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ABSTRACT

ONE LEVEL DENSITY OF HECKE L-FUNCTIONS
ASSOCIATED WITH CUBIC CHARACTERS AT

PRIME ARGUMENTS

Cazibe Kavalcı

M.S. in Mathematics

Advisor: Ahmet Muhtar Güloğlu

January 2023

We study the one-level density of low-lying zeros of a family of L-functions associ-

ated with cubic Hecke characters defined over the Eisenstein field. We show that

this family of L-functions satisfies the Katz-Sarnak conjecture for all test func-

tions whose Fourier transforms are supported in (−1, 1), under the Generalized

Riemann Hypothesis.

Keywords: One level density, cubic Hecke L-functions, Katz-Sarnak Conjecture.
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ÖZET

KÜBİK HECKE L-FONKSİYONLARININ 1/2

NOKTASINA YAKIN SIFIRLARININ DAĞILIMI

Cazibe Kavalcı

Matematik, Yüksek Lisans

Tez Danışmanı: Ahmet Muhtar Güloğlu

Ocak 2023

Bu tezde Eisenstein cismi üstünde, asal argümanlarda tanımlı üçüncü derece

ilkel Dirichlet karakterlerine karşılık gelen Hecke L-fonksiyonlarının s = 1/2

noktasına yakın sıfırlarının dağılımı üstünde çalışılmıştır. Genel Riemann

Hipotezi varsayımı altında bu L-fonksiyonlarının Katz-Sarnak sanısını destek-

lediği gösterilmiştir.

Anahtar sözcükler : Katz-Sarnak sanısı, Kübik Hecke L-fonksiyonları.

iv



Acknowledgement

I would like to express my gratitude to my advisor Ahmet Muhtar Güloğlu for ev-
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Chapter 1

Introduction

In this thesis, we study the statistics of low lying zeros, zeros near the central

point s = 1/2, of a family of Hecke L-functions associated with cubic characters.

The reason to study these statistics is to provide evidence to the Katz-Sarnak

Conjecture, which suggests a relation between the distribution of low lying zeros

of a family of L-functions and that of the eigenvalues near 1 of a corresponding

group of matrices from some classical compact group. The family of L-functions

is defined in (2.0.10). We denote the set of cubic characters by F and for each

character χ ∈ F we have an associated L-function L(s, χ). In order to define one

level density for the family F , we first fix an even Schwartz test function ϕ(x)

whose Fourier transform is supported in (−v, v). We assume the Generalized

Riemann Hypothesis (GRH) for the L-functions in this thesis; that is, we assume

that all nontrivial zeros of all the L-functions lie on the critical line s = 1/2. For

each χ ∈ F , we consider the corresponding sum∑
ρ= 1

2
+iγ

L(ρ,χ)=0

ϕ
(γ logX

2π

)

where the sum runs over the zeros ρ of L(s, χ) with multiplicity. This sum counts

zeros that are within O(1/ logX) of the central point s = 1/2.
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It is not possible to asymptotically evaluate this sum by taking a single L-

function, because such a sum captures essentially a bounded number of zeros.

Therefore, we take an average over the family F by considering

D(X;ϕ,F ) =
1

AF (X)

∑
χ∈F

w(nχ/X)
∑

ρ=1/2+iγ
L(ρ,χ)=0

ϕ
(γ logX

2π

)
,

where AF (X) =
∑

χ∈F w(nχ/X), w : R → (0,∞) is a Schwartz function, and nχ

is the norm of the conductor of χ. The one level density for F then is

lim
X→∞

D(X;ϕ,F ).

Now we state Katz-Sarnak conjecture:

Conjecture 1.0.1 (Katz-Sarnak[1],[2]). Statistics of low-lying zeros of a family

F of L-functions correspond to those of eigenvalues near 1 of an underlying group

G(F ) of matrices determined by the family F ; that is, for any test function ϕ,

lim
X→∞

D(X;ϕ,F ) =

∫ ∞

−∞
ϕ(x)WG(F )(x)dx,

where WG(F )(x) is the one-level scaling density of eigenvalues near 1 in the group

of matrices with respect to the symmetry type of the family F .

Note that in this conjecture, there is no restriction on the test function ϕ(x).

All known results in the literature, however, assume that the Fourier transform

ϕ̂(y) =
∫∞
−∞ ϕ(x)e−2πixydx of ϕ has compact support in (−v, v) for some v. In

particular, for a family with a unitary symmetry type, going beyond the range

(−1, 1) is crucial to show that a positive proportion of L-functions in the family

does not vanish at s = 1/2. Therefore, it is important to obtain a result where

the support is as large as possible. For instance, Chantal and Güloğlu [3] used

Poisson summation to go beyond this range and obtained a positive proportion

of L-functions in a family associated with cubic reside symbols with square-free

conductors. This family is also a thin subfamily of all Dirichlet characters and

it contains our family as a subset. In our case, however, since we cannot use

Poisson summation and some of the other analytic tools that they are able to use,
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we cannot obtain a non-vanishing result using the one-level density approach. In

this thesis, the family F leads to an incomplete sum which unables one to use such

tools. Therefore, we cannot establish a non-vanishing proportion of L-functions

by passing the range (−1, 1).

Chowla claims in [4] that quadratic Dirichlet L-functions L(s, χ) do not vanish

for s ∈ (0, 1). In particular, L(1/2, χ) ̸= 0. It is believed that the same holds

for all Dirichlet characters. This is also predicted by Katz-Sarnak conjecture

since assuming this conjecture one can show that almost all L-functions in a

family do not vanish at the central point s = 1/2. There are other results in the

literature that support Chowla’s conjecture which will be mentioned below. On

the other hand, Li [5] showed that there are infinitely many L-functions over the

rational function field which vanish at the central point s = 1/2. She remarks

that although Chowla’s conjecture is not strictly true, it may hold for almost all

quadratic characters.

Some of the results which support Chowla’s conjecture are as follows: Özlük

and Snyder [6] showed that at least 15/16 of the L-functions attached to quadratic

characters do not vanish at the central point by computing one level density under

GRH. Soundararajan [7] proved without assuming GRH that at least 87.5% of

quadratic Dirichlet L-functions do not vanish at the central point by computing

mollified moments of L-functions. Gao-Zhao [8] proved that at least 75% of the

members of a family of quadratic Hecke L-functions of prime moduli do not vanish

at the central point under GRH.

We study one level density for Hecke L-functions associated with primitive

cubic Dirichlet characters of prime moduli. The above mentioned work done by

Chantal-Güloğlu [3] is the first one extending the support (−1, 1) of the Fourier

transforms of the test functions ϕ for a family of cubic L-functions. In their paper,

Poisson summation leads to averages of Gauss sums which is more difficult to

work with compared to the quadratic case. For the cubic case, there is much less

work in the literature compared to the quadratic case for this reason. Chantal-

David-Lalin [9] recently showed that a positive proportion of cubic Hecke L-

functions do not vanish at the central point over the rational function field by
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computing mollified moments. Much other work has been done towards showing

non-vanishing of various families of L-functions and studying one-level density,

some of which are [10, 11, 12, 13, 14].

Theorem 1.0.2. Let F be the family of cubic Hecke characters that is defined

by Definition 2.0.10. Let ϕ be an even Schwarz function with ϕ̂(y) supported in

(-1,1). Then assuming GRH,

lim
X→∞

D(X;ϕ,F ) =

∫ ∞

−∞
ϕ(x)WU(x)dx

where WU = 1.

This theorem shows that the family F matches the statistics of the unitary

family of matrices. Hence, we say that the family F has unitary symmetry type.

1.0.1 Structure of the Thesis

In the next chapter, we give necessary background on cubic characters and cor-

responding family of L-functions and eventually define the family F . Then in

the third chapter, we give the explicit formula, which is the main tool we use to

prove Theorem 1.0.2, and in the final chapter we prove Theorem 1.0.2.
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Chapter 2

Preliminaries

In this chapter, we describe the family F of characters χ defined over K = Q(ω),

where ω = e2πi/3 = −1+
√
−3

2
. Before we define the family F , we first list well-

known properties of the ring of integers OK = Z[ω] of K, then investigate cubic

residue characters, and then introduce more general characters; namely, Dirichlet

characters, and lastly we show that we can regard cubic residue characters as

Dirichlet characters.

2.0.1 The ring of integers OK

OK is a principal ideal domain consisting of complex numbers of the form a+ bω,

with a, b ∈ Z. For any α = a+ bω ∈ OK , the norm of α is given by N(α) = αα =

a2 − ab+ b2.

Proposition 2.0.1 ([15, IX.Prop.9.1.1]). The units of OK are ±1,±ω,±ω2.

Two elements α1 and α2 of OK are called associate if they differ by a unit. We

classify the primes of OK in the following proposition.

Proposition 2.0.2 ([15, IX.Prop.9.1.4]). Let p be a rational prime. Then,
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1. If p ≡ 1mod 3, then p = ππ, where π is a complex prime in OK.

2. If p ≡ 2mod 3, then p remains prime in OK.

3. 3 = −ω2(1− ω)2 and 1− ω is prime in OK.

Therefore, the primes of OK are the complex primes π, π satisfying (1), and

ordinary primes p ≡ 2mod 3, and 1− ω and their associates.

Given a prime π that is not associate to 1− ω, and any α with π ∤ α, αNπ−1
3 is

congruent to exactly one of 1, w, w2 modulo π. The cubic residue symbol (α/π)3

is defined as the third root of unity for which α
Nπ−1

3 ≡ (α/π)3mod π holds when

π ∤ α and is 0 if π | α. We put χπ(α) = (α/π)3.

In general, for c ∈ OK with c = πk1
1 π

k2
2 . . . πkl

l , and coprime to 3, we define the

cubic residue character χc multiplicatively:

χc(α) =
∏
1≤i≤l

(χπi
(α))ki . (2.1)

Lemma 2.0.3 ([15, IX.Theorem 1], The Law of Cubic Reciprocity). Let α1, α2 ∈
OK and α1, α2 ≡ ±1mod 3. Then,

χα1(α2) = χα2(α1).

Lemma 2.0.4 ([15, IX.Theorem 1’], The Supplementary Law of Cubic Reci-

procity). Let π ̸= 1−ω be a prime of OK. If π = q is rational, write q = 3m− 1.

If π = a+ bω complex and π ≡ 2mod 3, write a = 3m− 1. Then,

χπ(1− ω) = ω2m.

2.0.2 Hecke Characters

Hecke was led to the concept of Hecke characters while searching for the most

general class of characters χ with the associated L-function having a functional

equation.
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Let m be an ideal of OK and let Jm be the group of fractional ideals relatively

prime to m. A homomorphism

χ : Jm → C× (2.2)

is called a Hecke character modulo m if there are characters

χf :
(
OK/m

)× → S1, χ∞ : C× → S1

such that

χ((α)) = χf (α)χ∞(α)

holds for any α ∈ OK coprime to m. The L-function associated with a Hecke

character is defined by

L(s, χ) =
∑
a

χ(a)

N(a)s

where a runs over the integral ideals of K and χ(a) = 0 when (a,m) ̸= 1.

Proposition 2.0.5 ([16, VII.Prop.8.1]). L(s, χ) converges absolutely and uni-

formly when Re(s) ⩾ 1 + ϵ for any ϵ > 0, and has the Euler product

L(s, χ) =
∏
p

(
1− χ(p)

N(p)s

)−1

,

where p varies over the prime ideals of K.

The completed Hecke L-function Λ(s, χ) is defined by

Λ(s, χ) = (|dK |N(m))s/2(2π)−sΓ(s)L(s, χ),

where dK = −3 is the discriminant of K. The following theorem is due to Hecke.

Proposition 2.0.6 ([16, VII. Cor. 8.6]). The completed L-series Λ(s, χ) is holo-

morphic on C when χ is primitive and m = (m) ̸= OK, and satisfies the functional

equation

Λ(s, χ) = W (χ)(Nm)−1/2Λ(1− s, χ), (2.3)

where

W (χ) =
∑

xmodm
(x,m)=1

χ(x)e2πiTr(x/m
√
−3),

is the associated Gauss sum, and x runs over a system of representatives of

(OK/m)×. Here, Tr(z) = z + z̄.
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Definition 2.0.7. A Dirichlet character mod m is defined as a character of the

ray class group Jm/Pm, where Pm is the subgroup of principal fractional ideals

(a) such that a ≡ 1modm.

Dirichlet characters are shown to be special Hecke characters in the following

proposition.

Proposition 2.0.8 ([16, VII. Prop. 6.9]). The Dirichlet characters χ modulo m

are precisely the Hecke characters modulo m such that

χ(aOK) = χf (a)

for some character χf of (OK/m)×. Furthermore, the conductor of the Dirichlet

character equals the conductor of the corresponding Hecke character.

2.0.3 The Family F

Lemma 2.0.9. Given any prime π ∈ OK with N(π) ≡ 1mod 9, χπ can be regarded

as a Hecke character modulo πOK.

Proof. We define the character χ : J (π) → C× by

χ((α/β)) = χπ(αβ
−1)

for (αβ, π) = 1. It can be easily verified that χ is a homomorphism. Note that

the kernel of χ is exactly P (π). Furthermore, χπ(ω) = ω(N(π)−1)/3 = 1. Thus, χπ

is trivial on units, and the result follows by Proposition 2.0.8.

Now we are ready to define our family F :

Definition 2.0.10. Let F be the family of primitive cubic Dirichlet characters

determined by the cubic residue symbols χπ, where π ∈ OK runs over the primes

with π ≡ 1mod 9.
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Chapter 3

Explicit Formula

In this section, the explicit formula we use to prove our theorem is given. The

following estimates are needed to prove the explicit formula:

Lemma 3.0.1 ([17, Appendix C.1]). Let λ > 0 be given and

R(λ) = {s ∈ C : |s| ⩾ λ, | arg(s)| < π − λ}.

Then,

(Γ′/Γ)(s) = log s+O(1/|s|),

Γ(s) =
√
2πss−1/2e−s(1 +O(1/|s|))

uniformly for s ∈ R(λ).

Lemma 3.0.2 ([3, Lemma 2.4]). Let χπ ∈ F . Then, uniformly for s = σ + it,

where 1/2 < σ ⩽ 2, or |t| ⩾ 1 and −1 ⩽ σ ⩽ 2,

L′

L
(s, χπ) =

∑
|γ−t|⩽1

1

s− ρ
+O

(
log
(
N(π)(3 + |t|)

))
(3.1)

where the sum varies over the zeros ρ = β + iγ of Λ(s, χπ) counted with multi-

plicity.

Lemma 3.0.3 ([3, Lemma 2.5]). Let χπ ∈ F . Then, for any T ⩾ 1, there exists

some T1 ∈ [T, T + 1] which does not correspond to the ordinate of any zero such

that uniformly for −1 ⩽ σ ⩽ 2,

L′

L
(σ ± iT1, χπ) ≪ log2

(
N(π)(3 + T )

)
. (3.2)
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3.0.1 Explicit Formula

The explicit formula given below relates the non-trivial zeros of each L-function

L(s, χ) for χ ∈ F to a character sum over the prime ideals.

Lemma 3.0.4 (Explicit Formula). Let χπ ∈ F , and ϕ(x) be an even Schwartz

function whose Fourier transform is supported in (−v, v). Then,

∑
ρ

ϕ
((ρ− 1/2) logX

2πi

)
= ϕ̂(0)

log N(π)

logX
+O

( 1

logX

)
−
∑
p

∑
1⩽k⩽2

(
χπ(p

k) + χπ(p
2k)
)
ϕ̂

(
k log N(p)

logX

)
log N(p)

(N(p))k/2 logX
,

where the sum on the left runs over the non-trivial zeros of L(s, χπ) with multi-

plicity, and the implied constant depends only on ϕ.

Proof. First define the function

G(s) := ϕ
((s− 1/2) logX

2πi

)
,

which is holomorphic in −1 ⩽ Re(s) ⩽ 2 and satisfies

G(s) = G(1− s), s2G(s) ≪ 1. (3.3)

Let T be a sufficiently large real number so that there exists T1 ∈ [T, T +1] as in

Lemma 3.0.3. Let R be the rectangle with vertices 2± iT1,−1± iT1. By Cauchy’s

integral formula, we obtain

2πi
∑
ρ

G(ρ) =

∫
R

G(s)
Λ′

Λ
(s, χπ)ds,

where the integral is taken counter-clockwise around R.

Recall that

Λ(s, χπ) = (−3N(π))s/2(2π)−sΓ(s)L(s, χπ). (3.4)

On taking the logarithmic derivative of Λ(s, χπ) we obtain

Λ′

Λ
(s, χπ) =

L′

L
(s, χπ) +

Γ′

Γ
(s) +

1

2
log(3N(π))− log(2π). (3.5)
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Since (L′/L)(s, χπ) ≪ log2(N(π)(3 + T )) by Lemma 3.0.3, (Γ′/Γ)(s) ≪ log T by

Lemma 3.0.1 and that G(s) ≪ 1
T 2 on the horizontal lines, the contribution of the

horizontal integrals is ≪ T−2 log2(TN(π)). Thus, using the functional equations

for G(s) in (3.3), and Λ(s, χπ) in (2.3), we obtain

2πi
∑
ρ

G(ρ) =

∫ 2+iT

2−iT

G(s)

(
Λ′

Λ
(s, χπ) +

Λ′

Λ
(s, χπ)

)
ds+O(T−2 log2(TN(π)))

=

∫ 2+iT

2−iT

G(s)

(
L′

L
(s, χπ) +

L′

L
(s, χπ) + 2

Γ′

Γ
(s) + log

3N(π)

4π2

)
ds

+O(T−2 log2(TN(π))).

(3.6)

By taking the logarithmic derivative of L(s, χπ), we obtain

−L
′

L
(s, χπ) =

∑
n⩾1,p

χπ(p
n) log N(p)

(N(p))sn
.

Also, ∑
n⩾1,N(p)>y

χπ(p
n) log N(p)

N(p)sn
=
∑

N(p)>y

log N(p)
∑
n⩾1

(χπ(p)

N(p)s
)n

=
∑

N(p)>y

log N(p)

[
1

1− χπ(p)
N(p)s

]
χπ(p)

N(p)s

≪
∑

N(p)>y

log N(p)

N(p)2
.

(3.7)

By Riemann-Stieltjes Integration,∑
N(p)>y

log N(p)

N(p)2
=

∫ ∞

y

1

x2
d

[ ∑
y<N(p)⩽x

log N(p)

]

= lim
x→∞

1

x2

∑
y<N(p)⩽x

log N(p)−
∫ ∞

y

[ ∑
y<N(p)⩽x

log N(p)

]
(−2x−3)dx,

(3.8)

Since ∑
Np⩽x

log Np ⩽ 4
∑
p⩽x

log p≪ x,

it follows that

(3.8) ≪ lim
x→∞

1/x+

∫ ∞

y

2x−2dx≪ 1/y.
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Therefore, using (3.3) we have∫ 2+iT

2−iT

G(s)
L′

L
(s, χπ)ds = −

∫ 2+iT

2−iT

G(s)
∑
n⩾1,p

χπ(p
n) log N(p)

N(p)sn
ds

= −
∫ 2+iT

2−iT

G(s)
∑
n⩾1

N(p)⩽y

χπ(p
n) log N(p)

N(p)sn
ds+O(y−1).

(3.9)

Now we shift the contour to σ = 1/2 to get

−
∫ 2+iT

2−iT

G(s)
∑

n⩾1,N(p)⩽y

χπ(p
n) log N(p)

N(p)sn
ds

=

[∫ 1/2−iT

1/2+iT

+

∫ 1/2±iT

2±iT

]
G(s)

∑
n⩾1,N(p)⩽y

χπ(p
n) log N(p)

N(p)sn
ds.

(3.10)

Since ∫ 1/2±iT

2±iT

G(s) (N(p))−ns log N(p)ds≪ T−2 (N(p))−n/2 ,

the contribution of horizontal integrals is ≪ y1/2T−2. Therefore,

−
∫ 2+iT

2−iT

G(s)
∑

n⩾1,N(p)⩽y

χπ(p
n) log N(p)

N(p)sn
ds+O(y−1)

= − 1

2πi

∑
n⩾1,p
N(p)⩽y

χπ(p
n) log N(p)

∫ 1/2+iT

1/2−iT

G(s)(N(p))−nsds

+O(y1/2T−2 + y−1),

(3.11)

Then using the definition of G(s) and substituting 2πiu = (s − 1/2) logX, we

obtain∫ 2+iT

2−iT

G(s)
L′

L
(s, χπ)ds = −

∑
n⩾1,p
N(p)⩽y

χπ(p
n) log N(p)

(N(p))n/2 logX

·
∫ T logX

2π

−T logX
2π

ϕ(u)e
(−un log N(p)

logX

)
du+O(

y1/2

T 2
+ y−1)

(3.12)

By taking limit as T → ∞, we deduce that for any y > 0,

1

2πi

∫
σ=2

G(s)
L′

L
(s, χπ)ds = −

∑
n⩾1

N(p)⩽y

χπ(p
n) log N(p)

(N(p))n/2 logX
ϕ̂
(n log N(p)

logX

)
+O(y−1).
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The same holds for χ̄π. For the other terms in (3.6), we have∫ 2±iT

1±iT

G(s)
Γ′

Γ
(s)ds≪ log T

T 2
,

and ∫ 2±iT

1±iT

G(s) log
3N(π)

4π2
ds≪ 1

T 2
.

Shifting the contour to σ = 1/2 for these integrals, and combining our results,

we conclude that∑
ρ

G(ρ) =
ϕ̂(0)

logX
log

3N(n)

4π2
+

1

πi

∫
σ=1/2

G(s)
Γ′

Γ
(s)ds

−
∑
p

∑
k⩾1

(
χπ(p

k) + χπ(p
2k)
)
ϕ̂

(
k log N(p)

logX

)
log N(p)

(N(p))k/2 logX
.

By the approximate formula (cf. [18, 8.363.3])

Γ′

Γ
(a+ ib) +

Γ′

Γ
(a− ib) = 2

Γ′

Γ
(a) +O

(
(b/a)2

)
and substituting 2πiu = (s− 1/2) logX, we obtain

1

πi

∫
σ=1/2

G(s)
Γ′

Γ
(s)ds =

2

logX

∫ ∞

−∞
ϕ(t)

Γ′

Γ

(
1

2
+ i

2πt

logX

)
dt

=
2(Γ′/Γ)(1/2)

logX
ϕ̂(0) +O

(
(logX)−3

)
.

Furthermore,∑
p

∑
k>2

(
χπ(p

k) + χπ(p
2k)
)
ϕ̂

(
k log N(p)

logX

)
log N(p)

(N(p))k/2
≪
∑
p

p−3/2 log p≪ 1.

Therefore, we arrive at the desired result.

Lemma 3.0.5 (Perron’s formula [19, Ch.17 p.105]). For T, a, y > 0,∣∣∣∣ 1

2πi

∫ a+iT

a−iT

ys

s
ds− δ(y)

∣∣∣∣ <
{
yamin

(
1, T−1| log y|−1

)
if y ̸= 1

aT−1 if y = 1,
(3.13)

where

δ(y) =


0 if 0 < y < 1

1/2 if y = 1

1 if y > 1.
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Lemma 3.0.6. Let ψ be a Dirichlet character modulo m. Assuming GRH, the

estimate ∑
N(p)⩽x

ψ(p) log N(p) ≪ x1/2 log x log2(xN(m))

holds for x > 1.

Proof. Since no ideal has norm less than 3, we can assume x ⩾ 3. Let χ be the

primitive character of modulus f that induces ψ. Then we have

L(s, ψ) =
∏
p∤m

(
1− χc(p)N(p)

−s
)−1

=
∏
p|d

(
1− χ(p)N(p)−s

)
L(s, χ),

where m = (m), f = (f), and d is the product of primes dividing m, but not f .

Let T > 1 and fix T1 ∈ [T, T +1] as in Lemma 3.0.3 for L(s, χ). Then we have

for a = 1 + (2 log x)−1,

1

2πi

∫ a+iT1

a−iT1

−L
′

L
(s, χ)

xs

s
ds =

1

2πi

∫ a+iT1

a−iT1

−
∑
a

χ(a)Λ(a)

N(a)s
xs

s
ds.

Here, L′

L
(s, χ) =

∑
a
χ(a)Λ(a)
N(a)s

runs over the integral ideals a of K. By rearranging

the summation and applying Perron’s formula 3.0.5 with y = x/N(a), we get

−
∑
a

χ(a)Λ(a)
1

2πi

∫ a+iT1

a−iT1

( x

N(a)

)s
s−1ds =

∑
N(a)<x

χ(a)Λ(a)− 1

2

∑
N(a)=x

χ(a)Λ(a)

+O

( ∑
N(a) ̸=x

Λ(a)

(
x

N(a)

)a

min
{
1,

1

T | log(x/N(a))|

})
+O(T−1).

Here, Λ is von Mangoldt’s function defined on K by

Λ(a) =

{
log N(p) if a = pk,

0 otherwise.

We will work on the terms one by one to simplify the estimate. First note that

the second and the forth terms are needed only when there is a prime power a

such that N(a) = x and there are at most two such ideals. So their contribution

to the estimate will be negligible. Furthermore,∑
N(a)⩽x

χ(a)Λ(a) =
∑

N(p)⩽x

χ(p) log N(p) +O(x1/2)
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since ∑
N(p)k⩽x,k⩾2

χ(p) log N(p) ≪
∑

N(p)k⩽x,k⩾2

log N(p)

=
∑

N(p)⩽
√
x

∑
k⩽ log x

log N(p)

log N(p) ⩽
∑

N(p)⩽
√
x

log N(p)
( log x

log N(p)

)
≪

√
x.

By Riemann Stieltjes integration,

−(ζ ′/ζ)(a) =
∞∑
n=1

Λ(n)n−1−1/2 log x

=

∫ ∞

1

1

t1+1/2 log x
d

[∑
n⩽t

Λ(n)

]
=

(
1 +

1

2 log x

)∫ ∞

1

1

t1+1/2 log x

(∑
n⩽t

Λ(n)
)
dt≪ log x

since
∑

n⩽t Λ(n) ≪ t. Then, for N(a) ⩽ x/2 (similarly for N(a) ⩾ 3x/2), since∑∞
n=1 Λ(n)n

−s = −ζ ′(s)/ζ(s) and xa = x
√
e, we obtain∑

N(a)⩽x/2

( x

N(a)

)a Λ(a)

T | log(x/N(a))|
≪ xT−1(−(ζ ′/ζ)(a)) ≪ x log x

T
.

For x/2 < N(a) < x, let ⟨x⟩ denote the rational prime power closest to x but

is different from x. Assume there is some ideal a with N(a) ∈ (x/2, x) and

N(a) = ⟨x⟩. Note that there are at most two such ideals (see Proposition 2.0.2)

and for these ideals we have

| log(x/N(a))| = − log

(
1− x− ⟨x⟩

x

)
⩾
x− ⟨x⟩

x
.

For the rest of prime powers in (x/2, ⟨x⟩), similarly we use the inequality

| log(x/N(a))| ⩾ ⟨x⟩ − N(a)

⟨x⟩
.

Thus, the total contribution in this interval is

≪
( x

⟨x⟩

)a
Λ(⟨x⟩)min

(
1,

x

T (x− ⟨x⟩)

)
+

∑
x/2<n<⟨x⟩

(x
n

)a ⟨x⟩
⟨x⟩ − n

1

T

∑
N(a)=n

Λ(a)

≪ log xmin

(
1,

x

T (x− ⟨x⟩)

)
+
x log2 x

T
.
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This estimate also holds in the interval (x, 3x/2). Now, we shift the contour to

b = 1/2 + (2 log x)−1 so that

1

2πi

∫ a+iT1

a−iT1

−L
′

L
(s, χ)

xs

s
ds =

(∫ b+iT1

a+iT1

+

∫ a−iT1

b−iT1

+

∫ b−iT1

b+iT1

)(
L′

L
(s, χ)

xs

s

)
ds.

By (3.2) the contribution of the horizontal integrals is

≪ x log2(N(f)(3 + T ))/(T log x). (3.14)

We split the vertical integral and use (3.1) for |t| ⩽ 1 and (3.2) for |t| > 1 to get∫ b−iT1

b+iT1

L′

L
(s, χ)

xs

s
ds≪ x1/2

(
log x log(3N(f)) + log T log2(N(f)(3 + T ))

)
.

Combining all the estimates above we conclude that∑
N(p)⩽x

χ(p) log N(p) ≪ x log2 x

T
+
x log2(3N(f)T )

T log x

+ x1/2
(
log x log(3N(f)) + log T log2(N(f)(3 + T ))

)
.

Choosing T = x and adding the contribution of the finite product
∏

p|d
(
1 −

χ(p)N(p)−s
)
gives the desired estimate.

3.0.2 Averaging over the family F

Let F be the family of L-functions that is defined by 2.0.10. Recall that

D(X;ϕ,F ) =
1

AF (X)

∑
χ∈F

w
(nχ

X

) ∑
γ

L(1/2+iγ,χ)=0

ϕ
(γ logX

2π

)
,

where nχ is the norm of the conductor of the primitive character χ and

AF (X) =
∑
χ∈F

w
(nχ

X

)
.

Then using the explicit formula in Lemma 3.0.4 gives

D(X;ϕ,F ) =
1

AF (X)

∑
χ∈F

w
(nχ

X

)[
ϕ̂(0)

log N(π)

logX
+O

( 1

logX

)
−
∑
p∤3

∑
1⩽k⩽2

(
χ(pk) + χ(p2k)

)
ϕ̂

(
k log N(p)

logX

)
log N(p)

(N(p))k/2 logX

]
.

(3.15)
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We will show that the first term can be replaced by ϕ̂(0) with an admissible

error, which will then determine the symmetry type. The remaining terms will

determine how large the support of ϕ̂ should be. We deal with the estimate of

the sums over prime ideals for the rest of the thesis.
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Chapter 4

Proof of the Main Result

The next result will be used in several lemmas below.

Lemma 4.0.1. There exists absolute constants c, c1 > 0 such that

#{(π) : π prime,N(π) ⩽ x, π ≡ 1mod 9} =
1

9
Li(x) +O(x exp(−c

√
log x)).

for x > c1.

Proof. Note that these primes correspond to the elements of P (9). Ray class

group J (9)/P (9) is isomorphic to the Galois group Gal(K(9)/K) given by the

Artin map
[K(9)/K

·

]
[16, VI. Theorem 7.1]. We apply Chebotarev density theorem

[20, Theorem 1.3] to this Galois extension with identity automorphism as the

conjugacy class, and the pull-back gives the primes in the kernel. Noting that

|J (9)/P (9)| = 9 and that a possible Siegel zero has real part < 1 (cf. [21]), the

result follows.

The next result provides an asymptotic formula for the size of the family

AF (X).

Lemma 4.0.2.

AF (X) =
∑

π≡1(9)

w (N(π)/X) =
w̃(1)

9

X

logX
+O

(
X

log2X

)
,
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where w̃(s) =

∫ ∞

0

xs−1w(x)dx is the Mellin transform of w.

Proof. We first divide the summation
∑

π≡1(9)w(N(π)/X) into two parts, accord-

ing as N(π) ⩽ X1/2 and N(π) > X1/2. The first part is Ow(X
1/2/ logX). For the

second part of the summation, using Riemann Stieltjes integration together with

Lemma 4.0.1 yields∑
N(π)⩾X1/2

π≡1(9)

w(N(π)/X) =

∫ ∞

X1/2

w(t/X)d

[ ∑
N(π)⩽t
π≡1(9)

1

]

≪
∫ ∞

X1/2

w(t/X)d

[
1

9

∫ t

2

dx

log x
+ E(t)

]
=

1

9

∫ ∞

X1/2

w(t/X)

log t
dt+

∫ ∞

X1/2

w(t/X)d(E(t)).

For the error part, we have∫ ∞

X1/2

w(t/X)d(E(t)) = [w(t/X)E(t)]
∣∣∣∞
X1/2

− 1

X

∫ ∞

X1/2

E(t)w′(t/X)dt,

and

1

X

∫ ∞

X1/2

E(t)w′(t/X)dt =
1

X

∫ ∞

X

E(t)w′(t/X)dt+O(X exp(−c
√
logX))

since
1

X

∫ X

X1/2

t exp(−c
√
log t)w′(t/X)dt≪ X exp(−c

√
logX).

Using w′(t) ≪ 1/t2 and then substituting u = (log t)1/2, we see that

1

X

∫ ∞

X

E(t)w′(t/X)dt≪ X

∫ ∞

(logX)1/2
e−cuudu

≪ X(logX)1/2 exp(−c
√
logX),

where we used integration by parts for the second line. Thus, we have shown so

far that∑
χ∈F

w(N(π)/X) =

∫ ∞

X1/2

w(t/X)

log t
dt+O(X(logX)1/2 exp(−c

√
logX)).

Substituting u = t/X in the integral gives∫ ∞

X1/2

w(t/X)

log t
dt =

X

logX

∫ ∞

1/X1/2

w(u)

1 + log u
logX

du.
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Replacing 1/(1+ log u/ logX) by 1+O(| log u|/ logX) for u in [X−1/2, X1/2], the

above integral can be written as

X

logX

∫ X1/2

1/X1/2

w(u)

[
1 +O

(
| log u|
logX

)]
du+X

∫ ∞

X1/2

w(u)

log u+ logX
du.

We have

X

log2X

∫ X1/2

1/X1/2

w(u)| log u|du≪ X

log2X

∫ 1

1/X1/2

| log u|du+ X

log2X

∫ X1/2

1

| log u|
u2

du

= O

(
X

log2X

)
,

and

X

∫ ∞

X1/2

w(u)

log u+ logX
du≪ X

logX

∫ ∞

X1/2

1

u2
du = O

( √
X

logX

)
.

Since ∫ X1/2

1/X1/2

w(u)du = w̃(1)−
∫ 1/X1/2

0

w(u)du−
∫ ∞

X1/2

w(u)du

= w̃(1) +O(1/X1/2),

the result follows.

We also use the following lemmas to get ϕ̂(0) as the main term of D(X;ϕ,F ).

Lemma 4.0.3.∑
π≡1(9)

w(N(π)/X) log N(π) =
X

9
w̃(1) +O(X(logX)3/2 exp(−c

√
logX)).

Proof. As in the proof of Lemma 4.0.2, we first divide the summation into two

sums with N(π) ⩽ X1/2 and N(π) > X1/2. The first sum is ≪ X1/2 logX. For

the second sum, using partial integration yields∑
N(π)>X1/2

π≡1(9)

w(N(π)/X) log N(π) =

∫ ∞

X1/2

w(t/X) log t d

[ ∑
N(π)⩽t
π≡1(9)

1

]

≪
∫ ∞

X1/2

w(t/X) log t

(
d

[
1

9

∫ t

2

dt

log t

]
+ dE(t)

)

=
1

9

∫ ∞

X1/2

w(t/X)dt+

∫ ∞

X1/2

w(t/X) log t dE(t)
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by Lemma 4.0.1. Then

1

9

∫ ∞

X1/2

w(t/X)dt≪ X

9

∫ ∞

1/X1/2

w(u)du =
X

9
w̃(1) +O(X1/2).

For the error term, using integration by parts gives∫ ∞

X1/2

w(t/X) log t dE(t) = [w(t/X) log t E(t)]
∣∣∣∞
X1/2

−
∫ ∞

X1/2

E(t)
(
w′(t/X) log t/X + w(t/X)/t

)
dt.

The first term on the right is O(X1/2 exp(−c
√
logX) logX) by Lemma 4.0.1.

Using the bound w′(t/X) ≪ X2/t2, we have

1

X

∫ ∞

X

E(t)w′(t/X) log t dt≪ X

∫ ∞

X

1

t
exp(−c

√
log t) log t dt.

Substituting u =
√
log t and then applying integration by parts, this integral

simplifies to

2X

∫ ∞

√
logX

e−cuu3du = O
(
X(logX)3/2 exp(−c

√
logX)

)
.

Combining the estimates we arrive at the desired result.

Lemma 4.0.4. Assuming GRH,∑
π≡1(9)

w(N(π)/X)χπ(p) = O(X1/2 log2(XN(p)))

for p ̸= (1− ω).

Proof. We write p = (τ) with τ ≡ 1mod 3. Then, using ray class characters ξ

modulo 9 to remove the condition that π ≡ 1mod 9 and using cubic reciprocity

(see Lemma 2.0.4) we can write∑
π≡1(9)

w(N(π)/X)χπ(p) =
1

9

∑
ξ∈G

∑
π≡1(3)

w(N(π)/X)χπ(τ)ξ(π),

where G is the dual of the group J (9)/P (9). Applying Riemann Stieltjes integra-

tion, the above double summation becomes

1

9

∑
ξ∈G

∫ ∞

3

w(t/X)

log t
d

[ ∑
π≡1(3),N(π)⩽t

(χτξ)(π) log N(π)

]
.
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We can regard χτξ as a Dirichlet character modulo (9τ). By Lemma 3.0.6 and

using integration by parts, the above integral is

≪
∫ ∞

3

√
t log t log2(tN(τ))

|w′(t/X)|
X log t

dt+

∫ ∞

3

log2(tN(τ))
w(t/X)√
t log t

dt. (4.1)

We estimate these integrals for the rest of the proof. For the first integral, we

have
1

X

∫ ∞

3

√
t log2(tN(τ))|w′(t/X)|dt≪ X1/2 log2(N(τ)X).

This estimation follows by dividing the integral into two integrals according as

3 < t ⩽ X and X < t <∞: When 3 < t ⩽ X, we have

1

X

∫ X

3

√
t log2(tN(τ))|w′(t/X)|dt≪ X1/2 log2(XN(τ)).

When X < t <∞, we have

1

X

∫ ∞

X

√
t log2(tN(τ))|w′(t/X)|dt≪ X

∫ ∞

X

√
t

t2
log2(N(τ)t)dt

≪ X1/2 log2(XN(τ))

since ∫ ∞

X

1

t3/2
log2(tN(τ))dt =

∫ ∞

X

1

t3/2−0.1

log2(tN(τ))

t0.1
dt

≪ log2(XN(τ))

X0.1

∫ ∞

X

1

t3/2−0.1
dt

≪ log2(XN(τ))X−1/2.

For the second integral, we have∫ ∞

3

1√
t log t

log2(tN(τ))w(t/X)dt≪ X1/2 log2(N(τ)X).

Then collecting the estimates, (4.1) is ≪ X1/2 log2(XN(τ)).

4.0.1 Conclusion

Now, we are ready to bound

2∑
k=1

∑
p∤3

ϕ̂

(
k log Np

logX

)
log Np

Npk/2

∑
π≡1(9)

w(N(π)/X)χπ(p).
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The case k = 2 is negligible since the resulting estimate is certainly smaller than

the case k = 1. Therefore, we only work with k = 1:∑
p∤3

ϕ̂

(
log Np

logX

)
log Np

Np1/2

∑
π≡1(9)

w(N(π)/X)χπ(p)

=

∫ Xv

3

ϕ̂

(
log t

logX

)
d

[ ∑
p∤3,3<Np⩽t

log Np

Np1/2

∑
π≡1(9)

w(N(π)/X)χπ(p)

]

= − 1

logX

∫ Xv

3

ϕ̂′
(

log t

logX

)
1

t

[ ∑
p∤3,3<Np⩽t

log Np

Np1/2

∑
π≡1(9)

w(N(π)/X)χπ(p)

]
dt.

By Lemma 4.0.4, this integral is

≪ X1/2

logX

∫ Xv

3

1

t

[ ∑
p∤3,3<Np⩽t

log Np

Np1/2
log2(XN(p))

]
dt

≪ X1/2

logX

∫ Xv

3

log2(Xt)

t

[ ∑
p∤3,3<Np⩽t

log Np

Np1/2

]
dt.

Using the estimate ∑
Np⩽t

log Np

Np1/2
≪ t1/2,

we conclude that∑
p∤3

ϕ̂

(
log Np

logX

)
log Np

Np1/2

∑
π≡1(9)

w(N(π)/X)χπ(p) ≪
X1/2

logX

∫ Xv

3

log2(Xt)

t1/2
dt

≪ Xv/2+1/2 logX.

Using Lemmas 4.0.2, 4.0.3 together with this estimate in 3.15, and letting X →
∞, Theorem 1.0.2 follows provided that v < 1.
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