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ABSTRACT

The Bloch vector formalism provides a useful approach to both fundamental and applied

problems of the finite dimensional, composite quantum systems, and therefore it is a very

important tool for the research on quantum computation and information. This thesis

deals with the systematic treatment of Bloch vector formalism for quantum mechanics of

one node, two node and three node systems. Each chapter is divided into three sections

dealing with states, measurements and time evolutions. Also, the geometric picture of the

space of states is given in the section on one node systems. Classically correlated states i.e.

separable states, for two and three node systems are investigated in the relevant chapters. I

will also briefly mention the well-known EPR paradox, Bell’s inequality, Mermin’s proofs on

the problems with the elements of reality by using GHZ state and the two different classes

of the genuine tripartite entanglement to comprehend the unusual nature of entanglement.
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ÖZETÇE

Bloch vektör formalizmi sonlu boyutlu bileşik kuantum sistemlerinin gerek temel gerekse

uygulamalı problemleri için faydalı bir yaklaşım sunar, ve bu yüzden kuantum hesaplama

ve enformasyonu için çok önemli bir araçtır. Bu tez bir, iki ve üç bileşenli sistemlerin

Bloch vektör formalizmini sistematik olarak incelemektedir. Her bölüm kendi içinde du-

rum vektörleri, ölçümler ve zaman evrimi olarak üçe ayrılmıştır. Ayrıca, durum uzaylarının

geometrik resmi tek bileşenli sistemlerle ilgili olan bölümde verilmiştir. İki ve üç bileşenli sis-

temlerin klasik bağdaşık durumları yani ayrılabilir durumları, ilgili bölümlerde incelenmiştir.

Ayrıca, kısaca EPR paradoksundan, Bell eşitsizliklerinden ve Mermin’in gerçeklik elemanı

ile GHZ durumları arasındaki problemi çözümünden ve iki farklı gerçek üçlü dolanıklıktan,

dolanıklığın alışılmadık doğasını kavramak için bahsedeceğim.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

In the early 80’s, Feynman started the discussion of whether computation can be done at

the scale of quantum physics [1], because of the essential difficulties in simulating quantum

mechanical systems on classical computers. Later, in 1985, Deutsch [2] published a paper

showing that any physical process, in principle, could be modeled perfectly by a quantum

computer. Thus, a quantum computer would have capabilities far beyond those of any

traditional classical computer. After Deutsch published this paper, the search began to find

interesting applications for such a machine. In 1994, Shor [3] set out a method for using

quantum computers to solve an important problem in number theory, namely factorization.

He showed how an ensemble of mathematical operations, designed specifically for a quantum

computer, could be organized to enable such a machine to factor huge numbers extremely

rapidly, much faster than is possible on conventional computers. With this breakthrough,

quantum computing transformed from a mere academic curiosity directly into a subject of

national and world interest.

To understand the power of quantum computation, let us compare the computation

done classically and quantum mechanically [4],[6]. In classical computers, the elementary

information unit is bit i.e. a value which is either 1 or 0. The corresponding quantum

analog of bit is a qubit which is defined as a state in two dimensional Hilbert space H2.

Two possible states for a qubit are the states |1〉 and |0〉 corresponding to the states 1 and

0 for a bit, is called the computational basis states, and form an orthonormal basis for this

vector space. The general state of a qubit is a superposition of these two classical states,

|ψ〉 = α|0〉+ β|1〉 |α|2 + |β|2 = 1

where α, β ∈ C.

The computation is done on these qubits by unitary time evolution generated by the
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Hamiltonian of the system, which are the analogs of the gates such as AND or NOT in

classical computers. [4]

To build a quantum computer, we need to compose a large number N of these qubits.

The Hilbert space of these qubits is the tensor product of the each of the Hilbert spaces

H2N = H2 ⊗H2 ⊗ ... ⊗H2, and the power of quantum computation lies here. In classical

a computer, when we consider N bits we know that each of them have the exact value of

either 1 or 0. However, for quantum systems composed of N qubits it may not be possible

to assign a quantum state |ψ〉 to each of them. For example, consider the state

|φ〉 =
1√
2
(|00〉+ |11〉)

which is a state of two qubits and it is not possible to assign a state vector to each subsystem.

A state vector that can not be written as a tensor product of its subsystems is called

entangled. It is the essence of the power of quantum computation and lets us to define new

mathematical operations, designed specifically for a quantum computer. [4]

Erwin Schrödinger gave that name to the correlation of quantum nature 71 years ago.[5]

Over the decades the meaning of the word “entanglement” has changed with the attitudes

towards it. The various important persons in the fields of foundations of quantum physics

and quantum information theory have described entanglement differently.[5]

A. Einstein/B. Podolsky/N. Rosen: An entangled wavefunction does not describe the

physical reality in a complete way.

E. Schrödinger: For an entangled state the best possible knowledge of the whole does

not include the best possible knowledge of its parts.

Entanglement is...

J. Bell: ...a correlation that is stronger than any classical correlation.

D. Mermin: ...a correlation that contradicts the theory of elements of reality.

A. Peres: ...a trick that quantum magicians use to produce phenomena that cannot be

imitated by classical magicians.

C. Bennett: ...a resource that enables quantum teleportation.

P. Shor: ...a global structure of the wavefunction that allows for faster algorithms.

A. Ekert: ...a tool for secure communication.

Because the entanglement makes it hard to deal with subsystems, it is better to use
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density matrix formalism of quantum mechanics [6],[7]. The density matrix was introduced

by J. von Neumann in 1927 to describe statistical concepts in quantum mechanics. The

representation of quantum mechanical states by density matrix enables the maximum infor-

mation available on the system to be expressed in a compact manner by providing a uniform

treatment of all states whether single pure states or mixed ensemble of states. Also, the

state of a subsystem of an entangled state can be obtained from the density matrix of the

system and it is called reduced density matrix. Therefore, density matrix formalism is es-

sential for quantum computation and information which requires ultimate control over the

quantum systems, and next chapter briefly deals with it.

A composite quantum systems can be thought in terms of the reduced density matrices

of each subsystem and the correlation term between subsystems which can be obtained by

comparing the resulting product of reduced density matrices with the density matrix of

the total system. The correlation can have classical or quantum nature i.e. entanglement.

To simplify all these calculations and make the results more transparent, it is better to

expand the density matrix into a basis for the density matrix space. In particular, we can

choose the basis constructed from identity matrix and traceless, Hermitian generators of

SU(N). The vector consisting of the real coefficients of the generators of SU(N) is called the

Bloch vector. The main advantage of using this basis is that the coefficients correspond to

the expectation values of measurements by generators of SU(N) on density matrix of the

system. Moreover, by reversing the argument, the state of an unknown quantum system

(mixed or not) can be determined by expectation values of the generators of SU(N) and

that is important for both experimentalists and theoreticians. Also, the representation of

states by a Bloch vector allows to construct the geometry of the space of density matrix, for

example, famous Bloch sphere is the space of the Bloch vectors of a qubit. The geometric

picture of states is important to understand the types of correlation and the measure of

entanglement.

We may also represent the Hermitian operators and the Hamiltonian of the system by

using the same basis again. In particular, quantum mechanics as a whole can be formulated

in the Bloch vector representation. The advantage of using this representation is that the

nonlocal action of the operators can be analyzed transparently and this makes it easier to

control the system’s behavior for generating entanglement in the desired quantity. For ex-
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ample, one can study how a product state becomes correlated under a nonlocal Hamiltonian

evolution, or for entangled states, after measuring one of the subsystems, what amount of

correlations is materialized in the state of the other subsystem.

This thesis deals with the systematic treatment of Bloch vector formalism for quantum

mechanics for one node, two node and three node systems. Each chapter divided into three

sections dealing with states, measurements and time evolutions. In addition to that, the

geometric picture of the space of states will be given in the section dealing with one node

system. Classically correlated states i.e. separable states, for two and three node systems

are investigated in the relevant chapters. I will also briefly mention the well-known EPR

paradox, Bell’s inequality, Mermin’s proofs on the problems with the elements of reality by

using GHZ states and the two different classes of the genuine tripartite entanglement to

comprehend the unusual nature of entanglement.
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Chapter 2

DENSITY MATRIX FORMALISM

2.1 Density Matrix Formalism for One Node Systems

Density Matrix Representation of Pure States

In a quantum system, the state vector specifies all the physical properties of the system.

It provides the maximal information about the system and a system with a state vector

description is said to be in a pure state. For a pure state |ψ〉, its density matrix is defined

as [7]

ρ̂ := |ψ〉〈ψ|

Let |i〉 denote a complete orthonormal set of vectors spanning a Hilbert space of dimension

N , then |ψ〉 can be represented by

|ψ〉 =
∑

i

ai|i〉

and the density matrix of |ψ〉 is

ρ̂ =
∑

i,j

ρij |i〉〈j|, ρij = aia
∗
j

For an Hermitian operator Â, the expectation value of the measurement is

〈Â〉 = 〈ψ|Â|ψ〉

=
∑

i,j

ρij〈j|Â|i〉

=
∑

i,j

〈i|ρ̂|j〉〈j|Â|i〉

= Tr{ρ̂Â}. (2.1)

Let |i〉 (i = 1, ...., N) be eigenvectors of Â with the eigenvalues Ai and the probability Pr(Ai)

of getting Ai is

Pr(Ai) = 〈P̂i〉
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where P̂i is projection operator defined as P̂i = |i〉〈i|. In terms of density matrix formalism

the probability Pr(Ai) is equal to

Pr(Ai) = Tr{ρ̂P̂i}

In wavefunction formalism, the state after the measurement Â for a particular outcome Ai

is

|i〉 =
P̂i|ψ〉

ai

and its correspondence in density matrix formalism is

|i〉〈i| =
P̂i|ψ〉〈ψ|P̂i

aia∗i

=
P̂iρ̂P̂i

Tr{ρ̂P̂i}

=
P̂iρ̂P̂i

Pr(Ai)

The time dependence of the state vector |ψ(t)〉 is determined by the Hamiltonian of the

system according to Schrödinger equation

i~
d

dt
|ψ(t)〉 = Ĥ(t)|ψ(t)〉.

In density matrix formalism the time dependence of the density matrix ρ̂(t) is defined by

Liouville equation [7] ,

i~
d

dt
ρ̂(t) = i~

d|ψ(t)〉
dt

〈ψ(t)|+ i~|ψ(t)〉d〈ψ(t)|
dt

= Ĥ(t)|ψ(t)〉〈ψ(t)| − |ψ(t)〉〈ψ(t)|Ĥ(t)

= [Ĥ(t), ρ̂(t)]. (2.2)

Density Matrix Representation of Ensemble of Pure States

An ensemble is a collection of N non-interacting systems of the same kind in the same or

different quantum states [7]. One of the main advantage of density matrix formalism is

achieved when we deal with a mixture of pure states |ψi〉 with weights pi (0 ≤ pi ≤ 1, i =

1, ..., N). This ensemble can be represented by the density matrix

ρ̂ =
∑

i

pi|ψi〉〈ψi|

=
∑

i

piρ̂i
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and a system having such a description is said to be in a mixed state. Mixed states do not

admit state vector descriptions.

Let |m〉 denote a complete orthonormal set of vectors spanning a Hilbert space of di-

mension N then

|ψi〉 =
∑
m

a(i)
m |m〉

ρ̂ =
∑
m,n

ρmn|m〉〈n|, ρmn =
∑

i

pia
(i)
m a(i)∗

n

For an Hermitian operator Â, the expectation value of the measurement for |ψi〉 is

〈Â〉i = Tr{ρ̂iÂ}

and the expectation value of the measurement for mixture is

〈Â〉 =
∑

i

piTr{ρ̂iÂ }

=
∑

i,j

pi〈j|ρ̂iÂ|j〉

=
∑

j

〈j|
∑

i

piρ̂iÂ|j〉

= Tr{ρ̂Â}

For a mixture, let |m〉 (m = 1, ...., N) be the eigenvectors of Â with the eigenvalues Am and

the probability Pr(Am) of getting Am is

Pr(Am) = 〈P̂m〉

= Tr{ρ̂P̂m}

=
∑

j

〈j|ρ̂P̂m|j〉

= 〈m|ρ̂|m〉

= ρmm

The state after the measurement Â for a particular outcome Am for |ψi〉 is

|m〉 =
P̂m|ψi〉

a
(i)
m
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and its correspondence in density matrix formalism for mixture is

|m〉〈m| =
P̂m|ψi〉〈ψi|P̂m

a
(i)
m a

(i)∗
m

a(i)
m a(i)∗

m |m〉〈m| = P̂m|ψi〉〈ψi|P̂m

∑

i

pia
(i)
m a(i)∗

m |m〉〈m| =
∑

i

piP̂mρ̂iP̂m

ρmm|m〉〈m| = P̂mρ̂P̂m

|m〉〈m| =
P̂mρ̂P̂m

Tr{ρ̂P̂m}
The time dependence of the mixture is

ρ̂(t) =
∑

i

piρ̂i(t)

i~
d

dt
ρ̂(t) =

∑

i

pii~
d

dt
ρ̂i(t)

=
∑

i

pi[Ĥ(t), ρ̂i(t)]

= [Ĥ(t),
∑

i

piρ̂i(t)]

= [Ĥ(t), ρ̂(t)]

The fundamental equation of quantum mechanics remains the same in passing from pure

states to ensemble of pure states.

Properties of the Density Matrix

Density matrices are Hermitian. For pure states this is obvious from the definition

ρ̂ := |ψ〉〈ψ|

For mixed states any real linear combination of Hermitian matrices are again Hermitian.
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The trace of a density matrix is equal to 1.

Tr{ρ̂} =
∑

j

〈j|ρ̂|j〉

=
∑

j

ρjj

=
∑

i,j

pia
(i)
j a

(i)∗
j

=
∑

i

pi


∑

j

a
(i)
j a

(i)∗
j


 since |ψi〉 is normalized

=
∑

i

pi

= 1

Density matrices are nonnegative. This means that for any state |φ〉, 〈φ|ρ̂|φ〉 ≥ 0

〈φ|ρ̂|φ〉 =
∑

i

pi〈φ|ψi〉〈ψi|φ〉

=
∑

i

pi|〈φ|ψi〉|2

≥ 0.

The inverse is also true, i.e., any matrix that is Hermitian, has trace 1 and is nonnegative,

is a density matrix for some ensemble of quantum states.

Note that the equality ρ̂2 = ρ̂ satisfied any pure states is not valid for mixed states

ρ̂2 =

(∑

i

pi|ψi〉〈ψi|
)2

=
∑

i

p2
i |ψi〉〈ψi|

6= ρ̂

furthermore

Tr{ρ̂2} ≤ 1.

2.2 Density Matrix Formalism for Two Node Systems

Consider a quantum system with Hilbert spacesH(v)( v = 1, 2) whose dimension dimH(v) =

Nv. The mathematical scheme appropriate to describe composite systems consisting of spe-

cific subsystems (nodes) H(1) and H(2) is the product Hilbert space

H = H(1)⊗H(2)
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with dimension N = dimH = N1N2. Let |l(1)〉 and |m(2)〉 denote complete orthonormal

set of vectors spanning each Hilbert space H(1) and H(2), respectively. Then |l(1)〉⊗|m(2)〉
denote a complete orthonormal set of vectors spanning the product Hilbert space H and a

state |ψ〉 in that space is represented as

|ψ〉 =
∑

l,m

alm|l(1),m(2)〉

where |l(1),m(2)〉 = |l(1)〉 ⊗ |m(2)〉. These state vectors obey the orthonormality relation

〈l(1),m(2)|l′(1), m′(2)〉 = δll′δmm′

Let |ψ1〉, |ψ2〉 be state vectors in H(1) and H(2) respectively. The state vector of the

composite system of the form

|ψ〉 = |ψ1〉 ⊗ |ψ2〉

is called a product state vector. Similarly, let Â(1) and Â(2) be Hermitian operators acting

on H(1) and H(2), respectively, Hermitian operator of the total system will be

Â = Â(1)⊗ Â(2)

Let Ĥ(1) and Ĥ(2) be Hamiltonians of the system in H(1) and H(2), respectively, Hamil-

tonian of the composite system is

Ĥ = Ĥ(1)⊗ Ĥ(2).

Suppose we consider such a product state |ψ1〉 ⊗ |ψ2〉 subjected to a measurement of

the product Hermitian operator Â(1) ⊗ Â(2). The outcome state |i, j〉 is determined by

considering the measurements on subsystems separately and then taking a product of each

outcome states |i〉, |j〉:

|ψ1〉 bA(1)
−−−−−−−−−−→ |i〉,

|ψ2〉 bA(2)
−−−−−−−−−−→ |j〉,

|ψ1〉 ⊗ |ψ2〉 bA(1)⊗ bA(2)
−−−−−−−−−−−→ |i〉 ⊗ |j〉.

Furthermore, the expectation value of the measurement Â(1)⊗ Â(2) is the product of each

expectation values:

〈Â(1)⊗ Â(2)〉 = 〈ψ1|Â(1)|ψ1〉〈ψ2|Â(2)|ψ2〉.



Chapter 2: Density Matrix Formalism 11

Similarly, the time evolution of such a product state |ψ1〉⊗|ψ2〉 with a product Hamilto-

nian Ĥ(1)⊗ Ĥ(2) is determined by considering evolution of the subsystems separately and

then taking a product of final states |ψ1(t)〉, |ψ2(t)〉:

|ψ1〉 bH(1)
−−−−−−−−−−→ |ψ1(t)〉,

|ψ2〉 bH(2)
−−−−−−−−−−→ |ψ2(t)〉,

|ψ1〉 ⊗ |ψ2〉 bH(1)⊗ bH(2)
−−−−−−−−−−−→ |ψ1(t)〉 ⊗ |ψ2(t)〉.

In such a totally product systems i.e. product states, product Hermitian operators and

product Hamiltonians, composite systems are totally independent of each other.

On the other hand, consider the state |ψ〉 in a product Hilbert space H(1)⊗H(2) of the

form

|ψ〉 =
1√
2
(|1, 1〉+ |2, 2〉)

This state can not have separate state vectors for each node. Such a pure state that does

not have separate state vector is called entangled states [6].

However, to simplify the expectation value equation of a measurement performed on a

subsystem, we can ascribe a density matrix for subsystems taken out of the total density

matrix of the system. Such a density matrix is called the reduced density matrix [6]. Let

|ψ〉 be the state vector of the system such that

|ψ〉 =
∑

l,m

alm|l(1),m(2)〉,

ρ̂ =
∑

l,m,l′,m′
alma∗l′m′ |l, m〉〈l′,m′|,
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then the expectation value of the measurement is equal to

〈Â(1)⊗ 1̂(2)〉 = Tr{ρ̂Â(1)⊗ 1̂(2)}

=
∑

i,j

〈i, j|

 ∑

l,m,l′,m′
alma∗l′m′ |l, m〉〈l′,m′|Â(1)⊗ 1̂(2)


 |i, j〉

=
∑

i,j,l,m,l′,m′
alma∗l′m′〈i, j|l, m〉〈l′,m′|Â(1)⊗ 1̂(2)|i, j〉

=
∑

l,m,l′,m′
alma∗l′m′〈l′,m′|Â(1)⊗ 1̂(2)|l, m〉

=
∑

l,m,l′,m′
alma∗l′m′〈l′|Â(1)|l〉 ⊗ 〈m′|1̂(2)|m〉

=
∑

l,m,l′
alma∗l′m〈l′|Â(1)|l〉

= Tr{ρ̂1Â(1)}

where

ρ̂1 =
∑

l,l′

(∑
m

alma∗l′m

)
|l〉〈l′|.

Here ρ̂1 is called reduced density matrix and it is the partial trace of ρ̂ with respect to second

node

ρ̂1 = Tr2{ρ̂} = Tr2





∑

l,m,l′,m′
alma∗l′m′ |l, m〉〈l′,m′|





=
∑

l,m,l′,m′
alma∗l′m|l〉〈l′|〈m′|m〉

=
∑

l,l′
(ρ̂1)ll′ |l〉〈l′|, (ρ̂1)ll′ =

∑
m

alma∗l′m

For a two node system, the reduced density matrices of an entangled state vector correspond

to mixed states, while the reduced density matrices of a product state vector correspond to

pure states.

To justify calling ρ̂ a reduced density matrix, we now prove that it is a density matrix.

Reduced density matrices are Hermitian.

(ρ̂1)
†
ll′ = (ρ̂1)∗l′l =

(∑
m

al′ma∗lm

)∗

=
∑
m

(al′ma∗lm)∗

=
∑
m

alma∗l′m = (ρ̂1)ll′
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The trace of the reduced density matrix is equal to 1.

Tr{ρ̂1} =
∑

j

〈j|ρ̂1|j〉

=
∑

j

(ρ1)jj

=
∑

j,m

ajma∗jm = 1

Reduced density matrices are nonnegative. This means that for any state |φ〉, 〈φ|ρ̂1|φ〉 ≥
0

〈φ|ρ̂1|φ〉 =
∑

l,m,l′
alma∗l′m〈φ|l〉〈l′|φ〉

=
∑
m

∣∣∣∣∣
∑

l

alm〈φ|l〉
∣∣∣∣∣
2

≥ 0. (2.3)

Therefore, reduced density matrix is a density matrix that represents a subsystem for

measurements acted on that subsystem, i.e. subject to the type of Hermitian operators

Â(1)⊗ 1̂(2):

〈Â(1)⊗ 1̂(2)〉 = Tr{ρ̂Â(1)⊗ 1̂(2)} = Tr{ρ̂1Â(1)}.

However, reduced density matrix does not represent the subsystem behavior for the mea-

surements of the type of product Hermitian operators Â(1) ⊗ Â(2) or non-product type

Hermitian operators Â(1, 2) acted on the total system:

〈Â(1)⊗ Â(2)〉 6= Tr{ρ̂1Â(1)}Tr{ρ̂2Â(2)}. (2.4)

Also note that two different state vectors of a two node system given by |ψ1〉, |ψ2〉 may

correspond to the same reduced density matrix for each node. For example, consider the

two state vectors

|ψ1〉 =
1√
2
(|1, 1〉+ |2, 2〉), and |ψ2〉 =

1√
2
(|1, 2〉+ |2, 1〉)

then

ρ̂1 =
1
2


 |1, 1〉〈1, 1|+ |1, 1〉〈2, 2|

+|2, 2〉〈1, 1|+ |2, 2〉〈2, 2|


 , ρ̂2 =

1
2


 |1, 2〉〈1, 2|+ |1, 2〉〈2, 1|

+|2, 1〉〈1, 2|+ |2, 1〉〈2, 1|



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so that

Tr2{ρ̂1} =
1
2

(|1〉〈1|+ |2〉〈2|) , Tr2{ρ̂2} =
1
2

(|1〉〈1|+ |2〉〈2|)

Tr1{ρ̂1} =
1
2

(|1〉〈1|+ |2〉〈2|) , Tr1{ρ̂2} =
1
2

(|1〉〈1|+ |2〉〈2|) (2.5)

These states are obviously different from each other but they have the same reduced density

matrix for each node. Therefore, it is clear that the partial trace operation deletes some

crucial information from density matrix of the total system and it is not possible to get

back the density matrix of a total system from the reduced density matrices of the two

subsystems.

To understand the nature of the inequality 2.4 and the information loss in partial trace

operation in 2.5, Bloch vector [8],[9] will be defined to analyze the properties of density

matrix deeper.
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Chapter 3

BLOCH VECTOR FORMALISM FOR ONE NODE SYSTEMS

3.1 Bloch Vector Representation of States

The density matrix space L+,1(HN ) for N level systems is defined by

L+,1(HN ) := {ρ̂ ∈ L(HN ) : (i)Tr{ρ̂} = 1, (ii)ρi ≥ 0 (i = 1, ..., N)}, (3.1)

where L(HN ) denotes the space of N ×N Hermitian matrices and ρi is the ith eigenvalue

of the ρ̂. As one of the properties of the density matrix,

Tr{ρ̂2} ≤ 1

follows from the criteria (i) and (ii).

To find a basis of this space we will review an orthogonal basis of su(N) consisting of a

set of elements λ̂i ∈ L(HN ) (i = 1, ..., N2 − 1) which are defined as [8]

{λ̂i}N2−1
i=1 = {ûjk, v̂jk, ŵl} 1 ≤ j < k ≤ N, 1 ≤ l ≤ N − 1

where

ûjk = |j〉〈k|+ |k〉〈j|

v̂jk = i(|j〉〈k| − |k〉〈j|) where i =
√−1

ŵl =

√
2

l(l + 1)




l∑

j=1

|j〉〈j| − l|l + 1〉〈l + 1|



and satisfy

(a) λ̂†i = λ̂i, (b) Tr{λ̂i} = 0, (c) Tr{λ̂iλ̂j} = 2δij .

The commutator and anti-commutator of the basis elements [9] are

[λ̂i, λ̂j ] = 2i
∑

k

fijkλ̂k

[λ̂i, λ̂j ]+ =
4
N

δij 1̂ + 2
∑

k

dijkλ̂k
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where fijk, dijk are the structure constants of the particular basis. By using them, two

useful vector products are defined as

(a ∧ b)i : =
∑

j,k

fijkajbk (3.2)

(a ? b)i : =
∑

j,k

dijkajbk (3.3)

In particular, these basis matrices λ̂i are equal to the Pauli matrices for N = 2 and Gell-

Mann matrices for N = 3. However, for Gell-Mann matrices the labeling is not the standard

one.

Note that this orthogonal basis of su(N) and identity matrix 1̂ help to form the complete

orthonormal basis {Q̂i}N2−1
i=0 for the space of N ×N Hermitian matrices L(HN )

Q̂0 =
1√
N

1̂, Q̂j =
1√
2
λ̂j (j = 1, ..., N2 − 1) (3.4)

in the sense of the Hilbert–Schmidt product

Tr{Q̂i, Q̂j} = δij .

In this basis a general density matrix ρ̂ can be decomposed as

ρ̂ =
N2−1∑

i=0

Tr{ρ̂Q̂i}Q̂i

=
1
N

1̂ +
1
2

N2−1∑

i=1

λiλ̂i (3.5)

where Tr{ρ̂λ̂i} = 〈λ̂i〉 = λi ∈ R and the density matrix can be represented by the real vector

λ = {λi, i = 1, ..., N2 − 1} which is called Bloch vector . Note that λi is the expectation

value of λ̂i.

Since the complete orthonormal basis {Q̂i}N2−1
i=0 is for the space of N × N Hermitian

matrices L(HN ) and the space of density matrices L+,1(HN ) is a subspace of it, not all

λ ∈ RN2−1 corresponds to a density matrix. The density matrix criteria (i) and (ii) in 3.1

bring some restrictions on λ to represent a density matrix.

3.1.1 Characterization of the Bloch vectors

It is clear that the matrix ρ̂′

ρ̂′ =
1
N

1̂ +
1
2

N2−1∑

i=1

λiλ̂i where λi ∈ R (3.6)
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is Hermitian and its trace is 1 since λ̂i’s are Hermitian and traceless. Therefore, if its all

eigenvalues are nonnegative ρ′i ≥ 0 (i = 1, ..., N), it is a density matrix . For what value of

λ, are all of its eigenvalues nonnegative?

Although a nonnegativity criterion was given in my previous studies [19] for three and

four levels systems, it is better to follow Kimura’s formulation [10] because of its applicability

to N level systems.

Consider the characteristic equation of ρ̂′

det(ρ̂′ − x1̂) = 0

=
N∏

i=1

(x− ρ′i) = 0 where ρ′i ∈ R (i = 1, ..., N) since ρ̂′ is Hermitian

=
N∑

j=0

(−1)jaj(λ)xN−j = 0 (a0(λ) = 1) where aj(λ) ∈ R (i = 0, ..., N)

the following theorem [10] reads the necessary and sufficient condition for ρ′i ≥ 0(i =

1, ..., N).

Theorem 1 Consider an algebraic equation of degree N ≥ 1:

N∑

j=0

(−1)jajx
N−j =

N∏

i=1

(x− xi) = 0, (a0 = 1)

which has only real roots xi ∈ R (i = 1, ..., N). The necessary and sufficient condition that

all the roots xi’s to be non-negative is that all the coefficients ai’s are non-negative

xi ≥ 0 (i = 1, ..., N) ⇔ ai ≥ 0 (i = 1, ..., N)

Therefore for aj(λ) ≥ 0 (i = 1, ..., N), ρ̂′ is a density matrix. That is the space of Bloch

vectors for N level systems BN (λ) is given by

BN (λ) := {λ ∈ RN2−1 : aj(λ) ≥ 0 (j = 1, ..., N)}. (3.7)

Note also that the coefficients aj(λ) are given by Newton’s formula [10]

kak(λ) =
k∑

q=1

(−1)q−1C(N, q)ak−N (1 ≤ k ≤ N) (3.8)
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where C(N, q) =
∑N

i (ρ′i)
q = Tr{(ρ̂′)q}. Explicitly,

a1(λ) = 1

a2(λ) =
1
2
(1− Tr{ρ̂2})

a3(λ) =
1
6
(1− 3Tr{ρ̂2}+ 2Tr{ρ̂3})

a4(λ) =
1
24

(1− 6Tr{ρ̂2}+ 8Tr{ρ̂3}+ 3(Tr{ρ̂2})2 − 6Tr{ρ̂4})

a5(λ) = ...

In appendix A.1, C(N, q)’s are explicitly calculated for the Bloch vector representation of

ρ̂′. By using these results, the concrete expressions of coefficients ai(λ)’s in 3.8 in terms of

Bloch vector and the structure constants are given as

a1(λ) = 1

2!a2(λ) =
N − 1

N
− 1

2
|λ|2

3!a3(λ) =
(N − 1)(N − 2)

N2
− 3(N − 2)

2N
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk

4!a4(λ) =
(N − 1)(N − 2)(N − 3)

N3
− 3(N − 2)(N − 3)

N2
|λ|2 +

3(N − 2)
4N

|λ|4

+
2(N − 2)

N

∑

i,j,k

dijkλiλjλk − 3
4

∑

i,j,k,m,l

dijmdmklλiλjλkλl

5!a5(λ) = ...

Note that ai(λ)’s are meaningful only for i ≤ N.

Pure States and the Length of a Bloch Vector

Consider a density matrix ρ̂ in its Bloch vector representation

ρ̂ =
1
N

1̂ +
1
2

N2−1∑

i=1

λiλ̂i .

Then the state is pure if ρ̂2 = ρ̂ i.e. Tr{ρ̂2} = 1 :

Tr{ρ̂2} =
1
N

+
1
2
|λ|2 = 1,

|λ|2 =
2(N − 1)

N
.

Note that for N level systems the length of the Bloch vector |λ| is restricted by a2(λ) such
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that

a2(λ) ≥ 0
1
2

(
N − 1

N
− 1

2
|λ|2

)
≥ 0

|λ|2 ≤ 2(N − 1)
N

Therefore the space BN (λ) of Bloch vectors for N level systems is the subset of the ball

BN2−1
(

2(N−1)
N

)
in the RN2−1 :

BN (λ) ⊆ BN2−1

(
2(N − 1)

N

)

and the common points of BN (λ) and BN2−1
(

2(N−1)
N

)
correspond to pure states.

Two Level Systems

For two level systems, the necessary and sufficient condition for ρ̂′ in 3.6 is

a2(λ) ≥ 0
1
2

(
1
2
− 1

2
|λ|2

)
≥ 0

|λ|2 ≤ 1

and the space of Bloch vectors in 3.7 is given by

B2(λ) := {λ ∈ R3 : |λ|2 ≤ 1}.

Note that this is the definition of the famous Bloch sphere [6]. Since the whole surface

consists of common points of the ball B3 (1), the surface of the sphere correspond to pure

states while inside is mixed.
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Figure 3.1: Bloch Sphere

Three and Four Level Systems

For three level systems, the necessary and sufficient conditions for ρ̂′ in 3.6 are

a2(λ) ≥ 0, |λ|2 ≤ 4
3

a3(λ) ≥ 0,
2
9
− 1

2
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk ≥ 0

and the space of Bloch vectors in 3.7 is given by

B3(λ) := {λ ∈ R8 : |λ|2 ≤ 4
3
,

2
9
− 1

2
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk ≥ 0}

For four level systems, the necessary and sufficient conditions for ρ̂′ given in 3.6 are

a2(λ) ≥ 0, |λ|2 ≤ 3
2

a3(λ) ≥ 0,
3
8
− 3

4
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk ≥ 0

a4(λ) ≥ 0,
3
32
− 3

8
|λ|2 +

3
4
|λ|4 +

∑

i,j,k

dijkλiλjλk − 3
4

∑

i,j,k,m,l

dijmdmklλiλjλkλl ≥ 0

and the space of Bloch vectors in 3.7 is given by

B4(λ) := {λ ∈ R15 : |λ|2 ≤ 3
2
,
3
8
− 3

4
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk ≥ 0,

3
32
− 3

8
|λ|2 +

3
4
|λ|4 +

∑

i,j,k

dijkλiλjλk − 3
4

∑

i,j,k,m,l

dijmdmklλiλjλkλl ≥ 0}
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3.1.2 Geometry of the Bloch Vectors

It is apparent that the geometry of the Bloch vector spaces for three and higher level systems

is not trivial as that of two level systems. However, the geometry of the diagonalized

states are relatively easy and the orbit of the diagonalized state space under the action of

SU(N) will give the total Bloch vector space. For example, consider the N level case. The

diagonalized state

ρ̂D =
1
2
1̂ +

1
2

N−1∑

l=1

wlŵl, with
N−1∑

l=1

w2
l ≤

2(N − 1)
N

Then the space L+,1(HN ) of density matrices is given by

L+,1(HN ) = {Uρ̂DU† : U ∈ SU(N)}.

The corresponding effect of the unitary transformation U on a density matrix ρ̂ for the

Bloch vector λ is a rotation around origin, since there is a homomorphism (see Appendix

B) between SU(N) and SO(N2 − 1). That is, the unitary transformation U of density matrix

ρ̂

Uρ̂U† =
1
N

1̂ +
1
2

N2−1∑

i=1

λiUλ̂iU
†

is equal to an application of O ∈ SO(N2−1) to λ and following equality holds:

N2−1∑

i=1

λiUλ̂iU
† =

N2−1∑

j=1

(
N2−1∑

i=1

Ojiλi)λ̂j ,

N2−1∑

i=1

λiTr{λ̂mUλ̂iU
†} =

N2−1∑

j=1

(
N2−1∑

i=1

Ojiλi)Tr{λ̂mλ̂j},

N2−1∑

i=1

λiTr{λ̂mUλ̂iU
†} = 2

N2−1∑

i=1

Omiλi.

The corresponding element O of SO(N2−1) for the unitary transformation U is

1
2
Tr{λ̂mUλ̂iU

†} = Omi (3.9)

Ad(U)= O

For two level systems the diagonalized density matrix ρ̂D is of the form

ρ̂D =
1
2
1̂ +

1
2
w1ŵ1, with w2

1 ≤ 1
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and the Bloch vector space corresponding to ρ̂D is

B2(w1) := {w1 ∈ R : w2
1 ≤ 1}

where pure states are w2
1 = 1 and mixed states are w2

1 < 1. Since the homomorphism

between SU(2) and SO(3) is onto, all elements of SO(3) can be applied to B2(w1) and the

orbit of it is the Bloch sphere.

Figure 3.2: Interval of w1 and Bloch Sphere

(a) For a particular basis in which density matrix is diagonal, the values w1 = ±1

correspond to pure states, and the interval −1 < w1 < 1 corresponds to mixed states.

(b) For any basis, pure states lie on the surface of the sphere λ2 = 1 and mixed states

lie inside the sphere 0 ≤ λ2 < 1.

In the same manner, it is also possible to generate the three level and four level analogs

of the Bloch sphere.

For three level system, when we diagonalize the density matrix ρ̂D, it is written as

ρ̂D =
1
3
1̂ +

1
2
(w1ŵ1 + w2ŵ2)

where λ̂3 = ŵ1 and λ̂8 = ŵ2. In this case, the density matrix conditions

|λ|2 ≤ 4
3

and
2
9
− 1

2
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk ≥ 0
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reduce to

w2
1 + w2

2 ≤
4
3

and
4
9
− w2

1 − w2
2 −

√
3

3
w3

2 +
√

3w2
1w2 ≥ 0.

Their common area defines an equilateral triangle with vertices at (w1, w2) = (1, 1√
3
),

(−1, 1√
3
) and (0,− 2√

3
).

Figure 3.3: Geometry of Diagonalized Three Level Density Matrix

These vertices correspond to pure states and the points inside the triangle correspond to

mixed states. Then the orbit of this triangle under SU(3) (i.e. adjoint representation of

SU(3) given in 3.9) gives the generalization of Bloch sphere for three level systems. Although

for all O ∈ SO(3), there exists a U ∈ SU(2) such that O=Ad(U), Ad(SU(3)) is only an

eight-parameter subgroup of twenty-eight-parameter group SO(8). Therefore not all the

orthogonal rotations on real eight-dimensional space is applicable.
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Figure 3.4: The Axes of Symmetry

This restriction is apparent when we consider the possible action of SU(3) on w1w2−plane.

All possible rotation are 2π
3 around origin of w1w2 − plane and π rotations around a, b, c−

axis.

For four level systems, when we diagonalize the density matrix ρ̂D, it is written as

ρ̂D =
1
4
1̂ +

1
2
(w1ŵ1 + w2ŵ2 + w3ŵ3)

where λ̂3 = ŵ1, λ̂8 = ŵ2 and λ̂15 = ŵ3. In this case, density matrix conditions

|λ|2 ≤ 3
2
,

3
8
− 3

4
|λ|2 +

1
2

∑

i,j,k

dijkλiλjλk ≥ 0

and
3
32
− 3

8
|λ|2 +

3
4
|λ|4 +

∑

i,j,k

dijkλiλjλk − 3
4

∑

i,j,k,m,l

dijmdmklλiλjλkλl ≥ 0

reduce to

w2
1 + w2

2 + w2
3 ≤

3
2

3
4
− 3

2
(w2

1 + w2
2 + w2

3)−
√

3
3

w3
2 −

√
3w2

1w2 +
√

6
2

w3(w2
1 + w2

2 −
2
3
w2

3) ≥ 0
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and

3
32
− 3

8
(w2

1 + w2
2 + w2

3) +
3
4
(w2

1 + w2
2 + w2

3)
2

−
√

3
3

w3
2 −

√
3w2

1w2 +
√

6
2

w3(w2
1 + w2

2 −
2
3
w2

3)

− 3
4
(
1
2
w4

1 +
1
2
w4

2 +
2
3
w4

3 + 2
√

2(w2
1 +

1
3
w2

2)w2w3 + w2
1w

2
2) ≥ 0

Their common area defines a tetrahedron with vertices at (w1, w2, w3) = (1, 1√
3
, 1√

6
), (−1, 1√

3
, 1√

6
),

(0,− 2√
3
, 1√

6
), and (0, 0,− 3√

6
).

Figure 3.5: Geometry of Diagonalized Four Level Density Matrix

These vertices correspond to pure states and the points inside the tetrahedron correspond

to mixed states . Then the orbit of this tetrahedron under SU(4) (i.e. adjoint representation

of SU(4) given in 3.9) gives the generalization of Bloch sphere to four level systems.

General Case: N ≥ 2 Level Systems

The coordinates of the pure states (ρD)ii for diagonalized density matrix representation ρ̂D
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for N level systems in w1w2...wN−1−coordinate system are

(ρD)ii = wi = (wi
1, w

i
2, w

i
3, ..., w

i
N−1)

(ρD)11 = w1 =

(
1,

1√
3
,

1√
6
, ...,

√
2

(N − 1)N

)

(ρD)22 = w2 =

(
−1,

1√
3
,

1√
6
, ...,

√
2

(N − 1)N

)

(ρD)33 = w3 =

(
0,− 2√

3
,

1√
6
, ...,

√
2

(N − 1)N

)

(ρD)44 = w4 =

(
0, 0,− 3√

6
, ...,

√
2

(N − 1)N

)

....................

....................

(ρD)ii = wi =

(
0, 0, 0, ...,−

√
2(i− 1)

i
, ....,

√
2

(N − 1)N

)

....................

....................

(ρD)NN = wN =

(
0, 0, 0, ...,−

√
2(N − 1)

N

)

these points are the vertices of a regular (N − 1)-simplex [11], i.e. generalized equilateral

triangle to (N −1) dimensional space or hypertetrahedron and it is denoted by 4N−1.In one

dimension, the simplex is the line segment [−1, 1]. In two dimensions, the 2-simplex is the

convex hull of the equilateral triangle. In three dimensions, the 3-simplex is the convex hull

of the tetrahedron. The following figures show the graphs for the n-simplexes from n=2 to

7. Note that the graph of an n−simplex is the complete graph of n + 1 vertices.

Figure 3.6: n-simplexes with n=2 to 7



Chapter 3: Bloch Vector Formalism for One Node Systems 27

Definition 2 If a1, a2, ..., an+1 are n+1 points in Rn such that a2−a1, a3−a1, ..., an+1−a1

are linearly independent, then the convex hull of these points
{

x| x =
n+1∑

i=1

tiai where
n+1∑

i=1

ti = 1 and ti ≥ 0( i = 1, ...., n + 1)

}

is an n-simplex and it is regular if the distance between any two vertices is same. The

points a1, a2, ..., an+1 are called the vertices of the n-simplex.

Note that, wi’s are N points in RN−1 such that w2 − w1,w3 − w1, ...,wN − w1are

linearly independent, and a general element w from its convex hull

w =
N∑

i=1

tiwi where
n∑

i=1

ti = 1

wl =
N∑

i=1

tiw
i
l

represents a diagonalized density matrix ρ̂D since

1
N

1̂ +
1
2

N−1∑

l=1

wl ŵl =
1
N

1̂
N∑

i=1

ti +
1
2

N−1∑

l=1

(
N∑

i=1

tiw
i
l

)
ŵl

=
N∑

i=1

ti

(
1
N

1̂ +
1
2

N−1∑

l=1

wi
lŵl

)

=
N∑

i=1

tiρ̂ii = ρ̂D.

By reversing the above equation every diagolized matrix is an element of the convex hull of

wi’s, since every ρ̂D is written as

ρ̂D =
N∑

i=1

tiρ̂ii where
n∑

i=1

ti = 1.

Therefore, wi’s are the vertices of a n-simplex, and this n-simplex is also regular by the

following argument. It is clear that the length of each wi is the same since they are pure

states and equal to

|wi| =
√

2(N − 1)
N

( i = 1, ...., N).

If we show that the angle between any two wi is same then the distance between any two

vertices is same.
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Note that there is a 1-to-1 correspondence between (ρD)ii and wi for ( i = 1, ...., N).

Now, consider the unitary matrix U ∈ SU(N) in the block form

U =




1

1

1̂




when we apply U to all (ρD)ii, only (ρD)11 and (ρD)22 are transformed into each other, while

nothing happens to the other (ρD)ii’s. Note that, the corresponding action of U on Bloch

vector wi, is similar i.e. only w1 and w2 are transformed into each other, while nothing

happens to the other wi’s. Since this action is the adjoint representation O of U as given

in 3.9and it is an orthogonal transformation, the length of each wi and the inner product

between them remains the same:

〈wi|wj〉 = 〈Owi|Owj〉 (i, j = 1, ...., N).

Therefore, the angle ∠( w1,wi) between w1 and any wi are the same as the angle ∠(w2,wi)

between w2 and wi :

∠(w1,wi) = ∠(w2,wi) (i = 1, ...., N)

Without loss of generality, it is possible to find a unitary matrix U ∈ SU(N) such that any

wm and wn transforms into each other, while nothing happens to the other wi’s. Then

∠(wm,wi) = ∠(wn,wi) (i, n,m = 1, ...., N)

so the angles between any wi is the same. Therefore, n-simplex is regular.

3.2 Bloch Vector Formalism of Measurements

In the complete orthonormal basis {Q̂i}N2−1
i=0 , introduced in 3.4, any N × N Hermitian

matrix Â can be written as [9]

Â =
N2−1∑

i=0

Tr{ÂQ̂i}Q̂i

=
1
N

Tr{Â}1̂ +
1
2

N2−1∑

i=1

Aiλ̂i
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where Ai = Tr{Âλ̂i}. Therefore, for a density matrix ρ̂ of an N -level system

ρ̂ =
1
N

1̂ +
1
2

N2−1∑

i=1

λiλ̂i

the expectation value of the Hermitian operator Â is given by 2.1

〈Â〉 = Tr{ρ̂Â}

By combining the Bloch vector representations of ρ̂ and Â, one obtains the expression

〈Â〉 =
1
N

Tr{Â}+
1
2

N2−1∑

i=1

Aiλi (3.10)

Let |ai〉 (i = 1, ...., N) be eigenvectors of Â with the eigenvalues ai and the probability

Pr(ai) of getting ai from the measurement of Â for a density matrix ρ̂ is

Pr(ai) = 〈P̂ai〉 (3.11)

where P̂ai is projection operator for the eigenvectors of Â defined as P̂ai = |ai〉〈ai|. Its Bloch

vector representation is

P̂ai =
1
N

1̂ +
1
2

N2−1∑

j=1

λai
j λ̂j where λai

j = Tr{P̂ai λ̂j} (3.12)

since Tr{P̂ai} = 1. Combining 3.11 and 3.12, the probability Pr(ai) can be expressed as

Pr(ai) =
1
N

+
1
2

N2−1∑

j=1

λai
j λj .

Restricting ourselves to the projections P̂i = |i〉〈i|, i.e. the projections onto the basis vectors

of the representation of the generators λ̂j of SU(N), the Bloch vector representation of P̂i is

P̂i =
1
N

1̂ +
1
2

N−1∑

c=1

wi
c ŵc where wi

c = Tr{P̂iŵc}

and the probability of getting state |i〉 after measurement

Pr(|i〉) = 〈P̂i〉 =
1
N

+
1
2

N−1∑

c=1

wi
c ŵc
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3.3 Dynamics of Bloch Vector

Consider the Liouville equation

i~
d

dt
ρ̂(t) = [Ĥ(t), ρ̂(t)].

When ρ̂(t) is replaced by its Bloch vector representation

ρ̂(t) =
1
N

1̂ +
1
2

N2−1∑

i=1

λi(t)λ̂i,

the following equation is obtained

i~
1
2

N2−1∑

i=1

dλi(t)
dt

λ̂i =
1
2

N2−1∑

i=1

λi(t) [Ĥ(t), λ̂i]

Multiplying both sides by λ̂j and taking trace of both sides, we get

i~
1
2

N2−1∑

i=1

dλi(t)
dt

Tr{λ̂iλ̂j} =
1
2

N2−1∑

i=1

λi(t)Tr{[Ĥ(t), λ̂i]λ̂j}.

By using the trace relation Tr{Â[B̂, Ĉ]} = Tr{B̂[Ĉ, Â]} = Tr{Ĉ[Â, B̂]} in cyclic permutation,

we obtain

i~
dλj(t)

dt
=

1
2

N2−1∑

i=1

λi(t)Tr{Ĥ(t)[λ̂i, λ̂j ]}

i~
dλj(t)

dt
= i

N2−1∑

i,k=1

λi(t)fijkTr{Ĥ(t)λ̂k}

~
dλj(t)

dt
=

N2−1∑

i,k=1

λi(t)fijkHk(t)

dλj(t)
dt

=
1
~

N2−1∑

i,k=1

λi(t)fijkHk(t)

Changing the dummy variables we get the product defined in 3.2:

dλi(t)
dt

=
1
~

N2−1∑

i,k=1

fijkHj(t)λk(t)

dλi(t)
dt

=
1
~
(H(t) ∧ λ(t))i. (3.13)

For two level systems, the structure constants fijk are identical with the elements of the

totally antisymmetric ε tensor, and the 3.13 reduces to the well known Bloch equation

d

dt
λ(t) =

1
~
(H(t)× λ(t))i.



Chapter 4: Bloch Vector Formalism for Two Node Systems 31

Chapter 4

BLOCH VECTOR FORMALISM FOR TWO NODE SYSTEMS

4.1 Bloch Vector Representation of States

The density matrix space of the composite systems L+,1(HN1 ⊗HN2) is the tensor product

of each density matrix space Lv
+,1(HNv) (v = 1, 2) for Nv level subsystems and it is also

equal to the density matrix space of N1N2 levels system which is given by

L+,1(HN1 ⊗HN2) := L1
+,1(HN1)⊗ L2

+,1(HN2) = L+,1(HN1N2)

= {ρ̂ ∈ L(HN1N2) : (i) Tr{ρ̂}= 1,

(ii) ρi ≥ 0 (i = 1, ..., N1N2)}

where L(HN1N2) is the space of the N1N2 × N1N2 Hermitian matrices. The orthonormal

basis
{

Q̂jk

}s1,s2

j,k=0
(s1 = N2

1 − 1, s2 = N2
2 − 1) for L+,1(HN1 ⊗HN2) is the tensor product of

the orthonormal bases
{

1√
Nv

1̂(v), 1√
2
λ̂j(v)

}
of each subsystem Lv

+,1(HNv) (v = 1, 2)

Q̂00 =
1√

N1N2
1̂,

Q̂j0 =
1√
2
λ̂j(1)⊗ 1√

N2
1̂(2),

Q̂0k =
1√
N1

1̂(1)⊗ 1√
2
λ̂k(2),

Q̂jk =
1
2
λ̂j(1)⊗ λ̂k(2). (4.1)

It is orthonormal in the sense of Hilbert-Schmidt product

Tr
{

Q̂jkQ̂j′k′
}

= δjj′δkk′ .
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Therefore, a density matrix ρ̂ ∈ L+,1(HN1 ⊗HN2) can be represented by [9]

ρ̂ =
s1,s2∑

j,k=0

Tr
{

ρ̂Q̂jk

}
Q̂jk

=
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)] (4.2)

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)]

where λj(1), λk(2) and λjk(1, 2) are

λj(1) = Tr
{

ρ̂λ̂j(1)⊗ 1̂(2)
}

= 〈λ̂j(1)〉,

λk(2) = Tr
{

ρ̂1̂(1)⊗ λ̂k(2)
}

= 〈λ̂k(2)〉,

λjk(1, 2) = Tr
{

ρ̂λ̂j(1)⊗ λ̂k(2)
}

= 〈λ̂j(1)⊗ λ̂k(2)〉.

The corresponding Bloch vectors can be represented by λ(v)= {λ1(v), λ2(v), ..., λsv(v)} (v =

1, 2). The tensor λjk(1, 2) which describes the relative phases between nodes is called

coherence tensor. For a product state, coherence tensor is equal to

λjk(1, 2) = λj(1)λk(2)

and it is convenient to introduce the correlation tensor Cjk(1, 2) by

Cjk(1, 2) = λjk(1, 2)− λj(1)λk(2). (4.3)

It is named that way because it gives rise to correlations in particular measurements, which

will be discussed in the measurement section in detail.

Note that each Bloch vector λ(v) represents the corresponding reduced density matrix

ρ̂v as

λ(1) ←→ ρ̂1 = Tr2{ρ̂}

λ(2) ←→ ρ̂2 = Tr1{ρ̂}

Also note that, it is mentioned in 2.5 that two different state vectors of a two node system

may give the same reduced density matrices for each node and the partial trace operation

deletes some crucial information from the density matrix of the total system so that it is

not possible to regain the density matrix of the total system from reduced density matrices
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of the two subsystems. Now it is clear that the deleted information is the coherence tensor

λjk(1, 2), which characterizes the relative phases between the reduced density matrices of

each node, and it does not affect the result of measurement performed only on a subsystem

i.e. the measurement of the type Â(1)⊗ 1̂(2) or 1̂(1)⊗ Â(2), as it will be analyzed in detail

in Section 4.2.

4.1.1 Characterization of Bloch Vectors and Coherence Tensor

Since the complete orthonormal basis
{

Q̂jk

}s1,s2

j,k=0
is for the space of N1N2×N1N2 Hermitian

matrices L(HN1N2) and the density matrix space of the composite systems L+,1(HN1⊗HN2)

is a subspace of it, not all λ(1), λ(2) and λjk(1, 2) correspond to a density matrix just as the

case for one node systems. The nonnegativity requirement of being a density matrix can

be again satisfied by the treatment followed for one node systems, since the density matrix

space of a two node system L+,1(HN1 ⊗HN2) is equal to density matrix space of a one node

system L+,1(HN1N2). However, this time we use the basis of two node system
{

Q̂jk

}s1,s2

j,k=0

(s1 = N2
1 − 1, s2 = N2

2 − 1) instead of the basis of one node system
{

Q̂i

}(N1N2)2−1

i=0
.

Recall that

ρ̂′ =
1

N1N2
1̂(1)⊗ 1̂(2)

+
1

2N2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)]

+
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)]

is a nonnegative matrix if and only if all ai’s given by 3.8 are nonnegative:

kak(λ) =
k∑

q=1

(−1)q−1C(N, q)ak−N1N2 (1 ≤ k ≤ N1N2).
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Explicitly, we have

a1(λ) = 1

a2(λ) =
1
2
(1− Tr{ρ̂2})

a3(λ) =
1
6
(1− 3Tr{ρ̂2}+ 2Tr{ρ̂3})

a4(λ) =
1
24

(1− 6Tr{ρ̂2}+ 8Tr{ρ̂3}+ 3(Tr{ρ̂2})2 − 6Tr{ρ̂4})

a5(λ) = ...

In appendix A.2, C(N, q)’s are explicitly calculated from the Bloch vector representation

4.2, and the concrete expressions of coefficients ai(λ)’s are given as

a1(λ) = 1 (4.4)

2a2(λ) =
N1N2 − 1

N1N2
− 1

2N2
|λ(1)|2 − 1

2N1
|λ(2)|2 − 1

4
|λ(1, 2)|2

3!a3(λ) =
(N1N2)2 − 2N1N2 + 3

(N1N2)2

+
3

2N1N2
2

|λ(1)|2 +
3

2N2
1 N2

|λ(2)|2

+
3

4N1N2
|λ(1, 2)|2

+
1

2N2
2

∑

i,j,k

dijk(1)λi(1)λj(1)λk(1)

+
1

2N2
1

∑

i,j,k

dijk(2)λi(2)λj(2)λk(2)

+
3

N1N2

s1,s2∑

j,k=1

λjk(1, 2)λk(2)λj(1)

+
3

4N2

s1,s2∑

j,k,i,m=1

dijm(1)λjk(1, 2)λi(1)λmk(1, 2)

+
3

4N1

s1,s2∑

j,k,i,m=1

dkim(2)λjk(1, 2)λi(2)λjm(1, 2)

+
1
8

s1,s2∑

j,k,m,N,p,r=1

λjk(1, 2)λmN (1, 2)λpr(1, 2)djmp(1)dkNr(2)

4!a4(λ) = ....

note that ai(λ)’s are meaningful only for i ≤ N1N2.

It is clear that these inequalities (ai(λ) ≥ 0, 1 ≤ i ≤ N1N2) are not easy to bring

a concrete characterization of the Bloch vectors λ(v)(v = 1, 2) and the coherence tensor
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λjk(1, 2)(j = 1, ..., s1, k = 1, ..., s2). However, each reduced density matrix ρ̂′v, obtained

from ρ̂′, have to be nonnegative, so its Bloch vector λ(v) have to satisfy the Bloch vector

characterization of one node systems.

a1(λ(v)) = 1 (4.5)

2!a2(λ(v)) =
N − 1

N
− 1

2
|λ(v)|2

3!a3(λ(v)) =
(N − 1)(N − 2)

N2
− 3(N − 2)

2N
|λ(v)|2 +

1
2

∑

i,j,k

dijk(v)λi(v)λj(v)λk(v)

4!a4(λ(v)) =
(N − 1)(N − 2)(N − 3)

N3
− 3(N − 2)(N − 3)

N2
|λ(v)|2 +

3(N − 2)
4N

|λ(v)|4

+
2(N − 2)

N

∑

i,j,k

dijk(v)λi(v)λj(v)λk(v)

−3
4

∑

i,j,k,m

dijm(v)dmkl(v)λi(v)λj(v)λk(v)λl(v)

note that here ai(λ(v))’s are meaningful only for i ≤ Nv. However, it is not necessary to

consider the nonnegativity conditions of 4.5 in addition to the nonnegativity conditions

of 4.4, since a reduced density matrix ρ̂′v obtained from a density matrix ρ̂′ have to be

nonnegative as proved in 2.3, and for every density matrix ρ̂′v satisfying nonnegativity

conditions of 4.5, there exist a density matrix of ρ̂′ = 1̂⊗ ρ̂v which satisfies the nonnegativity

conditions of 4.4. Therefore, the nonnegativity conditions of 4.5 are already embedded in

the nonnegativity conditions of 4.4.

4.1.2 Classification of States

Pure states vs. Mixed States

Recall that a state ρ̂ is pure if ρ̂2 = ρ̂ i.e. Tr{ρ̂2} = 1. In appendix A.2, it has been shown

that

Tr{ρ̂2} =
1

N1N2
+

1
2N2

|λ(1)|2 +
1

2N1
|λ(2)|2 +

1
4
|λ(1, 2)|2

therefore a state is pure if and only if

1
N2
|λ(1)|2 +

1
N1
|λ(2)|2 +

1
2
|λ(1, 2)|2 =

2(N1N2 − 1)
N1N2

.

A state which is not pure is a mixed state.

Product States
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A density matrix of a composite system ρ̂ is called product if

ρ̂ = ρ̂1 ⊗ ρ̂2

where ρ̂1 and ρ̂2 are reduced density matrices of each subsystem. Note that, if ρ̂1 and ρ̂2

are pure then ρ̂ is pure. Otherwise ρ̂ is mixed since Tr{ρ̂2} = Tr{ρ̂1}Tr{ρ̂2} = 1 if and only

if Tr{ρ̂1} = Tr{ρ̂2} = 1 and that is the case when both ρ̂1 and ρ̂2 are pure.

The product states are completely independent states even if the total system is mixed

which corresponds to the case at least one of the subsystems has mixed density matrix,

there is neither classical nor quantum correlation. For this reason, they are also called

uncorrelated states.

Nonproduct States: Separable and Entangled

There are two types of non-product states: separable and non-separable. Separable quantum

states citewerner are states without quantum correlation (i.e. entanglement) and given as

ρ̂sep =
∑

i

piρ̂(1)i ⊗ ρ̂(2)i

∑

i

pi = 1

where ρ̂(1)i and ρ̂(2)i can be pure or mixed density matrices of each subsystem, and pi’s are

the weights of ρ̂(1)i and ρ̂(2)i in the mixture. The subsystems of a separable state can be

produced separately by the different parties whereas this is not possible for non-separable

states. The non-separable states are called entangled states.

Consider two parties who can communicate with each other while preparing ρ̂sep. First

they prepare ρ̂(1)1 ⊗ ρ̂(2)1 with probability p1 then keep it in the box 1, then prepare

ρ̂(1)2 ⊗ ρ̂(2)2 with probability p2 then keep it in the box 2, and so on... It is not necessary

to keep them in boxes but ρ̂(1)i and ρ̂(1)j should not mix each other, i.e. they should be

remain distinguishable. Then the mathematical form of the final state will be

ρ̂sep =
∑

i

piρ̂(1)i ⊗ ρ̂(2)i . (4.6)

Consider a measurement P̂bρ(1)1(1)⊗ 1̂(2) on the system which selects only ρ̂(1)1 in the first

node and nothing happens in the second node. The state ρ̂′ after the measurement is

ρ̂′ = ρ̂(1)1 ⊗ ρ̂(2)1

which means measuring process on node 1 attains a value on node 2. However, note that

this value replacement is only possible if the observer of the second party removes all of the

states except ρ̂(2)1.
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The correlations of separable states are called classical correlations, Werner [12] com-

ments on this states as follows. ”...there are usually very different ways of preparing the

same state ρ̂sep, classical correlation does not mean that the state has actually been pre-

pared in the manner described, but only that its statistical properties can be reproduced

by a classical mechanism.” For example, they can be obtained by partial trace operation

performed on higher level systems. Suppose we consider a GHZ state

|GHZ〉 =
1√
2
(|0, 0, 0〉+ |1, 1, 1〉)

ρ̂ = |GHZ〉〈GHZ|

The partial trace operation performed on the third node gives a separable density matrix

Tr3{ρ̂} =
1
2
|0, 0〉〈0, 0|+ 1

2
|1, 1〉〈1, 1|

=
1
2
|0〉〈0| ⊗ |0〉〈0|+ 1

2
|1〉〈1| ⊗ |1〉〈1|.

Bruss [5] comments on separability problem as “Finding a decomposition as in 4.6 for

a given ρ̂, or proving that it does not exist, is a non-trivial task which has been solved

explicitly only for a few cases. Therefore this simple-looking definition of separability is

by no means “user-friendly”, and we are in demand of criteria that are easier to test.”

One of the tests used in determining whether a give mixed state is separable or not is the

“Peres-Horodecki separability criterion” [13],[14].

The Peres-Horodecki Separability Criterion

Consider a separable density matrix ρ̂

ρ̂ =
∑

i

piρ̂(1)i ⊗ ρ̂(2)i

ρmµ,nν =
∑

i

pi(ρ̂(1)i)mn(ρ̂(2)i)µν

where Latin indices refer to the first subsystem, Greek indices to the second one. Now, let

us define a new matrix

σnµ,mν = ρmµ,nν

the Latin indices of ρ have been transposed, but not the Greek ones. This operation is

called partial transposition and it is not a unitary transformation but, nevertheless, the σ̂

matrix is Hermitian and, we have

σ̂ =
∑

i

pi(ρ̂(1)i)T ⊗ ρ̂(2)i
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since the transposed matrices (ρ̂(1)i)T = (ρ̂(1)i)∗ are nonnegative matrices with unit trace,

σ̂ is also a legitimate density matrix.

Also, Peres [13] noted that when applied to entangled states, the partial transposition

need not result in a physical state. This is related to the fact that entangled states do not

admit a description in which each subsystem’s state is specified without reference to other

subsystems, as is the case with separable states. The partial transposition of entangled

states can result in negative operators, i.e. operators with negative eigenvalues. Therefore,

nonnegativity under partial transposition (PPT) is a necessary condition for being separable.

On the other hand, the question of whether the condition is also sufficient to guarantee

separability is answered by Horodecki [14] by proving that it is sufficient only for systems

of dimensionality 2× 2 and 2× 3.

The Peres-Horodecki Separability Criterion in Bloch Vector Representation

Consider the density matrices,

ρ̂(1)i =
1

N1
1̂(1) +

1
2

s1∑

j=1

λj(1)iλ̂j(1),

ρ̂(2)i =
1

N2
1̂(2) +

1
2

s2∑

k=1

λk(2)iλ̂k(2).

Their tensor product is

ρ̂(1)i ⊗ ρ̂(2)i =
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λj(1)i[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)i[1̂(1)⊗ λ̂k(2)]

+
1
4

s1,s2∑

j,k=1

λj(1)iλk(2)i[λ̂j(1)⊗ λ̂k(2)]

and their mixture is

∑

i

piρ̂(1)i ⊗ ρ̂(2)i =
1

N1N2
1̂ +

1
2N2

s1∑

j=1

(∑

i

piλj(1)i

)
[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

(∑

i

piλk(2)i

)
[1̂(1)⊗ λ̂k(2)]

+
1
4

s1,s2∑

j,k=1

(∑

i

piλj(1)iλk(2)i

)
[λ̂j(1)⊗ λ̂k(2)].



Chapter 4: Bloch Vector Formalism for Two Node Systems 39

A density matrix ρ̂ of an N1N2-levels system

ρ̂ =
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)].

is separable if it satisfies the following equations

λj(1) =
∑

i

piλj(1)i

λk(2) =
∑

i

piλk(2)i

λjk(1, 2) =
∑

i

piλj(1)iλk(2)i.

Note that while there is no restriction on the number of partitions i, λj(1), λk(2) and

λjk(1, 2) and also λj(1)i, λk(2)i and λjk(1, 2)i have to satisfy inequalities 4.4.

In Bloch vector representation

(ρ̂(1)i)T =
1

N1
1̂ +

1
2

s1∑

j=1

λj(1)i(λ̂j(1))T

and since

(ûjk)T = ûjk

(v̂jk)T = −v̂jk

(ŵl)T = ŵl

where 1 ≤ j < k ≤ N, 1 ≤ l ≤ N − 1, so (ρ̂(1)i)T is represented by the same Bloch vector

as ρ̂(1)i except v components. They are negative of that of ρ̂(1)i :

ρ̂(1)i ←→ (ujk, vjk, wl) = λ(1),

(ρ̂(1)i)T ←→ (ujk,−vjk, wl) = λT (1).

Therefore, the partial transposition of a state with respect to first subsystem is

T1(ρ̂) =
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λjT (1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

λjT k(1, 2)[λ̂j(1)⊗ λ̂k(2)]

where λjT (1) is the Bloch vector components of λT (1) and λjT k(1, 2) is the coherence tensor

components of T1(ρ̂).
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4.2 Bloch Vector Formalism of Measurements

In the complete orthonormal basis
{

Q̂jk

}s1,s2

j,k=0
(s1 = N2

1 − 1, s2 = N2
2 − 1) for the space of

N1N2 ×N1N2 Hermitian matrices L(HN1N2) any Hermitian matrix Â ∈ L(HN1N2) can be

written as [9]

Â =
1

N1N2
Tr{Â}1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

Aj0 [λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

A0k [1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

Ajk [λ̂j(1)⊗ λ̂k(2)]

where Aj0, A0k and Ajk are

Aj0 = Tr
{

Âλ̂j(1)⊗ 1̂(2)
}

,

A0k = Tr
{

Â1̂(1)⊗ λ̂k(2)
}

,

Ajk = Tr
{

Âλ̂j(1)⊗ λ̂k(2)
}

.

For a general density matrix ρ̂ of an N1N2-level system

ρ̂ =
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)] (4.7)

the expectation value of Â is again written as

〈Â〉 = Tr{ρ̂Â}.

As the correlation tensor defined for density matrices, it is useful to define the correlation

tensor of measurement Kjk as

Kjk := Ajk −Aj0A0k (4.8)

4.2.1 Measurements on a Subsystem

Consider the measurement performed only on the first subsystem of the general density

matrix ρ̂ in 4.7. The decomposition of the Hermitian operator Â(1)⊗1̂(2) in the orthonormal

basis is

Â(1)⊗ 1̂(2) =
1

N1
Tr{Â(1)}1̂ +

1
2

s1∑

j=1

Aj(1)[λ̂j(1)⊗ 1̂(2)]
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where

Aj(1) = Tr{Â(1)λ̂j(1)}

and the expectation value of the measurement is

〈Â(1)⊗ 1̂(2)〉 =
1

N1
Tr{Â(1)}+

1
2

s1∑

j=1

Aj(1)λj(1)

just as in the 3.10. The expectation value of the measurement is determined by the reduced

density matrix of the first node

ρ̂1 = Tr2{ρ̂} =
1

N1
1̂ +

1
2

s1∑

j=1

λj(1)λ̂j(1)

and the expectation value equation is of the form

〈Â(1)⊗ 1̂(2)〉 = Tr{ρ̂1Â(1)}.

Let the eigenvectors |i(1)〉 of Â(1) be the basis for the representation of the generators

λ̂j(1),. The state ρ̂′ after the measurement is determined by the projection operator P̂i(1)⊗
1̂(2) as

ρ̂′ =
1

pi(1)
P̂i(1)⊗ 1̂(2) ρ̂ P̂i(1)⊗ 1̂(2) (4.9)

where the projection operator P̂i(1) represented by

P̂i(1) =
1

N1
1̂(1) +

1
2

N1−1∑

c=1

wi
c(1)ŵc(1)

and pi(1) is the probability of finding state |i(1)〉 is

pi(1) = Tr{ρ̂1P̂i(1)} =
1

N1
+

1
2

N1−1∑

c=1

wc(1)wi
c(1). (4.10)

By using the facts

P̂i(1)v̂mn(1)P̂i(1) = P̂i(1)ûmn(1)P̂i(1) = 0,

P̂i(1)ŵc(1)P̂i(1) = wi
c(1)P̂i(1), (4.11)

P̂i(1)1̂(1)P̂i(1) = P̂i(1).

the equation 4.10 becomes

pi(1)ρ̂′ =
1

N1N2
P̂i(1)⊗ 1̂(2) +

1
2N2

N1−1∑

c=1

wc(1)wi
c(1)[P̂i(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[P̂i(1)⊗ λ̂k(2)] +
1
4

s2∑

k=1

N1−1∑

c=1

λs′+c k(1, 2)wi
c(1)[P̂i(1)⊗ λ̂k(2)]
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where s′ = N2
1 −N1. It is clear that the state of the whole system after the measurement

will be the tensor product of the individual states of each node:

ρ̂′ = ρ̂′1 ⊗ ρ̂′2.

Therefore, the state of the first node is

ρ̂′1 = Tr2{ρ̂′}

= P̂i(1)

as expected, and the state of the second node is

ρ̂′2 = Tr1{ρ̂′}

=
1

pi(1)

(
1

N1
+

1
2

N1−1∑

c=1

wc(1)wi
c(1)

)
1

N2
1̂(2)

+
1

2N1pi(1)

s2∑

k=1

λk(2)λ̂k(2)

+
1

4pi(1)

s2∑

k=1

N1−1∑

c=1

λs′+c k(1, 2)wi
c(1) λ̂k(2) (4.12)

by expressing the coherence tensor λjk(1, 2) in terms of the correlation defined in 4.3 as

λjk(1, 2) = Cjk(1, 2) + λj(1)λk(2).

Then 4.12 becomes

ρ̂′2 =
1

N2
1̂(2) +

1
2N1pi(1)

s2∑

k=1

λk(2)λ̂k(2)

+
1

4pi(1)

s2∑

k=1

N1−1∑

c=1

λs′+c(1)λk(2)wi
c(1)λ̂k(2)

+
1

4pi(1)

s2∑

k=1

N1−1∑

c=1

Cs′+c k(1, 2)wi
c(1)λ̂k(2)

=
1

N2
1̂(2) +

1
2pi(1)

s2∑

k=1

λk(2)

(
1
2

N1−1∑

c=1

λs′+c(1)wi
c(1) +

1
N1

)
λ̂k(2)

+
1

4pi(1)

s2∑

k=1

N1−1∑

c=1

Cs′+c k(1, 2)wi
c(1)λ̂k(2)

= ρ̂2 +
1

4pi(1)

s2∑

k=1

N1−1∑

c=1

Cs′+c k(1, 2)wi
c(1)λ̂k(2). (4.13)
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Note that the correlation tensor determines the state of the second subsystem after the

measurement, while it has no importance in the measurement process of the first node. Al-

though our interest is to measure the first subsystem, the second subsystem is also measured

indirectly and for such indirect measurements correlation tensor plays an important role.

Note also that for pure composite systems, the states of both nodes after the mea-

surement are definitely pure, although for mixed composite systems the state of the first

subsystem is pure but second one could be pure or mixed depending on how much mixed

the composite system is. For example, consider the mixed density matrix

ρ̂ =
1
3
(|00〉〈00|+ |01〉〈01|+ |01〉〈10|+ |10〉〈01|+ |10〉〈10|)

Performing a projection P̂0(1)⊗ 1̂(2) on ρ̂ results in

ρ̂′ =
1
2
(|00〉〈00|+ |01〉〈01|)

= |0〉〈0| ⊗ 1
2
(|0〉〈0|+ |1〉〈1|)

where the state of the second subsystem is a mixed state. However, if we performed the

projection P̂1(1)⊗ 1̂(2), the state after the measurement would become

ρ̂′ = |10〉〈10|

= |1〉〈1| ⊗ |0〉〈0|,

where now both subsystems are in pure states.

4.2.2 Product Measurements

For a two node density matrix ρ̂ in 4.7, consider the measurement operator

Â(1)⊗ Â(2) =
1

N1N2
Tr{Â(1)}Tr{Â(2)}1̂(1)⊗ 1̂(2)

+
1

2N2
Tr{Â(2)}

s1∑

j=1

Aj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1
Tr{Â(1)}

s2∑

k=1

Ak(2)[1̂(1)⊗ λ̂k(2)]

+
1
4

s1,s2∑

j,k=1

Aj(1)Ak(2)[λ̂j(1)⊗ λ̂k(2)]
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where

Aj(1) = Tr
{

Â(1)λ̂j(1)
}

Ak(2) = Tr
{

Â(2)λ̂k(2)
}

performed on both subsystems simultaneously. If the state of the composite system is

product i.e. ρ̂ = ρ̂(1) ⊗ ρ̂(2), then the measurements are totally independent from each

other and its properties investigated in section 3.2.

If the state of the composite system ρ̂ in 4.7 is nonproduct i.e.

λjk(1, 2) 6= λj(1)λk(2),

then the expectation value of the total measurement will be

Tr{ρ̂Â(1)⊗ Â(2)} =
1

N1N2
Tr{Â(1)}Tr{Â(2)}+

1
2N2

Tr{Â(2)}
s1∑

j=1

λj(1)Aj(1)

+
1

2N1
Tr{Â(1)}

s2∑

k=1

λk(2)Ak(2) +
1
4

s1,s2∑

j,k=1

λjk(1, 2)Aj(1)Ak(2)

and since all the eigenvectors of the product Hermitian matrices correspond to product

states, the state of the system ρ̂′ after the measurement will be the tensor product of

density matrices of each subsystem:

ρ̂′ = ρ̂′1 ⊗ ρ̂′2.

Note that, the expectation value of the total measurement is not the same as the product

of the expectation values of the measurements performed on each subsystem, i.e.

〈Â(1)⊗ Â(2)〉bρ 6= 〈Â(1)⊗ 1̂(2)〉bρ 〈1̂(1)⊗ Â(2)〉bρ
6= 〈Â(1)〉bρ1

〈Â(2)〉bρ2
.

The expectation value of independent measurements performed on subsystems are

Tr
{

ρ̂Â(1)⊗ 1̂(2)
}

=
1

N1
Tr{Â(1)}+

1
2

s1∑

j=1

λj(1)Aj(1),

Tr
{

ρ̂1̂(1)⊗ Â(2)
}

=
1

N2
Tr{Â(2)}+

1
2

s2∑

k=2

λk(2)Ak(2).
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Therefore, the relation between the expectation value of the total measurement and the

product of the expectation values of independent measurements is

〈Â(1)⊗ Â(2)〉bρ = 〈Â(1)〉bρ1
〈Â(2)〉bρ2

+
1
4

s1,s2∑

j,k=1

Cjk(1, 2)Aj(1)Ak(2) (4.14)

where the correlation tensor makes the difference. Note that for uncorrelated systems, this

term vanishes. Therefore, the states that have non zero correlation tensor are called corre-

lated states. Note also that the correlation can be of the classical nature or quantum nature

i.e. entangled. One of the tests that whether correlated states are classically correlated or

not is understood through Bell’s inequalities. All classically correlated states satisfy Bell’s

inequalities, however, a state satisfying Bell’s inequality may be separable or entangled.

Before going on to Bell’s inequality, it is worthwhile to mention briefly the EPR paradox .

EPR Paradox and Bell’s Inequality

EPR paradox is based on two assumptions [15] :

(i) The reality criterion: If, without in any way disturbing a system, we can predict with

certainty the value of a physical quantity, then there exists an element of physical reality

corresponding to this physical quantity.

(ii) The locality criterion: The measurement results of one system cannot affect the

measurement results performed on a second system, if at the time of measurement the two

systems are well separated.

These assumptions are shortly called local realism. Consider the spin state |ψ〉 of a

composite system

|ψ〉 =
1√
2
(|00〉 − |11〉)

which is written in the basis of σ̂z and shared by two party, traditionally named Alice and

Bob. Suppose that Alice performs a measurement along the z−axis on her qubit and finds

the result |0〉. Then she perfectly predicts the state of Bob’s particle, which is definitely

|0〉. Therefore, Bob’s particle’s spin state has elements of reality by the reality criterion.

Moreover, Bob’s particle’s spin state along the z−axis was |0〉 even before the measurement

by the locality criterion.

On the other hand she could measure along the y−axis and would get either |0〉y or |1〉y
and again she could predict the state of Bob’s particle to be either |0〉y or |1〉y. Therefore,

it is possible to assign a value for both y and z components of Bob’s particle’s spin at



Chapter 4: Bloch Vector Formalism for Two Node Systems 46

the same time by using the locality criterion. This is in contradiction with uncertainty

principle. Therefore, one may conclude that quantum mechanics is an incomplete theory

i.e. the representation of the physical system by |ψ〉 is incomplete. There should be some

other hidden variables which determine the spin state of Bob’s particle.

However, J. S. Bell, by assuming that outcomes of the measurements performed on

spatially separated, but entangled, subsystems are determined by local hidden variables,

derived his famous inequality. A generalization of Bell’s original inequality known as the

CHSH inequality was experimentally verified by Aspect and his collaborators [15] and as

explained in the following.

Consider a two node system whose subsystems are both two levels and the measurements

for the first subsystem Â(1), B̂(1) and for the second subsystem Â(2), B̂(2) are defined in

the Bloch vector representation as

Â(1) = 2[sin a(1), 0, cos a(1)]

B̂(1) = 2[sin b(1), 0, cos b(1)]

Â(2) = 2[sin a(2), 0, cos a(2)]

B̂(2) = 2[sin b(2), 0, cos b(2)]

Furthermore, the results of all measurements are either 1 or −1. Therefore, the results of

the all product measurements are

Â(1)⊗ Â(2) = ±1

Â(1)⊗ B̂(2) = ±1

B̂(1)⊗ Â(2) = ±1

B̂(1)⊗ B̂(2) = ±1

Of course, for any actual measurement only one out of those four possible angle settings

can be realized. Local realism, however, assumes that all these data ”exist” nevertheless

i.e. without any actually performed measurement. Under these assumptions, consider the

variable

S = Â(1)⊗ Â(2) + Â(1)⊗ B̂(2) + B̂(1)⊗ Â(2)− B̂(1)⊗ B̂(2), (4.15)

thus it takes values either +2 or −2. For any state ρ̂, since the expectation value of each
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measurement is between −1 and +1,

|〈S〉| = |〈Â(1)⊗ Â(2)〉+ 〈Â(1)⊗ B̂(2)〉+ 〈B̂(1)⊗ Â(2)〉 − 〈B̂(1)⊗ B̂(2)〉| ≤ 2 (4.16)

This inequality represents a specific statement of the Bell’s inequality and called CHSH

inequality [16].

Now consider the singlet state |ψ〉

|ψ〉 =
1√
2
(|1,−1〉 − | − 1, 1〉).

Its Bloch vector representation is equal to

λi(v) = 0 and Cjk(1, 2) = −δjk (v = 1, 2).

By using 4.14 for a measurement Â(1) ⊗ Â(2), the expectation value of the measurement

turns out to be

〈Â(1)⊗ Â(2)〉 =
1
4

s1,s2∑

j,k=1

Cjk(1, 2)Aj(1)Ak(2)

= − sin a(1) sin a(2)− cos a(1) cos a(2)

= − cos[a(2)− a(1)]

When we apply this results in 4.15 by choosing the angles as

a(2)− a(1) = b(1)− a(2) = b(2)− b(1) = θ

and

b(2)− a(1) = 3θ

we get

S = 3 cos θ − cos 3θ

which violates the limit postulated by 4.16 by taking value |〈S〉| = 2
√

2 when θ = π/4.

On the other hand, for a product state ρ̂ = ρ̂(1)⊗ ρ̂(2), since

〈Â(1)⊗ Â(2)〉 = 〈Â(1)〉〈Â(2)〉,

the CHSH inequality reduces to a form

∣∣∣〈Â(1)〉
(
〈Â(2)〉+ 〈B̂(2)〉

)
+ 〈B̂(1)〉

(
〈Â(2)〉 − 〈B̂(2)〉

)∣∣∣ ≤ 2.
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In order to attain the maximum values inside the absolute value |〈Â(1)〉| = |〈B̂(1)〉| = 1 i.e.

there exist four possibilities for the 〈Â(1)〉 and 〈B̂(1)〉 as a pair and it is clear that for all

of these the inequality is satisfied.

Also for a separable states ρ̂ =
∑

i piρ̂(1)i ⊗ ρ̂(2)i, since

〈Â(1)⊗ Â(2)〉 =
∑

i

pi〈Â(1)〉i〈Â(2)〉i ,

the CHSH inequality reduces to the form
∣∣∣∣∣
∑

i

pi

[
〈Â(1)〉i〈Â(2)〉i + 〈Â(1)〉i〈B̂(2)〉i + 〈B̂(1)〉i〈Â(2)〉i − 〈B̂(1)〉i〈B̂(2)〉i

]∣∣∣∣∣ ≤ 2,

∣∣∣∣∣
∑

i

pi

[
〈Â(1)〉i

(
〈Â(2)〉i + 〈〈B̂(2)〉i

)
+ 〈B̂(1)〉i

(
〈Â(2)〉i − 〈B̂(2)〉i

)]∣∣∣∣∣ ≤ 2.

But we have already proven that
∣∣∣〈Â(1)〉i

(
〈Â(2)〉i + 〈〈B̂(2)〉i

)
+ 〈B̂(1)〉i

(
〈Â(2)〉i − 〈B̂(2)〉i

)∣∣∣ ≤ 2 ,

for all i, therefore
∣∣∣∣∣
∑

i

pi

[
〈Â(1)〉i

(
〈Â(2)〉i + 〈〈B̂(2)〉i

)
+ 〈B̂(1)〉i

(
〈Â(2)〉i − 〈B̂(2)〉i

)]∣∣∣∣∣ ≤ 2

and the inequality is satisfied. Therefore, the Bell’s inequality is a test of entanglement:

any state violating it is entangled, although the reverse of this statement is not true.

4.2.3 Nonproduct measurements

When we consider a two node system as a whole, we can measure it by just one measurement

apparatus. Such a measurement Â(1, 2) is represented by

Â(1, 2) =
1

N1N2
Tr{Â(1, 2)}1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

Aj0(1, 2)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

A0k(1, 2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

Ajk(1, 2)[λ̂j(1)⊗ λ̂k(2)]

where

Aj0(1, 2) = Tr
{

Â(1, 2) λ̂j(1)⊗ 1̂(2)
}

A0k(1, 2) = Tr
{

Â(1, 2) 1̂(1)⊗ λ̂k(2)
}

Ajk(1, 2) = Tr
{

Â(1, 2) λ̂j(1)⊗ λ̂k(2)
}
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which satisfy the following inequality:

Ajk(1, 2) 6= Aj0(1, 2)A0k(1, 2).

Consequently, correlation tensor of measurement Kjk(1, 2) is non zero.

When such a measurement Â(1, 2) is applied to the state ρ̂ given by 4.7, the expectation

value of the measurement will be

Tr{ρ̂Â(1, 2)} =
1

N1N2
Tr{Â(1, 2)}+

1
2N2

s1∑

j=1

A0j(1, 2)λj(1)

+
1

2N1

s2∑

k=1

Ak0(1, 2)λk(2) +
1
4

s1,s2∑

j,k=1

Ajk(1, 2)λjk(1, 2). (4.17)

Note that, since at least one of the eigenvectors of the nonproduct Hermitian matrices

have to be nonproduct, i.e. entangled (since it is also pure), the state of the total system

after a nonproduct measurement can be product or nonproduct. Therefore, the Hilbert

space of states H(1, 2) after measurement is of the form

H(1, 2) = [H′(1)⊗H′(2)]⊕HE(1, 2)

where HE(1, 2) is the space of the entangled states.

The fact is that at least N1 +N2− 1 eigenvectors of the nonproduct Hermitian matrices

is nonproduct. Because in the case there is only one nonproduct state, the product subspace

H′(1)⊗H′(2) has dimension, N1N2−1 and it can not be a product space, since N1N2−1 is

not a product of two integer a and b such that a < N1 and b < N2. The product subspace

H′(1)⊗H′(2) can be barely accomplished when the dimension of the first node is (N1 − 1)

and that of second node is (N2 − 1), and the remaining dimensions belong to the space of

the entangled states HE(1, 2) which is N1 + N2 − 1.

4.3 Dynamics of Bloch Vectors and Coherence Tensor

For a general state of a two node system ρ̂ given in 4.2, consider a general Hamiltonian Ĥ of

the system

Ĥ =
1

N1N2
Tr

{
Ĥ

}
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

Hj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

Hk(2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

Hjk(1, 2)[λ̂j(1)⊗ λ̂k(2)]
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where

Hj(1) = Tr
{

Ĥλ̂j(1)⊗ 1̂(2)
}

,

Hk(2) = Tr
{

Ĥ 1̂(1)⊗ λ̂k(2)
}

,

Hjk(1, 2) = Tr
{

Ĥλ̂j(1)⊗ λ̂k(2)
}

.

To get the dynamical equation for the Bloch vectors and the coherence tensor, we now insert

the Hamiltonian and the density matrix into the Liouville equation

i~
d

dt
ρ̂ = [Ĥ, ρ̂].

Note that, the commutator of product operators satisfies the following property [9]
[
Â(1)⊗ B̂(2), Ĉ(1)⊗ D̂(2)

]
=

1
2

[
Â(1), Ĉ(1)

]
⊗

[
B̂(2), D̂(2)

]
+

+
1
2

[
Â(1), Ĉ(1)

]
+
⊗

[
B̂(2), D̂(2)

]
(4.18)

so, the time evolution of the components of the Bloch vectors are determined by

dλm(1)
dt

=
1

N2~
∑

j′,j

fj′jm(1)Hj′(1)λj(1)

+
1
2~

∑

j′,j,k

fj′jm(1)Hj′k(1, 2)λjk(1, 2), (4.19)

dλn(2)
dt

=
1

N1~
∑

k,k′
fk′kn(2)Hk′(2)λk(2)

+
1
2~

∑

k′,k,j

fk′kn(2)Hjk′(1, 2)λjk(1, 2), (4.20)

and that of the coherence tensor reads

dλmn(1, 2)
dt

=
1

N2~
∑

j′,j

fj′jm(1)Hj′n(1, 2)λj(1)

+
1

N1~
∑

k′,k

fk′kn(2)Hmk′(1, 2)λk(2)

+
1

N2~
∑

j,j′
fj′jm(1)Hj′(1)λjn(1, 2)

+
1

N1~
∑

k,k′
fk′kn(2)Hk′(2)λmk(1, 2)

+
1
2~

∑

j,k,j′,k′
dk′kn(2)fj′jm(1)Hj′k′(1, 2)λjk(1, 2)

+
1
2~

∑

j,k,j′,k′
dj′jm(1)fk′kn(2)Hj′k′(1, 2)λjk(1, 2). (4.21)
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By defining

Ωmj(1) :=
1

N2~
∑

j′
fj′jm(1)Hj′(1)

Ωnk(2) :=
1

N1~
∑

k′
fk′kn(2)Hk′(2)

Qmjk(1) :=
1
~

∑

j′
fj′jm(1)Hj′k(1, 2)

Qjnk(2) :=
1
~

∑

k′
fk′kn(2)Hjk′(1, 2)

Dnkmj :=
1
~

∑

j′,k′
[dk′kn(2)fj′jm(1) + dj′jm(1)fk′kn(2)]Hj′k′(1, 2)

time derivative of the bloch vectors and coherence tensor become

dλm(1)
dt

=
∑

j

Ωmj(1)λj(1) +
1
2

∑

j,k

Qmjk(1)λjk(1, 2), (4.22)

dλn(2)
dt

=
∑

k

Ωnk(2)λk(2) +
1
2

∑

k,j

Qjnk(2)λjk(1, 2), (4.23)

dλmn(1, 2)
dt

=
∑

j

Ωmj(1)λjn(1, 2) +
∑

k

Ωnk(2)λmk(1, 2)

+
1

N2

∑

j

Qmjn(1)λj(1) +
1

N1

∑

k

Qmnk(2)λk(2)

+
1
2

∑

j,k

Dnkmjλjk(1, 2). (4.24)

4.3.1 Product Hamiltonian

A general state of a two node system ρ̂ having product Hamiltonian Ĥ(1) ⊗ Ĥ(2), the

dynamical evolution of the system will be governed by the tensor products of the unitary

operators exp(− i
hĤ(1) t) and exp(− i

hĤ(2) t) :

U(t) = exp(− i

h
Ĥ(1) t)⊗ exp(− i

h
Ĥ(2) t)

= U(1, t)⊗ U(2, t).

If ρ̂ is a separable state given by

ρ̂ =
∑

i

piρ̂(1)i ⊗ ρ̂(2)i,
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then it will stay as separable since

ρ̂(t) = U(t)ρ̂U†(t)

=
∑

i

piU(1, t)ρ̂(1)iU
†(1, t)⊗ U(2, t)ρ̂(2)iU

†(2, t)

=
∑

i

piρ̂(1; t)i ⊗ ρ̂(2; t)i.

Also note that, any separable state at a later time

ρ̂(t) = U(t)ρ̂U†(t)

=
∑

i

piρ̂(1)i ⊗ ρ̂(2)i

should have been separable in the past since

ρ̂ = U(t)†ρ̂(t)U(t)

=
∑

i

piU(1, t)†ρ̂(1)iU(1, t)⊗ U(2, t)†ρ̂(2)iU(2, t)

=
∑

i

piρ̂(1;−t)i ⊗ ρ̂(2;−t)i

Therefore any entangled state stays entangled under time evolution governed by the product

Hamiltonians.

Note also that for a general density matrix in 4.2, the action of tensor product of unitary

operators is

U(t)ρ̂U(t)† =
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λj(1)[U(1, t)λ̂j(1)U(1, t)† ⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ U(2, t)λ̂k(2)U(2, t)†]

+
1
4

s1,s2∑

j,k=1

λjk(1, 2)[U(1, t)λ̂j(1)U(1, t)† ⊗ U(2, t)λ̂k(2)U(2, t)†].

Using the adjoint representations of SU(N1) and SU(N2)

1
2
Tr{λ̂mU(v, t)λ̂iU

†(v, t)} = Omi(v, t),

the action on the Bloch vectors and the coherence tensor can be seen as

Ojm(1, t)λm(1) = λj(1; t),

Okm(2, t)λm(2) = λk(2; t),

Omi(1, t)Okl(2, t)λml(1, 2) = λjk(1, 2; t),
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so the correlation tensor Cjk(1, 2) will evolve according to

Omi(1, t)Okl(2, t)Cml(1, 2) = Cjk(1, 2; t) (4.25)

4.3.2 Nonproduct Hamiltonian

It is the nonproduct Hamiltonians that generate the correlation tensor. It was already

shown that coherence tensor satisfies the differential equation 4.21. The time derivative of

the correlation tensor Cmn(1, 2) is given by

dCmn(1, 2)
dt

=
dλmn(1, 2)

dt
− dλm(1)

dt
λn(2)− λm(1)

dλn(2)
dt

.

Substituting in the equations 4.22, 4.23 and 4.24, we get

dCmn(1, 2)
dt

=
∑

j

Ωmj(1)Cjn(1, 2) +
∑

k

Ωnk(2)Cmk(1, 2)

+
1

N2

∑

j

Qmjn(1)λj(1) +
1

N1

∑

k

Qmnk(2)λk(2)

−1
2

∑

j,k

Qmjk(1)Cjk(1, 2)λn(2)− 1
2

∑

k,j

Qjnk(2)Cjk(1, 2)λm(1)

−1
2

∑

j,k

Qmjk(1)λj(1)λk(2)λn(2)− 1
2

∑

k,j

Qjnk(2)λj(1)λk(2)λm(1)

+
1
2

∑

j,k

Dmjnk Cjk(1, 2) +
1
2

∑

j,k

Dmjnk λj(1)λk(2) (4.26)

When the Hamiltonian is product and the correlation tensor is initially zero (Cjk(1, 2) = 0),

then the correlation tensor stays zero, i.e. d
dtCjk(1, 2) = 0 by 4.25. So,

0 =
1

N2

∑

j

Qmjn(1)λj(1) +
1

N1

∑

k

Qmnk(2)λk(2)

−1
2

∑

j,k

Qmjk(1)λj(1)λk(2)λn(2)− 1
2

∑

k,j

Qjnk(2)λj(1)λk(2)λm(1)

+
1
2

∑

j,k

Dmjnk λj(1)λk(2). (4.27)
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When we implement this result into 4.26, the time derivative of Cij(1, 2), which is initially

zero, becomes

dCmn(1, 2)
dt

=
1

N2

∑

j

QK
mjn(1)λj(1) +

1
N1

∑

k

QK
mnk(2)λk(2)

−1
2

∑

j,k

QK
mjk(1)λj(1)λk(2)λn(2)− 1

2

∑

k,j

QK
jnk(2)λj(1)λk(2)λm(1)

+
1
2

∑

j,k

DK
mjnk λj(1)λk(2)

where

QK
mjk(1) : =

1
~

∑

j′
fj′jm(1)Kj′k(1, 2)

QK
jmk(2) : =

1
~

∑

k′
fk′km(2)Kjk′(1, 2)

DK
nkmj : =

1
~

∑

j′,k′
[dk′kn(2)fj′jm(1) + dj′jm(1)fk′kn(2)]Kj′k′(1, 2)

where the correlation tensor Kjk(1, 2) for Hermitian operators given in 4.8 as

Kjk(1, 2) := Hjk(1, 2)−Hj(1)Hk(2)

After grouping the common terms, it reduces to

dCmn(1, 2)
dt

=
1

N2

∑

j

QK
mjn(1)λj(1) +

1
N1

∑

k

QK
mnk(2)λk(2)

−1
2

∑

j,k

[
QK

mjk(1)λn(2)−QK
jnk(2)λm(1) + DK

mjnk

]
λj(1)λk(2)

This is the equation that shows how an uncorrelated states become correlated under non-

product Hamiltonian evolution of the system.
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Chapter 5

BLOCH VECTOR FORMALISM FOR THREE NODE SYSTEMS

5.1 Bloch Vector Representation of States

The density matrix space of the three node systems L+,1(HN1 ⊗HN2 ⊗HN3) is the tensor

products of each density matrix space Lv
+,1(HNv) (v = 1, 2, 3) for Nv level systems and it is

also equal to the density matrix space of N1N2N3 levels systems which is given by

L+,1(HN1 ⊗HN2 ⊗HN3) : = L1
+,1(HN1)⊗ L2

+,1(HN2)⊗ L3
+,1(HN3) = L+,1(HN1N2N3)

= {ρ̂ ∈ L(HN1N2N3) : (i) Tr{ρ̂}= 1,

(ii) ρi ≥ 0 (i = 1, ..., N1N2N3)} (5.1)

where L(HN1N2N3) is the space of N1N2N3×N1N2N3 Hermitian matrices and the orthonor-

mal basis
{

Q̂jk

}s1,s2,s3

j,k,l=0
(s1 = N2

1 −1, s2 = N2
2 −1, s3 = N2

3 −1) for L+,1(HN1 ⊗HN2 ⊗HN3)

is the tensor product of the orthonormal bases
{

1√
nv

1̂(v), 1√
2
λ̂j(v)

}
of each subsystem

Lv
+,1(HNv) (v = 1, 2, 3)

Q̂000 =
1√

N1N2N3
1̂,

Q̂j00 =
1√
2
λ̂j(1)⊗ 1√

N2
1̂(2)⊗ 1√

N3
1̂(3), etc.

Q̂jk0 =
1√
N1

1̂(1)⊗ 1√
2
λ̂k(2)⊗ 1√

N3
1̂(3), etc.

Q̂jkl =
1

2
√

2
λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3). (5.2)

It is orthonormal in the sense of Hilbert-Schmidt product

Tr
{

Q̂jklQ̂j′k′l′
}

= δjj′δkk′δll′
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therefore the density matrix ρ̂ ∈ L+,1(HN1 ⊗HN2 ⊗HN3) can be represented by [9]

ρ̂ =
s1,s2,s3∑

j,k,l=0

Tr
{

ρ̂Q̂jkl

}
Q̂jkl

=
1

N1N2N3
1̂(1)⊗ 1̂(2)⊗ 1̂(3) +

1
2N2N3

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)] (5.3)

+
1

2N1N3

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)] +
1

2N1N2

s3∑

l=1

λl(3)[1̂(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)] +
1

4N2

s1,s3∑

j,l=1

λjl(1, 3)[λ̂j(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1

s2,s3∑

k,l=1,

λkl(2, 3)[1̂(1)⊗ λ̂k(2)⊗ λ̂l(3)] +
1
8

s1,s2,s3∑

j,k,l=1

λjkl(1, 2, 3)[λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)]

where λj(1)..., λjk(1, 2)... and λjkl(1, 2, 3) are

λj(1) = Tr
{

ρ̂λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)
}

= 〈λ̂j(1)〉, ... etc.

λjk(1, 2) = Tr
{

ρ̂λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)
}

= 〈λ̂j(1)⊗ λ̂k(2)〉, ... etc.

λjk(1, 2, 3) = Tr
{

ρ̂λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)
}

= 〈λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)〉

and the corresponding Bloch vectors are λ(v)= {λ1(v), λ2(v), ..., λsv(v)} (v = 1, 2, 3). For

three node systems, there are three 2-node correlation tensors defined by

Cjk(1, 2) := λjk(1, 2)− λj(1)λk(2)

Cjl(1, 3) := λjl(1, 3)− λj(1)λl(3)

Ckl(2, 3) := λkl(2, 3)− λk(2)λl(3) (5.4)

and in addition to that there exist a 3-node correlation tensor defined by

Cjkl(1, 2, 3) := λjkl(1, 2, 3)− λj(1)λk(2)λl(3) (5.5)

−λj(1)Ckl(2, 3)− λk(2)Cjl(1, 3)− λl(3)Cjk(1, 2)

Note that the reduced density matrices ρ̂i for each node and the reduced density matrices

ρ̂ij for each two node subsystem can be obtained by the following trace operations

ρ̂i = Trjk{ρ̂}

ρ̂ij = Trk{ρ̂}

where i, j, k = 1, 2, 3.
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5.1.1 Characterization of Bloch Vectors and Coherence Tensors

The characterization of Bloch vectors and coherence tensors can be accomplished by a

similar treatment followed in two node systems, that is, by using the equality of L+,1(HN1⊗
HN2 ⊗ HN3) and L+,1(HN1N2N3), it is possible to use the theorem 1 and its result which

says nonnegativity condition is satisfied if and only if all ai’s given by 3.8 are nonnegative.

However, this time the states are represented in the basis of L+,1(HN1⊗HN2⊗HN3) given by

5.2 instead of the basis of L+,1(HN1N2N3) given by 3.4. Unfortunately, because the amount

and the complexity of the inequalities to be satisfied is impracticable, the conditions will

not be written explicitly but it is clear that they exist and have similar structures with one

node and two node cases.

5.1.2 Classification of States

Pure states

Recall that a general density matrix ρ̂ is pure if Tr{ρ̂2} = 1, and the trace of ρ̂2 is

Tr{ρ̂2} =
1

N1N2N3
+

1
2N2N3

|λ(1)|2 +
1

2N1N3
|λ(2)|2 +

1
2N1N2

|λ(3)|2

+
1

4N3
|λ(1, 2)|2 +

1
4N2

|λ(1, 3)|2 +
1

4N1
|λ(2, 3)|2 +

1
8
|λ(1, 2, 3)|2

and if Tr{ρ̂2} < 1, ρ̂ is a mixed state.

Product States

A density matrix of a three node system ρ̂ is called product if

ρ̂ = ρ̂1 ⊗ ρ̂2 ⊗ ρ̂3

where ρ̂1, ρ̂2 and ρ̂3 are the reduced density matrices of each subsystem. Note that, if the

ρ̂1, ρ̂2 and ρ̂3 are pure than ρ̂ is pure, otherwise ρ̂ is mixed since

Tr{ρ̂2} = Tr{ρ̂1}Tr{ρ̂2}Tr{ρ̂3} = 1

if and only if

Tr{ρ̂1} = Tr{ρ̂2} = Tr{ρ̂3} = 1

and that is the case ρ̂1, ρ̂2 and ρ̂3 are pure.
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Entanglement of Pure States

In three node systems, a node can be entangled with one of the other nodes or both of the

two nodes and such entangled states are called bipartite and tripartite entangled states,

respectively. The state of a bipartite entangled systems is of the form

ρ̂ = ρ̂ab ⊗ ρ̂c

where the entanglement is between node a and node b, and its properties is not different

from that of two node systems. On the other hand, the tripartite entanglement has stronger

than bipartite entanglement in the sense of the violation of the generalized Bell’s inequalities

of three node systems, as it will be discussed in subsection 5.2.4. Note that, a pure state is

called tripartite entangled if its 3-node correlation tensor Cjkl(1, 2, 3) is non zero.

One of the important properties of the tripartite systems is two inequivalent tripartite

entanglement classes that they have [17]. The meaning of the inequality is that a member

of one class can not be transformed into a member of other class by means of stochastic

local operations and classical communications (SLOCC). If the probability is one then the

performed local operations corresponds to tensor products of unitary transformations and

of course transformed states have to be equivalent. However, tensor product of unitary

transformations is not the only way of obtaining one state from another, the projection

operations may also help to achieve this and this is the reason of talking about probability.

Mathematically, two pure states of a multipartite system are equivalent under SLOCC if

and only if they are related by a local invertible operator i.e. operators of the form

Ô = Ô1 ⊗ Ô2 ⊗ ...⊗ ÔN

where Ôi’s are invertible operators [17].

Consider a tripartite entangled state which can written as a linear combination of two

terms such as

|φ2〉 = r0|a0, b0, c0〉+ r1e
iθ|a1, b1, c1〉

Note the fact that, invertible local operators do not increase the number of terms in a

decomposition because they are local and they do not decrease the number of terms because

they are invertible.
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By using this fact, |φ2〉 is SLOCC equivalent to maximally entangled GHZ state

|GHZ〉 =
1√
2
(|0, 0, 0〉+ |1, 1, 1〉)

Also note that every pure tripartite entangled state can be written as a linear combination

of at most three terms

|φ3〉 = r0|a0, b0, c0〉+ r1e
iθ1 |a1, b1, c1〉+ r2e

iθ2 |a2, b2, c2〉

and a tripartite entangled state which can not be written as linear combination of two terms

is SLOCC equivalent to W state

|W 〉 =
1√
3
(|1, 0, 0〉+ |0, 1, 0〉+ |0, 0, 1〉)

by using the above fact again.

Separable States

There are two different types of separable states: those that can be expressed as a convex

sum of product states;

ρ̂ =
∑

i

piρ̂(1)i ⊗ ρ̂(2)i ⊗ ρ̂(3)i

∑

i

pi = 1

and those that can be expressed as a convex sum of product of a state with a bipartite

entangled states such as

ρ̂ =
∑

i

piρ̂(1, 2)i ⊗ ρ̂(3)i

∑

i

pi = 1

where ρ̂(1, 2)i is an entangled state. Such a separable states are also called biseparable.

5.2 Bloch Vector Formalism of Measurements

In the complete orthonormal basis
{

Q̂jk

}s1,s2,s3

j,k,l=0
(s1 = N2

1 −1, s2 = N2
2 −1, s3 = N2

3 −1) for

the space of N1N2N3 × N1N2N3 Hermitian matrices L(HN1N2N3), any Hermitian matrix
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Â ∈ L(HN1N2N3) can be written as [9]

Â =
1

N1N2N3
Tr{Â}1̂(1)⊗ 1̂(2)⊗ 1̂(3) +

1
2N2N3

s1∑

j=1

Aj00 [λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1N3

s2∑

k=1

A0k0 [1̂(1)⊗ λ̂k(2)⊗ 1̂(3)] +
1

2N1N2

s3∑

l=1

A00l [1̂(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3

s1,s2∑

j,k=1

Ajk0 [λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)] +
1

4N2

s1,s3∑

j,l=1

Aj0l [λ̂j(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1

s2,s3∑

k,l=1,

A0kl [1̂(1)⊗ λ̂k(2)⊗ λ̂l(3)] +
1
8

s1,s2,s3∑

j,k,l=1

Ajkl [λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)]

where Aj00, ..., Ajk0, ..., Ajkl are

Aj00 = Tr
{

Âλ̂j(1)⊗ 1̂(2)⊗ 1̂(3)
}

, ... etc.

Ajk0 = Tr
{

Âλ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)
}

, ... etc.

Ajkl = Tr
{

Âλ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)
}

Note that there are three 2-node correlation tensors of measurement given as

Kjk0 := Ajk0 −Aj00A0k0

Kj0l := Aj0l −Aj00A00l

K0kl := A0kl −A0k0A00l (5.6)

and in addition to that there exist a 3-node correlation tensor of measurement defined by

Kjkl := Ajkl −Aj00A0k0A00l (5.7)

−Aj00K0kl −A0k0Kj0l −A00lKjk0

5.2.1 Measurements on One Subsystem

Consider the measurement performed only on the first subsystem of the state ρ̂ given in

5.3, the representation of such a measurement Â(1)⊗ 1̂(2)⊗ 1̂(3) is

Â(1)⊗ 1̂(2)⊗ 1̂(3) =
1

N1
Tr

{
Â(1)

}
1̂ +

1
2

s1∑

j=1

Aj(1)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

where

Aj(1) = Tr{Â(1)λ̂j(1)}
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the expectation value of this measurement is

〈Â(1)⊗ 1̂(2)⊗ 1̂(3)〉 =
1

N1
Tr

{
Â(1)

}
+

1
2

s1∑

j=1

Aj(1)λj(1).

It is determined by the reduced density matrix of the first node ρ̂1

ρ̂1 = Tr23{ρ̂} =
1

N1
1̂(1) +

1
2

s1∑

j=1

λj(1)λ̂j(1)

and the expectation value equation is of the form

〈Â(1)⊗ 1̂(2)⊗ 1̂(3)〉 = Tr{ρ̂1Â(1)}

Let the eigenvectors |f(1)〉 of Â(1) be the basis for the representation of the generators

λ̂j(1), and the state ρ̂′ after the measurement is determined by the projection operator

P̂f (1)⊗ 1̂(2)⊗ 1̂(3) as

ρ̂′ =
1

pf (1)
P̂f (1)⊗ 1̂(2)⊗ 1̂(3) ρ̂ P̂f (1)⊗ 1̂(2)⊗ 1̂(3) (5.8)

where the projection operator P̂f (1) is represented by

P̂f (1) =
1

N1
1̂(1) +

1
2

N1−1∑

c=1

wf
c (1)ŵc(1) (5.9)

and pf (1), the probability of finding state |f(1)〉, is

pf (1) = Tr{ρ̂1P̂f (1)} =
1

N1
+

1
2

N1−1∑

c=1

wc(1)wf
c (1) (5.10)

By using the facts

P̂f (1)v̂mn(1)P̂f (1) = P̂f (1)ûmn(1)P̂f (1) = 0

P̂f (1)ŵc(1)P̂f (1) = wf
c (1)P̂f (1)

P̂f (1)1̂(1)P̂f (1) = P̂f (1) (5.11)
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the equation 5.8 becomes

pf (1)ρ̂′ =
1

N1N2N3
P̂f (1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2N3

N1−1∑

c=1

wc(1)wf
c (1)[P̂f (1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1N3

s2∑

k=1

λk(2)[P̂f (1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

2N1N2

s3∑

l=1

λl(3)[P̂f (1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3

s2∑

k=1

N1−1∑

c=1

λs′+c k(1, 2)wf
c (1)[P̂f (1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

4N2

s3∑

l=1

N1−1∑

c=1

λs′+c l(1, 3)wf
c (1)[P̂f (1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1

s2,s3∑

k,l=1

λkl(2, 3)[P̂f (1)⊗ λ̂k(2)⊗ λ̂l(3)]

1
8

s2,s3∑

k,l=1

N1−1∑

c=1

λs′+ckl(1, 2, 3)wf
c (1)[P̂f (1)⊗ λ̂k(2)⊗ λ̂l(3)]

where s′ = N2
1 −N1. It is clear that the state ρ̂′ of the whole system after the measurement

will be the tensor product of the state ρ̂′1 of first node and the state ρ̂′23 of the second and

third node

ρ̂′ = ρ̂′1 ⊗ ρ̂′23

where the state of the first node is

ρ̂′1 = Tr23{ρ̂′}

= P̂f (1)
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as expected and the state ρ̂′23 of the second and third node is

ρ̂′23 = Tr1{ρ̂′}

=
1

N2N3
1̂(2)⊗ 1̂(3)

+
1

2N1N3pf (1)

s2∑

k=1

λk(2)[λ̂k(2)⊗ 1̂(3)]

+
1

2N1N2pf (1)

s3∑

l=1

λl(3)[1̂(2)⊗ λ̂l(3)]

+
1

4N3pf (1)

s2∑

k=1

N1−1∑

c=1

λs′+c k(1, 2)wf
c (1)[λ̂k(2)⊗ 1̂(3)]

+
1

4N2pf (1)

s3∑

l=1

N1−1∑

c=1

λs′+c l(1, 3)wf
c (1)[1̂(2)⊗ λ̂l(3)]

+
1

4N1pf (1)

s2,s3∑

k,l=1

λkl(2, 3)[λ̂k(2)⊗ λ̂l(3)]

1
8pf (1)

s2,s3∑

k,l=1

N1−1∑

c=1

λs′+ckl(1, 2, 3)wf
c (1)[λ̂k(2)⊗ λ̂l(3)]

by using of the relations between the coherence tensors and correlation tensors given in 5.4

and 5.5, ρ̂′23 reduces to the following form

ρ̂′23 = ρ̂23 +

[
1

4pf (1)

N1−1∑

c=1

s2∑

k=1

Cs′+ck(1, 2)wf
c (1)λ̂k(2)

]
⊗ ρ̂3

+ ρ̂2 ⊗
[

1
4pf (1)

N1−1∑

c=1

s3∑

l=1

Cs′+cl(1, 3)wf
c (1)λ̂l(3)

]

+
1

8pf (1)

N1−1∑

c=1

s2,s3∑

k,l=1

Cs′+ckl(1, 2, 3)wf
c (1) [λ̂k(2)⊗ λ̂l(3)] (5.12)

It is worth to compare this result with its analog for two node systems given in 4.13 to

comprehend the meaning of common nonlocal-effect terms.
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5.2.2 Product Measurements on Two Subsystem

Consider a product measurement performed on the first and the second nodes of the state

ρ̂ given in 5.3, the representation of such a measurement Â(1)⊗ Â(2)⊗ 1̂(3) is

Â(1)⊗ Â(2)⊗ 1̂(3) =
1

N1N2
Tr

{
Â(1)Â(2)

}
1̂(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2

s1∑

j=1

Aj(1)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1

s2∑

k=1

Ak(2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1
4

s1,s2∑

j,k=1

Aj(1)Ak(2)[λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)]

and the expectation value of this measurement is

〈Â(1)⊗ Â(2)⊗ 1̂(3)〉 =
1

N1N2
Tr

{
Â(1)Â(2)

}
+

1
2N2

s1∑

j=1

Aj(1)λj(1)

+
1

2N1

s2∑

k=1

Ak(2)λk(2) +
1
4

s1,s2∑

j,k=1

Aj(1)Ak(2)λjk(1, 2)

note that the expectation value of the measurement is determined by the reduced density

matrix for the first two node ρ̂12

ρ̂12 = Tr3{ρ̂} =
1

N1N2
1̂(1)⊗ 1̂(2) +

1
2N2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)]

so the expectation value equation is of the form

〈Â(1)⊗ Â(2)⊗ 1̂(3)〉 = Tr{ρ̂12Â(1)⊗ Â(2)}

Let the eigenvectors |f(1)〉 and |g(2)〉 of Â(1) and Â(2) be the basis for the representation

of the generators λ̂j(1) and λ̂k(2). The state ρ̂′ of the whole system after the measurement

is determined by the projection operator P̂f (1)⊗ P̂g(2)⊗ 1̂(3) as

ρ̂′ =
1

pf,g(1, 2)
P̂f (1)⊗ P̂g(2)⊗ 1̂(3) ρ̂ P̂f (1)⊗ P̂g(2)⊗ 1̂(3) (5.13)
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where the projection operators P̂f (1) and P̂g(2) are

P̂f (1) =
1

N1
1̂(1) +

1
2

N1−1∑

c=1

wf
c (1)ŵc(1)

P̂g(2) =
1

N2
1̂(2) +

1
2

N2−1∑

d=1

wg
d(2)ŵd(2)

and pf,g(1, 2), the probability of finding state |f(1)〉 ⊗ |g(2)〉, is

pf,g(1, 2) = Tr{ρ̂P̂f (1)⊗ P̂g(2)⊗ 1̂(3)}

=
1

N1N2
+

1
2N2

N1−1∑

c=1

wc(1)wf
c (1) +

1
2N1

N2−1∑

d=1

wd(2)wg
d(2)

+
1
4

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d(1, 2)wf
c (1)wg

d(2) (5.14)

where s′q = N2
q −Nq (q = 1, 2). By using the facts given in 5.11, the equation 5.13 becomes

pf,g(1, 2)ρ̂′ =
1

N1N2N3
P̂f (1)⊗ P̂g(2)⊗ 1̂(3)

+
1

2N2N3

N1−1∑

c=1

wc(1)wf
c (1)[P̂f (1)⊗ P̂g(2)⊗ 1̂(3)]

+
1

2N1N3

N2−1∑

d=1

wd(2)wg
d(2)[P̂f (1)⊗ P̂g(2)⊗ 1̂(3)]

+
1

2N1N2

s3∑

l=1

λl(3)[P̂f (1)⊗ P̂g(2)⊗ λ̂l(3)]

+
1

4N3

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d(1, 2)wf
c (1)wg

d(2)[P̂f (1)⊗ P̂g(2)⊗ 1̂(3)]

+
1

4N2

s3∑

l=1

N1−1∑

c=1

λs′1+c l(1, 3)wf
c (1)[P̂f (1)⊗ P̂g(2)⊗ λ̂l(3)]

+
1

4N1

N2−1∑

d=1

s3∑

l=1

λs′2+d l(2, 3)wg
d(2)[P̂f (1)⊗ P̂g(2)⊗ λ̂l(3)]

+
1
8

s3∑

l=1

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d l(1, 2, 3)wf
c (1)wg

d(2)[P̂f (1)⊗ P̂g(2)⊗ λ̂l(3)]

It is clear that the state of the whole system after the measurement will be the tensor

product of the individual state of each node,

ρ̂′ = ρ̂′1 ⊗ ρ̂′2 ⊗ ρ̂′3
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so the state of the first node is,

ρ̂′1 = Tr23{ρ̂′}

=
1

pf,g(1, 2)
[

1
N1N2

P̂f (1) +
1

2N2

N1−1∑

c=1

wc(1)wf
c (1)P̂f (1)

+
1

2N1

N2−1∑

d=1

wd(2)wg
d(2)P̂f (1)

+
1
4

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d(1, 2)wf
c (1)wg

d(2) P̂f (1)]

= P̂f (1)

as expected; and similarly the state of the second node is

ρ̂′2 = P̂g(2) =
1

N2
1̂(2) +

1
2

N2−1∑

d=1

wg
d(2)ŵd(2)

and finally the state of third node is

ρ̂′3 =
1

N3
1̂(3) +

1
2pf,g(1, 2)

s3∑

l=1

[
1

N1N2
λl(3)

+
1

2N2

N1−1∑

c=1

λs′1+c l(1, 3)wf
c (1)

+
1

2N1

N2−1∑

d=1

λs′2+d l(2, 3)wg
d(2)

+
1
4

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d l(1, 2, 3)wf
c (1)wg

d(2) ] λ̂l(3)

by using the relations between the coherence tensor and correlation tensor given in 5.4 and

eq. 5.5, the final form of ρ̂′3 becomes

ρ̂′3 = ρ̂3 + pg(2)
1

4pf,g(1, 2)

s3∑

l=1

N1−1∑

c=1

Cs′1+c l(1, 3)wf
c (1)λ̂l(3)

+ pf (1)
1

4pf,g(1, 2)

s3∑

l=1

N2−1∑

d=1

Cs′2+d l(2, 3)wg
d(2)λ̂l(3)

+
1

8pf,g(1, 2)

s3∑

l=1

N2−1∑

d=1

N1−1∑

c=1

Cs′1+c s′2+d l(1, 2, 3)wf
c (1)wg

d(2)λ̂l(3) (5.15)
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where pf (1) and pg(2) are

pf (1) =
1

N1
+

1
2

N1−1∑

c=1

wc(1)wf
c (1)

pg(2) =
1

N2
+

1
2

N2−1∑

d=1

wd(2)wg
d(2)

and observe that they are also the probability of getting |f(1)〉 and |g(2)〉 in the independent

projections P̂f (1)⊗ 1̂(2)⊗ 1̂(3) and 1̂(1)⊗ P̂g(2)⊗ 1̂(3).

It is worth to compare this result with 4.13 and 5.12 to comprehend the meaning of the

common nonlocal-effect terms.

5.2.3 Nonproduct Measurements on Two Subsystem

By considering the first two node of a three node system as a whole, we can measure it by

just one measurement apparatus. Such a measurement Â(1, 2)⊗ 1̂(3) is represented by

Â(1, 2)⊗ 1̂(3) =
1

N1N2
Tr{Â(1, 2)}1̂(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2

s1∑

j=1

Aj0(1, 2)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1

s2∑

k=1

A0k(1, 2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1
4

s1,s2∑

j,k=1

Ajk(1, 2)[λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)]

where

Aj0(1, 2) = Tr
{

Â(1, 2) λ̂j(1)⊗ 1̂(2)
}

A0k(1, 2) = Tr
{

Â(1, 2) 1̂(1)⊗ λ̂k(2)
}

Ajk(1, 2) = Tr
{

Â(1, 2) λ̂j(1)⊗ λ̂k(2)
}

and they satisfy the following inequality

Ajk(1, 2) 6= Aj0(1, 2)A0k(1, 2)
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When such a measurement is performed on the state ρ̂ given in 5.3, the expectation value

of the measurement is

Tr{ρ̂Â(1, 2)⊗ 1̂(3)} =
1

N1N2
Tr{Â(1, 2)}+

1
2N2

s1∑

j=1

Aj0(1, 2)λj(1)

+
1

2N1

s2∑

k=1

A0k(1, 2)λk(2) +
1
4

s1,s2∑

j,k=1

Ajk(1, 2)λjk(1, 2)

Note that, the expectation value of the measurement is again determined by the reduced

density matrix for the first two node ρ̂12

ρ̂12 = Tr3{ρ̂} =
1

N1N2
1̂(1)⊗ 1̂(2)

+
1

2N2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2N1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)]

+
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)]

Recall that in two node systems, the state of the system after a nonproduct measurement

could be product or nonproduct. Similarly, the state ρ̂′12 of the first two part of the total

systems after the measurement can be product or nonproduct, but the state of the total

system after measurement is definitely the tensor product of ρ̂′12 and ρ̂′3

ρ̂′ = ρ̂′12 ⊗ ρ̂′3

Let the eigenvectors |i(1, 2)〉 of Â(1, 2) be the basis for the representation of
{

Q̂jk

}s1,s2

j,k=0
.

The state ρ̂′ after the measurement is determined by the projection operator P̂i(1, 2)⊗ 1̂(3)

as

ρ̂′ =
1

pi(1, 2)
P̂i(1, 2)⊗ 1̂(3) ρ̂ P̂i(1, 2)⊗ 1̂(3) (5.16)



Chapter 5: Bloch Vector Formalism for Three Node Systems 69

where the projection operator P̂i(1, 2) is

P̂i(1, 2)⊗ 1̂(3) =
1

N1N2
1̂(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2

N1−1∑

c=1

wi
c(1)ŵc(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N1

N2−1∑

d=1

wi
d(2)1̂(1)⊗ ŵd(2)⊗ 1̂(3)

+
1
4

N2−1∑

d=1

N1−1∑

c=1

wi
cd(1, 2) ŵc(1)⊗ ŵd(2)⊗ 1̂(3)

and pi(1, 2), the probability of finding state |i(1, 2)〉, is

pi(1, 2) = Tr{ρ̂P̂i(1, 2)}

=
1

N1N2
+

1
2N2

N1−1∑

c=1

wc(1)wi
c(1) +

1
2N1

N2−1∑

d=1

wd(2)wi
d(2)

+
1
4

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d(1, 2)wi
cd(1, 2)

where s′q = N2
q −Nq. By using the following facts

P̂i(1, 2) v̂mn(1)⊗ 1̂(2)P̂i(1, 2) = P̂i(1, 2) 1̂(1)⊗ v̂mn(2)P̂i(1, 2) = 0

P̂i(1, 2) ûmn(1)⊗ 1̂(2)P̂i(1, 2) = P̂i(1, 2) 1̂(1)⊗ ûmn(2)P̂i(1, 2) = 0

P̂i(1, 2) ŵc(1)⊗ 1̂(2) P̂i(1, 2) = wi
c(1)P̂i(1, 2)

P̂i(1, 2) 1̂(1)⊗ ŵd(2)P̂i(1, 2) = wi
d(1)P̂i(1, 2)

P̂i(1, 2) ŵc(1)⊗ ŵd(2)P̂i(1, 2) = wi
cd(1, 2)P̂i(1, 2)

P̂i(1, 2) 1̂(1)⊗ 1̂(2) P̂i(1, 2) = P̂i(1, 2)
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the equation 5.16 becomes

pi(1, 2)ρ̂′ =
1

N1N2N3
P̂i(1, 2)⊗ 1̂(3)

+
1

2N2N3

N1−1∑

c=1

wc(1)wi
c(1)P̂i(1, 2)⊗ 1̂(3)]

+
1

2N1N3

N2−1∑

d=1

wd(1)wi
d(1)[P̂i(1, 2)⊗ 1̂(3)]

+
1

2N1N2

s3∑

l=1

λl(3)[P̂i(1, 2)⊗ λ̂l(3)]

+
1

4N3

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d(1, 2)wi
cd(1, 2)[P̂i(1, 2)⊗ 1̂(3)]

+
1

4N2

s3∑

l=1

N1−1∑

c=1

λs′1+c l(1, 3)wi
c(1)[P̂i(1, 2)⊗ λ̂l(3)]

+
1

4N1

N2−1∑

d=1

s3∑

l=1

λs′2+d l(2, 3)wi
d(2)[P̂i(1, 2)⊗ λ̂l(3)]

+
1
8

s3∑

l=1

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d l(1, 2, 3)wi
cd(1, 2)[P̂i(1, 2)⊗ λ̂l(3)]

The state ρ̂′12 of the first two nodes after the measurement is

ρ̂′12 = P̂i(1, 2) (5.17)

and by tracing out the first and second nodes, the state of the third node is

ρ̂′3 =
1

N3
1̂(3) +

1
2pi(1, 2)

s3∑

l=1

[
1

N1N2
λl(3) +

1
2N2

N1−1∑

c=1

λs′1+c l(1, 3)wi
c(1)

+
1

2N1

N2−1∑

d=1

λs′2+d l(2, 3)wi
d(2)

+
1
4

N2−1∑

d=1

N1−1∑

c=1

λs′1+c s′2+d l(1, 2, 3)wi
cd(1, 2)] λ̂l(3)

by using the relation between the coherence tensor and correlation tensor given in 5.4 and

5.5, the final form of ρ̂′3 becomes
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ρ̂′3 = ρ̂3 +
1

N1

1
4pi(1, 2)

s3∑

l=1

N2−1∑

d=1

Cs′2+d l(2, 3)wi
d(2)λ̂l(3)

+
1

N2

1
4pi(1, 2)

s3∑

l=1

N1−1∑

c=1

Cs′1+c l(1, 3)wi
c(1)λ̂l(3)

+
1

8pi(1, 2)

s3∑

l=1

N2−1∑

d=1

N1−1∑

c=1

[Cs′1+c s′2+d l(1, 2, 3) + Cs′2+d l(2, 3)wc(1)

+ Cs′1+c l(1, 3)wd(2)] wi
cd(1, 2) λ̂l(3)

It is worth to compare this result with 4.13, 5.12 and 5.15 to comprehend the meaning of

the common nonlocal-effect terms.

5.2.4 Product Measurements I

For the three node density matrix ρ̂ given in 5.3, consider the measurement Â(1)⊗ Â(2)⊗
Â(3),

Â(1)⊗ Â(2)⊗ Â(3) =
1

N1N2N3
Tr{Â(1)}Tr{Â(2)}Tr{Â(3)}1̂(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2N3
Tr{Â(2)}Tr{Â(3)}

s1∑

j=1

Aj(1)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1N3
Tr{Â(1)}Tr{Â(3)}

s2∑

k=1

Ak(2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

2N1N2
Tr{Â(1)}Tr{Â(2)}

s3∑

l=1

Al(3)[1̂(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3
Tr{Â(3)}

s1,s2∑

j,k=1

Aj(1)Ak(2)[λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

4N2
Tr{Â(2)}

s1,s3∑

j,l=1

Aj(1)Al(3) [λ̂j(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1
Tr{Â(1)}

s2,s3∑

k,l=1

Ak(2)Al(3) [1̂(1)⊗ λ̂k(2)⊗ λ̂l(3)]

+
1
8

s1,s2,s3∑

j,k,l=1

Aj(1)Ak(2)Al(3) [λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)]
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where

Aj(1) = Tr
{

Â(1)λ̂j(1)
}

Ak(2) = Tr
{

Â(2)λ̂k(2)
}

Al(3) = Tr
{

Â(3)λ̂l(3)
}

the expectation value of this measurement is

〈Â(1)⊗ Â(2)⊗ Â(3)〉 =
1

N1N2N3
Tr{Â(1)}Tr{Â(2)}Tr{Â(3)}

+
1

2N2N3
Tr{Â(2)}Tr{Â(3)}

s1∑

j=1

Aj(1)λj(1)

+
1

2N1N3
Tr{Â(1)}Tr{Â(3)}

s2∑

k=1

Ak(2)λk(2)

+
1

2N1N2
Tr{Â(1)}Tr{Â(2)}

s3∑

l=1

Al(3)λl(3)

+
1

4N3
Tr{Â(3)}

s1,s2∑

j,k=1

Aj(1) Ak(2)λjk(1, 2)

+
1

4N2
Tr{Â(2)}

s1,s3∑

j,l=1

Aj(1)Al(3)λjl(1, 3)

+
1

4N1
Tr{Â(1)}

s2,s3∑

k,l=1,

Ak(2)Al(3)λkl(2, 3)

+
1
8

s1,s2,s3∑

j,k,l=1

Aj(1)Ak(2)Al(3)λjkl(1, 2, 3)

and since all eigenvectors of the product Hermitian matrices are product states, the state

ρ̂′ of the system after the measurement is the product of the density matrices of each

subsystem.

ρ̂′ = ρ̂′1 ⊗ ρ̂′2 ⊗ ρ̂′3

Note that, the expectation value of the total measurement is not equal to the product

of the expectation values of the independent measurements, i.e.

〈Â(1)⊗ Â(2)⊗ Â(3)〉bρ 6= 〈Â(1)〉bρ1
〈Â(2)〉bρ2

〈A(3)〉bρ3
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The expectation value of the independent measurements are

Tr{ρ̂1Â(1)} =
1

N1
Tr{Â(1)}+

1
2

s1∑

j=1

λj(1)Aj(1),

Tr{ρ̂2Â(2)} =
1

N2
Tr{Â(2)}+

1
2

s2∑

k=1

λk(2)Ak(2),

Tr{ρ̂3Â(3)} =
1

N3
Tr{Â(3)}+

1
2

s3∑

l=1

λl(3)Al(3).

Therefore, the relation between the expectation value of the whole measurement and the

product of the expectation values of the independent measurements is

〈Â(1)⊗ Â(2)⊗ Â(3)〉bρ = 〈Â(1)〉bρ1
〈Â(2)〉bρ2

〈A(3)〉bρ3

+
1

4N3
Tr{Â(3)}

s1,s2∑

j,k=1

Cjk(1, 2)Aj(1)Ak(2)

+
1

4N2
Tr{Â(2)}

s1,s3∑

j,l=1

Cjl(1, 3)Aj(1)Al(3)

+
1

4N1
Tr{Â(1)}

s2,s3∑

k,l=1

Ckl(2, 3)Ak(2)Al(3)

+
1
8

s1,s2,s3∑

j,k,l=1

[Cjkl(1, 2, 3) + λj(1)Ckl(2, 3)

+ λk(2)Cjl(1, 3) + λl(3)Cjk(1, 2)]Aj(1)Ak(2)Al(3)

where the 2-node and 3-node correlation tensors, which are zero for an uncorrelated system,

make the difference as expected.

As J. S. Bell proved that hidden variable theory would not fit with the predictions of

quantum mechanics by using the bipartite entangled sates, D. Mermin [18] demonstrated

the incompatibility of the reality criterion with quantum theory by using the tripartite

entangled states.

GHZ State and the Elements of Reality

Consider the GHZ state

|GHZ〉 =
1√
2
(|0, 0, 0〉+ |1, 1, 1〉)

which is written in the basis generated from the eigenvectors of σ̂z . Note that the Hermitian
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operators σ̂x(j) and σ̂y(j) satisfy the following equalities for jth subsystem,

σ̂x(j)|0〉j = |1〉j
σ̂x(j)|1〉j = |0〉j
σ̂y(j)|0〉j = i|1〉j
σ̂y(j)|1〉j = −i|0〉j (5.18)

and GHZ is an eigenstate of the following operators

σ̂x(1)⊗ σ̂y(2)⊗ σ̂y(3)|GHZ〉 = |GHZ〉

σ̂y(1)⊗ σ̂x(2)⊗ σ̂y(3)|GHZ〉 = |GHZ〉

σ̂y(1)⊗ σ̂y(2)⊗ σ̂x(3)|GHZ〉 = |GHZ〉

σ̂x(1)⊗ σ̂x(2)⊗ σ̂x(3)|GHZ〉 = −|GHZ〉

Since the spin along x and y directions of a given particle anticommute i.e.

[σ̂x(1), σ̂y(1)]+ = 0,

and

(σ̂x(j))2 = (σ̂y(j))2 = 1̂(j),

these operators satisfy

[σ̂x(1)σ̂y(2)σ̂y(3)] [σ̂y(1)σ̂x(2)σ̂y(3)] [σ̂y(1)σ̂y(2)σ̂x(3)] = −σ̂x(1)σ̂x(2)σ̂x(3).

For the GHZ state, the operators [σ̂x(1)σ̂y(2)σ̂y(3)] , [σ̂y(1)σ̂x(2)σ̂y(3)] , and [σ̂y(1)σ̂y(2)σ̂x(3)]

all have eigenvalue +1, which implies according to quantum theory that one can predict

with certainty the measurement outcome of the spin along the x direction of any one of

the three particles by measuring the spin along the y direction of the other two particles.

If the outcomes along y are the same, then the subsequent measurement outcome along x

would be +1, and if the y outcomes are different, then the subsequent outcome along x

would be −1. Similarly, we can also predict the measurement outcome of the spin along the

y direction of any particle with certainty, by measuring the spin of the other two particles,

along x for one and y for the other.

Now, if we assume that a measurement performed on any one particle doesn’t affect the

other two particles (the locality criterion of EPR), then the reality criterion of EPR implies
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that there exist six elements of physical reality, denoted by σx(1), σx(2) , σx(3), σy(1), σy(2), and

σy(3). Although we can not know the values for all six elements of reality, from 5.18, their

values must satisfy

σx(1)σy(2)σy(3) = 1

σy(1)σx(2)σy(3) = 1

σy(1)σy(2)σx(3) = 1

σx(1)σx(2)σx(3) = −1 (5.19)

On the other hand, since each σy(j) is either +1 or −1 and each occurs twice, we have

σx(1)σy(2)σy(3) σy(1)σx(2)σy(3) σy(1)σy(2)σx(3) = σx(1)σx(2)σx(3) = 1

and this is a contradiction with 5.19. The essence of the contradiction is considering σx(i)’s

appeared in all measurements as same.

Note also that, for the generalized Bell’s inequalities of the three node systems [9], the

violation of the tripartite entanglement is much greater then that of bipartite entanglement.

Consider the following inequality

|σx(1)σy(2)σy(3) + σy(1)σx(2)σy(3) + σy(1)σy(2)σx(3)− σx(1)σx(2)σx(3)| ≤ 2

but it is violated for GHZ state, by taking value 4.
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5.2.5 Product Measurements II

For the three node density matrix ρ̂ given in 5.3, consider the Hermitian operator Â(1, 2)⊗
Â(3),

Â(1, 2)⊗ Â(3) =
1

N1N2N3
Tr{Â(1, 2)}Tr{Â(3)}1̂(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2N3
Tr{Â(3)}

s1∑

j=1

Aj0(1, 2)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1N3
Tr{Â(3)}

s2∑

k=1

A0k(1, 2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

2N1N2
Tr{Â(1, 2)}

s3∑

l=1

Al(3)[1̂(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3
Tr{Â(3)}

s1,s2∑

j,k=1

Ajk(1, 2)[λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

4N2

s1,s3∑

j,l=1

Aj0(1, 2)Al(3) [λ̂j(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1

s2,s3∑

k,l=1,

A0k(1, 2)Al(3) [1̂(1)⊗ λ̂k(2)⊗ λ̂l(3)]

+
1
8

s1,s2,s3∑

j,k,l=1

Ajk(1, 2)Al(3) [λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)]

where

Al(3) = Tr
{

Â(3)λ̂l(3)
}

Aj0(1, 2) = Tr
{

Â(1, 2) λ̂j(1)⊗ 1̂(2)
}

A0k(1, 2) = Tr
{

Â(1, 2) 1̂(1)⊗ λ̂k(2)
}

Ajk(1, 2) = Tr
{

Â(1, 2) λ̂j(1)⊗ λ̂k(2)
}

and they satisfy the following inequality

Ajk(1, 2) 6= Aj0(1, 2)A0k(1, 2)

so the 2-node correlation tensor Kjk(1, 2) for the measurement is nonzero while the 3-node

correlation tensor of measurement defined given in 5.7 is zero.

Kjk(1, 2) 6= 0 Kjkl(1, 2, 3) = 0



Chapter 5: Bloch Vector Formalism for Three Node Systems 77

When such a measurement is performed on the state ρ̂ given in 5.3, the expectation value

of the measurement is

〈Â(1, 2)⊗ Â(3)〉 =
1

N1N2N3
Tr{Â(1, 2)}Tr{Â(3)}

+
1

2N2N3
Tr{Â(3)}

s1∑

j=1

Aj0(1, 2)λj(1)

+
1

2N1N3
Tr{Â(3)}

s2∑

k=1

A0k(1, 2)λk(2)

+
1

2N1N2
Tr{Â(1, 2)}

s3∑

l=1

Al(3)λl(3)

+
1

4N3
Tr{Â(3)}

s1,s2∑

j,k=1

Ajk(1, 2)λjk(1, 2)

+
1

4N2

s1,s3∑

j,l=1

Aj0(1, 2)Al(3)λjl(1, 3)

+
1

4N1

s2,s3∑

k,l=1

A0k(1, 2)Al(3)λkl(2, 3)

+
1
8

s1,s2,s3∑

j,k,l=1

Ajk(1, 2)Al(3) λjkl(1, 2, 3)

Recall that for two node systems, the state after the measurement could be product or

nonproduct, so the state ρ̂′12 of the first two part of the whole systems after the measurement

can be product or nonproduct, but the state of the total system after measurement is

definitely tensor product of ρ̂′12 and ρ̂′3

ρ̂′ = ρ̂′12 ⊗ ρ̂′3

Note that, the expectation value of the total measurement is not equal to the product

of the expectation values of the measurements performed separately, i.e.

〈Â(1)⊗ Â(2)〉bρ 6= 〈Â(1, 2)〉bρ12
〈A(3)〉bρ3
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The expectation values of the independent measurements performed on subsystems are

Tr{ρ̂12Â(1, 2)} =
1

N1N2
Tr{Â(1, 2)}+

1
2N2

s1∑

j=1

Aj0(1, 2)λj(1)

+
1

2N1

s2∑

k=1

A0k(1, 2)λk(2) +
1
4

s1,s2∑

j,k=1

Ajk(1, 2)λjk(1, 2)

Tr
{

ρ̂3Â(3)
}

=
1

N3
Tr{Â(3)}+

1
2

s3∑

l=1

λl(3)Al(3)

Therefore, the relation between the expectation value of the total measurement and the

product of the expectation values of the independent measurements is

〈Â(1)⊗ Â(2)〉bρ = 〈Â(1)〉bρ1
〈Â(2)〉bρ2

〈A(3)〉bρ3

+
1

4N2

s1,s3∑

j,l=1

Aj0(1, 2)Al(3)Cjl(1, 3) +
1

4N1

s2,s3∑

k,l=1

A0k(1, 2)Al(3)λkl(2, 3)

+
1
8

s1,s2,s3∑

j,k,l=1

Ajk(1, 2)Al(3) [ Cjkl(1, 2, 3) + λj(1)Ckl(2, 3) + λk(2)Cjl(1, 3)]

5.2.6 Nonproduct Measurements

When we consider a three node system as a whole, we can measure it by just one measure-

ment apparatus. Such a measurement Â(1, 2, 3) is represented by

Â(1, 2, 3) =
1

N1N2N3
Tr{Â(1, 2, 3)}1̂(1)⊗ 1̂(2)⊗ 1̂(3)

+
1

2N2N3

s1∑

j=1

Aj00(1, 2, 3) [λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1N3

s2∑

k=1

A0k0(1, 2, 3) [1̂(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

2N1N2

s3∑

l=1

A00l(1, 2, 3) [1̂(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3

s1,s2∑

j,k=1

Ajk0(1, 2, 3) [λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)]

+
1

4N2

s1,s3∑

j,l=1

Aj0l(1, 2, 3) [λ̂j(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1

s2,s3∑

k,l=1,

A0kl(1, 2, 3) [1̂(1)⊗ λ̂k(2)⊗ λ̂l(3)]

+
1
8

s1,s2,s3∑

j,k,l=1

Ajkl(1, 2, 3) [λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)]



Chapter 5: Bloch Vector Formalism for Three Node Systems 79

where Aj00, ..., Ajk0, ..., Ajkl are

Aj00(1, 2, 3) = Tr
{

Â(1, 2, 3)λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)
}

, ... etc.

Ajk0(1, 2, 3) = Tr
{

Â(1, 2, 3)λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)
}

, ... etc.

Ajkl(1, 2, 3) = Tr
{

Â(1, 2, 3)λ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)
}

and the 3-node correlation tensor of measurement is nonzero

Kjkl(1, 2, 3) 6= 0.

Therefore, this is the measurement that generates the 3-node correlation. The states after

the measurement can be tripartite entangled, bipartite entangled or product. Therefore,

the Hilbert space of the system after the measurement is of the form

H(1, 2, 3) = [H′(1)⊗H′(2)⊗H′(3)]

⊕ [H′E(1, 2)⊗H′(3)
]⊕ [H′E(1, 3)⊗H′(2)

]⊕ [H′E(2, 3)⊗H′(1)
]

⊕H′E(1, 2, 3)

where H′E(1, 2, 3) is the space of tripartite entangled states, and H′E(i, j)’s are the spaces of

bipartite entangled states. Since the space of product statesH′(1)⊗H′(2)⊗H′(3) has at most

(N1−1)(N2−1)(N3−1) dimensions, the remaining N1N2+N1N3+N2N3−N1−N2−N3+1

dimensional space consists of tripartite or bipartite entangled states.

5.3 Dynamics of Bloch Vectors and Coherence Tensors

For a general state of a three node system ρ̂ given in eq. 5.3, consider a general Hamiltonian

Ĥ of the system

Ĥ =
1

N1N2N3
Tr{Ĥ}1̂ +

1
2N2N3

s1∑

j=1

Hj(1)[λ̂j(1)⊗ 1̂(2)⊗ 1̂(3)]

+
1

2N1N3

s2∑

k=1

Hk(2)[1̂(1)⊗ λ̂k(2)⊗ 1̂(3)] +
1

2N1N2

s3∑

l=1

Hl(3)[1̂(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N3

s1,s2∑

j,k=1

Hjk(1, 2)[λ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)] +
1

4N2

s1,s3∑

j,l=1

Hjl(1, 3)[λ̂j(1)⊗ 1̂(2)⊗ λ̂l(3)]

+
1

4N1

s2,s3∑

k,l=1,

Hkl(2, 3)[1̂(1)⊗ λ̂k(2)⊗ λ̂l(3)]
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where

Hj(1) = Tr
{

Ĥλ̂j(1)⊗ 1̂(2)⊗ 1̂(3)
}

, ... etc.

Hjk(1, 2) = Tr
{

Ĥλ̂j(1)⊗ λ̂k(2)⊗ 1̂(3)
}

, ... etc.

Because three node interaction has no physical meaning

Hjkl(1, 2, 3) = Tr
{

Ĥλ̂j(1)⊗ λ̂k(2)⊗ λ̂l(3)
}

= 0

To get the dynamical equation of the Bloch vectors, 2-node coherence tensors and 3-node

coherence tensor, we now insert the Hamiltonian and the density matrix into the Liouville

equation

i~
d

dt
ρ̂ = [Ĥ, ρ̂]

by using the commutator relation given in 4.18, the time derivative of the components of

the Bloch vectors are

dλm(1)
dt

=
1

N2N3~
∑

j′,j

fj′jm(1)Hj′(1)λj(1) +
1

2N3~
∑

j′,j,k

fj′jm(1)Hj′k(1, 2)λjk(1, 2)

+
1

2N2~
∑

j′,j,l

fj′jm(1)Hj′l(1, 3)λjl(1, 3)

dλn(2)
dt

=
1

N1N3~
∑

k′,k

fk′kn(2)Hk′(2)λk(2) +
1

2N3~
∑

k′,k,j

fk′kn(2)Hjk′(1, 2)λjk(1, 2)

+
1

2N1~
∑

k′,k,l

fk′kn(2)Hk′l(2, 3)λkl(2, 3)

dλo(3)
dt

=
1

N1N2~
∑

l′,l

fl′lo(3)Hl′(3)λl(3) +
1

2N2~
∑

l′,l,j

fl′lo(3)Hjl′(1, 3)λjl(1, 3)

+
1

2N1~
∑

l′,l,k

fl′lo(3)Hkl′(2, 3)λkl(2, 3)
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and those of the 2-node coherence tensors read

dλmn(1, 2)
dt

=
1

N2N3~
∑

j′,j

fj′jm(1)Hj′n(1, 2)λj(1)

+
1

N1N3~
∑

k′,k

fk′kn(2)Hmk′(1, 2)λk(2)

+
1

N2N3~
∑

j,j′
fj′jm(1)Hj′(1)λjn(1, 2)

+
1

N1N3~
∑

k′,k

fk′kn(2)Hk′(2)λmk(1, 2)

+
1

2N3~
∑

j′,k′,j,k

dk′kn(2)fj′jm(1)Hj′k′(1, 2)λjk(1, 2)

+
1

2N3~
∑

j′,k′,j,k

dj′jm(1)fk′kn(2)Hj′k′(1, 2)λjk(1, 2)

+
1
4~

∑

j′,j,l

fj′jm(1)Hj′l(1, 3)λjnl(1, 2, 3)

+
1
4~

∑

k′,k,l

fk′kn(2)Hk′l(2, 3)λmkl(1, 2, 3)

dλmo(1, 3)
dt

=
1

N3N2~
∑

j′,j

fj′jm(1)Hj′o(1, 3)λj(1)

+
1

N1N2~
∑

l′,l

fl′lo(3)Hml′(1, 3)λl(3)

+
1

N3N2~
∑

j,j′
fj′jm(1)Hj′(1)λjo(1, 3)

+
1

N1N2~
∑

l′,l

fl′l o(3)Hl′(3)λml(1, 3)

+
1

2N2~
∑

j′,l,j,l′
dl′lo(3)fj′jm(1)Hj′l′(1, 3)λjl(1, 3)

+
1

2N2~
∑

j′,l,j,l′
dj′jm(1)fl′lo(3)Hj′l′(1, 3)λjl(1, 3)

+
1
4~

∑

j′,j,k

fj′jm(1)Hj′k(1, 2)λjko(1, 2, 3)

+
1
4~

∑

l′,k,l

fl′lo(3)Hkl′(2, 3)λmkl(1, 2, 3)
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dλno(2, 3)
dt

=
1

N3N1~
∑

k,k′
fk′kn(2)Hk′o(2, 3)λk(2)

+
1

N2N1~
∑

l′,l

fl′lo(3)Hnl′(2, 3)λl(3)

+
1

N3N1~
∑

k,k′
fk′kn(2)Hk′(2)λko(2, 3)

+
1

N2N1~
∑

l′,l

fl′lo(3)Hl′(3)λnl(2, 3)

+
1

2N1~
∑

k,l,k′,l′
dl′lo(3)fk′kn(2)Hk′l′(2, 3)λkl(2, 3)

+
1

2N1~
∑

k,l,k′,l′
dk′kn(2)fl′lo(3)Hk′l′(2, 3)λkl(2, 3)

+
1
4~

∑

k′,k,j

fk′kn(2)Hjk′(1, 2)λjko(1, 2, 3)

+
1
4~

∑

l′,l,j

fl′lo(3)Hjl′(1, 3)λjnl(1, 2, 3)
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finally that of 3-node coherence tensor reads

d

dt
λmno(1, 2, 3) =

1
N2N3~

∑

j′,j

fj′jm(1)Hj′o(1, 3)λjn(1, 2)

+
1

N1N3~
∑

k′,k

fk′kn(2)Hk′o(2, 3)λmk(1, 2)

+
1

N2N3~
∑

j′,j

fj′jm(1)Hj′n(1, 2)λjo(1, 3)

+
1

N1N2~
∑

l′,l

fl′lo(3)Hnl′(2, 3)λml(1, 3)

+
1

N1N3~
∑

k′,k

fk′kn(2)Hmk′(1, 2)λko(2, 3)

+
1

N1N2~
∑

l′,l

fl′lo(3)Hml′(1, 3)λnl(2, 3)

+
1

N2N3~
∑

j′,j

fj′jm(1)Hj′(1)λjno(1, 2, 3)

+
1

N1N3~
∑

k′,k

fk′kn(2)Hk′(2)λmko(1, 2, 3)

+
1

N1N2~
∑

l′,l

fl′lo(3)Hl′(3)λmnl(1, 2, 3)

+
1

2N3~
∑

j′,k′,j,k

dk′kn(2)fj′jm(1)Hj′k′(1, 2)λjko(1, 2, 3)

+
1

2N3~
∑

j′,k′,j,k

dj′jm(1)fk′kn(2)Hj′k′(1, 2)λjko(1, 2, 3)

+
1

2N2~
∑

j′,l′,j,l

dl′lo(3)fj′jm(1)Hj′l′(1, 3)λjnl(1, 2, 3)

+
1

2N2~
∑

j′,l′,j,l

dj′jm(1)fl′lo(3)Hj′l′(1, 3)λjnl(1, 2, 3)

+
1

2N1~
∑

k′,l′,k,l

dl′lo(3)fk′kn(2)Hk′l′(2, 3)λmkl(1, 2, 3)

+
1

2N1~
∑

k′,l′,k,l

dk′kn(2)fl′lo(3)Hk′l′(2, 3)λmkl(1, 2, 3)
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by defining the terms

Ωmj(1) : =
1

N2N3~
∑

j′
fj′jm(1)Hj′(1)

Ωnk(2) : =
1

N1N3~
∑

k′
fk′kn(2)Hk′(2)

Ωol(3) : =
1

N1N2~
∑

l′
fl′lo(3)Hl′(3)

Qmjk(1; 1, 2) : =
1
~

∑

j′
fj′jm(1)Hj′k(1, 2)

Qjnk(2; 1, 2) : =
1
~

∑

k′
fk′kn(2)Hjk′(1, 2)

Qmjl(1; 1, 3) : =
1
~

∑

j′
fj′jm(1)Hj′l(1, 3)

Qjol(3; 1, 3) : =
1
~

∑

l′
fl′lo(3)Hjl′(1, 3)

Qnkl(2; 2, 3) : =
1
~

∑

k′
fk′kn(2)Hk′l(2, 3)

Qkol(3; 2, 3) : =
1
~

∑

l′
fl′lo(3)Hkl′(2, 3)

Dnkmj(1, 2) : =
1

N3~
∑

j′,k′
[dk′kn(2)fj′jm(1) + dj′jm(1)fk′kn(2)]Hj′k′(1, 2)

Dolmj(1, 3) : =
1

N2~
∑

j′,l′
[dl′lo(3)fj′jm(1) + dj′jm(1)fl′lo(3)]Hj′l′(1, 3)

Dolnk(2, 3) : =
1

N1~
∑

k′,l′
[dl′lo(3)fk′kn(2) + dk′kn(2)fl′lo(3)]Hk′l′(2, 3)

the time derivative equations take their final form as

dλm(1)
dt

=
∑

j

Ωmj(1)λj(1) +
1
2

∑

j,k

Qmjk(1; 1, 2)λjk(1, 2) +
1
2

∑

j,l

Qmjl(1; 1, 3)λjl(1, 3)

dλn(2)
dt

=
∑

k

Ωnk(2)λk(2) +
1
2

∑

k,j

Qjnk(2; 1, 2)λjk(1, 2) +
1
2

∑

k,l

Qnkl(2; 2, 3)λkl(2, 3)

dλo(3)
dt

=
∑

l

Ωol(3)λl(3) +
1
2

∑

l,j

Qjol(3; 1, 3)λjl(1, 3) +
1
2

∑

l,k

Qkol(3; 2, 3)λkl(2, 3)
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dλmn(1, 2)
dt

=
∑

j

Ωmj(1)λjn(1, 2) +
∑

k

Ωnk(2)λmk(1, 2)

+
1

N2N3

∑

j

Qmjn(1; 1, 2)λj(1) +
1

N1N3

∑

k

Qmnk(2; 1, 2)λk(2)

+
1
4

∑

j,l

Qmjl(1; 1, 3)λjnl(1, 2, 3) +
1
4

∑

k,l

Qmkl(2; 2, 3)λmkl(1, 2, 3)

+
1
2

∑

,j,k

Dnkmj(1, 2)λjk(1, 2)

dλmo(1, 3)
dt

=
∑

j

Ωmj(1)λjo(1, 3) +
∑

l

Ωol(3)λml(1, 3)

+
1

N3N2

∑

j

Qmjo(1; 1, 3)λj(1) +
1

N1N2~
∑

l

Qmol(3; 1, 3)λl(3)

+
1
4

∑

j,k

Qmjk(1; 1, 2)λjko(1, 2, 3) +
1
4

∑

k,l

Qkol(3; 2, 3)λmkl(1, 2, 3)

+
1
2

∑

l,j

Dolmj(1, 3)λjl(1, 3)

dλno(2, 3)
dt

=
∑

k

Ωnk(2)λko(2, 3) +
∑

l

Ωol(3)λnl(2, 3)

+
1

N3N1

∑

k

Qnko(2; 2, 3)λk(2) +
1

N2N1

∑

l

Qnol(3; 2, 3)λl(3)

+
1
4

∑

k,j

Qjnk(2; 1, 2)λjko(1, 2, 3) +
1
4

∑

l,j

Qjol(3; 1, 3)λjnl(1, 2, 3)

+
1
2

∑

k,l

Dolnk(2, 3)λkl(2, 3)

d

dt
λmno(1, 2, 3) =

∑

j

Ωmj(1)λjno(1, 2, 3) +
∑

k

Ωnk(2)λmko(1, 2, 3) +
∑

l

Ωol(3)λmnl(1, 2, 3)

+
1

N2N3

∑

j

Qmjo(1; 1, 3)λjn(1, 2) +
1

N1N3

∑

k

Qnko(2; 2, 3)λmk(1, 2)

+
1

N2N3

∑

j

Qmjn(1; 1, 2)λjo(1, 3) +
1

N1N2

∑

l

Qnol(3; 2, 3)λml(1, 3)

+
1

N1N3

∑

k

Qmnk(2; 1, 2)λko(2, 3) +
1

N1N2

∑

l

Qmol(3; 1, 3)λnl(2, 3)

+
1
2

∑

j,k

Dnkmj(1, 2)λjko(1, 2, 3) +
1
2

∑

j,l

Dolmj(1, 3)λjnl(1, 2, 3)

+
1
2

∑

k,l

Dolnk(2, 3)λmkl(1, 2, 3)
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the time derivative of the 2-node correlation tensors are as following

dCmn(1, 2)
dt

=
∑

j

Ωmj(1)Cjn(1, 2) +
∑

k

Ωnk(2)Cmk(1, 2)

−1
2

∑

j,k

Qmjk(1; 1, 2)λn(2)λjk(1, 2) +
1

N2N3

∑

j

Qmjn(1; 1, 2)λj(1)

−1
2

∑

j,l

Qmjl(1; 1, 3)λn(2)λjl(1, 3) +
1
4

∑

j,l

Qmjl(1; 1, 3)λjnl(1, 2, 3)

−1
2

∑

k,j

Qjnk(2; 1, 2)λm(1)λjk(1, 2) +
1

N1N3

∑

k

Qmnk(2; 1, 2)λk(2)

−1
2

∑

k,l

Qnkl(2; 2, 3)λm(1)λkl(2, 3) +
1
4

∑

k,l

Qmkl(2; 2, 3)λmkl(1, 2, 3)

+
1
2

∑

j,k

Dnkmj(1, 2)λjk(1, 2)

d

dt
Cmo(1, 3) =

∑

j

Ωmj(1)Cjo(1, 3) +
∑

l

Ωol(3)Cml(1, 3)

−1
2

∑

j,k

Qmjk(1; 1, 2)λo(3)λjk(1, 2) +
1
4

∑

j,k

Qmjk(1; 1, 2)λjko(1, 2, 3)

−1
2

∑

j,l

Qmjl(1; 1, 3)λo(3)λjl(1, 3) +
1

N3N2

∑

j

Qmjo(1; 1, 3)λj(1)

−1
2

∑

l,j

Qjol(3; 1, 3)λm(1)λjl(1, 3) +
1

N1N2

∑

l

Qmol(3; 1, 3)λl(3)

−1
2

∑

l,k

Qkol(3; 2, 3)λm(1)λkl(2, 3) +
1
4

∑

k,l

Qkol(3; 2, 3)λmkl(1, 2, 3)

+
1
2

∑

l,j

Dolmj(1, 3)λjl(1, 3)



Chapter 5: Bloch Vector Formalism for Three Node Systems 87

dCno(2, 3)
dt

=
∑

k

Ωnk(2)Cko(2, 3) +
∑

l

Ωol(3)Cnl(2, 3)

−1
2

∑

k,j

Qjnk(2; 1, 2)λo(3)λjk(1, 2) +
1
4

∑

k,j

Qjnk(2; 1, 2)λjko(1, 2, 3)

−1
2

∑

l,j

Qjol(3; 1, 3)λn(2)λjl(1, 3) +
1
4

∑

l,j

Qjol(3; 1, 3)λjnl(1, 2, 3)

−1
2

∑

k,l

Qnkl(2; 2, 3)λo(3)λkl(2, 3) +
1

N3N1

∑

k

Qnko(2; 2, 3)λk(2)

−1
2

∑

l,k

Qkol(3; 2, 3)λn(2)λkl(2, 3) +
1

N2N1

∑

l

Qnol(3; 2, 3)λl(3)

+
1
2

∑

k,l

Dolnk(2, 3)λkl(2, 3)
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and the time derivative of the 3-node correlation tensor is equal to

dCmno(1, 2, 3)
dt

=
∑

j

Ωmj(1)Cjno(1, 2, 3) +
∑

k

Ωnk(2)Cmko(1, 2, 3) +
∑

l

Ωol(3)Cmnl(1, 2, 3)

+
1

N2N3

∑

j

Qmjn(1; 1, 2)Cjo(1, 3) +
1

N2N3

∑

j

Qmjo(1; 1, 3)Cjn(1, 2)

+
1

N1N3

∑

k

Qmnk(2; 1, 2)Cko(2, 3) +
1

N1N3

∑

k

Qnko(2; 2, 3)Cmk(1, 2)

+
1

N1N2

∑

l

Qmol(3; 1, 3)Cnl(2, 3) +
1

N1N2

∑

l

Qnol(3; 2, 3)Cml(1, 3)

−1
4

∑

j,k

Qmjk(1; 1, 2) [λn(2)λjko(1, 2, 3) + 2λjk(1, 2)Cno(2, 3)− 2λn(2)λo(3)λjk(1, 2)]

−1
4

∑

j,l

Qmjl(1; 1, 3) [λo(3)λjnl(1, 2, 3) + 2λjl(1, 3)Cno(2, 3)− 2λn(2)λo(3)λjl(1, 3)]

−1
4

∑

k,j

Qjnk(2; 1, 2) [λm(1)λjko(1, 2, 3) + 2λjk(1, 2)Cmo(1, 3)− 2λm(1)λo(3)λjk(1, 2)]

−1
4

∑

k,l

Qmkl(2; 2, 3) [λo(3)λmkl(1, 2, 3) + 2λkl(2, 3)Cmo(1, 3)− 2λm(1)λo(3)λkl(2, 3)]

−1
4

∑

l,j

Qjol(3; 1, 3) [λm(1)λjnl(1, 2, 3) + 2λjl(1, 3)Cmn(1, 2)− 2λm(1)λn(2)λjl(1, 3)]

−1
4

∑

k,l

Qkol(3; 2, 3) [λn(2)λmkl(1, 2, 3) + 2λkl(2, 3)Cmn(1, 2)− 2λm(1)λn(2)λkl(2, 3)]

+
1
2

∑

j,k

Dnkmj(1, 2)Cjk o(1, 2; 3) +
1
2

∑

j,l

Dolmj(1, 3)Cj n l(1; 2; 3)

+
1
2

∑

k,l

Dolnk(2, 3)Cm kl(1; 2, 3)

where

Cm no(1; 2, 3) : = λmno(1, 2, 3)− λm(1)λno(2, 3)

Cm n o(1; 2; 3) : = λmno(1, 2, 3)− λn(2)λmo(1, 3)

Cmn o(1, 2; 3) : = λmno(1, 2, 3)− λo(3)λmn(1, 2)

As in the two node systems, the correlation tensors of the states experience orthogo-

nal transformations under products Hamiltonians of the type Ĥ1 ⊗ Ĥ2 ⊗ Ĥ3 so product

states stay product. A product state only gets correlated under a nonproduct Hamiltonian.
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Consider the evolution of a product states i.e.

Cjk(1, 2) = Cjl(1, 3) = Ckl(2, 3) = Cjkl(1, 2, 3) = 0

under a nonproduct Hamiltonian. The time derivative of the tripartite correlation can be

found by similar treatment that we followed in two node case, and it is equal to

d

dt
Cmno(1, 2, 3) =

1
4

∑

j,k

[
QK

mjk(1; 1, 2)λn(2) + QK
jnk(2; 1, 2)λm(1)

]
λj(1)λk(2)λo(3)

+
1
4

∑

j,l

[
QK

mjl(1; 1, 3)λo(3) + QK
jol(3; 1, 3)λm(1)

]
λj(1)λn(2)λl(3)

+
1
4

∑

k,l

[
QK

mkl(2; 2, 3)λo(3) + QK
kol(3; 2, 3)λn(2)

]
λm(1)λk(2)λl(3)

where

QK
mjk(1; 1, 2) : =

1
~

∑

j′
fj′jm(1)Kj′k(1, 2)

QK
jnk(2; 1, 2) : =

1
~

∑

k′
fk′kn(2)Kjk′(1, 2)

QK
mjl(1; 1, 3) : =

1
~

∑

j′
fj′jm(1)Kj′l(1, 3)

QK
jol(3; 1, 3) : =

1
~

∑

l′
fl′lo(3)Kjl′(1, 3)

QK
nkl(2; 2, 3) : =

1
~

∑

k′
fk′kn(2)Kk′l(2, 3)

QK
kol(3; 2, 3) : =

1
~

∑

l′
fl′lo(3)Kkl′(2, 3)
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Chapter 6

CONCLUSION

This thesis is mainly concerned with the Bloch vector formalism for finite dimensional,

composite quantum systems. Through this formalism, it is possible to represent pure and

mixed states by the expectation values of the generators of SU(N) and that make it conve-

nient to deal with quantum systems both theoretically and experimentally.

Before giving the detail of this representation, the fundamental properties of the density

matrix formalism is briefly explained in the Chapter 2. Then, the Bloch vector representa-

tion is introduced and its characterization is given in Chapter 3. In addition to that, the

Chapter 3 includes original results about the geometry of the Bloch vector space, which is

helpful to understand the nature of the entangled states. Chapter 3 is concluded with the

introduction of the Bloch vector formalism for the measurement and the time evolution of

the systems.

In the Chapter 4 and Chapter 5, the Bloch vector formalism for bipartite and tripar-

tite systems is deeply analyzed by considering all types of the Hermitian matrices used in

measurements and Hamiltonians responsible for the time evolution of the systems. Since

the state of the subsystems and the correlation between them are expressed clearly, their

interactions with nonlocal Hermitian matrices that take a role both in the measurement

and in the evolution of the system, became more meaningful and this is very important

for controlling the behavior of the quantum systems. Although this thesis deals only with

fundamental properties of quantum mechanical systems, it will have straightforward appli-

cations to physical systems.
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A.1

The first few power of ρ̂ represented in the basis given eq. 3.4 is as followings

ρ̂ =
1
N

1̂ +
1
2

N2−1∑

i=1

λiλ̂i

ρ̂2 =
1

N2
1̂ +

1
N

N2−1∑

i=1

λiλ̂i +
1
4

N2−1∑

i,j=1

λiλj λ̂iλ̂j

ρ̂3 =
1

N3
1̂ +

3
2N2

N2−1∑

i=1

λiλ̂i +
3

4N

N2−1∑

i,j=1

λiλj λ̂iλ̂j +
1
8

N2−1∑

i,j,k=1

λiλjλkλ̂iλ̂j λ̂k

ρ̂4 = ....

for these terms C(N, q) = Tr{ρ̂q} equals to

C(N, 1) = 1

C(N, 2) =
1
N

+
1
2
|λ|2

C(N, 3) =
1

N2
+

3
2N

|λ|2 +
1
4

∑

i,j,k

dijkλiλjλk

C(N, 4) =
1

N3
+

3
N2

|λ|2 +
1
N

∑

i,j,k

dijkλiλjλk +
1

4N
|λ|4 +

1
8

∑

i,j,k,m

dijmdmklλiλjλkλl

C(N, 5) = ....
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A.2

The first few power of ρ̂ represented in the basis given eq. 4.1 is as followings

ρ̂ =
1

n1n2
1̂ +

1
2n2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

2n1

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)] +
1
4

s1,s2∑

j,k=1

λjk(1, 2)[λ̂j(1)⊗ λ̂k(2)]

ρ̂2 =
(

1
n1n2

)2

1̂ +
1

n1n2
2

s1∑

j=1

λj(1)[λ̂j(1)⊗ 1̂(2)]

+
1

n2
1n2

s2∑

k=1

λk(2)[1̂(1)⊗ λ̂k(2)]

+
1

2n1n2

s1,s2∑

j,k=1

(λjk(1, 2) + λj(1)λk(2))[λ̂j(1)⊗ λ̂k(2)]

+
1

4n2
2

s1∑

j,i=1

λj(1)λi(1)[λ̂j(1)λ̂i(1)⊗ 1̂(2)]

+
1

4n2
1

s1∑

j,i=1

λj(2)λi(2)[1̂(1)⊗ λ̂j(2)λ̂i(2)]

+
1

4n2

s1,s2∑

j,k,i=1

λjk(1, 2)λi(1)[λ̂i(1)λ̂j(1)⊗ λ̂k(2)]

+
1

4n1

s1,s2∑

j,k,i=1

λjk(1, 2)λi(2)[λ̂j(1)⊗ λ̂k(2)λ̂i(2)]

+
1
16

s1,s2∑

j,k,m,n=1

λjk(1, 2)λmn(1, 2)[λ̂j(1)λ̂m(1)⊗ λ̂k(1)λ̂n(2)]

for these terms C(N, q) = Tr{ρ̂q} equals to
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C(N, 2) =
1

n1n2
+

1
2n2

|λ(1)|2 +
1

2n1
|λ(2)|2 +

1
4
|λ(1, 2)|2

C(N, 3) =
(

1
n1n2

)2

+
3

2n1n2
2

|λ(1)|2 +
3

2n2
1n2

|λ(2)|2 +
3

4n1n2
|λ(1, 2)|2

+
1

4n2
2

∑

i,j,k

dijk(1)λi(1)λj(1)λk(1)

+
1

4n2
1

∑

i,j,k

dijk(2)λi(2)λj(2)λk(2)

+
3

2n1n2

s1,s2∑

j,k=1

λjk(1, 2)λk(2)λj(1)

+
3

8n2

s1,s2∑

j,k,im=1

dijm(1)λjk(1, 2)λi(1)λmk(1, 2)

+
3

8n1

s1,s2∑

j,k,i,m=1

dkim(2)λjk(1, 2)λi(2)λjm(1, 2)

+
1
16

s1,s2∑

j,k,m,n,d,r=1

λjk(1, 2)λmn(1, 2)λdr(1, 2)djmd(1)dknr(2)

C(N, 3) = ...
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The orthonormal basis of su(N) consisting of a set of elements λ̂i (i = 1, ..., N2 − 1)

satisfying the relations

(a)λ̂†i = λ̂i, (b)Tr{λ̂i} = 0, (c)Tr{λ̂iλ̂j} = 2δij (B.1)

and it is an N2 − 1 dimensional real vector space in the sense of Hilbert–Schmidt product

〈A,B〉 =
1
2
Tr{A†B} =

1
2
Tr{AB}

Note that, su(N) is isomorphic to RN2−1.

Now suppose that U is an element of SU(N) and A is an element of su(N), and consider

UAU†, since Tr{AB} = Tr{BA},

Tr{UAU†} = Tr{A} = 0

and

(UAU†)† = (U†)†A†U† = UAU†

and so UAU−1 is again in su(N). Furthermore, for a fixed U, the map ΦU from su(N) to

itself defined as

ΦU(A) := UAU−1 where Φ : SU(N) → su(N)

is linear in su(N). Moreover, given U ∈ SU(N) and A,B ∈ su(N), we have

〈ΦU(A), ΦU(B)〉 =
1
2
Tr{UAU−1UBU−1} =

1
2
Tr{AB} = 〈A,B〉

Thus, ΦU is an orthogonal transformation in su(N) and since we identified su(N) with RN2−1,

ΦU is an element of O(N2 − 1). So, Φ is a map from su(N) to O(N2 − 1).

Note that

ΦU1U2 = U1U2AU−1
2 U−1

1 = (U1U2)A(U1U2)−1 = ΦU1ΦU2

Since ΦU1U2 = ΦU1ΦU2 , we see that Φ is continuous and, thus, a Lie group homomor-

phism between su(N) to O(N2−1).
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Recall that every element of O(N2−1) has determinant ±1. Now, su(N) is connected,

Φ is continuous, and ΦI is equal to I, which has determinant one. It follows that Φ must

actually map su(N) into the SO(N2−1).

The map Φ is two-to-one, since U ∈ su(N), ΦU = Φ−U. Also, it is onto for N = 2 and

not onto for N ≥ 3 since dimension of SO(N) is N2 − 1 while dimension of SO(N2−1) is
(N2−1)(N2−2)

2 .

Unitary Transformation of the Density Matrix

The unitary transformation U of density matrix ρ̂

Uρ̂U† =
1
N

1̂ +
1
2

N2−1∑

i=1

λiUλ̂iU
†

is equal to an application of O ∈ SO(N2−1) to λ, therefore following equality holds,

N2−1∑

i=1

λiUλ̂iU
† =

N2−1∑

j=1

(
N2−1∑

i=1

Ojiλi)λ̂j

N2−1∑

i=1

λiTr{λ̂mUλ̂iU
†} =

N2−1∑

j=1

(
N2−1∑

i=1

Ojiλi)Tr{λ̂mλ̂j}

N2−1∑

i=1

λiTr{λ̂mUλ̂iU
†} = 2

N2−1∑

i=1

Omiλi

and the corresponding element O of SO(N2−1) for the unitary transformation U is

1
2
Tr{λ̂mUλ̂iU

†} = Omi
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