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ABSTRACT

ONE LEVEL DENSITY OF HECKE L-FUNCTIONS
ASSOCIATED WITH CUBIC CHARACTERS AT
PRIME ARGUMENTS

Cazibe Kavalci
M.S. in Mathematics
Advisor: Ahmet Muhtar Giiloglu
January 2023

We study the one-level density of low-lying zeros of a family of L-functions associ-
ated with cubic Hecke characters defined over the Eisenstein field. We show that
this family of L-functions satisfies the Katz-Sarnak conjecture for all test func-
tions whose Fourier transforms are supported in (—1,1), under the Generalized
Riemann Hypothesis.

Keywords: One level density, cubic Hecke L-functions, Katz-Sarnak Conjecture.
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OZET

KUBIK HECKE L-FONKSIYONLARININ 1/2
NOKTASINA YAKIN SIFIRLARININ DAGILIMI

Cazibe Kavalci
Matematik, Yiiksek Lisans
Tez Danigmani: Ahmet Muhtar Giiloglu
Ocak 2023

Bu tezde Eisenstein cismi tistiinde, asal argiimanlarda tanimli ti¢lincii derece
ilkel Dirichlet karakterlerine kargilik gelen Hecke L-fonksiyonlarmin s = 1/2
noktasina yakin sifirlariin dagilimi iistiinde caligilmigtir.  Genel Riemann
Hipotezi varsayimi altinda bu L-fonksiyonlarinmin Katz-Sarnak sanisini destek-

ledigi gosterilmigtir.

Anahtar sézcikler: Katz-Sarnak sanisi, Kiibik Hecke L-fonksiyonlari.
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Chapter 1
Introduction

In this thesis, we study the statistics of low lying zeros, zeros near the central
point s = 1/2, of a family of Hecke L-functions associated with cubic characters.
The reason to study these statistics is to provide evidence to the Katz-Sarnak
Conjecture, which suggests a relation between the distribution of low lying zeros
of a family of L-functions and that of the eigenvalues near 1 of a corresponding
group of matrices from some classical compact group. The family of L-functions
is defined in (2.0.10). We denote the set of cubic characters by .# and for each
character y € .% we have an associated L-function L(s,x). In order to define one
level density for the family .#, we first fix an even Schwartz test function ¢(z)
whose Fourier transform is supported in (—v,v). We assume the Generalized
Riemann Hypothesis (GRH) for the L-functions in this thesis; that is, we assume
that all nontrivial zeros of all the L-functions lie on the critical line s = 1/2. For

each y € %, we consider the corresponding sum

> o)

p=5-+iv
L(p,x)=0

where the sum runs over the zeros p of L(s, y) with multiplicity. This sum counts

zeros that are within O(1/log X) of the central point s = 1/2.



It is not possible to asymptotically evaluate this sum by taking a single L-
function, because such a sum captures essentially a bounded number of zeros.

Therefore, we take an average over the family .# by considering

1 vlog X
. agr\ —
D(X;0.F) = g 2w/ X) 0 o(F5)
XEF p:(1/2)+z(')y
L(p:x)=

where Az(X) =3 cyw(n,/X), w: R — (0,00) is a Schwartz function, and n,
is the norm of the conductor of x. The one level density for .%# then is

lim D(X;¢,.7).

X—o00

Now we state Katz-Sarnak conjecture:

Conjecture 1.0.1 (Katz-Sarnak|[1],[2]). Statistics of low-lying zeros of a family
F of L-functions correspond to those of eigenvalues near 1 of an underlying group

G(F) of matrices determined by the family % ; that is, for any test function ¢,

lim D(X:6,7 /¢ W (@)da

where Wez)(x) is the one-level scaling density of eigenvalues near 1 in the group

of matrices with respect to the symmetry type of the family F

Note that in this conjecture, there is no restriction on the test function ¢(z).
All known results in the literature, however, assume that the Fourier transform
= 7 é(x)e ™ ™dx of ¢ has compact support in (—v,v) for some v. In
particular, for a family with a unitary symmetry type, going beyond the range
(—1,1) is crucial to show that a positive proportion of L-functions in the family
does not vanish at s = 1/2. Therefore, it is important to obtain a result where
the support is as large as possible. For instance, Chantal and Giiloglu [3] used
Poisson summation to go beyond this range and obtained a positive proportion
of L-functions in a family associated with cubic reside symbols with square-free
conductors. This family is also a thin subfamily of all Dirichlet characters and
it contains our family as a subset. In our case, however, since we cannot use

Poisson summation and some of the other analytic tools that they are able to use,
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we cannot obtain a non-vanishing result using the one-level density approach. In
this thesis, the family .% leads to an incomplete sum which unables one to use such
tools. Therefore, we cannot establish a non-vanishing proportion of L-functions

by passing the range (—1,1).

Chowla claims in [4] that quadratic Dirichlet L-functions L(s, x) do not vanish
for s € (0,1). In particular, L(1/2,x) # 0. It is believed that the same holds
for all Dirichlet characters. This is also predicted by Katz-Sarnak conjecture
since assuming this conjecture one can show that almost all L-functions in a
family do not vanish at the central point s = 1/2. There are other results in the
literature that support Chowla’s conjecture which will be mentioned below. On
the other hand, Li [5] showed that there are infinitely many L-functions over the
rational function field which vanish at the central point s = 1/2. She remarks
that although Chowla’s conjecture is not strictly true, it may hold for almost all

quadratic characters.

Some of the results which support Chowla’s conjecture are as follows: Ozlitk
and Snyder [6] showed that at least 15/16 of the L-functions attached to quadratic
characters do not vanish at the central point by computing one level density under
GRH. Soundararajan [7] proved without assuming GRH that at least 87.5% of
quadratic Dirichlet L-functions do not vanish at the central point by computing
mollified moments of L-functions. Gao-Zhao [8] proved that at least 75% of the
members of a family of quadratic Hecke L-functions of prime moduli do not vanish

at the central point under GRH.

We study one level density for Hecke L-functions associated with primitive
cubic Dirichlet characters of prime moduli. The above mentioned work done by
Chantal-Giiloglu [3] is the first one extending the support (—1,1) of the Fourier
transforms of the test functions ¢ for a family of cubic L-functions. In their paper,
Poisson summation leads to averages of Gauss sums which is more difficult to
work with compared to the quadratic case. For the cubic case, there is much less
work in the literature compared to the quadratic case for this reason. Chantal-
David-Lalin [9] recently showed that a positive proportion of cubic Hecke L-

functions do not vanish at the central point over the rational function field by



computing mollified moments. Much other work has been done towards showing
non-vanishing of various families of L-functions and studying one-level density,
some of which are [10, 11, 12, 13, 14].

Theorem 1.0.2. Let % be the family of cubic Hecke characters that is defined
by Definition 2.0.10. Let ¢ be an even Schwarz function with ¢(y) supported in
(-1,1). Then assuming GRH,

lim D(X;¢,.%# / o(x)Wy(z
X—o0

where Wy = 1.

ar

This theorem shows that the family .# matches the statistics of the unitary

family of matrices. Hence, we say that the family .# has unitary symmetry type.

1.0.1 Structure of the Thesis

In the next chapter, we give necessary background on cubic characters and cor-
responding family of L-functions and eventually define the family .%#. Then in
the third chapter, we give the explicit formula, which is the main tool we use to

prove Theorem 1.0.2, and in the final chapter we prove Theorem 1.0.2



Chapter 2

Preliminaries

In this chapter, we describe the family . of characters y defined over K = Q(w),
where w = €2™/3 = %?3 Before we define the family %, we first list well-
known properties of the ring of integers Ok = Z[w| of K, then investigate cubic
residue characters, and then introduce more general characters; namely, Dirichlet
characters, and lastly we show that we can regard cubic residue characters as

Dirichlet characters.

2.0.1 The ring of integers Og

Ok is a principal ideal domain consisting of complex numbers of the form a + bw,
with a,b € Z. For any o = a + bw € Ok, the norm of « is given by N(a) = aa =
a® — ab + b?.

Proposition 2.0.1 ([15, IX.Prop.9.1.1]). The units of Ok are &1, +w, +w?.

Two elements a and ay of Ok are called associate if they differ by a unit. We

classify the primes of Ok in the following proposition.

Proposition 2.0.2 ([15, IX.Prop.9.1.4)). Let p be a rational prime. Then,



1. If p=1mod3, then p = 77, where w 1s a complex prime in O.
2. If p=2mod3, then p remains prime in Ok.

3. 3=—-w?(1—w)? and 1 — w is prime in O.

Therefore, the primes of O are the complex primes w, T satisfying (1), and

ordinary primes p = 2mod 3, and 1 — w and their associates.

N7w—1

Given a prime 7 that is not associate to 1 —w, and any a with 7 { o, « is

congruent to exactly one of 1, w,w?* modulo 7. The cubic residue symbol (/)3
Nm—1

is defined as the third root of unity for which « = (a/m)3mod 7 holds when

mfaand is 0if 7 | a. We put x,(a) = (a/7)s.

In general, for ¢ € Ok with ¢ = 7T]1€17T§2 .. .7lel, and coprime to 3, we define the

cubic residue character . multiplicatively:

xe(@) = T Gema))™. (2.1)

1<i<l

Lemma 2.0.3 ([15, IX.Theorem 1], The Law of Cubic Reciprocity). Let ay, ay €
Ok and a1, = £1mod 3. Then,

Xai <a2) = Xaz (al)'

Lemma 2.0.4 ([15, IX.Theorem 1’], The Supplementary Law of Cubic Reci-
procity). Let m # 1 —w be a prime of Ok. If T = q is rational, write ¢ = 3m — 1.

If T =a+ bw complex and m = 2mod 3, write a = 3m — 1. Then,

Xr(1 — w) = w?™.

2.0.2 Hecke Characters

Hecke was led to the concept of Hecke characters while searching for the most
general class of characters xy with the associated L-function having a functional

equation.



Let m be an ideal of Ok and let J™ be the group of fractional ideals relatively

prime to m. A homomorphism
x:Jm—C* (2.2)
is called a Hecke character modulo m if there are characters
xs: (Og/m)* =S xuo:C*— S
such that

x((@)) = xp(@)xoo(@)

holds for any @ € Ok coprime to m. The L-function associated with a Hecke

Lis,x) =Y 13;((2))

where a runs over the integral ideals of K and x(a) = 0 when (a,m) # 1.

character is defined by

Proposition 2.0.5 ([16, VIL.Prop.8.1]). L(s,x) converges absolutely and uni-
formly when Re(s) = 1+ € for any € > 0, and has the Euler product

_ (p) \ 7!
L(s,x) = 1;[(1 - liTC(p)s> ,

where p varies over the prime ideals of K.

The completed Hecke L-function A(s, x) is defined by
As,x) = (|dwe|N(m))*/?(2m) =T (s) L(s, X),
where dx = —3 is the discriminant of K. The following theorem is due to Hecke.

Proposition 2.0.6 ([16, VII. Cor. 8.6]). The completed L-series A(s, x) is holo-
morphic on C when x is primitive and m = (m) # Ok, and satisfies the functional
equation

Als, x) = W) (Nm)"2A(1 = 5, %), (2.3)

where
W(X): Z X([L‘)GQMTY(x/m\/?g),

zmodm
(z,m)=1

1s the associated Gauss sum, and x runs over a system of representatives of
(Ok /m)*. Here, Tr(z) = 2 + Z.



Definition 2.0.7. A Dirichlet character mod m is defined as a character of the
ray class group J™/P™, where P™ is the subgroup of principal fractional ideals

(a) such that ¢ = 1 mod m.

Dirichlet characters are shown to be special Hecke characters in the following

proposition.

Proposition 2.0.8 ([16, VII. Prop. 6.9]). The Dirichlet characters x modulo m

are precisely the Hecke characters modulo m such that

x(aOk) = xy(a)

for some character x; of (O /m)*. Furthermore, the conductor of the Dirichlet

character equals the conductor of the corresponding Hecke character.

2.0.3 The Family .

Lemma 2.0.9. Given any prime m € Ok with N(7) = 1 mod 9, x. can be regarded

as a Hecke character modulo 7O .

Proof. We define the character x : J™ — C* by

x((a/B)) = x=(af™")

for (af,m) = 1. It can be easily verified that y is a homomorphism. Note that
the kernel of y is exactly P™. Furthermore, x.(w) = w™N™=1/3 = 1. Thus, y,

is trivial on units, and the result follows by Proposition 2.0.8. O

Now we are ready to define our family .%:

Definition 2.0.10. Let .# be the family of primitive cubic Dirichlet characters
determined by the cubic residue symbols x,, where m € Ok runs over the primes
with 7 = 1 mod 9.



Chapter 3

Explicit Formula

In this section, the explicit formula we use to prove our theorem is given. The

following estimates are needed to prove the explicit formula:
Lemma 3.0.1 ([17, Appendix C.1]). Let A > 0 be given and
RA) ={s € C:|s| = A |arg(s)] <7 — A},
Then,
(I'/T)(s) = log s + O(1/]s]),
T(s) = V2rs* 271 + O(1/|s]))
uniformly for s € R(\).

Lemma 3.0.2 ([3, Lemma 2.4]). Let x, € .#. Then, uniformly for s = o + it,
where 1/2 <o <2, or|t| > 1 and —1 < 0 < 2,

L/ (S, Xx) Z —+O (log(N(m) (3 + [¢]))) (3.1)

[y— t|<1
where the sum varies over the zeros p = 8+ iy of A(s, xr) counted with multi-

plicity.
Lemma 3.0.3 ([3, Lemma 2.5]). Let x, € #. Then, for any T > 1, there exists

some Ty € [T, T + 1] which does not correspond to the ordinate of any zero such
that uniformly for —1 < o < 2,

!/

f(a + i1y, Xx) < log?(N(m) (34 T)). (3.2)

9



3.0.1 Explicit Formula

The explicit formula given below relates the non-trivial zeros of each L-function

L(s, x) for x € Z to a character sum over the prime ideals.

Lemma 3.0.4 (Explicit Formula). Let x. € %, and ¢(x) be an even Schwartz

function whose Fourier transform is supported in (—v,v). Then,

S (P ) — 80P +o(x)

sey ~ (klogN(p)\  logN(p)
2D (xelp) + xal >)¢( log X ><N<p>>k/21ogX’

where the sum on the left runs over the non-trivial zeros of L(s, xr) with multi-

plicity, and the implied constant depends only on ¢.

Proof. First define the function

(s —1/2) logX)j

271

G(s) = ¢<
which is holomorphic in —1 < Re(s) < 2 and satisfies
G(s) =G(1 —s), s*G(s) < 1. (3.3)

Let T' be a sufﬁciently large real number so that there exists 77 € [T,7 + 1] as in
Lemma 3.0.3. Let R be the rectangle with vertices 2447}, —1+¢77. By Cauchy’s

integral formula7 we obtain
2m Z G(p / G(s)—(s, xr)d
p
where the integral is taken counter-clockwise around R.

Recall that
A(s, Xr) = (—=3N(m))*(2m) T (s) L(s, Xx)- (3.4)

On taking the logarithmic derivative of A(s, xr) we obtain

%/(Sva) = %(S, Xr) + FFI(S) + %log(?)N(W)) — log(2m). (3.5)

10



Since (L'/L)(s, xx) < log*(N(7)(3 + T)) by Lemma 3.0.3, (I"/T')(s) < log T by
Lemma 3.0.1 and that G(s) < 7 on the horizontal lines, the contribution of the
horizontal integrals is < T~2log*(TN()). Thus, using the functional equations
for G(s) in (3.3), and A(s, x») in (2.3), we obtain

24T / /
270 Z G(p) = / G(s) (%(s, X=) + AK(S,E)) ds + O(T~*1log®(TN(r)))

2—iT

24T L L o T’ 3N(7T)
- /z_iT G(s) (Z(s,xﬂ) + f(s, Xr) + 2F<S) + log o >ds

+O(T2log?(TN(r))).

(3.6)
By taking the logarithmic derivative of L(s, x,), we obtain
><7r long
L= )
n=1,p
Also,
10 N n
> DR S oene) X ()
A Nsy N N = "N(p)
n=z1, Y (r)>y nz
1 ] xx(p)
=) logN<p){ ] (3.7)
_Xfr(p) N S .
N>y S R
log N
ay
N(p)>y
By Riemann-Stieltjes Integration,
log N <1
> R [ X oeNw)
N(p)>y Y y<N(p)<z
1 o _
“lm s Y NG - [T Y loeNG| (-2t
y<N(p)<z Y y<N(p)<z
(3.8)
Since

Z log Np < 4210gp<<x

Np<zx p<T
it follows that .
(3.8) < lim 1/z +/ 20 2dr < 1/y.

T—00
Y

11



Therefore, using (3.3) we have

244T / 244T ") 1o
/2 G(s)%(s,xw)ds:—é o) Xx(p™) 1 iN(lo)dS

—iT —iT ey N(p)
2+4+4T
X (p") log N(p) 1
=— G(s ds+ O(y
Jt 2 N W)
N(p)<y
(3.9)
Now we shift the contour to o = 1/2 to get
24+4T n) | N
2—iT SIN)< N(p)*"
o 3.10)
1/2—iT 1/244T Xx(p") log N(p) (3.
= / +/ G(s) Z - ds.
1/2+iT 244T 1N ()< N(p)
Since
1/244iT Y .
[ G N ogNp)ds < T2 (N(p) 2,
24T
the contribution of horizontal integrals is < y/>T~2. Therefore,
2+4+1T n 1 N
_/ G(S) Z er(pN> Oil (p)ds—l—O(y_l)
2-iT TN )<y (p)
1 1/244T
—or 2 wDIEN®) [ GENE) s B
X n>1p 1/2—iT
N(p)<y

+O(y' T +y7h),

Then using the definition of G(s) and substituting 2miu = (s — 1/2)log X, we

obtain
24T L % pn logN p)
G S, Xr)ds = — u
/QiT (¢ )L n;p N(p))"/?log X
N(p)<y (312)
T log X
2 —unlog N(p) yl/?
_Tlogx gzﬁ(u)e( log X >d + O<_ +u7)

27

By taking limit as 7" — oo, we deduce that for any y > 0,

1 L Xx(p") log N(p) ~nlog N(p) 1
om ), GO xds == 3 (N(p))n/2logx¢< log X )*O(y )

n>1
N(p)<y

12



The same holds for x,. For the other terms in (3.6), we have

24T F/ 1 T
/ G(s) 7 (s)ds < °8

1T

and

2T N 1
/ G(s)log 5 (W)ds < —.

14T 42 1?
Shifting the contour to ¢ = 1/2 for these integrals, and combining our results,

we conclude that

NI S o

opy ~ [k log N(p) log N(p)
=3 (") + el W( log X )(N(p))’“”logX'

P k>1

By the approximate formula (cf. [18, 8.363.3])

/ ' 4 . I 2
= (a+b) + = (a=ib) = 2= (a) + O ((b/a)?)

and substituting 2miu = (s — 1/2) log X, we obtain

1 I 2 [ T /1 . ont
— G(s) = (s)ds = = ey dt
i Jor o (s) (s)ds 1ogX/_oo¢( )T <2+ZlogX)

(

= 2OMURT0) 1 0 ((1og X))

log X
Furthermore,
~(klogN(p)\\ logN(p) —3/2
X (0F) + X (p% ¢( <) pllogp < 1.
2.2 Do\ Togx ) W < 2

Therefore, we arrive at the desired result.

O]
Lemma 3.0.5 (Perron’s formula [19, Ch.17 p.105]). For T,a,y > 0,
1 ot ys “min(1, 7 1logy|™) i 1
—./ y—ds—é(y)‘ _ ) yrmin(L T logyl ™) ify 7 (3.13)
21 a—iT S CLT_I ny = 17

where
0 if0<y<1

I(y) = 1/2 ify=1
1 ify > 1.

13



Lemma 3.0.6. Let v be a Dirichlet character modulo m. Assuming GRH, the

estimate

Z Y(p)log N(p) < 22 log z log?(2N(m))
N(p)<z

holds for x > 1.

Proof. Since no ideal has norm less than 3, we can assume x > 3. Let x be the

primitive character of modulus § that induces 1. Then we have

L(s,9) = [J(1 = xe@)N(p) ) = [ (1 = x(®)N(p) ") L(s, %),

pm pld

-1

where m = (m), f = (f), and d is the product of primes dividing m, but not f.

Let T > 1 and fix T} € [T, T + 1] as in Lemma 3.0.3 for L(s, x). Then we have
for a =1+ (2logz)™?,

1 a+iTy £I 8 1 a+iTy X(Cl)A(a) s

— — —ds = — — L —"—ds.
20 Joiy, L (5:) s 07 o aiT, ; N(a)®* s °
Here, %(s, X) =D nggf)ﬁ“) runs over the integral ideals a of K. By rearranging

the summation and applying Perron’s formula 3.0.5 with y = x/N(a), we get

D RCICEY B A RS SRCICE I DRCIT

N(a)<z N(a)=z

0 X @ () {1 mrgmma) 00

N(a)#z

Here, A is von Mangoldt’s function defined on K by

A(a):{ logN(p) if a = p*,

0 otherwise.

We will work on the terms one by one to simplify the estimate. First note that
the second and the forth terms are needed only when there is a prime power a
such that N(a) = z and there are at most two such ideals. So their contribution

to the estimate will be negligible. Furthermore,

> x(@A(a)= Y x(p)logN(p) + O(z'7?)

N(a)<z N(p)<z

14



since

Y. x(P)logN(p) < Y logN(p)

N(p)k<a,k>2 N(p)k<a,k>2
log x
Z Z log N(p) < Z log N(p>(logN(p)) < V.
NSV k< %55 N(p)<vz

By Riemann Stieltjes integration,
C/C ZA 7171/210gx
- /1 751—',—1/210gx |:ZA :|

n<t

1 o0 1
B (1+ 210gx)/1 m(;A(”)>dt<<logx

since Zn<t/\( ) < t. Then, for N(a) < z/2 (similarly for N(a) > 3z/2), since
Yo A(n)n= = —('(s)/¢(s) and % = x+/e, we obtain

xlog x

z >a A(a) -1 /
> < T (~(C/O)(a) <
2= \N(@) TTiog(a/N@)] T
For /2 < N(a) < x, let (z) denote the rational prime power closest to = but
is different from z. Assume there is some ideal a with N(a) € (z/2,z) and
N(a) = (x). Note that there are at most two such ideals (see Proposition 2.0.2)

and for these ideals we have

v (z)

[ log(z/N(a))] = — log (1 o <I>) >

T T

For the rest of prime powers in (x/2, (z)), similarly we use the inequality

() — N(a)
| log(z/N(a))| = :
(z)
Thus, the total contribution in this interval is

x

<(gg) s (L) v S () e X A

1 2
< log  min (1, ( ’ )+xog L

T(x —(x))




This estimate also holds in the interval (x,3x/2). Now, we shift the contour to
b=1/2+ (2logx)~! so that

1 a+iT) L/ xs ( b+iTy a—iTy b—iTy L/ .TS
— ——(s,x)—ds = / +/ —I—/ )(— s,x—)ds.
271—2 a—iTy L ( ) S a+iTy b—iTy b+iTy L ( ) S

By (3.2) the contribution of the horizontal integrals is
< xlog?(N(H)(3+1T))/(Tlog z). (3.14)

We split the vertical integral and use (3.1) for |t| < 1 and (3.2) for [t| > 1 to get

b—iT1 11/ s
0" ds < 212 (g log(3N(P) + loa Tlog*(N(1)(3 + 7))

Combining all the estimates above we conclude that

zlog” x y zlog?(3N(f)T")

> x(mlogN(p) < — Tloga

N(p)<z

+ 2/2 (log x log(3N(f)) + log T'log”>(N(f)(3 + 7)) -

Choosing T' = x and adding the contribution of the finite product Hp‘ d(l —
X(p)N(p)™*) gives the desired estimate. O

3.0.2 Averaging over the family .%

Let .% be the family of L-functions that is defined by 2.0.10. Recall that

o) T ()

5
L(1/2+4iv,x)=0

D(X;¢,F) =

where n, is the norm of the conductor of the primitive character y and

r(X) =Y w ().

XEF

Then using the explicit formula in Lemma 3.0.4 gives

)= ) O ol

F

A ory [ klogN log N
=3 > (") +xte ))¢< 1OggX(p)) (N(p)%k/z(lljo)g)(}'

p3 1<k<2

(3.15)
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We will show that the first term can be replaced by ¢(0) with an admissible
error, which will then determine the symmetry type. The remaining terms will
determine how large the support of ¢E should be. We deal with the estimate of

the sums over prime ideals for the rest of the thesis.

17



Chapter 4

Proof of the Main Result

The next result will be used in several lemmas below.

Lemma 4.0.1. There exists absolute constants c,c; > 0 such that

#{(m) : m prime,N(7) < z,7 = 1mod 9} = éLi(m) + O(z exp(—cy/log x)).

forx > cy.

Proof. Note that these primes correspond to the elements of P®). Ray class
group J© /PO is isomorphic to the Galois group Gal(K® /K) given by the
Artin map [M] [16, VI. Theorem 7.1]. We apply Chebotarev density theorem
[20, Theorem 1.3] to this Galois extension with identity automorphism as the
conjugacy class, and the pull-back gives the primes in the kernel. Noting that
|JO) /PO = 9 and that a possible Siegel zero has real part < 1 (cf. [21]), the

result follows. O]

The next result provides an asymptotic formula for the size of the family

Lemma 4.0.2.

LN NGy = B X L
JZZEZ(X)_W;(Q) (N()/X) 9 logXJrO(logQX)’

18



where w(s) = / ¥ w(z)dx is the Mellin transform of w.
0

Proof. We first divide the summation »__, 4 w(N(7)/X) into two parts, accord-
ing as N(7) < X2 and N(7) > X'/2. The first part is O, (X'/?/log X). For the
second part of the summation, using Riemann Stieltjes integration together with

Lemma 4.0.1 yields

> 5w = [ x| 3]

N(m)>X1/2 X1z N(m)<t
7=1(9) 7=1(9)

<</;2w(t/X)dE /Qt 1;@, +E(t)}
! / Tt/ X) / Wt/ X)d(E().

9 Jx12 logt X1/2

(o)

For the error part, we have

/m wlt/X)dE®) = it/ X)E®)|” — = [

x1/2 X1/2 X x1/2

Bt (t/X)dt

and
1 o0
L7 B/ x)a / W/ (£/X)dt + O(X exp(—cr/Tog X))
X X1/2 X

since X

e texp(—cy/logt)w'(t/X)dt < X exp(—cy/log X).
X1/2

Using w'(t) < 1/t? and then substituting u = (logt)/2, we see that

/ w'(t/X)dt < X e “udu
X (10g X)1/2
< X(log X)'? exp(—cy/log X),
where we used integration by parts for the second line. Thus, we have shown so
far that

Z w(N(m)/X) = /00 (t/X>dt + O(X (log X)? exp(—cy/log X)).

e F x1/2 logt

Substituting u = ¢/X in the integral gives

/°° w(t/X)dt_ X o0 w(u) du

x1/2 lOgt N lOgX 1/X1/2 1+ ll(;)gg;
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Replacing 1/(1+logu/log X) by 1+ O(|logu|/log X) for u in [X /2, X/2], the

above integral can be written as

X w(u){lJrO(M)]dquX T w)

log X' J1/x1/2 log X w12 logu + log X h
We have
X X X [ X
5 w(u)|log uldu < — / | log u|du + — / | Ogu|du
log® X Jy/x1/2 log® X Jyi/x1/2 log” X /4 u?
X
=0\l +—=+ )
log® X
and
o X S X
X LG R Lo XX
12 logu +log X log X Jx1/2 u? log X
Since
X1/2 1/X1/2 0o
/ w(u)du = w(l) — / w(u)du — / w(u)du
1/)(1/2 0 X1/2
= a(1) + O(1/X'?),
the result follows. []

We also use the following lemmas to get ¢(0) as the main term of D(X; ¢, .F).

Lemma 4.0.3.
S w(N()/X) logN(r) = %w(l) + O(X (log X)*'2 exp(—c+/log X)).
w=1(9)

Proof. As in the proof of Lemma 4.0.2, we first divide the summation into two
sums with N(7) < X2 and N(7) > X'/2. The first sum is < X'/2log X. For

the second sum, using partial integration yields

3 w(N(w)/X)logN(w):/ w(t/X)logtd{ 3 1}

o0

N(m)>X1/2 X1z N(m)<t
7=1(9) T=1(9)
< /OO w(t/X)logt [ d 1/t @\ L ap@)
x1/2 & 9 2 10gt
1 (e.) [o.¢]
——/ w(t/X)dt+/ w(t/X)logtdE(t)
9 x1/2 xX1/2
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by Lemma 4.0.1. Then
1 [~ X
—/ (t/th<<—/ du = (1) + O(X'?).

9 xX1/2 X1/2 9

For the error term, using integration by parts gives

/ Tt/ X) log LAE (L) = [w(t/X)log t E(1)] .

X1/2

1/2

_/Oo E(t) (' (t/X)log t/X + w(t/X)/t)dt

X1/2

The first term on the right is O(X2exp(—cy/log X)log X) by Lemma 4.0.1.
Using the bound w'(t/X) < X?/t?, we have

X/ w'(t/X) logtdt<<X/ —exp( cy/logt)logt dt.

Substituting v = /logt and then applying integration by parts, this integral

simplifies to

2X/ e “uddu = O (X(log X)32 exp(—cy/log X)) :
Viog X

Combining the estimates we arrive at the desired result. O]

Lemma 4.0.4. Assuming GRH,
> w(N(m)/X)xx(p) = O(X"?log®(XN(p)))
7=1(9)

Jorp#(1—w).

Proof. We write p = (7) with 7 = 1mod 3. Then, using ray class characters &
modulo 9 to remove the condition that 7 = 1mod 9 and using cubic reciprocity

(see Lemma 2.0.1) we can write

> w(N(m)/X)xx(p Z > w(N(m)/X)xx(7)E(),

7=1(9) {EGW 1(3)

where G is the dual of the group J® /P®) . Applying Riemann Stieltjes integra-

tion, the above double summation becomes

w(t/X)
3 [ L(Z (x-€)(m) log N()|.

e 7=1(3),N(m)<t
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We can regard x,¢ as a Dirichlet character modulo (97). By Lemma 3.0.6 and

using integration by parts, the above integral is

< /300 \/glogtlogz(tN(T))%dt + /300 log?(tN(7))

w(t/X)
Vitlogt

We estimate these integrals for the rest of the proof. For the first integral, we

. (4.1)

have
% /3 \/Z10g2(tN<T))|w’(t/X)|dt < X1/2 10g2(N(7-)X)

This estimation follows by dividing the integral into two integrals according as
3<t< X and X <t <oo: When 3 <t < X, we have

%L«ﬂmmmmwwmw<xmmwmmy
When X <t < oo, we have
/‘JMtM»mWXW<X/—4%NUWt

< X210g?(XN(7))

since

* 1 1 log®(tN(7))
/X oy log?(tN(7 ))dt:/X PEY RN RN dt

<E@Mﬂ/fi_ﬁ

X0.1 $3/2-0.1
< log?(XN(r)) X 1/2.

For the second integral, we have

ﬁ%ﬁﬁwmmwmﬁ<MM@mmm.

Then collecting the estimates, (4.1) is < X/?1og®(XN(71)). O

4.0.1 Conclusion
Now, we are ready to bound

2
~( klog Np\ log Np
() /X p).
2 % e X ) ng2 2= "

7=1(9)
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The case k = 2 is negligible since the resulting estimate is certainly smaller than

the case k = 1. Therefore, we only work with & = 1:

~(log Npn \ log N
Zas({j)gg;);il/f S w(N(m)/X)xs(p)

pt3 m=1(9)
X' logt log Np
-/ ¢>( )d{ > S wNm /Xl >]
Nnl/Z
3 log X pf3,3<Np<t Np 7=1(9)
logt log Np
= )/ X)) Xr dt.
logX <logX> [ Z Np1/2 Z )/ X)X (P )}
p13,3<Np<t

By Lemma 4.0.4, this integral is

X1z X log Np
< igx 3 Z{ > 17 log (XN(p))}dt

p13,3<Np<t

12 XY 1402
A [T 5 s,

12
log X' J3 t pI3,3<Np<t Np

Using the estimate

we conclude that

~ (log Np '\ log Np X2 X log?(Xt)
)/ X)Xr dt
%;qs(lOgX)Npl/Q > wN ) < o [

< XV 2 )og X

Using Lemmas 4.0.2, 4.0.3 together with this estimate in 3.15, and letting X —
00, Theorem 1.0.2 follows provided that v < 1.
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