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ABSTRACT

Uslu, Kibra
M.Sc., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Harun Karsli

May 2012, 73 pages

This thesis is a survey on some approximation properties of singular integral op-
erators in the approximation theory. One of the fundamental problems of analysis is
to approximate a given functiofiin some sense or other by functions having certain
properties, and generally, by functions which have ’better’ properties thdnis to
be expected that the better behaved functions are to be constructed from thé given
by some smoothing operation dnitself. This thesis consists of four chapters. The
first chapter is devoted to the introduction. The second chapter contains, concepts and
definitions which are needed in the further chapters. In the third chapter, studied con-
vergence of linear convolution type singular integrals. In the fourth chapter, investigate
convergence of nonlinear convolution type singular integral operators. And there is a
study of Assoc. Prof. Dr. Harun Karsli which deals with the approximation properties

of nonlinear singular integral operators of convolution type.

Keywords: Pointwise convergence, Singular integrals, Dirichlet kernel, Modulus of

continuity.



OZET

KONVOLUSYON TIPLI SINGULER INTEGRALLERDE
NOKTASAL YAKINSAKLIK

Uslu, Kuibra
Y Uksek lisans, Matematik@umil

Tez Yoneticisi: Dog¢. Dr. Harun Karslh

Mayis 2012, 73 sayfa

Bu tez, yaklasim teorisindeki siiiggr integral operdtrlerinin yaklasimbzellikleri
uzerine yapilan bir calismadir. Analizin temel problemlerinden bigibi bazi loti
ozelliklere sahip bir fonksiyona, daha iyzellikleri olan baska bir fonksiyonla yaklagmaktir.
Bu tez drt boliimden olusmaktadir. Birinci kisim girigtimine ayrilmistir.ikinci
bolimde ileri limlerde gerekli olan kavramlar ve tanimlar verilmisticiind bdlimde
lineer konvolisyon tipli singjler integral operdrlerinde yakinsaklik ve babeellikleri
verildi. Dordunal bdlumde ise lineer olmayan koni@yon tipli singiler integral op-
erabrlerinde yakinsaklik ve bazizellikleri verildi. Ve Dog¢. Dr. Harun Karsl’ nin
calismasi olan "Lineer Olmayan Konvdyon Tipli Singjler Integral Operdirlerinde

Yakinsaklik” adli makale incelendi.

Anahtar Kelimeler : Noktasal yakinsaklik, Sirider integral, Dirichlet cekirdgi, Sureklilik

modilil.
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CHAPTER 1
INTRODUCTION

One of the fundamental problems of analysis is to approximate a given furfction
some sense or other by functions having certain properties, and generally, by functions
which have ’better’ properties thahn It is to be expected that the better be haved func-
tions are to be constructed from the giveby some smoothing operation dritself.

Let X the set of functions which had bad properties and there exist¥a seX. Y is

the set of functions with good properties a¥ids dense inX (Y = X). In this case for

all points of X areaccumulation poinof Y.

Weierstrass studied with this problem in 1885. He took the set of bad property func-
tions of X asC[a, b]. Then he determined the set of good properties functiong of
which is dense irK is P(x). The mean of this is; every function defined ©fa, b] is

the limit of P,(x).



CHAPTER 2
PRELIMINARIES

2.1 Some Important Definitions

Definition 2.1 (C[a, b]). As a set X we take the set of all real- valued functiqrys-x-
which are functions of an independent real variable t and are defined and continuous

on a given closed interval 3 C[a, b]. Choosing the metric defined by

d(x,y) = max|x(t) - y(0)I,

where max denotes the maximum, we obtain a metric space which is denoted by

Cl[a, b]. This is a function space because every point[e 0] is a function.

Definition 2.2 A polynomial in the variable x is a function of the form
P(X) = a,X" + an1 X"t + ... + a1 X + ao,

where &, a,_1, ...,y and & are constants and,a# O.

The number n is the degree of the polynomigt)P

Definition 2.3 (Accumulation Point) If A is a subset of the topological space X and if
X is a point of X, we say that x is a limit point (or accumulation point) of A if every
neighborhood of x intersects A in some point other than x itself. Sgetahtly, x is a
limit point of A if it belongs to the closure of A{x}. The point x may lie in A or not;

for this definition it does not matter.

Definition 2.4 We Say that (x) approaches the limit L as x approaches a, and we

write

lim f(x) =L

X—a

2



if the following condition is satisfied:

for every numbee > 0 there exists a number> 0, depending o, such that
O<|x—a<¢6 Iimplies [f(X)-L|<e.
Definition 2.5 The sequence, Liniformly converge to f on A& Ye > 0 dng such

thatn>ny, andVxeA ,|f.(X)—f(X)|<e

Definition 2.6 (Topological Space) A topology on a set X is a collectiaf subsets

of X having the following properties:

1. 0 and X are inr.

2. The union of the elements of any subcollectionisfin r

3. The intersection of the elements of any finite subcollectiensoiin r
A set X for which a topology has been specified is called a topological space
Definition 2.7 (Linear Operator). A linear operator T is an operator such that

e The domain IOT) of T is a vector space and the rangélRlies in a vector space

over the same field,

e for each xyeD(T) and scalara,
T(X+y)=Tx+Ty

and

T(axX) = aTx

(Kreyszig, 1989)

Definition 2.8 (Integral Operator). We can define an integral operator T[0, 1] —
C[0, 1] by
1
y=TXx where yit) = f x(t)k(t, 7)dr.
0



Here k is a given function which is called the kernel of T and is assumed to be contin-
uous on the closed spuare£J x J in the tr — plane, where [D, 1]. This operator is

linear.
(Kreyszig, 1989)

Definition 2.9 (Ly(—o0, o0) Space). L is the set of functions which are Lebesgue in-
tegrable to the |3 power overR, for 1 < p < c, and essentially bounded (bounded

almost everywhere) aR if p = co. For feLp(—c0, o)

1l = {fﬁ(tnpdt}p,

if 1< p<ooandincase p= o

Ifllc = esssup|f(t)l.

XeR

(Butzer, 1971)

Definition 2.10 (L,[a, b] Space). L[a,b] is the set of functions which are Lebesgue
integrable to the {3 power of[a, b]. For feL[a, b]

b 1\p
Ifllp = {f If(t)lpdt} :

Definition 2.11 (L4[a, b] Space). k[a, b] is the set of functions which are Lebesgue
integrable to the first power of the peri¢d, b]. For felL;[a, b]

b
1l = f F(Dldt

(Butzer, 1971)

Definition 2.12 (L,[—m, 7] Space). k[—n, x] is the set of functions which are Lebesgue

integrable to the |3 power of the period-r, ]. For feLy[—n, n]

7T 1/p
1fllp = {I |f(t)|pdt} :

4



Definition 2.13 (X(R) Space). XR) always denotes one of the spaces C grl <
p < oo. For f,geX(R) we write f(x) = g(x) (a.e.) if equality holds for all &X(R)
in case XR) = C, and almost everywhere in casg¢R¥ = L,, 1 < p < oo, i.e,, if

IIf —gll = 0. In this event we also write £ g in X(R).

Definition 2.14 (Minkowski’ s Inequality). Let,fgeX(R). Then(f + g)eX(R) and

I + dlixe) < Ifllxe) + 19lx@)-

If pissuchthatl < p < o, the conjugate number q is defined throghp)+(1/q) = 1

incasel< p<oo;g=ocoif,p=1,andqg=1if p = oo.

Definition 2.15 (Holder’ s Inequality). Let éL,, 1 < p < oo, and gL, Then fglL;
and|lfdlls < [Ifllpllglly. Namely;

[t=(f |f|P)1/p.( [ |g|Q)l/q @)

Proof. We first note that iff|f|p = 0, then|f|P = 0 almost everywhere; so £ O,

and therefore fg= 0, almost everywhere. Then fg is integrabfefg =0, and(2.1)
holds trivially, as it does also in the case thrdzglq = 0. Thus we may assume that

[1fIP>0and [|g > 0. We then have, almost everywhere,

fg _ (|f|p ]”p[ oI’ )”q
([1fIP)Ve( [ |gid)2/a [1fle) \ [lg
1P, o
p[IflP q[lgl

So;

Yp Ve gy gl
lfgls(flﬂp) .(f|g|‘4) 'pflflp+qf|glq 2:2)

Now, fg is measurable and the righthand side(2P) is integrable. Hence, fg is

5



integrable and

[ s forf" (o "33

from which(2.1) follows.o

Let us emphasize that the assumptieh f 1 < p < co, means that f belongs to

L, for some fixed p withh < p < co (and not for all p of this interval).

Definition 2.16 (Holder- Minkowski Inequality). Let(k,y) be defined and measur-

able onR2. If || f (X, Y)lIx=€L1, then

Iz

This is also known as the generalized Minkowski inequality.

f 1F0% Y)llxeydy:

<
X(R) 00

Definition 2.17 Let A is an index set and, is accumulation point of the set. For
AeA;
L(f;x,A) = f f(OH(t — x, )dt, xeD
D

This integral is called "the family of convolution type integral operator depends on

parametergx, 1)

Definition 2.18 Let A is an index set andg is accumulation point of the sat. If the

function K(t, 2) is satisfied the conditions;
e There exist a number M such thateA, ||K(t, )|y < M < o
o lim,_,, [y K(t )dt=1

Definition 2.19 When the kernel function (K 1) satisfies théim,_,,, K(tp, 1) = oo at

the point g, then we say the kernel functior(tk1) is "Singular Kernel” and,

L(f;x,/l)zff(t)K(t—x,/l)dt, xeD
D



The family of integral operators are called the family of convolution type singular

integral operator depends on parametéxrs.).

Definition 2.20 If the singular kernel function K, 1) satisfies the condition;

lim [sule(t, /l)l] =0 V§>0.

A—-Ag s<t]
then the function is called "Approximation ldentity”.
Some Examples

Example 2.21 (Abel-Poisson Kernel) Laplace operator in the plane is defined as,

0? 0?
Y

andAu = 0 equation is called Laplace equation.
The problem of finding the function u which is provide Laplace equation in the upper
half plane and equal to(x, 0) = f(x) on the real axis is the Dirichlet problem for the

upper half-plane and the solution of this problem;

£.(X) = gfm f(t)Wl_X)zdt, £>0 (2.3)

is given by integration ag.3).

By taking derivatives;
P1(9) P fa(x)
e e O

equation can be achieved. Now show this;

of.(x) & (7 2(t—x)
= ;wa(t)—dt

X [e2 + (t— 072

82£.(X) e [ . =2[2+ (t— %)%+ 2[e2 + (t — X)?].2(t — X).2(t — X)
X2 P L, o [2 + (t — x)2]* dt



f f(t) - X)? = 2[2 + (t = X)?] (2.9)

[e2+ (t— 97

af.(X) 1 2¢
oe Ef_ M0 (t pdt 2 ff(t)[82+(t 9t

P 1 [ 26 1 [ 26
o2 EL,f(t)[82+(t—x)2]2dt+EImf(t)[82+(t—x)2]2dt

e (™ =2[e% + (t — X)?]? + 2.2[¢% + (t — X)?].2¢
[

_4e 862 — 262 + (t - %)7]
f [sZ+(t X ff“) Zraoxp o @9

is obtained. 192.4) and(2.5) are gathered;

dt

PLO PR _ e f“ f (t)8[82 + (=27 - 42+ -7
T

ox? 0&? [£2 + (t — x)?]3

de [ dt
r Lo o [£2 + (t — X)2]2

4e (™ dt
_f [82+(t )72 7Lof(t)[32+(t—x)2]220

is found.

(2.3) is called a Abel-Poisson integral;

1

A(X)_ &2+ X2

(2.6)

expression is called the Abel-Poisson kernel(xfs a non-negative and even function.

Example 2.22 (The Poisson Kernel a in the Unit Circle)

One of the summability techniques is "Poisson Summability Technique”. According to



this technique, to analyse the convergence of the series;
O .
>t Z:(a< coskx+ by sinkx), O<r<1
k=1
Now, take the series at the fixed point xo;

P(r, X) = %

+ ) (@ coskx+ by sinkx) (2.7)
k=1

When Rr, xo) = L, the serieg2.7) is summable to L atody the Poisson technique.
Privately, when L= f(Xo), the serieq2.7) is converge to {x) by the Poisson tech-
nique.

Now; let find the summation of the serigs7), when 1x) is 2r—periodic and inte-

grable on[-n, 7]. The Fourier coficients at {x) converges zero as+ co. Namely;
fm &= Jim b =0

According to this;
la <M, |bJ<M, k=0,12,---

there exist a number M satisfies this.

Also,|sinkX < 1, |coskX < 1;

() < M+ ) 2Mr* =M (1+ 2% rk]
k=1

k=1

So the serief2.7) is always convergent.

Now, if we denote the series with the integral benefit from this convergence,

P(r, x) = % f f(t)dt + }Ti rkf cosk(t — x) f (t)dt
- k=1 -

_1f”
-]

% + i r cosk(t — x)] f(t)dt (2.8)
k=1



Let say t- x = 6 and edit the serieg + Y;°, r* cosk(¢), whenO < r < 1 and z= re’;

N
kzzc; 1-z
1

1-rcosf—irsind

1-rcosf+irsing
(1 - r cosh)? — (ir sind)?

1-rcosh+irsing
1-2rcosd +r2co26 + r2sinf

1-rcosf+irsing

1-2rcos +r2
1-rcosh . r sind
= i 2.9
1—2rcos€+r2+ 1-2rcos +r2 (2.9)
Also for z= re'’;
Z =1+ Z rk(coske + i sinkg) (2.10)
k=0 k=1

equationg2.30) and(2.10) are equal.

Therefore, from the equivalence of real parts;

1-rcosf =
=1+ ) rkcosks
1-2rcosh +r2 ;
iS obtained.
1 1-rcosf 1
—+ ) recoskd = - =
2 ; 1-2rcosf+r2 2

2—-2rcosd — 1+ 2rcosh — r?
2(1- 2r cosh + r?)

1 1-r2
21— 2rcosf +r2

10



If we substitute this equivalence in tf&7),

1_r2

P(rX) = Zyrf 1-2rcost - x)+r? f(t)dt (2.11)

therefore we find "Poisson Integral”.

Example 2.23 (Cesiro summability techniques) An interesting application of&es
summability appears in the context of Fourier series.

We know that the Dirichlet kernels fail to belong to the family of good kernels. Quite
surprisingly, their averages are very well behaved functions, in the sense that they do
form a family of good kernels.

To see this, we form the'NCesiro mean of the Fourier series, which by definition is

So(f)(X) + -+ + SN—l(f)(X)_

()0 = ¥

Since §(f) = f = D,,, we find that

on(F)(X) = (f + Fn)(X),

where Ry(X) is the N" Fe jer kernel given by

Do(X) +--- + DN—l(X).

Fn(X) = N

Example 2.24 (Fejer Kernel) Partial sum of Fourier series @ periodic function f
IS;

n
Sn(f;X) = % + Z(ak coskx + by sinkx)
k=1

in the expression

2
I

1 T
ZIﬂf(t)cosktdt, k=0,1,2,---

o
=~
Il

1 T
27TL (t) sinktdt, 0,1,2,

11



If Fourier cogficients are used,

sinn+ 3)(t - X)

— dt, n=0,12,---
2sins*

sn<f;x):}rff(t>

obtained. Fejer took arithmetic mean of these was the partial surp($; x) = 25l (fin)

n

This average;

T inNt+ _ 2
an(f;x):%f f(t){w} dt (2.12)

sini(t—x)

is equal to this integral which is called Fejer integral;

1 [sinft]?
Fa) = — | —
o0 2nﬂ[sin%t]

Fn(t) function is called Fejer kernel. Fejer kernel is a non-negative and even function.

Example 2.25 (Singular Integral of Gauss-Weierstrass) Heat equation for the entire

real axis is;
ou_
ot oxe
and to be a given function f;
u(x,0) = f(x)

a function that satisfies the initial condition,

1 i _ex?
u(x,t) = Vit Iﬂ f(0)e ds

is of the form. Here 12 vt = A, u(x, t) = u,(X) is written,

Uy(X) = A f f()eEdz,  A>0 (2.13)
Vit J-eo
is obtained as an integral. This integral is called the Gauss-Weierstrass integral and,

A
Wi(X) = — R

2.14
N (2.14)

12



function is called the Gauss-Weierstrass kernel.The kevy(e) is a non-negative and
even function.

Comparing L,(D) spaces wherD is finite interval

The properties ol ,(D) can change connected with the interfais finite of infinite.
Leta < b are finite numbers and = (a, b).

In this case, if we use &lder inequality ing(x) = 1,

fD|f(x)|dx < (fablf(x)lpdx)%) .(fabdx)é

1fllL,0)-(b — @)

is found. So we can write;

1
1l @p < Il @ (b —a)s.

If right hand side of this inequality is finite (i.€.€L,(a, b)), then left hand side is also
finite (i.e. feLy(a b)). This shows for alp > 1;

Lp(a,b) c Li(a. b) (2.15)

Namely;

(fablf(x)ﬁ’dx)% < (ess):[lzﬁ;|f(x)|).(fabdx)é

(b- a)%-”f”Lw(a,b)

from the inequality for allp > 1, we see;

L.(a.b) ¢ Ly(a.b) (2.16)

13



Finally we get from (21.5) and (216). ;
Lo(a,b) © Ly(a b) ¢ Li(a b) (2.17)

The equation (28) shows that whena(b) is a finite interval; the largest space is
Li(a, b) and the smallest spacelis (a, b) in L,(a, b) spaces.

Now, let assumep; > p, > 1. In this case suppose th%t > 1 andp = % we get
1_ P 1_q1_PR_ PP

p = andg=1-5=55"

Let assumepel p,(a, b).

If we use Hblder inequality;

1F0I1 = le(™, g(x) =1

p= B and 1 1P
P2 q P1
b . PL " P1-P
f OOPdx < ( f |<,o(x)|f’2pzdx) (b-a)"
a a

b % P1—-P2
_ ( [ |<,o(x)|PldX) (b-a)

is found and then we see;

1

b 5 orpr [ P o
( [ |90(X)|p2dx) s(b—a)wz( [ IsD(X)IpldX)

Namely if;

PL=p221
P1-P2
el @b < @l @b)-(b— @) PP

with another term if;

p1>p2>1
Lpiab) € Lps(ab)

14



This shows that if § b) is afinite interval, therlLy(a, b) spaces extend with p’ s be

reduced from the equation.gB). As;

Lo(a,b) c Lp(a,b) cLp(ab) cLi(@ab),  pi>p (2.18)

Comparing L,(D) spaces wherD = (—co, o)

We researched that there is the relatiorl§ with L(D) spaces in finite interval
D(a, b). Namely,L,(D) space contains all propertieslgf(D), 1 < p < co. But unfor-
tunately, there is not any relation as if18), whenD is an infinite interval. This shows
the properties ok ,(D) spaces can be change with respegt to infinite intervals. For
example it is obvious that, for the functida(x) = 1 is member oL, (—o0, 00), but it

is not the member df p(—co, ), Lu(a, 00) or L(—00, b). That is to say;

Loo(—oo, oo) ¢ Lp(—oo, Oo)

Also for @ > 0 is a number;

O<x<ea, —;

f2(X)= xp+l
otherwise 0.

f2(X) is member ofL,(—oo, o), but the neighborhood of(x) at x = 0 is infinite and

increasing, sd, ¢ L. (—o0, ), namely;

Lp(—oo, 00) ¢ Loo(—00, 00).

Let find some examples for the other caseg; if- p,, take f3(X) as;

O<x<a,, -—
fa(X)= i

otherwise 0.

15



In this caseg—j <1, so:

1

@ 1 P2
AT f x| <o
0 |X|P

Namely, fzeLp, (-0, 00). Besides;

1
@ q P
||f3||Lpl(_m,m>:( | —dx) =
o X

and f3 ¢ Ly, (—o0, c0). This shows that, whep; > py;

Lp,(—00,00) ¢ Lp,(—c0, o)
Also , again takef4(x), if @ > 0 andp; > p,,

a < X< oo, %;
fa(X)= ¥
otherwise 0.

We know > 1, so:
P2

1
00 1 L
fally ooy = f (—pl) < oo
a X P2

Namely f4eLp, (—o0, 00), but;

([Cranveft ([

inequality shows that;

fa & Lp,(—00, ).

Because op; > py;

Lp, (=00, 00) ¢ Ly (=00, )

This examples shows that; there is not a relatioi j(-co, o0) spaces like equation

(2.18). Similar examples are valid far,(e, o) andL (-0, b) spaces.

16



Characteristic Points of fel;

Definition 2.26 (D- Point). A point xR is called a D- point of the function f if

lim % f X+h[f(t) — f(x)]dt= 0. (2.19)

D-points stand for dferentiability; for the D-points of an integrable function f are

precisely those points at which the indefinite integral of f jfedentiable to the value

£(X).

Proof. If we substituteh = —h in the equation (29),

lim % f " f(Odt = f(x). (2.20)

Then sum equations () and (220)

x+h

1
imon | 1O - fooldt=0 (2.21)

(2.21) is valid (a. e). Namely, if (29) is exists, then (20) and (221) exist.
We can write (219) and (220) as;

m% foh[f(x+ t) - f(x)]dx = 0. (2.22)

”ﬂ%% foh[f(x— t) — f(x)]dx = 0. (2.23)

and sum the equations.22) and (23);

h
m%fo [f(x+1) - f(x—1t) — 2f(x)]dx = O. (2.24)

Namely, if x is d- point of functionf, at this point (22), (223) and (224) are valid.

mi
(Bary, 1964)
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Definition 2.27 (Lebesgue Point). A poiniR is called a Lebesgue point of the func-

tion f if

h—0

. 1 x+h
lim Flfx [f(t) — f(x)|dt=0.

(Bary, 1964)
Evidently, any Lebesgue point of f is a D-point of f but not conversely, and any point
of continuity of an integrable function f is a Lebesgue point. Indeed; (€} he the

set of all Lebesgue points otlf; and ) be the set of all points of all D-points of

X+h
‘%f 1£(t) - F(9ldt

The inequality shows that every Lebesgue point is also D-point. Thus,

felL;. Then
1 X+h

< —f [f(t) — f(x)|dt.
h Jx

L(f) c D(f)

Now, its clear that any point, wherg(X) is continuous, is a Lebesgue point; in fact,
if there exists any > 0 and the function ) is continuous at the point x, it can be

found ad > 0 such that
If(t)- f(X)| <e for lh| <6

and then

1 Xx+h
Ef 1F(t) — f([dt < &,

or, we can write

) 1 X+h
m)ﬁfx 1f(t) — f(X)dt = 0.

This shows that any continuity point of the functia_{ is also a Lebesgue point. Let

C(f) be the set of continuity points otlf;. Then we can write
C(f) c L(f) c D(f).

(Bary, 1964)
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2.2 Some Density Theorems

Definition 2.28 (Chebyshev Systems)[aChb] denotes the space of continuous func-
tions on[a, b] and C = C*[-nx, n], the space 027 — periodic and continuous functions
on the line. Both of these spaces are equipped with the supremum norm over the ap-

propriate interval. For example, foreC[a, b]

Ifll = sup|f(x)|

a<x<b

We will use the notatiofh||;a1 to indicate that the supremum is taken oferb] when-

ever it is necessary to make it clear which interval the norm is taken over.

A set of functions guy,---u, € C[a,b] is called a Chebyshev system [mb] if
each function aspar(ug, Uy, - - - Uy) has at most n zeros unless it is identically zero on
[a, b]. For the periodic case,dJus,---u, € C* and any éspar(up, U, - - - Uy) has at
most n zeros unless it is identically zero [efrr, 7], unless it is identically zero. The
space y = spar(ug, Uy, - - - Uy) is called a Chebyshev space,, fhe space of algebraic
polynomials of degreg n is a Chebyshev space for afe; b] and T, the space of

trigonometric polynomials of degreen is a Chebyshev subspace 6f C

A Chebyshev space ¢a, b] can also be characterized by the following interpolation

property.

Some Properties of Chebyshev System
If a < X < X <--- <X < band §)l, are real numbers then there is a unique

uesp(ug, Uy, - - - Uy) such that

ux)=yi i=01---,n

If U, is a Chebyshev subspaceif, b] with each non-zeroeU,, havingn continuous

derivatives ong, b] and at mosh zeros on §, b] counting multiplicity then we say,
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is an extended Chebyshev space. If for elaehQ, - - - , n, spar(ug, Uy, - - - Uy) iS an ex-
tended Chebyshev system, then we Hays an extended complete Chebyshev space.

For an extended complete Chebyshev space there is a canonicaldasis: - u, de-

scribed by
W = Wo®)
b
L = W) f wa(x)dx
b X1 Xn-1
W = W) f Wa(x) f woa) - [ Walx)---dx

where eachw; is a continuous strictly positive function oa, p], w:eC"'[a, b].
Let feC[a, b](C*) andU, be a Chebyshev subspaceQif, b](C*). A functionu*eU,
if

If —ufl = inf [If —ul
u*eUp

The following theorem of Chebyshev gives the existence, uniqueness and charac-

terization ofu*.

Theorem 2.29 Let feC[a, b](C*[-n, n1]) and w, uy, - - - U, be a Chebyshev system on
[a b]([—-r, x]). Then the best approximationri to f exists and is unique. If u is any
function in suo, Uy, - - - Uy) then u is the best approximation to f if and only if there

exist points
A< X <X < < Xp1 SB(—T < Xg < Xg < -0+ < Xpy1 < 7T)

such that - u alternately takes on the valuegf —u|| at the points i =0,--- ,n+1.

Theorem 2.30 (D. F. Egorov). Let a sequence of measurable and almost everywhere

finite functions

f1(x), f2(X), fa(X), - - -

be defined and finite almost everywhere on a measurable set E. Supposg>that f

converges almost everywhere to the measurable functignwhich is finite almost
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everywhere:

lim f,(x) = f(X) (2.25)
n—oo
Then, for every > 0, there exist a measurable sef E E such that:
1. mE > mE-¢;

2. The limit(2.25) is uniform on the set E

Proof. We know fromLebesgue Theorem

MR(c) -0, as n—- (2.26)
asn — oo for all o > 0, where

Ri@) = Y Elfc= 11 o)

k=n

With this in mind we consider a convergent series of positive terms

m+n2+nz+--- (> 0)
and a sequence of positive numbers tending to zero:

o1>0>03>---, limo;=0.

In view of (226), we can find for every natural numbieanother natural numbet

such that

qui(O'i) < 7.

Having done this, we select ansuch that

i’]i<5

i=ig
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(6 is the number appearing in the statement of the theorem), and we set

e= > Ry(c).
i=io
It is obvious that
me< ¢.
Let
E(; = E — e

we now show thaE; is the required set. The inequality

mE; > mE-¢6

is clear, so we need only verify that the limit

fa(X) — f(X)

is uniform on the seE;.

Choose an arbitrary > 0. We find an such that

i >0, oi<eg,

and show that fok > n; and for allxeE;,

1f(¥) — (X <&,

If xeEs, thenx ¢ e. This implies in particular that

Xé Rni(o-i)-
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In other words,

x ¢ E(|fc — f| > o),

for k > n;, so that

(¥ - () <o k=n,

and hence,

1f(X)— f(X)| <& k=>n.

the theorem is proved, becaugalepends only og and not ornx. O

Theorem 2.31 (M. FRECHET). For every measurable functiofxf which is defined
on[a, b] and is finite almost everywhere, there exists a sequence of polynomials con-

verging to f(x) almost everywhere.

Proof. Let ¢,(X) be a sequence of continuous functions converging almost everywhere

to f(x). If P,(X) is a polynomial such that

PaX) = 9n9] < =

for all xe[a, b], the sequenc®,(x) converges td (x) at every pointx for which

en(X) = (X),

This proves the theorenm

Theorem 2.32 (N. N. Luzin). Let {x) be a measurable function defined pmb]
which is finite almost everywhere. For eveéry O, there exists a continuous function
¢(X) such that

ME(f # ¢) < 6.

If |f(x)| < K, then

le(X)I < K
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also.

Proof. Let

¢1(X), p2(X), @3(X), ...
be a sequence of continuous functions having the property describedeahets
Theorem UsingEgorovs Theoremwe can find a seE; such that

5
m b-a- -,
Es > >

and such that

en(X) = ()

uniformly with respect tox on the setE;. A basic theorem of analysis states that
the functionf(x) is continuous on the s&; (It does not follow that the functiof(x),
considered ond, b], is continuous at every point of the d&f). We find a closed subset
F of the setE; such that

mF>mE6—g.

If the function f(X) is considered only the sé&t, it is obviously continuous on this set.
We produce a continuous functiqiix), defined on 4, b] and coinciding withf(x) on
the setF. Thus

E(f #¢) c[ab] - F

and the measure of this setdss, so thaty(x) is a function meeting all requirements
of the present theorem. [If (X)| < K, this inequality is valid also fox in F, and then,
we have

le(X)I < K.

This completes the proofi

Theorem 2.33 (WEIERSTRASS). Lef(X) be a continuous function defined on the
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closed intervala, b]. For everye > 0, there exist a polynomial ®) such that
1) - P9I <&

for all xe[a, b]

Proof. If [a,b] = [0, 1], the theorem follows directly from Bernstein’ s theorem.

Suppose thatg, b] # [0, 1]. Consider the following function of the argument
fla+y(b-a)].

This function is defined and continuous on the segmeri][OWe can find a polyno-

mial ¢(y) such that for allye[O, 1],

[fla+y(b-a)] -yl <e

If xe[a, b], then = €[0, 1] and hence

The polynomialP(x) = ¢ (%2) therefore satisfies our requirements.

Definition 2.34 Any function of the form
n
T(X) = A+ Z(ak coskx + by Sinkx)
k=1

is called a trigonometric polynomial of thé™order. If by = ... = b, = 0, the

trigonometric polynomial {X) is said to be even.

Lemma2.35 1. The functiorcoskx can be written as an even trigopnometric poly-

nomial.

2. If T(x) is a trigonometric polynomial, then (X) sinx is also a trigonometric

polynomial.
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3. If T(x) is a trigonometric polynomial, then (X + a) also is a trigonometric

polynomial.

Lemma 2.36 If the function {x) is defined and continuous on the closed interval
[0, 7], then for every > 0, there exists an even trigonometric polynomigk)lsuch
that

) -T(X) <&

for all xe[O, n].

Proof. Consider the function

f(arccog).

This function is defined and continuous on the segmemff1]. Therefore, we can

produce a polynomiaf;_, ay* such that for allye[-1, +1],

n
f(arccosy) — Z ay| < e
k=0
Now let xe[0, 7]. Then coxe[-1, +1] and, hence,
< E&.

f(x) - i a, COS X
k=0

It remains to note that in view of Lemma (4.22), the functjdh, a co< x is an even

trigonometric polynomialo

Corollary 2.37 If the even function () is defined for all x, has perio@r, and is
continuous everywhere, then for every 0, we can find a trigonometric polynomial
such that

) -T(X) <&

for all real x.
In fact, on the segmend, x|, this inequality can be satisfied by an even trigonomet-

ric polynomial T(x) so that the inequality is automatically satisfied fef-xr, 0], and,
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then, since the gierence {x) — T(X) has period2r, the inequality is satisfied every-

where.

Theorem 2.38 (WEIERSTRASS). LefxX) be a continuous periodic function on period

2r. For everye > 0, there exist o trigonometric polynomialX) such that
) -T(XI <&

for all x.

Proof. By the corollary to Lemma (2.36), for the even functions
f(X)+ f(=x), [f(X)— f(—=x)]sinx
there exist trigonometric polynomialg (x) andT,(x) such that
f(X) + f(=x) = Ti(X) +a(x), [f(X) - f(=x)]sinx = T(X) + ax(x),

where

E E
lay (X)| < > lax(¥)] < >

Multiplying the first of these equalities by Sir and the second by siq the adding

them and dividing by 2, we obtain

f9siPx=Ta09+509 (18091 <3).

whereT3(X) is again some trigonometric polynomial. Here, the functigr) is an
arbitrary continuous periodic function. Therefore, a similar equality is true of the

function f(x - %):

f (x— g)sinz X = Ta(¥) +y(X) (ly(x)l < g)
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Replacingx by x + Z, we obtain
£(%) co2(X) = Ts(X) + 5(X) (|5(x)| < g)

hence

f(X) = Ts(x) + Ts(x) + B(X) + 6(x),

I. e., the polynomiall3(x) + Ts(X) satisfies all of our requirements.

Lemma 2.39 For every x;

n
Dldxa-rr=1 (2.27)
k=0

Here ¢ is the binomial coef ficienfﬂ(:—ik! In fact, setting a= x and b= 1- xin

Newton’ s binomial formula,
n
(a+b)" = Z ckakp* (2.28)
k=0

we obtain formula (2.28).

Lemma 2.40 For all real x,

n
Z Sk — nX)?xX(1 - )"k < n
k=0 4

Proof. Differentiate the identity with respect1p

n
DdZ=1+2 (2.29)
k=0
then multiply the result by:
n
> ke = nA1+ ™ (2.30)
k=0
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Differentiating (2.30) and multiplying the result bywe obtain
n
D K2 = nA1+n2)(1+2)"? (2.31)
k=0

Set

in (2.29), (2.30), (2.31), and multiply the identities thus obtained by §". This

gives us
n
Dldx@-xrt=1 (2.32)
k=0
n
D ke (L - X" = nx (2.33)
k=0
and
n
DKL = )™ = nxX(L - X+ nX) (2.34)

k=0
Multiply (2.32) by n?x?, (2.33) by—2nx, (2.34) by 1 and add together the resulting

equalities. We obtain
n
Z(k — NX)%CX(1 - X" = nx(1 - X)

k=0

To prove the lemma, it is skicient to note that for all reat,

1
1-x)<-=
X(1-X) < 2
Because let
f(X) = x(1-x)
then
f'(x)=1-2x
and root
= 1
2
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1 - - -
So3 is maximum point off (x).
Finally we can see

1
1-x)<-.
X( x)_4

Definition 2.41 Let f(x) be a finite function defined on the closed intejdgll]. The

polynomial
n

Ba(¥) = ) f (E) XKL — X)X (2.35)

k=0

is called the Bernstein polynomial of degree n for the functi@x). f

Theorem 2.42 (S. N. BERNSTEIN) If the functior{x) is continuous on the segment
[0, 1], then
Bn(X) — f(X) (2.36)

uniformly y with respect to x, as+# .

Proof. Let

M = max|f(X)|.

Let e be any number 0. Sincef is continuous on the bounded closed intervall[Q
there exist & > O such that

1F(X) = F(X)] < &,

wheneverx' — X| < 6. Now select an arbitrarye[0, 1].

It follows from (2.35) that

n

09 = > FO)ekx (L - ™,

k=0
f ('ﬁ() — f(X)

and therefore

n

[Ba(X) — F(I <

k=0

ckxk(1 — x)" X (2.37)
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Divide all the number& = 0,1, 2, ...., n into two categorief\ and B according to the

rules
. |k
keA if ’ﬁ -X <6 (2.38)
keB if ‘E -X >0 (2.39)
If keA, then
k
and on the basis of Lemma (2.39),
n
S| (E) (| XL <8 ) (A < 2 D (10T = & (2.40)
A A k=0
If keB, then
(k - nx)?
e = L
and, by Lemma (2.40),
Z f (E) — ()| XL - )" < 1122_'\;2 Z(k — X)X - x)" (2.41)
B B
2M ¢ «_ M
< 55 ) k- nX)2ckx(1 — x)"* < P~ (2.42)
k=0

Assembling (2.40) and , (2.42) we find that for {0, 1],

M
IBr(X) — f(X)| < e+ 5

Consequently, if

we have

Bn(x) — f(X)I < 2¢,
and this completes the proat.
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The Approximation Problem

We mentioned that one of the fundamental problems of analysis is to approximate a
given function fin some sense or other by functions having certain properties, and gen-
erally, by functions which have better properties than f. Suppose that a given function
f can be shown that the limit of set of functiopg(x) at the point which has good

properties aky,. Namely,

lIm ¢n(X%0) = (xo)

be as described above. In this case the serieg(aj approximates or converges to f.
The second fundamental problem of the approaching theorem is finding the rate of

approach to the problem.

lim ¢n(X%0) = f(xo)

while n — oo, the seriesd;,) = (f(X) — ¢n(X0)) is infinite decreasing. If we find the

seriess, whenn — oo, 8, — 0 anda, = 0(3,). In this case;

f(Xo0) — ¢n(X0) = 0(Bn)

and this formula shows that tHéx,) — ¢n(Xo) is approaches to zero more rapidly than

Bn, whenn — co.

Definition 2.43 A norm,
lim [1£,(9 = f(¥)llx = 0

im () = T(X)llx

n—oo an

=K

the rate of(f,) to f isa,. Also if;

Ifa(X) = f(X)lIx = oan)

we say the rate of convergence g% f is more rapidly thany,. Finding the speed of

convergencer, to zero determines the speed of convergence tf f. It is enough to

32



compare the sequeneg with another zero sequence. Because providing the equality
of an, = 0(By) is the proof ofr, goes to zero more rapidly thagy.
2.3 Modulus of Continuity and Some Properties

Definition 2.44 (Modulus of Continuity) For X, the modulus of continuity is de-
fined fors > 0 by
w(Xor; T;0) = sup|[f(o+ h) — f(0)lIx,,-

|h|<é

In connection with even kernels we shall need the following generalization.

(Butzer, 1971)

Definition 2.45 For feX,, the generalized modulus of continuity is definedsfer O

by
w*(Xyr; £50) = sup||f(o+ h) — f(o—h) — 2f(0)|lx,,

Ihi<é

(Butzer, 1971)
Lemma 2.46 w(f; §) is a monotonically increasing function.

Proof. Let0< 61 < &5

{If(x)— f(t):a<xt<b, |[x—t<d}cC

{f(x) - () :a<xt<b, [xX—t <6}

So we say

w(f;01) =sup|f(x)— f()|:asxt<b, [x-t<d)}<

suplf(x) — f()l:a<xt<b, [xX—t <) =w(f;d)
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Lemma 2.47 If f is continuous orja, b], thenlims_o w(f;8) =0

Proof. If f is continuous ond, b] thenVe > 0 3x, ye[a, b] such thaif(x) — f(y)| < &
wheneverx —y| < 6. In cases — 0, thenx — y. So|f(X) — f(y)| < & Therefore

lims_ow(f;0) =0.0

Lemma 2.48 f is uniformly continuouss lim;_o w(f;0) = 0.

Proof. (=): is obviously from lemma (2.48).
(&): Ye > 03dn such thaty < 5 w(f;06) < . Thereforef is a uniformly continuous

function.o

Lemma 2.49 f is continuous orja, b] and there is a number n+ 1 and meR such
that

w(f; ms) < mw(f;9)

Proof. The definition of modulus of continuity is;

w(f;0) = sup actxenl F (1) — F(X)I.

t—x|<&

Lett = x+ hin the equation then we get;

w(f;0) = ?upagx,xmsb”(x +h) — £(X)|
[hj<o

We know from Telescoping Series;
m-1

[F(t+mby = F@1 = | Y F(t+ (k+ Dh) = f(t+kh)

k=0
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So;

w(f;me) = SUp emsl F(t+U) — F(1)]
a<t,t+u<b
= sup sl fF(t+ mu) — f(t)|
astt+mu<b
m-1
< sup MS&Zf(t+(k+1)h)—f(t+ku)
a<tt+mu<b k=0
< mw(f;d)

Lemma 2.50 If f is continuous orja, b] andv¥A > 0 and 2R such that

w(f;20) < (1 + L)w(f;0)

Proof. We know the modules of continuity is a monotonically increasing function from

Lemma (2.46). Son < 2 < m+ 1 andmeR. In this case

w(f; 26)

IA

w(f; (m+ 1)5)

IA

(m+ Dw(f;0)

IA

(1 + Do(f;8)

Lemma 2.51 If f is continuous orja, b], then

1£() — £ < w(f; 1t - X))
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Proof. Let,

w(f;lt—X) = SUtpb t—x<it—x| T (1) = F(X)|
= sup |f(t) - f(X)
a<xt<b
> |f(t) - f(X)I.

Lemma 2.52 If f is continuous orja, b] andé > 0, then

It—X

|f(t)—f(x)|s(1+ )w(f;a)

Proof. From Lemma (2.51);

() - £ < (f; 't_éxlcs) < (1+ |t:5X|)a)(f;6)

Lemma 2.53 If f is continuous orja, b] and0 < §; < §, then,

w(f:6) _ 20(F;61)
5, o

Proof. We can easily write,

W(f:6;) = w(f;al@) < (1+ @)w(f;al) < 2%2,(t: 57)
01 01 01

Lemma 2.54 If f is continuous orja, b] andé; < 6, then,

w(f:6;) _ 20(F;61)
5, o
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Proof.

w(f;82) = w(f;élé) < (1+ @) (f;01) < Z@W(f;él)
81 81 81

Theorem 2.55 (T. Popoviciu). If {x) is continuous ana(f; §) the modulus of conti-

nuity of f(x), then

5 (1
I1f(X) = Ba(X)| < 21w(f, \—Fn) (2.43)

Proof. For arbitraryx;, X, in [0, 1] and & > 0 we denote byl = A(xy, Xo; 6) the integer
[IX1, X2|671]; the differencef (x,) — f(x,) is then a sum oft + 1 differences off (x) on

intervals of length 6. Therefore

(%) — F(%)] < (A + Do(F;0), (2.44)
and it follows that
1) - Bl < > f(x)—f(lﬁ() ck(x)
k=0
< w(f;6)2{1+/1(x,l—(;5)}cﬁ:w(f;é){1+z/l(x,i—<;5)cﬁ}
k=0 n A>1 n
.{_1 kk} .{_z”kzk
< w(f;0)31+6 Y x= —lckb <w(f;0)1+6 (—— )cn
A>1 n k=0 n
< w(f;0){1+ (4n6%)™),

Then we obtain (2.43) by choosiag= nz.

The smallest value of the constattfor which
1£(X) — Ba(X)| < Kaw(f;n2) (2.45)

is true for each functiorf and eacn, is not known; in any case we ha¥e < 5/4.

Moreover,K > 1, as is seen from the following example. lbgt= o(n‘%) and suppose
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that f,(x) is the function which is equal to zeroxat ,0< Xg < 1, equalto 1 in [Oxg—
on] and [Xo + 6, 1] and linear in the rest of [A]. For largen, we havew(f; n‘%) =1

for the functionf,; also,

|F(%) = Bo(0) = Ba(%0) = > Ch(%) =L—en, & — O,
K —xo[>6n
Therefore (2.45) can not be truelf < 1.
The functionw(f; 6) cannot therefore be replaced in (2.45) by any other function de-
creasing to zero more rapidly. This may be shown also by the exampleeosingle
continuous function. The functiof(x) = |x — X[ with fixed 0< X <1 ,0<a <1,

belongs to the cladsipa. We havew(f; ) = 62 andé = nz,

n a

106~ B0l = Balx) = D[ ~ x| chx)
k=0
> N cix) = Kn

| —o[znt/2

for a certain constarK > 0. O

2.4 Modulus of Continuity and Some Characteristic Points on L,

Definition 2.56 (Modulus of Continuity on{). Let f is a function on L, the modulus

of continuity of f on k[a, b] is defined by,

(o0

w(f;8) =sup [ [f(x+1) - F(X)Idx (2.46)

[t]<6 J -0

We can see the functian , is non-negative, and monotonically increasing function.

Theorem 2.57 If felLq, then
Lirr(m)le(f; 6)=0 (2.47)
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Proof. If |t| < 6 then we take the equation.4B).

If feL,[a, b] then, for alle > O there exist such that,

f; £ (x)[dx < Z, f: £ (x)[dx < Z (2.48)

in addition for allé > 0 from the equation (28)

—a—0 e ) e
[f(X)dx < =, f [f(X)dXx < =
\[m ( ) 4 a+o ( ) 4

So, in casét| < §,as-6 <t <4,

f |f(x+t)|dx:f |f(x)|dx<f |f(x)|dx§1 (2.49)
at+o a+o+t a
Becausej +t > 0anda+ 6 +t > a. Similarly,t -6 <0and-a-6 +1t < a, then
—a—0 —a—0+t —a &
f |f(x+t)|dx:f |f(x)|dx<f |f(x)|de (2.50)

inequalities found. We know + § > aand-a— § < —a, and so, from the equations

(2.48), (249), and (250)

sup{f_a_6|f(x+t) — f(X)ldx+ foo [f(x+1t) - f(x)|dx} <e (2.51)

[t|<o 00

is found.

Then,

a+o

supfoo [f(x+1) — f(X)|dx < sup If(x+1t) - f(X)dx+ e (2.52)

[t]<é [t)<s J-a-6

can be written.Luzin Theorensays that, iffeLi(a, b), for all £ > 0 there exists a

continuous functiop(x) such that,

If = @llLy@n < &
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From this theorem, let find a continuous functigron the interval fa — 26, a + 26]

and, write the inequality,

a+20
| 1160 - eopx<e
~a-25

a—

In this case,

A

fa+6|f(x+t)— f(dx < fa+6|f(x+t)—go(x+t)|dx

a-¢ ~0

+

[ o0+ 1) - (I

=4

+

[ () — F(ldx

—0

and

a+o a+20
sup [f(X+1t) —p(X+D)dx < f [T (X) — p(X)|dx

<
[tI<é J-a-6 a-26
< &
a+o a+20
[ 00 eiax < [ 1109 - el
-a—6 -a-2
< &
inequalities can written, then,
a+o a+o
sup [f(x+t) - f(X)|dXx < 2e + sup lp(X + t) — p(X)|dx
[t)<6 J-a-¢ [t}<6 J-a—6

is found.

(2.53)

Moreover, we knowp is a continuous function, so we can choosg when|t| < 4,

[P0+ = ¢ < 5

is satisfied. And when < 61,

a+o

sup lp(X+1) —p(X)|dx < &
[tI<6 J-a-¢
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if this inequality used in the equation.&3),

a+o
sup 1F(x+1t) — F(X)dx < 3¢

tt<s J-a-o

If we use this inequality in the equation.§2), then the theorem is proved.

Theorem 2.58 Let meN, then
wy, (f; md) < mw (f;0)

Proof. From the definition of the modulus of continuity in equatio@)

00

wy, (f; mo) = sup [f(x+t)— f(X)|dx

[tI<mé J -0

In this equation sup is on the intervalrfs, md].

If taket = my, then we see,

sup [f(x+my) — f(X)dx

le(le) =

V<6 J —co

= sup [f(x+my — f(x+(M=21)y) + f(Xx+(m-21)y) — f(x+(Mm-=2)y)
lyl<6 J—c0
+--+ f(X+y) - f(X)|dx
That is,
wy, (f; md) < sup ) Z [f(x+Kky)— f(x+ (k= 21)y)dx
V<6 J—c0 17

a Telescoping Series. In this equation substittdk — 1)y = zand then again change
zwith x, x andy with t.

Therefore;

sup mzm: [f(x+1)— f(X)|dx

[tI<6 J -0 k=1
mw, (;0)

le(f; m§)

IA
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theorem is provedx

Corollary 2.59 LetA > 0be any real number

wi,(F;26) < (1 + Doy, (:6).

Proof. Let denote the integer af with [|4]]. In this caseq < [|1]] + 1 is obvious. And

wy, (f;8) is monotonically increasing function. So;

w, (5 26) < wi, (f5 ([141] + 1)0)

[I11]] + 1 is an integer, so we can use the theorerB§Rand finally if use the property

[l < 4;

IA

wy, (f; 26) wi, (5 ([1A1] + 1)0)

IA

(1] + Dewr,(f;6)

IA

(A + Dwy,(F;0)

is found and proof is completex
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CHAPTER 3
CONVERGENCE OF LINEAR CONVOLUTION TYPE
SINGULAR INTEGRAL OPERATORS

3.1 Convergence on L. Norm

One of the fundamental problems of analysis is to approximate a given furfctron
some sense or other by functions having certain properties, and generally, by functions
which have ’better’ properties thahn It is to be expected that the better behaved func-
tions are to be constructed from the giveby some smoothing operation dritself.
Problems of approximation theory can be solved on the class of integrable functions.
In this case we can not always find the valud dﬁ) by the Bernstein polynomials. Be-
cause Lebesgue integrable function is defined on a set which except the measure zero.
So, we should take as an integral the series which converges to a function. We con-
clude that Bernstein polynomials study Gfa, b], but a function cannot be continuous
every time, in this case we can use the Lebesgue integral.

Now denote the family of integral operatdks converge to the functioh on the space

L1[a, b] of norm.

Theorem 3.1 Let take the family of integral operators, Avhich transforms on the

space (-0, ), and K;(x — t) is defined as in definition (1. 20);
A(f;x) = f f()K(x - t)dt, —00 < X < 00 (3.1)

In this case,

lim [IA(f; ) — f(X)ll. =0
A—Ao
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Proof. Obviously,

ALFi ) - F()] < f (x4 1) — FIK, ()t

andK,(t) is an even function, so;

AF %) — T < f (O ) = 001+ 1F(x= 1) — FODK. (et

If take the integral of both sides;

AT X) = F(X)lL

IA

f‘X’ (foo(|f(x+t) -+ |f(x-1) - f(X)|)K,1(t)dt)dX
—00 0

fw(foo|f(x+t)— f(x)|dx+foo|f(x—t)— f(x)|dx) K, (H)dt
0 —00 —c0

and then for any > 0;

AT X) = f(X) < f;(ﬁwﬁ(xﬂ)— f(x)|dx+[oo|f(x—t)— f(x)|dx) K, (t)dt

" fa (Lx,lf(xﬁ)_ f(X)|°'X+[w”(x—t)— f(x)ldx) K, (t)dt

inequality is found.

Now clearly;

IA

Imlf(Xit)— f(x)|dx Imlf(Xit)IdX+Iw|f(X)|dXS 2/l

sup [f(xxt)— f(X)|dx

[t]<6 J -0

(-ULl(f; (5)

According to these equations;

AT %) — F(X)Il2

IA

Zle(f;(S)fKA(t)dt+4||f||1fw K,(dt<  (3.2)
0 5

IA

20, (:6) + 411l [ KOt (3.3)
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From the property of kernd{,(t), for any¢é > 0O;

lim f K,(H)dt = 0.
oJs

A=A

And from the property of modulus of continuity;
lsl_rQ)le(f;(S) =0.
Firstly take the limit whem — Ay, and then také — 0
lim [[A(F; %) = f(X)ll. = 0
A—Ag

So the theorem is proved.

Theorem 3.2 The family of integral operators Bransforms o2r— periodic functions
on Ly(—x, ) as;

B.(f: X) = f " DK (x — )t (3.4)

Assume in the equatidB.4), K,(t) is the family of periodic kernels ancklf; (-, 7).
In this case

lim [IB2(f;¥) — f(X)ll. =0
A—Ap

Proof. Obviously;

Ba(f:%) - F()] < f|f(x+t) — K, (D)t

and,

IBA(f; X) = f(X)Il1 < [ﬂ(fﬂlf(x+t) — f(xX)1dx]| K, (t)dt

We know modulus of continuity oh; (-, );

wy,(f;0) =sup ﬂlf(x+t) — f(X)|dx

[tI<é6 J-n
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So we can say;

fnlf(x+ t) — f()IdX < wi, (;]t])

In this case;

IBA(F;%) — F(lh < f "o (f: K@t

If we take a sequence 6f from the property of the lemma &4);

wL(f 1) = wi, (f; ﬂaﬂ) < (ﬂ + 1) wL(f:6)
03 03

is can be written. So;

||Bﬂ(f;x)—f(x)ulsmf;aﬂ)( M mat+ [ ' Kﬂ(t)dt)

- U2 n

= le(f;(S/l) (% f:ﬂ |t|K,1(t)dt+ 1)

Now if take the functiorg(t) = |t|, g(t + 271) = g(t), we seeyeL,(—n, x) and;
B.0.0)= [ 1Kot

From the functiorg is continuous ak, = 0, then
lim B,(9.0)=9(0) = 0.

So;
lim f ItIK ,(t)dt = O.
A—g -

Now if take the sequencg,

from the equation (3);

IB(f; %) — F(X)l1 < 2wy,(f;062)
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asd — Agthen,5, — 0. Sow,(f;d,) — 0 (from lemma (247)).

Thus the theorem is complets.

Corollary 3.3 If feL,(—n, ) then the Fejer Integral is defined by;

7T Nt — 2
an(f;x):z—;ﬂ f (1) lwl dt (3.6)

x sini(t—x)

From the equatior3.6), we say;
lim flora(f; %) = £(x)ll2 = .

Corollary 3.4 If feL,(—n, ) then the Poisson Integral is defined by;

1-r2
P.(f;%) = 27rf1 sroost 2 Mdt O<r<1 (3.7)

From the equatior§3.7), we say;
lim [P (3 %) = f(X)ll = 0.

Corollary 3.5 For feX(R) the singular integral of Gauss-Weierstrass exists for all

xeR and t> 0 and defines a function in(R) N C satisfying
IW(F; 0; Dlix@ < Ifllx@ (t>0) (3.8)

|ti_|’)r(l) IW(f; 0; 1) — f(o)lIx@ = 0. (3.9)

The periodic kernel of Weierstrass and the nonperiodic kernel of Gauss-Weierstrass

are also related. Indeed

Z et coskx = \/? Z N (F ) (3.10)
k=—c0 k=—co

Let us mention another important aspect of the singular integral of Gauss-Weierstrass.

a7



W(f; x;t1)eC*™ for every eX(R) and t > 0. Thus, in view 0{3.9), the set of func-
tions {W(f; x; t)} forms a well-behaved, dense subset (R)X Moreover, as is easily
checked, the integrgP.26) is a solution of the initial value problem of the heat equa-

tion for an infinite rod, namely of

u(x,t)  du(xt)
o ox
lti—r>rcl) llu(o, t) = f(o)lIxw) 0,

(XeR,t > 0),

feX(R) being the prescribed initial temperature distribution.

3.2 Convergence on k. Norm

Theorem 3.6 Let take the family of integral operators, Avhich transforms on the

space ly(—oo, 00), and K;(x —t) is defined as in definition (1. 20);
A x) = f fOK(x—tdt, —c0o< X< o0 (3.11)

In this case,

1im A %) = F(llp = 0
—A0

Proof. We know,

A x) - f(x):j:o[f(x+t)+ f(x—1) — 2f (] K (H)dt

herexe(—oo, ).

Then if we take thé., norm with get by the absolute value of both sides.

IA(T; X) = F(X)Ilp < (Iw (\f:o [f(x+1)+ f(x-1) - 2f(x)|Kﬁ(t)dt)pdx)p
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is found and from the Minkowsky Inequality,

IAL(T; X) = F(X)Ilp < [jom (j:m [f(x+1t)+ f(x-t) - 2f(x)|pdx)p) Ka(t)dt

For anys > 0, take the interval [] and [, o) instead of (Qco);

AT x) = TN < [f(fwlf(x+t)+ f(x—t)—2f(x)|PdX)p]K,l(t)dt
0 —0

+ [f; (I:H(x+t)+ f(x—t)—2f(X)|de)%]Ka(t)dt

=+ (3.12)

Now take the term

(fmlf(x+t)+ f(x—t)—2f(x)|"’dx)p < (foolf(x+t)— f(x)|F’dx)p

+ (fwlf(x—t)— f(x)|F’dx)p

and then from the definition of the modulus of continuity by) we can write the

inequality;
S ;
sup(f [f(x+1)+ f(x—1t) - f(x)|pdx) < 2w (f;0)
[tl<o —00

If write this inequality in the integral,

0
{, < 2wy,(f;0) fo Ka(H)dt < 2wy,(f;6) (3.13)
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Now take the terma,. Again from Minkowsky Inequality;

(fwlf(x—t)+ f(x—t)—2f(x)|'c’dx)p < (fmlf(x+t)|'°dx)p
+ (fmlf(x—t)lpdx)p +2(f00 |2f(x)|pdx)p
< 4ifllp
From here;
G < Al fé K, (t)dt (3.14)

If we write the inequalities (33) and (314) in (312);

1A %) = Fllp < 200, (F;6) + Al Fl, f T Kbt

is found. We know for any > 0;

Iimf K,(H)dt = 0
oJs

A=A

So,
Jmo AT X) = F(X)lp < 2w, (F;06)

Now whené — O;

lim [IA(f; %) = f(X)llp =0
A—- Ao

So theorem is proved:

Corollary 3.7 If feLp(—c0, 0), then Gauss-Weierstrass integral is;
Jm IWa(f;%) = F(X)llp =0

Corollary 3.8 If felL(—o0, 00), then Abel-Poisson integral is;

1im flaa(f5) = F ()l = 0
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Definition 3.9 Modulus of continuity on y(—, ) space is defined by;

fﬂlf(x+t)— F()Pdx]”

=

w,(f;0) = sup(

[tI<s

Theorem 3.10 Let take the family of integral operators, Avhich transforms on the

space l,(—n, ), and K,(x —t) is defined as in definition (1. 20);
Ai(f;x) = f f(OK(x - t)dt, —00 < X< 00 (3.15)

In this case,

lim [1B,(f; ) — f(X)llp =0
A—)/lo
Here|l.[l = [l.llLy(rx)-

Proof. We know,

Ba(f:%) - F()] < f|f(x+t) — K, (Dt

So,
IB.(f; X) — F(X)|| < (fﬂ(fﬂlf(xﬂ) - f(x)|K,1(t)dt)|de)p

Let apply the Minkowsky Inequality to the right-hand side integral from the definition

of modulus of continuity or;

IBA(f:%) — f(l < f "W (F; 1t Ka(t)dy

is found. For any,;
It]

W (:1t]) < (— " 1) W, (f:6,)
0a

So we can write the inequality;

1BA(f:%) — F()l < wLp(f;aﬁ)(d—lﬂ f UK (dt + 1)

51



and choose,

Then
IBa(F5 %) — FOIN < 2W,(F;02)

Now let denote lim.,,, 6, = 0 K,(t) is an even function so,
- 0
Next for anyg > 0;

0

thKﬂ(t)dt+ 2f tK, (t)dt
0 B

28 fﬂ K,(t)dt + 2 supK,(t) (7 — B)
—r =8

26 + 2 supK,(t).
t>p

IA

IA

Property of the kerndk,(t), for anyg > 0O;

i) -

is obvious. Then,
0< Almo 0, <28
Now wheng — 0;

lim 0,=0
A—-Ag

We know that if6; — 0, thenW_(f;6,) — 0.

So the theorem is proved.

Corollary 3.11 If feLy(—mn, xr), then Poisson integral Rf; X) is;
|r|_r2 ”Pr(f; X) - f(x)”p =0
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Corollary 3.12 If fely(—n, ), then Fejer integrabry(f; X) is;

lim llo(f3%9) = FOOll, = O
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CHAPTER 4
CONVERGENCE OF NONLINEAR CONVOLUTION TYPE
SINGULAR INTEGRAL OPERATORS

The theory of approximation with nonlinear integral operators of convolution type was
introduced by J. Musielak in [9] and widely developed in [12]. He considers nonlin-
ear integral operators, replacing linearity assumption by Lipschitz condition for kernel
functions generating the operators and satisfying suitable singularity assumptions. Af-
ter this discovery, several mathematicians have undertaken the program of extending
approximation by nonlinear integral operators in many ways and to several settings,
including modular function spaces, pointwise and uniform convergence of operators,
Korovkin type theorems, abstract function spaces, sampling series and so on. Espe-
cially, this kind of operators were extensively studied by C. Bardaro, J. Musielak and
G. Vinti [23]-[24] in connection with the theory of Modular space. Operators of type
(1) and its special cases were studied by Swiderski and Wachnicki [11], Karsli [10]-
[35] and Karsli-1bikli [40] in some Lebesgue spaces. Such developments delineated
a theory which is nowadays referred to as the theory of approximation by nonlinear
integral operators. We also refer the reader to [19]-[20], [25]-[29] as well as the mono-
graphs [6] and [12] where other kinds of convergence results concerning the pointwise
convergence and rate of pointwise convergence of linear and nonlinear singular inte-
gral operators in the Lebesgue and Musielak-Orlicz spaces.

The approach of Musielak on nonlinear integral operators can be given as follows;

In the theory of Fourier series there appears the problem of approximation- of 2
periodic functionsf, integrable in the interval{r, 7] by means of linear, singular

integral operator¥,, of the formf_i Kn(t — g)f(t)dt. For example, in case of the first
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arithmetic means of partial sums of Fourier serkes; (K,)> ;; is the Fejer kernel

PRI

2nz \ sin(1/2)u
and the singularity conditions mean tlﬁf Kn(udu+ [ Kn(u)du — 0 asn — oo for
every 0< § < nandfj; Ko(Udu=1forn=1,2,---.

These problems are extended in three directions:

1. The interval |r, n] is replaced by a compact abelian groBpwith Haar mea-

sure,

2. the setN = 1,2, --- of indices with convergence>® generated by a filtem of

subsets ofv,

3. the kerneK = (K))>, is replaced by a kerné{ = (K )uew WhereK, : Gx R —;

the last means that we take nonlinear integral operdiprs

(Tuf)() = fG Ky(t — s f(1)dt = fG Ky(t, F(t + 9)dt (4.1)

in place of the above considered linear operators.
The assumption of linearity of the operators was replaced in [1] by an assumption of a
Lipschitz condition forK, with respect to the second variable.
Now we will investigate a study of Karsli, which is deal with the pointwise conver-
gence of nonlinear singular integral operators, namely; Approximation Properties of
Nonlinear Singular Integral Operators of Convolution Type.
Let A be a nonempty set of indices anglbe an accumulation point &. We take a
family K of functionsK : RXxAxXR — R, whereK(t,1,0) = O for allt € Randa € A,
such thaK(t, 1, u) are integrable oveR in the sense of Lebesgue measure with respect
to the first variable for all values of the third variable, for evarg A. The family’X
will be called a kernel.

In papers [14] Taberski has shown that the pointwise convergence at which the

points are Lebesgue point of integrable functionki-r, 7), by the family of convo-
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lution type singular integral operators depending on two parameters of the form
U(f;x,/l)sz(t)K(t—x,/l)dt , XE€(-m,m) (4.2)

where K(t, 1) is a kernel which satisfies suitable assumptions. Moreover Taberski has

shown also that in [14] approximation properties of the derivatives of this operators.
After this fundamental study of Taberski [14], this operators were studied by some

other authors. Gadijiev [15] and Rydzewska [16] obtained the pointwise convergence

of this operators at which the points are respectively, generalized Lebesgue point and

u—generalized Lebesgue point of integrable functionk.i(+-r, 7). In 1984 Bardaro

and Gori Cocchieri [17] estimated the degree of pointwise approximatiorejeir+

type singular integrals, which are the special case of (4.2), in the class of functions

f € L1(R) at which the points are generalized Lebesgue point. Very recently Karsli

andibikli [18], [13] studied both pointwise convergence and pointwise convergence of

therth derivatives of the operatoii(f; x, 1), which are defined as

b
T(f;x,/l):ff(t)K(t—x,/l)dt , Xe(ah).

In approximation theory, however, applications we limited to linear integral oper-
ators because the notion of singularity of an integral operators was closely connected
with its linearity. In 1981 Musielak [9] used the nonlinear integral operators, which

were defined as

TWf(s):fKW(t—s,f(t))dt , seG (4.3)
G

by the assumption of linearity of the operators was replaced by an assumption of a Lip-
schitz condition forK,, with respect to the second variable. This study allows us that
using the classical method for linear integral operators [6] to obtain the convergence of
the nonlinear integral operators, although the notion of singularity of an integral oper-
ators was closely connected with its linearity [12]. Recently Swiderski and Wachnicki

[11] estimated the pointwise convergence of the operators (4.3) in the case f belongs
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to Ly(—n, m) andL,y(R) on the points, whergg is a continuous point and a Lebesgue
point Further paper on the subject were written by Karsli [10].
The purpose of this note is to study both the pointwise approximation and the
degree of pointwise approximation of the operators
b
T(f;x,/l):fK(t—x,/l,f(t))dt , Xe<ab>, (4.4)
a

on a generalized Lebesgue pointfof L; < a,b > as , 1) — (X, 4g), where< a,b >

Is an arbitrary interval ifR.

Let L; < a,b > be the class of functions Lebesgue integrable in the intetval
a, b >, where< a, b > is an arbitrary interval ifR.

Denote the auxiliary functiorie L:(R) as below

~ f(t) , te<ab>
f(t) := ® ) (4.5)
0O , tg<ab>

We assume that the functidt: RxA X R — R satisfies;

a) Let L(t, 1) be a integrable function with respecttteuch that
IK(t, 4, u) = K(t, 4, V)| < L(t, ) lu—V],

for every t,u,v € Rand for anyl € A.

b) Jim f L(t, 2)dt = O, for everyU e U(0). By U(0) we denote the family of all

—Ag R\U
neighbourhoods of zero iR.

c) lim[supL(t, 2)] = O, for everyé > O.
A—>Ag [ti>6

d) lim [ K(t,2,u)dt=u, foreveryue R
/l—>/loR

e) There exists &y > 0, such thatL(t, 1) is non-decreasing on-§,, 0] and non-

increasing on [(¥,) as a function of, for eacha € A.
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The conditiona) implies that the class of all function&(t, 4, u) is a kernel.

Theorem A. [9] Let 1 < p < oo and assume that a functidf(t, u) satisfies condition

a.lffel,<ab>,thenT(f)elL,<ab>and

”T(f)”Lp<a,b> < H(/l) ||f||Lp<a,b>

for eachi € A.

Pointwise Convergence

Firstly, we assume that a, b >= [a, b]. This meansx a, b > is a finite interval of

R.

Theorem 2. Suppose that a kernel functi#tit, A, u) satisfies the conditioa), b), c), d)

ande). Then at each point, for which

h
hlirghalﬂfﬁ(xoﬂ)—f(xo)|dt:o, O<a<1 (4.6)
0

holds we have

lim |T(f;x,2) - f(x) =0,

(%)= (x0,0)

on any planar sef on which the function

Xo+0
f L(t = %, ) It — Xl dt + 2L(0, 2) X — X|***, 4.7)

Xo—0
is bounded, where @ § < dg,

Proof. We assume that

Xo+d<b, X-06>a and O<xo—x<g, (4.8)
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for any 0< 6 < 6p. From (45) andd), we can write;

b

fK(t — X, 4, f(t))dt — f(xo)

a

f K(t = x, 4, f(t)dt - f K(t - x, 4, f(x))dt

R R

+fK(t—x,/l,¥(xo))dt— f(xo).

R

T(f; x,2) — f(Xo)

Here we take absolute value of the bothside of the last equality, we get

(x| < ﬂK(t— x, 4, F() - K(t - x,ﬁ,?(xo))‘dt

R

+

f K(t - %, 4, f(x0))dt— f(Xo)

R

. (4.9)

According toa),

K(t =% 4, F8) = K(t = %, A, F(x))

< L(t - xA) ’?(t) - ?(xo)‘. (4.10)
holds for anyd € A. According to (410) we can rewrite (@) as follows

(x, ) < fL(t-x,A)‘?(t)-?(xo)‘dt

R

—+

f K(t = x, 4, F(x0))dt — (xo)

R
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For using the property of the point, we shall split the above inequality in six terms as;

IT(F: %) - f(xo) < f'%(t)-%(xo)|L(t—x,A)dt

t¢<a,b>
Xo—0 X0 Xo+0 b

4 f+f+f+f '?(t)-%(xo)‘L(t—x,a)dt
a Xo—0 Xo Xo+d

+

f K(t = x, A, f(xo))dt — f(%o)

R

= |0(X, /1) + |1(X, /l) + |2(X, /l) + |3(X, /l) + |4(X, /l) + |5(X(4)11)

Thus, it is stficient to show that the first five terms on the right hand side of (4.11)

tends to zero ax(1) — (Xo, Ao).

Firstly we considets(X, A).

From the conditiord), it is easy to see that

15(X, A) = f K(t — X, A, f(%o))dt = f(x0)| =0 (4.12)

R

as (X’ /1) - (XO, /lO)

Next we considel;(x, 1).

From (45), it is seen that fot € [a, b], ?(t) = f(t). Hence we can write,

Xo—0
[1(x, ) = f [f(t) — (X)) L(t — x, A)dt.

According to (4.8) we obtain

Xo—0
I1(x,) < sup L(t—x,/l)flf(t)—f(xo)ldt

Xo—o<t<a

A

< supL (U 2) (Il cap + 1T(0)] (b 2).

0
[u>3
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In the same way, we find

la(x, 4) < supL(u, ) (I fllL,<aps + I () (b - @)).

é
[ul>3

Thus, we get

11(% 4) + 1a(x, 2) < 25U (U, ) (I FllLy<ap- + | (X0)] (b= ),

s
ul>35

which in view ofc) tends to zero asx(1) — (Xo, Ao).
Next we considel,(x, 1).

Denote

Xo
F(t) = f 1Y) — f(x0)l dy.

According to (4.6), to each > 0 there exists & > 0 such that
F(t) <e (%o -t
We now fix thiss. Evaluation ofl,(x, 2) is done the following way.
Xg
1 ) = [ 110 - Tl Lt - x e
Xo—0

By (4.14) we can write

—

[I2(x, )| = |- L(t — x, )dF(t)] .

52

Xo—

Integration by parts gives

(X, )] < [F(X—8)|L(Xo—6 — X, ) + f [F(t)] %L(t - X, ) dt.
Xo—0
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According to (4.15) we obtain

X0
(X, )] < 6 L(Xo -6 — X, 1) +& f (%o — t)‘”l%L(t — X, A)dt.

Xo—0

Integration by parts again, then

X0
la(x, )] < &(a+ 1) f (%o — )7L(t - x, 2) dt.

Xo—0

According tod) and (4.8) ( see [13] ), we obtain

Xo
(X, )] < e (a+1) f L(t — X, 2)(Xo — t)?dt + 2L(0, ) [X — Xo|*™*}. (4.16)
Xo—0
We can use a similar method for evaluatigx, 1). Then, we find the following in-

equality;

Xo+6

la(x, )| < & f L(t — x, A)(t — Xo)°dt. (4.17)

Xo

Combining (4.16) and (4.17) we obtain

Xo+0
o0 )]+ a6 D) < s(a +1) f Lt = % ) It = %l di
Xo—0
+£2L(0, 1) [X — Xo|**1, (4.18)

which in view of (4.7) tends to zero ag,(1) — (Xo, Ao).

Finally, we considetq(Xx, ).

lo(X, 2) = f ‘?(t)-?(xo)‘L(t—x,A)dt

t¢<a,b>
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From (45), %(t) =0fort¢<ab>.Hence
ox) =1F00) [ L Ddt
tg<a,b>

According to (46), whent ¢ [a, b], we havet < aort > b. This implies that
0
t—-x<a-x< xo—x—(5<—§<0

and

t—X>b-X>Xg—-X+6>6>0.

Thus for anys > 0 there exists a neighborhotbof zero such that

fLﬂ(t—x)dtg f Lﬂ(t—x)dt:fLﬂ(u)du.

t¢<a,b> It—XI>% R\U

Hence we get

lo(X, 2) < |f(xo)|fLA(u)du. (4.19)

R\U

which in view ofb) tends to zero as¢(1) — (Xo, Ao).

Combining (412), (4.13), (4.18) and (419), we get the required result. From the proof
given it is evident that the proof remains in force even whenX3 — x < g

This completes the proof of the theorem.
Secondly, we consider the casa, b >= R, we have the following theorem

Theorem 3. Suppose that the condition of Theorem 2 satisfiesx}.be a generalized-

Lebesgue point of functiof € L;(R). Then

lim |T(f;x,2) - f(x) =0,

(%)= (x0,0)

if (X, 2) tends to &, 1p) on any planar set on which (4.8) satisfies.

Proof. Analogously to the proof of Theorem 2.
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Remark 1. Now, we consider the casesa, b >= (-, 7),
K(t,2,u) = Ly(t) u,

f(t) andL,(t) are Zr—periodic functions with respect to This case was widely used

in Approximation Theory ( See [6] ).
Rate of Pointwise Convergence

In this section we shall estimate the rate of pointwise convergence, which we have

obtained in previous section, respectively.

Theorem 4.Suppose that a kernel functist{t, 2, u) satisfies the conditioa), b), c), d)

ande). Let
Xo+0

A(X, 4,6) = f L(t—Xx, Q) [t — Xo| dt,

Xo—0

such that for everyu| > 0 and for arbitrary < a < 1,
L(u, 1) = o(A%(X, 4, 9)),

f L(u, A)du = 0o(A*(X, 1, 6))

R\U
and

= 0(A*(X, 4, 0))

f K(t = x, 4, F(xg))dt = f(xo)

R

as X, 1) — (Xo, Ag). Then we get
|T(f1 X, 1) - f(XO)l = O(AQ(X’ /L 5))

Proof. In Theorem 2 we have obtained the following inequality;
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T(hx ) - fa) < [F0%) f L(t - x, A)clt

R\U
+SUpL(U, A) [[Ill,<ap- + 1T (o)l (b - B)].
ui>$
Xo+0
+e(a + 1) f [t — Xo|” L(t — x, 2) dt
Xo—0

+

fK(t — %, 4, f(xo))dt — f (%)

R

Here, we take = (% and using Klder inequality, we get

Xo+0 Xo+0
f It — %o|* L(t—x, ) dt= f It — Xol® L(t — X, )2 dt
X0—0 Xo—0
Xo+0
= f [It = %ol L(t = X, A)]* L(t = x, ) dt
Xo—6
Xo+6 . 1-a Xo+6 N
< f [L(t - X, /l)l—a]lfa dt] Lf ([t = Xol L(t — X, /l)]a)% dt
%o—6 s
b 1-a
< fL(t - X, /l)dtJ A"(X, 4,6)
a
= A%(X 4,0)

The same inequality we also obtain fe§ < xo — x < 0.

Therefore our theorem now follows, from the conditidm@ndc).

IT(f; %, 2) = £(Xo)| = 0o(A*(X, 4,6)).

Thus the proof of the theorem is complete.
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Theorem 5. Suppose that the condition of Theorem 3 satisfies together with
f L(t — x, A)dt = o(A*(X, 4, 5)).
ft—Xol>6
Then
IT(f; % 2) = f(x0)l = o(A"(X, 4, 6)).
Proof. Proof is the analogous to the proof of Theorem 4.

Example. Setting

Au+sind | tel0,4]
: (4.20)
0 , t¢[0,1]

K(t,A,u) =

whereA = [1, o) be a nonempty set of indices with natural topology apd= o is
an accumulation point ok in this topology. For (4.20), it is seen that farv € Rand
te[o, 31,

IK(t, 2,u) = K(t, A4, V)| < 2 Ju—V| (4.21)

and foru,v e Randt ¢ [0, 3],

IK(t, 2, u) — K(t, 2,v)| = 0. (4.22)

Combining (421) and (422), we get

A, te[0,?i]
L(t,2) = : (4.23)
0, tef0,3
Moreover
fL(t,/l)dt:f Adt=1< o0
R [0.1]
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and

. Au . Aull
fK(t—x,/l,u)dt f[/lu+sm7]dt_[/lu+sm7]/—l

R [0.31
1 . Au
= u+zsm?—>uas(x,/1)—>(xo,oo).
Also
Au+sind? | t-xel0,1]
K(t-x4,u) = ,
0 , t—x¢[0,13]

Hence, the kernel functioK satisfies the conditioa), b), c), d) ande).

If we use this kernel function in Theorem 3 and Theorem 4, we find

Xo+0
f IL(t — X, )| |t = Xo|* dt+2|L(0, )| |X — Xo|*** = f At =X dt+2 2 |x — x|t
X—6 [xX+3]

The first part of the right hand side of this equality is finite. Besides

lim A X — Xo|**™?

=M < oo,
(%,2)—(%0,10)

if and only if [x — Xo| = o(/lﬁ) or the rates of convergence [f— Xo| and eril) are

equivalent.

If we use this kernel function in Theorem 5 and Theorem 6, féicgantly large

A, we find that

Xo+6

A(X, Q) = f L(t—x2) |t — x| dt
Xo—0
= f A |t — Xo| dt.
[xx+3]

From Theorem 2, we obtai(nﬂ) (Iim)A(x, A) = 0. Moreover the rate of convergence
X,4)—(Xp,00

of A(x, 1) — 0 is equivalent to- — 0.

Aol

According to (423) it is seen that(u, 1) = o(%).
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Since ¢) = o(ﬁi) , L(u,2) = o(—-) is true

A

Finally
1 . Au
Kt-xA,udt=u+ T sin— —uas &, 1) = (Xo, ).
R
.. . . 1gindu — 1lgindu — (L
This |mpI|es(XJ)l!(rI|0m)A sin% =0andysing =0(5) (O<a<1)

Thus, we find
1

IT(f;%x2) = f(x0)| = O(ﬁﬁ

).
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