition 4.4 Suppose that(C,D) is a complete cotorsion pair inC(R− Mod)

where C is closed under taking suspensions. For X∈ C(R− Mod) let 0 −→ D −→

C
u
−→ X −→ 0 be exact where C∈ C and D ∈ D . Then if C′ ∈ C and fi ∈

Hom(C′,X) for i = 1,2 let gi ∈ Hom(C′,C) for i = 1,2 be such that

C′

C X
?

gi
@

@
@@R

fi

-

is commutative for i= 1,2 . Then if f1 � f2 , then we have g1 � g2 .

Proof. Letting f = f1 − f2 and g = g1 − g2 we see that we only need to show that

when f � 0 we haveg � 0 . Using the commutative diagram we get with such anf

and g we get the commutative diagram

0 C M(g) C′[1] 0

0 X M( f ) C′[1] 0

- -i

?

u

-

?

t

?

=

-

- -i′�
k′

- -

Since f � 0 , we get that the lower short exact sequence splits such thatk′i′ = 1 .
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Then we have the following commutative diagram

C M(g)

X

-i

?

u
�

�
�

�	
k′t

such that k′ti = u . Since C is closed under extensions and suspensions we have

M(g) ∈ C . Since C −→ X is a C -precover we get a liftingk : M(g) −→ C such

that uk= k′t and uki = u .

Now we want to prove thatC −→ M(g) −→ C is homotopic toidC (the identity map

on C ). We have the commutative diagram

C

M(g) X

C

?

i

@
@

@
@R

u

?

k

-k′t

�
�

�
��

u

Let h denote the compositionC
i
−→ M(g)

k
−→ C . Then we haveu ◦ idC = u and

u◦h = u . So we getu◦ (idC−h) = 0 . This gives thatIm(idC−h) ⊆ Ker(u) = D . So

idC − h : C −→ D . Since Ext′(C[1],D) = 0 , by Lemma 4.3idC − h is homotopic

to 0 . By Lemma 4.2 we can find a morphismφ : M(g) −→ C such thatφi = 1 . So

0 −→ C −→ M(g) −→ C′[1] −→ 0 is split exact. By Lemma 2.2g � 0 .

�

Theorem 4.5 If (C,D) is a complete cotorsion pair inC(R− Mod) and if C is

closed under taking suspensions, then the embeddingsC −→ K(R−Mod) andD −→

K(R− Mod) have right and left adjoints, respectively.

Proof. A right adjoint T of C −→ K(R− Mod) can be constructed as follow. For

X ∈ C(R− Mod) , let 0 −→ D −→ C −→ X −→ 0 be exact inC(R− Mod) with
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C ∈ C and with D ∈ D . Letting T(X) = C and using Proposition 4.4 we see that

we get the desired functor. The argument for a left adjoint ofD −→ K(R− Mod) is

dual to this argument.

�

Remark 4.6 If D above is exact, then T(X) = C −→ X is a homology isomorphism.

So if all such D are exact the counit of the adjunction consists of homology isomor-

phisms. If all C∈ C are exact, we get a similar claim about the unit of the left adjoint

ofD −→ K(R−mod) .

4.1 Examples and Applications

In this section we point out how we can find complete cotorsion pairs inC(R−Mod) .

One of the principal tool in constructing complete cotorsion pairs inR− Mod is the

Eklof - Trlifaj Theorem (see [10] or [4] , Theorem 7.4.1) They proved thatS is any

set of leftR- modules, then ifB = S⊥ , there is a complete cotorsion pair (A,B). In

this situation we say that the cotorsion pair (A,B) is generated by a set (some says

”cogenerated by a set”). We note that the Eklof - Trlifaj proof works as well in the

categoryC(R− Mod) , and so is a source of complete cotorsion pairs in this category.

If such a pair (C,D) in C(R−Mod) is cogenerated by the setS of complexes and if

S is closed under taking suspensions, then so isC. Hence we can then apply Theorem

4.5 and get the associated adjoint functors. We now recall a method of Gillespie for

creating cotorsion pairs inC(R− Mod) from pairs in R− Mod . Here ε is the class

of exact complexes.

Proposition 4.7 (Gillespie, Proposition 4.4 of [11]) If(A,B) is a cotorsion pair in

R − Mod which is generated by a set, thenC(B) and C(B) ∩ ε are the second

components of cotorsion pairs inC(R− Mod) which are generated by a set.

It is also trueC(A) and C(A)∩ ε are the first components of cotorsion pairs cogen-

erated by sets. We will not give the proof but point out that this can be shown using
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Stovicek and Trilifaj’s version of the Hill Lemma (see [12]). And also we will use the

symbolR−Proj to denote the category of projectiveR-modules. Then we will use other

variations of this notation.

Example 4.8 We have the complete cotorsion pair (R-Proj, R-Mod) which generated

by the set R. Then (C(R− Pro j),C(R− Pro j)⊥) is a cotorsion pair which is generated

by a set by the explanation above. So it is a complete cotorsion pair by Theorem 7.4.1

in [4]. Consequently by Theorem 4.5K(R−Pro j) −→ K(R−Mod) has a right adjoint.

Example 4.9 (R− Mod,R− In j) is generated by the setR
I where I is a left ideal of

R by Theorem 3.1.9 in [4]. Then using Proposition 4.1 and proceeding as in Example

4.8 we get thatK(R− In j) −→ K(R− Mod) has a right adjoint.

Example 4.10 We know that an R-module F is said to be flat if given any exact se-

quence0 −→ A −→ B of right R-modules, the tensored sequence0 −→ A ⊗R F −→

B⊗R F is exact. An R-module M is said to be cotorsion if Ext1(F,M) = 0 for all flat

R-modules F.(R− Flat,R−Cotorsion) is a cotorsion pair. By Proposition 7.4.3 and

Theorem 7.4.1 in [4] this cotorsion pair is a complete cotorsion pair. Similar argu-

ments give thatK(R− Flat) −→ K(R− Mod) has a right adjoint. This was proved

also Neeman by other methods in [13] (see also [14]). Starting with the same cotor-

sion pair of modules we also get thatK(R− Cotorsion) −→ K(R− Mod) has left

adjoint.

Example 4.11 In [11] and [15] Gillespie gives another method for constructing com-

plete cotorsion pairs inC(R− Mod) from certain cotorsion pairs(A, B) in R− Mod.

Each instance of these supplies us with adjoints.

Example 4.12 To get examples of complete cotorsion pairs inC(R− Mod) that don’t

necessarily come from pairs in R− Mod one could start with a set S of complexes

closed under taking suspensions and then generating a complete cotorsion pair. For

example if K∈ C(R−Mod) is a Koszul complex we could let S consist of all the Sn(K)

where n≥ 0. In [16] one can find concrete descriptions of such cotorsion pairs albeit
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in a different setting. But the translation to this setting is easy. In this construction we

could also use any set of Koszul complexes.

4.2 Hovey Pairs

Definition 4.13 We will say that(C ∩ ε,D) and(C,D∩ ε) form a Hovey Pair if each

of these pairs is a complete cotorsion pair inC(R− Mod).

Hovey proved (Theorem 2.2 [9]) that every such pair gives rise to a model structure

onC(R− Mod) such thatC is the class of cofibrant objects,D is the class of fibrant

objects andε is the class of trivial objects of model structure. Here it will be given more

examples of Hovey pairs. All cotorsion pairs here will be in the categoryC(R−Mod).

In Theorem 4.7 [11] Gillespie showed how to use theB of a cotorsion pair (A,B) in

R− Mod which is generated by a set to create a Hovey pair inC(R− Mod). In that

article he suggested that there is an analogous way to use theA to generate Hovey

pairs.

Lemma 4.14 If (C,D′) is a hereditary cotorsion pair and(U,V) is a complete and

hereditary cotorsion pair where both are in R− Mod or both inC(R− Mod) and are

such thatU ⊆ C, then if(C ∩V)⊥ = D, we haveD′ = D∩V.

Proof. SinceC ∩ V ⊆ C, D′ = C⊥ ⊆ (C ∩ U)⊥ = D. SinceU ⊂ C we have

D′ = C⊥ ⊆ U⊥ = V. Let D ∈ D ∩ V. We want to show thatD ∈ D′ = C⊥, i.e.

that Ext1(C,D) = 0 for all C ∈ C. Since (U,V) is complete, for anyC ∈ C we have

an exact sequence 0−→ C −→ V −→ U −→ 0 with U ∈ U andV ∈ V. Since

C ∈ C and U ∈ U ⊆ C, we haveV ∈ C sinceC is closed under extensions. So

finally we getV ∈ C ∩ V. This gives thatExt1(V,D) = 0. Since we have the exact

Ext1(V,D) −→ Ext1(C,D) −→ Ext2(U,D) and by hereditary conditionExt2(U,D) = 0

, Ext1(C,D) = 0. This gives thatD ∈ D′. So we haveD′ = D∩V. �

A dual argument gives the next result:
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Lemma 4.15 If (C′,D) is a hereditary cotorsion pair and(U,V) is a complete and

hereditary cotorsion pair and ifV ⊂ D whereC =⊥ (D∩U), thenC′ = C ∩U.

Proposition 4.16 If (A, B) is a cotorsion pair generated by a set in R− Mod, then if

D = (C(A) ∩ ε)⊥ we have that(C(A) ∩ ε,D) and(C(A),D∩ ε) are a Hovey pair.

Proof. By Proposition 2.6⊥ε is the class ofDG-Projective complexes. By Proposition

2.11 we can say that (⊥ε, ε) is a cotorsion pair. By Corollary 2.14 and Lemma 2.33 we

understand that (⊥ε, ε) is a complete cotorsion pair. By Remark 2.8 we can say that

(⊥ε, ε) is a hereditary complete cotorsion pair. In Lemma 4.14 let (⊥ε, ε) be the (U,V).

Since (A, B) is a cotorsion pair generated by a set inR− Mod, by the explanations

above we say that (C(A)∩ε,D) is a cotorsion pair generated by a set, so it is a complete

cotorsion pair. Since the class ofDG-projective complexes is generated by the complex

· · · −→ O −→ R −→ 0 −→ · · · (with R in the 0-th place) and all its suspensions (both

positive and negative) and alsoA contains all the projective objects, we haveR ∈ A

and so all these suspensions are inC(A) and also⊥ε ⊆ C(A). Now let (C,D′) =

(C(A),C(A)⊥) in Lemma 4.14 and we see that the claim holds.�
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