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ABSTRACT

GRADUATE ADMISSION PROBLEM WITH QUOTA
AND BUDGET CONSTRAINTS

Mehmet Karakaya
M.A. in Economics
Supervisor: Prof. Dr. Semih Koray
September, 2003

In this thesis, we have studied the graduate admission problem with quota and
budget constraints as a two sided matching market. We constructed algorithms
which are extensions of the Gale - Shapley algorithm and showed that if the
algorithms stop then the resulting matchings are core stable (and thus Pareto
optimal). However the algorithms may not stop for some problems. Also it is
possible that the algorithms do not stop and there is a core stable matching.
Also there is no department optimal matching and no student optimal matching
under budget constraints. Hence straightforward extensions of the GGale - Shapley
algorithm do not work for the graduate admission problem with quota and budget
constraints. The presence of budget constraints play an important role in these

results.

Keywords: pairwise stable matching. core stable matching, Pareto optimal match-
ing, the Gale - Shapley algorithm. quota and budget constraints.
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OZET

KOTA VE BUTCE KISITLARI ALTINDA DOKTORA
KABUL PROBLEMI

Mehmet Karakaya
Ekonomi, Yiiksek Lisans
Tez Yoneticsi: Prof. Dr. Semih Koray
Eylil, 2003

Bu tez galigmasinda kota ve biitge kisitlar: altinda doktora kabul problemi iki
tarafli eglegsme olarak incelenmigtir. Gale - Shapley algoritmasinin uzantilar: olan
gesitli algoritmalar yazilmig ve bu algoritmalardan biri igin algoritma durursa
olugan eglegmenin gekirdek kararli (ve boylece Pareto en iyi) oldugu gosterilmistir.
Fakat bu algoritmalar bazi problemler icin durmadig: gibi, algoritmalarin dur-
madigr ve gekirdek kararli bir eglegmenin bulundugu durumlar da mevcuttur.
Ayrica biitge kisiti altinda boliim optimal eglesme ve 6grenci optimal eglegsme
yoktur. Bu yiizden Gale - Shapley algoritmasinin uzantilari olan algoritmalar
kota ve biitce kisitlar altinda doktora kabul problemi icin kendilerinden bekle-
nen iglevi yerine getirmemektedir. Biitge kisitinin varligi bu sonuglarda énemli
bir rol oynamaktadair.

Anahtar sézciikler: ikili kararli eglesme, gekirdek kararli eglesme, Pareto en iyi
eslesme, Gale - Shapley algoritmasi. kota ve biitge kisitlar:.
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Chapter 1

Introduction

A typical two-sided matching market consists of two disjoint finite sets, for ex-
ample a set of men and a set of women,; colleges and students; firms and workers.
A matching is called a one-to-one matching if a member of one set is allowed to
match with at most one member of other set, for example a man (woman) can
match with only one woman (man). However, a firm hires many workers, but a
worker works for one firm only. This type of matching is called a many-to-one

matching.

There is a rich literature on matching theory (see Roth and Sotomayor (1990)
for an excellent survey for a period covering all classical results in the field) in-
cluding both theoretical and empirical studies. Even though there is an extensive
literature on matching theory, there is no study considering both quota and bud-
get constraints simultaneously. There are studies where colleges (or firms) have
either quota constraint or budget constraint but not both. In this thesis, we study
the graduate admission problem under quota and budget constraints. There is a
set of departments belonging to one university and a set of students (applicants)
who wish to enter these departments. Each department faces both quota and

budget constraints which are determined by the university.

Hall (1935) considered a marriage problem involving a group of men and



women in a society where a man may marry a woman only if they have previ-
ously been introduced. Men have no preferences for women and women have no
preferences for men. The aim is to maximize the number of people that can be
matched. Hall showed that a complete set of marriages is possible if and only if
every subset of men has collectively been introduced to at least as many women

as the number of men in that subset, and vice versa.

Gale and Shapley (1962) described a model for college admissions problem. A
college admission problem consists of a finite set of students and a finite set of
colleges where each college faces a quota constraint. Each student has a linear
preference relation over colleges and each college has a linear preference relation
over sets of students. A student matches with a college or with herself (i.e., stays
unmatched) and a college matches with a group of students whose size does not
exceed its quota. A matching is blocked by a student iff she prefers to match
with herself to getting matched with the college that she is assigned under that
matching. A matching is blocked by a college iff it prefers a strict subset of
the group of students that it matched under the given matching. A matching
is blocked by a student - college pair iff the student prefers that college to her
match and the college prefers the union of a proper subset of its match with
the student to its present match. A matching is stable iff it is not blocked by
a student, by a college and by a student - college pair. From each given set
of students a college selects its most prefferred such set of students obeying the
quota constraint. This most preffered set of students is referred as the choice
of that college from among the group of students it faces. A stable matching is
student optimal iff each student likes this matching at least as well as any other
stable matching. A stable matching is college optimal iff each college likes this

matching at least as well as any other stable matching.

The following algorithm is referred as the Gale - Shapley student optimal
algorithm.:
Step 1: Each student proposes to her most preferred college. Each college rejects
all but those who comprise its choice among its proposers.
In general, at step &,
Step k: Each student who was rejected in the previous step proposes to her

2



next prefferred college. Each college rejects all but those who comprise its choice
within the students it has been holding together with its new proposers.

The algorithm stops if there is no student such that her proposal is rejected. Then
each student is matched Wiﬂl a college that she proposed at the last step and was
not rejected by that college. The Gale - Shapley college optimal algorithm is
similarly defined with colleges proposing to group of students by obeying their

quota constraints.

A college has substitutable preferences if it regards students as substitutes
rather than as complements, i.e., the college prefers to enroll a student who is in its
choice set even if some of the other students in its choice set become unavailable.
When colleges have substitutable preferences the set of stable matchings is non-
empty. That is the Gale - Shapley student optimal algorithm produces a stable
student optimal matching (similarly the Gale - Shapley college optimal algorithm

produces a stable college optimal matching).

Note that the Gale-Shapley algorithm has been used since 1951 (before Gale
and Shapley’s paper) in the United States to match medical residents to hospitals
(for the analysis of the matching program see Roth (1984)).

Kelso and Crawford (1982) considered a model for labor markets as a many
to one matching market. There are a finite set of workers and a finite set of
firms. Firms do not face quota or budget constraints. Each worker has a utility
of working for a firm with a salary that is paid by that firm. It is assumed that all
workers are gross substitutes from the viewpoint of each firm. This assumption is
referred as gross substitutes condition. In order to define this condition formally,
we need some notation which is introduced below following Kelso and Crawford:
Let w denote a generic element of the set of workers and f a generic element of
the set of firms. Firm f’s gross product (measured in terms of salaries) is denoted
by y/(CY), where C7 is the set of workers hired by firm f. The net profit of firm
[ is defined by n/(C1,sf) = y/(CF) = 3 cor Swp, Where sf = (s17,...,8m;) is
the vector of salaries faced by firm f. When firm f faces a vector of salaries
st = (sif,..., 8mys), firm f chooses a set C/ of workers which maximizes its net

profit. Let M7(s’) denote the sets of workers that maximize net profit of firm f.



Consider two vectors of salaries s/ and 3 faced by firm f. Let T/(C’) = {w |
we Cf and 5, 7 = Swr}. The gross substitutes condition is that

for all firms, if Cf € M7(s%) and 5 > s/, then there exists Cf € M/ (57) such
that 77(Cf) C CV.

That is firms regard workers as substitutes rather than as complements. "The
gross substitutes assumption states that all workers be (weak) gross substitutes
to each firm, in the sense that increases in other workers’ salaries can never cause
a firm to withdraw an offer from a worker whose salary has not risen.” Thus the

production technology is such that workers are not complements.

Kelso and Crawford (1982) showed the existence of a core allocation by an
extension of the Gale - Shapley algorithm. That is there is a matching such that
there is no subgroup consisting of firms and workers which blocks that matching.
They also showed that there is a firm optimal core allocation, i.e., there is a core

matching that each firm likes at least as well as any other core matching.

Mongell and Roth (1986) considered the model of Kelso and Crawford together
with budget constraints for firms. They showed by an example that the core of
the market may be empty. They also gave an example to show that if the set
of core allocations is non—efnpty, it is possible that there be no firm optimal core

matching,.

In this thesis, we consider graduate admission problem as a two-sided matching
market. There are a set of students and a set of departments which belong to
one university. Each department faces quota and budget constraints which are
determined centrally by the university. Students apply to these departments for
their graduate studies and each student has a value added to each department.
If a student matches with a department she may be paid by the department or
she may pay to the department. If a student pays for her graduate study, that
payment is not added to the department’s budget for graduate admissions. That
payment goes to the university which gives some percentage of that payment to
the department for its office expenditures. Departments use their budgets for the
payments to graduate students, and if a department has some of its budget left

after these payments, the remaining part is used for office expenditures by the



department. Each department gets a benefit from its accepted students and its
office expenditures. The total benefit of a department from its accepted students
is the sum of each accepted student’s value added to the department. Each
department wants to maximize its gross benefit which is sum of the benefits
from accepted students and from office expenditures. We assume that, for any
department, the largest benefit from office expenditures is less than any qualified
student’s benefit to the department no matter how large the office expenditures
are. Therefore, each department wants to maximize its gross benefit by accepting
more qualified students at a minimum cost. Each student wants to make graduate

study at her most preferred department.

Our model differs from the previous models in the sense that departments face
both quota and budget constraints. Here we construct some algorithms which are
extensions of the Gale - Shapley algorithm and show that, if the algorithms stop,
the resulting matchings are core stable (and thus Pareto optimal). However the
algorithms do not always stop and it turns out to be possible that the algorithms
do not stop while the set of core stable matchings is non-empty. Hence we can
say that for the model considered in this paper (two sided matching market with
quota and budget constraints) straightforward extensions of the Gale - Shapley
algorithm do not work in contrast to college admissions and labor market mod-
els without budget constraints. Moreover, the existence of either a department
optimal or a student optimal matching is not guaranteed in our setting. In sum-
mary, the presence of budget constraints seems to change the picture in a radical

fashion.

The rest of the thesis is organized as follows: We present the model and
definitions in chapter 2. Chapter 3 examines the relationships between different
notions introduced in chapter 2. Chapter 4 defines the algorithm and presents
the result that the final matching is core stable if the algorithm stops. Chapter
4 also presents two examples in the first of which the algorithm does not stop,
and there is no core stable matching. In the second one the algorithm again
does not stop but there is now a core stable matching. Chapter 5 considers a
modified model where students wish only to have their reservation prices and

defines another algorithm for this model. Chapter 6 starts with observations

)



regarding our algorithms and then concludes the thesis.



Chapter 2

Basic Notions

We denote the finite nonempty set of departments of our university by
D = {dy,ds,...,dy,}. A finite nonempty set of students denoted by S =
{s1,82,...,8,}, is regarded as comprising the applicants to this university for

graduate programs offered by its departments.

Each department d € D has a quota gg and a budget by for its graduate
program; both of which are determined centrally by the university. A student
can enroll to at most one department, and each department accepts a group of

students obeying its quota and budget constraints.

We assume that each student s € S has a qualification level for each depart-
ment d € D. The qualification level of student s for department d is an integer
and denoted by aj. The qualification levels of student s for the departments are
denoted by a vector aj, = (a ,aj,,...,aj ). Also we assume that each depart-
ment has a minimal qualification level as a threshold for accepting students. The
minimal qualification level of department d is a positive integer and denoted by

a®.

Each student yields a benefit (or adds a value) to each department if accepted

to that department. These values are independent of who the other accepted



students are, i.e., there are no externalities in this regard. The benefit of de-
partment d obtained from accepting a group of students S¢ C S is denoted by
y4(S%). We assume that department d’s benefit y?(S¢) is additive, i.e., it is the
sum of the accepted students’ benefits to the department. We assume that the
benefit student s provides to department d is equal to her qualification level for
department d, i.e., y*({s}) = a3. Therefore the total benefit of department d
from accepting a group of students S¢ C S is y4(5%) = 3, ga a5

If a student gets enrolled to a department for graduate study, she may be paid
by the department or she may pay to the department. The amount of payment
made by department d to student s is an integer mgy. In other words, student
s is paid by department d the amount myg if msg > 0; there is no payment if
msq = 0; student s pays to department d the amount mgy if my < 0. If an
accepted student pays for her graduate study at department d, this payment is
not added to department d’s budget. That payment is taken by the university
and the university gives some fixed percentage of this payment to department d,

solely to be used, say, for its office expenditures.

We assume that each student s has a reservation price for each department
d (the lowest amount of money that student s will accept from department d)
which will be denoted by an integer o,4. We assume that for all s € S and for all
d € D. 054 < bg. Student s’s reservation prices for departments will be denoted
by a vector 0° = (04q,,...,0s4,). Note that a reservation price may also be
negative, representing the level of willingness on the part of the student to pay

to the department in question to get accepted.

If department d has some remaining budget after payments, the remaining
money is only used for office expenditures by the department. Let B be the
total budget of the university, and let student s be the least qualified student
for department d among all students who are qualified for department d, i.e.,
a§ > a® and for all h € S\ {s} with a > a% we have a5 < alt. Let €% be
the benefit of department d if it uses the university’s entire budget B for its
office expenditures. We assume that y?({s}) > €}. Therefore, the benefit which
is gained by spending B for the office expenditures is less than any qualified



student’s benefit to department d. This means that one can take a® = 1 and

0 < ¢} < 1 for each d € D.

The total benefit of department d is denoted by Y¢ and it is the sum of benefits
from accepted students and office expenditures. Therefore when S¢ C S is the
accepted group of students by department d and ¢? is the benefit that department
d gets from office expenditures, we have that Y4(S%, e?) = y4(S9) + €.

Definition 1 A graduate admission problem is a list (D, S, g, b, a®, o) where

1. D is a finite nonempty set of departments,

2. S is a finite nonempty set of students,

3. ¢ = (q4)dep is the departments’ quotas with g4 € N for each d € D,

4. b= (by)gep is the departments’ budgets with by € Ny ! for each d € D,

5. a% = (a$))ses is the students’ qualification levels for departments with a3 €
Z foreach s€ S,d e D,

6. 0 = (0%)ses is the students’ reservation prices for departments with o.q € Z
and o, < bgforeach se S, d € D.

The preferences of departments and students are implicitly contained in the

definition of a graduate admission problem and can be made explicit as follows:

The strict preference relation of department d is denoted by P;. For alld € D,

P, is a linear order 2 on 2% x R.

Consider two group of students S¢ and $¢. Let ¢ denote the cost of group of
students S¢ to department d, i.e., ¢ = 3", _za msq with $¢ = {s € §¢ | myy > 0},

2d g

and ¢ the cost of group of students S to department d, i.e., & = Y 3
S

2d P
with S = {s € §¢
that department d obtains by accepting the group of students S¢ at cost ¢?, and

'No = N{J{0}
0
2A linear order on a set X is a complete, transitive and antisymmetric (binary) relation.

Thsq > 0}. Let ¢ denote the benefit of office expenditures

9



¢ the benefit of office expenditures that department d obtains by accepting the
group of students $¢ at cost .

Note that (59, ¢?) = (49, %) does not imply that Y4(S% %) = Y4($%, é4). To
clarify this point consider the following example:
Let S¢ = §¢ = {s1,82}, and mg,q = 50 = myg,q; Thsq = 100, rhgy = —100. Note
that ¢ = mgq + Mgya = 50 + 50 = 100 and é* = 1hy 4 = 100. We have that
(54 ¢) = (8¢, é%). However Y4(S%, éd) > Y4(S4, €4, since é > €.

Now department d strictly prefers $% to §¢ if Y4(5%, ¢) > Y9(5¢, é4).

If Y(S4 e4) = Y459, ¢é%) then department d considers the associated costs
of $% and S$¢. That is whenever Y4(54, ¢4) = Y9($% ¢4) department d strictly
prefers S¢ to S if ¢t < ¢d.

If Y4(S%, ed) = Y4($% é%) and ¢* = ¢4, then department d makes a lexico-
graphic comparison among S¢ and S in the following way:
Let | S¢ |=ny and | 8¢ |=ng. Let f:{1,...,m} — {i|s; € 5%} be a function
such that f(1) < f(2) < ... < f(n1). Let g: {1,...,ma} — {j | s; € §%} be a
function such that g(1) < g(2) < ... < g(ny).
We say that department d leximin prefers S? to $¢ if and only if f(1) < g(1)
or 3k € {1,...,n} where n < min{ny,ny} such that V¢t € {1,...,k} F(t) = g(t)
but f(t+1) < g(t + 1).

Now we can define P; formally as follows:
V(S84 ¢, (54, %) € (2° x R) with (59, c%) # (§¢, é4),
[(S4, ¢?) Py(§%, 4] if and only if [Y4(S, %) > Y($¢, é4)] or
Y45% e?) = Y4S?, é) and ¢ < ¢4 or
[Ye(S4, € d = Y4($%, é4) and ¢* = ¢¢ and S? leximin preferred to 59,

Ry is a preference relation of department d induced from P; and defined as

follows:
V(S4, ¢h), (8%, é4) € (25 x R),
[(S%, MY R4(S%, é4)] if and only if —[(S%, é4)Py(S4, ¢4)].

Hence. for any (5%, ¢4, (54, ) € (2% x R) with (8% ¢?) # (94, é), we have

10



cither [(S9, ¢?)Py(S%, é%)] or [(S, é%) Py(S% c%)].

The strict preference relation of student s is denoted by Ps. For all s € S, P,
is a linear order on (D x R)J{(#,0)}.

We assume that, given-any s € S, 0,4 = 0,4 if and only if d = d. We also
assume that (d, oq)P,(0,0) for all s € S and all d € D, where (0,0) stands for

the situation that student s is unmatched (or she is matched with herself).?

For all s € S, P, is defined as follows:
V{d ). (dmyg) € (D x R)U{(0,0),
[(d, msd)Ps(J, mygg)] if and only if [msq — 059 > m g — 0,4 or

[Msq — Osg = Mg — 0,7 and 049 < 0,7

R, is a preference relation of student s induced from P, and defined as follows:
V(d, msa), (d,m,5) € (D x R) U{(8,0)},
[(d, msa)Rs(d, m,z)] if and only if —[(d, m,zPa(d, m.a)].

Note that whenever (d, myq) # (d, m,;), we have either [(d, mgq) P.(d, m )] or
[((Z, msJPd(d: msd)]‘

Note that being unmatched is not the worst situation for a student s € S,

because for all s € S, [(0,0)P;(d, msq)] if [msq < 044] for any d € D.
Now we will define what we mean by a matching,.

Definition 2 By a matching we mean a function p: S — (D x R)J{(0,0)}
which matches each student s with a member p;(s) of D J{0} and also specifies
the amount of transfer p5(s) made from p;(s) to s such that the following are
satisfied:

1. For all d € D, | 5¢|< g4 (quota constraint),
where S% = {s € § | u(s) = d},

2. Forallde D, cﬁ < by (budget constraint),

3We assume that for all s € §, g9 = 0.

11



where cﬁ = Zse§g mb, with ml, = pa(s) for pi(s) = d and S’gz{s € S/‘f |

mb, > 0}.

3. Foralld e D, for all s € S’ff, ay > a® (qualification level constraint).

Student s is matched with a department if y;(s) € D, she is unmatched if
p1(s) = 0 under p.

Let Y,ji denote the total benefit of department d under u. Let yﬁ denote the
benefit of department d that it obtains by accepting the group of students S/‘f and
ez the benefit of department d that it gets from office expenditures under .

Department d’s preference relation R, induces a preference relation R over
matchings in a natural fashion as follows:
For any matchings i and fi,
ARy R if and only if [(Sg, ¢t) Ry(SE, ¢4)]. We abuse notation and we use Ry for
RY.

Students s’s preference relation R, similarly induces a preference relation R¥
over matchings as follows:
For any matchings i and /i,
[zR#0) if and only if [(ﬂl(s),mfﬁl(s))Rs(ﬂl(s), mf’ﬁl(s))]. We abuse notation and

we use R, for RE.

To present a matching px, we will use a matrix consisting of three rows and
n columns, where n =| S |. The first row lists the set of students respecting
their original labeling; the second row specifies the departments the students are

assigned to and the third row consists of the associated money transfers. That is

81 S9 ‘e Sn
p=1 ps1))  pals2) ... pa(sn)
7 3 I3
Mgpi(s) Msppa(ss) 0 Msppa(sn)

Definition 3 A matching u is individually rational if and only if it satisfies

the following properties

12



1. Forall s € S, mgm(s) > Osp(s), and

2. Foralld € D, Y;f > 0.
Definition 4 We say that a matching u is blocked by a student - department

pair (s,d) € S x D with p;(s) # d if and only if there exists a payment 4 such
that

1. (d, ﬁzsd)PS(ul(s),mg”m(s)), and

2. [(Sg\ B)U{s}, e Pal S}, cil,

for some B C S/‘f, with
~d Zhé(Sﬁ\B) ml].td + Mg if TMgg > 0
Cc =
Ehe(gg\B) m‘,:d otherwise

such that [((S\ B) {s}), & satisfies the quota and budget constraints of
department d, i.e., | (S§\ B)J{s} |< ¢z and & < b,.

A pair (s, d) that satisfies above two conditions is called a blocking pair for

matching p.

Definition 5 A matching p is pairwise stable if and only if it is individually

rational and there is no pair (s, d) which blocks it.

Now we will define group blocking of a matching u.

Definition 6 We say that a matching y is blocked by a group (ﬁ, S ) with DcCD
and S C § if and only if the following two conditions are satisfied:

L. For all s € 5%, [(d, ea) Pa(pi1(5), ml, )],
where d € D, and §¢ C § with for all s € §¢, u1(s) # d,
2. Foralld € D, [(S¢\ B) S, &) Py[S2, ¢4,
for some B C Sff with &% = Zhe(S‘g\ B) mh, + Zse 3 Thsq such that
=d ~ ~
S ={s € 5% g > 0} and [((S4\ B)|JS?), &% satisfies the quota and
budget constraints of department d, i.e., | [(SZ\ B) | J 59 |< gq and ¢ < b,

13



Note that $¢ C S denote the group of students who matched with department
d € D by group blocking of u, so for all s € S84 py(s) # d, and Usger S = S,
The amount of money 7,4 denote the transfer between department d € D and a

student s € S,

Definition 7 We say that a matching u is core stable if and only if y is indi-
vidually rational and there exists no group (Z~), 3) which blocks p.

Proposition 1 A matching p is core stable if and only if i is individually ratio-
nal and there exists no pair (consisting of a department d and a group of students
S CS)(d,5) which blocks p.*

Proof Take any core stable matching u. By definition, 4 is individually rational
and there exists no pair (d, S) which blocks .

For the other part of the proof, take any individually rational matching u
such that there exists no pair (d, $) which blocks . Suppose that x is not core
stable. Then there exists a group (consisting of a group of departments DCD
and a group of students S) (D, S) which blocks g. The cardinality of the group
of departments must be eojual or greater than two, i.e., | D |> 2. Otherwise we

have a contradiction with the absence of a pair (d, S) which blocks p.

W.lLo.g. assume that D = {d,d}. A student can match with at most one
department, so a student s € S matches with either department d or department
d. Let 8¢ ¢ § denote the group of students who matched with department d
and $¢ C § denote the group of students who matched with department d in the

blocking matching. Now, the following two conditions are satisfied.

1. For all s € 5§%,(d, fza) Ps(pi1(s), My (s)), and
for d € D, [(S2\ B)|J 5%, &% Py[ S, cl], where B C S%,

2. For all s € 89, (d, Mg ) Ps(141(8), My (s)), and
for d € D, [(SE\ C) U89, & P4[S%, b, where C C 5.

4In other words, an essential coalition for group blocking consists of a department and a
group of students.
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However above two conditions mean that both (d, $¢) and (d, $9) block p,

yielding the desired contradiction. Hence y is core stable. O

Definition 8 We say that a matching i is Pareto dominated by another match-
ing fi if and only if

L. for all i € (SUD), fiRiu, and

2. for some i € (S| D), P

Definition 9 A matching x is Pareto optimal if and only if there exists no

matching i which Pareto dominates L
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Chapter 3

Relationships Between Pairwise
Stability, Core Stability and
Pareto Optimality

In this chapter we examine the relationships between the notions of pairwise

stability, core stability and Pareto optimality.

Proposition 2 If a matching u is core stable, then u is pairwise stable.

Proof Obvious. 1

However the converse of the above proposition is not true, i.e., a pairwise

stable matching may not be core stable.
Example 1 A pairwise stable but not core stable matching

Let D = {di,d>} be the set of departments and S = {s1, s, s3} the set of
students. The budgets and quotas of the departments are as follows: by, = 30,
ba, = 50; qq, = 2, g4, = 2. The qualification levels and reservation prices of the

students are as given in table 3.1.

Consider the following matching pu:
16



ag=15 ag= 8
8 82
ag =12 a,=30
aZ‘::ZO a§3=25
031d1:12 031d2=10
Ospdy =25 O spdy =40
0‘33d1=11 033(12:20

Table 3.1: Qualification levels and reservation prices of students for example 1

§1 Sz 83
p=1 0 do dy
0 50 30

The matching p is pairwise stable since there exists no pair (s,d) € S x D
that blocks p. Also note that p is Pareto optimal. However u is not core stable.
Since the group (dg, {s1, s3}) blocks p with payments 4, = 10 and g, =
40. Department dy prefers the group of students {s;,s3} to student {s3}, i.e.,
(51, 83), 50] Py, [s9, 40], since af} + aj} = 33 > 30 = az2. Student {s;} prefers
to be matched with department dy at payment 7,4, = 10 to be unmatched,
i.e., (da, 10)P;, (0, 0). Student {s3} prefers to be matched with department d at
payment .4, = 40 to be matched with department d; at payment m‘;sdl = 30,
Le., (do,40)P,,(dy,30) since Mg, — sa, = 40 — 20 = 20 > 19 = 30 — 11 =

mh _
msadl 033d1 M

Hence a pairwise stable matching need not be core stable. This example also

shows that a pairwise stable and Pareto optimal matching need not be core stable.

Example 2 A pairwise stable but not Pareto optimal matching

Let D = {d;, dy} be the set of departments and S = {s1, 82, s3, 54} the set of
students. The quotas and budgets of the departments are as follows: ¢4, = 2,
Ga, = 2; bg, = by, = 100. The qualification levels and reservation prices of the

students are as given in table 3.2.

17



81 __ S1
ag = 0 ad2—10

ag =20 az=15
az=10 ag= 0
az=15 az=20

Osyd; =40 Os1dy =25
Tspd; =80 Osady =10
Tsad; =20 Os3dy, =40
Osudy =10 Os4d, =80

Table 3.2: Qualification levels and reservation prices of students for example 2

Consider the following matching p:

81 89 83 84
H= @ d1 @ d2
0 8 0 &0

The matching p is pairwise stable since there is no pair (s, d) € § x D which
blocks p.' However u is not Pareto optimal, i.e., there is another matching which

Pareto dominates p.

Now consider the following matching f:

§1 S22 83 84
p=1 dy do di dy
25 75 25 75

The matching fi Pareto dominates the matching u, see this:
(ds, 25)Ps, (0,0), (da, 75) Ps,(ds, 80),
(dy,25) Py, (0,0), (di,75)Ps,(da, 80),

(S2, i) Py, (S3, clh), (S, c2) Py (S22, ci2).

So we have that for all i € (S D), iPu, i.e., fi Parcto dominates p.2

'However the matching p is clearly not core stable as it will turn out not to be Pareto
optimal.
2The matching i is core stable.
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Hence a pairwise stable matching need not be Pareto optimal.
Example 3 A Pareto optimal but not pairwise stable matching

Let D = {di, dy} be the set of departments, S = {s1, s2, 53} the set of students,
and the quotas and budgets of the departments are as follows: g4, = 1, g4, = 1;
by, = 30, by, = 50. The qualification levels and reservation prices of the students

are as given in table 3.3.

81 __ 81 __
ag]— 4 agz- 3
2 2
agé— 8 agg—lo
ad1:15 ag=15

031d1=10 031d2:15
032d1=20 0'320}2:30
Osad; =30 Os3dy =4()

Table 3.3: Qualification levels and reservation prices of students for example 3

Consider the following matching u:

§1 82 S3
o= 0 do dy
0 30 30

The matching u is Pareto optimal since there is no other matching that Pareto
dominates . However p is not pairwise stable because the pair (ss, ds) blocks
the matching p with mmy,q, = 41. To see this, note that (dz,41)P;,(d1,30) and
(s3,41) Py, (82, 30).

Hence a Pareto optimal matching need not be pairwise stable.

It is obvious that if a matching  is core stable then p is Pareto optimal.
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Chapter 4

Graduate Admission Algorithm

In this section we define an algorithm, to which we will refer to as the graduate
admission algorithm (GAA) which is an extension of the Gale - Shapley algorithm
for the graduate admission problem. The algorithm GAA is a centralized algo-
rithm, i.e., the departments’ and students’ preferences are assumed to be known
to a planner (or to a computer program) who matches students with departments
according to the rule of GAA. Hence, there is no agent who behaves strategically

to manipulate the algorithm.

We will show that when the algorithm G AA stops then the resulting matching
is core stable (and thus Pareto optimal). However GAA does not always stop.
To clarify this situation, we will give two examples at one of which the algorithm
GAA does not stop and there is no core stable matching, while in the other

example the algorithm GAA does not stop, but there is a core stable matching.

Time is measured discretely in the algorithm. Let m4(¢) denote the offer that

department d makes to student s at time ¢.

According to the scenario behind our algorithm, given by, gq and what offers
are permitted, at each time ¢, department d will maximize its total benefit Yf =
y4(S%) +¢¢ when it makes a permitted offer to a group of students S¢ such that the
quota and budget constraints are satisfied, i.e., | (Sf) |< ¢z and Y, 50 Masa(t) <

20



by.
Now we can give the details of how the algorithm GAA works.
Graduate Admission Algorithm

t = 1: a) Each department d determines the group of students S¢ that
maximizes its total benefit subject to its quota and budget constraints with
Mea(1) = 0.4 for all s € S¢. That is, department d offers to students in S¢

first their reservation prices.

b) Students who have taken one or more offers accept at most one offer and

reject the others.

¢) Department d tentatively accepts the group of students who accepted its
offers. Let T¢ denote the group of students who accepted department d’s offers
at time ¢t = 1, T¢ C §¢.!

Now, at the end of time ¢t = 1 we have a matching u, with S il =T¢.

t = 2: a) Again each department d determines the group of students S¢ that
maximizes its total benefit subject to its constraints where the offers now be of

the form:
osqg+1 if s € SE\TY
Mea(2) = { d 1 \ 1
Osd otherwise

b) Students who have taken one or more offers accept at most one offer and

reject the others.

¢) Department d tentatively accepts the group of students T¢ C S¢ who

accepted its offers.
In general, at time k&,

t = k: a) Consider a student s to whom department d made offers before

period k the last of which took place in period #, < k. In case this offer was

154\ T¢ is now the group of students who took an offer from department d and rejected it
at time t = 1.
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rejected by s because she accepted department d’s offer with which she got again
matched at the end of period k—1, i.e., pur_1(s) = d, call such a student a rejector

of d prior to k. Let FZ denote the group of all rejectors of d prior to k.2

Each department d determines the group of students S¢ solving the same kind

of optimization problem as before, where the offers are now of the following form:

Osd if s ¢ [Ji=h" 5¢
msa(k) = mga(ts) + 1 if s € F¢

msa(ts) otherwise

Note that department d offers mgq(k) to each student s € SZ.

b) Students who have taken one or more offers accept at most one offer and

reject the others.

c) Department d tentatively accepts the group of students T¢ C S¢ who

accepted its offers.
Stopping Rule

t = t*: The algorithm stops at time ¢* if each department d makes offers to
exactly the set of students who accepted its offers in the preceding period, i.e., if
we have for all d € D, S& = T2 _,.

If the algorithm stops at ¢* the final matching s is regarded as the outcome
of the algorithm.

Proposition 3 If the algorithm GAA stops, then the final matching of the algo-

rithm is core stable (and thus Pareto optimal).

Proof Assume that the algorithm stops. Let the algorithm stop at time t* with
e denoting the final matching of the algorithm. So we have that, for all d € D,

S¢ = T2_,. We abuse notation that we use p* for pys.

?Note that at time t = 1, we have that for all d € D, Fld = 0, and at time ¢ = 2, for all
de D, F¢ =8¢\ T¢.
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Clearly p* is individually rational, since m 15 (s) > Ospx(s) for all s € S, and

Ylf*EOforalldED.

Now suppose that u* is not core stable. So there is a group (d, S ) which blocks
@*. So we have that

1. foralls e S, wi(s) #d,
2. for all s € S', (d, Msq) Ps(pi(s), m g,u (.s))

3. (S \ B) U S, 84 Py[Se., ], for some B C 5.

Note that the algorithm requires department d to make the offers 74 to each

student s € S at time t*. Now, there are three possible cases.

Case 1. If there is a student s € S such that s ¢ Ut ‘i S¢, then we have

that Mgy = 0sq.

Case 2. Now assume that there is a student s € S such that s € F%, and
let £, denote the time that department d made an offer to student s the last time

before time t*. Now 1,9 = mgq(fs) + 1.

Case 3. If there is a student s € S such that s ¢ F¢ and department d made

an offer to student s at time £, the last time before time t*, then gy = Mmsq(ts).

Therefore department d would make the offers 7,y to each student s € S
(by 3), and each student in S would accept the offer (by 2). So department d
and the group S of students would match at the outcome of the algorithm, in

contradiction with (1). Hence u* is core stable, (and thus also Pareto optimal).

O

However the algorithm does not always stop. The following example demon-
strates this situation. Also note that there is no core stable matching for the

following example.
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Example 4 3 The algorithm GAA does not stop and there is no core

stable matching

Let D = {dy,da}, S = {s1,82,83}, qa; = 1, qg, = 2, bg, = 440, by, = 1075,
and the qualification levels and reservation prices of the students are as given in

table 4.1.

ag= 17 ag= 6

ag= 0 az= 15
S3 83 __

ag = 8 ap= 11

0‘31,112400 Osidy= 300
Oapdy =440  04,4,=1000
Ossa, =400  0gyq,= 700

Table 4.1: Qualification levels and reservation prices of students for example 4

Now we apply the graduate admission algorithm:

t = 1. a) The solution set of department dy’s optimization is {s3} and the

optimizing set for department dy is {s1, 3}, i.e., SP* = {s3}, S% = {5, 55}

Department d; offers 04,4, = 400 to student s3, and

department d; offers o, 4, = 300 to student s; and 04,4, = 700 to student s3.

b) Student s; accepts department dy’s offer 05,4, = 300,
student s, has no offer,
student sz accepts department d;’s offer og4, = 400 and rejects department dy’s

offer v4,q4, = 700.

¢) Department d; accepts {s3} and department dy accepts {s;}, i.e., Tld1 =
{ss}, T{* = {s1}.

We have a matching

3This example is a modification of the example of Mongell and Roth (1986).
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§1 82 83
T = do ] dq
300 0 400

t=2: a) Now S = {s3}, S = {s1, 83}

Thus department dy offers mi,q, (2) = 05,4, = 400 to student s3,
department dy offers mg,q,(2) = 04,4, = 300 to student s and my,q,(1) = Oguq, +

1 = 701 to student s3.

b) Student s; accepts department dq’s offer,
student s has no offer,

student sz accepts department dy’s offer and rejects department dy’s offer.
¢) Hence T = 0, T2 = {s, 53}

So we have a new matching

Ho = dg 0 dz
300 0 701

Note that, in further periods, department d; and department dy compete for
student s3 by increasing their offers. The maximal offer that department d; makes
to student s3 is equal to its budget. Hence, eventually at some time ¢ = [ we have

following:
t =1: a) Now 8% = {s3}, 8% = {s1, s3}.

Department d; offers my,q, (1) = by, = 440 to student ss,
department dy offers my, 4,(1) = 300 to student s; and mg,q, (1) = 741 to student

83.
b) Student s; accepts department dy’s offer,

25



student sy has no offer,
student ss accepts department dy’s offer and rejects department dy’s offer.

c) So, T =0, T = {s1, s3}.

At time [ we have a matching

51 89 83
My = do ] dy
300 0 741

t=1+1: a) Szdh ={s1}, Sﬁﬁl = {s1, s3}, implying that department d; offers
Mg,q, (I + 1) = 04,4, = 400 to student s;,?
department dy offers my, 4, (1 + 1) = 300 to student 1 and mgq, (I + 1) = 741 to

student ss.

b) Student s; accepts department dy’s offer and rejects department dy’s offer,
student s, has no offer, and

student s3 accepts department ds’s offer.

c) So, Tl‘ill =0, 7}‘531 = {31, s3}, vielding the matching

Hi+1 = dy 0 dy
300 0 741

Now department d; and department ds; compete for student s;. However
the maximal offer that department d; makes to student s; is equal to 334 =

1075 — 741 = bg, — Migeq, (I + 1). Hence at some time ¢ we have following:

t=1 a) S& = {51}, SZ = {s1, 83}, s0 that department d; offers my,q () =
435 to student {s1},
department dy offers my, 4, (f) = 334 to student s; and my,q,(#) = 741 to student

S83.

4Department d; offers to student s; as the first time at time [+ 1, so Mady I+ 1) = 04,4, =
400.
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b) Student s; accepts department d;’s offer and rejects department dy’s offer,
student sy has no offer, while

student s3 accepts department dy’s offer.

¢) Thus, T2 = {s1}, T = {s3}, and we have the matching

S S9 83
Hi = di 0 dy
435 0 741

t =1+ 1: a) Now S’tﬁiil = {s1}, Stfijl = {sq2}.

In here, note that department dy’s preference relation violates the gross sub-
stitutes condition, since department ds broke its tie with student s3 even though

the offer my,q,(f + 1) does not increase, i.e., Myyq, (f + 1) = mi?, but s5 ¢ S’gjl.

Department d; offers my 4, (£ + 1) = 435 to student sy,
department dy offers my,q,(t + 1) = 05,4, = 1000 to student ss.

b) Student s; accepts department d’s offer,
student s, accepts department dy’s offer, while

student s3 has no offer.

¢) Hence T, = {51}, ngl = {s2}.

t+1

At time £ + 1 we obtain matching

i1 = d; dy 0}
435 1000 O

t =f+2: a) Here S&, = {s3}, S, = {s,}, whence department d; offers
Megya, (€ + 2) = 440 = my,q, (1) to student s3,

department dy offers ms,q, (£ + 2) = 1000 to student s,.

5Department d; is supposed ‘o make this offer since student s3 is unmatched under uz, ;.
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b) Student s; has no offer,
student s, accepts department dy’s offer,

student s; accepts department dy’s offer.

c) So T, = {s3}, Tt—d_,'f’2 = {s2}.

i+2

At time t = £ + 2, this yields the matching

51 S9 S3
pire=1 0 do dy
0 1000 440

=+ 3: a) Now S, = {s3}, 5P, = {s1,s3}.

Department dy offers my,q, (£ + 3) = 440 to student sz,
department dy offers my, 4, (f + 3) = 334 = my,q,(f) to student s,° and my,q, (F +
3) = T41 = m,q,(f) to student s3.”

b) Student s; accepts department dy’s offer,
student s, has no offer,

student s3 accepts department dy’s offer and rejects department d;’s offer.

c) Thus, Tf, = 0, T2, = {s1, s3}.

At time £ + 3 we have the matching

S1 82 83
Bir3 = d 0 dy
334 0 741

t =1+ 4: a) In this period, S;ﬂl_él = {s1}, S2, = {51, s3}.

Department dy offers my, 4, (£ + 4) = 435 to student s,
department dy offers my, 4, (t + 4) = 334 to student s; and mg,q, (T + 4) = 741 to

5Department dy makes this offer since student s is unmatched under pz, .

"Department dy makes this offer since it broke ties with student sz at time 41, so s3 ¢ ngj:,).
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student ss.

b) Student s; accepts department dy’s offer, and rejects department dy’s offer,
student s, has no offer,

student s; accepts department dy’s offer.

c) Hence, Tftii4 = {s1}, 7}“%4 = {s3}, yielding the matching

MHira = i 0 dy
435 0 741

Note that g 4=z If we continue to apply GAA we get following matchings
at further periods:

HEis = M1, HEre = HE+2, MEr7 = B3, P48 = M= Hi

The finite tuple of matchings (us, i1, fiv, pir3) repeats itself infinitely many

times in the algorithm. Hence the algorithm does not stop in this example.

Note that there is no core stable matching in this example, since there is
neither a core stable matching such that student s, is matched with a department,

nor a core stable matching under which she is unmatched.

In the previous example, we see that the algorithm G AA does not stop because
a finite tuple of matchings repeats itself, that is a cycle occurs in GAA. So we

will define formally what we mean by a cycle.

Definition 10 We say that a cycle occurs in the algorithm if there is a finite
sequence of matchings (s, teg+1s - - - » 4i-1) (to < %) such that, for every t > %,
ft = ligir, Where 0 <7 <& —1g and ¢ = r (mod ¥ — #o).

We have seen it is possible that the algorithm GAA does not stop. But is it

also possible that the algorithm GAA does not stop while no cycle occurs in the

algorithm? The following proposition answers this question.
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Proposition 4 The algorithm GAA stops if and only if no cycle occurs in the

algorithm.

Proof Tt is obvious that if the algorithm GAA stops, then no cycle occurs in the

algorithm.

For the other part of the proof, assume that the algorithm GAA does not stop.
Let M denote the set of all matchings that occur in the algorithm GAA. Note
that the set of all possible matchings for a given graduate admission problem is
finite, since D and S are finite, and the money transfers between matched agents

are integers. Therefore M is finite.

Let O denote the set of all pairs (s,d) € S x D such that d makes an offer
to s in the algorithm GAA. In the algorithm, there is a time £ such that for
any (s,d) € O, department d proposes its maximal transfer to student s in the

algorithm at any ¢ <  such that d makes an offer to s in period ¢.

Letting msq denote the maximal transfer that department d offers to student
s in the algorithm GAA, we have, for any ¢ > £, m4(t) = hsq, if d makes an offer

to s at t.

Since M is finite, there is a matching & such that it occurs infinitely many
times in the algorithm GAA. Let t; be a time such that ¢, > ¢ and w, = .

Claim 1: It is impossible that for all times ¢ > ¢z, w = [i.
Proof of claim 1: Suppose not, i.e., suppose that for all times ¢ > ¢, p: = [

Since the algorithm GAA does not stop, at each time ¢ there is at least one
department d such that S¢ # T2 .

Moreover, for all times ¢ > &, we have that, for any (s,d) € O, mgq(t) = Mg
if s gets an offer from d at ¢. But this fact together with the finiteness of D and
S implies that there is some time ¢* > #; such that for all d € D, S& = T¢_,, in
contradiction with that GAA does not stop. Hence it is impossible for all times

t > t;, to have u; = fi. This completes the proof of claim 1.
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Claim 1 implies that there is a matching 4 which is different than i such that
Mt +1 = /3‘

Applying Claim 1 to fi, we can say that it is impossible for all times ¢ > £, + 1
to have y, = fi. So there is another matching i which is different than f such

that Hep+2 = 1&

As matching fi occurs infinitely many times in the algorithm, at some further
time, again we have matching fi. That is there is a time #; > ¢ such that u;, = f.
Hence we get a finite tuple of matchings (f,i,4Q,. . .,4—1). Let C' denotes this

finite tuple of matchings.
Claim 2: p,41 = [i.

Proof of claim 2: Note that p,, = i and g 41 = i such that i is different
than fi. So there is at least a department d and a student s such that fi;(s) # d
but fi;(s) = d. That is department d makes an offer to students s at period #; + 1

and s accepts d’s offer. Hence s ¢ Ff ;.

We will show that s ¢ F,,, i.c., the algorithm requires that d makes an offer

to s at period #; + 1. We have two cases to consider that either fi;(s) = 0 or
fia(s) = d.

If f11(s) = @, then we have that she is again unmatched at the end of period
ti, since piy, = py, = fi. So s ¢ F ..

Now assume that fi,(s) = d. Note that d makes an offer to s at period # -+ 1
and s accepts d’s offer, and we have for all times ¢ > ¢, my4(t) = g for any
(s.d) € Oif s gets an offer from d at period t. Hence we have (d, meq) Ps(d, 7, ).
That is s do not reject d’s offer because of d’s offer. So s ¢ F2,,. Hence at time
t; + 1, again d makes an offer to s, and she accepts it, i.e., d and s again get
matched at the end of period ¢; + 1. Note that this is true for all pairs (s, d) such
that fi1(s) # d but fi1(s) = d. So we have p,1 = fi, which completes the proof

of claim 2.

Applying claim 2 to 41 = fi, we get the matching [ at the end of period
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t + 2.

Hence by applying claim 2 to each matching in C, we see that C repeats
itself infinitely many times in the algorithm GAA. This completes the proof of

proposition.

a

In the example 4 above the algorithm GAA does not stop and there is no
core stable matching. The following example shows that it is also possible that

the algorithm GAA does not stop while there is a core stable matching.

Example 5 The algorithm GAA does not stop and there is a core stable

matching

Let D = {dy,ds,ds,ds} be the set of departments, S = {s1, 2, 3, S4, S5, S6}
the set of students, where the quotas and budgets of the departments are as
follows: g4, = 1, qa, = 2, qas = 1, qa, = 2; bg, = 440, by, = 1075, by, = 440,
by, = 1075. The qualification levels and reservation prices of the students are as

given in table 4.2.

agé = 7 aé% = 11 azl'é = 4 O’Z{i = 0
a‘sl;: 0 a,gg: 15 ag:;: 0 afé: 2
ag‘}L = 8 a§2: 12 a,gg: 0 Gy, = 1
agp= 4 agz= 0 ag= 7 az= 11
agz= 0 ag= 2 ag= 0 ag= 15
ag= 0 ag= 1 agp= 8 ag= 12

054, = 400 Osd,= 300 Os,ds=—000 Os1d,= 440
Tsodi = 440 Osody= 1075 Osoda™ 400 0'32d4=—500
Osady = 400 O 33dy = 700 Os3ds = 420 (733d4:_500
084d1=~—500 Tudy = 450 Oguds= 400 Os4ds™— 300
Ogsty= 400  0ggy=—500  0gg,= 440  0gq,= 1075
Osady = 420 0'36,12:—500 Osgds= 400 Oseds™— 700

Table 4.2: Qualification levels and reservation prices of students for example 5

If we apply the algorithm GAA, then a cycle occurs consisting of the following

three matchings:
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§1 S92 83 S4 85 Ss
M = d1 @ dz dg @ d4
435 0 741 435 0 741

S1 Sg Sz 54 S5 56
Hip1 = di d¢ 0 dz dy 0
435 —500 0 435 —-500 O

81 Sg 83 84 S5 Sg
Hiyo == ] dy dy 0 dy ds
0 -—-500 741 0 -500 741

However, there is a core stable matching.

Consider the matching

p=1| d3s dy dyi di dy do
440 500 575 440 500 575

It is easy to see that the matching u is core stable. Hence, it is possible that
the algorithm G AA does not stop, but there is a core stable matching. Therefore,
we cannot say that if the algorithm GAA does not stop, then the set of core stable

matchings is empty.

We say that a core stable matching is department optimal if every depart-
ment likes it at least as well as any other core stable matching. Similarly, we say
that a core stable matching is student optimal if every student likes it at least

as well as any other core stable matching.

For the college admissions problem with colleges having quota constraints

only, we know that there are a college optimal and a student optimal matching.
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However, the following examples show that there is neither a department optimal
nor a student optimal matching for the graduate admission problem with quota

and budget constraints.

Example 6 There is no department optimal matching

Let D = {dy, dy} be the set of departments, S = {s1, 52, 53} the set of students
with the quotas and budgets of the departments as follows: qq, = qq, = 2;
by, = ba, = 100. The qualification levels and reservation prices of the students

are as given in table 4.3.

81 . S1._
ag =1 ag= 1
82 __. 82 __.
ag =10 ag= 0
83 _ 83 _
ag= 0 az=10

Us1d1:10 0'3142:20
Osqdy =00 Os,d, =60
0'33d1=50 0'33d2=60

Table 4.3: Qualification levels and reservation prices of students for example 6

Consider the matching

81 89 83
H= di di dy
30 50 60

which can easily be checked to be the outcome of GAA.

Now considering the matching

dy di dy
20 100 80

=
]

we see that both x4 and [ are core stable, while Py fi and fiFPy, . Moreover,

there is no other core stable matching such that both d; and dj like it at least as
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well as any other core stable matching. Therefore there is no department optimal

matching.
Example 7 There is no student optimal matching

Let D = {dy, da} be the set of departments, S = {s1, 52, 53} the set of students,
where the quotas and budgets of the departments are as follows: gg, = 2, qa, = 1

bg, = bg, = 100. The qualification levels and reservation prices of the students

are as given in table 4.4.

ag=1 ag=0
ag=>5 agz= 0
83 _ 83 .

agp=0 ag =10

Os1d; =50 Osyd, =60
O spdy =00 T spd, =00
053d1:50 0'3342260

Table 4.4: Qualification levels and reservation prices of students for example 7

Consider the matching

S1 82 83
m= dy dy dy
50 50 60

which turns out to be the outcome of GAA for this problem.

Now consider the matching

0 di dy
0 100 100

=
I

Similarly as above, both p and ji are core stable, while pP fi and iFPs,p.

Moreover, there is no other core stable matching such that both s; and sg like it
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at least as well as any other core stable matching. Therefore there is no student

optimal matching.

Note that pi(s1) € D but f1(s;) = . Therefore it is possible that there be
core stable matchings u and i such that there is a student s € S, p;(s) € D but

fir(s) = 0.
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Chapter 5

Graduate Admission Algorithm

with Reservation Prices

In this chapter, we will modify students’ preferences in such a way that stu-
dents now consider only reservation prices and do not derive further utility from
money transfer over and above their reservation prices. Then we construct an-
other graduate admission algorithm (GAA) by taking the reservation prices of
students equal to the money transfers from the department to which they are
accepted. The algorithm GAA is another extension of the Gale - Shapley algo-
rithm. However, like GAA, GAA does not always stop, and it is possible that
there exists a core stable matching although GAA does not stop.

Students’ Preferences
Again we assume that (d, asd)PS((;l, o, if and only if o,g < o g

Note that proposition 1 and 2 continue to be true if students consider only
reservation prices, and similar examples of chapter 3 can easily be constructed

for this model as well.

Now we will define how the algorithm GAA works.
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The algorithm GAA

The structure of GAA is the same as that of GAA, the only difference being
that a department d which makes an offer to a student s is ready to pay oy to
s no matter at what stage of the algorithm this offer is made. In other words,

msq(t) = 05q for all s € S, d € D and all times ¢ at which d makes an offer to s.

At each time ¢ in the algorithm GAA, each department d chooses a group
of admissible students S¢ satisfying its quota and budget constraints so as to

maximize its total benefit Y,4.

t = 1. a) Each department d determines a group of students 8¢ C S as

denoted above and offers to each student s € St

b) Students who have taken one or more offers accept exactly one offer and

reject the others.

c¢) Department d accepts the group of students who accepted its offers. Let T
denote the group of students who accepted department d’s offers at time ¢ = 1,
where clearly T C S¢.

Now, at the end of period ¢ = 1 we have a matching u;, and so 8%, = T}.

t = 2: a) Each department d determines a group of students S¢ C S\ (S¢\T¢)

and makes an offer to each student s € S¢.

b) Students who have taken one or more offers accept exactly one offer and

reject the others.
¢) Department d accepts the group of students who accepted its offers.
In general, at time k, the algorithm works as follows.

t = k: a) Now we will define in general what we mean by an admissible group
of students for department d, i.e, we will define the set F,gl C S for department d

at time k.
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Assume that £ < k was the last time that d made an offer to s before time &
when s rejected d’s offer because of another department d’s offer. Department d
cannot make an offer to student s at time k, if jz—1(s) = d. The set F¢ denotes
the group of all such students for department d at time k, i.e., the group of

students to whom department d cannot make offers at time k!

Each department d chooses its group of students S¢ from S\ Fi¢ and offers to

each student s € S,‘f.

b) Students who have taken one or more offers accept exactly one offer and

reject the others.

¢) Department d accepts the group of students T C S¢ who accepted its

offers.
Stopping Rule

t = t*: The algorithm stops at time t* if each department d makes offers
exactly to the group of students who accepted its offers at t* — 1, i.e., if we have
Sé =T¢ | forallde D.

If the algorithm stops at time ¢*, the matching p is regarded as the outcome

of the algorithm.

Proposition 5 If the algorithm GAA stops, then the final matching of the algo-

rithm is core stable (and thus Pareto optimal).

Proof Assume that the algorithm stops. Let the algorithm stop at time ¢*, and
let the matching u;« denote the outcome of the algorithm. So we have S& = T¢_;

for all d € D. We abuse notation that we use u* for p..

Clearly p* is individually rational, since for all s € S, m‘:;I(s) = Ogus(s), and
forallde D, Y% > 0.

LAt time f = 1, we have that for all d € D, Fld = ), so each department d determines its
group of students S¢ over the set of all students S. At time ¢ = 2, for all d € D, F¢ = S¢\ T¢,
so the admissible group for department d at time 2 is S\ (S¢ \ 7).
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Now suppose that u* is not core stable. Then there is a group (d, S) which
blocks p*. So we have that

1. for all s € S, pi(s) # d,
2. forall s e S, (d, asd)Ps(,u’l‘(s), osu;(s)),

3. [(S4.\ B) U S, é4|Py[S4,, ct], for some B C S4..

s Cpx

Claim: There is no student s € S such that s € FZ.2

Proof of claim: Suppose not, i.e., suppose there is a student s € S such that
s € F2. That is department d offered to student s € S at some time ¢ < ¢* as
the last time before time ¢* and student s rejected d’s offer because of another

department’s offer, say department d’s offer, and p_1(s) = d.3 So we have that

4. (d, O’sJ)Ps(d, Usd)-

As pp_1(s) = d and the algorithm stops at time ¢*, we have that uj(s) = d.
Now by (2), we have (d, 0.q)Ps(d, o,.5)- This contradicts with (4). Hence there is
no student s € S such that s € F3.

The above claim implies that S C (S\ F2), i.e., the algorithm allows depart-
ment d to make offers to each s € S. Therefore department d would offer to
each student s € § (by 3), and each student s € S would accept it (by 2), in
contradiction with that for all s € S, u$(s) # d. Hence p* is core stable, and thus

Pareto optimal.

O

2Note that there is no student s € (Sf. \ B) such that s € F, since for all s € (St \ B),
pi(s) = d.

3Note that in here we abuse the notation that ps«_1(s) denotes the department that s is
matched under p;-_1.
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The following example shows that there can be more than one core stable

matching in our model where only reservation prices of students are considered.

Example 8 There is more than one core stable matching

The set of departments is D = {di,ds,ds}, the set of students is S =
{51, 82, 83, 84,55,6,57,88 }, and the quotas and budgets of departments are given
by G, = 3, G, = 3, Qas = 2; ba, = 45, ba, = 50, by, = 25. The qualification levels

and reservation prices of the students are as given in table 5.1.

ag=15 ag= agz=0
az =20 ag= az= 0
az=10 ag=0 ag;=15
ag= 0 ag=11 agz=0
ag =15 ag =15 ag=0
ag= ag=10 ag=12
az= 0 ag=0 ag=10
ag=10 ag;=10 ag=

Usldlzlo Osidy =20 031d3:25
082d1 :10 0's2d2 :20 0'32d3=25

Tsdy =19 Osqdy =20 O sads =25
Osqdy =28 084d2:20 Us4d3:25
Tasdy :25 085d2:21 085d3:22

Oggdy =30 0'36,12:20 Usmis:lo
037d1 =25 037d2:40 037d3: 0
Tsgdy =30 058d2=10 0'38d3=20

Table 5.1: Qualification levels and reservation prices of students for example 8

When writing a matching, we will not write the money transfers between
matched agents, since all money transfers between matched agents are the reser-

vation prices of the students. Consider the following matching

S1 89 83 84 S5 S St Sy
# pomd
dy di di dy dy d3 dz 0
Note that the matching u is core stable. The best group for department d;
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is {s1, 82, 55}, and Sl‘fl = {sy, 89,83}, and department d; prefers student sz to
student s3. However (dg, 21)P,,(d1, 25), i.e., student s5 does not form a blocking
pair with department d;. Hence there is no group involving department dy which

blocks u.

The best group for department dy is {s4, S6, ss}, and 332 = {s4,85}. The
group (da, {56, 53}) cannot-block w, since (ds, 10) Pys(dz, 20). The group (da, s8)
cannot block p, since 0,4, + Osgay + Osga, = 20 + 21 + 10 = 51 > 50 = by, and
af =11 > 10 = a3, az} = 15 > 10 = a3}. Hence there is no group involving
department dy which blocks p.

The best group for department ds is {ss, sy}, and S’l‘fs = {s6,57}. However
(dy, 15) Py, (d3, 25), i.e., student s3 does not form a blocking pair with department

ds. Hence there is no group involving department ds which blocks u.

If we apply the algorithm GAA, we get the matching

- S1 82 83 S4 S5 S6 Sr 58
P\ dy dy ds dy d dr ds dy

Clearly /i is core stable, and different than u.
Hence it is possible that there be more than one core stable matching.

This example also shows that there is no student optimal matching for this

model. Since pP,fi but fiPsp.

Also note that ui(sg) = 0, fi1(ss) = da, so it is possible that there be two
core stable matchings p and fi such that there is a student s € S with u(s) = 0,
/11(8) e D.

Now we will give an example that the algorithm GAA does not stop and there

is no core stable matching.
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Example 9 The algorithm GAA does not stop and there is no core

stable matching

Let D — {dlu d2}7 S = {817 82, 53}7 le = 17 de - 2) bd1 = 50’ bdz = 707 a’nd the

qualification levels and reservation prices of the students are as given in table 5.2.

81 __ 81 __
ag, =10 ag,=10
82 52 —
a;=1 ag=15
83 83 __
a;= 8 ag=9

Os,d; =90 Os,dy =30
Ospdy =00 Osqydy =45
Os3dy =30 O s3d, =40

Table 5.2: Qualification levels and reservation prices of students for example 9

Now we apply the algorithm GAA,

t=1: a) 8% = {s1}, 8% = {51, s3}; and department d; offers to student s,

department ds offers to students {s;} and ss.

b) Student s; accepts dy’s offer and rejects d;’s offer; student s, has no offer;

student s3 accepts dy’s offer.

c) We obtain a matching

81 82 83
p =
do 0 do
t =2 a) St = {s3}, S® = {s1,53}; and department d; offers to student s,,

department ds offers to students {s;} and ss.

b) Student s; accepts dy’s offer; student s, has no offer; student s; accepts

dy’s offer and rejects dy’s offer.

S1 82 S3
M2 =
dy 0 dy
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t =3 a) S = {s3}, 5% = {s5};* and department d; offers to student s3,

department dg offers to student s;.

b) Student s; has no offer; student s, accepts dy’s offer; student sz accepts

dyi’s offer.

c) We obtain a matching

81 82 83
3 =
0 do dy
t =4 a) S® = {51}, S = {s3}; and department d; offers to student sy,

department dy offers to student ss.

b) Student s; accepts dj’s offer; student sy accepts dq’s offer; student sz has

no offer.

c) We obtain a matching

81 S92 83
pa =
di dp 0
t = 5: a) S’5d1 = {s1}, ng = {s1, s3}; and department d; offers to student s,

department dy offers to students s; and ss.

b) Student s; accepts dy’s offer and rejects d;’s offer; student s, has no offer;

student s3 accepts dy’s offer.

c) We obtain a matching

81 89 83
lj/:
" \d 0 4

Note that us = uq, and if we continue we get that ug = po, pr = us, s = pa.

4Note that department dy’s preference relation violates the gross substitutes condition.
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That is (1, pe, 43, pa) repeats itself infinitely many times in the algorithm GAA.
Hence the algorithm GAA does not stop.

Note that there is no core stable matching for this example, since there is
neither a core stable matching such that student s, is matched with a department,

nor a core stable matching under which she is unmatched.

The following proposition shows that it is impossible that the algorithm GAA
does not stop and no cycle occurs in the algorithm.
Proposition 6 The algorithm GAA stops if and only if no cycle occurs in the

algorithm.

Proof The proof is similar to that of proposition 4. O

The following example shows that the algorithm GAA may not stop even if

there is a core stable matching.

Example 10 The algorithm GAA does not stop and there is a core stable

matching

Let D = {dy,dy,ds,ds} be the set of departments, S = {s1, 82, 53, 84, S5, S6 }
the set of students and the quotas and budgets of the departments are given by
qd; = 1, qd, = 2, Qds = 1, 4dy = 2; bd1 = 50, bd2 = 70, bdg = 50, bd4 = 70. The

qualification levels and reservation prices of the students are as given in table 5.3.
If we apply the algorithm GAA, we get the following matchings:

At the end of time £ = 1, we have
St S9 8S3 84 85 8p
=
dy, O dy dy 0 dy
At the end of time £ = 2, we have
S1 82 83 84 S5 Sg
H2 =
(dz 0 di da 0O dg)
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81 81 _ 81 __ 81 .
ag =10 ag=10 Qg = ag= 0

82 __ 89 82 __ 82 __
af=1 . az=15 Qe = ag4—
ag= 8 ag= ag= a;= 3
ag= 6 agz=0 ag=10 az,=10
85 __ 85 __ 35 S5 __
ag1~ agg— 3 agg— 1 czgz31 15
6 —_ — p—
Qg = Qg = ag= 8 Gg, =

0'81d1=50 Usld2:30 (fsld3=20 O‘sld4=40
0'32111:50 032d2:45 0'82d3=40 0'32d4=30
O sy =30 Os5dy =40 Ossds =45 Osydys =28
0'3441220 0'340;2:40 0'34,13“—-—“50 034d4:30
Ogsdy =40 0'3542230 Ossda =50 0‘35d4=45
0'36d1=45 036d2=28 0'36d3———30 036d4=40

Table 5.3: Qualification levels and reservation prices of students for example 10

At the end of time ¢ = 3, we have

) 81 S2 83 S84 S5 S
lj,:
: 0 dy dy 0 dy ds

At the end of time ¢t = 4, we have

§1 S2 S3 S4 85 S¢
Hq =
dy do O ds dy 0
If we continue to apply our algorithm we obtain the result that us = us,

He = pa, fr = 3, pig = pa. That is (1, p2, ps, a) Tepeats itself infinitely many
times in the algorithm GAA. Hence the algorithm GAA does not stop.

However there is a core stable matching for this example. Consider the match-

ing

_f 81 52 53 84 S5 Sg
a dz3 dy dy dy dy dy

The matching p is core stable, since each student s € S is matched with her

best department under y. So there is no group of student who forms a blocking
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coalition with any department. Hence it is possible that the algorithm does not

stop and there is a core stable matching.

Example 11 There is no department optimal matching if students con-

sider only reservation prices

Let D = {dy,ds} be the set of departments, S = {s1, 52,53, 54} the set of
students and the quotas and budgets of the departments are given by g4, = 2,
qa, = 2; bg, = 102, by, = 100. The qualification levels and reservation prices of

the students are as given in table 5.4.

ai=20  a3=20
a;=15 az=15
ag =12 ag; =16
az =13 a =16

Tsidy =55 0'31d2:60
Osody =45 032d2:40
Oosdy =51 0gya, =50
0'34,11:51 0'34d2=50

Table 5.4: Qualification levels and reservation prices of students for example 11

Consider the matching

. S§1 89 83 84
P\ d d b 4

Note that u is core stable. Department d; is matched with its best group under
i, so there is no group including department d; which forms a blocking coalition.
The best group for department d is {s1, sa}, while S’,‘fz = {s3,84}. Student s;
does not form a blocking coalition with department dy since (dy, 55) P, (da, 60).
And department dy does not form a blocking coalition only with student ss, since
ag, = ag, =16 > 15 = a.-So there is no group consisting of department dy and

some students which forms a blocking coalition. Hence p is core stable.

Now consider the matching
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. §1 S22 83 84
=\ d dy d dy

Note that [ is core stable. Department ds is matched with its best group under
[, so there is no group including department ds which forms a blocking coalition.
The best group for department dy is {s1, s2} and S’gl = {s3, 84}. Student s, does
not form a blocking coalition with department d; since (dg,40)P;,(ds,45). And
department d; cannot form a blocking coalition with student s3, since o,y +
Os;q, = 106 > 102 = by,. Similarly department d; can not form a blocking
coalition with student sq4, s_ince Osgdy + Oy = 106 > 102 = by,. So there is no
group involving department d; which forms a blocking coalition. Hence i is core

stable.

However we have that Py, i and 1Py, . Hence there is no department optimal

matching for the model where students consider only reservation prices.
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Chapter 6

Discussion and Conclusion

6.1 Discussion

We start this section with some observations. If we go back to example 4 where
the algorithm GAA does not stop, we see that there is a pairwise stable and

Pareto optimal matching in the cycle that occurs there.

In that example, the matching u;, s is both pairwise stable and Pareto optimal,

where

0 1000 440

This observation motivated us to write another algorithm to find pairwise
stable matchings. We define a new graduate admission algorithm G AA™/ which

can be regarded as a refinement of the algorithm GAA.

The algorithm GAA™f

The rules of the algorithm GAA™ are the same as the rules of GAA with the

exception that, at each time ¢, each department d can now make only one new
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offer. That is, at each time ¢, each department d can make offers in addition to

the students in T2 ; to only one student s € S with s ¢ T ;. Hence we have that
|S¢| < |Tq | + 1.

Proposition 7 If the algorithm GAA™ stops, then the final matching of the

algorithm is pairwise stable.

Proof Assume that the algorithm GAA™/ stops at time t*. Let u* denote the
final matching of the algorithm. Clearly p* is individually rational.

Now suppose that u* is not pairwise stable. Then there is a pair (s,d) €
S x D with u3(s) # d that blocks p*. Let 7hsq denote the money transfer from

department d to student s .

However, as in the the proof of proposition 3, according to the algorithm
department d could have offered 7,4 to student s, and therefore would have

matched with student s, if that were the case.

Hence p* is pairwise stable.

O

However, if the algorithm GAA™/ stops, this does not guarantee the Pareto
optimality of the final matching. For example, if we apply the algorithm GAA™f
to the graduate admission problem of example 2, the algorithm stops and the
final matching is p given in there. As noted in example 2, p is pairwise stable

but not Pareto optimal.

We record the following statement that has not been either proven or disproven

as a conjecture.
Conjecture 1: The algorithm GAA™/ stops in a finite time.

Now consider examples.9 and 10 in which the algorithm GAA does not stop,
but there is a pairwise stable and Pareto optimal matching that is a member of

the occurring cycle.
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In example 9 there is no core stable matching either. The matching p4 is

however, both pairwise stable and Pareto optimal, where

- 81 82 83
M\ a0
In example 10, the algorithm GAA does not stop but there is a core stable

matching. The matching ug there,is both pairwise stable and Pareto optimal,

where
S1 8 83 84 S5 Sg
Hy =
di do 0 d3 dy 0
These observations motivated us to introduce yet another algorithm in an
attempt to find pairwise stable matchings when students care only about getting

their reservation prices. Here we define a new graduate admission algorithm
(G;lAref) which can be regarded as a refinement of the algorithm GAA.

The algorithm GAA™

The rules of the algorithm GAAref are the same as the rules of GAA with the
exception that, at each time ¢, each department d can now make only one new
offer. That is at each time ¢, each department d can make offers in addition to

the students in T2 ; to only one student s € S with s ¢ T ;. Hence we have that
St < |7 | + 1.

Proposition 8 If the algorithm Gaa™ stops, then the final matching of the

algorithm is pairwise stable.

Proof Assume that the algorithm Gaa™ stops at time ¢*. Let u* denote the
final matching of the algorithm. Clearly p* is individually rational.

Now suppose that u* is not pairwise stable. Then there is a pair (s,d) €
S x D with ui(s) # d that blocks p*. Remember that the money transfer from

department d to student s is simply o4 if s accepts d’s offer.
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However, as in the proof of proposition 5, according to the algorithm, de-
partment d could have made the offer o, to student s, i.e., s ¢ F2. Therefore
department d and student s would have matched in the outcome of the algorithm,

a contradiction.

Hence p* is pairwise stable.

O

However, even if the algorithm GAAref stops then the final matching need

not be Pareto optimal.

The following statement is neither proven nor disproven so far and is thus

recorded as a conjecture.
Conjecture 2: The algorithm GAA™ stops in a finite time.

There are examples where GAA does not stop, but GAA™ does. For example,
consider example 9 in which the algorithm GAA does not stop and there is no
core stable matching. The block of matchings (p1,449,143,444) repeats itself infinitely
under GAA. Now starting from time ¢ = 5, if we apply the algorithm G';lAref,
the algorithm GAAref stops at time ¢ = 6, and ug = p4 which is pairwise stable

and Pareto optimal.

6.2 Conclusion

In this thesis, we have studied the graduate admission problem with quota and
budget constraints as a two sided matching market. We have defined an algorithm
(GAA) which is an extension of the Gale - Shapley algorithm. We showed that if
the algorithm GAA stops then the final matching is core stable (and thus Pareto
optimal). However the algorithm GAA does not always stop, and it is possible
that the algorithm GAA does not stop while the set of core stable matchings is
nonempty. Also there is neither a department optimal matching nor a student

optimal matching under budget constraints.
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We have also studied the model that students only consider reservation prices.
We have defined another algorithm (GAA) that is again an extension of the Gale
- Shapley algorithm. We showed that if the algorithm GAA stops then the final
matching is core stable (and thus Pareto optimal). However, the algorithm GAA
does not always stop, and it is again possible that the algorithm GAA does not
stop while the set of core stable matchings is nonempty. Also if students only care
about their reservation prices there are no department optimal matching and no

student optimal matching.

We obtain similar results under algorithms GAA and GAA. Hence we can
say that in the model defined in this thesis (two sided matching market with
quota and budget constraints), straightforward extensions of the Gale - Shapley
algorithm do not function as well as it works for college admissions and labor

market models without budget constraints.

We also defined certain refinements of GAA and GAA, called GAA™ and
GAA™ which yield pairwise stable matchings if they stop. However, whether
these must stop or not, or whether there always exist pairwise stable matchings
in our framework with budget constraints or not stays as an open problem yet to

he explored.
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