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ABSTRACT

The Bloch vector formalism provides a useful approach to both fundamental and applied
problems of the finite dimensional, composite quantum systems, and therefore it is a very
important tool for the research on quantum computation and information. This thesis
deals with the systematic treatment of Bloch vector formalism for quantum mechanics of
one node, two node and three node systems. Each chapter is divided into three sections
dealing with states, measurements and time evolutions. Also, the geometric picture of the
space of states is given in the section on one node systems. Classically correlated states i.e.
separable states, for two and three node systems are investigated in the relevant chapters. I
will also briefly mention the well-known EPR paradox, Bell’s inequality, Mermin’s proofs on
the problems with the elements of reality by using GHZ state and the two different classes

of the genuine tripartite entanglement to comprehend the unusual nature of entanglement.
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OZETCE

Bloch vektor formalizmi sonlu boyutlu bilegik kuantum sistemlerinin gerek temel gerekse
uygulamali problemleri i¢in faydali bir yaklagim sunar, ve bu yiizden kuantum hesaplama
ve enformasyonu ic¢in ¢ok onemli bir aractir. Bu tez bir, iki ve ii¢ bilegenli sistemlerin
Bloch vektor formalizmini sistematik olarak incelemektedir. Her boliim kendi iginde du-
rum vektorleri, dlgiimler ve zaman evrimi olarak tige ayrilmigtir. Ayrica, durum uzaylarinin
geometrik resmi tek bilegenli sistemlerle ilgili olan boliimde verilmistir. Iki ve ti¢ bilegenli sis-
temlerin klasik bagdasgik durumlar: yani ayrilabilir durumlari, ilgili boliimlerde incelenmigtir.
Ayrica, kisaca EPR paradoksundan, Bell egitsizliklerinden ve Mermin’in gergeklik elemani
ile GHZ durumlar1 arasindaki problemi ¢oziimiinden ve iki farkl gercek ticlii dolanikliktan,

dolanikligin aligilmadik dogasini kavramak igin bahsedecegim.
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Chapter 1

INTRODUCTION

In the early 80’s, Feynman started the discussion of whether computation can be done at
the scale of quantum physics [1], because of the essential difficulties in simulating quantum
mechanical systems on classical computers. Later, in 1985, Deutsch [2] published a paper
showing that any physical process, in principle, could be modeled perfectly by a quantum
computer. Thus, a quantum computer would have capabilities far beyond those of any
traditional classical computer. After Deutsch published this paper, the search began to find
interesting applications for such a machine. In 1994, Shor [3] set out a method for using
quantum computers to solve an important problem in number theory, namely factorization.
He showed how an ensemble of mathematical operations, designed specifically for a quantum
computer, could be organized to enable such a machine to factor huge numbers extremely
rapidly, much faster than is possible on conventional computers. With this breakthrough,
quantum computing transformed from a mere academic curiosity directly into a subject of
national and world interest.

To understand the power of quantum computation, let us compare the computation
done classically and quantum mechanically [4],[6]. In classical computers, the elementary
information unit is bit i.e. a value which is either 1 or 0. The corresponding quantum
analog of bit is a qubit which is defined as a state in two dimensional Hilbert space Hs.
Two possible states for a qubit are the states |1) and |0) corresponding to the states 1 and
0 for a bit, is called the computational basis states, and form an orthonormal basis for this

vector space. The general state of a qubit is a superposition of these two classical states,
[¥) = al0) +811) o+ 18P =1

where o, 3 € C.

The computation is done on these qubits by unitary time evolution generated by the
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Hamiltonian of the system, which are the analogs of the gates such as AND or NOT in
classical computers. [4]

To build a quantum computer, we need to compose a large number N of these qubits.
The Hilbert space of these qubits is the tensor product of the each of the Hilbert spaces
Hon = Ho ® Ho ® ... ® Ha, and the power of quantum computation lies here. In classical
a computer, when we consider N bits we know that each of them have the exact value of
either 1 or 0. However, for quantum systems composed of N qubits it may not be possible

to assign a quantum state |1)) to each of them. For example, consider the state

1
V2

which is a state of two qubits and it is not possible to assign a state vector to each subsystem.

|4) (100) +[11))

A state vector that can not be written as a tensor product of its subsystems is called
entangled. 1t is the essence of the power of quantum computation and lets us to define new
mathematical operations, designed specifically for a quantum computer. [4]

Erwin Schrédinger gave that name to the correlation of quantum nature 71 years ago.[5]
Over the decades the meaning of the word “entanglement” has changed with the attitudes
towards it. The various important persons in the fields of foundations of quantum physics
and quantum information theory have described entanglement differently.[5]

A. Einstein/B. Podolsky/N. Rosen: An entangled wavefunction does not describe the
physical reality in a complete way.

E. Schrédinger: For an entangled state the best possible knowledge of the whole does
not include the best possible knowledge of its parts.

Entanglement is...

J. Bell: ...a correlation that is stronger than any classical correlation.

D. Mermin: ...a correlation that contradicts the theory of elements of reality.

A. Peres: ...a trick that quantum magicians use to produce phenomena that cannot be
imitated by classical magicians.

C. Bennett: ...a resource that enables quantum teleportation.

P. Shor: ...a global structure of the wavefunction that allows for faster algorithms.

A. Ekert: ...a tool for secure communication.

Because the entanglement makes it hard to deal with subsystems, it is better to use
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density matrix formalism of quantum mechanics [6],[7]. The density matrix was introduced
by J. von Neumann in 1927 to describe statistical concepts in quantum mechanics. The
representation of quantum mechanical states by density matrix enables the maximum infor-
mation available on the system to be expressed in a compact manner by providing a uniform
treatment of all states whether single pure states or mixed ensemble of states. Also, the
state of a subsystem of an entangled state can be obtained from the density matrix of the
system and it is called reduced density matrix. Therefore, density matrix formalism is es-
sential for quantum computation and information which requires ultimate control over the
quantum systems, and next chapter briefly deals with it.

A composite quantum systems can be thought in terms of the reduced density matrices
of each subsystem and the correlation term between subsystems which can be obtained by
comparing the resulting product of reduced density matrices with the density matrix of
the total system. The correlation can have classical or quantum nature i.e. entanglement.
To simplify all these calculations and make the results more transparent, it is better to
expand the density matrix into a basis for the density matrix space. In particular, we can
choose the basis constructed from identity matrix and traceless, Hermitian generators of
SU(N). The vector consisting of the real coefficients of the generators of SU(N) is called the
Bloch vector. The main advantage of using this basis is that the coefficients correspond to
the expectation values of measurements by generators of SU(N) on density matrix of the
system. Moreover, by reversing the argument, the state of an unknown quantum system
(mixed or not) can be determined by expectation values of the generators of SU(N) and
that is important for both experimentalists and theoreticians. Also, the representation of
states by a Bloch vector allows to construct the geometry of the space of density matrix, for
example, famous Bloch sphere is the space of the Bloch vectors of a qubit. The geometric
picture of states is important to understand the types of correlation and the measure of
entanglement.

We may also represent the Hermitian operators and the Hamiltonian of the system by
using the same basis again. In particular, quantum mechanics as a whole can be formulated
in the Bloch vector representation. The advantage of using this representation is that the
nonlocal action of the operators can be analyzed transparently and this makes it easier to

control the system’s behavior for generating entanglement in the desired quantity. For ex-
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ample, one can study how a product state becomes correlated under a nonlocal Hamiltonian
evolution, or for entangled states, after measuring one of the subsystems, what amount of
correlations is materialized in the state of the other subsystem.

This thesis deals with the systematic treatment of Bloch vector formalism for quantum
mechanics for one node, two node and three node systems. Each chapter divided into three
sections dealing with states, measurements and time evolutions. In addition to that, the
geometric picture of the space of states will be given in the section dealing with one node
system. Classically correlated states i.e. separable states, for two and three node systems
are investigated in the relevant chapters. I will also briefly mention the well-known EPR
paradox, Bell’s inequality, Mermin’s proofs on the problems with the elements of reality by
using GHZ states and the two different classes of the genuine tripartite entanglement to

comprehend the unusual nature of entanglement.
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Chapter 2

DENSITY MATRIX FORMALISM

2.1 Density Matrix Formalism for One Node Systems

Density Matrix Representation of Pure States
In a quantum system, the state vector specifies all the physical properties of the system.
It provides the maximal information about the system and a system with a state vector
description is said to be in a pure state. For a pure state |1}, its density matrix is defined
as [7]

p =) (Y]
Let |¢) denote a complete orthonormal set of vectors spanning a Hilbert space of dimension

N, then |¢)) can be represented by

[v) = Z aili)
i
and the density matrix of |¢) is
p= Zpij|i><j|7 pij = a;a;
2%
For an Hermitian operator ﬁ’ the expectation value of the measurement is

(A) = (W|Aly)
= > pitilAlD)
= (il GIAN)

= Tr{pA}. (2.1)

Let |i) (i = 1,...., N) be eigenvectors of A with the eigenvalues A4; and the probability Pr(A;)
of getting A; is
Pr(4;) = (P,)
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where P, is projection operator defined as P; = |i)(i|. In terms of density matrix formalism

the probability Pr(A4;) is equal to
Pr(4;) = Tr{pP;}

In wavefunction formalism, the state after the measurement A for a particular outcome A;

is

and its correspondence in density matrix formalism is

il = PO
a;a;
P;pF;
B
PipP;
Pr(A;)

The time dependence of the state vector [¢(t)) is determined by the Hamiltonian of the

system according to Schrddinger equation

L d -
ih[$(®)) = H(B)$(®))-

In density matrix formalism the time dependence of the density matrix p(t) is defined by

Liouville equation [7] ,

ity = i o) iy LA

dt
= H®)W®)) ()] — [b(&) (w(t)| H (t)

= [H(t),p(0)]. (2.2)

Density Matrix Representation of Ensemble of Pure States

An ensemble is a collection of N non-interacting systems of the same kind in the same or
different quantum states [7]. One of the main advantage of density matrix formalism is
achieved when we deal with a mixture of pure states |1;) with weights p; (0 < p; <1, i =

1,..., N). This ensemble can be represented by the density matrix
po= Y pilva) (Wil
i
= Y pibi
i
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and a system having such a description is said to be in a mized state. Mixed states do not
admit state vector descriptions.
Let |m) denote a complete orthonormal set of vectors spanning a Hilbert space of di-

mension N then
i) = Y alm)
m
p = men|m><n|, Pmn = Zpia%)a%)*
m,n 7
For an Hermitian operator ﬁ, the expectation value of the measurement for |¢;) is
(A); = Tr{piA}
and the expectation value of the measurement for mixture is
(A) = > pTr{pA}
i
= > pi(jlpiAlj)
1,J
= D U1 piniAl)
j i
— Tr{pA)

For a mixture, let |m) (m =1, ...., N) be the eigenvectors of A with the eigenvalues A,, and

the probability Pr(A4,,) of getting A,, is

Pr(An) = (Pn)

The state after the measurement A for a particular outcome A,, for [4) is

()

am

[m) =
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and its correspondence in density matrix formalism for mixture is

my(m| = Lml¥)
Dal)
allal) lm)(m| = Pnltbi) (| Py
Zplar;)am)*’m><m‘ = szﬁmﬁzﬁm
Pmm|m)(m| = ﬁmﬁﬁm
PP
m(m| = —mPn
Tr{pPm}

The fundamental equation of quantum
states to ensemble of pure states.

Properties of the Density Matrix

mechanics remains the same in passing from pure

Density matrices are Hermitian. For pure states this is obvious from the definition

g

)W

For mixed states any real linear combination of Hermitian matrices are again Hermitian.
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The trace of a density matriz is equal to 1.

Te{ph = > Gl

j

= > pii
J

- Tl
.3

= Z Di Zagi)ay)* since |1;) is normalized
i J

= sz‘

=1

Density matrices are nonnegative. This means that for any state |¢), (¢|p|¢) > 0

(9lplp) = sz'<¢\1/fi> (Vi) p)

= S nllehial
0.

v

The inverse is also true, i.e., any matrix that is Hermitian, has trace 1 and is nonnegative,
is a density matrix for some ensemble of quantum states.

Note that the equality p?> = p satisfied any pure states is not valid for mixed states
2
P (Zm\%ﬂ%!)
i

_ 2
= > Pl (Wil

i
45

furthermore

Tr{p’} < 1.

2.2 Density Matrix Formalism for Two Node Systems

Consider a quantum system with Hilbert spaces H(v)( v = 1, 2) whose dimension dim H(v) =
N,. The mathematical scheme appropriate to describe composite systems consisting of spe-

cific subsystems (nodes) H(1) and H(2) is the product Hilbert space

H = H(1) @ H(2)
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with dimension N = dimH = Ny Ny. Let |I(1)) and |m(2)) denote complete orthonormal
set of vectors spanning each Hilbert space H(1) and H(2), respectively. Then [I(1)) ® |m(2))
denote a complete orthonormal set of vectors spanning the product Hilbert space H and a

state |¢) in that space is represented as
W> = Z alm‘l(l)a m(2)>
Iym
where [[(1),m(2)) = |I(1)) ® |m(2)). These state vectors obey the orthonormality relation

(1), m(2)[V' (1), m"(2)) = dw S

Let [11), |12) be state vectors in H(1) and H(2) respectively. The state vector of the

composite system of the form
) = 1) @ [tho)

is called a product state vector. Similarly, let A(1) and A(2) be Hermitian operators acting

on H(1) and H(2), respectively, Hermitian operator of the total system will be

~

A=A1)®A(2)

Let H (1) and H (2) be Hamiltonians of the system in H(1) and H(2), respectively, Hamil-

tonian of the composite system is

H=HQ1)® H(2).

Suppose we consider such a product state [11) ® [¢)2) subjected to a measurement of
the product Hermitian operator A(1) ® A(2). The outcome state i, 7) is determined by
considering the measurements on subsystems separately and then taking a product of each

outcome states [i), |7):

)y AW,
oy A ),
1) @ [4bo) VLA iy @ ).

Furthermore, the expectation value of the measurement /Al(l) ® E(Q) is the product of each

expectation values:

(A1) @ A2)) = (1| A1) 1) (2l A(2)|gb2).-
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Similarly, the time evolution of such a product state |¢1) ® |2) with a product Hamilto-
nian H (1) ® H (2) is determined by considering evolution of the subsystems separately and
then taking a product of final states |11(t)), [12(t)):

)y PO @),
o) D (),
1) @ [4ba) HOSAR) |y (£)) @ 1ha(1)).

In such a totally product systems i.e. product states, product Hermitian operators and
product Hamiltonians, composite systems are totally independent of each other.
On the other hand, consider the state |¢) in a product Hilbert space H(1) ® H(2) of the

form
_ L
V2

This state can not have separate state vectors for each node. Such a pure state that does

|¥) (1L, 1) +12,2))

not have separate state vector is called entangled states [6].

However, to simplify the expectation value equation of a measurement performed on a
subsystem, we can ascribe a density matrix for subsystems taken out of the total density
matrix of the system. Such a density matrix is called the reduced density matriz [6]. Let

|1)) be the state vector of the system such that
W) = D amli(1),m(2),
lm

p = Z A @ | L, ) (Um0

/ /
I,m,l’m
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then the expectation value of the measurement is equal to

where

(A(1) ®

~

1(2))

Tr{pA(1) ©1(2)}

STl amah om0 m|A0) ©1(2) | i)

ij L,m,l’m’

D @iy il m) (U, m[A(1) @ 1(2)]i, 5)
i’j’l7m7l/7m/

7 i, (I m'[A(L) @ 1(2)]1,m)

L,m,l’,m’

" i (VA1) @ (m/[1(2)|m)

/ /
I,m,l’ m

S aumain, (AL

I,m,l’

Tr{p A(1)}

= (Zaw%) 1.

LU m

Here py is called reduced density matriz and it is the partial trace of p with respect to second

node

p1 = Tra{p} = Tro Z A @)y |1, M) (Um0 |

! /
Im,’'m

= Y e O |m)

/ /
Im,’'m

= D> Gl EOw = amaiy,

LU

For a two node system, the reduced density matrices of an entangled state vector correspond

to mixed states, while the reduced density matrices of a product state vector correspond to

pure states.

To justify calling p a reduced density matrix, we now prove that it is a density matrix.

Reduced density matrices are Hermitian.

B = G = (Z al/ma7m>
m

= D (armag,)’

m
= D mah, = (P
m
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The trace of the reduced density matriz is equal to 1.

Te{p} = D (Il

J

= > (p1)ij

J
= E Ajm A, = 1
7,m

Reduced density matrices are nonnegative. This means that for any state |¢), (¢|p1|d) >

(@pilo) = D aumap, (sl){I'e)

L,m,l’

m l

> 0. (2.3)

2

Therefore, reduced density matrix is a density matrix that represents a subsystem for
measurements acted on that subsystem, i.e. subject to the type of Hermitian operators
A1) ©1(2):

(A1) @ 1(2)) = Tr{pA(1) @ 1(2)} = Tr{p, A1)},

However, reduced density matrix does not represent the subsystem behavior for the mea-
surements of the type of product Hermitian operators A\(l) ® 21\(2) or non-product type

Hermitian operators E(l, 2) acted on the total system:

(A1) @ A2)) # Te{p A} Tr{p A(2) ) (2.4)

Also note that two different state vectors of a two node system given by [¢1), |¢2) may
correspond to the same reduced density matrix for each node. For example, consider the

two state vectors

91y = (11 + [22)), and Jia) = —=(11,2)+2,1)
then

o L@ L2\ L2020+ (1,2)(2, 1
B 5y —
2\ 42,2)(1,1) + 12,2)(2,2| 2\ 42,101,214 2,1)(2,1
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so that

. 1
Tro{p1} =

Tri{p1} =

(I +12)42]), Tro{p2} =

(I L+ 12)¢2D), Tri{p2} =

(1) (1] + 12)(2))

(I (1] +12)(2)) (2.5)

N~ N
N = N

These states are obviously different from each other but they have the same reduced density
matrix for each node. Therefore, it is clear that the partial trace operation deletes some
crucial information from density matrix of the total system and it is not possible to get
back the density matrix of a total system from the reduced density matrices of the two
subsystems.

To understand the nature of the inequality 2.4 and the information loss in partial trace
operation in 2.5, Bloch vector [8],[9] will be defined to analyze the properties of density

matrix deeper.
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Chapter 3

BLOCH VECTOR FORMALISM FOR ONE NODE SYSTEMS

3.1 Bloch Vector Representation of States

The density matrix space L4 1(Hy) for N level systems is defined by
Cor(Hy) = (e LlHN): ()T =1, (i)ps >0 (i=1..N)},  (31)

where £(Hy) denotes the space of N x N Hermitian matrices and p; is the i eigenvalue

of the p. As one of the properties of the density matrix,
T} <1

follows from the criteria (i) and (7).
To find a basis of this space we will review an orthogonal basis of su(N) consisting of a

set of elements \; € L(Hy) (i=1,...,N? — 1) which are defined as [8]
{Xi}f\fl_l = {ajk,@\jk,@\l} 1<j<k<N, 1<I<N-1
where

ujk = |7) (k[ + k) (]

Ujik i(|7) (k] = k)(j]) where i = v/~1
_ | 2 Lo
w, = m ;’JMJ‘_W"'U(Z‘*’”

(@) X=X, () Tr{A} =0, () Tr{\\;} = 20;;.

and satisfy

The commutator and anti-commutator of the basis elements [9] are
Dol = 20> firdn
k

~ - 4~ ~
DNl = Na,-j1+22dijkxk
k
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where fi;x,d;j, are the structure constants of the particular basis. By using them, two

useful vector products are defined as

(anb); : = Z fijka;by (3.2)
ik

(axd)i : = Z dijra;by (3.3)
ik

In particular, these basis matrices 3\\1 are equal to the Pauli matrices for NV = 2 and Gell-
Mann matrices for N = 3. However, for Gell-Mann matrices the labeling is not the standard
one.

Note that this orthogonal basis of su(N) and identity matrix T help to form the complete

orthonormal basis {@Z}l]\; 2071 for the space of N x N Hermitian matrices L(Hy)
1 L5
VN V2

in the sense of the Hilbert—Schmidt product

Tr{Qi, Q;} = 0ij.

In this basis a general density matrix p can be decomposed as

N2-1 L
po= Y T{pQ:i}Qs

=0
= N1+§ Z A (3'5)

where Tr{pA;} = (A\;) = A; € R and the density matrix can be represented by the real vector
A={\,i=1,...,N? — 1} which is called Bloch vector . Note that ); is the expectation
value of X,

Since the complete orthonormal basis {@z}f\i 20_1 is for the space of N x N Hermitian
matrices L(Hy) and the space of density matrices £y 1(Hpy) is a subspace of it, not all
A € RY*! corresponds to a density matrix. The density matrix criteria (7) and (4¢) in 3.1

bring some restrictions on A to represent a density matrix.

3.1.1 Characterization of the Bloch vectors

It is clear that the matrix p’

N2—

1
1~ 1 ~
Z)\/ = Nl + 5 1 AiA; where \; € R (36)

1=
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is Hermitian and its trace is 1 since Xi’s are Hermitian and traceless. Therefore, if its all
eigenvalues are nonnegative p, > 0 (i = 1,..., N), it is a density matrix . For what value of
A, are all of its eigenvalues nonnegative?

Although a nonnegativity criterion was given in my previous studies [19] for three and
four levels systems, it is better to follow Kimura’s formulation [10] because of its applicability
to N level systems.

Consider the characteristic equation of p’

det(p) —21) = 0

N
= H(x — pi) =0 where p, € R (i = 1,..., N) since p’ is Hermitian

=1
N

= > (-1Ya;(NaV7 =0 (ap(A) = 1) where a;(\) €R (i =0,...,N)
j=0

the following theorem [10] reads the necessary and sufficient condition for p, > 0(i =

1,..,N).

Theorem 1 Consider an algebraic equation of degree N > 1:

N N

Y (—Waa" I =T[(@-a:) =0, (ag=1)

§=0 i=1
which has only real roots x; € R (i = 1,...,N). The necessary and sufficient condition that
all the roots x;’s to be non-negative is that all the coefficients a;’s are non-negative

Therefore for aj(A) >0 (i =1,...,N), p' is a density matrix. That is the space of Bloch

vectors for N level systems By () is given by
By(A) :={Ae RN "1:q;(\)>0(=1,..,N)} (3.7)

Note also that the coefficients a;()) are given by Newton’s formula [10]

k
kar(A) =Y (-1)7'C(N,q)ar-n (1< k< N) (3.8)
q=1
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where C(N, q) = SN (p))? = Tr{(7)9}. Explicitly,

a() = 1

w() = S0-T(F)

() = (13T} +2Tr{7)

W) = 5p(1— 6T} + 8TH{*} 4 3(TH{7"))? — 6T(5"))
as(A) =

In appendix A.1, C(N,q)’s are explicitly calculated for the Bloch vector representation of
p'. By using these results, the concrete expressions of coefficients a;(A)’s in 3.8 in terms of

Bloch vector and the structure constants are given as

al()\) = 1
N—-1 1 ,
2lag(\) = ——— — |\
az(A) N 2’ |
(N-D(N-2) 3N-2) > 1
Sas()) = ot - S +2”deijk)\i/\j)\k
(N-DV -2V =3) 3NV -2(N-8), » BN -2)
[ = N AN
Has() — 3 A+ =7 A
2(N — 2 3
+¥ Zdijk)\i/\j)\k T Z dijm ki Aidj AR
ik 1,5,k,m,l
5!a5()\) =

Note that a;(\)’s are meaningful only for i < N.
Pure States and the Length of a Bloch Vector

Consider a density matrix p in its Bloch vector representation

1 1 N2-1
p=lty Z} Aiki
1=

Then the state is pure if p? = pie. Tr{p?} =1:

1 1
T 52 = o — 2:1
2(N —1)
A2 = 2
Al N

Note that for N level systems the length of the Bloch vector |)| is restricted by ag(A) such
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that
ax(A) > 0
1/N—-1 1
s (Txahe) 2 o
2(N -1
e KD

Therefore the space By(A) of Bloch vectors for N level systems is the subset of the ball
BN?-1 (L%‘”) in the RV*-1

By()) € BN (2(]\ZV‘1)>

and the common points of By (A) and BN*-1 (%) correspond to pure states.
Two Level Systems

For two level systems, the necessary and sufficient condition for p’ in 3.6 is

az(A) > 0
1/1 1.,
(=== >
2<2 2“) = 0

AP <1

and the space of Bloch vectors in 3.7 is given by
Bo(A\):={AeR*: [\* <1}

Note that this is the definition of the famous Bloch sphere [6]. Since the whole surface
consists of common points of the ball B3 (1), the surface of the sphere correspond to pure

states while inside is mixed.
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1oy

Figure 3.1: Bloch Sphere

Three and Four Level Systems

For three level systems, the necessary and sufficient conditions for p’ in 3.6 are

4
aQ()‘) > 07 |)‘|2§§
2 1,.5 1
as(\) = 0, 5= +§Zdijk)\i/\j)\k20

i7‘j7k
and the space of Bloch vectors in 3.7 is given by

2 1

4 1
Bs(\) = 8 : 2 < — 2 _Z? _ U >
3(A) ={AeR”: |\ < 3 9 2\)\] + 2i§jkd”k/\z)\j)\k >0}

For four level systems, the necessary and sufficient conditions for p’ given in 3.6 are

3

() = 0. P<3

as(\) > 0 §—§M|2+12d--mx > 0
3 = ) ] 4 2ijk ijkNiNGNE Z

as(A) > 0 3—§1A|2+§1A|4+Zd»- A A — 5 7 digmdmpdiNiAh > 0
4 = ) 32 ] 4 ijk NGk 4 igmUmElI NG NFARN] Z

i7j7k i7j7k7m7l
and the space of Bloch vectors in 3.7 is given by

33
<

Bs(A\):={AeRP: |\*< 53

3 1
- ZWQ +3 > dijeidAk >0,
4,5,k
3 3.2 3.4 3
55~ g+ > " dijpdidi A — b D dijmdmmAid A > 0}
1,5,k ,7,k,m,l
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3.1.2 Geometry of the Bloch Vectors

It is apparent that the geometry of the Bloch vector spaces for three and higher level systems

is not trivial as that of two level systems.

However, the geometry of the diagonalized

states are relatively easy and the orbit of the diagonalized state space under the action of

SU(N) will give the total Bloch vector space. For example, consider the N level case. The

diagonalized state

N-1 N-1
1~ 1 2(N -1
o= 41415 i won a2 200

N

Then the space £ 1(Hy) of density matrices is given by

Ly 1(Hy) = {UppUT: U e SU(N)}.

The corresponding effect of the unitary transformation U on a density matrix p for the

Bloch vector A is a rotation around origin, since there is a homomorphism (see Appendix

B) between SU(N) and SO(N? — 1). That is, the unitary transformation U of density matrix

p

UﬁuT:i

11\7271
>~ 1 st
T+ Z; AU\ U

is equal to an application of O € SO(N2—-1) to A and following equality holds:

N2-1 R
Z AU UT
=1

N2-1 L
> ATH{ARUNUT
=1

N2-1 L
> ATr{ARUAUT
i=1

N2-1 N2-1 R
= D (D 0NN,
j=1 =1
N2-1 N2-1 R
= D (>0 0 Tr{AmA},
j=1 =1
N2-1

= 2 ) Omii
i=1

The corresponding element O of SO(N?—1) for the unitary transformation U is

1. ~ o~
§Tr{)\mU)\iUT} = O

Ad(U)= 0

For two level systems the diagonalized density matrix pp is of the form

1~

~

1
pp = 51 + iwlﬁla with w? < 1
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and the Bloch vector space corresponding to pp is

Ba(wy) :={w; € R: w% <1}

where pure states are w? = 1 and mixed states are wj < 1. Since the homomorphism

between SU(2) and SO(3) is onto, all elements of SO(3) can be applied to Bz(wy) and the

orbit of it is the Bloch sphere.

(Iag]

Figure 3.2: Interval of w; and Bloch Sphere

(a) For a particular basis in which density matrix is diagonal, the values w; = +1
correspond to pure states, and the interval —1 < w; < 1 corresponds to mixed states.

(b) For any basis, pure states lie on the surface of the sphere A?> = 1 and mixed states
lie inside the sphere 0 < A\? < 1.

In the same manner, it is also possible to generate the three level and four level analogs
of the Bloch sphere.

For three level system, when we diagonalize the density matrix pp, it is written as

o~
~

| P _
PD = gl + §(w1w1 + wg’wg)

where Xg = @ and Xg = Ws. In this case, the density matrix conditions

4 2 1 1
A% < 3 and 9 §|/\\2 + 5 Zdzjk/\i)\j)\k >0

i7j7k
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reduce to
4 4 3
w? + wi < 3 and g—w%—w%—\gwg—i—\/gw%wg > 0.
Their common area defines an equilateral triangle with vertices at (wj,ws2) = (1, %),

(_17 %) and (07 _%)

Wao

_1 1 1
( I’F) (1=5

|/

un

(0,——=)

2
Nl

Figure 3.3: Geometry of Diagonalized Three Level Density Matrix

These vertices correspond to pure states and the points inside the triangle correspond to
mixed states. Then the orbit of this triangle under SU(3) (i.e. adjoint representation of
SU(3) given in 3.9) gives the generalization of Bloch sphere for three level systems. Although
for all O € SO(3), there exists a U € SU(2) such that O=Ad(U), Ad(SU(3)) is only an
eight-parameter subgroup of twenty-eight-parameter group SO(8). Therefore not all the

orthogonal rotations on real eight-dimensional space is applicable.
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g e

1.1 L5

o

un

(0, ——=)

2
=

Figure 3.4: The Axes of Symmetry

This restriction is apparent when we consider the possible action of SU(3) on wjws — plane.

All possible rotation are 2{ around origin of wywy — plane and 7 rotations around a, b, c —

axis.

For four level systems, when we diagonalize the density matrix pp, it is written as

~
~

1 N N ~
oD = Zl + §(w1w1 + wowsy + w3w3)
where /):5 = W1, 3\\8 = W9 and 3\\15 = w3. In this case, density matrix conditions

2 2 §
’A| — 27 8 1 ‘)\’ 2 ’ij)\’LAj)\k et 0

4,5,k
and
3 3.2 3.4 3
53~ g+ > " dijpAidiA — b > dijmdmmAid A = 0
.5,k 1,7, k,m,l
reduce to
3
w% + wg + w% < 5
3 3 3 6 2
33wt g+ 0d) - L2 - VButun + Ll +ud - 2ud) > 0
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and

3 3 3
35~ g (Wi +ws +wi) + J(wh +wp +wi)’

\/g 3 2

6 2
— ZSwd — V3wiwg + \gwg(w% +wi — Zw?)

3 3
31 , 1, 2, 2 1 9 2,,2
_ Z(iwl + S + 303 +2V2(w? + gwg)w2w3 +wjw;) =0

Their common area defines a tetrahedron with vertices at (wq, w2, w3) = (1, %,

),

2

1
)7 (_17 %7

5

2 1 3
(0, —%, %), and (0, 0, —%>

(0,0,-4

Figure 3.5: Geometry of Diagonalized Four Level Density Matrix

These vertices correspond to pure states and the points inside the tetrahedron correspond
to mixed states . Then the orbit of this tetrahedron under SU(4) (i.e. adjoint representation
of SU(4) given in 3.9) gives the generalization of Bloch sphere to four level systems.
General Case: N > 2 Level Systems

The coordinates of the pure states (pp);; for diagonalized density matrix representation pp
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for N level systems in wyws...wy_1—coordinate system are

(pD)ii = w' = (wi,wéawé’--wwﬁvfl)

(pp)1 = w'= <1,13,\}6,---7 (]\7—21)N>
(pp)22 = W’ = <_1, 13, 16’ -\ —21)]\7)
oo = = (02 e
(pp)aa = wh= <0,0,—36,..., (]\7—21)N>

. 20i—1 2
(op)is = wl:<0,0,0,...,— =1 )

(pp)NN = WN:<0,O,O,...,— 2(N_1)>

these points are the vertices of a regular (N — 1)-simplex [11], i.e. generalized equilateral
triangle to (N — 1) dimensional space or hypertetrahedron and it is denoted by AN~1.In one
dimension, the simplex is the line segment [—1,1]. In two dimensions, the 2-simplex is the
convex hull of the equilateral triangle. In three dimensions, the 3-simplex is the convex hull
of the tetrahedron. The following figures show the graphs for the n-simplexes from n=2 to

7. Note that the graph of an n—simplex is the complete graph of n + 1 vertices.

Figure 3.6: n-simplexes with n=2 to 7
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Definition 2 Ifay,a9,...,an+1 are n+1 points in R™ such that as —a1,a3—azy, ..., Gpy1—aq
are linearly independent, then the convexr hull of these points
n+1 n+1
{x| T = Ztiai where Zti =landt; >0(i=1,...,n+ 1)}
i=1 i=1
1s an n-simplex and it is reqular if the distance between any two vertices is same. The

points ai, asg, ..., an41 are called the vertices of the n-simplex.

Note that, w'’s are N points in RV~! such that w? — w!, w? — w!, ..., w" — wlare

linearly independent, and a general element W from its convex hull

N n
w = Ztiwi where Zti =1
i=1 i=1

w; = Z tiwf

1 1 N-1 1 N 1 N—-1 N ‘
Ll e - iyl (Ztiwf>@l
=1 i=1 =1 i=1
N DR =

=1 =1

N
= Ztiﬁn‘ = pD-
i=1

By reversing the above equation every diagolized matrix is an element of the convex hull of

w'’s, since every pp is written as

N n
ﬁD = thﬁ” where Zti =1.
=1 =1

Therefore, w'’s are the vertices of a n-simplex, and this n-simplex is also regular by the
following argument. It is clear that the length of each w' is the same since they are pure

states and equal to
2(N —-1)

N (i= 1),

[w'| =

If we show that the angle between any two w' is same then the distance between any two

vertices is same.
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Note that there is a 1-to-1 correspondence between (pp)s; and w* for (i = 1,...., N).

Now, consider the unitary matrix U € SU(N) in the block form

=)

when we apply U to all (pp)ii, only (pp)11 and (pp)a2 are transformed into each other, while
nothing happens to the other (pp)i;’s. Note that, the corresponding action of U on Bloch
vector w', is similar i.e. only w' and w? are transformed into each other, while nothing
happens to the other w'’s. Since this action is the adjoint representation O of U as given
in 3.9and it is an orthogonal transformation, the length of each w’ and the inner product

between them remains the same:
(w'lw?) = (Ow'|Ow?)  (i,j =1,....,N).

Therefore, the angle /( w!, w") between w! and any w’ are the same as the angle /(w?, w?)
between w? and w' :

Ziwh,wh) = Z(w?w') (i=1,..,N)

Without loss of generality, it is possible to find a unitary matrix U € SU(N) such that any

w™ and w” transforms into each other, while nothing happens to the other w'’s. Then
Z(w™ w') = Z(w",w") (i,n,m=1,...,N)

so the angles between any w' is the same. Therefore, n-simplex is reqular.

3.2 Bloch Vector Formalism of Measurements

In the complete orthonormal basis {@Z ﬁfo_l, introduced in 3.4, any N x N Hermitian

matrix A can be written as [9)]

A = > T{AQ:}Q
=0
1 R 1N2—1 R
= —Tr{A}1+= Ak
N AN+ 5 ; ik
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where A; = Tr{g/):i}. Therefore, for a density matrix p of an N-level system

1 1 N?2-1 N
=145 > A\
N =1

O |

the expectation value of the Hermitian operator Ais given by 2.1
(A) = Tr{pA}

By combining the Bloch vector representations of p and /T, one obtains the expression
R 1 R =
(A) = 5Tr{4} + 5 ; A\ (3.10)

Let |a;) (i = 1,....,N) be eigenvectors of A with the eigenvalues a; and the probability

Pr(a;) of getting a; from the measurement of A for a density matrix p is
Pr(a;) = (P,,) (3.11)

where ﬁai is projection operator for the eigenvectors of A defined as ﬁai = |a;){a;|. Tts Bloch

vector representation is
N2-1
~ 1

1 . , o
P, = Nl + 5 g A7 Aj where A} = Tr{ P, \;} (3.12)
i=1

since Tr{P,,} = 1. Combining 3.11 and 3.12, the probability Pr(a;) can be expressed as

Restricting ourselves to the projections P, = i) (7|, i.e. the projections onto the basis vectors

of the representation of the generators Xj of SU(N), the Bloch vector representation of P is

N-1
P = Nl + 3 E w!. W, where w!, = Tr{ P}
c=1

and the probability of getting state |i) after measurement
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3.3 Dynamics of Bloch Vector

Consider the Liouville equation

d
ih
e’

plt) = [H(t), p(t)].

When p(t) is replaced by its Bloch vector representation

p(t)

the following equation is obtained

N21

zhz

d)\

N21

—1+ Z/\

N2-1

f= 5 3 ) [H (D), 3]
=1

o~

Multiplying both sides by )\~ and taking trace of both sides, we get

d>\

~

By using the trace relation Tr{A[@, C)} = Tr{B[C,

we obtain

dA;(t)

ih
R

dA;(t)

ih
T

dt
Changing the dummy variables we get

dXi(t)
dt
X
dt

t)

Tr{dA;} =

1 N2-1 R L
5 )\i (t)TI’{[H(t), )\z])\]}
=1

~ ~

A]} = Tr{C[A,B]} in cyclic permutation,

1N2 1 R

5 Z X (O Te{H ()N, ]}
N2 1

? Z /\z fzngr{H( )Ak}
i,k=1

N2-1

Z >\7, fz]ka )

i,k=1

1 N2-1

3 Z i (t) fijr Hi(t)
ik=1

the product defined in 3.2:
N2 1
Z fz]kH
zk 1

1
F(H(®) AN

k(1)

(3.13)

For two level systems, the structure constants f;;; are identical with the elements of the

totally antisymmetric € tensor, and the 3.13 reduces to the well known Bloch equation

d 1
GO = 5 (HE) x A(D):
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Chapter 4

BLOCH VECTOR FORMALISM FOR TWO NODE SYSTEMS

4.1 Bloch Vector Representation of States

The density matrix space of the composite systems L4 1(Hy, ® Hy;,) is the tensor product
of each density matrix space LY j(Hny) (v = 1,2) for N, level subsystems and it is also

equal to the density matrix space of N1 Ny levels system which is given by

Li1(Hy, @ Hy,) = LY (Hy,) ® L3 1 (Hny) = Ly 1(HyyN,)
= {ﬁe E(HN1N2) : (Z) Tr{ﬁ}: ]-7

where L(Hn,n,) is the space of the NjNo x NNy Hermitian matrices. The orthonormal
51,52

basis {@]k} o (s1=N}—1,50=N37—1) for L 1(Hpy, ® Hy,) is the tensor product of
]7 =

the orthonormal bases {\/}VTA(U)’ %X] (v)} of each subsystem LY ;(Hny) (v =1,2)
~ 1 ~
= 1
Qoo N
~ 1~ 1 ~
Qjo = ﬁ)\j(l) ® 7N21(2)7
~ 1 -~ 1~
— i1 i (2),
Qu = Z=le )
. 1~ ~
Qjr = 5)\1'(1) ® A (2). (4.1)

It is orthonormal in the sense of Hilbert-Schmidt product

Tr {@jk@j’k’} = 03Ok
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Therefore, a density matrix p € L4 1(Hy, ® Hp,) can be represented by [9]

51,52

p = ZTr{ﬁ@jk}@jk

7,k=0

= > NN (1) ©1(2)] (4.2)

M) = T e 1)) = ),
M@ = Tr{pl) e M(@) ) = (u(@),
Ni(1,2) = Tr{ph() @M@} = (1) @ ().

The corresponding Bloch vectors can be represented by A(v)= {A1(v), A2(v), ..., As, (v)} (v =
1,2). The tensor Ajx(1,2) which describes the relative phases between nodes is called

coherence tensor. For a product state, coherence tensor is equal to
Ajk(1,2) = A (1) Ae(2)
and it is convenient to introduce the correlation tensor Cjj(1,2) by
Cin(1,2) = Aju(1,2) = X (DA(2). (4.3)

It is named that way because it gives rise to correlations in particular measurements, which
will be discussed in the measurement section in detail.
Note that each Bloch vector A(v) represents the corresponding reduced density matrix

P as

ML) — 1= Tr{p)

A2) — 2 =Tr{p}

Also note that, it is mentioned in 2.5 that two different state vectors of a two node system
may give the same reduced density matrices for each node and the partial trace operation
deletes some crucial information from the density matrix of the total system so that it is

not possible to regain the density matrix of the total system from reduced density matrices
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of the two subsystems. Now it is clear that the deleted information is the coherence tensor
Ajk(1,2), which characterizes the relative phases between the reduced density matrices of
each node, and it does not affect the result of measurement performed only on a subsystem
i.e. the measurement of the type A(1) ®1(2) or 1(1) ® A(2), as it will be analyzed in detail

in Section 4.2.

4.1.1  Characterization of Bloch Vectors and Coherence Tensor

~ 51,892
Since the complete orthonormal basis {ij} o is for the space of N1 N x N1 Ny Hermitian
jik=
matrices £L(Hp, n,) and the density matrix space of the composite systems £ 1 (Hy, ® Hy,)

is a subspace of it, not all A(1), A(2) and Aj;(1,2) correspond to a density matrix just as the
case for one node systems. The nonnegativity requirement of being a density matrix can
be again satisfied by the treatment followed for one node systems, since the density matrix

space of a two node system L 1(Hy, ® Hpy,) is equal to density matrix space of a one node

~ Y5152
system L4 1(Hn,nN,). However, this time we use the basis of two node system{ij} -
‘77 -
(N1N2)%-1
(s1 = N} — 1,50 = N3 — 1) instead of the basis of one node system {QZ} .

Recall that

1 ~ ~
po= 1(1) ® 1(2
A UL

1 & < ~
+TN2 wan ©1(2)]

Z)\k 1) @ A (2)]

51,82

+ Z Aik(1,2) A (1) ® Ak(2)]

jkl

is a nonnegative matrix if and only if all a;’s given by 3.8 are nonnegative:

q 1C N q)ak N1 Ny (1 S k S NlNQ).

Mw

kag (A
q=1
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Explicitly, we have

a(N) = 1
w() = H0- T

w0 = éu—:m{ )+ 2T

w) = oo(L= 6Tr(F} + 8Tr (3"} + B(Tr (%)) — 6Tr{7*))
as(A) =

In appendix A.2, C(N,q)’s are explicitly calculated from the Bloch vector representation

4.2, and the concrete expressions of coefficients a;(\)’s are given as

al()\) =1 (4.4)
N1N2 —1 1 2 1 2 1 2
2a0(A) = — A" — —|A(2)]* — =|A(1,2
(N1N3)? — 2NNy + 3
lag(\) =
3laz(N) (N1 Ns)?
3
— AP+ ——|\(2)]?
3
A(1,2)[?
2N2 Zdlﬂf ( ))‘k(l)
’.]?
N2 D> dige(DA(2)A(A(2)
7]7
3 51,52
N kZ Aji (L, 2)A(2)A(1)
51,52
4N > dijm DAk, 2N (D) Ak (1, 2)
7,k,i,m=1
51,52
],kzm 1

1 $1,52
+§ Z >\jk(132)>‘mN(1aQ)Apr(lyQ)djmp(l)der(2)
J,k,;m,N,p,r=1

dlay(N) =
note that a;(\)’s are meaningful only for i < NjNs.
It is clear that these inequalities (a;(A\) > 0, 1 < i < N;N;) are not easy to bring

a concrete characterization of the Bloch vectors A\(v)(v = 1,2) and the coherence tensor
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Nik(1,2)(j = 1,...,81,k = 1,...,s2). However, each reduced density matrix pj,, obtained
from p’, have to be nonnegative, so its Bloch vector A(v) have to satisfy the Bloch vector

characterization of one node systems.

m(w) = 1 @5)

Nay(A(v)) = % - %IA(U)\2

Slas(Aw) = D= ?V(jv —2 _ 3(];; 2) A + ;gdijk(v)xi(v>Aj(v)Ak(v)

ta,(rp)) = WZNE NS SNZ2NZD)) 2 B2
O S AN )

2N g )i (0D ()M )N )

i,j,k,m
note that here a;(A(v))’s are meaningful only for ¢ < N,. However, it is not necessary to
consider the nonnegativity conditions of 4.5 in addition to the nonnegativity conditions
of 4.4, since a reduced density matrix p! obtained from a density matrix p’ have to be
nonnegative as proved in 2.3, and for every density matrix p] satisfying nonnegativity
conditions of 4.5, there exist a density matrix of p’ = 1® pv which satisfies the nonnegativity
conditions of 4.4. Therefore, the nonnegativity conditions of 4.5 are already embedded in

the nonnegativity conditions of 4.4.

4.1.2  Classification of States

Pure states vs. Mixed States
Recall that a state p is pure if p> = pi.e. Tr{p?} = 1. In appendix A.2, it has been shown

that

1 1

T = —
o} NN, 2N,

1

AP+ N,

1
AQ)P + A0, )P
therefore a state is pure if and only if

1 1 1
—IAND? + =—IN2)]? + =|\(1,2
|()!+N1!()|+2\(,)!

Ny ’

NNy

A state which is not pure is a mixed state.

Product States
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A density matrix of a composite system p is called product if

p=p1® p2
where p; and py are reduced density matrices of each subsystem. Note that, if p; and po
are pure then p is pure. Otherwise p is mixed since Tr{p?} = Tr{p1}Tr{p2} = 1 if and only
if Tr{p1} = Tr{p2} = 1 and that is the case when both p; and p» are pure.

The product states are completely independent states even if the total system is mixed
which corresponds to the case at least one of the subsystems has mixed density matrix,
there is neither classical nor quantum correlation. For this reason, they are also called
uncorrelated states.

Nonproduct States: Separable and Entangled
There are two types of non-product states: separable and non-separable. Separable quantum

states citewerner are states without quantum correlation (i.e. entanglement) and given as
Paep = Y _pip(1)i®p(2)i Y pi=1
i i

where p(1); and p(2); can be pure or mixed density matrices of each subsystem, and p;’s are
the weights of p(1); and p(2); in the mixture. The subsystems of a separable state can be
produced separately by the different parties whereas this is not possible for non-separable
states. The non-separable states are called entangled states.

Consider two parties who can communicate with each other while preparing psep,. First
they prepare p(1); ® p(2); with probability p; then keep it in the box 1, then prepare
p(1)2 ® p(2)2 with probability py then keep it in the box 2, and so on... It is not necessary
to keep them in boxes but p(1); and p(1); should not mix each other, i.e. they should be

remain distinguishable. Then the mathematical form of the final state will be
Psep = szﬁ(l)z ® p(2); - (4.6)
i

Consider a measurement ]35(1)1 (1) ®1(2) on the system which selects only 5(1); in the first

node and nothing happens in the second node. The state p’ after the measurement is

7 = (1)1 @ p(2)s
which means measuring process on node 1 attains a value on node 2. However, note that

this value replacement is only possible if the observer of the second party removes all of the

states except p(2);.
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The correlations of separable states are called classical correlations, Werner [12] com-

ments on this states as follows. ’

"...there are usually very different ways of preparing the
same state pgep, classical correlation does not mean that the state has actually been pre-
pared in the manner described, but only that its statistical properties can be reproduced
by a classical mechanism.” For example, they can be obtained by partial trace operation
performed on higher level systems. Suppose we consider a GH Z state

1

|GHZ) = \/5(10,0,0)4-\1,1,1))

p = |GHZ)Y(GHZ|
The partial trace operation performed on the third node gives a separable density matrix
Tilph = 510,0)(0,0/+ 31111
= SI0)0l@ oyl + Sl @ 1)1l

Bruss [5] comments on separability problem as “Finding a decomposition as in 4.6 for
a given p, or proving that it does not exist, is a non-trivial task which has been solved
explicitly only for a few cases. Therefore this simple-looking definition of separability is
by no means “user-friendly”, and we are in demand of criteria that are easier to test.”
One of the tests used in determining whether a give mixed state is separable or not is the
“Peres-Horodecki separability criterion” [13],[14].
The Peres-Horodecki Separability Criterion

Consider a separable density matrix p
po= > pin(1)i®p2)i
i
Pmunv = ZPZ(ﬁ(l)z)mn(ﬁ@)Z)uv

i
where Latin indices refer to the first subsystem, Greek indices to the second one. Now, let
us define a new matrix

Onpumv = Pmp,nv

the Latin indices of p have been transposed, but not the Greek ones. This operation is

called partial transposition and it is not a unitary transformation but, nevertheless, the o

matrix is Hermitian and, we have

g = sz‘(ﬁ(l)i)T ® p(2)i
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since the transposed matrices (p(1);)” = (p(1);)* are nonnegative matrices with unit trace,
o is also a legitimate density matrix.

Also, Peres [13] noted that when applied to entangled states, the partial transposition
need not result in a physical state. This is related to the fact that entangled states do not
admit a description in which each subsystem’s state is specified without reference to other
subsystems, as is the case with separable states. The partial transposition of entangled
states can result in negative operators, i.e. operators with negative eigenvalues. Therefore,
nonnegativity under partial transposition (PPT) is a necessary condition for being separable.

On the other hand, the question of whether the condition is also sufficient to guarantee
separability is answered by Horodecki [14] by proving that it is sufficient only for systems
of dimensionality 2 x 2 and 2 x 3.

The Peres-Horodecki Separability Criterion in Bloch Vector Representation

Consider the density matrices,

P = 1)+ 5 AW (),

M P
M2 = 1@+ @A
P 3 = N2 9 s k ik .
Their tensor product is
MO = eI+ - S AWRW i)
p 7 P 7 - N1N2 2N2 = ] 17\
1 &2 ~ ~
+ﬁ kzl )\k(z)i[ (1) ® )\k(z)]
1 51,52 R =N
+7 22 A DAR)l(1) © Ak(2)
7,k=1

and their mixture is

Snpee it = it oy (Zp»ju)i) N 1)
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A density matrix p of an NjNa-levels system

o N11N2i(1)®i(2)+2]1\,2;&(1)@(1)@(2)]

+21N1§23Ak<2>m1> M@+ D Al 2R01) @ W)
k=1 k=1

is separable if it satisfies the following equations
A1) = Zpi)‘j(l)i
Ak(2) = Zpi)\k(2)i
Nig(1,2) = Zpi)‘j(l)i)\k(2)i-

Note that while there is no restriction on the number of partitions i, A;(1), \x(2) and
Ajk(1,2) and also Aj(1);, Ax(2); and Ajx(1,2); have to satisfy inequalities 4.4.

In Bloch vector representation

N 1~ 1 ~
(p())" = El t3 > @iy )”
j=1
and since
(ajk)T - ajk‘
Or)" = —Ujk
(w)" = W

where 1 <j <k < N,1<1<N—1,s0 (p(1);)T is represented by the same Bloch vector

as p(1); except v components. They are negative of that of p(1); :
pP)i  — (wjk, vk, wr) = A(1),
P)T (g, —vjr,wi) = Mr(1).

Therefore, the partial transposition of a state with respect to first subsystem is

T = 1+ g S R e Te)

51,52
Njrk(1,2)[A5(1) @ A (2)]
k=1

|

1 & ~ -
A ; Ae(2)[1(1) @ Ak (2)] +

where \;,. (1) is the Bloch vector components of Ar(1) and \j,x(1,2) is the coherence tensor

components of T1(p)
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4.2 Bloch Vector Formalism of Measurements

51,52

In the complete orthonormal basis {@jk} (s = N2 — 1,89 = N2 — 1) for the space of

G k=0 R
NiN3 x NiNy Hermitian matrices £(Hpn,n,) any Hermitian matrix A € £L(Hn,n,) can be

written as [9]

1

= o, AW TR+ 5 5 A By @ T2)
e D A () @ M)+ 1 D A (1) @ 34(2)
b k=1 jik=1

where Ajo, Aoy, and Ajj, are
40 = T{A0)e1@)},
Ao = Tr{Al() @ X (2)}.
Ajp = Tr {ﬁj(n ® Xk(z)} .
For a general density matrix p of an N1 Ns-level system

1 ~ ~
p = 1(1) ® 1(2) + =
T el

the expectation value of Alis again written as
(A) = Tr{pA}.

As the correlation tensor defined for density matrices, it is useful to define the correlation

tensor of measurement Kjj, as

Kjk = Ajk - AjOAOk (48)

4.2.1 Measurements on a Subsystem

Consider the measurement performed only on the first subsystem of the general density
matrix 7 in 4.7. The decomposition of the Hermitian operator A(1)®1(2) in the orthonormal
basis is

A1) e1@) = ]\lflTr{ﬁ(l)}T—i— S AR 2 1)
j=1
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where

Aj(1) = Tr{A(1)A;(1)}
and the expectation value of the measurement is

(A ©1(2) = - THAD} + 5 > 4,N0)
j=1

just as in the 3.10. The expectation value of the measurement is determined by the reduced

density matrix of the first node
1~ 1 ~
p1 = Tro{p} = El t3 jzl/\j(l))\j(l)
and the expectation value equation is of the form
(A1) @1(2)) = TH{m A1)}

Let the eigenvectors |i(1)) of A(1) be the basis for the representation of the generators

h) {(1),. The state 7' after the measurement is determined by the projection operator P;(1)®

Y
1(2) as
1 - S .
§ =B el 5B eie) (4.9)
pi(1)
where the projection operator ]31(1) represented by
- 1 1
Pi(1) = El(l) t3 ; we(1)we(1)
and p;(1) is the probability of finding state |i(1)) is
N T .
p(1) =T ()} = 5+ 3 ; we(1)wi(1). (4.10)
By using the facts
PZ(l)@\mn(l) z(1> = z(l)amnﬂ) 2(1) =0,
((Dwe(DP(1) = we(1)P(1), (4.11)
B(I()E(1) = B(1)
the equation 4.10 becomes
1 1 &
()7 = ——P(1)®1(2) + — LW (D[P(1) ©1(2
PP = PO eTR g 3 w0 2 1)

+LZA,€(2>[R~(1) ® M(2)] + iz > Avge k(1 2wi(D[P(1) ® Ae(2)]

2N
L= k=1 c—1
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where s’ = N2 — Ny. It is clear that the state of the whole system after the measurement

will be the tensor product of the individual states of each node:
p =1 ® Py

Therefore, the state of the first node is
o= Tr{p}

- A

as expected, and the state of the second node is

py = Tr{p'}
1 (1 1 & o\ 1
1 > ~
+m kzl Ae(2)Ak(2)
s2 N1—1 R
. 7 2o 2 Ao w1 2wi(D) Me(2) (4.12)
pi(l k 1 =1

by expressing the coherence tensor \;;(1,2) in terms of the correlation defined in 4.3 as
Nje(1,2) = Cir(1,2) + X (1) Ak(2).

Then 4.12 becomes

Py = ]\1[; - 2N1;(1) ’;Ak(z)ik(z)
1 so Ni—1
D) 2 2 MM DA)
1 so N1—1
D) 2 2 O s DU DA)
- 1 LS @ (25 i + L ) e
- E()—’_sz(l)z k() 2; SI+C()wC()+E k()
s2 Ni—1
4 5 2 2 oo w1 2we(Du(2)
pz k 1 c=1
so Ni—1 N
= pQ + 41% Z Z Cy "+c k (1))\]6(2) (4‘13)

klcl
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Note that the correlation tensor determines the state of the second subsystem after the
measurement, while it has no importance in the measurement process of the first node. Al-
though our interest is to measure the first subsystem, the second subsystem is also measured
indirectly and for such indirect measurements correlation tensor plays an important role.
Note also that for pure composite systems, the states of both nodes after the mea-
surement are definitely pure, although for mixed composite systems the state of the first
subsystem is pure but second one could be pure or mixed depending on how much mixed

the composite system is. For example, consider the mixed density matrix

p= %(yooxoo\ +[01)(01] + [01)(10] 4 |10)(01| + |10)(10])

o~

Performing a projection Py(1) ® 1(2) on p results in
. 1
P = 5(|00)(00[ +[01)(01])
1
= 0)(0] @ 5 (10)(0] + [1){1])

where the state of the second subsystem is a mixed state. However, if we performed the

projection Py(1) ® 1(2), the state after the measurement would become

7= [10)(10)

= [D{A[ @ [0)(0],

where now both subsystems are in pure states.

4.2.2  Product Measurements

For a two node density matrix p in 4.7, consider the measurement operator

ANeAR) = o THAOITHAR)I0 0 1)

~

+2]1V,2Tr{z<z>} z A1) @1(2)

1 1) o X
+2—N1Tr{A(1)} ; Ar(2)[1(1) ® Ak(2)]

51,52

J& ST A1) AR (1) ® A (2)
jk=1
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where

~ ~

4,0 = Te{Am¥0)}
Ap(2) = Tr{fT(z)Xk(Z)}

performed on both subsystems simultaneously. If the state of the composite system is
product i.e. p = p(1) ® p(2), then the measurements are totally independent from each
other and its properties investigated in section 3.2.

If the state of the composite system p in 4.7 is nonproduct i.e.

Nik(1,2) # X (1) Ae(2),

then the expectation value of the total measurement will be

1 1 o1

AN © A2} = 5 THAONTHAD) + 5 THARY Y A()4,0)

J=1
51,52

r AN @A) 3 124,042
k=1 G k=1

and since all the eigenvectors of the product Hermitian matrices correspond to product
states, the state of the system p' after the measurement will be the tensor product of

density matrices of each subsystem:

~

p = D) ® P

Note that, the expectation value of the total measurement is not the same as the product

of the expectation values of the measurements performed on each subsystem, i.e.

~

(A1) ® A(2))

)
RS
—

o)
—~
—_
~—
®
=)
A~
N
~—
~—

)
—~

=)

—~

—_
~—
o2y

o
—

\)
~—
~—
=)

The expectation value of independent measurements performed on subsystems are
Tr {Aﬁu) ®T(2)} = iTr{fI(n} + 1 Z Ai(1)A;(1)
P A 9 ~ J J\+)s

Tr {ﬁu) ® 2(2)} = ]\ZTr{E(z)} + % > e(2)Ar(2).
k=2



Chapter 4: Bloch Vector Formalism for Two Node Systems 45

Therefore, the relation between the expectation value of the total measurement and the
product of the expectation values of independent measurements is

51,52
~

(A1) © A2 = (A5 (A5 +7 X CaLD4LMAER) (@14)
k=1

where the correlation tensor makes the difference. Note that for uncorrelated systems, this
term vanishes. Therefore, the states that have non zero correlation tensor are called corre-
lated states. Note also that the correlation can be of the classical nature or quantum nature
i.e. entangled. One of the tests that whether correlated states are classically correlated or
not is understood through Bell’s inequalities. All classically correlated states satisfy Bell’s
inequalities, however, a state satisfying Bell’s inequality may be separable or entangled.
Before going on to Bell’s inequality, it is worthwhile to mention briefly the EPR paradox .
EPR Paradox and Bell’s Inequality

EPR paradox is based on two assumptions [15] :

(i) The reality criterion: If, without in any way disturbing a system, we can predict with
certainty the value of a physical quantity, then there exists an element of physical reality
corresponding to this physical quantity.

(ii) The locality criterion: The measurement results of one system cannot affect the
measurement results performed on a second system, if at the time of measurement the two
systems are well separated.

These assumptions are shortly called local realism. Consider the spin state |¢) of a

composite system
1

V2

which is written in the basis of o, and shared by two party, traditionally named Alice and

%) (100) = [11))

Bob. Suppose that Alice performs a measurement along the z—axis on her qubit and finds
the result |0). Then she perfectly predicts the state of Bob’s particle, which is definitely
|0). Therefore, Bob’s particle’s spin state has elements of reality by the reality criterion.
Moreover, Bob’s particle’s spin state along the z—axis was |0) even before the measurement
by the locality criterion.

On the other hand she could measure along the y—axis and would get either |0), or |1),
and again she could predict the state of Bob’s particle to be either |0), or |1),. Therefore,

it is possible to assign a value for both y and z components of Bob’s particle’s spin at
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the same time by using the locality criterion. This is in contradiction with uncertainty
principle. Therefore, one may conclude that quantum mechanics is an incomplete theory
i.e. the representation of the physical system by [¢) is incomplete. There should be some
other hidden variables which determine the spin state of Bob’s particle.

However, J. S. Bell, by assuming that outcomes of the measurements performed on
spatially separated, but entangled, subsystems are determined by local hidden variables,
derived his famous inequality. A generalization of Bell’s original inequality known as the
CHSH inequality was experimentally verified by Aspect and his collaborators [15] and as
explained in the following.

Consider a two node system whose subsystems are both two levels and the measurements
for the first subsystem A(1), B(1) and for the second subsystem A(2), B(2) are defined in

the Bloch vector representation as

A1) = 2[sina(1),0,cosa(1)]
B(1) = 2[sinb(1),0,cosb(1)]
A(2) = 2[sina(2),0,cosa(2)]
B(2) = 2[sinb(2),0,cosb(2)]

Furthermore, the results of all measurements are either 1 or —1. Therefore, the results of

the all product measurements are

A @ A(2) = =+1
A1) ®B(2) = =1
B(1)® A(2) = +1
B(1)® B(2) = =1

Of course, for any actual measurement only one out of those four possible angle settings
can be realized. Local realism, however, assumes that all these data ”exist” nevertheless
i.e. without any actually performed measurement. Under these assumptions, consider the

variable

~ ~ ~ o~

S=A1)® A2)+ A1) ® B(2) + B(1) ® A(2) — B(1) ® B(2), (4.15)

thus it takes values either +2 or —2. For any state p, since the expectation value of each



Chapter 4: Bloch Vector Formalism for Two Node Systems 47

measurement is between —1 and +1,

[(S)] = [(A(1) ® A(2)) + (A(1) @ B(2)) + (B(1) ® A(2)) — (B(1) @ B(2))| <2 (4.16)
This inequality represents a specific statement of the Bell’s inequality and called CHSH
inequality [16].

Now consider the singlet state |1))

1
V2

Its Bloch vector representation is equal to

[¥) = —=(1,-1) = [-1,1)).

Ai(v) =0 and Cj(1,2) = =65, (v=1,2).

By using 4.14 for a measurement A(1) ® A(2), the expectation value of the measurement

turns out to be

51,52

AN e @) = ;Y CrL2)41)4(0)
k=1
= —sina(l)sina(2) — cosa(l)cosa(2)

= —cosf[a(2) —a(1)]
When we apply this results in 4.15 by choosing the angles as
a(2) —a(l) =b(1) —a(2) =b(2) —b(1) =0
and
b(2) —a(1) =30

we get

S = 3cosf — cos 30

which violates the limit postulated by 4.16 by taking value |(S)| = 2v/2 when 6§ = 7/4.
On the other hand, for a product state p = p(1) ® p(2), since

~

(A(1) ® A(2)) = (A1) (A2),
the CHSH inequality reduces to a form

(A () + (BE)) +(BO) (1A@) - (B2))| < 2.
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In order to attain the maximum values inside the absolute value [(A(1))| = [(B(1))| =1 i.c.
there exist four possibilities for the (A(1)) and (B(1)) as a pair and it is clear that for all
of these the inequality is satisfied.

Also for a separable states p = >, pip(1); ® p(2);, since
(A1) @ A( sz (A1) A@)i

the CHSH inequality reduces to the form

IA
DO

=
)
=
-
)
>
+
p\:»
>
>
_|_
p\:»
=
—
)
>
|
/b3>
>
N
INA
[\V]

But we have already proven that

(A (@) + (B@))) + (B ((A@)): — (B2)))

for all 4, therefore

[ (A1) ( (A2))i + (<]§(2))i) +(B(1)) ((g@)% - <§(2)>i)}

and the inequality is satisfied. Therefore, the Bell’s inequality is a test of entanglement:
any state violating it is entangled, although the reverse of this statement is not true.
4.2.83 Nonproduct measurements

When we consider a two node system as a whole, we can measure it by just one measurement

apparatus. Such a measurement X(l, 2) is represented by

A(1,2) = N11N2Tr{ﬁ(1,2)}i(1) ®1(2) + ;M;Ajo(l,z)[xj(n ®1(2)]
ZA% (LEM © 3@+ D A(1,2)R0) © Re(2)]
j,k=1

where
Ajp(1,2) = Tr{z(u) &(1)@?(2)}
Aos(1,2) = Tr{j(m) T(1)®Xk(2)}

Ap(1,2) = Tr {2(1, 2) \i(1) ® )\k(2)}
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which satisfy the following inequality:
Aje(1,2) # Ajo(1,2)Aok(1,2).

Consequently, correlation tensor of measurement Kz (1,2) is non zero.
When such a measurement j(l, 2) is applied to the state p given by 4.7, the expectation

value of the measurement will be

AL} = NZTr{A( 2) + ;MZonl,z)Aj(l)
j=1
ZAko 1,2)As(2 Z Ap(1,2)05(1,2).  (4.17)
jk 1

Note that, since at least one of the eigenvectors of the nonproduct Hermitian matrices
have to be nonproduct, i.e. entangled (since it is also pure), the state of the total system
after a nonproduct measurement can be product or nonproduct. Therefore, the Hilbert

space of states H(1,2) after measurement is of the form
H(1,2) = [H/(1) @ H(2)] & Hp(1,2)

where Hg(1,2) is the space of the entangled states.

The fact is that at least N1 + Ny — 1 eigenvectors of the nonproduct Hermitian matrices
is nonproduct. Because in the case there is only one nonproduct state, the product subspace
H'(1) @ H'(2) has dimension, N1 N2 — 1 and it can not be a product space, since N1 Ny —1 is
not a product of two integer a and b such that a < Ny and b < Na. The product subspace
H'(1) ® H'(2) can be barely accomplished when the dimension of the first node is (N7 — 1)
and that of second node is (N2 — 1), and the remaining dimensions belong to the space of

the entangled states Hg(1,2) which is Ny + Ny — 1.

4.3 Dynamics of Bloch Vectors and Coherence Tensor

For a general state of a two node system p given in 4.2, consider a general Hamiltonian H of

the system
1= N11N2T {m} >®1<2>+QQ;HAD[XJ@)@T(@]
+% : H2)[1(1) @ An(2) Z 1(1,2)[ (1) @ M(2)]



Chapter 4: Bloch Vector Formalism for Two Node Systems 50

where
H;(1) = Tr{ﬁXj(1)®1(2)},
Hy(2) = Tr{HI) oM@},
Hip(1,2) = Tr{ﬁlXj(l)@Xk@)}.

To get the dynamical equation for the Bloch vectors and the coherence tensor, we now insert

the Hamiltonian and the density matrix into the Liouville equation

d .
th— H,
P =H,7].
Note that, the commutator of product operators satisfies the following property [9]
~ . ~ ~ 11~ o~ . .
AmeBE.CHed@)| = ;|A0).C0) e |B2.DE)|,
11~ ~ ~ ~
+5 [14(1),0(1)}+ ® [B(2),D(2)} (4.18)
so, the time evolution of the components of the Bloch vectors are determined by
A\, (1) 1
el - N—Zh ij/jmu)H,-/(l)Aju)
+or Z Firim(V) Hjg(1,2) Ak (1, 2), (4.19)
7’5k
dAn(2)
= / H /
— Nhkz];fkkn K (2) Ak (2)
+* Z Jwen(2)Hjpr (1,2)Aj5(1,2), (4.20)

and that of the coherence tensor reads

dA\mn(1,2)
s = thf”m 2(1,2);(1)

ka’kn Hpir (1,2) Ak (2)
N hzfj Jm (1)>‘]”(1 2)

ka’kn JHi (2)Ami(1,2)

e
—l—f > Ak (2) firm (1) Hywe (1,2) A (1, 2)
jkyj/ k/
Z djrjm (1) firen(2) Hjrir (1, 2) A (1, 2). (4.21)

J k,j' k'
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By defining
1
Qmj(1) = mej,jmu)HJ (1)
jl
mm:ﬁﬁmewm

Qm]k(l) = h Zf] jm ’k ]- 2)
Q]nk(2) = h ka’kn ]k/ 1 2)
Doy = ¢ Z[dk’kn(z)fj’jm<1) + djrjm (1) firien (2) [ Hjir (1, 2)
J'K

time derivative of the bloch vectors and coherence tensor become

dA:ilt(l) - zj:Qmj(l))‘j(l)+;;Qmjk(l))‘jk(laz)7 (4.22)
A (2
dt( ) - zk: i (2) Ak Z Qink(2)Ajk(1,2), (4.23)
LD ;%me>2wmww>
+i ZQm]n i(1) + ]\1[1 Zank@))\k(Q)
k
+5 Z DrgmiAjr(1,2). (4.24)
i,k

4.3.1 Product Hamiltonian

A general state of a two node system p having product Hamiltonian H (1) ® H (2), the
dynamical evolution of the system will be governed by the tensor products of the unitary

operators exp(—+ H(1) t) and exp(—%f[@) t) :

~

ui) = exp(—%H(l) t) ® exp(—

= U(Lt)®U(2,1).

SH(2) 1

If p is a separable state given by

p= szﬁ(l) ®p(2)
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then it will stay as separable since
() = Upu'(n)

= ZpiU(lat)ﬁ(l)iUT(Lt) ®U(2,0)p(2)U7(2,1)

)

= ) pip(51)i ® p(250);.
Also note that, any separable state at a later time
plt) = U®)pui()
= D pip(1); @ P(2);
should have been separable in the past since
F o= U
= D pULH)TH(1)U(1, 1) @ U2, 6)T5(2):U(2, 1)

= ) pip(l;—t); @ p(2; —t);

7

Therefore any entangled state stays entangled under time evolution governed by the product
Hamiltonians.
Note also that for a general density matrix in 4.2, the action of tensor product of unitary

operators is

U@pu) = 11)®1(2) + —

+411j§::1 (1L, 2)[U(L )% (UL, ) @ U2, ) A(2)U(2, 6)1].

Using the adjoint representations of SU(N;) and SU(N,)
ST U, DU (0,1} = Oy, 1),
the action on the Bloch vectors and the coherence tensor can be seen as
Ojm(1L,)An (1) = X;i(1;¢),
Okm(2,)Am(2) = Me(2:1),
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so the correlation tensor Cj;(1,2) will evolve according to

01, )0k (2, 1)Crur(1,2) = Cy(1,2:1) (4.25)

4.3.2  Nonproduct Hamiltonian

It is the nonproduct Hamiltonians that generate the correlation tensor. It was already
shown that coherence tensor satisfies the differential equation 4.21. The time derivative of

the correlation tensor Ci,,(1,2) is given by

ACrmn(1,2)  dAmn(1,2)  dAm(1)
dt - dt dt

Substituting in the equations 4.22, 4.23 and 4.24, we get
den 1,2)
—mm o2 ZQW Cjn(1,2) +Zan )Comi(1,2)
+E ZQmjna)Aj(l) + E Zank@)Ak(z)
_7262771]](} ]k: 1 2 - *Zank; ]k 1 2))\ (1)
-5 ZQmjka)Aj(l)Ak@)An@) -5 Zank<2)Aj<1>Ak<2>Am<1>

+2 Zijnk Cjx(1,2) ZDmﬂnk A (D)Ae(2) (4.26)
j,k

When the Hamiltonian is product and the correlation tensor is initially zero (Cjx(1,2) = 0),

then the correlation tensor stays zero, i.e. %Cjk(l, 2) =0 by 4.25. So,
_ ! A L A
1 1
=5 2 Qumit(DA(DA(2)An(2) = 5 D Qink(2)A5 (1) Ar(2)Am (1)
J.k k,j

+% ]Zk Dijnk M (D A(2). (4.27)
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When we implement this result into 4.26, the time derivative of Cj;(1,2), which is initially

zero, becomes

dCpn(1,2)
3 Z Qs (1) -3 Z QJk (2N (DAK(2)Am(1)

where

7Ir{L]k Z f] Jm /k 1 2>
ﬁnk : hka’k:m jk’ 1 2)
1
Dlj ¢ = 7 D [dikn(2) Fitgm (1) + djrjm (1) fron (D)) K jre (1, 2)
j/,k/

where the correlation tensor Kj(1,2) for Hermitian operators given in 4.8 as

K;i(1,2) := Hj,(1,2) — H;(1)Hg(2)

After grouping the common terms, it reduces to
dCpn(1,2)
T = Z Qmjn + AT Z ank

This is the equation that shows how an uncorrelated states become correlated under non-

product Hamiltonian evolution of the system.
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Chapter 5

BLOCH VECTOR FORMALISM FOR THREE NODE SYSTEMS

5.1 Bloch Vector Representation of States

The density matrix space of the three node systems L4 1(Hy, ® Hy, ® Hpy,) is the tensor
products of each density matrix space LY | (Hnv) (v = 1,2,3) for N, level systems and it is

also equal to the density matrix space of N1 NoNj levels systems which is given by

Li1(Hy, @ Hy, ® Hy,) 0 = L4 (Hy,) ® L7 (Hny) © L3 (Hy,) = Ly 1 (Hyy Ny
= {,Z)\E E(HN1N2N3) : (Z) Tr{ﬁ}: 1,

where L(Hpn, N, N5 ) is the space of Nj NaN3 x N1 Na N3 Hermitian matrices and the orthonor-

mal basis {@]k} =0 (81 = N12 —1,89 = N22 —1,83 = N?? — 1) for £+,1(HN1 ®HN2 ®HN3)
.7’ b =

is the tensor product of the orthonormal bases {V%TT(U)’ %X](v)} of each subsystem

5171(HNU) (v=1,2,3)

51,52,53

. 1 .
Qoo = NN
Qi = ii(l)@ L T(2)®LA(3) ete

0T RN, N 0

~ 1 ~ 1~ 1 -~

o = T(1) ® —A(2) ® ———1(3), ete.
QJICO \/ﬁl()@)ﬂ k()® N3() etc

. 1 ~ ~ ~

; = —=Xi(1) ® A(2) ® N\ (3). 5.2
Qjkl 2\/5]() k(2) ® M(3) (5.2)

It is orthonormal in the sense of Hilbert-Schmidt product

Tr {@jkl@j'k/z'} = 01 Okp O
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therefore the density matrix p € L4 1(Hy, ® Hy, ® Hn,) can be represented by [9]

p = Z Tr{ﬁ@jkl}@jkl
7,k,1=0
1 =~ ~ ~ 1 & - ~ ~
= v n Vel e1E)+ g 2 XD (1) ©1(2) ©1(3)] (5.3)
1 52 . N N 1 s3 R R R
TNV ; (@)1 @ M(2) @ TE) + 5 ; (B @1(2) @ N(3)]
+411vg > (1, 2)(1) © Ae(2) @ 1(3)] + 41N2 Y Au(1,3)(1) ©1(2) @ M(3)]
k=1 jl=1
+4]1\,1 Z Ma(2,3)[1(1) ® Ai(2) @ Ai(3)] +é Z Airt (1,2, 3) [N (1) @ A(2) @ Ai(3)]
k=1, ki1

where A;(1)..., \jx(1,2)... and Ajp(1,2,3) are

~

A1) = Tr{ﬁxj(1)®f(2)®1(3)}:<Xj(1)>, ... ete.
Ni(1,2) = Tr{ﬁXj(n@Xk(z)@T(?))}:@-(1)@&(2», ... etc.

o~

Ni(1,2,3) = Tr{ﬁxju)@Xk(z)@Xl(s)}:<Xj(1)®Xk(z)®Al(3)>

and the corresponding Bloch vectors are A(v)= {A1(v), A2(v), ..., A5, (v)} (v = 1,2,3). For

three node systems, there are three 2-node correlation tensors defined by

Cir(L,2) = Aj(1,2) = A;(1)Ae(2)
Ci(1,3) = Xi(1,3) = A(1)N(3)
Cr(2,3) = Au(2,3) = A(2)A(3) (5.4)

and in addition to that there exist a 3-node correlation tensor defined by
Ci(1,2,3) = Xju(1,2,3) = X (1)A(2)N(3) (5.5)
=X(1)Cr(2,3) = Me(2)Ci(1,3) = Mi(3)Ci(1,2)

Note that the reduced density matrices p; for each node and the reduced density matrices

pij for each two node subsystem can be obtained by the following trace operations
pi = Tri{p}
pij = Tr{p}

where 2,4,k =1,2,3.
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5.1.1 Characterization of Bloch Vectors and Coherence Tensors

The characterization of Bloch vectors and coherence tensors can be accomplished by a
similar treatment followed in two node systems, that is, by using the equality of £y ;(Hn, ®
Hy, ® Hy,) and L4 1(HN, NyN,), it is possible to use the theorem 1 and its result which
says nonnegativity condition is satisfied if and only if all a;’s given by 3.8 are nonnegative.
However, this time the states are represented in the basis of £ 1 (Hy, ® Hn, ® Hy,) given by
5.2 instead of the basis of £ 1(Hn, n,N,) given by 3.4. Unfortunately, because the amount
and the complexity of the inequalities to be satisfied is impracticable, the conditions will
not be written explicitly but it is clear that they exist and have similar structures with one

node and two node cases.

5.1.2  Classification of States

Pure states

Recall that a general density matrix p is pure if Tr{p?} = 1, and the trace of p? is

1 1 ) 1
+ IADIF +
N1 NyN3 | 2Ny N 2N N3

1 1
—|A(1,2)]* + —|A(1,3))?

1 2
v NG

1
(2,3)1" + g1, 2,3)

Tr{p°} = )P +

1
— A
4N,
and if Tr{p?} < 1, p is a mixed state.

Product States

A density matrix of a three node system p is called product if
p=p1R p2 & p3

where p1, p2 and p3 are the reduced density matrices of each subsystem. Note that, if the

p1, p2 and ps are pure than p is pure, otherwise p is mixed since

Tr{p*} = Te{p1} Tr{pa} Tr{ps} = 1

if and only if
Tr{p1} =Tr{pa} = Tr{ps} = 1

and that is the case p1, p2 and p3 are pure.
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Entanglement of Pure States
In three node systems, a node can be entangled with one of the other nodes or both of the
two nodes and such entangled states are called bipartite and tripartite entangled states,

respectively. The state of a bipartite entangled systems is of the form
ﬁ = ﬁab ® ﬁc

where the entanglement is between node a and node b, and its properties is not different
from that of two node systems. On the other hand, the tripartite entanglement has stronger
than bipartite entanglement in the sense of the violation of the generalized Bell’s inequalities
of three node systems, as it will be discussed in subsection 5.2.4. Note that, a pure state is
called tripartite entangled if its 3-node correlation tensor Cj(1,2,3) is non zero.

One of the important properties of the tripartite systems is two inequivalent tripartite
entanglement classes that they have [17]. The meaning of the inequality is that a member
of one class can not be transformed into a member of other class by means of stochastic
local operations and classical communications (SLOCC). If the probability is one then the
performed local operations corresponds to tensor products of unitary transformations and
of course transformed states have to be equivalent. However, tensor product of unitary
transformations is not the only way of obtaining one state from another, the projection
operations may also help to achieve this and this is the reason of talking about probability.
Mathematically, two pure states of a multipartite system are equivalent under SLOCC if

and only if they are related by a local invertible operator i.e. operators of the form
6:61®62®...®6N
where O;’s are invertible operators [17).

Consider a tripartite entangled state which can written as a linear combination of two

terms such as
|$2) = rolag, bo, co) + 1€ |ar, by, 1)
Note the fact that, invertible local operators do not increase the number of terms in a

decomposition because they are local and they do not decrease the number of terms because

they are invertible.
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By using this fact, |¢2) is SLOCC equivalent to maximally entangled GH Z state

1
E(|O,O,0) +11,1,1))

Also note that every pure tripartite entangled state can be written as a linear combination

IGHZ) =

of at most three terms
|¢3) = Tolao, bo, co) + r1e a1, b1, e1) + roe™®[ag, ba, c2)

and a tripartite entangled state which can not be written as linear combination of two terms

is SLOCC equivalent to W state

|W) = (|1,0,0) +10,1,0) + (0,0, 1))

f
by using the above fact again.
Separable States

There are two different types of separable states: those that can be expressed as a convex

sum of product states;

p= Zpiﬁ(l)vz ® p(2); ® p(3): Zpi =1

and those that can be expressed as a convex sum of product of a state with a bipartite

entangled states such as

p_zpzp12 )i ® p(3 sz—l

where p(1,2); is an entangled state. Such a separable states are also called biseparable.

5.2 Bloch Vector Formalism of Measurements

~ 51,52,53
In the complete orthonormal basis {ij} _ (s =NE—1,80=N2—1,s3=N3i—1) for
‘77 5 =

the space of N1NaoN3 x N1NoN3 Hermitian matrices L(Hn, n,n,), any Hermitian matrix
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Ac L(HpN,nN,N,) can be written as [9]

~ 1 o R . 1 ~ ~ ~
A = mTr{A}l(l) ®1(2) @ 1(3) + T gAjoo (1) @1(2) @ 1(3)]
1 52 R N . 1 53 . - —~
+2N1N3 ZlAOko 11) A2 @16)] + 55 ZZ oo [1(1) © 1(2) ® A(3)]
51,52 N N R 1 51,53 N N
Z Ajro (1) @M@ @13 + 5= > Ao [\(1) ©1(2) & A(3)]
jk 1 7,0=1
1 52,53 R . 81,52753 . .
+4]V1k:lzl Aorr [1(1) @ AR(2) © +* ;lfbkz (1) ® Ae(2) @ Ni(3)]
7: b J

where Aj007 ceey Ajk[h ceay Ajkl are

Ajoo = Tr{AAJ(l) (2)@?(3)}, ... etc.
Ajg = Tr {A)\ (1) ® Ap(2 )®T(3)}, ... ete.

Aja = Te{AN() @ (@) @ NB)

Note that there are three 2-node correlation tensors of measurement given as

Kiro = Ajro — AjooAoko
Kin = Ajo — AjooAoo
Kory == Aor — AokoAonr (5.6)

and in addition to that there exist a 3-node correlation tensor of measurement defined by
Kju = Ajig — AjooAoroAoor (5.7)

—Ajo0Kor — AokoKjor — Aot K

5.2.1 Measurements on One Subsystem

Consider the measurement performed only on the first subsystem of the state p given in

5.3, the representation of such a measurement A(1) ® 1(2) ® 1(3) is
~ ~ ~ 1 ~ ~ 1 ~ ~
A1) e12) e1@3) = T {A(l)} T3> A0KO 212 1E)

where
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the expectation value of this measurement is

(A ©1@2) @ 16) = T {A0} +5 > 40N,
j=1

It is determined by the reduced density matrix of the first node py
1~ 1 ~
p1 = Traz{p} = ﬁll(l) +t3 ;)\j(l))\j(l)
and the expectation value equation is of the form
(A1) ©1(2) ©1(3)) = T{A A1)}

Let the eigenvectors |f(1)) of A(1) be the basis for the representation of the generators
Xj(l), and the state p’ after the measurement is determined by the projection operator

Pr(1) ©1(2) @ 1(3) as

7= — P el eld) P el@ eld) (5.8)
pr(1)

where the projection operator 13f(1) is represented by

R 1 1 N1—1 ; R
Pr(1) = El(l) +3 > wl(ae(1) (5.9)
c=1

1 1N
pr() = Te(mPr(V)} = 5+ 5 D we(ud (1) (5.10)
c=1
By using the facts
Pr(1)Bmn(1)Ps(1) = Pp(1)imn(1)Pr(1) = 0

BTP) = B (5.11)
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the equation 5.8 becomes

1 ~ ~ -~

pr()p = mPf(l) ®1(2) ® 1(3)
e ng we(Dw! (1)[P;(1) ©1(2)  1(3)]
+2N1N3 g/\k(z)[ﬁf(l) @ M(2) ®1(3)]
+2N1N2 Z M (3)[Pr(1) @ 1(2) @ Ny (3)]
I kZNE Ao k(L 2)w] (D[P (1) © Ak(2) © 1(3)
tIN, lf;ii:& e 1(1,3)wf (D[P (1) @ 1(2) ® \i(3)]
+41N1 ;Zi Aa(2,3)[Pr (1) ® Ar(2) @ Ni(3)]
52,8 Ni—1
];1 Z_} A rart(1,2,3)wl (1)[Pr(1) @ Ax(2) @ \i(3)]

where s’ = N2 — Nj. Tt is clear that the state p’ of the whole system after the measurement
will be the tensor product of the state p of first node and the state phs of the second and
third node

~ o~ ~
P = p1® pas3

where the state of the first node is

P = Tra3{p'}

= Py(1)
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as expected and the state pl; of the second and third node is

Py = Tr{p'}
1 N
= WM (2) ® 1(3)
2N1 ngf Z)\k ®1(3)]

I=1
so Ni—1
Aorse 1(1,2)wd (DA 3
D) 72 2 Avee sl 2l ()2 © )
s3 Ni—1
Aorre 1(1,3)wf (1 Y
+ D) 2 2 e (Bl © R3]
52,83
Ae(2,3) )\ A
4N1pf klzl i ( k(2) ® Ni(3)]
s2,53 N1—1 N -
D) D o Avsont(1,2, 3l (R(2) M)
Py (1 kl 1 =1

by using of the relations between the coherence tensors and correlation tensors given in 5.4

and 5.5, phs reduces to the following form

Ni1—1 so
//5/23 = p23+ ZZCS-i-clew()/\k() ® p3
c=1 k=1
Ni—1 s3
+ ﬁ2® Z ZCS +cl 1 3 ( ))\1(3)
c=1 [=1
Ni—1 s2,83 N N
+3 Z Cyyen(1,2,3)wl (1) Ae(2) @ A\i(3)]
(1) = k=1

(5.12)

It is worth to compare this result with its analog for two node systems given in 4.13 to

comprehend the meaning of common nonlocal-effect terms.
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5.2.2  Product Measurements on Two Subsystem

Consider a product measurement performed on the first and the second nodes of the state

7 given in 5.3, the representation of such a measurement A(1) ® A(2) ® 1(3) is

~ ~ ~ ~

A e i) e1E3) - NIINQTr{A(l)E@)}ll

+2]1V2 Z_: AWK @12) @1(3)

2N1 Z A1) @ M(2) ®1(3)]
3 122 Ay A1) @ A(2) @ 1(3)]
]k 1

and the expectation value of this measurement is

A1) e A@) e1(3) = N11N2Tr{ﬁ(1)ﬁ(2)}+2]1VZZAj(1)AJ(1)

+2]1\712_:Ak + Z A jk‘(172)

note that the expectation value of the measurement is determined by the reduced density

matrix for the first two node p1o

pre=Trs{p} = 10 @1R)+ 53 A1) @ 1(2)

so the expectation value equation is of the form
(A(1) @ A(2) @ 1(3)) = T{p2A(1) ® A(2)}

Let the eigenvectors |f(1)) and |g(2)) of A(1) and A(2) be the basis for the representation
of the generators Xj(l) and Xk(2) The state p’ of the whole system after the measurement

is determined by the projection operator ]3f(1) ® ﬁg(2) ®1(3) as

h= pfg(ll L) © B2 e1e) p P Fy2) 8 1(3) (5.13)
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where the projection operators ]3f(1) and 139(2) are

. 1 1!

Pr(1) = El(l) t3 w!(1)@e(1)
c=1

. 1 et

Py(2) = El@) T3 wy(2)Wa(2)
d=1

and py 4(1,2), the probability of finding state | f(1)) ® [g(2)), is

prg(1,2) = Tr{pPs(1) @ By(2) @ 1(3)}
1 Ni1—1

:mekgwmmHMEMMWm

N2 1N1—1

b Z Z Ne syra(l, 2w (Dwl(2) (5.14)

where s'q = qu — Ny (¢ =1,2). By using the facts given in 5.11, the equation 5.13 becomes

1 R ~ ~

Pro(L2F = P @ P29 16)
Ni—1
+ o, 2 CeWul WP 1) ® Py(2) 9 13)
1 No—1 N N R
N dZ wa(2)uw§(2)[Pr(1) © Fy(2) @ 1(3)]
1 & ~ ~ -
+ﬂm%§¥ﬁWMU®%m®m®]
1 No—1 N;—1 R R R
A DD e syra(1, 20wl (Dw(2)[Pr(1) @ Py(2) @ 1(3)]
d=1 c=1
s3 N1—1
4N2 ZZ Z Asire 1L, 3)wl (1)[Pr(1) @ Py(2) @ Ni(3)]
No—1 s3 R
4N1§:§2%4m23uw)ﬁﬂ)®ﬁﬂm®hﬁﬂ
d=1 I=1

s3 No—1N;—1

FED DT A a1, 2,30 (D) Pr(1) & Py(2) @ 2(3)]
=1 d=1 c=1

It is clear that the state of the whole system after the measurement will be the tensor

product of the individual state of each node,

P=p1®ph®
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so the state of the first node is,

Py = Tros{p'}
B S ML I e N et
~ prg(1,2) NiNo 2Ny Well e TS
W Z )Py(1)
i A
Z si+c 52+d 2)1[)5(1)?1)(‘3(2) Pf(l)]
= P;(1)

as expected; and similarly the state of the second node is

- 1 1!
Py = Py(2) = ﬁ1(2) t3 Z w)(2)Wa(2)
2 d=1
and finally the state of third node is
R VC U S o P S WE
P3 N3 2pf’g(1’2)l N1N2 !
=
*amy 2 Mo 13l )
No—1
Z )\ +dl 2 3 U}d( )
No— 1N1 1

1

d=1 c=1

4 Z Z )\S/1+C sh+d l(172’3)w£(1)wcgl(2) I u(3)

by using the relations between the coherence tensor and correlation tensor given in 5.4 and

eq. 5.5, the final form of pj becomes

s3 N1—1

p 1.9 l 1 e=1
s3 No—1

+p C. 29\ (3
f 4pfg 172); ; 52+dl ( ) ( )

Z C si+c sh+d l(l 2 3) ( ) 591(2)5‘\l(3)

(5.15)
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where pf(1) and py(2) are

1N
1) = —+- ((Mwl(
pr(1) N1+2621w()wc()
1 1!
_ g
pg(2) = N + B ; wq(2)wy(2)

and observe that they are also the probability of getting | f(1)) and |g(2)) in the independent
projections Pr(1) ©1(2) ® 1(3) and 1(1)® P,(2) @ 1(3).
It is worth to compare this result with 4.13 and 5.12 to comprehend the meaning of the

common nonlocal-effect terms.

5.2.83 Nonproduct Measurements on Two Subsystem

By considering the first two node of a three node system as a whole, we can measure it by

just one measurement apparatus. Such a measurement A\(l, 2) ® 1(3) is represented by

A1,2)21(3) = N11N2 THAL2)1(1) ©1(2) ©1(3)

o~

+2]1VQ ; Aj0(1,2)[3(1) @1(2) ®1(3)]

where

450(1,2) = Tr{A(,2) (1) 212)}
Aoe(1,2) = Tr{fT(l,Q) T(1)®Ak(2)}
Ap(1,2) = Tr{

and they satisfy the following inequality

Ajr(1,2) # Ajo(1,2) Agi(1,2)
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When such a measurement is performed on the state p given in 5.3, the expectation value

of the measurement is

S1

1 ~ 1
Tr{A(1,2 — Aio(1,2)A;(1
s A2+ 5 (12,0

Tr{pA(1,2) @1(3)} =
51,52

1 & 1
+oN, ; Aok(1L,2A(2) + 5 j;l Ajr(1,2)A5%(1,2)

Note that, the expectation value of the measurement is again determined by the reduced

density matrix for the first two node pio

p12 = Tr3{p} = 1(1) ®1(2)

51,52

J& 3 k(L 2)R (1) @ A (2)]
k=1

Recall that in two node systems, the state of the system after a nonproduct measurement
could be product or nonproduct. Similarly, the state p}, of the first two part of the total
systems after the measurement can be product or nonproduct, but the state of the total

system after measurement is definitely the tensor product of p}, and ph
P = Do ® Py

Let the eigenvectors |i(1,2)) of 2(1, 2) be the basis for the representation of {@jk}sll:i).
-]7 -

The state 7' after the measurement is determined by the projection operator P;(1,2) ®1(3)

as

~ 1 D T ~ 5 T
7= pi(1’2)P,~(1,2) ®1(3) p Pi(1,2) ® 1(3) (5.16)
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where the projection operator ]3Z-(1, 2) is

P(1,2)®1(3) = 11) ®1(2) ® 1(3)

d=1
Na—1 N1—1
172 1

10D wha(1,2) @) @ Ba(2) 2 1(3)
d=1

c=1

and p;(1,2), the probability of finding state |i(1,2)), is

1 1 Ni—1 1 No—1
= — Dw?(1) + — 2)wh(2
No—1N1—1

1 .
+1 Z Z >‘s’1+c s’2+d(17 2)weq(1,2)
d=1 c=1

where s; = Nq2 — Ny. By using the following facts

Pi(1,2) B (1) ® 1(2)Pi(1,2) = Fi(1,2) T(1) ® Bnn(2) Pi(1,2) =0
Pi(1,2) Gimn(1) @ 1(2)Pi(1,2) = Pi(1,2) T(1) @ Gna(2)Pi(1,2) =0
P,(1,2) @.(1)®1(2) P(1,2) = wi(1)Fi(1,2)

Pi(1,2) 1(1) @ 9q(2)Ps(1,2) = wi(1)Py(1,2)

P,(1,2) ©(1) ® @a(2)Pi(1,2) = wiy(1,2)F(1,2)
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the equation 5.16 becomes

1 ~ —~
(1,2 = —— _P(1,2)®1
pl( 9 )p N1N2N3 Z( 9 )® (3)
1 Ni—1
Dwi (1) Pi(1,2) @1
+2N2N3 Z:; we(we(1)P;(1,2) ® 1(3)]
1 No—1

TN le wa(L)wh(1)[P(1,2) @ 1(3)]

~

1 83 ~
A lz; NB3)[Pi(1,2) @ N(3)]

No—1N1—1

+4N3 DD Mt gra(L,2wig(1,2)[P(1,2) @ 1(3)]

d=1 c=1

+< Z As’l—l-c sh+d l(la 2, B)Mzd(la 2)[3(17 2) ® Al(3)]
=1 d=1 c=1

The state p), of the first two nodes after the measurement is
pho = Pi(1,2) (5.17)

and by tracing out the first and second nodes, the state of the third node is

1 1 & 1
o = —1(3 (3 Ao 1.3
p3 N3 ( )+2pz(172) E[NlNQ ( ) 2N2 Z S+Cl< ) ( )

c=1

1 No—1

+ N, ; Asy+d 1(2,3)wy(2)
Ny—1Ny—1

1 i ~
+ Z Z Z )‘s/lJrc sh+d l(la 2, 3)wcd(1a 2)] )\1(3)

d=1 c=1
by using the relation between the coherence tensor and correlation tensor given in 5.4 and

5.5, the final form of p} becomes
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s3 No—1

N 1 1 i(o\Y
ﬁ/?) = p3 + ﬁ mz Z C’5’2—|—d l(2’3)wd(2))‘l(3)
PilL: =) 2 =
1 s3 Ni—1 .
+E 4p Z Z Cs'Jrcl 1 3 ( ))‘1(3)
v I=1 c=1
83 N2 1N1 1
Sp ZZ ZCS/+CS+41123)+C§+dl( 3)we(1)

l 1 d=1 c=1
+ Cs’1+c l(lag)wd(2)] wzd(172) )\1(3)

It is worth to compare this result with 4.13, 5.12 and 5.15 to comprehend the meaning of

the common nonlocal-effect terms.

5.2.4  Product Measurements I

For the three node density matrix 7 given in 5.3, consider the measurement A(1) ® A(2) ®

A(3),

AN @ A@2)® AB) = Nl]\leTr{fAl(l)}Tr{/Al(Q)}Tr{g(S)}T(l)®T(2)®T(3)
zNiN TH{A)THAE };A NOERCESE)
Fon THADITHAR }ZAk )& 2(2) ©1(3)]
2N N, Tr{A(1)}Tr{A(2 }ZAl ) @ 1(2) @ N(3)]

51,52

Tr{A Y AW AR @ A(2) ®1(3)]
7,k=1

51,53

Tr{A Y A;WAB) (D) @1(2) ® \i(3)]
7,=1

52,53

Tr{A } Y A@AB) [1(1) @ M(2) @ Mi(3)]
ki=1

51752753

+ 3 A Ai(3) (1) @ Ae(2) ® \i(3)]

jkl 1
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where

the expectation value of this measurement is

~

(A1) ® A(2) ® A(3))

N1N>N3

+

+

+

1

1
2Ny N3

1
2N, N3

1
2N1 N9

51,82

J,k=1

51,53

J,l=1
$2,53

k=1,

$1,52,53

j7k7l:1

Tr{ A1)} Tr{A(2)} Tr{A(3)}

Tr{A2)}TrH{AB)} D A4;(1)A;(1)

J=1

TH{AMWITHAB)} Y An(2)Ae(2)

k=1

THAWITH{AE2)} Y AB)NE)

=1

+41N3Tr{g(3)} Z Aj(1) Ap(2)Ajx(1,2)
+4]1VZTr{z<z>} 3 A AB)A (L, 3)
+4]1VlTr{ﬁ(1)} Z AR(2)Ai(3)Ari(2,3)

% S A (D) AR A3 A1, 2,3)

and since all eigenvectors of the product Hermitian matrices are product states, the state

p’ of the system after the measurement is the product of the density matrices of each

subsystem.

-~ -~

p =P ® ph® Pl

Note that, the expectation value of the total measurement is not equal to the product

of the expectation values of the independent measurements, i.e.

(A1) @ A(2) ® A(3))5 # (A(1))p, (A(2))7,(A(3))z,
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The expectation value of the independent measurements are
~ 1~ 1 &
TERADY = S THADY 53 AW A0
j=1

TRAD) = A+ 5> w2,

TAEA) = - THAG) + 5> MEAE)
=1

Therefore, the relation between the expectation value of the whole measurement and the

product of the expectation values of the independent measurements is

(A1) 2 A2)® A(3)); = <ﬁ<1>>A (A(2))5,(A(3))5,

51,52

Tr{A D Cin(1,2)A;(1)Ar(2)
7,k=1
81,583
Tr{A )} Ciu(1,3)A;(1) Ay(3)
7,l=1
1 52,583
TIN, —Tr{A(1)} > Cr(2,3)AR(2) Ay(3)
k=1
31,52753
+ > [Cira(1,2,3) + A\j(1)Cr(2,3)
jkl 1

+ Ak (2)Ci(1,3) + Ni(3)Ciir (1, 2)] A5 (1) A (2) Ai (3)

where the 2-node and 3-node correlation tensors, which are zero for an uncorrelated system,
make the difference as expected.

As J. S. Bell proved that hidden variable theory would not fit with the predictions of
quantum mechanics by using the bipartite entangled sates, D. Mermin [18] demonstrated
the incompatibility of the reality criterion with quantum theory by using the tripartite
entangled states.

GHZ State and the Elements of Reality
Consider the GH Z state

1
E(IO,O,O) +11,1,1))

which is written in the basis generated from the eigenvectors of &, . Note that the Hermitian

IGHZ) =
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operators 7, (j) and G,(j) satisfy the following equalities for j¢* subsystem,

a:(7)0); = 1)
a:(7)I1); = 10)
ay(H)I0); = ill)
ay(I); = —ilo) (5.18)

5.(1)®5,(2) ®5,3)|GHZ) = |GHZ)
5,(1)®5,(2) ®5,3)|GHZ) = |GHZ)
5,(1) ©5,(2) ©5.,(3)|GHZ) = |GHZ)
5.(1) ®5,(2) ©5,(3)|GHZ) = —|GHZ)

Since the spin along = and y directions of a given particle anticommute i.e.

[02(1), 7y (D)4 =0,

and
(:(7))” = (3,(1))* = 1(5),

these operators satisfy
[02(1)0y(2)7y(3)] [04(1)72(2)0y(3)] [0y (1)7y(2)72(3)] = —02(1)02(2)5(3)-

For the GH Z state, the operators [,(1)7,(2)0y(3)], [0,(1)0.(2)7y(3)], and [0 (1)7,(2)0.(3)]
all have eigenvalue +1, which implies according to quantum theory that one can predict

with certainty the measurement outcome of the spin along the x direction of any one of
the three particles by measuring the spin along the y direction of the other two particles.

If the outcomes along y are the same, then the subsequent measurement outcome along x

would be +1, and if the y outcomes are different, then the subsequent outcome along x

would be —1. Similarly, we can also predict the measurement outcome of the spin along the

y direction of any particle with certainty, by measuring the spin of the other two particles,

along x for one and y for the other.

Now, if we assume that a measurement performed on any one particle doesn’t affect the

other two particles (the locality criterion of EPR), then the reality criterion of EPR implies
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that there exist six elements of physical reality, denoted by 0,(1), 04(2), 04(3), o,(1), 04(2), and
oy(3). Although we can not know the values for all six elements of reality, from 5.18, their

values must satisfy

02(1)02(2)0,(3) = —1 (5.19)
On the other hand, since each oy (j) is either +1 or —1 and each occurs twice, we have
0z(1)oy(2)oy(3) oy(1)o2(2)oy(3) oy(1)oy(2)02(3) = 02(1)02(2)02(3) =1

and this is a contradiction with 5.19. The essence of the contradiction is considering o, (7)’s
appeared in all measurements as same.

Note also that, for the generalized Bell’s inequalities of the three node systems [9], the
violation of the tripartite entanglement is much greater then that of bipartite entanglement.

Consider the following inequality
|02(1)ay(2)0y(3) + 0y(1)02(2)0y(3) + 0y(1)oy(2)02(3) — 02(1)0z(2)0(3)| < 2

but it is violated for GH Z state, by taking value 4.
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5.2.5 Product Measurements I

For the three node density matrix p given in 5.3, consider the Hermitian operator g(l, 2)®

A(3),

A1,2)® A3) = NlNlNTr{g(1,2)}Tr{X(3)}T(1)®T(2)®1(3)

1 ~ ~
2N2N3Tr{A };AJO (L,2)[A;(1) ® 1(2) ® 1(3)]

~

Tr{A(3) }ZAOk 1,2)[1(1) ® A(2) @ 1(3)]

2N1N3

o~

Tr{A(1,2) ZAl 1) ®1(2) ® Ai(3)]

2N1N

51,52

Tr{A )} Ak(1,2)[(1) @ A(2) @ 1(3)]

k=1
+J1\72 Z Ajo(1,2)A1(3) [3;(1) @ 1(2) @ Mi(3)]
7,l=1
Z Aor(1,2)A(3) [1(1) ® Ak(2) ® Ni(3)]
kl 1,
+ Z Ajr(1,2)A1(3) [N(1) @ A(2) ® Ni(3)]
gkl 1
where
A3) = Tr{z(:s)xl(:a)}
Ajo(1,2) = Tr{g(l,Q) &(1)@?(2)}
Aor(1,2) = Tr{ﬁ(1,2) T(1)®Xk(2)}
Ap(1,2) = Tr{ﬁu,z) Xj(1)®xk(2)}

and they satisfy the following inequality
Ajr(1,2) # Ajo(1,2)Aok(1,2)

so the 2-node correlation tensor Kj;(1,2) for the measurement is nonzero while the 3-node

correlation tensor of measurement defined given in 5.7 is zero.

K;i(1,2) #0 K;i(1,2,3) =0
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When such a measurement is performed on the state p given in 5.3, the expectation value

of the measurement is

(A(1,2) 2 A(3) = MTr{E(l,Q)}Tr{E(B)}
+2N2N3Tr{A )} Ajo(1,2)0,(1)
J=1
+2N1N3Tr{A }ZA% 1,2)A1(2)
k=1
2N1N Tr{A(1,2 }ZAZ
Tr{A )} Z Aj(1,2)Mk(1,2)
7,k=1

Z Ajo(1,2)Ai(3)Nu(1,3)

1 52,53
> Aok(1,2)Ai(3) A (2, 3)
Lgi=t
51 52,53
+ > A (3) Ajwi(1,2,3)
],kl 1

Recall that for two node systems, the state after the measurement could be product or
nonproduct, so the state p}, of the first two part of the whole systems after the measurement
can be product or nonproduct, but the state of the total system after measurement is

definitely tensor product of pj, and ph
P = P12 @ Pl

Note that, the expectation value of the total measurement is not equal to the product

of the expectation values of the measurements performed separately, i.e.

(A1) ® A(2))5 # (A(L,2))5,,(A(3))5
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The expectation values of the independent measurements performed on subsystems are

JR 1 ~ 1 &
Tr{p12A(1,2)} = NN, Tr{A(1,2)} + 2N, > Ajo(1,2)2(1)
=1

1 52 51,52

1
+TN1 kzl Aor(1,2)M6(2) + 1 j;1 Ajr(1,2)Mk(1,2)

T{mAE)} = L THAB) + 5> NG
=1

Therefore, the relation between the expectation value of the total measurement and the

product of the expectation values of the independent measurements is

~

(AN ©A@2) = (AL)p (A2))5(AB))5

1 51,83 §2,53
A D Ajo(1,2)A(3)Ci(1,3) + N, > Aok(1,2)Ai(3) A (2, 3)
jil=1 k=1
1 §1,582,83
+3 > Ap(1,2)A3) [ Ciu(1,2,3) + A\ (1)Ca(2,3) + Ak(2)Cu(1,3)]
4.kl=1

5.2.6 Nonproduct Measurements

When we consider a three node system as a whole, we can measure it by just one measure-

ment apparatus. Such a measurement 11(17 2,3) is represented by

~ 1 R - ) .
1 51 N R R
TN, > Ajoo(1,2,3) (1) ©1(2) @ 1(3)]

j=1
1 & A R
T A 17273 1(1) @ A\ (2) ® 1(3
leNSkZzl owo(1,2,3) [1(1) @ Ae(2) © 1(3)]
1 53 R R R
O, > Agn(1,2,3) [1(1) @ 1(2) @ Ai(3)]
=1
1 $1,52 N R ~
+4T\73 Z Ajro(1,2,3) [A;(1) ® M\e(2) @ 1(3)]
k=1
1 51,53 N R R
jil=1
1 52,83 R R ~
+4T\71 Z Ao (1,2,3) [1(1) @ Me(2) @ Ai(3)]
k=1,
1 $1,52,83 R

5 Y Au(1.2,3) 1) 9 (@) 9N ()
jkl=1
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where Aj007 ceey Ajk[h ceey Ajkl are

~

Aioo(1,2,3) = Tr{A,2,3%(1) 012 e1(3)}, . et
A30(1,2,3) = Te{A(1,2,3%1) @ (@) 21B)}, - etc.

Aja(1,2,3) = Tr{A1,23%0) @M@ o NE) )
and the 3-node correlation tensor of measurement is nonzero
K;(1,2,3) # 0.

Therefore, this is the measurement that generates the 3-node correlation. The states after
the measurement can be tripartite entangled, bipartite entangled or product. Therefore,

the Hilbert space of the system after the measurement is of the form

H(1,2,3) = [H'(1)@H (2)®H (3)]
® [Hp(L,2) @ H'(3)] & [Hp(1,3) @ H'(2)] & [Hp(2,3) @ H'(1)]
OHp(1,2,3)
where H'; (1,2, 3) is the space of tripartite entangled states, and H'; (7, j)’s are the spaces of
bipartite entangled states. Since the space of product states H'(1)@H'(2)®@H'(3) has at most

(N1 —1)(Ny—1)(N3—1) dimensions, the remaining N1 Ng+ N1 N3+ NoN3— N;— No— N3+1

dimensional space consists of tripartite or bipartite entangled states.

5.3 Dynamics of Bloch Vectors and Coherence Tensors

For a general state of a three node system p given in eq. 5.3, consider a general Hamiltonian

H of the system

e A > HOK 0 @12 0 1)
1\ S NP 1 & S
TN, ;Hk@)[ (1) @ \e(2) @ 1(3)] + 2N1N2l§ B3I ©1(2) @ A\(3)]
1 51,52 . . . 1 S$1,83 N R R
+4N3j;1 Hir(1,2)[M\(1) @ M\e(2) @ 1(3)] + ‘%];1 H(1,3)[\(1) @ 1(2) @ \i(3)]
1 52,83 R

> Hu(2,3)[I(1) e Me(2) © N(3)]

+4N1
k=1,
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where

Hy(1) = Tr {fﬁju) ©1(2) @T(3)} ... ete,

Hj(1,2) = Tr {fﬁj(n ® n(2) @T(g)} ... etc.
Because three node interaction has no physical meaning
Hju(1,2,3) = Tr {ﬁIXj(l) © e(2) © XZ(3)} —0

To get the dynamical equation of the Bloch vectors, 2-node coherence tensors and 3-node
coherence tensor, we now insert the Hamiltonian and the density matrix into the Liouville

equation

by using the commutator relation given in 4.18, the time derivative of the components of

the Bloch vectors are

d)\zlnt(l) _ N2]1V3hij’jm(1)Hj’(1)>\ (1) + 2N . %:kfj (D H (1, 2)A0(1,2)
2N - %:lfj im (D Hyn(1,3)A5(1,3)

dAgt(z) = N.Ns hsz’kn JHie (2)Ak(2) 2N SN, Z‘fk kn(2) Hjpr (1, 2) A\ (1, 2)
3N, hklzkjl Fiorn (2) Hivt(2,3) At (2, 3)

dkgi3) - NN, hmeo JHy (3)Mi(3) 2N ; meo Hjr(1,3)A(1,3)

2N INT > frio(3) Hiar (2,3) A (2, 3)
vk



Chapter 5: Bloch Vector Formalism for Three Node Systems

and those of the 2-node coherence tensors read

d\mn(1,2)
7dt = NgNthfj ]m ] n(l 2))‘ (1)
NQNthfj jm (D) Hyr (1) Ajn(1,2)
+N1N3ﬁ Z fk’kn(2)Hk’(2)>‘mk(1a 2)
2N Z dk’km f] jm( )Hj’k’(1’2)>‘jk(1’2)
3 3’ K gk
2N 7 dirjim() frrkn(2) Hyio (1,2) (1, 2)
3 3’ K gk
+ o ij (D Hjn(1,3) A5 (1,2,3)
3t
1
1 > Fwin(2)Hpr(2,3) Amp (1,2, 3)
k',k,l
dAmo(1,3)
T at - NgNgﬁij]m jO(l 3)/\()
NlN ﬁzfl lo(3 ml/(l 3))\1( )

NgN NN ij (D Hjr(1)Ajo(1,3)

Y Nﬂ Z frr o(3)Hy (3)Agu(1,3)

2Nh Z drio(3) frjm (1) Hyr (1,3)Au(1, 3)
350l

I Yl 1 y 1
+2N2h ,lzjl/d]jm )fl lo( ) l( S)A]l( a3)

4h Z f] ]m ’k 1 2))‘3140(1 2 3)
3"3:k

1
+£ 1121;1 Jrr10(3) Hir (2, 3) Akt (1,2, 3)
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k,k'

NgNthf”O Hyr(2,3)M(3)

_l’_

NgNthf’”m VH (2)Ako(2,3)
k,k'

1
NN Z frio(3)Hy (3) A (2, 3)

dy / Harpr A (2
2N1hk%;l/ 110(3) firken (2) Hirr (2, 3) Ak (2, 3)

/ ’ Him (2 2
2N1hk%;l/dk kn(2) fr10(3) Hprr (2, 3) A (2, 3)

+7 Z Swkn(2)Hjir (1,2) Ajiko(1, 2, 3)

_l’_

+ Zfl/lo ]l' 1 3))\]'”1(1,2,3)

l’, J



Chapter 5: Bloch Vector Formalism for Three Node Systems

finally that of 3-node coherence tensor reads

d 1
*Amno 1727 e —— "‘mlH"o 1, An 172
g mno(1,2,3) NgNghjz,;f“ (1) Ho(1,3)Ajn(1,2)
1
+ 1 (2) Hiro (2, 3) A (1,2
NlNgth;fMu vo(2:3)An(1,2)

1
NN ij,jmu)ﬂj,n(l, 2)Xjo(1,3)
%59
1
N1Noh

1
N N3h

1
N1 Nah

+

> Frio(3)Hyr (2,3)Anu(1,3)
)

+ > fwrkn(2) Hini (1,2) Ao (2, 3)
k' k

+

> frio(3) Hor (1,3) Ani(2,3)
vl

1

T NoNsh jz; Firim(DHy (1) Ajno(1,2, 3)
1

N1Ns3h

1
N1 Nah

+

> Frrken(2) H (2) Ao (1,2, 3)
k' k

+

> frio(3) Hir(3) Amni(1, 2, 3)
vl

1
T INgh A,;kdk/kn(Q)fj/jm(l)Hj'k’u’Q)Ajko(l,2,3)
WARLARY I

1
TON 7 Z djtjm (1) frerkn (2) Hjrr (1,2) M jio(1, 2, 3)
30 Sk Gk
J75R,
1
+2Nh Z dl/lo(3)fj/jm(1)Hj/l/<173)Ajnl(1,2,3)
2h
35,0
1
+m Z dj'jm(l)fl’lo(3)Hj’l/(1,3))\jnl(l,2,3)
2h A~
VUV
1
dy1o(3) frrken (2)Hprp (2, 3) Ak (1,2, 3
+2N1hk’;cl ”(>fkk() kl( ) kl( )
1
+2N1h Z dikn (2) fr10(3) Hiryr (2, 3) A (1,2, 3)

K1kl
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84

by defining the terms

Qmjk(1§ 1,2)
ank(Q; 1,2)
Qmji(1;1,3)
Qjo1(3;1,3)
@nki(2;2,3)
Qrot(3;2,3)
Diim;j(1,2)
Dim;j(1,3)

Dolnk(27 3)

1
= W Z fj’jm(l)Hj’(l)
jl

= Nlll\fgh > feen(2)H (2)
k/

= Nljl\f 5 Z Jrio(3)Hy (3)

Zf; rjm (1) Hjri(1,2)
hka:’kn Hij(1,2)
Zf] jm (1) Hjn(1,3)
hmeO Hji(1,3)

= 3 e Hi(2.3)
kl

= % Z Jrio(3)Hyr (2,3)

N h Z dk’kn )f] jm( )+ d] jm( )fk’kn( )]Hj’k’(172)

/kl

thdl’lo ) fjrjm (1) + djrjm (1) frio(3)1 Hjrwr (1, 3)

/l/

=N hz [dir10(3) frrkn(2) + dirion (2) fr10(3) Hyrr (2, 3)

Kl

the time derivative equations take their final form as

a ZQ"”
o = Zan YAk (2
dt = ZQOZ<3)

I

ZQW 1;1,2)A%(1,2)

]k:

Zkazm Aje(1,2) +

ZQN 3;1,3)\;(1,3)

7.7

ZQM 1;1,3)A;(1,3)

75l

Z Qni1(2;2,3)A\r(2,3)

Z Qrot (3;2,3) (2, 3)
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d\mn(1,2)
B = 2 Om A2+ 3 G@Ank(1.
1
TN 2o @mn (131201 + (2:1,2)M(2)
J
1 1
+Z Z Qmjl(l; 1a 3))‘jnl(1a 2a 3) + Z Z kal(2; 2> B)Amkl(la 2, 3)
7,1 k,l
1
+§Zanﬂ’L](172))\]k’(172>
7j7k
dA\mo(1,3)
et = ;Qmj(l io(1,3) +ZQOZ Ami(1,3)
1
mjo(151,3)A;(1 mol (35 1,3)A
+MMZNJ< @ﬂHWWﬁZQz@3M®
+- ZQm;k 1;1,2)Ajko(1,2,3) + = ZQM ,3) A (1,2,3)
]7
+§ZDolmj(1>3))‘jl(173)
Lj
dM\no(2,3)
7dt = Zk: Q /\ko +ZQol
nko(252,3)\ nol(3;2,3)\
—i—NgNZQk )k (2 ;Qz 1(3)
+5 ZQM 2;1,2)\jko(1,2,3) ZQM 3;1,3)Ajni(1,2,3)
k,j Lj
+5 ZDolnk 3)Aki(2,3)
d
dt/\mno 17273 ZQmJ ]no 1;2;3) Zan(Q)Amko(LQy?)) +ZQol(3))\mnl(17273)

k l

mjo(1;1,3)Ajn(1,2) + nko(2;2,3)A\m,
M%ZQJ 3)Ajn MMZQk 3)Ami(1,

(1;1,2)A50(1, 3) +

NlN Zle (3;2,3)\(1,3)

2:1,2) A\ro(2 :1,3) A (2
+N1N Zank( s Ly ) ko( 73)+N1N ZQmol(?’v 73) nl( 73)
= Zanm] (1,2)A\jro(1,2,3) + ZDOM (1,3)A\jn(1,2,3)

7,0

1
+§ Z Dolnk(2> 3))‘mkl(1) 27 3)
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the time derivative of the 2-node correlation tensors are as following

dChn(1,2)
S - ZQm] )Cjn(1,2) +Z Qi (2)Cri(1,2)
*§ZQmjk(1§1,2)>‘n(2)>‘jk(1 2 Zngn 1a1a2))‘ (1)
I

——ZQmﬂ 1;1,3)A(2)A5(1,3) ZQW 1;1,3)Ajm(1,2,3)

jl

_,Zank ;1,2 (1)Ajk<1 2 N1N3 Zank 27172>)‘k( )

—3 Z Qnit(2; 2, 3)Am (1) Ai(2,3) + 7 Z Qmi(2;2,3) A (1, 2, 3)
ol

k.l

1
+§ Zk anmj(L 2))‘jk(17 2)
J

%Cmo(l,g) = ZQW’L] ]O 1 3) ;QOZ(g)le(l’g)

_§ZQmjk(1;1,2))\o(3))\]k(1 2) ZQW (1;1,2)A\jro(1,2, 3)

Jsk jk

1
——ZQm]l 1;1,3)A(3)An(1,3) + sz:@mjo(l;l,B)Aj(l)

1
—{j@m 3L 3Am(DA(L,3) + ZQmoz<3;1,3>Al(3>
_52 Qo (352, 3) A (1) A (2 ZQkol )Amii(1,2,3)
Lk

1
+5 lz:Dalmj(lv?’))‘jl(la?’)
7]
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dCd<t23> _ zk: 2)Cio(2 >+§ljaol<3>cm<2,3>

Zkazm o(3)Njk(1,2) + ZQ]nkQIQ Mko(1,2,3)

—§ZQJ~01(3;1,3)/\”(2)/\][ (1,3) ZQM 3;1,3)\ju(1,2,3)
Lj

_%ZQ”M(2;2’3))\ ( ))\kl(Q 3 Zano 2 2 3))%( )
k,l

N3N1

—%Z Qua (352,32 (2,3) + 5 3 Qui®2.3)u(3

+- ZDolnk 3)Aki(2,3)
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and the time derivative of the 3-node correlation tensor is equal to

dCrmno(1,2,3)
dt N
ZQW Cino(1,2,3) + > Qup(2)Crmko(1,2,3) + > Q0i(3)Crr (1,2, 3)
k l

1 1
TN ;Qmjn(l, L29)Ci(1,3) + - ;Qmﬂ,(l, 1,3)Cin(1,2)

1 1
+ mnk (25 1,2)Cro(2, 3) + nko(2; 2, 3)Cx (1, 2
NIN?,%:Q k( )Cro(2,3) NlNgzszk( )Crmi(1,2)

1 1
+ mol (3;1,3)Cr1(2,3) + not (3;2,3)Cru (1,3
N1N2;Q 1 )Cni(2,3) N1N2;Q 1 )Crmi(1,3)

*i 3 Quut(151,2) (2 A k01,2, 3) + 20541, 2)Cro(2, 3) — 22n(2)A0(3)Aj(1,2)]
7.k

—% Z Qmji(151,3) [Mo(3)Ajni(1,2,3) + 2Xj1(1,3)Cro(2, 3) — 2A,(2) Ao (3) N1 (1, 3)]
4.l

—— Z Qjnk(2:1,2) [Am (1 JAjko(1,2,3) + 2)\jk(1, 2)Crno(1,3) — 2)\m(1))\0(3))\jk(1, 2)]
k,j

_1 Z kal(2§ 2, 3) P\o(?’))\mkl(la 2’ 3) + 2/\kl(2’ 3)Cmo(1a 3) - 2)‘m(1))‘0(3))‘kl(27 3)]

—% Z Qiot(3;1,3) Pon(DAjni(1,2,3) 4 2Xi1(1,3)Conn(1,2) — 20 (1) A (2)Nj1(1, 3)]

_i Z Qkol(3§ 27 3) [)‘n(z))‘mkl(L 2? 3) + 2/\kl(27 3)Cmn<17 2) - 2)\m(1)/\n(2)/\kl<27 3)]

+= ZanmJ (1,2)Cro(1,2;3) ZDO,mJ (1,3)Cjni(1;2;3)
]k 7,5l

+= ZDolnk mkl(l 2 3)
where
Cimno(1;2,3) ¢+ = Ano(1,2,3) — A (1) Ao(2,3)
Cm,n,0(1;2;3> L= )\mno(la273) - A’rl<2)AmO<173)
Cmnﬂ(l?z;?’) : = )\mno(17273) - AO(?)))\mn(l,Q)

As in the two node systems, the correlation tensors of the states experience orthogo-
nal transformations under products Hamiltonians of the type ﬁl ® ﬁg & ﬁg so product

states stay product. A product state only gets correlated under a nonproduct Hamiltonian.
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Consider the evolution of a product states i.e.
Cir(1,2) = Cj(1,3) = Ci(2,3) = Cji(1,2,3) =0

under a nonproduct Hamiltonian. The time derivative of the tripartite correlation can be

found by similar treatment that we followed in two node case, and it is equal to

S Cono(1,2,3) = fz KL L 20n(2) + Qa2 1292 (1] A (DA(3)
+izl[ (0L 3(3) + QI35 1,30 (1] (DM 2)N()

Js
% %: [QF11(2:2,3)00(3) + QL1(3:2,3)A(2)] Am(1)A(2)M:(3)

where |

min(L1,2) Zf] im(D) K (1, 2)
Jnk(27172) : hka’kn K (1,2)
Qna(1:1,3) Zf] im(1D)Kjn(1,3)
301(371’3) : hZfl’lo Ky (1,3)
mi1(2:2,3) 0 = 7 Zk;fk’an)Kk’l@vg)

Qu2.3) + =2 oK (2.3
l/
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Chapter 6

CONCLUSION

This thesis is mainly concerned with the Bloch vector formalism for finite dimensional,
composite quantum systems. Through this formalism, it is possible to represent pure and
mixed states by the expectation values of the generators of SU(N) and that make it conve-
nient to deal with quantum systems both theoretically and experimentally.

Before giving the detail of this representation, the fundamental properties of the density
matrix formalism is briefly explained in the Chapter 2. Then, the Bloch vector representa-
tion is introduced and its characterization is given in Chapter 3. In addition to that, the
Chapter 3 includes original results about the geometry of the Bloch vector space, which is
helpful to understand the nature of the entangled states. Chapter 3 is concluded with the
introduction of the Bloch vector formalism for the measurement and the time evolution of
the systems.

In the Chapter 4 and Chapter 5, the Bloch vector formalism for bipartite and tripar-
tite systems is deeply analyzed by considering all types of the Hermitian matrices used in
measurements and Hamiltonians responsible for the time evolution of the systems. Since
the state of the subsystems and the correlation between them are expressed clearly, their
interactions with nonlocal Hermitian matrices that take a role both in the measurement
and in the evolution of the system, became more meaningful and this is very important
for controlling the behavior of the quantum systems. Although this thesis deals only with
fundamental properties of quantum mechanical systems, it will have straightforward appli-

cations to physical systems.
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Appendix A

A.l

The first few power of p represented in the basis given eq. 3.4 is as followings

1 1N2—1 N
1 N2-1 N N2-1 R
o= ety D X+ 1 Z AN
=1 i,7=1
1 N2-1 N2-1 R 1 N2-1 R
P smltgnm 2 Mhit gy DL AN g D0 AAAA
= 3,j=1 2,5,k=1

i

for these terms C(N, q) = Tr{p?} equals to

C(N,1) = 1
1 1.,
N,2) = — 4=
C(N,3) = AP+ 53 digididh
)T N2z T aN 14+ iGkAnG R
C(N,4) = i+im2+i§ i N A + L w4+1 > digmmpAidj AeA
) G N2 Nl-jk ijk NNk AN 8ijkm 1gmAmEI N NG AR A]

C(N,5) =
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A.2

The first few power of p represented in the basis given eq. 4.1 is as followings

5 = n11n21+ 2;2;&-(1)[&(1) ©1(2)]
%ixk(z)m)m 12 2R @ Ru)
k=1 Jk 1
. 1 \? 1 o > o
i 21 i%(?)?(l) ® Ak (2)]
n1n2 =1
27;”2 S r(1,2) + A (DA@) (1) © A (2)]
jk=1
+41n% SN ONOR(OXD) 2 1(2)
jii=1
+4711% S A @NEA1) @ X (2)%(2)]
ji=1
+7 Z Ak (1, 2) X (1) (DA, (1) @ Ak(2)]
]kz 1
Z Ak (1, 2)X(2) [N (1) ® M (2)Ni(2)]
]kz 1
L1 Z (1 2) A (1, 2) 0 (1) (1) @ g (1) An(2)]
Jrkmmn=1

for these terms C(N, q) = Tr{p?} equals to
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C(N,2) L Lpors L per+ inap
’ ning 2n2 ni 4 ’
C(N.3) L R BV Ve (1,2)?
’ nlng 2711712 277,%77,2 ’
o zzduk A (DA(1)
1,5,k
QZduk X (2)A(2)
1,5,k
3 81,82

C(N,3)

%_

2n1n2

> A1, 2)A(2)4(1)
7,k=1

51,52

Z dz]m ]k 1 2))‘ (1))‘mk’(172)

]kzm 1

51,52

= Y drkim(@NR(1,2)X(2)Ajm(1,2)

g k,i,m=1

1

16

1,82

> Nr(L2)Amn(1,2)Aar (1, 2)djma(1) dinr (2)

7.kmmn,dr=1
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Appendix B

The orthonormal basis of su(N) consisting of a set of elements XZ (i=1,..,N>—-1)

satisfying the relations

(@A =X, O)Tr{X} =0, ()Tr{\\;} = 20 (B.1)

)

and it is an N2 — 1 dimensional real vector space in the sense of Hilbert-Schmidt product
1 i 1

Note that, su(N) is isomorphic to RV L.
Now suppose that U is an element of SU(N) and A is an element of su(N), and consider

UAUT, since Tr{AB} = Tr{BA},
Tr{UAU™} = Tr{A} =0

and

(UAUHT = (UH)TATUT = yAUT

and so UAU™! is again in su(N). Furthermore, for a fixed U, the map ®y from su(N) to
itself defined as
dy(A) := UAU™! where ® : SU(N) — su(N)

is linear in su(N). Moreover, given U € SU(N) and A, B € su(N), we have
1 1
(®y(A),®y(B)) = 5Tr{UAU—luBu—l} = 5 Tr{AB} = (4, B)

Thus, @y is an orthogonal transformation in su(N) and since we identified su(N) with RV’ =1,
®y is an element of O(N? — 1). So, ® is a map from su(N) to O(N? — 1).
Note that

Dy,u, = U1Us AU TUT! = (U1Ug) A(U Ug) ™t = @y, dy,

Since ®y,y, = Py, Py,, we see that ¢ is continuous and, thus, a Lie group homomor-

phism between su(N) to O(N*—1).
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Recall that every element of O(N?—1) has determinant +1. Now, su(N) is connected,
® is continuous, and ®; is equal to I, which has determinant one. It follows that ® must
actually map su(N) into the SO(N?—1).

The map @ is two-to-one, since U € su(N), &y = ®_y. Also, it is onto for N = 2 and

not onto for N > 3 since dimension of SO(N) is N2 — 1 while dimension of SO(N*~1) is

(N2-1)(N%-2)
.

Unitary Transformation of the Density Matrix
The unitary transformation U of density matrix p

N2-1

1~ 1 ~
— - E Uyt
1+ 5 - AUNU

t—
UpUt =

is equal to an application of O € SO(N%2—1) to A, therefore following equality holds,

N2-1 N2-1 N2-1
STauaU = ST 05N
i=1 j=1 i=1
N2-1 N2-1 N2-1
Z )\iTF{XmUXiUT} = Z ( Z Oj,-/\i)Tr{/)\\m:\\j}
i=1 j=1 i=1
N2-1 N2-1

Z /\ZTF{}\\mU}\\ZUT} = 2 Z Omz)\z
i=1 =1
and the corresponding element O of SO(N2—1) for the unitary transformation U is

%Tr{}\\m U}\\Z U f } = Oml
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