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ABSTRACT

Uslu, Kübra

M.Sc., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Harun Karslı

May 2012, 73 pages

This thesis is a survey on some approximation properties of singular integral op-

erators in the approximation theory. One of the fundamental problems of analysis is

to approximate a given functionf in some sense or other by functions having certain

properties, and generally, by functions which have ’better’ properties thanf . It is to

be expected that the better behaved functions are to be constructed from the givenf

by some smoothing operation onf itself. This thesis consists of four chapters. The

first chapter is devoted to the introduction. The second chapter contains, concepts and

definitions which are needed in the further chapters. In the third chapter, studied con-

vergence of linear convolution type singular integrals. In the fourth chapter, investigate

convergence of nonlinear convolution type singular integral operators. And there is a

study of Assoc. Prof. Dr. Harun Karslı which deals with the approximation properties

of nonlinear singular integral operators of convolution type.

Keywords: Pointwise convergence, Singular integrals, Dirichlet kernel, Modulus of

continuity.

iii



ÖZET

KONVOLÜSYON T́IPLÍ SÍNGÜLER ÍNTEGRALLERDE

NOKTASAL YAKINSAKLIK

Uslu, Kübra

Yüksek lisans, Matematik B̈olümü

Tez Yöneticisi: Doç. Dr. Harun Karslı

Mayıs 2012, 73 sayfa

Bu tez, yaklaşım teorisindeki singüler integral operatörlerinin yaklaşımözellikleri

üzerine yapılan bir çalışmadır. Analizin temel problemlerinden birif gibi bazı k̈otü

özelliklere sahip bir fonksiyona, daha iyiözellikleri olan başka bir fonksiyonla yaklaşmaktır.

Bu tez d̈ort bölümden oluşmaktadır. Birinci kısım giriş bölümüne ayrılmıştır.İkinci

bölümde ileri b̈olümlerde gerekli olan kavramlar ve tanımlar verilmiştir.Üçünc̈u bölümde

lineer konvol̈usyon tipli sing̈uler integral operatörlerinde yakınsaklık ve bazıözellikleri

verildi. Dördünc̈u bölümde ise lineer olmayan konvolüsyon tipli sing̈uler integral op-

eraẗorlerinde yakınsaklık ve bazı̈ozellikleri verildi. Ve Doç. Dr. Harun Karslı’ nın

çalışması olan ”Lineer Olmayan Konvolüsyon Tipli Sing̈uler Integral Operatörlerinde

Yakınsaklık” adlı makale incelendi.

Anahtar Kelimeler : Noktasal yakınsaklık, Sing̈uler integral, Dirichlet çekirdĕgi, Süreklilik

mod̈ulü.
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LIST OF SYMBOLS

• |x| Absolute value

• [|x|] Integral part of the real numberx
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√
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∫ ∞
−∞

f (x− u)g(u)du

• Fn(x) Kernel:σn( f ; x) = 1
2π

∫ π
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f (t)
[

sin n
2 (t−x)

sin 1
2 (t−x)

]2

dt

• Dn(x) Dirichlet Kernel:DN(x) = 1
2π

sin(n+ 1
2 )x

sin(x
2 )
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CHAPTER 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given functionf in

some sense or other by functions having certain properties, and generally, by functions

which have ’better’ properties thanf . It is to be expected that the better be haved func-

tions are to be constructed from the givenf by some smoothing operation onf itself.

Let X the set of functions which had bad properties and there exist a setY ⊂ X. Y is

the set of functions with good properties andY is dense inX (Y = X). In this case for

all points ofX areaccumulation pointof Y.

Weierstrass studied with this problem in 1885. He took the set of bad property func-

tions of X asC[a,b]. Then he determined the set of good properties functions ofY

which is dense inX is P(x). The mean of this is; every function defined onC[a,b] is

the limit of Pn(x).
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CHAPTER 2

PRELIMINARIES

2.1 Some Important Definitions

Definition 2.1 (C[a,b]). As a set X we take the set of all real- valued functions x, y, · · ·

which are functions of an independent real variable t and are defined and continuous

on a given closed interval J= C[a,b]. Choosing the metric defined by

d(x, y) = max
tεJ
|x(t) − y(t)|,

where max denotes the maximum, we obtain a metric space which is denoted by

C[a,b]. This is a function space because every point of C[a,b] is a function.

Definition 2.2 A polynomial in the variable x is a function of the form

P(x) = anxn + an−1xn−1 + . . . + a1x+ a0,

where an,an−1, . . . ,a1 and a0 are constants and an , 0.

The number n is the degree of the polynomial P(x).

Definition 2.3 (Accumulation Point) If A is a subset of the topological space X and if

x is a point of X, we say that x is a limit point (or accumulation point) of A if every

neighborhood of x intersects A in some point other than x itself. Said differently, x is a

limit point of A if it belongs to the closure of A− {x}. The point x may lie in A or not;

for this definition it does not matter.

Definition 2.4 We Say that f(x) approaches the limit L as x approaches a, and we

write

lim
x→a

f (x) = L

2



if the following condition is satisfied:

for every numberε > 0 there exists a numberδ > 0, depending onε, such that

0 < |x− a| < δ implies | f (x) − L| < ε.

Definition 2.5 The sequence fn uniformly converge to f on A⇔ ∀ε > 0 ∃n0 such

that n≥ n0 and∀xεA , | fn(x) − f (x)| < ε

Definition 2.6 (Topological Space) A topology on a set X is a collectionτ of subsets

of X having the following properties:

1. ∅ and X are inτ.

2. The union of the elements of any subcollection ofτ is in τ

3. The intersection of the elements of any finite subcollection ofτ is in τ

A set X for which a topologyτ has been specified is called a topological space

Definition 2.7 (Linear Operator). A linear operator T is an operator such that

• The domain D(T) of T is a vector space and the range R(T) lies in a vector space

over the same field,

• for each x, yεD(T) and scalarα,

T(x+ y) = T x+ Ty

and

T(αx) = αT x

(Kreyszig, 1989)

Definition 2.8 (Integral Operator). We can define an integral operator T: C[0,1] →

C[0,1] by

y = T x, where y(t) =
∫ 1

0
x(t)k(t, τ)dτ.

3



Here k is a given function which is called the kernel of T and is assumed to be contin-

uous on the closed spuare G= J × J in the tτ − plane, where J[0,1]. This operator is

linear.

(Kreyszig, 1989)

Definition 2.9 (Lp(−∞,∞) Space). Lp is the set of functions which are Lebesgue in-

tegrable to the pth power overR, for 1 ≤ p < ∞, and essentially bounded (bounded

almost everywhere) onR if p = ∞. For f εLp(−∞,∞)

|| f ||p =

{∫ ∞

−∞

| f (t)|pdt

} 1
p

,

if 1 ≤ p < ∞ and in case p= ∞

|| f ||∞ = esssup
xεR
| f (t)|.

(Butzer, 1971)

Definition 2.10 (Lp[a,b] Space). Lp[a,b] is the set of functions which are Lebesgue

integrable to the pth power of[a,b]. For f εLp[a,b]

|| f ||p =

{∫ b

a
| f (t)|pdt

}1\p

.

Definition 2.11 (L1[a,b] Space). L1[a,b] is the set of functions which are Lebesgue

integrable to the first power of the period[a,b]. For f εL1[a,b]

|| f ||1 =
∫ b

a
| f (t)|dt.

(Butzer, 1971)

Definition 2.12 (Lp[−π, π] Space). Lp[−π, π] is the set of functions which are Lebesgue

integrable to the pth power of the period[−π, π]. For f εLp[−π, π]

|| f ||p =

{∫ π

−π

| f (t)|pdt

}1/p

.
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Definition 2.13 (X(R) Space). X(R) always denotes one of the spaces C or Lp, 1 ≤

p < ∞. For f,gεX(R) we write f(x) = g(x) (a.e.) if equality holds for all xεX(R)

in case X(R) = C, and almost everywhere in case X(R) = Lp, 1 ≤ p < ∞, i.e., if

|| f − g|| = 0. In this event we also write f= g in X(R).

Definition 2.14 (Minkowski’ s Inequality). Let f,gεX(R). Then( f + g)εX(R) and

|| f + g||X(R) ≤ || f ||X(R) + ||g||X(R).

If p is such that1 ≤ p ≤ ∞, the conjugate number q is defined through(1/p)+(1/q) = 1

in case1 < p < ∞; q = ∞ if, p = 1, and q= 1 if p = ∞.

Definition 2.15 (Hölder’ s Inequality). Let fεLp, 1 ≤ p ≤ ∞, and gεLq. Then f gεL1

and || f g||1 ≤ || f ||p||g||q. Namely;

∣∣∣∣∣∫ f g
∣∣∣∣∣ ≤ (∫

| f |p
)1/p

.

(∫
|g|q

)1/q

(2.1)

Proof. We first note that if
∫
| f |p = 0, then | f |p = 0 almost everywhere; so f= 0,

and therefore f g= 0, almost everywhere. Then f g is integrable,
∫

f g = 0, and(2.1)

holds trivially, as it does also in the case where
∫
|g|q = 0. Thus we may assume that∫

| f |p > 0 and
∫
|g|q > 0. We then have, almost everywhere,

| f g|

(
∫
| f |p)1/p(

∫
|g|q)1/q

=

 | f |p∫
| f |p

1/p  |g|q∫
|g|q

1/q

≤
| f |p

p
∫
| f |p
+
|g|q

q
∫
|g|q

So;

| f g| ≤

(∫
| f |p

)1/p

.

(∫
|g|q

)1/q

.
| f |p

p
∫
| f |p
+
|g|q

q
∫
|g|q

(2.2)

Now, f g is measurable and the righthand side of(2.2) is integrable. Hence, f g is
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integrable and

∣∣∣∣∣∫ f g
∣∣∣∣∣ ≤ ∫

| f g| ≤

(∫
| f |p

)1/p

.

(∫
|g|q

)1/q

.

(
1
p
+

1
q

)
,

from which(2.1) follows.�

Let us emphasize that the assumption fεLp, 1 ≤ p ≤ ∞, means that f belongs to

Lp for some fixed p with1 ≤ p ≤ ∞ (and not for all p of this interval).

Definition 2.16 (Hölder- Minkowski Inequality). Let f(x, y) be defined and measur-

able onR2. If || f (x, y)||X(R)εL1, then

∣∣∣∣∣∣∣∣∣∣∫ ∞

−∞

f (x, y)dy
∣∣∣∣∣∣∣∣∣∣

X(R)
≤

∫ ∞

−∞

|| f (x, y)||X(R)dy.

This is also known as the generalized Minkowski inequality.

Definition 2.17 LetΛ is an index set andλ0 is accumulation point of the setΛ. For

λεΛ;

L( f ; x, λ) =
∫

D
f (t)H(t − x, λ)dt, xεD

This integral is called ”the family of convolution type integral operator depends on

parameters(x, λ)”.

Definition 2.18 LetΛ is an index set andλ0 is accumulation point of the setΛ. If the

function K(t, λ) is satisfied the conditions;

• There exist a number M such that∀λεΛ, ||K(t, λ)||1 ≤ M < ∞

• limλ→λ0

∫
D

K(t, λ)dt = 1.

Definition 2.19 When the kernel function K(t, λ) satisfies thelimλ→λ0 K(t0, λ) = ∞ at

the point t0, then we say the kernel function K(t, λ) is ”Singular Kernel” and,

L( f ; x, λ) =
∫

D
f (t)K(t − x, λ)dt, xεD

6



The family of integral operators are called the family of convolution type singular

integral operator depends on parameters(x, λ).

Definition 2.20 If the singular kernel function K(t, λ) satisfies the condition;

lim
λ→λ0

[
sup
δ≤|t|
|K(t, λ)|

]
= 0 ∀δ > 0.

then the function is called ”Approximation Identity”.

Some Examples

Example 2.21 (Abel-Poisson Kernel) Laplace operator in the plane is defined as,

∆ =
∂2

∂x2
+
∂2

∂y2

and∆u = 0 equation is called Laplace equation.

The problem of finding the function u which is provide Laplace equation in the upper

half plane and equal to u(x,0) = f (x) on the real axis is the Dirichlet problem for the

upper half-plane and the solution of this problem;

fε(x) =
ε

π

∫ ∞

−∞

f (t)
1

ε2 + (t − x)2
dt, ε > 0 (2.3)

is given by integration as(2.3).

By taking derivatives;
∂2 fε(x)
∂x2

+
∂2 fε(x)
∂ε2

= 0

equation can be achieved. Now show this;

∂ fε(x)
∂x

=
ε

π

∫ ∞

−∞

f (t)
2(t − x)

[ε2 + (t − x)2]2
dt

∂2 fε(x)
∂x2

=
ε

π

∫ ∞

−∞

f (t)
−2[ε2 + (t − x)2]2 + 2[ε2 + (t − x)2].2(t − x).2(t − x)

[ε2 + (t − x)2]4
dt

7



=
ε

π

∫ ∞

−∞

f (t)
8(t − x)2 − 2[ε2 + (t − x)2]

[ε2 + (t − x)2]3
(2.4)

∂ fε(x)
∂ε

=
1
π

∫ ∞

−∞

f (t)
1

ε2 + (t − x)2
dt+

ε

π

∫ ∞

−∞

f (t)
−2ε

[ε2 + (t − x)2]2
dt

∂2 fε(x)
∂ε2

=
1
π

∫ ∞

−∞

f (t)
−2ε

[ε2 + (t − x)2]2
dt+

1
π

∫ ∞

−∞

f (t)
−2ε

[ε2 + (t − x)2]2
dt

+
ε

π

∫ ∞

−∞

f (t)
−2[ε2 + (t − x)2]2 + 2ε.2[ε2 + (t − x)2].2ε

[ε2 + (t − x)2]4
dt

=
−4ε
π

∫ ∞

−∞

f (t)
dt

[ε2 + (t − x)2]2
+
ε

π

∫ ∞

−∞

f (t)
8ε2 − 2[ε2 + (t − x)2]

[ε2 + (t − x)2]3
dt (2.5)

is obtained. Is(2.4) and(2.5) are gathered;

∂2 fε(x)
∂x2

+
∂2 fε(x)
∂ε2

=
ε

π

∫ ∞

−∞

f (t)
8[ε2 + (t − x)2] − 4[ε2 + (t − x)2]

[ε2 + (t − x)2]3
dt

−
4ε
π

∫ ∞

−∞

f (t)
dt

[ε2 + (t − x)2]2

=
4ε
π

∫ ∞

−∞

f (t)
dt

[ε2 + (t − x)2]2
−

4ε
π

∫ ∞

−∞

f (t)
dt

[ε2 + (t − x)2]2
= 0

is found.

(2.3) is called a Abel-Poisson integral;

Aε(x) =
ε

π

1
ε2 + x2

(2.6)

expression is called the Abel-Poisson kernel. Aε(x) is a non-negative and even function.

Example 2.22 (The Poisson Kernel a in the Unit Circle)

One of the summability techniques is ”Poisson Summability Technique”. According to

8



this technique, to analyse the convergence of the series;

a0

2
+

∞∑
k=1

(ak coskx+ bk sinkx), 0 < r < 1

Now, take the series at the fixed point x= x0;

P(r, x) =
a0

2
+

∞∑
k=1

(ak coskx+ bk sinkx) (2.7)

When P(r, x0) = L, the series(2.7) is summable to L at x0 by the Poisson technique.

Privately, when L= f (x0), the series(2.7) is converge to f(x0) by the Poisson tech-

nique.

Now; let find the summation of the series(2.7), when f(x) is 2π−periodic and inte-

grable on[−π, π]. The Fourier coefficients at f(x) converges zero as k→ ∞. Namely;

lim
k→∞

ak = lim
k→∞

bk = 0

According to this;

|ak| ≤ M, |bk| ≤ M, k = 0,1,2, · · ·

there exist a number M satisfies this.

Also,| sinkx| ≤ 1, | coskx| ≤ 1;

|P(r, x)| ≤ M +
∞∑

k=1

2Mrk = M

1+ 2
∞∑

k=1

rk


So the series(2.7) is always convergent.

Now, if we denote the series with the integral benefit from this convergence,

P(r, x) =
1
2π

∫ π

−π

f (t)dt+
1
π

∞∑
k=1

rk

∫ π

−π

cosk(t − x) f (t)dt

=
1
π

∫ π

−π

1
2
+

∞∑
k=1

rk cosk(t − x)

 f (t)dt (2.8)

9



Let say t− x = θ and edit the series12 +
∑∞

k=1 rk cosk(θ), when0 < r < 1 and z= reiθ;

∞∑
k=0

zk =
1

1− z

=
1

1− r cosθ − ir sinθ

=
1− r cosθ + ir sinθ

(1− r cosθ)2 − (ir sinθ)2

=
1− r cosθ + ir sinθ

1− 2r cosθ + r2 cos2 θ + r2 sin2 θ

=
1− r cosθ + ir sinθ

1− 2r cosθ + r2

=
1− r cosθ

1− 2r cosθ + r2
+ i

r sinθ
1− 2r cosθ + r2

(2.9)

Also for z= reiθ;
∞∑

k=0

zk = 1+
∞∑

k=1

rk(coskθ + i sinkθ) (2.10)

equations(2.30)and(2.10)are equal.

Therefore, from the equivalence of real parts;

1− r cosθ
1− 2r cosθ + r2

= 1+
∞∑

k=1

rk coskθ

is obtained.

1
2
+

∞∑
k=1

rk coskθ =
1− r cosθ

1− 2r cosθ + r2
−

1
2

=
2− 2r cosθ − 1+ 2r cosθ − r2

2(1− 2r cosθ + r2)

=
1
2

1− r2

1− 2r cosθ + r2

10



If we substitute this equivalence in the(2.7),

P(r, x) =
1
2π

∫ π

−π

1− r2

1− 2r cos(t − x) + r2
f (t)dt (2.11)

therefore we find ”Poisson Integral”.

Example 2.23 (Ces̀aro summability techniques) An interesting application of Cesàro

summability appears in the context of Fourier series.

We know that the Dirichlet kernels fail to belong to the family of good kernels. Quite

surprisingly, their averages are very well behaved functions, in the sense that they do

form a family of good kernels.

To see this, we form the Nth Ces̀aro mean of the Fourier series, which by definition is

σN( f )(x) =
S0( f )(x) + · · · + SN−1( f )(x)

N
.

Since Sn( f ) = f ∗ Dn, we find that

σN( f )(x) = ( f ∗ FN)(x),

where FN(x) is the Nth Fe jèr kernel given by

FN(x) =
D0(x) + · · · + DN−1(x)

N
.

Example 2.24 (Fejer Kernel) Partial sum of Fourier series of2π periodic function f

is;

Sn( f ; x) =
a0

2
+

n∑
k=1

(ak coskx+ bk sinkx)

in the expression

ak =
1
2π

∫ π

−π

f (t) cosktdt, k = 0,1,2, · · ·

bk =
1
2π

∫ π

−π

f (t) sinktdt, k = 0,1,2, · · ·

11



If Fourier coefficients are used,

Sn( f ; x) =
1
π

∫ π

−π

f (t)
sin(n+ 1

2)(t − x)

2 sin t−x
2

dt, n = 0,1,2, · · ·

obtained. Fejer took arithmetic mean of these was the partial sums,σn( f ; x) = s0( f ;x)+s1( f ;x)+···+sa−1( f ;x)
n .

This average;

σn( f ; x) =
1
2π

∫ π

−π

f (t)

sin n
2(t − x)

sin 1
2(t − x)

2

dt (2.12)

is equal to this integral which is called Fejer integral;

Fn(t) =
1

2nπ

sin n
2t

sin 1
2t

2

Fn(t) function is called Fejer kernel. Fejer kernel is a non-negative and even function.

Example 2.25 (Singular Integral of Gauss-Weierstrass) Heat equation for the entire

real axis is;
∂u
∂t
=
∂2u
∂x2

and to be a given function f;

u(x,0) = f (x)

a function that satisfies the initial condition,

u(x, t) =
1

2
√
πt

∫ π

−π

f (ζ)e−
(ζ−x)2

4t dζ

is of the form. Here 1/2
√

t = λ, u(x, t) = uλ(x) is written,

uλ(x) =
λ
√
π

∫ ∞

−∞

f (ζ)e−λ
2(ζ−x)2

dζ, λ > 0 (2.13)

is obtained as an integral. This integral is called the Gauss-Weierstrass integral and,

wλ(x) =
λ
√
π

e−λ
2x2

(2.14)
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function is called the Gauss-Weierstrass kernel.The kernelwλ(x) is a non-negative and

even function.

Comparing Lp(D) spaces whenD is finite interval

The properties ofLp(D) can change connected with the intervalD is finite of infinite.

Let a < b are finite numbers andD = (a,b).

In this case, if we use Ḧolder inequality ing(x) ≡ 1;

∫
D
| f (x)|dx ≤

(∫ b

a
| f (x)|pdx

) 1
p

.

(∫ b

a
dx

) 1
q

= || f ||Lp(D).(b− a)
1
q

is found. So we can write;

|| f ||L1(a,b) ≤ || f ||Lp(a,b)(b− a)
1
q .

If right hand side of this inequality is finite (i.e.f εLp(a,b)), then left hand side is also

finite (i.e. f εLp(a,b)). This shows for allp ≥ 1;

Lp(a,b) ⊂ L1(a,b) (2.15)

Namely;

(∫ b

a
| f (x)|pdx

) 1
p

≤

(
esssup

xε[a,b]
| f (x)|

)
.

(∫ b

a
dx

) 1
q

= (b− a)
1
q .|| f ||L∞(a,b)

from the inequality for allp ≥ 1, we see;

L∞(a,b) ⊂ Lp(a,b) (2.16)

13



Finally we get from (2.15) and (2.16). ;

L∞(a,b) ⊂ Lp(a,b) ⊂ L1(a,b) (2.17)

The equation (2.28) shows that when (a,b) is a finite interval; the largest space is

L1(a,b) and the smallest space isL∞(a,b) in Lp(a,b) spaces.

Now, let assumep1 ≥ p2 ≥ 1. In this case suppose thatp1

p2
≥ 1 andp = p1

p2
, we get

1
p =

p2

p1
and 1

q = 1− p2

p1
=

p1−p2

p1
.

Let assumeϕεLp2(a,b).

If we use Ḧolder inequality;

| f (x)| = |ϕ(x)|p2, g(x) ≡ 1

p =
p1

p2
and

1
q
= 1−

p2

p1

∫ b

a
|ϕ(x)|p2dx ≤

(∫ b

a
|ϕ(x)|p2

p1
p2 dx

) p2
p1

(b− a)
p1−p2

p1

=

(∫ b

a
|ϕ(x)|p1dx

) p2
p1

(b− a)
p1−p2

p1

is found and then we see;

(∫ b

a
|ϕ(x)|p2dx

) 1
p2

≤ (b− a)
p1−p2
p1p2

(∫ b

a
|ϕ(x)|p1dx

) 1
p1

Namely if;

p1 ≥ p2 ≥ 1

||ϕ||Lp2(a,b) ≤ ||ϕ||Lp1(a,b).(b− a)
p1−p2
p1p2

with another term if;

p1 ≥ p2 ≥ 1

Lp1(a,b) ⊂ Lp2(a,b)
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This shows that if (a,b) is afinite interval, thenLp(a,b) spaces extend with p’ s be

reduced from the equation (2.28). As;

L∞(a,b) ⊂ Lp1(a,b) ⊂ Lp2(a,b) ⊂ L1(a,b), p1 > p2. (2.18)

Comparing Lp(D) spaces whenD = (−∞,∞)

We researched that there is the relation (2.18) with Lp(D) spaces in finite interval

D(a,b). Namely,L1(D) space contains all properties ofLp(D), 1 < p ≤ ∞. But unfor-

tunately, there is not any relation as if (2.18), whenD is an infinite interval. This shows

the properties ofLp(D) spaces can be change with respect top in infinite intervals. For

example it is obvious that, for the functionf1(x) ≡ 1 is member ofL∞(−∞,∞), but it

is not the member ofLp(−∞,∞), L∞(a,∞) or L∞(−∞,b). That is to say;

L∞(−∞,∞) 1 Lp(−∞,∞).

Also for α > 0 is a number;

f2(x)=


0 ≤ x ≤ α, 1

x
1

p+1
;

otherwise, 0.

f2(x) is member ofLp(−∞,∞), but the neighborhood off2(x) at x = 0 is infinite and

increasing, sof2 < L∞(−∞,∞), namely;

Lp(−∞,∞) 1 L∞(−∞,∞).

Let find some examples for the other cases, ifp1 > p2, take f3(x) as;

f3(x)=


0 ≤ x ≤ α; , 1

p1
√

x

otherwise, 0.

15



In this casep2

p1
< 1, so;

|| f3||Lp2(−∞,∞) =

∫ α

0

1

|x|
p2
p1

dx


1
p2

< ∞

Namely, f3εLp2(−∞,∞). Besides;

|| f3||Lp1(−∞,∞) =

(∫ α

0

1
x
dx

) 1
p1

= ∞

and f3 < Lp1(−∞,∞). This shows that, whenp1 > p2;

Lp1(−∞,∞) 1 Lp2(−∞,∞)

Also , again takef4(x), if α > 0 andp1 > p2,

f4(x)=


α ≤ x < ∞, 1

p2
√

x
;

otherwise, 0.

We know p1

p2
> 1, so;

|| f4||Lp1(−∞,∞) =

∫ ∞

α

(
1

x
p1
p2

) 1
p1

< ∞

Namely f4εLp1(−∞,∞), but;

(∫ ∞

−∞

| f4(x)|p2dx

) 1
p2

=

(∫ ∞

α

1
x
dx

) 1
p2

= ∞

inequality shows that;

f4 < Lp2(−∞,∞).

Because ofp1 > p2;

Lp2(−∞,∞) 1 Lp1(−∞,∞)

This examples shows that; there is not a relation inLp(−∞,∞) spaces like equation

(2.18). Similar examples are valid forLp(α,∞) andLp(−∞,b) spaces.
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Characteristic Points of f εL1

Definition 2.26 (D- Point). A point xεR is called a D− point of the function f if

lim
h→0

1
h

∫ x+h

x
[ f (t) − f (x)]dt = 0. (2.19)

D-points stand for differentiability; for the D-points of an integrable function f are

precisely those points at which the indefinite integral of f is differentiable to the value

f (x).

Proof. If we substituteh = −h in the equation (2.19),

lim
h→0

1
h

∫ x+h

x
f (t)dt = f (x). (2.20)

Then sum equations (2.19) and (2.20)

lim
h→0

1
2h

∫ x+h

x−h
[ f (t) − f (x)]dt = 0. (2.21)

(2.21) is valid (a. e). Namely, if (2.19) is exists, then (2.20) and (2.21) exist.

We can write (2.19) and (2.20) as;

lim
h→0

1
h

∫ h

0
[ f (x+ t) − f (x)]dx= 0. (2.22)

lim
h→0

1
h

∫ h

0
[ f (x− t) − f (x)]dx= 0. (2.23)

and sum the equations (2.22) and (2.23);

lim
h→0

1
h

∫ h

0
[ f (x+ t) − f (x− t) − 2 f (x)]dx= 0. (2.24)

Namely, if x is d- point of functionf , at this point (2.22), (2.23) and (2.24) are valid.

�

(Bary, 1964)
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Definition 2.27 (Lebesgue Point). A point xεR is called a Lebesgue point of the func-

tion f if

lim
h→0

1
h

∫ x+h

x
| f (t) − f (x)|dt = 0.

(Bary, 1964)

Evidently, any Lebesgue point of f is a D-point of f but not conversely, and any point

of continuity of an integrable function f is a Lebesgue point. Indeed; let L( f ) be the

set of all Lebesgue points of fεL1 and D( f ) be the set of all points of all D-points of

f εL1. Then ∣∣∣∣∣∣1h
∫ x+h

x
| f (t) − f (x)|dt

∣∣∣∣∣∣ ≤ 1
h

∫ x+h

x
| f (t) − f (x)|dt.

The inequality shows that every Lebesgue point is also D-point. Thus,

L( f ) ⊂ D( f )

Now, its clear that any point, where f(x) is continuous, is a Lebesgue point; in fact,

if there exists anyε > 0 and the function f(x) is continuous at the point x, it can be

found aδ > 0 such that

| f (t) − f (x)| < ε f or |h| ≤ δ

and then
1
h

∫ x+h

x
| f (t) − f (x)|dt < ε,

or, we can write

lim
h→0

1
h

∫ x+h

x
| f (t) − f (x)|dt = 0.

This shows that any continuity point of the function fεL1 is also a Lebesgue point. Let

C( f ) be the set of continuity points of fεL1. Then we can write

C( f ) ⊂ L( f ) ⊂ D( f ).

(Bary, 1964)
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2.2 Some Density Theorems

Definition 2.28 (Chebyshev Systems). C[a,b] denotes the space of continuous func-

tions on[a,b] and C∗ = C∗[−π, π], the space of2π− periodic and continuous functions

on the line. Both of these spaces are equipped with the supremum norm over the ap-

propriate interval. For example, for fεC[a,b]

|| f || = sup
a≤x≤b

| f (x)|

We will use the notation||.||[a,b] to indicate that the supremum is taken over[a,b] when-

ever it is necessary to make it clear which interval the norm is taken over.

A set of functions u0,u1, · · · un ⊆ C[a,b] is called a Chebyshev system on[a,b] if

each function uεspan(u0,u1, · · · un) has at most n zeros unless it is identically zero on

[a,b]. For the periodic case, u0,u1, · · · un ⊆ C∗ and any uεspan(u0,u1, · · · un) has at

most n zeros unless it is identically zero on[−π, π], unless it is identically zero. The

space un = span(u0,u1, · · · un) is called a Chebyshev space. Pn, the space of algebraic

polynomials of degree≤ n is a Chebyshev space for any[a,b] and Tn the space of

trigonometric polynomials of degree≤ n is a Chebyshev subspace of C∗.

A Chebyshev space on[a,b] can also be characterized by the following interpolation

property.

Some Properties of Chebyshev System

If a ≤ x0 < x1 < · · · < xn ≤ b and (yi)n
i=0 are real numbers then there is a unique

uεsp(u0,u1, · · · un) such that

u(xi) = yi i = 0,1, · · · ,n.

If Un is a Chebyshev subspace ofC[a,b] with each non-zerouεUn havingn continuous

derivatives on [a,b] and at mostn zeros on [a,b] counting multiplicity then we sayUn
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is an extended Chebyshev space. If for eachk = 0, · · · ,n, span(u0,u1, · · · uk) is an ex-

tended Chebyshev system, then we sayUn is an extended complete Chebyshev space.

For an extended complete Chebyshev space there is a canonical basisu0,u1, · · · un de-

scribed by

u0(t) = w0(t)

u1(t) = w0(t)
∫ b

a
w1(x1)dx1

un(t) = w0(t)
∫ b

a
w1(x1)

∫ x1

a
w2(x2) · · ·

∫ xn−1

a
wn(xn) · · · dx1

where eachwi is a continuous strictly positive function on [a,b], wiεCn−i[a,b].

Let f εC[a,b](C∗) andUn be a Chebyshev subspace ofC[a,b](C∗). A function u∗εUn

if

|| f − u∗|| = inf
u∗εUn

|| f − u||

The following theorem of Chebyshev gives the existence, uniqueness and charac-

terization ofu∗.

Theorem 2.29 Let fεC[a,b](C∗[−π, π]) and u0,u1, · · · un be a Chebyshev system on

[a,b]([−π, π]). Then the best approximation u∗ to f exists and is unique. If u is any

function in sp(u0,u1, · · · un) then u is the best approximation to f if and only if there

exist points

a ≤ x0 < x1 < · · · < xn+1 ≤ b(−π ≤ x0 < x1 < · · · < xn+1 < π)

such that f−u alternately takes on the values±|| f −u|| at the points xi, i = 0, · · · ,n+1.

Theorem 2.30 (D. F. Egorov). Let a sequence of measurable and almost everywhere

finite functions

f1(x), f2(x), f3(x), · · ·

be defined and finite almost everywhere on a measurable set E. Suppose that fn(x)

converges almost everywhere to the measurable function f(x) which is finite almost
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everywhere:

lim
n→∞

fn(x) = f (x) (2.25)

Then, for everyδ > 0, there exist a measurable set Eδ ⊂ E such that:

1. mEδ > mE− δ;

2. The limit(2.25) is uniform on the set Eδ.

Proof. We know fromLebesgue Theorem;

mRn(σ)→ 0, as n→ ∞ (2.26)

asn→ ∞ for all σ > 0, where

Rn(σ) =
∞∑

k=n

E(| fk − f | ≥ σ).

With this in mind we consider a convergent series of positive terms

η1 + η2 + η3 + · · · (ηi > 0)

and a sequence of positive numbers tending to zero:

σ1 > σ2 > σ3 > · · · , lim σi = 0.

In view of (2.26), we can find for every natural numberi another natural numberni

such that

mRni (σi) < ηi .

Having done this, we select ani0 such that

∞∑
i=i0

ηi < δ
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(δ is the number appearing in the statement of the theorem), and we set

e=
∞∑

i=i0

Rni (σi).

It is obvious that

me< δ.

Let

Eδ = E − e.

we now show thatEδ is the required set. The inequality

mEδ > mE− δ

is clear, so we need only verify that the limit

fn(x)→ f (x)

is uniform on the setEδ.

Choose an arbitraryε > 0. We find ani such that

i ≥ i0, σi < ε,

and show that fork ≥ ni and for allxεEδ,

| fk(x) − f (x)| < ε,

If xεEδ, thenx < e. This implies in particular that

x < Rni (σi).

22



In other words,

x < E(| fk − f | ≥ σi),

for k ≥ ni, so that

| fk(x) − f (x)| < σi k ≥ ni ,

and hence,

| fk(x) − f (x)| < ε k ≥ ni .

the theorem is proved, becauseni depends only onε and not onx. �

Theorem 2.31 (M. FRÉCHET). For every measurable function f(x) which is defined

on [a,b] and is finite almost everywhere, there exists a sequence of polynomials con-

verging to f(x) almost everywhere.

Proof. Let ϕn(x) be a sequence of continuous functions converging almost everywhere

to f (x). If Pn(x) is a polynomial such that

|Pn(x) − ϕn(x)| <
1
n
,

for all xε[a,b], the sequencePn(x) converges tof (x) at every pointx for which

ϕn(x)→ f (x),

This proves the theorem.�

Theorem 2.32 (N. N. Luzin). Let f(x) be a measurable function defined on[a,b]

which is finite almost everywhere. For everyδ > 0, there exists a continuous function

ϕ(x) such that

mE( f , ϕ) < δ.

If | f (x)| ≤ K, then

|ϕ(x)| ≤ K
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also.

Proof. Let

ϕ1(x), ϕ2(x), ϕ3(x), ...

be a sequence of continuous functions having the property described inFrechet′s

Theorem. UsingEgorov′s Theorem, we can find a setEδ such that

mEδ > b− a−
δ

2
,

and such that

ϕn(x)→ f (x)

uniformly with respect tox on the setEδ. A basic theorem of analysis states that

the functionf (x) is continuous on the setEδ (It does not follow that the functionf (x),

considered on [a,b], is continuous at every point of the setEδ). We find a closed subset

F of the setEδ such that

mF > mEδ −
δ

2
.

If the function f (x) is considered only the setF, it is obviously continuous on this set.

We produce a continuous functionϕ(x), defined on [a,b] and coinciding withf (x) on

the setF. Thus

E( f , ϕ) ⊂ [a,b] − F,

and the measure of this set is< δ, so thatϕ(x) is a function meeting all requirements

of the present theorem. If| f (x)| ≤ K, this inequality is valid also forx in F, and then,

we have

|ϕ(x)| ≤ K.

This completes the proof.�

Theorem 2.33 (WEIERSTRASS). Let f(x) be a continuous function defined on the
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closed interval[a,b]. For everyε > 0, there exist a polynomial P(x) such that

| f (x) − P(x)| < ε

for all xε[a,b]

Proof. If [ a,b] = [0,1], the theorem follows directly from Bernstein’ s theorem.

Suppose that [a,b] , [0,1]. Consider the following function of the argumenty:

f [a+ y(b− a)].

This function is defined and continuous on the segment [0,1]. We can find a polyno-

mial ϕ(y) such that for allyε[0,1],

| f [a+ y(b− a)] − ϕ(y)| < ε

If xε[a,b], then x−a
b−aε[0,1] and hence

∣∣∣∣∣ f (x) − ϕ
( x− a
b− a

)∣∣∣∣∣ < ε
The polynomialP(x) = ϕ

(
x−a
b−a

)
therefore satisfies our requirements.�

Definition 2.34 Any function of the form

T(x) = A+
n∑

k=1

(ak coskx+ bk sinkx)

is called a trigonometric polynomial of the nth order. If b1 = . . . = bn = 0, the

trigonometric polynomial T(x) is said to be even.

Lemma 2.35 1. The functioncoskx can be written as an even trigonometric poly-

nomial.

2. If T(x) is a trigonometric polynomial, then T(x) sinx is also a trigonometric

polynomial.
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3. If T(x) is a trigonometric polynomial, then T(x + a) also is a trigonometric

polynomial.

Lemma 2.36 If the function f(x) is defined and continuous on the closed interval

[0, π], then for everyε > 0, there exists an even trigonometric polynomial T(x) such

that

| f (x) − T(x)| < ε

for all xε[0, π].

Proof. Consider the function

f (arccosy).

This function is defined and continuous on the segment [−1,+1]. Therefore, we can

produce a polynomial
∑n

k=0 akyk such that for allyε[−1,+1],

∣∣∣∣∣∣∣ f (arccosy) −
n∑

k=0

aky
k

∣∣∣∣∣∣∣ < ε.
Now let xε[0, π]. Then cosxε[−1,+1] and, hence,

∣∣∣∣∣∣∣ f (x) −
∞∑

k=0

ak cosk x

∣∣∣∣∣∣∣ < ε.
It remains to note that in view of Lemma (4.22), the function

∑n
k=0 ak cosk x is an even

trigonometric polynomial.�

Corollary 2.37 If the even function f(x) is defined for all x, has period2π, and is

continuous everywhere, then for everyε > 0, we can find a trigonometric polynomial

such that

| f (x) − T(x)| < ε

for all real x.

In fact, on the segment[0, π], this inequality can be satisfied by an even trigonomet-

ric polynomial T(x) so that the inequality is automatically satisfied for xε[−π,0], and,
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then, since the difference f(x) − T(x) has period2π, the inequality is satisfied every-

where.

Theorem 2.38 (WEIERSTRASS). Let f(x) be a continuous periodic function on period

2π. For everyε > 0, there exist o trigonometric polynomial T(x) such that

| f (x) − T(x)| < ε

for all x.

Proof. By the corollary to Lemma (2.36), for the even functions

f (x) + f (−x), [ f (x) − f (−x)] sin x

there exist trigonometric polynomialsT1(x) andT2(x) such that

f (x) + f (−x) = T1(x) + a1(x), [ f (x) − f (−x)] sin x = T2(x) + a2(x),

where

|a1(x)| <
ε

2
, |a2(x)| <

ε

2
.

Multiplying the first of these equalities by sin2 x and the second by sinx, the adding

them and dividing by 2, we obtain

f (x) sin2 x = T3(x) + β(x)
(
|β(x)| <

ε

2

)
,

whereT3(x) is again some trigonometric polynomial. Here, the functionf (x) is an

arbitrary continuous periodic function. Therefore, a similar equality is true of the

function f (x− π2):

f
(
x−
π

2

)
sin2 x = T4(x) + γ(x)

(
|γ(x)| <

ε

2

)
.
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Replacingx by x+ π2, we obtain

f (x) cos2(x) = T5(x) + δ(x)
(
|δ(x)| <

ε

2

)
,

hence

f (x) = T3(x) + T5(x) + β(x) + δ(x),

i. e., the polynomialT3(x) + T5(x) satisfies all of our requirements.�

Lemma 2.39 For every x;
n∑

k=0

ck
nxk(1− x)n−k = 1 (2.27)

Here ckn is the binomial coe f f icient n!
k!(n−k)! In fact, setting a= x and b= 1 − x in

Newton’ s binomial formula,

(a+ b)n =

n∑
k=0

ck
na

kbn−k (2.28)

we obtain formula (2.28).

Lemma 2.40 For all real x,

n∑
k=0

ck
n(k− nx)2xk(1− x)n−k ≤

n
4

.

Proof. Differentiate the identity with respect toz;

n∑
k=0

ck
nz

k = (1+ z)n (2.29)

then multiply the result byz:

n∑
k=0

kck
nz

k = nz(1+ z)n−1 (2.30)
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Differentiating (2.30) and multiplying the result byz, we obtain

n∑
k=0

k2ck
nz

k = nz(1+ nz)(1+ z)n−2 (2.31)

Set

z=
x

1− x

in (2.29), (2.30), (2.31), and multiply the identities thus obtained by (1− x)n. This

gives us
n∑

k=0

ck
nxk(1− x)n−k = 1 (2.32)

n∑
k=0

kck
nxk(1− x)n−k = nx (2.33)

and
n∑

k=0

k2ck
nxk(1− x)n−k = nx(1− x+ nx) (2.34)

Multiply (2.32) by n2x2, (2.33) by−2nx, (2.34) by 1 and add together the resulting

equalities. We obtain

n∑
k=0

(k− nx)2ck
nxk(1− x)n−k = nx(1− x)

To prove the lemma, it is sufficient to note that for all realx,

x(1− x) ≤
1
4

Because let

f (x) = x(1− x)

then

f
′

(x) = 1− 2x

and root

x =
1
2
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So 1
2 is maximum point off (x).

Finally we can see

x(1− x) ≤
1
4
.

�

Definition 2.41 Let f(x) be a finite function defined on the closed interval[0,1]. The

polynomial

Bn(x) =
n∑

k=0

f

(
k
n

)
ck

nxk(1− x)n−k (2.35)

is called the Bernstein polynomial of degree n for the function f(x).

Theorem 2.42 (S. N. BERNSTEIN) If the function f(x) is continuous on the segment

[0,1], then

Bn(x)→ f (x) (2.36)

uniformly y with respect to x, as n→ ∞.

Proof. Let

M = max| f (x)|.

Let ε be any number> 0. Sincef is continuous on the bounded closed interval [0,1],

there exist aδ > 0 such that

| f (x
′′

) − f (x
′

)| < ε,

whenever|x
′′

− x
′

| < δ. Now select an arbitraryxε[0,1].

It follows from (2.35) that

f (x) =
n∑

k=0

f (x)ck
nxk(1− x)n−k,

and therefore

|Bn(x) − f (x)| ≤
n∑

k=0

∣∣∣∣∣∣ f
(
k
n

)
− f (x)

∣∣∣∣∣∣ ck
nxk(1− x)n−k (2.37)
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Divide all the numbersk = 0,1,2, ....,n into two categoriesA andB according to the

rules

kεA i f
∣∣∣∣∣kn − x

∣∣∣∣∣ < δ (2.38)

kεB i f
∣∣∣∣∣kn − x

∣∣∣∣∣ ≥ δ (2.39)

If kεA, then ∣∣∣∣∣∣ f
(
k
n

)
− f (x)

∣∣∣∣∣∣ < ε,
and on the basis of Lemma (2.39),

∑
A

∣∣∣∣∣∣ f
(
k
n

)
− f (x)

∣∣∣∣∣∣ ck
nxk(1−x)n−k ≤ ε

∑
A

ck
nxk(1−x)n−k ≤ ε

n∑
k=0

ck
nxk(1−x)n−k = ε (2.40)

If kεB, then
(k− nx)2

n2δ2
≥ 1,

and, by Lemma (2.40),

∑
B

∣∣∣∣∣∣ f
(
k
n

)
− f (x)

∣∣∣∣∣∣ ck
nxk(1− x)n−k ≤

2M
n2δ2

∑
B

(k− nx)2ck
nxk(1− x)n−k (2.41)

≤
2M
n2δ2

n∑
k=0

(k− nx)2ck
nxk(1− x)n−k <

M
nδ2

(2.42)

Assembling (2.40) and , (2.42) we find that for allxε[0,1],

|Bn(x) − f (x)| < ε +
M
nδ2
.

Consequently, if

n >
M

2εδ2

we have

|Bn(x) − f (x)| < 2ε,

and this completes the proof.�
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The Approximation Problem

We mentioned that one of the fundamental problems of analysis is to approximate a

given function f in some sense or other by functions having certain properties, and gen-

erally, by functions which have better properties than f. Suppose that a given function

f can be shown that the limit of set of functionsϕn(x) at the point which has good

properties atx0. Namely,

lim
n→∞
ϕn(x0) = f (x0)

be as described above. In this case the series ofϕn(x) approximates or converges to f.

The second fundamental problem of the approaching theorem is finding the rate of

approach to the problem.

lim
n→∞
ϕn(x0) = f (x0)

while n → ∞, the series (αn) = ( f (x0) − ϕn(x0)) is infinite decreasing. If we find the

seriesβn whenn→ ∞, βn→ 0 andαn = o(βn). In this case;

f (x0) − ϕn(x0) = o(βn)

and this formula shows that thef (x0) − ϕn(x0) is approaches to zero more rapidly than

βn, whenn→ ∞.

Definition 2.43 A norm,

lim
n→∞
|| fn(x) − f (x)||X = 0

If,

lim
n→∞

|| fn(x) − f (x)||X
αn

= K

the rate of( fn) to f isαn. Also if;

|| fn(x) − f (x)||X = o(αn)

we say the rate of convergence of fn→ f is more rapidly thanαn. Finding the speed of

convergenceαn to zero determines the speed of convergence of fn to f . It is enough to
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compare the sequenceαn with another zero sequence. Because providing the equality

of αn = o(βn) is the proof ofαn goes to zero more rapidly thanβn.

2.3 Modulus of Continuity and Some Properties

Definition 2.44 (Modulus of Continuity) For fεX2π the modulus o f continuity is de-

fined forδ ≥ 0 by

ω(X2π; f ; δ) = sup
|h|<δ
|| f (o+ h) − f (o)||X2π .

In connection with even kernels we shall need the following generalization.

(Butzer, 1971)

Definition 2.45 For f εX2π the generalized modulus of continuity is defined forδ ≥ 0

by

ω∗(X2π; f ; δ) = sup
|h|<δ
|| f (o+ h) − f (o− h) − 2 f (o)||X2π .

(Butzer, 1971)

Lemma 2.46 ω( f ; δ) is a monotonically increasing function.

Proof. Let 0< δ1 ≤ δ2

{| f (x) − f (t)| : a ≤ x, t ≤ b, |x− t| ≤ δ1} ⊂

{| f (x) − f (t)| : a ≤ x, t ≤ b, |x− t| ≤ δ2}

So we say

ω( f ; δ1) = sup{| f (x) − f (t)| : a ≤ x, t ≤ b, |x− t| ≤ δ1} ≤

sup{| f (x) − f (t)| : a ≤ x, t ≤ b, |x− t| ≤ δ2} = ω( f ; δ2)

�
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Lemma 2.47 If f is continuous on[a,b], thenlimδ→0ω( f ; δ) = 0

Proof. If f is continuous on [a,b] then∀ε > 0 ∃x, yε[a,b] such that| f (x) − f (y)| < ε

whenever|x − y| < δ. In caseδ → 0, thenx → y. So | f (x) − f (y)| < ε Therefore

limδ→0ω( f ; δ) = 0. �

Lemma 2.48 f is uniformly continuous⇔ limδ→0ω( f ; δ) = 0.

Proof. (⇒): is obviously from lemma (2.48).

(⇐): ∀ε > 0 ∃η such thatδ < η ω( f ; δ) < ε. Thereforef is a uniformly continuous

function.�

Lemma 2.49 f is continuous on[a,b] and there is a number m> 1 and mεR such

that

ω( f ; mδ) ≤ mω( f ; δ)

Proof. The definition of modulus of continuity is;

ω( f ; δ) = sup
|t−x|<δ

a≤t,x≤b| f (t) − f (x)|.

Let t = x+ h in the equation then we get;

ω( f ; δ) = sup
|h|<δ

a≤x,x+h≤b| f (x+ h) − f (x)|

We know from Telescoping Series;

| f (t +mh) − f (t)| =

∣∣∣∣∣∣∣
m−1∑
k=0

f (t + (k+ 1)h) − f (t + kh)

∣∣∣∣∣∣∣
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So;

ω( f ; mδ) = sup
a≤t,t+u≤b

|u|≤mδ| f (t + u) − f (t)|

= sup
a≤t,t+mu≤b

|u|≤δ| f (t +mu) − f (t)|

≤ sup
a≤t,t+mu≤b

|u|≤δ

∣∣∣∣∣∣∣
m−1∑
k=0

f (t + (k+ 1)h) − f (t + ku)

∣∣∣∣∣∣∣
≤ mω( f ; δ)

�

Lemma 2.50 If f is continuous on[a,b] and∀λ > 0 andλεR such that

ω( f ; λδ) ≤ (λ + 1)ω( f ; δ)

Proof. We know the modules of continuity is a monotonically increasing function from

Lemma (2.46). Som< λ < m+ 1 andmεR. In this case

ω( f ; λδ) ≤ ω( f ; (m+ 1)δ)

≤ (m+ 1)ω( f ; δ)

≤ (λ + 1)ω( f ; δ)

�

Lemma 2.51 If f is continuous on[a,b], then

| f (t) − f (x)| ≤ ω( f ; |t − x|)
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Proof. Let,

ω( f ; |t − x|) = sup
a≤x,t≤b

|t−x|≤|t−x|| f (t) − f (x)|

= sup
a≤x,t≤b

| f (t) − f (x)|

≥ | f (t) − f (x)|.

�

Lemma 2.52 If f is continuous on[a,b] andδ > 0, then

| f (t) − f (x)| ≤

(
1+
|t − x|
δ

)
ω( f ; δ)

Proof. From Lemma (2.51);

| f (t) − f (x)| ≤

(
f ;
|t − x|
δ
δ

)
≤

(
1+
|t − x|
δ

)
ω( f ; δ)

�

Lemma 2.53 If f is continuous on[a,b] and0 < δ1 < δ2 then,

ω( f ; δ2)
δ2

≤
2ω( f ; δ1)
δ1

Proof. We can easily write,

ω( f ; δ2) = ω

(
f ; δ1
δ2
δ1

)
≤

(
1+
δ2
δ1

)
ω( f ; δ1) ≤ 2

δ2
δ1
ω( f ; δ1)

�

Lemma 2.54 If f is continuous on[a,b] andδ1 < δ2 then,

ω( f ; δ2)
δ2

≤
2ω( f ; δ1)
δ1

36



Proof.

ω( f ; δ2) = ω

(
f ; δ1
δ2
δ1

)
≤

(
1+
δ2
δ1

)
ω( f ; δ1) ≤ 2

δ2
δ1
ω( f ; δ1)

�

Theorem 2.55 (T. Popoviciu). If f(x) is continuous andω( f ; δ) the modulus of conti-

nuity of f(x), then

| f (x) − Bn(x)| ≤
5
4
ω

(
f ;

1
√

n

)
(2.43)

Proof. For arbitraryx1, x2 in [0,1] and aδ > 0 we denote byλ = λ(x1, x2; δ) the integer

[|x1, x2|δ
−1]; the differencef (x1) − f (x2) is then a sum ofλ + 1 differences off (x) on

intervals of length< δ. Therefore

| f (x1) − f (x2)| ≤ (λ + 1)ω( f ; δ), (2.44)

and it follows that

| f (x) − Bn(x)| ≤
n∑

k=0

∣∣∣∣∣∣ f (x) − f

(
k
n

)∣∣∣∣∣∣ ck
n(x)

≤ ω( f ; δ)
n∑

k=0

{
1+ λ

(
x,

k
n

; δ

)}
ck

n = ω( f ; δ)

1+
n∑
λ≥1

λ

(
x,

k
n

; δ

)
ck

n


≤ ω( f ; δ)

1+ δ−1
∑
λ≥1

∣∣∣∣∣x− k
n

∣∣∣∣∣ ck
n

 ≤ ω( f ; δ)

1+ δ−2
n∑

k=0

(
k
n
− x

)2

ck
n


≤ ω( f ; δ){1+ (4nδ2)−1},

Then we obtain (2.43) by choosingδ = n−
1
2 .

The smallest value of the constantK for which

| f (x) − Bn(x)| ≤ Kω( f ; n−
1
2 ) (2.45)

is true for each functionf and eachn, is not known; in any case we haveK ≤ 5/4.

Moreover,K ≥ 1, as is seen from the following example. Letδn = o(n−
1
2 ) and suppose
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that fn(x) is the function which is equal to zero atx0 , 0 < x0 < 1, equal to 1 in [0, x0−

δn] and [x0 + δn,1] and linear in the rest of [0,1]. For largen, we haveω( f ; n−
1
2 ) = 1

for the functionfn; also,

| f (x0) − Bn(x0)| = Bn(x0) ≥
∑
| kn−x0|≥δn

ck
n(x0) = 1− εn, εn→ 0,

Therefore (2.45) can not be true ifK < 1.

The functionω( f ; δ) cannot therefore be replaced in (2.45) by any other function de-

creasing to zero more rapidly. This may be shown also by the example ofone single

continuous function. The functionf (x) = |x− x0|
a with fixed 0< x0 < 1 , 0< a ≤ 1,

belongs to the classLipa. We haveω( f ; δ) = δa andδ = n−
1
2 ,

| f (x0) − Bn(x0)| = Bn(x0) =
n∑

k=0

∣∣∣∣∣kn − x0

∣∣∣∣∣a ck
n(x0)

≥ n−
1
2a

∑
| kn−x0|≥n−1/2

ck
n(x0) � Kn−

1
2a

for a certain constantK > 0. �

2.4 Modulus of Continuity and Some Characteristic Points on L1

Definition 2.56 (Modulus of Continuity on L1). Let f is a function on L1, the modulus

of continuity of f on L1[a,b] is defined by,

ωL1( f ; δ) = sup
|t|≤δ

∫ ∞

−∞

| f (x+ t) − f (x)|dx (2.46)

We can see the functionωL1 is non-negative, and monotonically increasing function.

Theorem 2.57 If f εL1, then

lim
δ→0
ωL1( f ; δ) = 0 (2.47)
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Proof. If |t| ≤ δ then we take the equation (2.46).

If f εL1[a,b] then, for allε > 0 there exista such that,

∫ −a

−∞

| f (x)|dx<
ε

4
,

∫ ∞

a
| f (x)|dx<

ε

4
(2.48)

in addition for allδ > 0 from the equation (2.48)

∫ −a−δ

−∞

| f (x)|dx<
ε

4
,

∫ ∞

a+δ
| f (x)|dx<

ε

4

So, in case|t| ≤ δ, as−δ ≤ t ≤ δ,

∫ ∞

a+δ
| f (x+ t)|dx=

∫ ∞

a+δ+t
| f (x)|dx<

∫ ∞

a
| f (x)|dx

ε

4
(2.49)

Because,δ + t ≥ 0 anda+ δ + t > a. Similarly, t − δ ≤ 0 and−a− δ + t ≤ a, then

∫ −a−δ

−∞

| f (x+ t)|dx=
∫ −a−δ+t

−∞

| f (x)|dx<
∫ −a

−∞

| f (x)|dx
ε

4
(2.50)

inequalities found. We knowa + δ > a and−a − δ < −a, and so, from the equations

(2.48), (2.49), and (2.50)

sup
|t|≤δ

{∫ −a−δ

−∞

| f (x+ t) − f (x)|dx+
∫ ∞

a+δ
| f (x+ t) − f (x)|dx

}
< ε (2.51)

is found.

Then,

sup
|t|≤δ

∫ ∞

−∞

| f (x+ t) − f (x)|dx≤ sup
|t|≤δ

∫ a+δ

−a−δ
| f (x+ t) − f (x)|dx+ ε (2.52)

can be written.Luzin Theoremsays that, iff εL1(a,b), for all ε > 0 there exists a

continuous functionϕ(x) such that,

|| f − ϕ||L1(a,b) < ε.

39



From this theorem, let find a continuous functionϕ on the interval [−a − 2δ,a + 2δ]

and, write the inequality, ∫ a+2δ

−a−2δ
| f (x) − ϕ(x)|dx< ε

In this case,

∫ a+δ

−a−δ
| f (x+ t) − f (x)|dx ≤

∫ a+δ

−a−δ
| f (x+ t) − ϕ(x+ t)|dx

+

∫ a+δ

−a−δ
|ϕ(x+ t) − ϕ(x)|dx

+

∫ a+δ

−a−δ
|ϕ(x) − f (x)|dx

and

sup
|t|≤δ

∫ a+δ

−a−δ
| f (x+ t) − ϕ(x+ t)|dx ≤

∫ a+2δ

−a−2δ
| f (x) − ϕ(x)|dx

< ε∫ a+δ

−a−δ
| f (x) − ϕ(x)|dx ≤

∫ a+2δ

−a−2δ
| f (x) − ϕ(x)|dx

< ε

inequalities can written, then,

sup
|t|≤δ

∫ a+δ

−a−δ
| f (x+ t) − f (x)|dx≤ 2ε + sup

|t|≤δ

∫ a+δ

−a−δ
|ϕ(x+ t) − ϕ(x)|dx (2.53)

is found.

Moreover, we knowϕ is a continuous function, so we can choose aδ1 when|t| < δ1,

|ϕ(x+ t) − ϕ(x)| <
ε

2(a+ δ)

is satisfied. And whenδ < δ1,

sup
|t|≤δ

∫ a+δ

−a−δ
|ϕ(x+ t) − ϕ(x)|dx< ε
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if this inequality used in the equation (2.53),

sup
|t|≤δ

∫ a+δ

−a−δ
| f (x+ t) − f (x)|dx≤ 3ε

If we use this inequality in the equation (2.52), then the theorem is proved.�

Theorem 2.58 Let mεN, then

ωL1( f ; mδ) ≤ mωL1( f ; δ)

Proof. From the definition of the modulus of continuity in equation (2.46)

ωL1( f ; mδ) = sup
|t|≤mδ

∫ ∞

−∞

| f (x+ t) − f (x)|dx

In this equation sup is on the interval [−mδ,mδ].

If take t = my, then we see,

ωL1( f ; mδ) = sup
|y|≤δ

∫ ∞

−∞

| f (x+my) − f (x)|dx

= sup
|y|≤δ

∫ ∞

−∞

| f (x+my) − f (x+ (m− 1)y) + f (x+ (m− 1)y) − f (x+ (m− 2)y)

+ · · · + f (x+ y) − f (x)|dx

That is,

ωL1( f ; mδ) ≤ sup
|y|≤δ

∫ ∞

−∞

m∑
k=1

| f (x+ ky) − f (x+ (k− 1)y)|dx

a Telescoping Series. In this equation substitutex+ (k−1)y = zand then again change

z with x, x andy with t.

Therefore;

ωL1( f ; mδ) ≤ sup
|t|≤δ

∫ ∞

−∞

m∑
k=1

| f (x+ t) − f (x)|dx

= mωL1( f ; δ)
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theorem is proved.�

Corollary 2.59 Letλ > 0 be any real number

ωL1( f ; λδ) ≤ (1+ λ)ωL1( f ; δ).

Proof. Let denote the integer ofλ with [|λ|]. In this case,λ < [|λ|] + 1 is obvious. And

ωL1( f ; δ) is monotonically increasing function. So;

ωL1( f ; λδ) ≤ ωL1( f ; ([|λ|] + 1)δ)

[|λ|] + 1 is an integer, so we can use the theorem (2.58) and finally if use the property

[|λ|] < λ;

ωL1( f ; λδ) ≤ ωL1( f ; ([|λ|] + 1)δ)

≤ ([|λ|] + 1)ωL1( f ; δ)

≤ (λ + 1)ωL1( f ; δ)

is found and proof is complete.�
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CHAPTER 3

CONVERGENCE OF LINEAR CONVOLUTION TYPE

SINGULAR INTEGRAL OPERATORS

3.1 Convergence on L1 Norm

One of the fundamental problems of analysis is to approximate a given functionf in

some sense or other by functions having certain properties, and generally, by functions

which have ’better’ properties thanf . It is to be expected that the better behaved func-

tions are to be constructed from the givenf by some smoothing operation onf itself.

Problems of approximation theory can be solved on the class of integrable functions.

In this case we can not always find the value off ( k
n) by the Bernstein polynomials. Be-

cause Lebesgue integrable function is defined on a set which except the measure zero.

So, we should take as an integral the series which converges to a function. We con-

clude that Bernstein polynomials study onC[a,b], but a function cannot be continuous

every time, in this case we can use the Lebesgue integral.

Now denote the family of integral operatorsAλ converge to the functionf on the space

L1[a,b] of norm.

Theorem 3.1 Let take the family of integral operators Aλ which transforms on the

space L1(−∞,∞), and Kλ(x− t) is defined as in definition (1. 20);

Aλ( f ; x) =
∫ ∞

−∞

f (t)Kλ(x− t)dt, −∞ < x < ∞ (3.1)

In this case,

lim
λ→λ0

||Aλ( f ; x) − f (x)||1 = 0
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Proof. Obviously,

|Aλ( f ; x) − f (x)| ≤
∫ ∞

−∞

| f (x+ t) − f (x)|Kλ(t)dt

andKλ(t) is an even function, so;

|Aλ( f ; x) − f (x)| ≤
∫ ∞

0
(| f (x+ t) − f (x)| + | f (x− t) − f (x)|)Kλ(t)dt.

If take the integral of both sides;

||Aλ( f ; x) − f (x)||1 ≤
∫ ∞

−∞

(∫ ∞

0
(| f (x+ t) − f (x)| + | f (x− t) − f (x)|)Kλ(t)dt

)
dx

=

∫ ∞

0

(∫ ∞

−∞

| f (x+ t) − f (x)|dx+
∫ ∞

−∞

| f (x− t) − f (x)|dx

)
Kλ(t)dt

and then for anyδ > 0;

|Aλ( f ; x) − f (x)| ≤
∫ δ

0

(∫ ∞

−∞

| f (x+ t) − f (x)|dx+
∫ ∞

−∞

| f (x− t) − f (x)|dx

)
Kλ(t)dt

+

∫ ∞

δ

(∫ ∞

−∞

| f (x+ t) − f (x)|dx+
∫ ∞

−∞

| f (x− t) − f (x)|dx

)
Kλ(t)dt

inequality is found.

Now clearly;

∫ ∞

−∞

| f (x± t) − f (x)|dx ≤
∫ ∞

−∞

| f (x± t)|dx+
∫ ∞

−∞

| f (x)|dx≤ 2|| f ||1

sup
|t|≤δ

∫ ∞

−∞

| f (x± t) − f (x)|dx = ωL1( f ; δ)

According to these equations;

||Aλ( f ; x) − f (x)||1 ≤ 2ωL1( f ; δ)
∫ δ

0
Kλ(t)dt+ 4|| f ||1

∫ ∞

δ

Kλ(t)dt ≤ (3.2)

≤ 2ωL1( f ; δ) + 4|| f ||1

∫ ∞

δ

Kλ(t)dt. (3.3)
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From the property of kernelKλ(t), for anyδ > 0;

lim
λ→λ0

∫ ∞

δ

Kλ(t)dt = 0.

And from the property of modulus of continuity;

lim
δ→0
ωL1( f ; δ) = 0.

Firstly take the limit whenλ→ λ0, and then takeδ→ 0

lim
λ→λ0

||Aλ( f ; x) − f (x)||1 = 0

So the theorem is proved.�

Theorem 3.2 The family of integral operators Bλ transforms of2π−periodic functions

on L1(−π, π) as;

Bλ( f ; x) =
∫ π

−π

f (t)Kλ(x− t)dt. (3.4)

Assume in the equation(3.4), Kλ(t) is the family of periodic kernels and fεL1(−π, π).

In this case

lim
λ→λ0

||Bλ( f ; x) − f (x)||1 = 0

Proof. Obviously;

|Bλ( f ; x) − f (x)| ≤
∫ π

−π

| f (x+ t) − f (x)|Kλ(t)dt

and,

||Bλ( f ; x) − f (x)||1 ≤
∫ π

−π

(∫ π

−π

| f (x+ t) − f (x)|dx

)
Kλ(t)dt

We know modulus of continuity onL1(−π, π);

ωL1( f ; δ) = sup
|t|≤δ

∫ π

−π

| f (x+ t) − f (x)|dx
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So we can say; ∫ π

−π

| f (x+ t) − f (x)|dx≤ ωL1( f ; |t|)

In this case;

||Bλ( f ; x) − f (x)||1 ≤
∫ π

−π

ωL1( f ; |t|)Kλ(t)dt.

If we take a sequence ofδλ from the property of the lemma (2.54);

ωL1( f ; |t|) = ωL1

(
f ;
|t|
δλ
δλ

)
≤

(
|t|
δλ
+ 1

)
ωL1( f ; δλ)

is can be written. So;

||Bλ( f ; x) − f (x)||1 ≤ ωL1( f ; δλ)

(∫ π

−π

|t|
δλ

Kλ(t)dt+
∫ π

−π

Kλ(t)dt

)
(3.5)

= ωL1( f ; δλ)

(
1
δλ

∫ π

−π

|t|Kλ(t)dt+ 1

)
Now if take the functiong(t) = |t|, g(t + 2π) = g(t), we seegεL1(−π, π) and;

Bλ(g,0) =
∫ π

−π

|t|Kλ(t)dt

From the functiong is continuous atx0 = 0, then

lim
λ→λ0

Bλ(g,0) = g(0) = 0.

So;

lim
λ→λ0

∫ π

−π

|t|Kλ(t)dt = 0.

Now if take the sequenceδλ,

δλ =

∫ π

−π

|t|Kλ(t)dt

from the equation (3.5);

||Bλ( f ; x) − f (x)||1 ≤ 2ωL1( f ; δλ)

46



asλ→ λ0 then,δλ → 0. SoωL1( f ; δλ)→ 0 (from lemma (2.47)).

Thus the theorem is complete.�

Corollary 3.3 If f εL1(−π, π) then the Fe jer Integral is defined by;

σn( f ; x) =
1

2nπ

∫ π

−π

f (t)

sin n
2(t − x)

sin 1
2(t − x)

2

dt (3.6)

From the equation(3.6), we say;

lim
n→∞
||σn( f ; x) − f (x)||1 = 0.

Corollary 3.4 If f εL1(−π, π) then the Poisson Integral is defined by;

Pr( f ; x) =
1
2π

∫ π

−π

1− r2

1− 2r cos(t − x) + r2
f (t)dt, 0 < r < 1 (3.7)

From the equation(3.7), we say;

lim
r→1
||Pr( f ; x) − f (x)||1 = 0.

Corollary 3.5 For f εX(R) the singular integral of Gauss-Weierstrass exists for all

xεR and t> 0 and defines a function in X(R) ∩C satisfying

||W( f ; ◦; t)||X(R) ≤ || f ||X(R) (t > 0) (3.8)

lim
t→0
||W( f ; ◦; t) − f (◦)||X(R) = 0. (3.9)

The periodic kernel of Weierstrass and the nonperiodic kernel of Gauss-Weierstrass

are also related. Indeed

∞∑
k=−∞

e−k2t coskx=

√
π

t

∞∑
k=−∞

e−(x+2kπ)2/4t (t > 0), (3.10)

Let us mention another important aspect of the singular integral of Gauss-Weierstrass.
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W( f ; x; t)εC∞ for every fεX(R) and t > 0. Thus, in view of(3.9), the set of func-

tions {W( f ; x; t)} forms a well-behaved, dense subset of X(R). Moreover, as is easily

checked, the integral(2.26) is a solution of the initial value problem of the heat equa-

tion for an infinite rod, namely of

∂u(x, t)
∂t

=
∂2u(x, t)
∂x2

(xεR, t > 0),

lim
t→0
||u(◦, t) − f (◦)||X(R) = 0,

f εX(R) being the prescribed initial temperature distribution.

3.2 Convergence on Lp Norm

Theorem 3.6 Let take the family of integral operators Aλ which transforms on the

space Lp(−∞,∞), and Kλ(x− t) is defined as in definition (1. 20);

Aλ( f ; x) =
∫ ∞

−∞

f (t)Kλ(x− t)dt, −∞ < x < ∞ (3.11)

In this case,

lim
λ→λ0

||Aλ( f ; x) − f (x)||p = 0

Proof. We know,

Aλ( f ; x) − f (x) =
∫ ∞

0
[ f (x+ t) + f (x− t) − 2 f (x)]Kλ(t)dt

herexε(−∞,∞).

Then if we take theLp norm with get by the absolute value of both sides.

||Aλ( f ; x) − f (x)||p ≤

(∫ ∞

−∞

(∫ ∞

0
| f (x+ t) + f (x− t) − 2 f (x)|Kλ(t)dt

)p

dx

) 1
p
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is found and from the Minkowsky Inequality,

||Aλ( f ; x) − f (x)||p ≤

∫ ∞

0

(∫ ∞

−∞

| f (x+ t) + f (x− t) − 2 f (x)|pdx

) 1
p

 Kλ(t)dt

For anyδ > 0, take the interval [0, δ] and [δ,∞) instead of (0,∞);

||Aλ( f ; x) − f (x)||p ≤

∫ δ

0

(∫ ∞

−∞

| f (x+ t) + f (x− t) − 2 f (x)|pdx

) 1
p

 Kλ(t)dt

+

∫ ∞

δ

(∫ ∞

−∞

| f (x+ t) + f (x− t) − 2 f (x)|pdx

) 1
p

 Kλ(t)dt

= ι
′

+ ι
′′

(3.12)

Now take the termι
′

;

(∫ ∞

−∞

| f (x+ t) + f (x− t) − 2 f (x)|pdx

) 1
p

≤

(∫ ∞

−∞

| f (x+ t) − f (x)|pdx

) 1
p

+

(∫ ∞

−∞

| f (x− t) − f (x)|pdx

) 1
p

and then from the definition of the modulus of continuity onLp, we can write the

inequality;

sup
|t|≤δ

(∫ ∞

−∞

| f (x+ t) + f (x− t) − f (x)|pdx

) 1
p

≤ 2ωLp( f ; δ)

If write this inequality in the integralι
′

λ

ι
′

λ ≤ 2ωLp( f ; δ)
∫ δ

0
Kλ(t)dt ≤ 2ωLp( f ; δ) (3.13)

49



Now take the termι
′′

λ. Again from Minkowsky Inequality;

(∫ ∞

−∞

| f (x− t) + f (x− t) − 2 f (x)|pdx

) 1
p

≤

(∫ ∞

−∞

| f (x+ t)|pdx

) 1
p

+

(∫ ∞

−∞

| f (x− t)|pdx

) 1
p

+ 2

(∫ ∞

−∞

|2 f (x)|pdx

) 1
p

≤ 4|| f ||p

From here;

ι
′′

λ ≤ 4|| f ||p

∫ ∞

δ

Kλ(t)dt (3.14)

If we write the inequalities (3.13) and (3.14) in (3.12);

||Aλ( f ; x) − f (x)||p ≤ 2ωLp( f ; δ) + 4|| f ||p

∫ ∞

δ

Kλ(t)dt

is found. We know for anyδ > 0;

lim
λ→λ0

∫ ∞

δ

Kλ(t)dt = 0

So,

lim
λ→λ0

||Aλ( f ; x) − f (x)||p ≤ 2ωLp( f ; δ)

Now whenδ→ 0;

lim
λ→λ0

||Aλ( f ; x) − f (x)||p = 0

So theorem is proved.�

Corollary 3.7 If f εLp(−∞,∞), then Gauss-Weierstrass integral is;

lim
λ→∞
||Wλ( f ; x) − f (x)||p = 0

Corollary 3.8 If f εLp(−∞,∞), then Abel-Poisson integral is;

lim
λ→∞
||αλ( f ; x) − f (x)||p = 0
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Definition 3.9 Modulus of continuity on Lp(−π, π) space is defined by;

ωLp( f ; δ) = sup
|t|≤δ

(∫ π

−π

| f (x+ t) − f (x)|pdx

) 1
p

Theorem 3.10 Let take the family of integral operators Aλ which transforms on the

space Lp(−π, π), and Kλ(x− t) is defined as in definition (1. 20);

Aλ( f ; x) =
∫ ∞

−∞

f (t)Kλ(x− t)dt, −∞ < x < ∞ (3.15)

In this case,

lim
λ→λ0

||Bλ( f ; x) − f (x)||p = 0

Here ||.|| = ||.||Lp(−π,π).

Proof. We know,

|Bλ( f ; x) − f (x)| ≤
∫ π

−π

| f (x+ t) − f (x)|Kλ(t)dt

So,

||Bλ( f ; x) − f (x)|| ≤

(∫ π

−π

(∫ π

−π

| f (x+ t) − f (x)|Kλ(t)dt

)p

dx

) 1
p

Let apply the Minkowsky Inequality to the right-hand side integral from the definition

of modulus of continuity onLp;

||Bλ( f ; x) − f (x)|| ≤
∫ π

−π

WLp( f ; |t|; Kλ(t)dt)

is found. For anyδλ;

WLp( f ; |t|) ≤

(
|t|
δλ
+ 1

)
WLp( f ; δλ)

So we can write the inequality;

||Bλ( f ; x) − f (x)|| ≤WLp( f ; δλ)

(
1
δλ

∫ π

−π

|t|Kλ(t)dt+ 1

)
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and choose,

δλ =

∫ π

−π

|t|Kλ(t)dt

Then

||Bλ( f ; x) − f (x)|| ≤ 2WLp( f ; δλ)

Now let denote limλ→λ0 δλ = 0 Kλ(t) is an even function so,

δλ =

∫ π

−π

|t|Kλ(t)dt = 2
∫ π

0
tKλ)(t)dt

Next for anyβ > 0;

δλ = 2
∫ β

0
tKλ(t)dt+ 2

∫ π

β

tKλ(t)dt

≤ 2β
∫ π

−π

Kλ(t)dt+ 2 sup
t≥β

Kλ(t)(π − β)

≤ 2β + 2π sup
t≥β

Kλ(t).

Property of the kernelKλ(t), for anyβ > 0;

lim
λ→λ0

(
sup
t≥β

Kλ(t)

)
= 0

is obvious. Then,

0 ≤ lim
λ→λ0

δλ ≤ 2β

Now whenβ→ 0;

lim
λ→λ0

δλ = 0

We know that ifδλ → 0, thenWLp( f ; δλ)→ 0.

So the theorem is proved.�

Corollary 3.11 If f εLp(−π, π), then Poisson integral Pr( f ; x) is;

lim
r→1
||Pr( f ; x) − f (x)||p = 0
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Corollary 3.12 If f εLp(−π, π), then Fejer integralσn( f ; x) is;

lim
r→1
||σn( f ; x) − f (x)||p = 0
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CHAPTER 4

CONVERGENCE OF NONLINEAR CONVOLUTION TYPE

SINGULAR INTEGRAL OPERATORS

The theory of approximation with nonlinear integral operators of convolution type was

introduced by J. Musielak in [9] and widely developed in [12]. He considers nonlin-

ear integral operators, replacing linearity assumption by Lipschitz condition for kernel

functions generating the operators and satisfying suitable singularity assumptions. Af-

ter this discovery, several mathematicians have undertaken the program of extending

approximation by nonlinear integral operators in many ways and to several settings,

including modular function spaces, pointwise and uniform convergence of operators,

Korovkin type theorems, abstract function spaces, sampling series and so on. Espe-

cially, this kind of operators were extensively studied by C. Bardaro, J. Musielak and

G. Vinti [23]-[24] in connection with the theory of Modular space. Operators of type

(1) and its special cases were studied by Swiderski and Wachnicki [11], Karsli [10]-

[35] and Karsli-Ibikli [40] in some Lebesgue spaces. Such developments delineated

a theory which is nowadays referred to as the theory of approximation by nonlinear

integral operators. We also refer the reader to [19]-[20], [25]-[29] as well as the mono-

graphs [6] and [12] where other kinds of convergence results concerning the pointwise

convergence and rate of pointwise convergence of linear and nonlinear singular inte-

gral operators in the Lebesgue and Musielak-Orlicz spaces.

The approach of Musielak on nonlinear integral operators can be given as follows;

In the theory of Fourier series there appears the problem of approximation of 2π-

periodic functionsf , integrable in the interval [−π, π] by means of linear, singular

integral operatorsKn of the form
∫ π
−π

Kn(t − s) f (t)dt. For example, in case of the first
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arithmetic means of partial sums of Fourier series,K = (Kn)∞n=1; is the Fejer kernel

Kn(u) =
1

2nπ

(
sin(1/2)nu
sin(1/2)u

)2

,

and the singularity conditions mean that
∫ −δ
−π

Kn(u)du+
∫ π
δ

Kn(u)du→ 0 asn→ ∞ for

every 0< δ < π and
∫ π
−π

Kn(u)du= 1 for n = 1,2, · · · .

These problems are extended in three directions:

1. The interval [−π, π] is replaced by a compact abelian groupG with Haar mea-

sure,

2. the setN = 1,2, · · · of indices with convergence→∞ generated by a filterm of

subsets ofw,

3. the kernelK = (Kn)∞n=1 is replaced by a kernelK = (Ku)uεw whereKu : G×R→;

the last means that we take nonlinear integral operatorsTu

(Tu f )(s) =
∫

G
Ku(t − s, f (t))dt =

∫
G

Ku(t, f (t + s))dt (4.1)

in place of the above considered linear operators.

The assumption of linearity of the operators was replaced in [1] by an assumption of a

Lipschitz condition forKu with respect to the second variable.

Now we will investigate a study of Karslı, which is deal with the pointwise conver-

gence of nonlinear singular integral operators, namely; Approximation Properties of

Nonlinear Singular Integral Operators of Convolution Type.

Let Λ be a nonempty set of indices andλ0 be an accumulation point ofΛ. We take a

family K of functionsK : RxΛ x R→ R, whereK(t, λ,0) = 0 for all t ∈ R andλ ∈ Λ,

such thatK(t, λ,u) are integrable overR in the sense of Lebesgue measure with respect

to the first variable for all values of the third variable, for everyλ ∈ Λ. The familyK

will be called a kernel.

In papers [14] Taberski has shown that the pointwise convergence at which the

points are Lebesgue point of integrable functions inL1(−π, π), by the family of convo-
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lution type singular integral operators depending on two parameters of the form

U( f ; x, λ) =

π∫
−π

f (t) K(t − x, λ) dt , x ∈ (−π, π) (4.2)

where K(t, λ) is a kernel which satisfies suitable assumptions. Moreover Taberski has

shown also that in [14] approximation properties of the derivatives of this operators.

After this fundamental study of Taberski [14], this operators were studied by some

other authors. Gadjiev [15] and Rydzewska [16] obtained the pointwise convergence

of this operators at which the points are respectively, generalized Lebesgue point and

µ−generalized Lebesgue point of integrable functions inL1(−π, π). In 1984 Bardaro

and Gori Cocchieri [17] estimated the degree of pointwise approximation of Féjer-

type singular integrals, which are the special case of (4.2), in the class of functions

f ∈ L1(R) at which the points are generalized Lebesgue point. Very recently Karsli

andİbikli [18], [13] studied both pointwise convergence and pointwise convergence of

therth derivatives of the operatorsT( f ; x, λ), which are defined as

T( f ; x, λ) =

b∫
a

f (t) K(t − x, λ) dt , x ∈ (a,b).

In approximation theory, however, applications we limited to linear integral oper-

ators because the notion of singularity of an integral operators was closely connected

with its linearity. In 1981 Musielak [9] used the nonlinear integral operators, which

were defined as

Tw f (s) =
∫
G

Kw(t − s, f (t)) dt , s ∈ G (4.3)

by the assumption of linearity of the operators was replaced by an assumption of a Lip-

schitz condition forKw with respect to the second variable. This study allows us that

using the classical method for linear integral operators [6] to obtain the convergence of

the nonlinear integral operators, although the notion of singularity of an integral oper-

ators was closely connected with its linearity [12]. Recently Swiderski and Wachnicki

[11] estimated the pointwise convergence of the operators (4.3) in the case f belongs
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to Lp(−π, π) andLp(R) on the points, wherex0 is a continuous point and a Lebesgue

point. Further paper on the subject were written by Karsli [10].

The purpose of this note is to study both the pointwise approximation and the

degree of pointwise approximation of the operators

T( f ; x, λ) =

b∫
a

K(t − x, λ, f (t)) dt , x ∈< a,b >, (4.4)

on a generalized Lebesgue point off ∈ L1 < a,b > as (x, λ)→ (x0, λ0), where< a,b >

is an arbitrary interval inR.

Let L1 < a,b > be the class of functions Lebesgue integrable in the interval<

a,b >, where< a,b > is an arbitrary interval inR.

Denote the auxiliary function
∼

f∈ L1(R) as below

∼

f (t) :=


f (t) , t ∈< a,b >

0 , t << a,b >
. (4.5)

We assume that the functionK : RxΛ x R→ Rsatisfies;

a ) Let L(t, λ) be a integrable function with respect tot such that

|K(t, λ,u) − K(t, λ, v)| ≤ L(t, λ) |u− v| ,

for every t,u, v ∈ Rand for anyλ ∈ Λ.

b) lim
λ→λ0

∫
R\U

L(t, λ)dt = 0, for everyU ∈ U(0). By U(0) we denote the family of all

neighbourhoods of zero inR.

c ) lim
λ→λ0

[ sup
|t|≥δ

L(t, λ)] = 0, for everyδ > 0.

d ) lim
λ→λ0

∫
R

K(t, λ,u) dt = u, for everyu ∈ R.

e) There exists aδ0 > 0, such thatL(t, λ) is non-decreasing on (−δ0,0] and non-

increasing on [0, δ0) as a function oft, for eachλ ∈ Λ.
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The conditiona) implies that the class of all functionsK(t, λ,u) is a kernel.

Theorem A. [9] Let 1≤ p < ∞and assume that a functionKλ(t,u) satisfies condition

a). If f ∈ Lp < a,b >, thenT( f ) ∈ Lp < a,b > and

‖T( f )‖Lp<a,b> ≤ H(λ) ‖ f ‖Lp<a,b>

for eachλ ∈ Λ.

Pointwise Convergence

Firstly, we assume that< a,b >= [a,b]. This means,< a,b > is a finite interval of

R.

Theorem 2.Suppose that a kernel functionK(t, λ,u) satisfies the conditiona), b), c), d)

ande). Then at each pointx0 for which

lim
h→0+

1
hα+1

h∫
0

| f (x0 + t) − f (x0)|dt = 0, 0 ≤ α < 1 (4.6)

holds we have

lim
(x,λ)→(x0,λ0)

|T( f ; x, λ) − f (x0)| = 0,

on any planar setZ on which the function

x0+δ∫
x0−δ

L(t − x, λ) |t − x0|
α dt+ 2L(0, λ) |x− x0|

α+1 , (4.7)

is bounded, where 0< δ < δ0.

Proof. We assume that

x0 + δ < b, x0 − δ > a and 0< x0 − x <
δ

2
, (4.8)
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for any 0< δ < δ0. From (4.5) andd), we can write;

T( f ; x, λ) − f (x0) =

b∫
a

K(t − x, λ, f (t))dt − f (x0)

=

∫
R

K(t − x, λ,
∼

f (t))dt−
∫
R

K(t − x, λ,
∼

f (x0))dt

+

∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0).

Here we take absolute value of the bothside of the last equality, we get

|I (x, λ)| ≤
∫
R

∣∣∣∣∣K(t − x, λ,
∼

f (t)) − K(t − x, λ,
∼

f (x0))
∣∣∣∣∣ dt

+

∣∣∣∣∣∣∣∣
∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣ . (4.9)

According toa),

∣∣∣∣∣K(t − x, λ,
∼

f (t)) − K(t − x, λ,
∼

f (x0))
∣∣∣∣∣ ≤ L(t − x, λ)

∣∣∣∣∣∼f (t) −
∼

f (x0)
∣∣∣∣∣ . (4.10)

holds for anyλ ∈ Λ. According to (4.10) we can rewrite (4.9) as follows

|I (x, λ)| ≤
∫
R

L(t − x, λ)
∣∣∣∣∣∼f (t) −

∼

f (x0)
∣∣∣∣∣ dt

+

∣∣∣∣∣∣∣∣
∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣ .
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For using the property of the point, we shall split the above inequality in six terms as;

|T( f ; x, λ) − f (x0)| ≤
∫

t<<a,b>

∣∣∣∣∣∼f (t) −
∼

f (x0)
∣∣∣∣∣ L(t − x, λ)dt

+


x0−δ∫
a

+

x0∫
x0−δ

+

x0+δ∫
x0

+

b∫
x0+δ


∣∣∣∣∣∼f (t) −

∼

f (x0)
∣∣∣∣∣ L(t − x, λ)dt

+

∣∣∣∣∣∣∣∣
∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣
= I0(x, λ) + I1(x, λ) + I2(x, λ) + I3(x, λ) + I4(x, λ) + I5(x, λ).(4.11)

Thus, it is sufficient to show that the first five terms on the right hand side of (4.11)

tends to zero as (x, λ)→ (x0, λ0).

Firstly we considerI5(x, λ).

From the conditiond), it is easy to see that

I5(x, λ) =

∣∣∣∣∣∣∣∣
∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣→0 (4.12)

as (x, λ)→ (x0, λ0).

Next we considerI1(x, λ).

From (4.5), it is seen that fort ∈ [a,b],
∼

f (t) = f (t). Hence we can write,

I1(x, λ) =

x0−δ∫
a

| f (t) − f (x0)| L(t − x, λ)dt.

According to (4.8) we obtain

I1(x, λ) ≤ sup
x0−δ<t<a

L(t − x, λ)

x0−δ∫
a

| f (t) − f (x0)|dt

≤ sup
|u|> δ2

L(u, λ)
(
‖ f ‖L1<a,b> + | f (x0)| (b− a)

)
.
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In the same way, we find

I4(x, λ) ≤ sup
|u|> δ2

L(u, λ)
(
‖ f ‖L1<a,b> + | f (x0)| (b− a)

)
.

Thus, we get

I1(x, λ) + I4(x, λ) ≤ 2sup
|u|> δ2

L(u, λ)
(
‖ f ‖L1<a,b> + | f (x0)| (b− a)

)
, (4.13)

which in view ofc) tends to zero as (x, λ)→ (x0, λ0).

Next we considerI2(x, λ).

Denote

F(t) :=

x0∫
t

| f (y) − f (x0)|dy. (4.14)

According to (4.6), to eachε > 0 there exists aδ > 0 such that

F(t) ≤ ε (x0 − t)α+1. (4.15)

We now fix thisδ. Evaluation ofI2(x, λ) is done the following way.

I2(x, λ) =

x0∫
x0−δ

| f (t) − f (x0)| L(t − x, λ)dt

By (4.14) we can write

|I2(x, λ)| =

∣∣∣∣∣∣∣∣∣−
x0∫

x0−δ

L(t − x, λ)dF(t)

∣∣∣∣∣∣∣∣∣ .
Integration by parts gives

|I2(x, λ)| ≤ |F(x0 − δ)| L(x0 − δ − x, λ) +

x0∫
x0−δ

|F(t)|
∂

∂t
L(t − x, λ) dt.
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According to (4.15) we obtain

|I2(x, λ)| ≤ ε δ
α+1 L(x0 − δ − x, λ) + ε

x0∫
x0−δ

(x0 − t)α+1 ∂

∂t
L(t − x, λ)dt.

Integration by parts again, then

|I2(x, λ)| ≤ ε (α + 1)

x0∫
x0−δ

(x0 − t)αL(t − x, λ) dt.

According tod) and (4.8) ( see [13] ), we obtain

|I2(x, λ)| ≤ ε

(α + 1)

x0∫
x0−δ

L(t − x, λ)(x0 − t)αdt+ 2L(0, λ) |x− x0|
α+1

 . (4.16)

We can use a similar method for evaluatingI3(x, λ). Then, we find the following in-

equality;

|I3(x, λ)| ≤ ε

x0+δ∫
x0

L(t − x, λ)(t − x0)
αdt. (4.17)

Combining (4.16) and (4.17) we obtain

|I2(x, λ)| + |I3(x, λ)| ≤ ε(α + 1)

x0+δ∫
x0−δ

L(t − x, λ) |t − x0|
α dt

+ε2L(0, λ) |x− x0|
α+1 , (4.18)

which in view of (4.7) tends to zero as (x, λ)→ (x0, λ0).

Finally, we considerI0(x, λ).

I0(x, λ) =
∫

t<<a,b>

∣∣∣∣∣∼f (t) −
∼

f (x0)
∣∣∣∣∣ L(t − x, λ)dt
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From (4.5),
∼

f (t) = 0 for t << a,b > . Hence

I0(x, λ) = | f (x0)|
∫

t<<a,b>

L(t − x, λ)dt.

According to (4.6), whent < [a,b], we havet < a or t > b. This implies that

t − x < a− x < x0 − x− δ < −
δ

2
< 0

and

t − x > b− x > x0 − x+ δ > δ > 0.

Thus for anyδ > 0 there exists a neighborhoodU of zero such that

∫
t<<a,b>

Lλ(t − x)dt ≤
∫

|t−x|> δ2

Lλ(t − x)dt =
∫

R\U

Lλ(u)du.

Hence we get

I0(x, λ) ≤ | f (x0)|
∫

R\U

Lλ(u)du. (4.19)

which in view ofb) tends to zero as (x, λ)→ (x0, λ0).

Combining (4.12), (4.13), (4.18) and (4.19),we get the required result. From the proof

given it is evident that the proof remains in force even when 0< x0 − x < δ2.

This completes the proof of the theorem.

Secondly, we consider the case< a,b >= R, we have the following theorem.

Theorem 3.Suppose that the condition of Theorem 2 satisfies. Letx0 be a generalized-

Lebesgue point of functionf ∈ L1(R). Then

lim
(x,λ)→(x0,λ0)

|T( f ; x, λ) − f (x0)| = 0,

if ( x, λ) tends to (x0, λ0) on any planar setZ on which (4.8) satisfies.

Proof. Analogously to the proof of Theorem 2.
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Remark 1. Now, we consider the cases< a,b >= (−π, π),

K(t, λ,u) = Lλ(t) u,

f (t) andLλ(t) are 2π−periodic functions with respect tot. This case was widely used

in Approximation Theory ( See [6] ).

Rate of Pointwise Convergence

In this section we shall estimate the rate of pointwise convergence, which we have

obtained in previous section, respectively.

Theorem 4.Suppose that a kernel functionK(t, λ,u) satisfies the conditiona), b), c), d)

ande). Let

∆(x, λ, δ) =

x0+δ∫
x0−δ

L(t − x, λ) |t − x0|dt,

such that for every|u| > 0 and for arbitrary 0< α < 1,

L(u, λ) = o(∆α(x, λ, δ)),

∫
R\U

L(u, λ)du= o(∆α(x, λ, δ))

and ∣∣∣∣∣∣∣∣
∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣ = o(∆α(x, λ, δ))

as (x, λ)→ (x0, λ0). Then we get

|T( f ; x, λ) − f (x0)| = o(∆α(x, λ, δ)).

Proof. In Theorem 2 we have obtained the following inequality;
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|T( f ; x, λ) − f (x0)| ≤ | f (x0)|
∫

R\U

L(t − x, λ)dt

+sup
|u|> δ2

L(u, λ)
[
‖ f ‖L1<a,b> + | f (x0)| (b− a)

]
.

+ε(α + 1)

x0+δ∫
x0−δ

|t − x0|
α L(t − x, λ) dt

+

∣∣∣∣∣∣∣∣
∫
R

K(t − x, λ,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣ .
Here, we takep = 1

α
and using Ḧolder inequality, we get

x0+δ∫
x0−δ

|t − x0|
α L(t − x, λ) dt =

x0+δ∫
x0−δ

|t − x0|
α L(t − x, λ)1−α+α dt

=

x0+δ∫
x0−δ

[|t − x0| L(t − x, λ)]α L(t − x, λ)1−α dt

≤


x0+δ∫

x0−δ

[
L(t − x, λ)1−α

] 1
1−α dt


1−α 

x0+δ∫
x0−δ

([|t − x0| L(t − x, λ)]α)
1
α dt


α

≤


b∫

a

L(t − x, λ)dt


1−α

∆α(x, λ, δ)

= ∆α(x, λ, δ)

The same inequality we also obtain for− δ2 < x0 − x < 0.

Therefore our theorem now follows, from the conditionsb) andc).

|T( f ; x, λ) − f (x0)| = o(∆α(x, λ, δ)).

Thus the proof of the theorem is complete.
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Theorem 5.Suppose that the condition of Theorem 3 satisfies together with

∫
|t−x0|>δ

L(t − x, λ)dt = o(∆α(x, λ, δ)).

Then

|T( f ; x, λ) − f (x0)| = o(∆α(x, λ, δ)).

Proof. Proof is the analogous to the proof of Theorem 4.

Example. Setting

K(t, λ,u) =


λu+ sin λu

2 , t ∈ [0, 1
λ
]

0 , t < [0, 1
λ
]
, (4.20)

whereΛ = [1,∞) be a nonempty set of indices with natural topology andλ0 = ∞ is

an accumulation point ofΛ in this topology. For (4.20), it is seen that foru, v ∈ R and

t ∈ [0, 1
λ
],

|K(t, λ,u) − K(t, λ, v)| ≤ λ |u− v| (4.21)

and foru, v ∈ Randt < [0, 1
λ
],

|K(t, λ,u) − K(t, λ, v)| = 0. (4.22)

Combining (4.21) and (4.22), we get

L(t, λ) =


λ , t ∈ [0, 1

λ
]

0 , t < [0, 1
λ
]
. (4.23)

Moreover ∫
R

L(t, λ)dt =
∫

[0, 1λ ]

λdt = 1 < ∞
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and

∫
R

K(t − x, λ,u) dt =
∫

[0, 1λ ]

[
λu+ sin

λu
2

]
dt =

[
λu+ sin

λu
2

] 1
λ

= u+
1
λ

sin
λu
2
→ u as (x, λ)→ (x0,∞).

Also

K(t − x, λ,u) =


λu+ sin λu

2 , t − x ∈ [0, 1
λ
]

0 , t − x < [0, 1
λ
]
,

Hence, the kernel functionK satisfies the conditiona), b), c), d) ande).

If we use this kernel function in Theorem 3 and Theorem 4, we find

x0+δ∫
x0−δ

|L(t − x, λ)| |t − x0|
α dt+2 |L(0, λ)| |x− x0|

α+1 =

∫
[x,x+ 1

λ ]

λ |t − x0|
α dt+2λ |x− x0|

α+1 .

The first part of the right hand side of this equality is finite. Besides

lim
(x,λ)→(x0,λ0)

λ |x− x0|
α+1 = M < ∞,

if and only if |x− x0| = o(λ
1
α+1 ) or the rates of convergence of|x− x0| and (λ

1
α+1 ) are

equivalent.

If we use this kernel function in Theorem 5 and Theorem 6, for sufficiently large

λ, we find that

∆(x, λ) =

x0+δ∫
x0−δ

L(t − x, λ) |t − x0| dt

=

∫
[x,x+ 1

λ ]

λ |t − x0|dt.

From Theorem 2, we obtain lim
(x,λ)→(x0,∞)

∆(x, λ) = 0. Moreover the rate of convergence

of ∆(x, λ)→ 0 is equivalent to 1

λ
1
α+1
→ 0.

According to (4.23) it is seen thatL(u, λ) = o(1
λ
).
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Since (1
λ
) = o( 1

λ
1
α+1

) , L(u, λ) = o( 1

λ
1
α+1

) is true.

Finally ∫
R

K(t − x, λ,u) dt = u+
1
λ

sin
λu
2
→ u as (x, λ)→ (x0,∞).

This implies lim
(x,λ)→(x0,∞)

1
λ

sin λu
2 = 0 and 1

λ
sin λu

2 = o( 1
λα

) (0 < α < 1).

Thus, we find

|T( f ; x, λ) − f (x0)| = o(
1

λ
α
α+1

).
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[31] BOJAṄIC R. and VUILLEUMIER M., On the Rate of Convergence of Fourier

Legendre Series of Functions of Bounded Variation, J. Approx. Theory 31, (1981),

67-79.

[32] CHENG F., On the Rate of Convergence of Bernstein Polynomials of Functions

of Bounded Variation, J. Approx. Theory 39, (1983), 259-274.

[33] GUPTA V. and GUPTA M. K., Rate of Convergence for Certain Families of

Summation-Integral Type Operators, J. Math. Anal. Appl. 296, (2004), 608-618.

[34] HUA Y. H. and SHAW S. Y., Rate of Approximation for Functions of Bounded

Variation by Integral Operators, Period. Math. ungar. 46(1), (2003), 41-60.

[35] KARSLI H., On Approximation Properties of a Class of Convolution Type Non-

linear Singular Integral Operators, Georgian Math. Jour., Vol. 15, No. 1, (2008),

77-86.

[36] KARSLI H. and GUPTA V., Rate of Convergence by Nonlinear Integral Opera-

tors for Functions of Bounded Variation, Calcolo, Vol. 45, 2, (2008), 87-99.

[37] SHAW S. Y., LIAW W. C and LIN Y. L. Rates for Approximation of Functions

in BV[a,b] andDBV[a,b] by Positive Linear Operators, Chinese J. Math. Vol 21.,

No: 2, (1993), 171-193.

72



[38] SWIDERSKI T. and WACHNICKI E., Nonlinear Singular Integrals Depending

on Two Parameters, Commentationes Math. XL, (2000), 181-189.

73


