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ABSTRACT

OPTIMAL LINEAR MMSE ESTIMATION IN
PRESENCE OF CORRELATION UNCERTAINTY
UNDER RESTRICTED BAYESIAN FRAMEWORK

Süleyman Taylan Topaloğlu

M.S. in Electrical and Electronics Engineering

Advisor: Sinan Gezici

June 2023

A restricted Bayes approach is proposed for the linear estimation of a scalar

random parameter based on a scalar observation under uncertainty regarding

the correlation between the parameter and the observation. In particular, the

optimal linear estimator that minimizes the average mean-squared error (MSE)

is derived under a constraint on the worst-case MSE by considering possible

values of the correlation coefficient and its probability distribution. A closed-form

expression is derived for the optimal linear estimator in the proposed restricted

Bayesian framework by considering a generic statistical characterization of the

correlation coefficient. The performance of the proposed estimator is evaluated

via numerical examples and its benefits are illustrated in various scenarios. The

proposed framework is also extended to the case of vector-valued observation and

the properties of the optimal linear estimator are characterized.

Keywords: Correlation uncertainty, linear estimation, restricted Bayes, signal

processing.
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ÖZET

KISITLANMIŞ BAYES ÇERÇEVESİNDE
KORELASYON BELİRSİZLİĞİ ALTINDA EN İYİ

DOĞRUSAL MMSE KESTİRİMİ

Süleyman Taylan Topaloğlu

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Sinan Gezici

Haziran 2023

Bu tezde, parametre ile gözlem arasındaki korelasyon hakkındaki belirsizlik

altında, skaler bir rassal parametrenin skaler bir gözlem temelinde doğrusal

kestirimi için bir kısıtlanmış Bayes yaklaşımı önerilmektedir. Özellikle, kore-

lasyon katsayısı ve olasılık dağılımının farklı değerleri dikkate alınarak, ortalama

karesel hatayı (OKH) minimize eden en iyi doğrusal kestirici, en kötü durum

OKH’si üzerinde bir kısıtı sağlayacak şekilde türetilmektedir. Önerilen kısıtlanmış

Bayes çerçevesinde, korelasyon katsayısının genel istatistiksel karakterizasyonunu

dikkate alarak, en iyi doğrusal kestirici kapalı bir formda elde edilmiştir. Önerilen

kestiricinin performansı sayısal örneklerle değerlendirilmiş ve çeşitli senaryolarda

faydaları gösterilmiştir. Ayrıca, önerilen çerçeve, vektör değerli gözlem durumuna

genişletilmiş ve en iyi doğrusal kestirimcinin özellikleri belirlenmiştir.

Anahtar sözcükler : Korelasyon belirsizliği, doğrusal kestirim, kısıtlanmış Bayes,

işaret işleme.
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Chapter 1

Introduction

1.1 Motivation

Estimation theory plays a fundamental role in numerous fields, ranging from

engineering and statistics to finance and signal processing. The goal of estimation

is to infer unknown quantities or parameters based on available observations

or measurements. Among various estimation techniques, linear estimation has

received significant attention due to its simplicity and optimality under certain

assumptions [1]. In linear estimation, the unknown parameter is estimated by

linearly combining the observed data with appropriate weights. This approach

aims to minimize the mean-squared error (MSE) of the estimator, providing an

optimal trade-off between bias and variance. Linear estimation encompasses a

wide range of applications and has been extensively studied in different contexts,

including sensor networks, signal processing, and decentralized estimation [2, 3, 4].

Optimal linear minimum mean-squared error (LMMSE) estimation of a ran-

dom parameter based on a random (possibly vector-valued) observation requires

perfect knowledge of the covariance between the desired parameter and the ob-

servation [5, Section V.C]. With this information, it becomes possible to linearly

combine the observation(s) and the mean value of the desired parameter so that
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the resulting estimator attains the lowest mean-squared error (MSE) among all

linear estimators. When the true value of the covariance is not available but

only known partially, conservative estimation techniques can be adopted to pro-

vide performance guarantees on the accuracy of the resulting estimators over all

possible values that the covariance can take.

The problem of covariance uncertainty, or equivalently correlation uncertainty

in the case of random quantities with known means, has been investigated in the

distributed estimation literature. In this setting, sensor nodes compute estimates

of the same parameters, which are then fused into an overall estimate in order

to attain improved estimation performance. To this end, the fusion of the state

estimates of a target based on measurements obtained by two different sensors

is considered in [6] and [7] assuming joint normal distribution for state and mea-

surement variables. Since the same process noise in the kinematic model of the

target affects both measurements, the errors in the state estimates are correlated.

As a result, the optimal (in maximum-likelihood sense) fusion of two estimates

requires perfect knowledge of the cross-correlation between state estimation er-

rors, which culminate in the well-known Bar-Shalom/Campo (BC) formula. The

optimal BC estimator linearly combines the local state estimates with weights

computed using the auto- and cross-covariances of the local estimators.

1.2 Related Work

In order to prevent erroneous estimation results due to under-assessment of the

variation of the observed values, Ellipsoidal (such as Covariance Intersection,

Largest Ellipsoid) and model-based techniques have been employed for the prob-

lem of fusion under unknown correlation. (See [8] and [9], and references therein.)

In Ellipsoidal techniques, a covariance bound that overestimates the true covari-

ance of the fused estimate is provided in order to perform consistent estimation

without using cross-covariance matrices [10]. Since the unknown cross-correlation

is modeled as a random quantity in this thesis, we focus on the model-based tech-

niques in the relevant literature (mostly within the framework of decentralized
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estimation). To deal with correlation uncertainty, techniques that rely on proper-

ties of the correlation or application-specific prior knowledge have been developed.

For the case of scalar state estimates with two sensors, the optimal BC estimator

is expressed as a function of the correlation coefficient between the local estimates

in [11]. Closed-form expressions are presented for the interval of possible means

and variances of the optimal estimator by using the fact that the correlation

coefficient takes values in the interval [−1, 1]. Furthermore, uncertainty in the

correlation coefficient is modeled with a uniform distribution, and the expressions

for the mean and the variance are provided by marginalizing out the correlation

coefficient.

In the scalar case, it follows from the definition of the correlation coefficient

that the cross-covariance is equal to the correlation coefficient multiplied by the

product of the standard deviations of the corresponding random variables as in

Cov(X, Y ) = ρ σXσY . This fact is employed in a number of studies to param-

eterize the variance of the BC estimator in terms of the unknown correlation

coefficient. A generalization of the correlation coefficient to high dimensions

is also presented in [12] using a Cholesky type decomposition of the unknown

cross-covariance matrix in terms of the single sensor covariance matrices. This

cross-covariance matrix model, parameterized with the analogously defined ‘cor-

relation coefficient’, is employed in [13] to derive a conservative fusion rule which

minimizes the maximal Mahalanobis distance with respect to the BC estimator

(expressed in terms of the correlation coefficient) over all values of the correlation

coefficient assuming that it lies in a subinterval of [−1, 1]. In addition, a closed-

form estimation fusion rule is also proposed by assuming a uniform prior for the

correlation coefficient and computing the expectation of the BC estimator.

Uncertainty sets for the error covariance matrix of local state estimates are

employed in other studies, based on which robust fusion algorithms that minimize

the worst-case fused MSE are proposed. Among these are the uncertainty set

constructed with norm-bounded additive perturbations in [14], defined in [15] by

placing an upper bound, termed allowance of cross-covariance, on the maximum

eigenvalue of the normalized cross-covariance (NCC) matrix, conservative bounds

[8], and the ones defined in [16] which impose element-wise constraints on the
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NCC matrix.

1.3 Main Contributions

The main conceptual difference between the decentralized estimation framework

described above and the one considered in this thesis is that the former considers

the problem of fusing correlated local state estimates under lack of knowledge

about their cross-correlation which precludes the use of the optimal BC fusion

rule [17]. Local estimates are basically observations of the fusion center. On the

other hand, in our work, we consider the LMMSE estimation of a desired random

parameter based on an observation of another random quantity. There is uncer-

tainty regarding the correlation coefficient between the desired parameter and the

observation, and the covariance of the observation is assumed to be known. The

uncertainty in the correlation coefficient is modeled with a probability density

function and we invoke results from copula theory to restrict its support instead

of using the standard [−1, 1] range.

As for the technical contribution, unlike the purely Bayesian and min-max

based worst-case approaches employed in the estimation fusion literature, we em-

ploy a restricted Bayes approach to obtain the optimal linear estimator that min-

imizes the average MSE with respect to the assumed distribution while satisfying

a given constraint on the worst-case MSE for all possible values of the correlation

coefficient [18]. This allows us to strike any desired balance between the average

and the worst-case estimation performances. Necessary and sufficient conditions

for the feasibility of the proposed optimization problem are stated. The solu-

tion for the optimal linear estimator is expressed in closed-form in terms of the

minimum, maximum and average values of the attainable correlation coefficients

and the constraint on the worst-case MSE. The theoretical results are corrob-

orated with numerical examples and also extended to the case of vector-valued

observation [17].
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1.4 Organization of the Thesis

The rest of this thesis is organized as follows. In Chapter 2, the theoretical frame-

work of the problem is constructed which is provided with preliminary theory and

formulations of the optimal linear estimator in closed form. In Chapter 3, numer-

ical examples involving log-normal random variables and empirical simulations

are given in order to test the performance of the found closed-form estimator. In

Chapter 4, an extension for vector-valued observations is given with the theoret-

ical foundations. Chapter 5 concludes this thesis with discussions and directions

for future work and remarks about the performance of the estimation framework

that is given.
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Chapter 2

Linear Unbiased Estimation in

the Presence of Correlation

Uncertainty

2.1 Preliminaries

This section explains the theoretical model of the proposed problem, which starts

by describing the prior information about the correlation between the parameter

X and the observation Y , and explaining the copula theory and the attainable

correlations theorem. Then, it is explained that that there is possibly a tighter

interval for the unknown correlation between two random variables, and the the-

oretical foundations for finding this interval are presented.

2.1.1 System Model

Let X and Y be two scalar random variables with unknown joint cumulative

distribution function (CDF) FX,Y (x, y) and known marginals FX(x) and FY (y),

respectively. The means and the variances of X and Y can be computed from the
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known marginal CDFs and they are denoted as (µX , σ
2
X) and (µY , σ

2
Y ), respec-

tively. The variances are assumed to be non-zero and finite. The corresponding

standard deviations are denoted as σX and σY . It is assumed that the correlation

coefficient between X and Y , denoted with ρ, is unknown. It is a well-known

fact that the correlation coefficient takes values in the interval [−1, 1], and ex-

treme points −1 and 1 are achieved if and only if there is an almost sure linear

relationship between X and Y .

2.1.2 Copula Theory and Attainable Correlations

Copulas are used for convenient quantitative mapping of dependence structures

inside probabilistic models [19], which are defined as follows.

Copula: A d-dimensional copula is a cumulative distribution function (CDF)

on [0, 1]d with standard uniform marginal distributions.

The employed notation is C(u) = C(u1, . . . , ud), where C is a mapping of the

form C : [0, 1]d → [0, 1] (unit hypercube to unit interval). The following must

hold for all copulas [20].

1. C(u1, . . . , ud) is increasing in each component ui

2. C(1, . . . , 1, ui, 1, . . . , 1) = ui for all i ∈ {1, . . . , d} and ui ∈ [0, 1]

3. For all (a1, . . . , ad), (b1, . . . , bd) ∈ [0, 1]d with ai ≤ bi we have

2∑
i1=1

. . .
2∑

id=1

(−1)i1+...+idC(u1i1 , . . . , udid) ≥ 0

where uj1 = aj and uj2 = bj for all j ∈ {1, . . . , d}

Here, the first property is trivial since copulas are CDFs themselves. The second

property is for establishing that the statement C(1, . . . , 1, ui, 1, . . . , 1) gives the

marginal CDF ui. The third property is called “rectangle inequality” and it en-

sures the joint probability of the events of the form {aj ≤ Uj ≤ bj, j = 0, 1, . . . , d}

7



is non-negative. Also, 2 ≤ k ≤ d dimensional marginals of d-dimensional copulas

are themselves copulas [20].

The main concept for the usage of copulas was established with Sklar’s theo-

rem, which is explained next. This theorem [21, 22] establishes the fact that all

CDFs are copulas and describes how copulas can be used to construct joint CDFs

from marginal CDFs.

Sklar’s Theorem [21] : Consider a d-dimensional CDF F and marginal

CDFs F1, . . . , Fd. Then, there exists a copula C : [0, 1]d → [0, 1],

∀x1, . . . , xd ∈ (−∞,∞):

F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)) (2.1)

which is unique on the Cartesian product of ranges of the CDFs (Range[F1]×. . .×
Range[Fd]). If Fn is continuous for all n = 1, . . . , d, then C is uniquely defined

everywhere on the Cartesian product. Also, for a given copula C : [0, 1]d →
[0, 1] and marginal CDFs F1(x1), . . . , Fd(xd); C(F1(x1), . . . , Fd(xd)) defines a d-

dimensional joint CDF with marginals F1(x1), . . . , Fd(xd). This theorem also

raises an important definition which states that any continuous CDF has its own

copula [20].

Copula of F [20] : If the random vector X = (X1, . . . , Xd) has joint CDF F

with continuous marginal distributions F1, . . . , Fd, then the copula of F or X is

the CDF C(F1(X1), . . . , Fd(Xd)).

Next, the concepts of comonotonicity and countermonotonicity are introduced

which will be used for determining the maximum and minimum correlation two

random variables can attain.

Comonotonicity [20] : X1, . . . , Xd are comonotonic random variables if and

only if

(X1, . . . , Xd) = (v1(Z), . . . , vd(Z)) (2.2)

for some random variable Z and strictly increasing functions v1, . . . , vd. If the

components of the random vectorX = (X1, . . . , Xd) can be represented as strictly
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increasing functions of a single random variable, then X1, . . . , Xd are said to

have perfectly positive dependence and their joint CDF admits the comonotonicity

copula [20].

Comonotonicity Copula: This d-dimensional copula is defined in (2.3).

M(u1, . . . , ud) = min{u1, . . . , ud} (2.3)

where (u1, . . . , ud) ∈ [0, 1]⊗d. This corresponds to the joint CDF of the random

vector (U, . . . , U) where U is uniformly distributed on (0, 1).

Countermonotonicity : Two random variablesX1 andX2 are countermonotonic

if they can be characterized as:

(X1, X2) = (v1(Z), v2(Z)) (2.4)

for some random variable Z and with v1 strictly increasing and v2 strictly decreas-

ing, or vice versa. Another way to see this is; if the components of the bivariate

random vector X = (X1, X2) can be represented as strictly decreasing functions

of each other, they are said to have perfectly negative dependence and their joint

CDF admits the countermonotonicity copula [20].

Countermonotonicity Copula: This 2-dimensional copula is defined in (2.5).

W (u1, u2) = max{u1 + u2 − 1, 0} (2.5)

where (u1, u2) ∈ [0, 1]⊗2 and it corresponds to the joint CDF of the random vector

(U, 1 − U). Countermonotonicity copulas cannot be generalized for dimensions

higher than two since the function defined this way is not a CDF. Countermono-

tonic random variables have the minimum possible correlation between them,

whereas comonotonic random variable pairs have the maximum possible correla-

tion. This observation is the main cause for the Fréchet bounds (or Boole-Fréchet

bounds [23]) which apply to any 2-dimensional CDF F (x, y).

Frechét Bounds [24, 25] : If two random variables (X, Y ) have joint CDF

F (x, y) and marginal CDFs FX(x), FY (y) respectively, then Cov(X, Y ) satisfies

9



the inequalities in (2.6).

max {FX(x) + FY (y)− 1, 0}︸ ︷︷ ︸
≜FX,Y (x,y)

≤ F (x, y) ≤ min{FX(x), FY (y)}︸ ︷︷ ︸
≜FX,Y (x,y)

(2.6)

The random variable pairs (X, Y ) and (X,Y ) defined on the bounds are, re-

spectively, countermonotonic and comonotonic; with the same marginal CDFs

as (X, Y ). In other words, they satisfy (X, Y ) = (F−1
X (U), F−1

Y (1 − U)) and

(X,Y ) = (F−1
X (U), F−1

Y (U)) for U ∼ Uni[0, 1] [26].

We proceed with finding Cov(X, Y ) by the Hoeffding’s covariance identity.

Hoeffding’s covariance identity [27] : If two random variables (X1, X2) have joint

CDF F (x, y) and marginal CDFs FX(x), FY (y) respectively, then Cov(X, Y ) is

found by (2.7).

Cov(X, Y ) =

∫ ∞

−∞

∫ ∞

−∞
(F (x, y)− FX(x)FY (y))dxdy (2.7)

Applying the Fréchet bounds in the Hoeffding’s covariance identity [20,

Lemma 5.24] gives the inequality in (2.8).

Cov (X, Y ) ≤ Cov (X, Y ) ≤ Cov (X,Y ) , (2.8)

Normalizing with the product of the standard deviations of X and Y , we get the

minimum and the maximum values for the attainable correlations in (2.9).

ρmin ≜ ρ(X, Y ) ≤ ρ ≤ ρ(X,Y ) ≜ ρmax . (2.9)

All of the above work provides a convenient result for the possible interval of

correlation coefficients ρ of X and Y , which is explained by the attainable corre-

lations theorem.

Attainable Correlations Theorem [20, Theorem 5.25]: Let (X, Y ) be a random

variable pair with finite variance, marginal CDFs FX(x), FY (y) and an unspecified

joint CDF. Then, the following statements hold.

1. The attainable correlations form a closed interval [ρmin, ρmax] with ρmin <

0 < ρmax.
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2. The minimum correlation ρmin is attained if and only if X, Y are counter-

monotonic, i.e., their joint distribution function is F (x, y) = max{FX(x) +

FY (y)− 1, 0}.

3. Likewise, the maximum correlation ρmax is attained if and only if X, Y

are comonotonic, i.e., their joint distribution function is F (x, y) =

min{FX(x), FY (y)}.

4. ρmin = −1 if and only if X and −Y are of the same type, i.e., X = a(−Y )+b

for a > 0, b ∈ R. Likewise, ρmax = 1 if and only if X and Y are of the same

type, i.e., X = aY + b for a > 0, b ∈ R.

This theorem is explained further by giving an example with log-normal random

variables [20, Example 5.26], which we analyzed further by testing our proposed

algorithms in Chapter 3. Finding the minimum and maximum attainable cor-

relations, ρmin and ρmax, involves finding bounds on the joint CDF F (x, y) and

Cov(X, Y ). These are given by Frechet bounds and Hoeffding’s covariance iden-

tity.

ρmin and ρmax can be explicitly calculated by the formulae in (2.10).

ρmax =
E
[
XY

]
− µXµY√

σ2
Xσ

2
Y

, ρmin =
E [XY ]− µXµY√

σ2
Xσ

2
Y

, (2.10)

where the expectations are found by the formulae in (2.11).

E
[
XY

]
=

∫ 1

0

F−1
X (u)F−1

Y (u)du;E [XY ] =

∫ 1

0

F−1
X (u)F−1

Y (1− u)du (2.11)

2.2 Problem Formulation

We consider the problem of linear unbiased estimation of a scalar random variable

X based on an observation of another scalar random variable Y . The well-known

optimal linear estimator that minimizes the Bayesian MSE is given by [5]

X̂(Y ) = µX + ρ
σX

σY

(Y − µY ) . (2.12)
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As seen from (2.12), the optimal estimator requires the exact knowledge of the

correlation coefficient ρ as well as the means and the variances of X and Y .

Under uncertainty on the true value of the correlation coefficient, the design of

an optimal linear unbiased estimator with respect to the restricted Bayes criterion

is the subject of this thesis. More explicitly, we consider the set of all linear

unbiased estimators, i.e., estimators that can be expressed in the following form:

X̂α(Y ) = µX + α(Y − µY ) . (2.13)

The corresponding MSE is obtained as

E
[
(X − X̂α(Y ))2

]
= E

[
(X − (µX + α(Y − µY )))

2
]

= σ2
X − 2αCov(X, Y ) + α2σ2

Y

= σ2
X − 2αρσXσY + α2σ2

Y ≜ Rρ(α) . (2.14)

In the case of the Bayesian MMSE criterion, the optimal choice of α (i.e., that

minimizes Rρ(α)) is α∗ = ρσX/σY , as seen from (2.12). It is noted that the

MSE in (2.14), denoted with Rρ(α), depends on the unknown value of the cor-

relation coefficient ρ. We assume that the uncertainty in ρ can be modeled in

the form of a probability density function (PDF) f(ρ) with support in the inter-

val [ρmin, ρmax], which can be obtained from the attainable correlations theorem

as explained in Section 2.1 or based on prior experience. A uniform distribu-

tion based on Laplace’s principle of insufficient reason or an uninformative prior

like Jeffreys’ f(ρ) = c/(1 − ρ2) for ϱ ∈ [ρmin, ρmax] can be assumed for f(ρ).

The latter has connections with the PDF of the sample correlation coefficient

for jointly distributed Gaussian random variables [28, Section 3.2]. Under the

restricted Bayesian framework, we seek for the optimal linear unbiased estimator

that minimizes the average MSE (averaged over the distribution of the correlation

coefficient) subject to a constraint on the worst-case MSE as expressed by the

following optimization problem:

min
α∈R

ρmax∫
ρmin

Rρ(α)f(ρ)dρ

subject to Rρ(α) ≤ r ∀ρ ∈ [ρmin, ρmax] , (P1)
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where r specifies an upper bound on the maximum MSE of the estimator that

is subject to design. In order to maintain generality, we assume −1 ≤ ρmin <

ρmax ≤ 1. In other words, we do not restrict ρmin to be negative and ρmax to

be positive as dictated by the attainable correlations theorem. Prior information

may be available to localize ρ more accurately. The following lemma specifies the

conditions for the feasibility of the optimization problem (P1).

Lemma: The optimization problem (P1) is feasible if and only if the constraint

on the worst MSE satisfies

Case 1: r ≥ σ2
X if ρmin < 0 < ρmax,

Case 2: r ≥ σ2
X(1− ρ2min) if 0 ≤ ρmin < ρmax,

Case 3: r ≥ σ2
X(1− ρ2max) if ρmin < ρmax ≤ 0,

Proof: The constraint in (P1) can equivalently be written as

max
ρ∈[ρmin,ρmax]

Rρ(α) ≤ r . (2.15)

For the optimization problem (P1) to be feasible, the constraint parameter r

should be selected as in the minimax form in (2.16) [29].

r ≥ min
α∈R

max
ρ∈[ρmin,ρmax]

Rρ(α) ≜ min
α∈R

Rρ∗(α)(α) (2.16)

Let ρ∗(α) denote the value of the correlation coefficient that maximizes Rρ(α) for

a given value of α ∈ R. Since Rρ(α) is linear in ρ for fixed α, its maximum value

occurs at an extreme point of the interval [ρmin, ρmax]. More explicitly, ρ∗(α) =

ρmin for α > 0; ρ∗(α) = ρmax for α < 0; and Rρ(α) = σ2
X is independent of ρ if

α = 0. Hence, for α ≥ 0, we get Rρ∗(α)(α) = Rρmin
(α) = σ2

X−2αρminσXσY +α2σ2
Y .

If ρmin ≤ 0, the minimum occurs at α = 0 with the value of the function equal

to σ2
X . If ρmin > 0, the minimum occurs at α = ρminσX/σY with the value

of the function equal to σ2
X(1 − ρ2min). On the other hand, for α ≤ 0, we get

Rρ∗(α)(α) = Rρmax(α) = σ2
X − 2αρmaxσXσY + α2σ2

Y . If ρmax ≥ 0, the minimum

occurs again at α = 0 with the value of the function equal to σ2
X . If ρmax < 0,

13



the minimum occurs at α = ρmaxσX/σY with the value of the function equal

to σ2
X(1 − ρ2max). Taking the minimum over both cases (α ≥ 0 and α ≤ 0)

and classifying the conditions based on the signs of ρmin and ρmax, we obtain the

results for the inequality in (2.16) as specified under the three cases in the lemma.

□

Before we proceed with the solution of the optimization problem (P1), a num-

ber of remarks are in order. First, since Rρ(α) is linear in the correlation coef-

ficient ρ, its average value over the distribution of the correlation coefficient is

equal to its value evaluated at the mean value of the correlation coefficient. More

specifically,

E [Rρ(α)] =

ρmax∫
ρmin

Rρ(α)f(ρ)dρ

=

ρmax∫
ρmin

(
σ2
X − 2αρσXσY + α2σ2

Y

)
f(ρ)dρ

= σ2
X − 2αρσXσY + α2σ2

Y = Rρ(α) , (2.17)

where ρ denotes the mean value of the correlation coefficient, i.e., E[ρ] =∫ ρmax

ρmin
ρf(ρ)dρ = ρ. Next, to simplify the notation, we employ a change of op-

timization variable by defining α = ϱσX/σY . Under this parameterization, the

objective function can be expressed as

Rρ(α) = Rρ(ϱ) = σ2
X(1− 2ρϱ+ ϱ2) , (2.18)

and the constraint function can compactly be written as

max
ρ∈[ρmin,ρmax]

Rρ(α) = max
ρ∈[ρmin,ρmax]

Rρ(ϱ) =

σ2
X(1− 2ρminϱ+ ϱ2) if ϱ ≥ 0

σ2
X(1− 2ρmaxϱ+ ϱ2) if ϱ ≤ 0

.

(2.19)

Then, after proper normalization, the optimization problem (P1) can equivalently

be expressed as

min
ϱ∈R

ϱ2 − 2ρϱ+ 1

subject to ϱ2 − 2ρminϱ+ 1 ≤ r/σ2
X if ϱ ≥ 0

ϱ2 − 2ρmaxϱ+ 1 ≤ r/σ2
X if ϱ ≤ 0 . (P2)

14



The following proposition presents the solution of (P2) (and hence, (P1)), i.e.,

the optimal linear unbiased estimator that minimizes the average MSE under the

condition that the worst-case MSE does not exceed a certain value.

Proposition 1: Let ρ
(1)
max and ρ

(2)
min be defined as follows:

ρ(1)max = ρmax −
√

ρ2max + r/σ2
X − 1,

ρ
(2)
min = ρmin +

√
ρ2min + r/σ2

X − 1 . (2.20)

Then, the solution of (P2) (equivalently, (P1)) is given as

Case a. If r ≥ σ2
X ,

αopt =


ρσX/σY if ρ ∈ [ρ

(1)
max, ρ

(2)
min]

ρ
(2)
minσX/σY if ρ > ρ

(2)
min

ρ
(1)
maxσX/σY if ρ < ρ

(1)
max

(2.21)

Case b. If σ2
X(1− ρ2min) ≤ r ≤ σ2

X and 0 ≤ ρmin < ρmax,

αopt =

ρσX/σY if ρ ∈ [ρmin, ρ
(2)
min]

ρ
(2)
minσX/σY if ρ > ρ

(2)
min

(2.22)

Case c. If σ2
X(1− ρ2max) ≤ r ≤ σ2

X and ρmin < ρmax ≤ 0,

αopt =

ρσX/σY if ρ ∈ [ρ
(1)
max, ρmax]

ρ
(1)
maxσX/σY if ρ < ρ

(1)
max

(2.23)

If none of the above cases hold, then the optimization problem given in (P2) (or,

(P1)) is not feasible.

Proof: The solution will be analyzed under the three cases stated in the

lemma. First, we specify the range of feasible values of ϱ ∈ R in all the cases.

In Case 1 (i.e., ρmin < 0 < ρmax), it is required to have r ≥ σ2
X for feasibility.

Under this condition, the range of feasible values of ϱ can be specified explicitly.

For ϱ ≥ 0, the first inequality constraint in (P2) is satisfied for ϱ ∈ [0, ρmin +
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√
ρ2min + r/σ2

X − 1] and for ϱ ≤ 0, the second inequality constraint in (P2) is

satisfied for ϱ ∈ [ρmax−
√

ρ2max + r/σ2
X − 1, 0]. Hence, the range of feasible values

of ϱ under Case 1 is specified as

Case 1: ϱ ∈
[
ρmax −

√
ρ2max + r/σ2

X − 1, ρmin +
√
ρ2min + r/σ2

X − 1

]
. (2.24)

In Case 2 (i.e., 0 ≤ ρmin < ρmax), it is required to have r ≥ σ2
X(1 − ρ2min) for

feasibility. This case is divided into two subcases: (2a) σ2
X(1 − ρ2min) ≤ r ≤ σ2

X ,

and (2b) r ≥ σ2
X . In case (2a), the second inequality constraint in (P2) does not

produce any feasible ϱ < 0, and we obtain the range of feasible values of ϱ based

solely on the first inequality constraint as

Case 2a: ϱ ∈
[
ρmin −

√
ρ2min + r/σ2

X − 1, ρmin +
√
ρ2min + r/σ2

X − 1

]
. (2.25)

In Case (2b), both inequality constraints in (P2) contribute to the set of feasible

values of ϱ, which yields the same result as given in Case 1. In Case 3 (i.e.,

ρmin < ρmax ≤ 0), it is required to have r ≥ σ2
X(1 − ρ2max) for feasibility. Again,

this case can be decomposed into two subcases: (3a) σ2
X(1−ρ2max) ≤ r ≤ σ2

X , and

(3b) r ≥ σ2
X . By a similar analysis, the range of feasible values of ϱ under Case

3a is obtained as

Case 3a: ϱ ∈
[
ρmax −

√
ρ2max + r/σ2

X − 1, ρmax +
√
ρ2max + r/σ2

X − 1

]
, (2.26)

and Case (3b) produces the same range of feasible values as given in Case 1.

Once the set of all feasible values of ϱ is determined under all three cases, the

optimal value of ρ, denoted with ρopt, is obtained as the value that minimizes

the objective function given in (P2). Since the objective is a convex quadratic

function of ϱ with a unique minimum at ϱ = ρ, the optimal value ρopt is given by

the value of ρ in the feasible set that is closest to ρ. Under Cases 1, (2b), and

(3b), which are all characterized by the condition r ≥ σ2
X , if ρ in an element of the

feasible set given in (2.24), then ρopt = ρ. If ρ does not belong to the feasible set,

ρopt = ρmin+
√

ρ2min + r/σ2
X − 1 if ρ > ρmin+

√
ρ2min + r/σ2

X − 1; and ρopt = ρmax−√
ρ2max + r/σ2

X − 1 if ρ < ρmax −
√

ρ2max + r/σ2
X − 1. Under Case (2a), which is

characterized by the condition σ2
X(1 − ρ2min) ≤ r ≤ σ2

X , if ρ in an element of the

feasible set given in (2.25), then ρopt = ρ. If ρ does not belong to the feasible set,
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ρopt = ρmin+
√

ρ2min + r/σ2
X − 1 when ρ > ρmin+

√
ρ2min + r/σ2

X − 1. That covers

all possibilities for Case (2a) since ρmin < ρ < ρmax by definition. Under Case

(3a), which is characterized by the condition σ2
X(1 − ρ2max) ≤ r ≤ σ2

X , if ρ in an

element of the feasible set given in (2.26), then ρopt = ρ. If ρ does not belong to the

feasible set, ρopt = ρmax−
√

ρ2max + r/σ2
X − 1 when ρ < ρmax−

√
ρ2max + r/σ2

X − 1.

Again, all possibilities are covered for Case (3a). Substituting αopt = ρoptσX/σY ,

using the fact that ρmin < ρ < ρmax, and arranging the results according to these

cases, the results presented in the proposition are obtained. □

As a final remark in this section, we note that if the solution of the uncon-

strained optimization problem satisfies the constraint, it is also optimal for the

constrained optimization problem given in (P1), i.e., αopt = ρσX/σY . If it does

not satisfy the constraint on the worst-case MSE under correlation uncertainty,

then the solution of the proposed optimization problem acts as a shrinkage opera-

tor. More specifically, the magnitude of linear estimation coefficient α is decreased

towards zero, which effectively results in a regression towards the mean µX as can

be seen from (2.13).
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Chapter 3

Numerical Examples

In this chapter, we present numerical examples for the constrained optimization

problem given in (P1).

3.1 Log-normal Random Variables

In [20, Example 5.26], minimal and maximal correlations are obtained for two

log-normal random variables, where lnX ∼ N (0, σ2
X) and lnY ∼ N (0, 1). Since

lnX ∼ σX lnY , the condition (b) mentioned at the end of Chapter 2.1 is not

satisfied (unless σX ̸= 1), and hence, it holds that ρmin > −1 and ρmax < 1. In

particular, it is shown in [20, Example 5.26] that the minimal and the maximal

correlations are, respectively, given as

ρmin =
e−σX − 1√

(e− 1)(eσ
2
X − 1)

, ρmax =
eσX − 1√

(e− 1)(eσ
2
X − 1)

(3.1)

Figure 3.1 is a plot of the extrema of correlation coefficients for log-normal

random variables, with respect to the ratio of variances of X and Y , σ2
X/σ

2
Y ;

which shows that even comparatively small variance ratios can result in very

tight bounds on attainable correlation coefficients. In the context of this thesis,
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Figure 3.1: Minimum and maximum attainable correlations of log-normal X, Y
w.r.t. σX .
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this results in r becoming closer to the lower bounds given in Lemma, since the

attainable correlation interval is tighter.

We note that ρmin < 0 and ρmax > 0 for all σX > 0 in this case. As σX

increases, ρmax first increases (until σX = 1 which results in the highest attainable

correlation, i.e., ρmax = 1) and then decreases to zero while ρmin monotonically

increases to zero [20, Fig. 5.8]. The attainable correlation values in the interval

[ρmin, ρmax] are mostly positive for all values of σX > 0. Due to the asymmetry

between ρmin and ρmax, ρ is not necessarily zero and the results developed in Case

(a) of Proposition 1 can be employed in applications involving linear estimation

of log-normal random variables under correlation uncertainty.

An example employing log-normal random variables is practically relevant in

wireless communications since log-normal distribution is used to model shadowing

effects [30]. More specifically, it may be desirable to estimate the shadowing at a

particular location based on the knowledge of the shadowing at another nearby lo-

cation. It is well-known that the autocovariance function of the shadowing values

between two locations separated by a distance δ is given by A(δ) = σ2
ϕdB

e−δ/dc ,

where dc is the decorrelation distance at which autocovariance decreases by a

factor of e and σ2
ϕdB

denotes the variance of log-normal shadowing [30]. Although

this formula can be employed to provide an estimate for the correlation coef-

ficient of shadowing between two locations, uncertainty can be introduced due

to imprecise knowledge of dc. Hence, the proposed framework becomes relevant

in this practical scenario. The mean correlation coefficient, ρ, can be computed

from A(δ) along with the bounds of the attainable correlation values, ρmin and

ρmax, as explained above.
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3.2 Empirical Settings

We start by investigating the effect of the constraint parameter. The log-normal

setting explained in the previous paragraph is considered first. A uniform PDF

is assumed for the correlation coefficient, which yields ρ = (ρmin + ρmax)/2. It

can be shown that ρ > 0 for all σX > 0. r ≥ σ2
X is required for feasibility and, as

mentioned above, Case (a) of Proposition 1 applies. Since ρ
(1)
max ≤ 0 and ρ > 0,

we either have αopt = ρσX/σY if ρ ≤ ρ
(2)
min or αopt = ρ

(2)
minσX/σY if ρ > ρ

(2)
min.

Three different choices are employed for the standard deviation of X, namely,

σX ∈ {1.5, 2, 2.5}, and σY = 1 is assumed throughout this chapter. The results

are presented in Figure 3.2. As expected, the average MSE evaluated at the

objective function decreases as the constraint on the worst-case MSE is relaxed.

Since ρ
(2)
min is an increasing function of the constraint threshold r, the condition

ρ ≤ ρ
(2)
min will be eventually satisfied as r is kept increasing and the objective

function will remain constant at σ2
X(1−ρ2), the average MSE value corresponding

to the solution of the unconstrained optimization problem. In Figure 3.2, the

performance of the unconstrained optimal linear estimator with respect to the

average value of the correlation coefficient is also plotted for comparison since it

is the solution to the unconstrained optimization problem.

Next, we consider a case where prior information suggests the presence of

negative correlation between the random variables as specified by the parameter

values ρmin = −0.8, ρ = −0.6 and ρmax = −0.3. In this case, r ≥ σ2
X(1 − ρ2max)

is required for feasibility. Based on the provided parameter values, it can be

seen that αopt = ρ
(1)
maxσX/σY for σ2

X(1 − ρ2max) ≤ r < σ2
X and αopt = ρσX/σY for

r ≥ σ2
X . The results are presented in Figure 3.3.

We also consider the effect of varying σ2
X , which in turn changes the values of

the maximal and the minimal correlations together with the average value under

the uniform distribution assumption. It is seen from Figure 3.4 that the worst-

case MSE can be confined within one-thousandth of σ2
X in the expense of a small

increase on the average MSE performance.
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Figure 3.2: The value of the objective function evaluated at the solution of the
constrained optimization problem (P1) for the log-normal setting as a function
of the constraint parameter r and different values of σX .
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Figure 3.3: The value of the objective function evaluated at the solution of the
constrained optimization problem (P1) for the negative correlation scenario as a
function of the constraint parameter r and different values of σX .
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Figure 3.4: The values of the objective function evaluated at the solutions of
the unconstrained and the constrained optimization problems for the log-normal
setting as a function of σX . The constraint threshold is fixed at 1.001σ2

X .
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3.3 Comparison with Prior Estimators and

Lower Bounds

We conclude this chapter with an example that demonstrates how the pro-

posed framework ensures that the worst-case MSE is controlled to remain be-

low a feasible threshold value while the optimal linear MMSE estimator based

on the mean value of the correlation coefficient fails in this respect. To this

end, we assume ρmin = −0.6, ρmax = 0.9, ρ = 0.4 with r = 1.2σ2
X , where

σ2
X = 1. Case (a) of Proposition 1 applies in this case with ρ

(1)
max ≈ −0.105

and ρ
(2)
min ≈ 0.148. Since ρ > ρ

(2)
min, the optimal linear estimation coefficient is ob-

tained as αopt = ρ
(2)
minσX/σY . In Figure 3.5, the MSE performance of the optimal

estimator, i.e., Rρ(α
opt), is plotted as a function of the true correlation coefficient

ρ together with the MSE performance of the optimal estimator for the uncon-

strained problem, i.e., Rρ(ρσX/σY ). As seen from the figure, the constraint on

the MSE is violated by the estimator employing the mean value of the correlation

coefficient (i.e., the optimal estimator for the unconstrained case) for all values

of ρ < 0.05 while the proposed estimator never exceeds the MSE constraint. On

the other hand, the average MSE performance (i.e., the MSE performance at the

mean value of the correlation coefficient, which is ρ = 0.4) of the estimator corre-

sponding to the unconstrained case is superior to that of the proposed estimator

corresponding to the constrained problem. Hence, a robustness in MSE over the

range of possible correlation coefficients is achieved at the expense of higher MSE

performance at the expected value of the correlation coefficient. Nevertheless,

among all linear estimators that satisfy the worst-case MSE constraint, the pro-

posed solution is the one that achieves the minimum estimation MSE at the mean

value of the correlation coefficient.

It is also of interest to compare the performance of the proposed solution with

the trivial estimator X̂ = µX corresponding to α = 0 (hence, observation Y is

not used), which has constant MSE equal to σ2
X over the range of all possible

correlation coefficients. For the considered example, r > σ2
X , hence X̂ = µX

is a feasible estimator. As expected, the MSE of the proposed solution at the
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mean value ρ = 0.4 is lower than that of the trivial estimator. Furthermore, since

the MSE performance of the proposed estimator varies linearly with the value of

the true correlation coefficient ρ, its MSE performance beats that of the trivial

estimator for all ρ > 0.0875.

Lastly, a simple, yet tight, lower bound is provided by considering optimal

LMMSE estimation based on the true value of the correlation coefficient, i.e., by

assuming that ρ is perfectly known, which yields Rρ(ρ
σX

σY
) = σ2

X(1 − ρ2),∀ρ ∈
[ρmin, ρmax]. The MSE performance of the proposed optimal estimator, i.e.,

Rρ(αopt), is tangent to the lower bound at ρ = ρ
(2)
min ≈ 0.148 which lies in be-

tween 0 and ρ = 0.4, exemplifying the operation of the proposed estimator as a

shrinkage operator.
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Figure 3.5: MSE performance of the optimal estimators for the constrained and
unconstrained optimization problems as a function of the true value of the cor-
relation coefficient ρ.
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Chapter 4

Extension to Vector Observations

In this chapter, we present a characterization of the optimal solution when the

observation is vector-valued, i.e., Y = (Y1, . . . , Yn) ∈ Rn for some integer n > 1.1

In this case, a linear unbiased estimator can be written in the following form:

X̂α(Y ) = µX +αT (Y − µY ) , (4.1)

where α ∈ Rn is the coefficient vector subject to design. With a change of

variables, we substitute α = σX(DY )
−1ϱ, where DY is the n×n diagonal matrix

with its i-th diagonal entry equal to the standard deviation of the i-th observation

Yi, i.e., [DY ]i,i = σYi
, and ϱ = (ϱ1, . . . , ϱn) is the new parameter vector. Similar

to (2.14), it can be shown that the corresponding MSE is expressed as

Rρ(ϱ) = σ2
X

(
1− 2ρTϱ+ ϱTRY ϱ

)
, (4.2)

where ρ = (ρ1, . . . , ρn) is vector of true cross-correlation coefficients between X

and Y with ρi = Cov(X, Yi)/(σXσYi
), and RY is the n × n correlation coef-

ficient matrix of Y with [RY ]i,j = Cov(Yi, Yj)/(σYi
σYj

). We assume that the

variance of each Yi is finite and non-zero, and the covariance matrix of Y is pos-

itive definite, hence, so is RY . The optimal linear MMSE estimator is given as

α∗ = σX(DY )
−1ϱ∗, where ϱ∗ = (RY )

−1ρ is the minimizer of Rρ(ϱ). We con-

sider the case where ρ is unknown. In order to model the uncertainty in the

1All vectors are column vectors. Row vectors are denoted by taking the transpose, i.e., (·)T .
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cross-correlation coefficient vector, it is assumed that ρ is distributed with PDF

f(ρ) over a convex and compact set Θ ⊂ [−1, 1]⊗n, where ⊗n denotes the n-

th Cartesian product. The mean value is denoted as E[ρ] = ρ. The proposed

restricted Bayesian linear estimation problem for vector-valued observation case

can be expressed as

min
ϱ∈Rn

E [Rρ(ϱ)]

subject to Rρ(ϱ) ≤ r ∀ρ ∈ Θ . (P3)

By the linearity of Rρ(ϱ) in ρ, we obtain E[Rρ(ϱ)] = Rρ(ϱ). Expanding the

terms in (P3), we equivalently get

min
ϱ∈Rn

ϱTRY ϱ− 2ρTϱ+ 1

subject to max
ρ∈Θ

ϱTRY ϱ− 2ρTϱ+ 1 ≤ r/σ2
X . (P4)

The maximization performed in the constraint function of (P4) has an interest-

ing interpretation in convex analysis. Since Rρ(ϱ) is linear in ρ, the optimization

performed in the constraint function can be expressed as

max
ρ∈Θ

Rρ(ϱ) = min
ρ∈Θ

ϱTρ . (4.3)

The solution to (4.3) is obtained by minimizing a linear function over a convex

set. By the supporting hyperplane theorem [31, Section 2.5.2], it yields a point

on the boundary of the convex set, denoted with ρLF. The subscript indicates

that the resulting correlation coefficient vector is the least favorable one as it

maximizes the estimation MSE for the employed linear estimation coefficient ϱ,

which corresponds to the normal vector of the hyperplane that is tangent to the

convex set Θ at the point ρLF. In other words, all cross-correlation coefficient

vectors in the set Θ satisfy

ϱT (ρ− ρLF) ≥ 0 ∀ρ ∈ Θ , (4.4)

and ρLF can be computed either analytically or using standard tools from convex

optimization. The dependence of ρLF on the normal vector ϱ can be made explicit

by denoting it as ρLF(ϱ).
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We note that the objective in (P4) is a convex function of ϱ since RY > 0.

Likewise, the convexity of the constraint function follows from the fact that the

pointwise maximum of a set of convex functions is convex [31, Section 3.2.3].

Hence, the optimization problem in (P4) is convex. The following proposition

characterizes the optimal solution for the case of vector observations.

Proposition 2: The optimal solution to (P3), and equivalently to (P4), is

characterized as follows:

Case 1. Let ρ∗
LF = argminρ∈Θ ρT (RY )

−1ρ. If Rρ∗
LF
((RY )

−1ρ) ≤ r, then

ϱopt = (RY )
−1ρ. Otherwise,

Case 2. The optimal solution ϱopt satisfies:

i. ϱopt = (RY )
−1 (λρ∗

LF + (1− λ)ρ) for λ ∈ (0, 1], where ρ∗
LF =

argminρ∈Θ (ϱopt)Tρ.

ii. Rρ∗
LF
(ϱopt) = r. More explicitly, (ϱopt)TRY ϱ

opt − 2(ρ∗
LF)

Tϱopt =

r/σ2
X − 1.

Then, the optimal coefficient vector is formed as αopt = σX(DY )
−1ϱopt.

Proof: The proof is based on the observations mentioned in the previous

paragraphs and uses the fact that KKT conditions are necessary and sufficient.

Case 1 checks whether the solution to the unconstrained optimization problem

satisfies the constraint on the worst-case MSE. If not, we proceed with Case 2. In

this case, forming the Lagrangian and setting the derivative equal to zero yields

Case 2-i. It basically states that the optimal solution is a convex combination

of the mean cross-correlation vector ρ and the least favorable cross-correlation

vector ρ∗
LF. As described above, the least favorable cross-correlation vector ρ∗

LF

is a point on the boundary of the set Θ and there exists a supporting hyperplane

passing through this point defined by {ρ ∈ Rn : (ϱopt)T (ρ − ρ∗
LF) = 0}. Hence,

it holds that (ϱopt)T (ρ − ρ∗
LF) ≥ 0 for all ρ ∈ Θ. Lastly in Case 2-ii, from

complementary slackness and positive Lagrange multiplier, it is concluded that

the constraint must be satisfied with equality, i.e., Rρ∗
LF
(ϱopt) = r. □
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Chapter 5

Conclusion and Future Work

In this thesis, we proposed a restricted Bayes approach to address the challenge

of correlation uncertainty between a scalar random parameter and a scalar ob-

servation in linear estimation. Our approach lead to an optimal linear estimator

that minimizes the average MSE while satisfying a constraint on the worst-case

MSE, utilizing statistical knowledge of the correlation coefficient. We obtained a

closed-form expression for the proposed optimal linear estimator and evaluated

its performance through numerical examples, showcasing its advantages in diverse

scenarios. Additionally, we extended our results to encompass vector-valued ob-

servations.

As a direction for future research, our proposed restricted Bayesian approach

can be applied to decentralized estimation problems where the goal is to optimally

combine correlated local state estimates at the fusion center while considering the

uncertainty regarding their cross-correlation. Existing literature on distributed

estimation offers robust fusion algorithms based on uncertainty sets for the error

covariance matrix of local state estimates. However, to the best of our knowl-

edge, there is currently no available joint estimation approach that minimizes

average estimation error with respect to a nominal distribution while controlling

the worst-case fused MSE. Exploring this area could provide valuable insights.
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Another potential avenue for future investigation involves designing theoretical

bounds for average estimation error under uncertainty on the joint distribution.

For example, in the case of linear estimators, incorporating unknown correlation

coefficients. Such theoretical bounds would further enhance our understanding of

estimation performance in the presence of correlation uncertainty and contribute

to the development of more robust and reliable estimation techniques.
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