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ABSTRACT

CANONICAL INDUCTION, GREEN FUNCTORS,
LEFSCHETZ INVARIANT OF MONOMIAL G-POSETS

Hatice Mutlu
Ph.D. in Mathematics

Advisor: Laurence John Barker
June 2019

Green functors are a kind of group functor, rather like Mackey functors, but
with a further multiplicative structure. They are defined on a category whose
objects are finite groups and whose morphisms are generated by maps such as
induction, restriction, inflation, deflation. The aim of this thesis is general formu-
lation for canonical induction, suitable for Green functors, optionally equipped
with inflations.

Let p be a prime number. In Section 3, we apply the Boltje’s theory of canonical
induction [1] to p-permutation modules and give a restriction-preserving Z[1/p]-
linear canonical induction formula from the inflations of projective modules.

In Section 4, we give a general formulation of canonical induction theory for
Green biset functors equipped with induction, restriction, inflation maps.

Let GG be a finite group and C' be an abelian group. In Section 5, motivated in
part by a search for connection with Peter Symonds’ proof [2] of the integrality
of a canonical induction formula, we introduce a Lefschetz invariant for the C-
monomial Burnside ring. These invariants let us to construct generalize tensor
induction functors associated to any C-monomial (G, H)-biset from the category
of C'-monomial G-posets to the category of C'-monomial H-posets. We will show
that these functors induce well-defined tensor induction maps from Bq(G) to
B¢ (H), which in turn gives a group homomorphism Bo(G)* — Be(H)* between
the unit groups of C-monomial Burnside rings.

Keywords: Green functors, p-permutation modules, canonical induction formula,

Burnside ring, monomial Burnside ring, tensor induction, Lefschetz invariant.
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OZET

KURALSAL INDUKSIYON, GREEN IZLECLERI, TEK

TERIMLI G-KISMI SIRALI KUMELERININ
LEFSCHETZ DEGISMEZLERI

Hatice Mutlu
Matematik, Doktora

Tez Danigmani: Laurence John Barker
Haziran 2019

Green izlegleri, Mackey izleclerine benzeyen fakat carpimsal yapisi da olan bir
tiir grup izlecidir. Objeleri sonlu gruplar olan morfizmleri indiiksiyon, kisitlama,
sigsirme, sondiirme fonksiyonlar: ile iiretilen bir kategoridir. Bu tezin amaci kural-
sal indiiksiyonun Green izlecleri i¢in uygun olan, opsiyonel olarak sigirme fonksiy-
onlar: ile iligkilendirilmig genel formiiliiniin elde edilmesidir.

p bir asal say1 olsun. 3. kisimda Boltje'nin kuralsal indiiksiyon teorisi [1]
p-permiitasyon modiillerine uygulandi ve projektif modiilerin sigirmelerinden
kisitlama koruyan bir Z[1/p]-lineer kuralsal indiiksiyon formiilii verildi.

4. kisimda indiiksiyon, kisitlama, sigirme ile iligkilendirilmis Green ikili kiime
izlecleri icin bir genel kuralsal indiiksiyon teorisi verildi.

G bir sonlu grup ve C bir degismeli grup olsun. 5. kisimda, kismen Pe-
ter Symonds’in tam say1 katsayili kuralsal indiiksiyon formiilii ile baglant:1 icin
yapilan aragtirmadan motive olarak, C-tek terimli Burnside halkasi i¢in Lefschetz
degigsmezi tanimladik. Tanmimladigimiz degismezler C-tek terimli G-kismi siral
kiimelerinin kategorisinden C-tek terimli H-kismi sirali kiimelerinin kategori-
sine herhangi bir C-tek terimli (G, H)-ikili kiimesine iligiklendirilmis genel tensor
indiiksiyonu izlecleri inga etmemize izin verir. Bu izlegler Bo(G)’den Bo(H)'e iyi
taniml tensor indiiksiyon fonksiyonlarini ortaya cikarir. Bu fonksiyonlar da bize
C-tek terimli Burnside halkalarinin tersi olan elemanlarinin gruplari arasinda
Bo(G)* — Be(H)™ grup homomorfizmas: verir.

Anahtar sozciikler: Green izlegleri, p-permiitasyon modiilleri, kuralsal indiiksiyon
formiilii, Burnside halkasi, tek terimli Burnside halkasi, tensor indiiksiyonu, Lef-

schetz invaryanti.
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Chapter 1

Introduction

The Burnside ring, the monomial Burnside ring, the ordinary and p-modular
character rings, the p-permutation ring arise frequently in representation theory
of finite groups. These rings can be considered as functors associating a module
M (G) to a finite group G. Known examples include Mackey functors which asso-
ciate subgroups of a fixed finite group to modules with induction, restriction and
conjugation maps, when associated modules have extra multiplicative structure it
is called a Green functor. There are biset theoretic approaches to Green functors;
a Green biset functor has multiplicative structure and is equipped with induction,
restriction, and, optionally, inflation and deflation maps, for details see [3], [4],
and [5].

One significant application of the theory of Mackey functors is Boltje’s canon-
ical induction formula [6], [1] with a sufficient condition for integrality. The aim
of this thesis is general formulation for canonical induction, suitable for Green

functors, optionally equipped with inflations.

In Section 3, we apply the Boltje’s theory of canonical induction [1] to p-
permutation modules where p is a prime number. Let F an algebraically closed
field of characteristic p and G be a finite group. We work on finite dimensional

FG-modules. In [7] Boltje gives a Z-integral canonical induction formula which



expresses any p-permutation FG-module as a Z-linear combination of modules
induced from one dimensional p-permutation modules. In our work, we construct
Z[1/p)-linear canonical induction formula from the inflations of projective mod-

ules, which we call exprojective modules.

Let T(G) be the Grothendieck ring for p-permutation modules. Lifting the
induced modules of indecomposable exprojective modules, we introduce a ring
7T (G) which replaces the lower plus construction in [1]. We show how a lin-
earization map T (G) — T(G), extended to coefficients in Z[1/p], is split by a
canonical induction map Z[1/p|T(G) — Z[1/p]T (G). We also show that KT (G)

is K-semisimple and commutative.

In Section 4, we give a general formulation of canonical induction theory for
Green biset functors equipped with induction, restriction, inflation maps. Follow-
ing Cogkun’s construction [8] and [9], we replace the exprojective functor with
an inflation-restriction Green functor A embedding in an inflation-restriction-
induction Green functor M. Then we obtain an inflation-restriction-induction
Green functor A,. We construct the functor A, via adjunctions. Thus, T, T, T
are replaced by A, M, A,. There is another way of constructing the functor A,
in [10].

Let R be a commutative unital ring such that all group orders are invertible
in R. Given an inflation-restriction R-homomorphism v : A — M and 7 :
M — A, we get inflation-restriction-induction R-homomorphism lin”: A, — M
associated to v called linearization map and can™ : M(G) — A, (G) associated
to m. We extend to the coefficients lin* : A, — M and 7 : M — A. Recovering
[1, 6.4] we give a sufficient and necessary condition for can™ : M(G) — A, (G)
to be a splitting of lin” : A, — M.

In Section 5, we work on the monomial Burnside ring. Let G be a finite
group. Thévenaz in [11] introduced the notion of the Lefschetz invariant of a
G-poset as an element of the Burnside ring thus extending of the notion of the
Euler-Poincaré characteristic of a poset. Now let C' be an abelian group. The

C-monomial Burnside ring is the Grothendieck ring of the category of C-fibred



G-sets. Motivated in part by a search for connection with Peter Symonds’ proof
2] of the integrality of a canonical induction formula, we introduce a Lefschetz

invariant for the C-monomial Burnside ring.

We introduce a new tool to work on the C-monomial Burnside ring, namely,
a pair (X, ) consisting of a G-set and a functor [ from the transporter category
X of X to the category ec with one object where morphisms are the elements
of C and composition is multiplication in C. Extending this notion to G-posets,
we introduce the category of C-monomial G-posets. Note that for a field & of
characteristic p, the group of functors from the transporter category of the or-
bit category on the set of nontrivial p-subgroups to e,x appears in connection
with endotrivial modules. We define induction and restriction functors, and in-
troduce the Lefschetz invariant of a C-monomial G-poset as an element of the
C-monomial Burnside ring. We show that any element of the monomial Burnside
ring can be expressed as the Lefschetz invariant of some (non unique) monomial
G-poset. We show that restriction and induction functors are compatible with
Lefschetz invariants. We also give a monomial analogue of the relation between
the Euler-Poincaré characteristic of fixed points of a G-poset X and the Lefschetz
invariant of X. This result lets us construct well-defined tensor induction maps
Tx1: Be(G) — Be(H) for any finite C-monomial (G x H)-set (X,[) and any
finite groups G and H. In particular, we get induced group homomorphisms
between the corresponding unit groups of monomial Burnside rings. These ho-
momorphisms are similar to those obtained by Carman ([12]) for other familiar
Green functors. These maps are not additive in general, but multiplicative and
preserve identity elements. Moreover, under suitable conditions, these tensor
induction functors and their associated tensor induction maps preserve composi-
tion. This gives rise to a (partial) fibred biset functor structure on the group of

units of the monomial Burnside ring.



Chapter 2

Preliminaries

2.1 Restriction, induction and coinduction for

rings

In this section, we recall the definition of restriction, induction and coinduction
for rings. Then we state adjointness properties. All rings we consider are with

identity. Modules will be left modules unless otherwise stated.

Let £ and S be rings. Given a unital ring homomorphism o : § — &, any

&E-module can be regarded as an S-module via «. This induces a functor
s Resg— : £&-mod — S-mod
called the restriction.

We may regard £ as a right S-module by es = ea(s) for s € S and e € £. Now
let M be an (left) S-module. Then £ ®s M is an (left) E-module by e(e’ @ m) =
ee/ @ m for any e € £ and m € M. It’s not hard to see that this action is well-
defined as the natural action of M on itself commutes with the action of S on &.
The module £ ®s M is called the induced module and denoted by ¢ IndgM. We



obtain the induction functor
cIndg— =€ ®s — : &-mod — S-mod.

Now we consider £ as a left S-module by se = a(s)e for any e € £ and s € S.
Let M be an S-module. Then, we can regard Hom s(€, M) a (left) £-module by
(ep)(e') = ¢(€'e) for any e, ¢’ € £ p € Hom s(E, M). It’s not hard to see that the
natural action of £ on itself commutes with the action of S on £. The module
Hom s(€, M) is called the coinduced module and denoted by ¢ Coind ¢M. Then

we set the coinduction functor
£ Coind ¢ := Hom s(&, —) : S-mod — E-mod.
Now we will state an adjointness property, for the details and proof, see [13].

Theorem 2.1.1. Let £ and S be rings and o : § — & be a unital ring homomor-
phism. Consider an £-module M and an S-module N. Then:

(a) (Adjointness of induction and restriction.) Naturally in M and N, there is

an isomorphism
HOng(g Ind3(N), M) = HomS(N, S Res?(M))

whereby maps 0 : ¢Indg(N) — M and ¢ : N — sResg(M) correspond if and
only if, for alle € £ and s € S and n € SN, we have

O(ea(s)n) = ea(s)p(n).

(b) (Adjointness of restriction and coinduction.) Naturally in M and N there is
an 1somorphism

Hom s (s Resg(M), N) = Hom ¢ (M, ¢ Coind §(N))

whereby maps ¢ : s Resg(M) — N and ¢ : M — ¢ Coind &(N) correspond if and
only if, for alle € € and s € S and m € EM, we have

¢(a(s)em) = (m)(a(s)e).



Throughout this thesis, we will consider a as the inclusion § — &£ or the
projection § - £ = §/A where A is an ideal of S. If « is an inclusion we will
write ¢ Inds, s Resg and ¢ Coind s for the induction, restriction and coinduction
functors, respectively. If « is a projection, we write ¢Defs and sInfe for the

induction and restriction, respectively.

2.2 The monomial Burnside ring

In this section, we define the monomial Burnside ring introduced by Dress ([14]).
We follow the notation of Barker in [15].

Let C' be an abelian group and G be a finite group. We define a C'-fibred G-set
to be a C-free (C' x G)-set with finitely many C-orbits. Let ¢ F'G-set denote the
category of C-fibred G-sets where morphisms are (C' x G)-equivariant maps. Let
X and Y be C-fibred G-sets. Their coproduct X LI'Y is defined to be the their
coproduct as sets, with the obvious (C' x G)-action. The group C acts on X x Y
by c(z,y) = (cz,c ty) for any ¢ € C' and (z,y) € X x Y. We let x ® y to denote
the C-orbit of an element (z,y) of X x Y and X ® Y denotes the set of C-orbits.
The group C' x G acts on X ® Y by

(c.g)(x®y) =cgx @ gy

for any (c,g) e O xGand z®y € X ®Y. We call the C-fibred G-set X ® Y the
tensor product of X and Y.

The isomorphism class of a C-fibred G-set is denoted by [X]. We define the
C-monomial Burnside ring Bo(G) to be the Grothendieck group of the category
of C-fibred G-sets, for relations given by [X]+ [Y] = [X UY]. The ring structure
of Bo(G) is induced by [X]-[Y] = [X ®Y]. The set C' with trivial G-action is the
identity element and the empty set is the zero element. If C' is trivial we recover

the ordinary Burnside ring B(G) of the group G.

Let X be a C-fibred G-set. We let C\ X to denote the set of C-orbits on X.
The set C\ X is a G-set and (C' x G)-transitive if and only if C'\ X is G-transitive.

6



If C\X is transitive as a G-set it is isomorphic to G/U for some U < G. There
exists a group homomorphism p : U — C such that if U is the stabilizer of the
orbit Cz, then ax = pu(a)z for all a € U. Since the stabilizer (C' x G), of z in
C x (G is equal to

(€ x Q). = {(u(a) " a) [a € U},
the C-fibred G-set X is determined up to isomorphism by the subgroup U and
L.

Conversely, let U be a subgroup of G, and p : U — C be a group homo-
morphism. Then we set U, = {(u(a)™!,a) | @ € U}, and denote by [U, y]¢ the
C-fibred G-set (C' x G)/U,,. The pair (U, ) is called a C-subcharacter of G. We
denote the set of C-subcharacters by ch(G). The group G acts on ch(G) by
conjugation. The G-set ch(G) is a poset with the relation < defined by

(U,p) < (V,v)< U< Vand yResyv =p

for any (U, ) and (V,v) in ch(G).

As an abelian group we have

Bo(G)= P ZU.ue

(U,pn)€q ch(G)
where (V, v) runs over G-representatives of the C-subcharacters of G, details can

be seen in [15].

The multiplication of two C-fibred G-sets [U, ] and [V, v]q is given by

[Ua/'L]G' [‘/aV]G: Z [Umgvvﬂ'gy]G
UgVCG

where p - 9v denotes the restriction of the product of the characters p and 9v.

2.3 p-permutation modules

In this section, we define the ring of p-permutation modules. We start by basic
definitions which can be found in [16] and [13].

7



Let F be an algebraically closed field of characteristic p where p is prime.

Now we will set some notations. Let H be a subgroup of G. The induction
functor from FH-modules to FG-modules will be denoted by ¢ Indg. The restric-
tion functor from FG-modules to FH-modules will be denoted by g Resg. Now
let K be a normal subgroup of G. The inflation functor from FG/K-modules to
FG-modules will be denoted by ¢ Infg k. Given a group isomorphism L — G,
the isogation functor from FG-modules to FL-modules will be denoted by , Isog.
Here, 1 Isog(X) meant to be FL-module obtained from an FG-module X by

transport of structure via the understood isomorphism.

Definition 2.3.1. Given an indecomposable FG-module M and a subgroup H of
G, the module M s called H-projective provided M s a direct summand of an
FG-module induced from an FH-module.

Definition 2.3.2. Let H be a subgroup of G. Let M and W be FG-modules.

Then the trace map or transfer map
tl‘g : Hom FH (H RGSG(W), H RGSG(M)) — Hom]FG(VV, M)

is defined as follows. We choose a set {g; | i € I} of left coset representatives of
H in G and set

5 () (m) = gid(g; 'm).

il

Note that this definition is independent of the choice of coset representatives
of H in G because ¢ is an FH-module homomorphism and this implies that

9:6(g; 'm) only depends on the left coset g;H where g; € 1.

Proposition 2.3.3. (Higman’s Criterion) Let H be a subgroup of G and M be
an FH-module. Then M is H-projective if and only if the identity map on M

belongs to the image of the relative trace map

tI‘IG_’I : End]FH(M) — Endyg(M>

If H is minimal subject to that condition, then H is called a vertex of M. It
can be shown that the vertices of M are p-subgroups and any two vertices are

G-conjugate.



Definition 2.3.4. Given an indecomposable FG-module V', a subgroup P of G is
called vertex of V if V' is a direct summand of ¢ Indp Resg(V') and P is minimal

subject to this condition.

Note that the vertices of an indecomposable FG-module V' are p-subgroups

and any two vertices are G-conjugate.

Definition 2.3.5. Let P be a vertex of V and let S be an indecomposable FP-
module such that W is a direct summand of pIndg(S). We call S a source FP-
module of W.

It can be shown that, if S and Sy are source FP-modules of W, then S is

isomorphic to an Ng(P)-conjugate of Sy.

Definition 2.3.6. Let M be an FG-module. We call M a permutation module
if there exists a G-set X with M = FX, that is to say, M has a G-stable F-basis.

Theorem 2.3.7. Let W be an FG-module. The following two conditions are

equivalent:

(a) For every indecomposable direct summand V' of W, the source modules of V

are trivial.

(b) For any p-subgroup P of G, there exists a P-stable basis for W .

When the equivalent conditions of the theorem hold, the module W is called
p-permutation FG-module. Another popular name for it is trivial source
FG-module.

Note that p-permutation modules are preserved by direct sums, tensor prod-

ucts, induction, restriction and conjugation.

An FG-module V is a p-permutation module if and only if every indecompos-
able direct summand of V is a p-permutation module. There are only finitely

many isomorphism classes of indecomposable p-permutation modules.

9



2.4 Bisets and group categories

2.4.1 Bisets

Let G and H be finite groups. An (H, G)-biset X is both a left H-set and a right
G-set, such that h- (z-g) = (h-z) - g for all elements h € H, g € G and z € X.

We can regard an (H, G)-biset as a right (H x G)-set equipped with the action
given by
z-(hg)=h"-2-g

forallz € X and h € H and g € G.

So all the properties of permutation sets can be applied to bisets. The biset
Burnside group B(H, G) is defined to be the Burnside group B(H x G).

An (H,G)-biset X is called transitive if for any elements x,y € X there exist
an element h € H and an element g € GG such that h-z- g is equal to y. Thus, X
is a transitive (H, G)-biset if and only if X is a transitive (H x G)-set. There is

a bijective correspondence between
(a) isomorphism classes [X] of transitive (H, G)-bisets,

(b) conjugacy classes [L] of subgroups of H x G where where the correspondence

is given by [X]| «» [L] if and only if the stabilizer of a point x € X is in [L].
We let (%) to denote a transitive biset with point stabilizer equal to L.
Let G be a finite group. Now we shall define the elementary bisets:

(1) If H is a subgroup of G, then the set G is an (H, G)-biset for the actions
given by left and right multiplication in G. It is denoted by gyresg (where res

means restriction).

(2) In the same situation, the set G is a (G, H)-biset for the actions given by

10



left and right multiplication in G. It is denoted by bf gindy (where ind means

induction).

(3) If N is a normal subgroup of G, and if H = G/N, the set H is a (G, H)-biset,
for the right action of H by multiplication, and the left action of G by projection
to H, and then left multiplication in H. It is denoted by ginfg/n (where inf

means inflation).

(4) In the same situation, the set H is an (H, G)-biset, for the left action of H
by multiplication, and the right action of G by projection to H, and then right

multiplication in H. It is denoted by ¢/gdefy (where def means deflation).

(5) If f: G — H is a group isomorphism, then the set H is an (H, G)-biset, for
the left action of H by multiplication, and the right action of G given by taking
image by f, and then multiplying on the right in H. It is denoted by iso(f), or

misog if the isomorphism f is clear from the context.

Now we set some notations. Let G and H be finite groups. Let L be a subgroup
of H x G. We set

pi(L)={he H|3geq, (h,g) € L}
pa(L)={9€G|3heH (hyg)elL}
ki(L)y={he€ H:(h,1) €L}
ko(L) ={9 € G:(1,9) € L}.
Note that we have the subgroup inclusions ki(L) C p;(M) and ko(L) C po(L).

Now we will define the composition of bisets.

Definition 2.4.1. Let G, H, and K be finite groups. If U is an (H,G)-biset,
and V' is a (K, H)-biset, the composition of V and U is the set of H-orbits on
the cartesian product V x U, where the right action of H is defined by

V(v,u) €V x U, Vh € H, (v,u) -h= (v-h,h~ " u).

It is denoted by V xpy U. The H-orbit of (v,u) € V x U is denoted by (v, ,u).
The set V. xy U is a (K, G)-biset for the action defined by

Vk e K,¥Y(v, ,u) e VxgUNgeG, k- (v, u)-g=(k-v, ,u-g).
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By linear extension, the Mackey product induces a bilinear map

B(K x H) x B(H x G) = B(K x G).

For the transitive bisets (KLLH> and (H ]EG), the Mackey product is explicitly

given by

) (G50 ¥ (7eww)

z€p2(L)\K/p1(N)

where the subgroup L * N of K x G is defined by
L+N={(k,g) € KxG:(k/h)€ Land (h,g) € N forsomeh € H}.

Now we state Bouc’s result which describes the decomposition of any transitive

biset in terms of the transitive bisets.

Theorem 2.4.2. Let H and K be finite groups. Let L be any subgroup of H x K.
Then

Hx K . . .
( I > = Hlndpl(L)lnfm(L)/krl(L)lsOZ)Q(L)/kQ(L)defpz(L)reSK'

The isomorphism

¢ p2(L)/k2(L) — pr(L)/k1(L)

is the one given by associating lka(L) to mki(L) where for a given element | €

po(L) we let m be the unique element in p1(L) such that (m,l) € L.

The factorization in the above theorem is called the internal butterfly factor-

ization. Now will state the Goursat’s Lemma presented as in [17, 2.1].

Theorem 2.4.3. (Goursat’s Theorem) Let H and K be finite groups. There
15 a bijective correspondence between the subgroups L < H x K and the quin-
tuples (Hy, Hs, ¢, Ko, K1) such that Hy < H; < H and Ky, < K; < K
and ¢ is an isomorphism Hy/Hy — K;/Ks. The correspondence is such that
L (k1(L)aP1(L)7¢,p2(L>7k2(L>)-

This theorem tells us the internal butterfly factorization of % is unique in

the sense that the possible quintuples (Hy, Hs, ¢, K3, K1) comprise an orbit under
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the evident action of H x K. The uniqueness comes from the fact that [Z2X]
where L is a subgroup of H x K and L is well-defined up to conjugation in
H x K. For each L, the associated subgroups Hy, Hs, ¢, K5, K| are such that the

projection of L to H has image H; and kernel K; = K; x 1.

Now we define the biset category. The biset category C is defined as the
category whose objects are finite groups and morphisms are biset Burnside groups
(see, [4]). Given an (F,G)-biset X, isomorphism class of X as an element of
B(F, @) is denoted by [X]. Given an (F,G)-biset X and a (G, H)-biset Y , then
the composition of [X] and [Y] is [X][Y] = [X x g Y] where X x5 Y denotes the
set of H-orbits in X x Y. Also, for a commutative unital ring R, the category RC
is a category for which objects are finite groups and the morphisms are extensions
of biset Burnside groups RB(H,G) = R® B(H,G).

Now we will define generalized restriction and induction. Given a group ho-

momorphism « : G — F, we define transitive morphisms

Fxd
(a(g),9) g€ G

Gx F
g,a(9) :9€G

pindg = [ }, Gres%—[(

called induction and restriction, respectively. It was shown in [3] that for a given

diagram F & T O a7 % Hin the category of finite groups, then

pind§ restind’ res§, = 5 Find}) resg?

0(NgB(T)CG
Vg P . 4 9p
where I <~ L, = J is any pullback of I = L, < J.
Now following [18], we state basic results and set some notations. Let o : G —
F and §: H — G be group homomorphisms. Then

pind%indy, =g ind$’  and  greslrest: =y resy’

If « is injective, pindg is called ordinary induction and gres% is called ordinary
restriction. If a : G — F'is an injection, we omit the symbol « from the notation,

just writing pindg and gresp. If o is surjective, we have

rdefe = pindg,  and  ginfp = gresy.
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For arbitrary a we have factorizations,
rindg, = pindygydefq =  and  gresy =¢ infygyresp.
If «v is an isomorphism, we set
Fisod = pind% = presy, .

The right-free transitive morphisms F' < G are the morphisms that can be

expressed in the form

FXG}

pindy resg; = pindyinfj,) resg = [QS(V, B)

where V < Fand f:V — G and
&(V,8) ={(v,f(v)) :v eV} CF xG.
Now we give the rightfree analogue of [18, Theorem 3.1].

Proposition 2.4.4. (Mackey relation for right-free transitive morphisms.) Let
W < G andV < F be finite groups. Let o :'V — G and B : W — H be group

homomorphisms. Then

: a: B _ : Bgc(g™")eg
rindy resgindyy resy; = E rindg-1(gw)resy

a(V)gWCGE

where ay 9 W N a(V) « a Y(9W) and B, : H + W N9a(V) are restrictions of
a and 3.

2.4.2 Group categories

We shall start by stating some general definitions. We say that a category is
R-linear (or R-preadditive) if the sets of morphisms are R-modules and the com-
position is R-bilinear. Functors between R-linear categories are required to act

on morphisms as R-linear maps.

Let £ be a small R-linear category with objects finite groups. An L-functor
is defined to be a functor L — R-Mod. The L-functors can be regarded as the
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modules as follows. Given F, G € Obj(L), the R-module of morphisms G — F
in £ will be denoted by L(F,G). We let the quiver algebra of L to be the locally

unital algebra

c= P cwroe

F,GeObj(L)
whose multiplication is given by composition and product of incompatible mor-
phisms being zero. Equipped with the multiplication operation coming from
composition of morphisms, products of incompatible morphisms being zero. Note
that since £ is a small category we can form the direct sum. Any element x € ¥L
can be written uniquely in the form

T = Z FIG

F,GeObj(L)
where each pxg € L(F, G) and only finitely many of the gz are non-zero.
Using the notation rrgyy = rxq - qyy for z,y €®L and F,G, H € Obj(L), the
(F, H)-entry of the product zy is given by p(2y)y = > ¢ rxcyn.

We will identify the £-functors with the ® £L-modules, each functor G — M(G)
giving rise to a module @, M(G), each module M giving rise to functor G —
idgM.

A group category X is defined to be a linear subcategory of C such that every

morphism in X is a linear combination of transitive morphisms in C.

Now we set some notations. Let X be a group category. We let tmy to denote
the set of transitive morphisms in X. Given G, G' € Obj(X), the set

tmy (G, G) = X(G',G) Ntmy

is the set of transitive morphisms from G’ to G in X'. Note that we have a disjoint

union

tmy = | tmx(G,G).

@, Gex
We have that tmy(G’, G) is an R-basis for RX(G’, G) and tmy is an R-basis for

RX. Therefore, as direct sums of R-modules we have
R¥= ., Rx= & BRa
actmy actmy (G/,G)
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Note that in the following chapters given a group category y, the quiver algebra
will be denoted by y.
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Chapter 3

A new canonical induction
formula for p-permutation

modules

Let p be a prime number and let F be an algebraically closed field of charac-
teristic p. Let G be a finite group. A Z-integral canonical induction formula
for p-permutation module is given by Boltje in [7]. His formula expresses any
p-permutation module, up to isomorphism, as a Z-linear combination of modules
induced from the 1-dimensional modules. In this chapter, we will introduce a
special kind of p-permutation module which are inflations of projective modules
called exprojective. We also give a Z[1/p]-integral canonical induction formula,
expressing any p-permutation FG-module, up to isomorphism, as a Z[1/p|-linear

combination of modules induced from exprojective modules.

3.1 Exprojective modules

In this section, we work on the notion of exprojective module.
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Definition 3.1.1. Let M be an indecomposable FG-module. We call M exprojec-
tive if the following equivalent conditions hold up to isomorphism: there exists a
normal subgroup K <G such that M is inflated from a projective FG | K -module;
there exists K<UG such that M is a direct summand of the permutation FG-module
FG/K.

The group G is called p/-residue-free if G = OF'(G), equivalently, G is gen-
erated by the Sylow p-subgroups of G. Let Q(G) denote the set of pairs (K, F'),
where K is a p/-residue-free normal subgroup of G' and F' is an indecomposable
projective FG/K-module, two such pairs (K, F') and (K’, F’) being deemed the
same provided K = K’ and FF = F’. We set an indecomposable exprojective
FG-module Mg’F = g Infg/k (F).

Proposition 3.1.2. Let M be an indecomposable FG-module. Then M is expro-
jective if and only if the vertices of M act trivially on M.

Proof. Suppose that M is exprojective. We let K and F' to be as above. Then
K is a direct summand of the regular FG/K-module. But K acts trivially on F.

Since the vertices of M are contained in K, they also act trivially on M.

Conversely, suppose that a vertex P of M acts trivially on M. Now let K be the
smallest normal subgroup of G containing P. So K is the subgroup of G generated
by the G-conjugates of P. Obviously, all of those conjugates act trivially on M.
So K acts trivially on M. Thus, M is the inflation of an indecomposable FG/ K-
module F'. Note that F'is projective by Higman’s criterion. O

By considering vertices, we obtain the following result.

Proposition 3.1.3. The condition M = MgF characterizes a bijective corre-

spondence between.:
(a) the isomorphism classes of indecomposable exprojective FG-modules M,
(b) the elements (K, F) of Q(G).
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Proof. The correspondence is given by M = gInfg/x(F). Given M, we let
K = O¥(Ker(M)). Then M is a direct summand of the FG-module FG/K. O

Let P be a p-subgroup of G. Then the condition E = y,p)Infy,pyp(E)
characterizes a bijective correspondence between, up to isomorphism, the inde-
composable exprojective FNg(P)-modules £ with vertex P and the indecom-
posable projective FNg(P)/P-modules E. Thus, we can rewrite the well-known
result of Bouc-Thévenaz [19, 2.9] on classification of the isomorphism classes of
indecomposable p-permutation FG-modules as follows. The set of pairs (P, E)
where P is a p-subgroup of G and E is an exprojective FNg(P)-module with
vertex P will be denoted by P(G). Two pairs (P, E) and (P’, E’) will be same
if P = P and E = E’. Then the set P(G) is a G-set via the action on coor-
dinates. The indecomposable p-permutation FG-module with vertex P in Green

correspondence with E will be denoted by Mg .

Theorem 3.1.4. The condition M = MgE characterizes a bijective correspon-

dence between:

(a) the isomorphism classes of indecomposable p-permutation FG-modules M,

(b) the G-conjugacy classes of elements (P, E) € P(G).

We let T(G) to be the Grothendieck ring of the category of p-permutation FG-
modules, we mention that the split short exact sequences are the distinguished
sequences determining the relations on 7'(G). The multiplication on T'(G) is
given by tensor product over F. Given a p-permutation FG-module X, we write
[X] to denote the isomorphism class of X. We understand that [X] € T(G). By
Theorem 3.1.4, we have

T = @ zlME
(P,EYegP(G)
as a direct sum of regular Z-modules, the notation indicating that the index runs

over representatives of G-orbits.

Note that every exprojective module is a p-permutation module. So the inde-

composable exprojective FG-modules are the FG-modules having the form Mg B
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where the element (P, E) € P(G) satisfies some appropriate condition. Now we

will give a necessary and sufficient condition for MIC;: g to be exprojective.

Proposition 3.1.5. Let (P, E) € P(G). Let K be the normal closure of P in
G. Then MgE is exprojective if and only if Nk (P) acts trivially on E. In that
case, K is p'-residue-free, P is a Sylow p-subgroup of K, we have G = Ng(P)K,
the inclusion Ng(P) — G induces an isomorphism Ng(P)/Nk(P) = G/K, and

MgE = Mg’F, where F is the indecomposable projective FG /K -module deter-

mined, up to isomorphism, by the condition E = npyInfy,p) /NPy Isoc/k (F).

Proof. We let M = Mg - Assume that M is an exprojective module. Proposition
3.1.2 implies that K acts trivially on M because K is generated by the vertices of
M. Since FN¢(P)-module y,(py IanG(p)/PE has vertex P and n(p) IanG(P)/pE
is Green correspondent of M, module y,p)Infx,p) /pE is direct summand of
Ne(P) Resq(M). So Nk (P) acts trivially on M

Now assume that Ng(P) acts trivially on E. Since P is a vertex of E, it is a
Sylow p-subgroup of Nk (P). Thus, P is a Sylow p-subgroup of K. Then Frattini
argument implies G = Ng(P)K and we have an isomorphism Ng(P)/Ng(P) =
G/K as specified. Now let X = ¢Indy,p)(E). Since Ng(P) acts trivially on

M, the FG=module X has well-defined F-submodules

Y = {Zkk‘ @Ng(P) T 1 T € E} , Y = {Zkk ®Ng(P) Tk * Tk € E,Zkzvk =

summed over a left transversal kN (P) C K. Making use of the well-definedness,
an easy manipulation shows that the action of Ng(P) on X stabilizes Y and Y.
Similarly, K stabilizes Y and Y’. So Y and Y’ are FG-submodules of X. Since
|K : Nk(P)| is coprime to p, we have Y NY’ = 0. Since |K : Ng(P)| = |G :
Ng(P)|, a consideration of dimensions yields X =Y @ Y".

Fix a left transversal £ for Nk (P) in K. For g € Ng(P) and ¢ € L, we can
write 9¢ = {,h, with ¢, € £ and h, € Ng(P). By the assumption on E again,
hgr =z for all z € E. So

gZ/@x = Z£9€®gm = Zé&,@gw = Z/@gx
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summed over £ € £. We have shown that n,p) Resg(Y) = E. A similar ar-
gument involving a sum over £ shows that K acts trivially on Y. Therefore,
Y = Mg ¥ On the other hand, Y is indecomposable with vertex P and, by the

Green correspondence, Y = M§ .. ]

We let T°*(G) to be the Z-submodule of T(G) spanned by the isomorphism
classes of exprojective FG-modules. The following proposition gives us that the
Z-submodule T*(G) of T'(G) is, in fact, a subring.

Proposition 3.1.6. Given exprojective FG-modules X and Y, then the FG-

module X ®p Y 1s exprojective.

Proof. We may assume that X and Y are indecomposable. Then X and Y
are, respectively, direct summands of permutation FG-modules having the form
FG/K and FG/L where K <G> L. Then every indecomposable direct summand
of X ®Y is a direct summand of FG /(K N L) by Mackey decomposition and the
Krull-Schmidt Theorem. O]

We have

by Proposition 3.1.3.

3.2 A canonical induction formula

Let R be a class of finite groups that is closed under taking subgroups. Let G be
a finite group in R.

Applying the general theory in Boltje [1], we shall introduce a commutative
ring 7(G) and a ring epimorphism ling : 7(G) — T(G). We aim to show
that the Z[1/p|-linear extension lin¢ : Z[1/p|T(G) — Z[1/p]T(G) has a splitting
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cang : Z[1/p|T(G) — Z[1/p|T(G). Moreover, the map cang is the unique

splitting that commutes with restriction and isogation.

We adapt Boltje’s construction in [1, 2.2] to the case of arbitrary K. Then we
form the G-cofixed quotient Z-module

(@) = (@TW),
U<G
where G acts on the direct sum via the conjugation maps 4 conf,. In fact, the
functor 7 becomes a Green functor as in [1, 2.2], with the evident isogation maps
by utilizing the Green functor structure of 7', the restriction functor structure
of T* and noting that 7°%(G) is a subring of T(G). Moreover, since T'(G) is
commutative, T (G) becomes a commutative ring. For any xy € T*(U), The

image of zyy in T (G) will be denoted by [U, zy)e. Any x € T(G) can be expressed

r = Z U, zv]a

U<cG

in the form

where the notation indicates that the index runs over representatives of the G-
conjugacy classes of subgroups of G. Here x determines [U, 2] and z¢ but not,
in general, xy. Let R(G) be the G-set of pairs (U, K, F) where U < G and
(K, F) e Q(U). We have

T(G) = D Zu My = @ zZU M)
U<aGy (K, F)eng ) Q) (UK, F)EGR(G)
We set a Z-linear map ling : T(G) — T(G) defined by lin ¢[U, xy] = ¢indy (zy)
for any [U, zy] in T(G). Then the family (ling : G € &) is a morphism of Green
functors lin : 7 — T as in [1, 3.1]. In particular, the map ling : 7(G) — T(G)
is a ring homomorphism. We extend to coefficients in Q and obtain an algebra
map

ling : QT(G) — QT'(G) .

We set a Z-linear epimorphism 7g : T(G) — T(G) such that mg acts as the
identity on 7°*((G) and 7 annihilates the isomorphism class of every indecompos-
able non-exprojective p-permutation QG-module. We again extend to coefficients
in Q and obtain a Q-linear epimorphism 7 : QT(G) — QT*(G). Following [1,
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5.3a, 6.1a], we define a Q-linear map

cang : QT(G) = QT(G), &= — > [U|mdb(U, V)[U, yresy (v (vresa(€)))]e

| ’ang

where mob() denotes the Mdbius function on the poset of subgroups of G.

Theorem 3.2.1. Consider the Q-linear map can ¢.
(1) We have ling, cang = idgr(c)-
(2) For all H < G, we have gresg, cang = can g, gresg.

(3) For all L € & and isomorphisms 0 : L <+ G, we have ;iso%, can, =

can ; o ;isof,.
(4) cang[X]| = [X] for all exprojective FG-modules X .

Those four properties, taken together for all G € R, determine the maps can .

Proof. By [1, 6.4], part (1) will follow when we have checked that, for ev-
ery indecomposable non-exprojective p-permutation FG-module M, we have
(M] € > jeqeindg(QT(K)). By [7, 2.1, 4.7], we may assume that G is p-
hypoelementary. By [7, 1.3(b)], M is induced from Ng(P) where P is a vertex of
M. But M is non-exprojective, so P is not normal in GG. The check is complete.
Parts (2), (3), (4) follow from the proof of [1, 5.3a]. O

Obviously, parts (2) and (3) of the theorem implies that can, : T'— T is a
morphism of restriction functors. Moreover, when R is closed under the taking
of quotient groups, the functors T', T, T can be equipped with inflation maps,

and the morphisms lin, and can, are compatible with inflation.

Corollary 3.2.2. Given a p-permutation QG-module X, then

[X] = @l Z |U| mob(U, V') gindyresy (my (yresg[ X]))
UV<a
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Let M and X be p-permutation FG-modules. We assume that M is inde-
composable and denote the multiplicity of M as a direct summand of X by
ma(M, X). We write mg(X) to denote the direct summand of X, well-defined up
to isomorphism, such that [ (X)] = mg[X].

Lemma 3.2.3. Let p be a set of primes. Suppose that, for all' V € R, all p-
permutation FV -modules Y, all U 9V such that V/U is a cyclic p-group, and all
V-fized elements (K, F) € Q(U), we have

mu(My " my (v Resy (V) = D mu(Mg", u Resy (My®)) my (My®, m (V)
(J,E)eQ(V)

Then, for all G € K, we have |G|y cang[Y] € T(G), where |G|, denotes the

p'-part of |G|.

Proof. This is a special case of [1, 9.4]. O

Now we prove that can ¢ is Z[1/p]-integral.

Theorem 3.2.4. The Q-linear map cang restricts to a Z[1/p]-linear map

Z[1/p]T(G) — Z[1/p|T(G).

Proof. Let p be the set of primes distinct from p. Let V', Y U, K, F' be as in the
latest lemma. We will obtain the equality in the lemma. We may assume that
Y is indecomposable. If Y is exprojective, then 7y (y Resy (Y)) = y Resy (V) and
mv(Y) = X, whence the required equality is clear. So we may assume that Y
is non-exprojective. Then 7y (Y') is the zero module. Now it is enough to show
that Mé( " is not a direct summand of ¢ Resy (V). For a contradiction, suppose
otherwise. The condition on |V : U| implies that U contains the vertices of Y.
So Y | v Indy(X) for some indecomposable p-permutation FU-module X. Since
(K, F) is V-stable, a Mackey decomposition argument shows that Mé{ P x,
We also have K <1V by the V-stability of (K, F'). Then

Y | vIndy Infy gk (F) 2 v Infy) i Indy g (F) .

Thus, Y is exprojective. This is a contradiction, as required. O
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Proposition 3.2.5. The Z-linear map ling : T(G) — T(G) is surjective. How-
ever, the Z[1/p|-linear map can¢ : Z[1/p|T(G) — Z[1/p|T(G) need not restrict
to a Z-linear map T(G) — T(G). Indeed, putting p = 3 and G = SLy(3), let-
ting Y to be the isomorphically unique indecomposable non-simple non-projective
p-permutation FG-module and X to be the isomorphically unique 2-dimensional
simple FQg-module, then coefficient of the standard basis element [Qs, X|g in
can ¢([Y]) is equal to 2/3.

Proof. Since every 1-dimensional FG-module is exprojective, the surjectivity of
the Z-linear map lin ¢ follows from Boltje [7, 4.7]. Routine techniques confirm

the counter-example. O

3.3 The K-semisimplicity of the commutative
algebra K7 (G)

We write Z(G) to denote the the G-set of pairs (P, s) where P is a p-subgroup
of G and s is a p'-element of Ng(P)/P. We let K to be a field of characteristic
zero such that K has roots of unity whose order is the p/-part of the exponent
of G. We choose and fix an arbitrary isomorphism between a suitable torsion
subgroup of K — {0} and a suitable torsion subgroup of F — {0}. Note that
Brauer characters of FG-modules have values in K. Let s be a p’-element of G.
We set a species efs of KT'(G), we mean, an algebra map K7'(G) — K, such that

efs[M | is the value, at s, of the Brauer character of a p-permutation FG-module

M. Generally, for (P,s) € Z(G), we define a species €3, of KT'(G) such that
€5 [M] = ejl\jf(P)/ PIM(P)], where M(P) denotes the P-relative Brauer quotient
of M. The next result, well-known, can be found in Bouc-Thévenaz [19, 2.18,
2.19].

Theorem 3.3.1. Given (P,s),(P',s") € Z(G), then egs = eg,ﬁ, if and only if we
have G-conjugacy (P,s) =¢ (P',s'). The set {3, : (P, s) €c Z(G)} is the set of
species of KT'(G) and it is also a basis for the dual space of KI'(G). The dual
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basis {eB, : (P,s) €q Z(G)} is the set of primitive idempotents of KT'(G). As a
direct sum of trivial algebras over K, we have

KT(G)= P Keg,.

(Ps)€cZ(G)

We let J(G) to denote the G-set of pairs (L,t) where L is a p'-residue-free
normal subgroup of G and t is a p’-element of G/L. We define a species eé’t of
KT*(G) such that, given an indecomposable exprojective FG-module M, then

ét[M ] = 0 unless M is the inflation of an FG/L-module M, in which case, eé’t

is the value, at ¢, of the Brauer character of M.

Lemma 3.3.2. Let (P,s) € Z(G). Let L be the normal closure of P in G. Let
t be the image of s under the canonical homomorphism Ng(P)/P — G /L. Then
e5' M) = €5, [M] for all exprojective FG-modules M.

Proof. We may assume that M is indecomposable and that at least one of eé’t [M]
and €GP, s[M] is nonzero. If e5'[M] # 0, then the required equality follows
from the observation that L and perforce P act trivially on M. Now suppose
€“P,s[M] # 0. Then M[P] # 0. So P is contained in a vertex Q of M. The
normal closure of () in G contains L. Therefore, L acts trivially on M and, again,

the required equality becomes clear. O

Now let (L,t) € J(G) and let (P, s) run over mutually non-conjugate rep-

resentatives of the elements of Z((G) which satisfies the condition in the latest

Lt _ G
eq = g €ps-

(Pys)

lemma. Then we set

Lemma 3.3.3. Given (L,t),(L',t') € J(G), then e = eG Y if and only if L = L'
and t =¢ 1 ', in other words, (L,t) =¢ (I',t'). The set {eg" : (L,t) €c J(G)} is
the set of species of KT**(G) and it is also a basis for the dual space of KT (G).
We have
KT™(G) = P Keg
(Lt)eaT(G)
as a direct sum of trivial algebras over K.
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Proof. Since KT*(G) is a subalgebra of KT'(G), Theorem 3.3.1 implies that

KT (G) = P Ke
eeM
where M is the set of primitive idempotents of K7T(G), furthermore, there
is an equivalence relation = on the basis {eg’s} whereby e%s = eIGD,’S, provided
g, < e > eg,’s, for some e € M. This is equivalent to the condition that
e(ef,) = €(e$ ) for all species € of KT™(G). By the previous lemma, M =

{eé’t}. The rest of the required conclusion is now clear. ]

We let IC(G) to be the G-set of triples (V, L, t) where V < G and (L,t) € J (V).
Now let (L,t) € J(G). We set a species €7 ; , of KT(G) such that, for z € T(G)

expressed as a sum as in Section 3.3,

€G.0.(7) = eg'(2c) -
Now we define species for KT (G). Given (V, L,t) € K(G), we set a species €{/ | ,

such that

eV 1a(@) = €4 (vres(z)

Now we check that e‘G/, 1 really is a species. Let x, y € KT(G). Then we have
(xy)e = royq and res(xy) = res(x)res(y). Thus, (res(:vy))v = (res(z)) (res(y))
and

EXG/,L,t<xy) = EKC/;,L,t(a:)G‘(;,L,t(y)'
Using Lemma 3.3.3, a straightforward adaptation of the argument in [19, 2.18]

gives the next result. This result also follows from Boltje—Raggi-Cardenas—
Valero-Elizondo [10, 7.5].

Theorem 3.3.4. Gien (V,L,t),(V',L',t') € K(G), then €5, = €{, o if and
only if (V,L,t) =¢ (V',L',t'). The set {e{,, : (V,L,t) €c K(G)} is the set of
species of KT (G) and it is also a basis for the dual space of KT (G). The dual
basis {e$i,, + (V. L,t) €q K(G)} is the set of primitive idempotents of KT (G).

As a direct sum of trivial algebras over K, we have

KT(G) = B Kef,,.

(V,Lt)eaK(G)
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Proof. Let € = €€,L,t and ¢ = EXG/,7L,¢,. Plainly, if (V,L,t) =g (V',L',t'), then
e = €. By considering the case where z has the form = = [V, zy], we deduce
that V' <g V. Similarly, V< GV'. So V' =¢ V' and, replacing (V', L', t') with
a suitable G-conjugate, we may assume that V' = V’. Applying a formula for

restriction in Boltje [1, Section 2], then Mackey decomposition,
1= e'([V, e‘L//’t,]G) = e([V, e‘L//’t/](;)

- (et )= T e

gVCNg(V)

Therefore, (L,t) =) (Y, ¢) and (V, L, t) =¢ (V', L', t).

The set of species M of KT'(G) is K-linearly independent. In particular, the

subset {e{; ,} of M is K-linearly independent. Meanwhile, since
{V.e']a : (V.L,t) € K(G)}

is a K-basis for KT'(G), the dimension of K7'(G) is equal to the number of G-orbits
in K(G). Therefore, {ef/; ,} is a basis for the dual space of KT(G). Perforce,
{e{/ .} = M. The rest is clear. O

We have the following easy corollary on lifts of the primitive idempotents eﬁs.

Corollary 3.3.5. Given (P,s) € Z(G), then efP&P’S is the unique primitive
idempotent e of KT (G) such that ling(e) = €3,.
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Chapter 4

A general theory of canonical

induction for Green functors

4.1 Green category of a Mackey System

In this section, we recall definition of Mackey System and Green category from
[3] and [18], but we also state a result describing a Green category associated

with an arbitrary Mackey system.

We define a Mackey system on R to be a subcategory F of the category of finite
groups such that obj(F) = R and, writing F(F, G) for the set of morphisms to a
group F' € K from a group G € K, the following four axioms hold:

MS1 : For all I < G € &, the inclusion [ < G is in F(G, I).
MS2 : Forall I <G € Rand g € G, the conjugation map i —9 i isin F (1, 1).
MS3 : For all § € F(F,G), then the restriction G < 0(G) is in F(0(G),G).

MS4 : For all § € F(F,G) such that 6 is a group isomorphism, then
0=t e F(G,F).

29



Consider a pair of Mackey systems (Z,R) such that the following three condi-
tions hold:

GC1 : The category 7 is a subcategory of R.

GC2:Let F & T5Gbea diagram with o € mor(Z) and 6 € mor(R). If 6
is surjective and there exists a group homomorphism § such that o = 56, then

B € mor(Z). If « is surjective and there exists a group homomorphism ¢ such
that 0 = ¢a, then ¢ € mor(R).

GC3 : For every diagram [ 5 e Jwith 6 e mor(R) and f € mor(Z)
there is a pullback I <~ L % J with v € mor(Z) and ¢ € mor(R). Let G be
the linear subcategory of C such that obj(G) = & and the morphisms in G are
generated by the morphisms ind® and res? where o € mor(Z) and 3 € mor(R).
We call G a Green category on R (see, [3]). The homomorphisms in Z are called
the induction homomorphisms for G and the homomorphisms in R are called the

restriction homomorphisms for G.

Theorem 4.1.1. Given a Mackey system R on K let T be the subcategory of R
whose morphisms are the injective morphisms in R. Let G be the linear subcategory
of C such that obj(G) = K and the morphisms in G are generated by the morphisms
ind® and res’ where o € mor(Z) and B € mor(R). Then G is a Green category.

Proof. Let R be a Mackey system on K. Z be the subcategory of R whose mor-
phisms are the injective homomorphisms in R. Let G be the linear subcategory of
C such that obj(G) = K and the morphisms in G are generated by the morphisms
ind* and res’ where a € mor(Z) and 8 € mor(R). Condition GC1 is trivial. We
show that (Z, R), satisfies the conditions GC2 and GC3.

Let F & 1% G bea diagram with a € mor(Z) and 6 € mor(R). Suppose
that 6 is surjective and there exists a group homomorphism S such that o = 6.
Since a = 360 and « is injective, # is injective. So 8 = af~!, thus 8 € mor(Z).

Now suppose that « is surjective and there exists a group homomorphism ¢ such
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that § = ¢a. Since « is surjective and injective, ¢ = fa~! so ¢ € mor(R) as
required. Hence (Z,R) satisfies the condition GC2.

Let I % G & Jbea diagram with # € mor(R) and § € mor(Z). We set
L={iel]0(i)e B(J)}. Take v as an inclusion map, then v € mor(Z). Given
[ € L, then 0(1) = B(j) for some j € J. We set ¥(I) = j. Since 3 is injective and
¥ is well-defined, we get 6y = 1. Consider the following diagram:

b=By: LT ImBNImd"s J.

Thus, ¢ € mor(R). O

4.2 A quadruple of group categories

In this section, following Coskun’s construction in [8], we introduce a quadruple of
group categories (S, W, &, N') and state some properties. We also give definition

of Green functor as in [3].

Consider a quadruple of group categories (S, W, £, N') such that the following

conditions are hold:

e N is generated by gind{, res. for all group homomorphism 6 : H — F and

injective group homomorphisms o : H — G.

e W is generated by gindyinfy,k for all injective group homomorphisms « :
H—G.

e & is generated by g resf. for all injective group homomorphisms 6 : H — F.

e S is generated by pinfy/ k.

Following is an immediatte corollary of the Theorem 4.1.1:
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Corollary 4.2.1. N is a Green category.

A crucial theorem in Coskun’s approach was [8, Theorem 3.2], we have the

following adaptation of that result.

Proposition 4.2.2. There is a (W, E) - bimodule isomorphism ® : WRsE — N

given by pindfinf ®sres’ — pindfinfres’.

Now we set some notations. As direct sums of regular Z-modules, we define

Ay= P Za, AW(G.G)= &

actmyy—tmg actmy (G',G)—tms(G',G)

where G, G’ € K. Clearly, we have
Aw<G/, G) — W(G,, G) N AW

and

Aw = | Aw(@.G).

G/ ,GeR

Therefore, as a direct sum of Z-modules,
W=38a& Ay, WG, G)=S(G',G) ® Ay.

Defining Az and Ag(G’, G) similarly, the observations that we have just made

still hold with £ in place of W. Now we state an obvious observation.

Proposition 4.2.3. The Z-submodule Ay is an ideal of W.

We let 7% : W — S to be the Z-module epimorphism with kernel Ayy,. The
latest proposition says that 7% is a ring homomorphisms. Thus, we have a
diagram of algebra maps as shown, where the four arrows bearing upwards denote

inclusions and the arrow bearing downwards denotes the projection.
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/

Given a RW-module N, we make the evident identification

2\
N

S

RS RQSRw(N) =N
as RS-modules. Given an RS-module M, we make the identification
RW IIlfRS(M> =M

as S-modules, the extension to W being such that the module is annihilated by

AgW. The following two remarks are obvious.

Remark 4.2.4. Given an RS-module M, then the canonical identification of
RS -modules
RS ReSRW IIlfRS(M) = RW Il’lng(M) =M

yields a natural equivalence rs Resgy Infrs =2 idgs.
Remark 4.2.5. Let A be an RE-module. Then using the canonical identification

of RW-modules gy Resgry Indg = ga Indge(A) and the canonical identification
of S-modules rs Resre(A) = A we obtain an identification of RVWW-modules

RW ReSR/\/ Inng (A) = RW Inng Reng (A)

whereby w ®e a = w g a forw € W and a € A. In particular, we have natural

equivalence

RW RGSR/\/ Inng = RW IndRS RGSRw.

Now we give an analogue of the latest remark for coinduction. Both the propo-

sition and the remark are adapted from Coskun [8, 3.2].
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Proposition 4.2.6. Let M be an RW-module. Then there is a natural RE-

1somorphism
re Coind gs Resp (M) = ge Resgpa Coind gy (M)
such that, for elements
¢ € Coind Res(M) = Hom ge (RSRSRS, RS Reng(M)),

v € Res Coind (M) = Hom gy (rwRNRge, M)

we have € <> v provided € is a restriction of v. In particular, we have a natural
equivalence

re Coind gs Respyy = re Resgpa Coind gyy.
Proof. We apply Proposition 4.2.2 and adjunctions, we obtain RE-isomorphisms

Hom gy (rw RNRe, M) = Hom gy (rwRW ®Qprs RERe, M)

Hom gs (rsREre, Hom gy (rw RWrs, M)) = Hom gs (rs REre, rs Respw(M)).

Let v/ € Hom (RW ®ps RE,M) and ¢ € Hom (RE, Hom (RW, M)). Now

suppose that the elements are in correspondence v <+ v/ <+ ¢’ <> €. Then

v(we) =1V (w®e)=¢(e)(w) = we(e)
w € RW and e € RE. Since v is an RVYV-homomorphism, we see that v and e
determine each other via the equality v(e) = €(e). O

We define a Green RE-functor to be an RE-functor A such that:

e GF1: A(G) is a unital ring for each G € &,

o GF2: ;rest : A(G) — A(I) is a unital ring homomorphism for each 6 :
I - Gin F.

Generalizing a definition in Romero [5, Section 2], Barker in [3] defines a Green
RN -functor to be an RN -functor A such that:
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e Each A(G) is unital ring.

e Each ;Res?, : A(G) — A(I) is a unital ring homomorphism for each ring
homomorphism 6 : I — G.

e Given an injective a : [ — F in F and elements a € A(F) and b € A(I),
then

rindf (rres@(a) - b) = a - pind§(b), rindf(b- ;resp(a)) = pind7 (D) - a.

4.3 An embedding of the Burnside ring into the

biset endomorphism ring

Let G € R. Let B(G) be the Burnside ring of G. Now will describe RB(G) as an
algebra, in fact, as a subalgebra RN (G), here RN (G) = R Endpgy(G).

The next result describes RB as an algebra, in fact, as a subalgebra of RN.
Note that that Proposition 4.3.1 and Lemmas 4.3.2 and 4.3.3 are all based on [1,

1.5] which, in turn, has a citation acknowleding a work of Dress.

Proposition 4.3.1. There is a counital injective algebra map
A¢g : RB(G) — RN(G)
gien by the condition that, for U < G, we have

Ag(dg) = gindyresg.
Proof. Proof is by the Mackey Product Formula. O]

Now we state some properties of the algebra map Ag.

Lemma 4.3.2. Let H < G and ¢ : G — G’ be group isomorphism. Let x €
RB(G) andy € RB(H). Then:
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(1) ¢isol - Ag(z) = Ag (G/isog(x)) - risop.
(2) gresg - Ag(x) = AH(HresG(x)) - gresg.
(3) Ag (GindH(y)) = gindy - Ap(y) - gresg.
(4) Ag(z) - gindy = gindy - Ay (gresg(z)).
Lemma 4.3.3. Let M be an RN -module.
(1) Given = € RB(G) and isogation g/isol in N and m € M(G), then
aiso (Mg () - m) = A (arisog(w)) - orisos(m).
(2) Given x € RB(G) and H < G and m € M(G), then
nresa (Ag(z) - m) = Ay (gresa(z)) - presa(m)
(3) Giveny € RB(H) and H < G and m € M(G), then
Ag (GindH(y)) -m = gindg (AH(y) -HresG(m)).
(4) Given x € RB(G) and H < G andn € M(H), then

AG'(.QZ) . Gde(n) = GindH(AH(HreSG(w)) . n)
Proof. This is immediate from the previous lemma. O]

Now we set some notations. Let M be an RN -module. We set

I(M)(G) = gindy(M(H)) =Y Im(gindy : M(H) — M(G)),

H<G H<G
K(M)(G) = ﬂ Ker (gyresq : M(G) — M(H)).
H<G
Now using Proposition 4.3.1, we can regard M (G) as an RB(G)-module via Ag.
Thus, an element x € RB(G) sends an element m € M(G) to the element
Ag(x)m € M(G). The next result is an adaptation of [7, 6.2].
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Proposition 4.3.4. Suppose that |G| is invertible in R. Let M be an RN -module.
Then

K(M)(G) = Ac(e) M(G) I(M)(G) = Ag(1 - eg)M(G).

In particular, as a direct sum of RB(G)-modules, M(G) = K(M)(G)®Z(M)(G).

The following result and its proof generalize [1, 6.3].

Corollary 4.3.5. Let M be an RN -module. Given m € M(G), then m = 0 if
and only if Ag(e&)m = 0 and gresg(m) = 0 for all strict subgroups H < G.

Proof. Proposition 4.3.4 says that Ag(e&)m = 0 if and only if m € Z(M)(G).
Obviously, the restriction condition holds if and only if m € K(M)(G). The
proposition also tells us that zero is the unique element of M (G) satisfying both

of those conditions. 0

4.4 Lower plus functor

In this section, we will replace T with a Green RE-functor A and T with
Lplus (A) functor. We show that Lplus (A) covers the classical cofixed module
construction A, (G) of Boltje [1]. We will also mention a result which states that

given a Green RE-functor A, we make A, (G) a ring and show that A, is a Green

RN -functor.

Let A be a Green RE- functor. We make the usual identification

A=EPA@©).
G
As an RN -functor, we define the lower plus functor
ry Lplus ge : RE-Mod — RN -Mod

such that
gy Lplus ge(A) = RN ®pe A.
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Now we incorporate some definitions and notations from [1]. Fix a group G € &

and let A be an RE-module. We make @@ A(U) an RG-module such that action
U<G

of an element g € G restricts to the conjugation map sy conf; : A(U) — A(U)
for each U. Consider the G-cofixed quotient R-module

A4+(6) = (P AW) -
U<G
We can make the identification
A(G) = D AUy

U<agG

Thus, any element z € A, (G) can be written in the form
xr = Z [U, 'TU]G

U<aG

where xy € A(U) with image [U, zy] € A(U)ngw) < A+ (G).
If we write 2’ = ) [U,2'y]¢ where U running over the same representatives

U<aG
of conjugacy classes of subgroups, then z = 2/ if and only if each zy — 2’y

belongs to the RNg(U)-submodule of A(U) spanned by the elements having the
form (n — n')a with n, n" € Ng(U) and a € A(U). Note that the expression
r =) y<.clU,zulc is unique up to this condition. Note that the action of U on
A(U) is trivial and A(U) is actually an RNg(U)/U-module.

Proposition 4.4.1. Let A be an RE-module and let G € K. Then there is an

R-linear isomorphism
Sag : RNLplus Rg(A) (G) — A+(G)

giwen by sg(cindy @ge xy) = [H, anlg for any H < G and any ay € A(H).

Proof. Given U < G, let gindy ®ge A(U) denote the R-submodule consisting of
those elements that can be written in the form gindy ®@ge xy with xzy € A(U).
We aim to show that as a direct sum of R-modules we have
Lplus (A)(G) = @P cindy @pe A(U).
U<aG

38



The R-module
Lplus (A)(G) == (RN QRre A)(G) = iSOG : RN@Rg A(G)

is spanned by the elements having the form a®ge ry where W € K and o : W —
G is a transitive morphism in N. We set o = gindy - p, where p is a transitive
morphism in W, then a € gindy ®@gs A(U). Thus,
Lplus (A)(G) = P cindy @pe A(U).
U<agG
Now we will show that the sum is direct. It’s enough to show that
isog - RN = @ cindy - RE.
U<aG

We set @ = gindys - i/ where i/ is a transitive morphism in WW. Then, a €
vindg ®ge A(U). Therefore,

Lplus (A)(G) = ) ¢indy @pe A(U).

U<aG
Now to show that this sum is direct, it suffices to show that
isog - RN = Z cindy - RE.
U<aG

Let us also @ = gind,, - i/, where p’ is a transitive morphism in Y. Choosing
internal butterfly factorizations of p and ' in C, we obtain two internal butterfly
factorizations of in C. By the uniqueness of the internal butter y factorization up
to conjugation, there exists an element g € G such that 9U = v’ and the following

diagram in C commutes.

) H
G a/CONY w
% w

Now we show that there is a well-defined R-linear map s; : A{(G) —
Lplus (A)(G) defined by si[U, zv|e = ¢indy @ge zp. Indeed, it will then be clear
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that s¢ and s, are mutual inverses. Fixing U, and elements zy and 2’y of A(U)
such that [U, x| = [U, 2], we must show that gindy @ re vy = ¢indy ®@ge 'y
We may assume that 'y = "xy for some n € Ng(U), in other words, o'y =

veonys(zy). The required equality follows, because gindycon}, = ¢indy. O

The R-linear isomorphism sg defined in the previous proposition combine to

form an R-linear isomorphism
s: Lplus (A4) — Ay

where A, = @ A, (G). We make A, an RN-module via s. Thus, s becomes an
Ges
RN -module isomorphism.

Now we consider the following five kinds of transitive morphism: the isogations
G/isog where ¢ : G — G’ is a group isomorphism; the internal induction gindy
and internal restriction gresg where H < G; the internal inducation ginfg/y

where N < (G. Let us introduce variables

U<G, V < H, N<W<G

taking on roles such that, when considering elements
:L‘€A+(G), y€A+(H), Z€A+(G/N)

we may conventionally write

r= Y [Uavle, y= > WViwla, z= > [W/Nawnlenw

U<gG V<uyH W/V<g/nG/N

where zy € A(U) and similarly for yy and zwy/n. The next result explicitly

describes the actions of those four kinds of transitive morphism on the RN-
module Lplus(A) = A,.

Proposition 4.4.2. With the notation above, we have
(1) ¢indg[V,yv]a = [V, ¢indu (yv)]e-
(2) mresglU,zule = >, [HNIU, gnevconysqyresu(zo)|n

HgUCGE
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(3) If G/isog e N then G/iso‘é[U’, G/iso(é(xU)]G/ where U' = ¢(U).

(4) ]f Ginfg/N € N, then Ginfg/N[W/N, ZW/N]G/N = [VV, G’infG/N(ZW/N)]G-

Proof. As an abuse of notation, we identify Lplus (A) with A, via s, writing
cindy ®@ge 2y = [U, zv]a-

Part (1) is now clear. For the rest, we apply the commutation relations for

induction recorded in the previous subsection. Part (2) holds because

gresgindpxy = E gind grogcont, - resy ® ry
HgUCG

_ : g
= E aindpney ® grercony~presy(Ty).
HgUCG

Part (3) is very easy. Part (4) holds because
Ginfg/NiIldw/N ® Ty = Gindwian/N ® Ty = GindW ® Wian/N(xU).
A similar argument yields Part (5). O
Note that the local case involving induction and restriction between subgroups
of a fixed group G, parts (1), (2), (3) of the latest proposition agree with the

defining formulas in [1, Section 2], for the actions of induction, restriction and

conjugation on A,.

Let G € K. Now we will give a ring structure to A, (G). We want to get an
injective R-map 6 : A, — F such that §(A,) is a locally unital R-subalgebra of
E. Then A, becomes a locally unital R-algebra with multiplication such that ¢

becomes an R-algebra isomorphism.

Now consider ¢ : RN — E be the representation of A, as an RN -functor.
For any pzg € RN(F,G) and U < G and s € A(U), we get

o(rxg)(cindy ® s) = (preindy) ® s.
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We can embed A(G) into the A, (G) via the identification a = isog ® a for

a € A(G). Now we can write
cindy ® s = o(gindy)s.

So given any element a € A, (G) can be written in the form

a = Z O'(GindU)SU.

U<aG
Now we define an R-map v : A — E such that
v(b)o(gindy)s = o(gindy)(y resg(b) - s)

for any b € A(G). We need to show that v is well-defined. Suppose that
o(gindy)s = o(gindyr)s’. Then U’ = 9U and s’ = con?(s) for some g € G.
We get

O'(GiIldU)<UI‘€SG<b> : S) = U(GindU/)(U/resG(b) . 8/).
Let b1,by € A(G) then by using the restriction axiom for A, we obtain

v(by)(v(by)o(gindys)).

Since A, (G) is spanned by the elements having the form o(gindy)s, we get
v(b1)v(b2) = v(b1bo). Plainly, v(1ae)) = 1a,(c)- We have shown that v: A — F

is locally unital algebra map.

Lemma 4.4.3. Given b € A(G) and t € A(J) and an injective homomorphism
B:J— G inF, then

v(b)o(gind5)t = o(gind5) () rest,(b) - t).

Proof. This follows by an easy manipulation involving the equalities cind? =

. . B 8 .. Bt
cindg(y)iso; and jres; = Jis0p presg. ]

Now we change the notation again. Let U < G and s € A(U). We write
cindy(s) = o(gindy)s.
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So the R-module A, is spanned by the elements having the form gindy(s).

Let 6 : A, — E be the R-linear map defined by
0(cindy(s)) = o(gindy)v(s)o(yresg).

The map 6 is injective because 0(gindy(s))lae) = ¢indy(s). So we can regard
0(Ay) as a copy of A,. The following lemma is an analogue of the [3, Lemma
3.2].

Lemma 4.4.4. Let A be a Green RE-functor, and let F,G, I € K.

1. Given b € A(G) and a restriction homomorphism 0 : I — G in F, then
o(rrest)v(b) = v(rrest (b)) - o(rresth).
2. Given a € A(F) and an injective homomorphism o : I — F in F, then

v(a)o(rind}) = o(pind})v(rrest(a)).

Proof. 1. Let K < G and t € A(K). Using Lemma 4.4.3, definition of v and

Mackey relation we obtain

o(rresg)v(b)(sindg(t)) = o(;resg)o(gindk ) (k resq(b) - t)

= Z o (7indne g condeq e resk ) (k resq(b) - t)
IgKCG

= Z O'([ind[mgK)([mgK I"GSG(b) CINIK COIl‘(}ng resK(t))
IgKCG

= Z v(b)o (rind ne i) (1ne x con Y e resk (1))
IgKCG

= v(b) Z o (rind ne e con 9y resk (1))
IgKCG

=v(b)o(sresg)o(gindg)(t)

=v(rresg(b)) - o(rresq).
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2. Let K < I and t € A(K). Using Lemma 4.4.3 and the definition of v,
v(a)o(pindf)(rindg (t)) = v(a)o(pindf)t = o(Find% ) (k res@(a) - )

= o(pind})o(yindg ) (x resyres@(a) - t) = o(pind§)v(; resi(a))(7ind g (1)).

]

Now using Mackey relation and above lemma, we obtain
o(gindy)v(s)o(y resq)o(gindy v (t)o(y resq)

= Z o(gindy)v(s)o(yindyney confrqy, resy )v(t)o (v resa)
UgvCa

= Z o(¢indynev )V (vnev resy(s) - unov conyy e~y resy )o(unov resq).
UgVCG

Then by using the injectivity of 6 we get the formula

cindy(s) ¢ indy (t) = Z cindprey (Unev resy(S) - vnev resey conts (t)).
UgVCa

Theorem 4.4.5. Given a Green RE-functor A, then A, is a Green RN -functor.

Proof. Given a homomorphism « : H — GG we show that
nresg; : Ay(H) = AL(G)
is a ring homomorphism. Let ¢indy(s) € A4 (G), ¢indy (t) € A, (G). Let
B = gresg(gindy(s)) - gresg(gindy (t))

and
C = gresg(gindy(s) - gindy (t))
We must show that B = C. Then

B= Z Hinda*l(gUyeS?J(g_l)ag(s). Z Hindaﬂ(ev)res;(efl)ae(t)
a(H)gUCG a(H)eVCa

whereay, : o' (U) = U Na(H)and o, : o~ (U) = U Na(H)
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_ Z pind g (aghe res?](g l)ag(s) e resvge l)aec(h71)<t>)

YU, v "YH,UV ¥H,U,v
a(H)gUCG
a(H)eVCG
19U a1 (*V)CH

where a*‘}{hUeV =a'(U)N" (V)

1
" L i@ e o)
heH
e(g™Ha cle ™ Haec 1
nindpne (e, resy”(8): e, vesy” 1)
_Z |Oé gU Nhra~ (CV)|
9,e€G ’ ‘UHV|
heH
(g™ Ha cle™Naee(h™?
gind itheV(a%,hl,;V resU(g )g(s)'af{;ﬁf‘, resv( Jacec( )(t))

-y |a—1 9U Na ' (°V)|
H)||UfV]

g,e€G

where of}y, = a7 (?U) Na~'(°V). On the other hand,

. c(k—Ha ft

C: Z Hlnda—l(k(Umfv)) I'eSU(mfv) k(UﬂfV reSU( ) mfvresv( )<t>)

UfVCG
a(HkUnfvca
- 1
- f

s UV alH)RU N V)|

c(k™ c(f~De(kHa
ind kf( o1, resU( R (s).aza,‘f/ resv(f Je(k™) (1))

where ala{/ =a (U V)

) oy el e

fkeG@

Thus, B = C. Now we show that given H < G,

cindy(gresg(x) - y) =z - gindgy(y),

for all 2 € A, (G) and y € A, (H). Without loss of generality we may assume
that © = gindy(u) for some U < G and y = gindy (v) for some V < H. Now let
F = ¢indgy(gresg(z) - y) and K = z - gindy. Then

-1
— : g~ "h
F = E cindy; g 1ny (re-1ny T€SU (W)« rg—1ny T€Sg-14y,cONY )
HgUCG
(HﬂgU)hVCH
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1 . —1h
— QEZG CrallCn gU)hV|GlndUmgflhv(Umgfth resy () + ae-1ny,T€S, 1hvconU )

heH

= Z =——indy; g1y (pe-try TESU (W) * rg—1ny T€Sg-1ny.cONG )
2 H[UV]
heH

U NV -
— Z |U||V| GlndUﬂgflhv(Umg*th l"eSU(u) *Une—thy €S, 1hVCOTLU )

On the other hand we have,

K= Z aindynsy (unry Tesu (u) -unsy Tessy coni (v))
UfVCG

=3 ety (oery tesu(u) sy con(v)

fea
funv] .
2 oV
Thus, F = K. -

4.5 Upper plus functor

In this section, we will introduce the lower plus functor Lplus (A). We show that

Lplus (A) coincides with the classical fixed module construction A™(G) of Bolje
[1].

The upper plus functor is defined as

Uplus = rar Uplus ge = rar Coind gy Infrs Resge : RE-Mod — RN -Mod.
Let G € R. Given RE-module A, we have

Uplus (A) = gy Coind gy Infrs Resre(A) = Hom gy (R BNERA, rWA).

As before, P.;A(U) is an RG-module. Now consider the G-fixed R-

submodule
= (P av

U<@G
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We can make the identification
ANG) = P AW)Te.

U<agG

Thus, any element £ € A, (G) can be written in the form
=) e

U<aG
where €V € A(U) with image [U, Y] € A(U)NeW) < AF(G).
Proposition 4.5.1. Let C' be an RS-module. Then there is an R-linear iso-

morphism tg : gy Uplus gs(A)(G) — AT(G) such that, given x € Uplus (A)(G),
then

ta(z) = > [U z(yrese)]®.

U<aG

Proof. We start by showing that [U, x(yresg)]¥ makes sense. Let g € Ng(U).
Then

yeony, (f(UresG)) = ¢{(yeongrese) = &(presg).

Thus, &(presg) € C(U)NeW) 5o the specified expression makes sense. Then
Uplus (C)(G) = iSOG' Hom RW(RWRNRNa ch) = Hom Rw(RwRN'iSOG, Rwo)
Dualizing an equality demonstrated in the proof of Proposition 4.4.1, we have

RN -isog = GB RW - yresc.

U<aG

The bijectivity of the R-linear map tg is now clear. [

In analogy with the treatment of Lplus(A) and Ay in Section 4.3, we combine

the isomorphisms tg to obtain an R-linear isomorphism
t: Uplus (C) — C*

where CT = @ C*(G). We make C* become an RN -module in such a way that
Ges
t is an RN -module isomorphism. Let us introduce elements

£e CT(Q), neCH(H), ¢ e CT(G/N)
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to be conventionally written as

=069  m= > Wa1", ¢= Y [W/N, Ve

U<a V<pH W/N<g/nG/N
where, noting that Ng(W/N)/N = Ng/n(W/N), we have
ecn)N, g e (V)N Gy € C(W/N)NeWIN,

Proposition 4.5.2. Let C' be an RS-module. Consider elements & € CH(G) and
n € C*T(G) as above. Then;

(1) If € € gindy(n), then n¥ = > peong,(nY?).
(2) If n = gresg(€), then each n¥ = &Y.

3) Given a group isomorphism ¢ : G — G’ such that is0%, is in N, and writing
G
U =¢U) and (' = G/isodG’(C), then ¢'V' = ¢Y. In particular, given g € G, writing

H' =9H and V' =9V and nPrime = gconyy, then oV =n".

(4) Consider an element ¢ € C*(G/N) as above. If § = ginfe/n(C) then

&Y = yinfy ) wrwisornn (NN,

Proof. Via t, we make an identification Uplus (C') = C*. Thus ¢V = ((yresg).
The assumption ¢ = gindg(n) implies that

V= (GindH(n))(UresG) = n(yresgindy) = Z n(vindyne geondsy - yresy)
UgHCG

= Z UindUmgH (n(UmgHCOIl(g]gmHl"esH)) .
UgHCG

The term 7(yns gcondy,-yresy) belongs to the RW-module C, which is annihilated
by all proper inductions. So UindUmgH(n(Umchon{}geresH)) =0 unlessU <9H.
In that case, UgH = g - g"'UgH = gH. Part (1) holds because

¢V = Z n(vcong,resy) = Z pcony, (n(gUresH)).

gHCG :U<9H gHCG :U<9H
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Part (2) holds because, if n = gresg(§), then

nY = (HresG(f))(vresH) = ¢(yresyresg) = £V

Consider a group epimorphism 7 : G — F, and suppose that the inflation ginf}
is in N. For the moment, assume that ¢ € C*(F). If £ = ginf}.(n), then

¢V = (¢inff(¢)) (vrese) = ((yresqinfy).

Replacing 7 with ¢, part (3) follows easily. Now replace 7 : G — F with the
canonical epimorphism G — G//N. Using the commutation relation for inflation

and restriction,
¢V = ((vinfywnn)isoun/nresa/n ).

Noting that ¢ commutes with inflation and isogation, part (4) now follows. [

4.6 Canonical induction formula

In this section, we will define linearization map, mark map, tom Dieck map and

canonical induction map.

4.6.1 Linearization map

Given an RN-module M and RE-module A, by Theorem 2.1.1 we have the fol-
lowing adjunction :
Hom R_/\[(RN Lplus Rg(A), M) =~ Hom Rg(A, RE RGSRN(M))

We define the linearization map associated with v € Hom gre (A, pe Respa (M))
to be the RA/-homomorphism

lin” € Hom gu(gy Lplus ge(A), M).
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Proposition 4.6.1. Let A be an RE-module, M be an RN -module, v : A —
re Respar(M) be an RN -homomorphism and | : gy Lplus ge(A) — M. Then the

following are equivalent:
(a) We have | = lin",

(b) We have l(n ® a) = nv(a) for alln € RN and a € A.
Proof. Proof is obvious by the definition of linearization map. m

We obtain the following corollary.

Corollary 4.6.2. Let A be an RE-module A and M be an RN -module. Given
an RE-homomorphism v : A — ge Resprn (M), then the associated morphism
lin"u: A, — M 1is given by the equality

ling(z) = Z aindy (vy (xv))

UeaS(G)

where © € A4 (G) and v =3 ;¢ 5)lUs 2ula

If we take (N, E, W, S) to be the classical quadruple, and take 8 as the set of
subgroups of a fixed finite group G such that S is the group category generated
by the conjugation maps gscon?, with ¢ € G > H. Suppose also that v is an
embedding A < Res(M). This is the case considered in [20]. The linearization
homomorphism lin is denoted by b4 in [[20], 3.1].

4.6.2 Mark map

Let A and C' be RE-modules. Applying Remark 4.2.4, we make the identification

RS RGSRg(A) = RS ResRW InfRS RGSR5<A).
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Then the adjunction between induction and restriction in Theorem 2.1.1 becomes

a Z-linear isomorphism
0%4 . Hom pg (RS Resge(C), rs Reng(A))

— HOIIl RW (RW Inng RGSRg(C), RW IIlfR,S RGSRg<A)) .

Now by applying the Remark 4.2.5 we make the identification
RW IHdRS RGSRg(C) = RW ReSRN Inng(C').

Then the adjunction between restriction and coinduction in Theorem 2.1.1 be-

comes a Z-linear isomorphism
\Ifc’A : Hom RW (RW ReSR/\/ Inng (C), RW Inng Reng (A))

— Hom RN(R./\/ Lplus re(C), gy Uplus Rg(A)).
We define the mark map for A with respect to (S, W, E, N) to be the RA-module

map

mk 4 = U444 (id,) : Lplus (A) — Uplus (A)

where id4 to denotes the identity endomorphism of gs Resge(A). Now to express
the mark map more explictly, we consider five mutually corresponding maps

¢ ¢ < 0 < 0« 1 where

¢ € Hom gs (RS Resge(A), rs Reng(C)),
9251 € Hom RS (Rg RGSRg(A), RS RGSRW InfRS RGSRg O)

9/ € HOIIl RW (RW IIldRS Reng (A), RW InfRS RGSR5<C)),
# € Hom RW (RW Resgpns Inng(A), RW Infrs Reng C)),
(

(NS HomR/\/(R/\/ Indge(A), ryv Coind gy Infrs Resge C’))
= Hom g (Lplus (A), Uplus (C)).

Now we examine the relationship between the map ¢ and ¢ = ¥(0(¢)) by using
the latest two remarks and the formulas for the two adjunctions in Theorem
2.1.1.The correspondences ¢ <+ ¢’ <> 0’ <+ 0 are characterized by the equalities
wo(a) = we'(a) =0 (w s a) = 0(w Q¢ a)
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for any w € W and a € C'. The correspondence 6 <+ 1 is characterized by

wo(nw Qge a) = PY(w Qre a)(n)
where n € N. Thus, we obtain the following result.

Proposition 4.6.3. Let A and C' be RE-modules. Then the Z-module isomor-
phism

O%4 . Hom ps (RS Resge(C), rs Reng(A)) — HomR/\/( Lplus (C), u'(A))

is such that an RS-module map ¢ : C — A and an RN -module map v :
Lplus (C') — Uplus (A), satisfy ¢ = OA(y) if and only if

wo(a) = 0(w Rge a), O(nw Rge ¢) = Y(w Rge ¢)(n)

for some RVW-module map 0 : Lplus (C) — gy Infrs Resge(A), where ¢ € C and
weW andn € N. In particular, now with a € A, we have

mk™(w @pe a)(n) = 6(nw Sge a)

where 0(w @pe a) = wa. Note that wa = 0 when w € Ayy.

Now we will describe the mark map more explicitly. Let G € K. We define an

R-linear map
bra : AL (G) — A(G)

called the Brauer map on A, (G), given by

bra( Y [Uay]) = zc.

U<agG

Note that the definition of the map brg makes sense because G' acts trivially on

the R-submodule A(G) of @ A(U) and [G, z¢|g can be interpreted as an element
U<a

of the R-submodule A(G) = A(G)¢ of the R-module A, (G) = ( @ A(U))

U<G ¢

Lemma 4.6.4. the R-linear maps brey : A (G) — A(G) combine to form an
RS-module map
b : ks Respn(Ay) = rs Resge(A).
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Proof. Note that Proposition 4.4.2 says that br® commutes with isogations and
internal inflations. With the aid of a suitable commutation formula for an internal
induction and an arbitrary inflation, the proof of that proposition can easily be

adapted to show that br* commutes with arbitrary inflations. O]

Proposition 4.6.5. Let v € A (G). Put & = mk&(z). Writex = Y. [U,2v]g

U'<aG
and & = S [U €Y%, Then
U'<6G
/ N,
¢V = br‘é,(UresG(x)) = Z v resqy con s (zy) = Z %(ﬂ resy (zy).

U<cG,gUCG:U'<9U U:U'<U<G

Proof. We may assume that = [U, zy]g. Then
€Y = mkA(z)(yresg) = mkA(gindy Qge zp)(prresq).

We apply the correspondance ¢ <> 6 <+ 1 in Proposition 4.6.3. We set ¢ = idy

and 1) = mk“. Then we obtain

¢V = Z yrindgnerr <con9 (U/gmUresU(xU))>.
U'gUCG

Now we fix the element g. Then con? (U/gmUresU(xU)) can be interpreted as an
element of (gywA)(U). Then since the RW-module gyA = yyInfsResg(A) is
annihilated by inductions, the term of the sum indexed by ¢ vanishes unless
U’ <9U. Thus,

v = Z con? (U/gmUresU(xU)).

U'gUCG :U'<9U

Since U’ < 9U we have U'gU = gU. We let £ to be arbitrary. Using the
commutation relation for conjugation and restriction, we get

§UI = Z U9INUTESy (COIlg (ZEU))

U<gG,gUCG:U'<9U
Now we change the indexing so that g runs over coset representatives gNy(U) C

G instead of gU C G, then 9U runs over all the subgroups of G without repeti-

tions. So

éU/ = Z MU/I‘GSU(JZU).

ULG:U'<U |U|
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Now by Proposition 4.4.2 we obtain

v = br{},( Z U N0, con? (U/gmUresU(xU))]U/) = br‘g, (UresG(:z:)).
U'gUCG

In the previous proposition we show that if we take K as the set of subgroups
of a fixed finite group G, the mark map and Brauer map brg for H < G coincides
with with the maps p% and 7§ in [[20], Section 2.3]. The next proposition reduces
to [[20], Proposition 2.4].

Proposition 4.6.6. Let G € & and suppose that |G| is invertible in R. Then
the RN -module map mk& is an isomorphism. Given & € A, (G) and writing

E= 3 [U, €Y% then, summing over pairs (U",U’) of subgroups U" < G > U,
U<,/G
we have

(mké)l(g‘):% S U mSb (U, U, o respr (€0

| | U”,U’SG

Putting v = (mk§)~1(€) and writing x = > [U, zy|G, then
U<qgG

1 !
Ty = —— Z |UIméb(U9, U )y con§, resy (€7).

] U<cG, Na(U)gSG

Proof. We will define an R-linear map km g : A*(G) — A, (G) by

km(€) = D U mb(U", U)[U", yuresy (€],
U Uu'<G

We set 7 = km 4(€) and write 7 = ~Z 2 T5]¢. Then
<G

i5= Z |(N]|m6b([79,U')ﬁcongﬁgresU/(gU/).
U'<G,Ng(U)gCG

Assume that ¢ = mk 2 (z). Since méb(U9, U') = 0 unless U? < U’, we have

[Ne(U)]

Ty = > |(7|m6b((~]9,U’)T

U'\U<G, Ng(U)gCG,: UI<U'<U

geon? s resy (T ).
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But >, méb(U9,U') = |U9 = U’|, summed over U? < U’ < U, hence
gﬁ = ‘NG(U” Z ﬁcongﬁg(xfjg) = ‘Glxﬁ
Na(U)gcG

Thus, km & (mk&(z)) =7 = |Glzp.

For arbitrary ¢, and letting 7 = km A(€), put £ = mk 2(Z) and write
E= Y U5
U'<gG

Using Proposition 4.6.5 and formula above for 7, we have

~r7/ |NG’(6| P
=) T)ﬁ'resﬁ(xﬁ)
U:U'<U<G |
= Z \Ng(fj) ]méb(ﬁg, U’)ﬁgresljcon%gresm (fU/)
U, U'<G,Ng(U)gCG:U'<U
= Z |NG([7)]m6b([79,U’)ﬁ,congﬁ,gresU/(fU/).

U,U'<G,Ng(U)gCG:U'9<UI<U’
Fixing g and U’, then the sum over U vanishes except when U = U’. So

€ = Ne(@)] > geon, (€7°) =|GleV".

Ne(U)gCG

Therefore, mk 4 (km 4(€)) = € = |G|¢. We have shown that mk 2 and km 4/|G|

are mutual inverses. O]

Remark 4.6.7. For each U < G, let ay € A(U)n,w) and writex = Y [U, ayla.
v<a

Then, as an element of ay € A(U)n,w), we have

Ty = Z vcondy, (aps).

Ng(U)gCG

In particular, x = ) |Nfé,|U)|[U, zula-
U<G

Using the latest remark and Proposition 4.6.6, we obtain the following formula

for mk ~1.
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Proposition 4.6.8. Given £ € AT(G), letting x = mk ;' (€), then

] |
No(U)]

!’

Z mob(U, U')yresy: (€Y

U'<G

Ty

as an element of A(U)ngwy, for allU < G. Here, we understand the term in the

sum to be zero when U ﬁ U'.

4.6.3 Tom Dieck map

We consider an arbitrary RS-homomorphism
TE HOIIlRS(Rg Resgpyn (M), A).
We want to define an RE-homomorphism
die = die™ € Hom p¢ (RgM, RE ReSRNu’(A)).

Let M be an RE-module and A be an RS-module. Applying Theorem 2.1.1,

Remark 4.2.4 and Proposition 4.2.6 we obtain R-isomorphism
Hom gs (Rg Resge (M), A) =~ Hom ge (M, re Coind RS(A))

=~ Hom pe (M, re Coind rs Respyy InfRS(A)) =~ Hom pe (M, re Respay Uplus RS(A)).
Consider corresponding elements 7 <+ die” <» die’ <+ die where
die” € Hom (M, Coind (A)) = Hom pg (M, Hom gs(rs RERe, A))
die” € Hom (M, Coind ResInf(A))

= Hom pe (M, Hom gs(rsRERe, rs Respw Infrs(A)))
die € Hom (M, Res Uplus (A)) = Hom pe (M, Hom gw (rw RNRe, Ry InfRS(A)).
Thus, given 7 € Hom ps (Rg Resgpy (M), A) there exists a map die™ €

Hom gg (RgM, re Resgpy Uplus (A)) associated to . The map die™ is called the

tom Dieck map associated to 7.

Proposition 4.6.9. Let M be an RE-module, A be an RS-module, w
re Respar (M) — A be an RS-module map and d : M — re Resgy Uplus gs(A) an
RE-module map. Then d = die™ if and only if m(em) = d(m)(e) for allm € RM
and e € RE.
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Proof. With the notation above, the correspondences
7+ die” < die’ <> die”™
are characterized by the equalities

m(em) = die”(m)(e) = die’(m)(e) = die (m)(e).

Applying Proposition 4.5.1, we can make an identification
Hom Rw(RN, RWA) = RN Uplus RS(A) = AJF

by writing £ = > [U,S(UresG)]G, where ¢ is an element of the coordinate
U<agG
module

Hom (RN - isog, awd) = AT(G) = @ AU)YW).

U<gG
Corollary 4.6.10. Given an RE-module A, an RS-module M and an RS-
homomorphism 7 : gre Respn (M) — A, then the tom Dieck homomorphism
die™ : M — geRespan (A1) associated with m is given by the condition that,
form € M(G), we have

die™(m) = Y [U, 7y (v resa(m))]€.

UegG

Proof. By the latest proposition, die(m)(yrese) = my (vresa(m)). O

4.6.4 Canonical induction formula

Let M be an RE-module and A be an RE-module. Given
v € Hom pe (A, RE ResRN(M)), 7 € Hom pg (RS Respn (M), rs Reng(A)),

We define an RE-homomorphism can” : M — A, called the canonical induc-

tion homomorphism associated with 7, such that
can™ = mk ! o die”.
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Here obviously the homomorphims mk : A, — A" and mk™! : AT — A,
are RN -isomorphisms. We obtain the following commutative triangle of RN-
homomorphism.

Now, we shall give an explicit formula for can : M — A, as a generalization of
20, 6.1a].

Proposition 4.6.11. Given m € M(G), then

can G(m) == Z |U|mob(U, U/) [U, U resy (WU’(U’ resG(m)))]

o
UU'<G

Proof. We set & = dieg(m) and z = mkz'(¢). By Corollary 4.6.10, V" =
T (U,resG(m)). By Proposition 4.6.8,

U] ) :
Ty = —————— mob(U, U")yresy <7TU/ vrresg(m) )
Nel0)] 2, ( )
The required equality now follows from Remark 4.6.7. O

The next result is an adaptation of [1, 6.4]. When v is a monomorphism, the
result follows immediately from the statement of [1, 6.4]. In general, the argument

in [1, 6.4] carries though without any essential change.

Theorem 4.6.12. Still assuming that the group orders are invertible in R, let

M be an RN -module. Then the following two conditions are equivalent:
(a) We have lin” o can™ = idy,.

(b) For allG € & andm € M(G), we have vg(na(m))—m € Y. gindy (M(H)).

H<G

Proof. We set x = can g(m), then by Corollary 4.6.2 we have

ling(cang(m)) = ling(z Z cindy (vy (zv)).

U<aG
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Now by using the formula for x;; in the proof of the latest result we have
lin ¢ (can ¢(m))

&mé Neindy (v (presy (mp (prresa(m
e 2t TGO Vet (e (o s ).

Since vy is an RE-homomorphism,
vy (vresy: (my: (vresg(m)))) = vresy: (vpr iy (vresg(m))).
Now by Proposition 4.3.4, A(eS)vY(mg(m)) annihilates Z(M)(G), thus,
Ag(eg) ling(cang(m)) = Ag(el)va(ra(m)).
Now suppose that (a) holds. Then the latest equality becomes
Ag(eg)m = Ag(eg)va(me(m)),

which is equivalent to condition (b).

Conversely, suppose that condition (b) holds. Assume that inductively the

condition (a) holds for all strict subgroups H < G. Since ling and can g both

commute with restriction we have

HresG(linG(canG(m))> = linH<canH(HresG(m))> = yresg(m).

When the equivalent conditions (1) and (2) of the theorem hold, we call can™()

a canonical induction formula for lin”().

Remark 4.6.13. With the notation of the latest theorem, if can () is a canonical

induction formula for lin (), then

vl N
m = Z —————moOb(U, U")gindy (v resy (vp s (v resg(m)))).
2 NGO
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Chapter 5

Lefschetz invariant attached to

monomial posets

Let G be a finite group and C' be an abelian group. In this Chapter, we introduce
the category of C-monomial G-posets which gives a new description of the C-
monomial Burnside ring B¢ (G). We also introduce the category of C-monomial
G-posets and define Lefschetz invariant attached to a C-monomial G-poset. Then

we construct the generalized tensor induction.

5.1 Category of C-monomial G-sets

Given a G-set X, we will denote its transporter category by X. Objects of X are

the elements of X and given z, y in X the set of morphisms from x to y is

Homg(z,y) = {g € G | g = y}.

Let o¢ denote the category with one object where morphisms are the elements
of C' and composition is multiplication in C. Now we define C-monomial G-sets

as follows.
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Definition 5.1.1. A C-monomial G-set is a pair (X,[) consisting of a finite
G-set X and a functor | : X - oc.

Given z,y € X and g € G such that gxr = y, we get an element [(g, z,y) of C,
such that [(h,y, 2)l(g,z,y) = l(hg,z,2) if h € G and hy = z, and [(1,z,2) = 1
for any x € X.

Let (X, [) and (Y, m) be C-monomial G-sets. The pair (f, A) : (X,[) = (Y, m) is
amap of C-monomial G-sets where f : X — Y isamap of G-setsand A : [ - mof
is a natural transformation. The category whose objects are C-monomial G-sets

and morphisms are the maps of C-monomial G-sets will be denoted by ¢« M G-set.

Let (X,I) and (X',lI') be C-monomial G-sets. The disjoint union of C-
monomial G-sets is defined as (X, [) U (X', I') = (X U X', [Ul) where X U X" is

the disjoint union of G-sets and
(ur: XUXx’ — o
is the functor such that

(g, 21,2 21, 29 € X
(U0 (g 21, 2) = | P02 202
[I(g)ZhZQ) 21, %2 S X/

for any z1, 2o € X U X’ such that gz; = z, for some g € G.

We define the product of C-monomial G-sets as (X x X', [ x ') where X x X'
is the product of G-sets and [ x [’ : XxY = o is the functor defined by

(Ex ) (g, (x,2), (y,y) = Ug, =, y)l (g, 2", 1))

for g € G and (z,2'), (y,y') € X x X’ such that ¢g(z,2’) = (y,v).

We want to show that the categories ¢ M G-set and ¢ F'G-set are equivalent.
We define a functor F' : o MG-set — ¢FG-set such that given a C'-monomial
G-set (X, 1)
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F(X,[):CX[X,

where C' x X is the direct product endowed with the (C' x G)-action defined
by (k,g)(c,z) = (kcl(g, 2, gz), gz) for any (k,g) € C x G and (c,z) € C x X.

Let (f,A) : (X,[) = (Y, m) be a map of C-monomial G-sets. We define
F(f,A):Cxi X = CxpY

by F(f,\)(c,x) = (cAs, f(z)) for any (c,z) € C' x( X. Then F(f,\)is a (C x G)-
map: indeed, given (k,g) € C' x G and (¢,z) € C' x X, we have

(k, 9)F(f, N)(c,z) = (k, 9) (A, f(z)) = (kehm(g, f(z), f(g2)), f(g2))
= (k:c/\gx[(g,x,gx),f(gx)) =F(f,\) (k;c[(g,x,gx),g:p)
=F

(f: M) ((k, 9)(c,x)).

Given a C-monomial G-set (X, [), we consider the map of C-monomial G-sets
(idx,1x) : (X,0) = (X,[) where idy : X — X is the identity map of G-sets
and 1x : [ = [o idx is the identity natural transformation. Then we obviously
F(idx,1x) : C x; X — C x; X is the identity map of C-fibred G-posets. Now
let (fi,A\1) @ (Xq,0) = (Xo, k) and (f2, \2) @ (Xo, k) — (X3,13) be maps of

C-monomial G-sets. Then given (c,z) € C x|, X; we have
F((f2. k) o (fi, 1)) (c,z) = F(fao fi,lbh)(c,z) = (c(AA1)a, fo(fi(2)))
= (A2 A1as f2(f1(2))) = F(fa, A2)(chig, f1(2)) = F(f2, A2) © F'(f1, M1)(c, x).

Thus, F': ¢ MG-set — ¢« F'G-set is a functor.

Lemma 5.1.2. Let C' be an abelian group and G be a finite group. Then the
above functor F : c MG-set — « F'G-set is an equivalence of categories.

Proof. We need to show that F'is fully faithful and essentially surjective. Now we

prove that F' is essentially surjective. Let X be a C-fibred G-set and C\ X denote
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the set of C-orbits. Obviuosly C\ X is a G-set. Now let Cz, C'y be elements of
C\X such that Cgr = Cy for some g € G. Then there exists a unique ¢ € C
such that gr = cy. We define a functor [ : CT\?( — o¢ by [(g,Cz,Cy) = c. Now
we have F(C\ X, [) = C x;(C\X). We choose a set [C'\ X| of G-representatives of
the G-action on C\X. Given x € X, then there exits a unique C'o,, € [C\ X] such
that © € Co,. Since X is C-free, there exists a unique ¢, € C' such that x = ¢,0,.
We define a (C'x G)-map f: X — C x;(C\X) such that f(z) = (¢;, Co,). Then

(¢, 9)f(z) = (c,9)(ce, Coz) = (cacl(g, Con, Cgos), Cgos) = (cac, Cgoy)

= (6091'7 Cgam) = f((C, g)a:)

So fis a (C' x G)-map and clearly an isomorphism. Thus, F' is essentially sur-
jective. Given C-monomial G-sets (X, [) and (Y, m) be we need to show that the

map

F: Hom((X,1),(Y,m)) — Hom(F(X,[), F(Y,m))

induced by F' is surjective and injective. Let ¢ : C'x; X — C x, Y be a (C x G)-
map. Given (1,z) € C x; X, let ¢(1,2) = (¢y, 2:) for (¢, 2,) € C x Y. Since ¢
is a (C' x G)-map, we get
(e, x) = (cey, 22)
and
(1, 97) = (cam(g, 22, 92.)17 (9, 7, 97), 92

for any ¢ € C' and g € G. We define a map
(f;A) (X, 1) = (Y,m)

such that f : X — Y is defined by f(z) = 2z, and A : [ = mo f is defined by
Az = ¢, for any x € X. Clearly, f is a G-set map. Let z € X and g € G. Then

m(g, f(x), f(g2))\e = m(g, f(2), f(g92))cs

= cam(g, f(2), f(92))1 (9, %, 92)l(g, %, g) = U(g, %, 9)cge = U(g, , gT) Agar.

So A : [ — mo fis a natural transformation and (f, A) is a map of C-monomial
G-sets. Thus, F(f,\) = ¢ and F is surjective. The injectivity is clear, so F is
fully faithful. O]
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Proposition 5.1.3. Let G be a finite group. Then Bco(G) is isomorphic to the
Grothendieck ring of the category ¢ M G-set, for relations given by decomposition
into disjoint unions of C'-monomial G-sets and multiplication induced by product

of C-monomial G-sets.

Proof. We let BL(G) denote the Grothendieck ring of the category M G-set.
The equivalence
F: cMG-set — o FG-set

induces a bijection

~

F: BL(G) — Beo(G)

such that

ﬁ([(x, [)}) — [C x X]

for any C-monomial G-set (X, [). Now we show that F is a ring homomorphism.
Let (X1, ;) and (X, l5) be C-monomial G-sets. Then

ﬁ([(Xl, )] + [(X3, [1)]> - ﬁ([(Xl, L) U (X, [1)]) - ﬁ([(xl U X, [ U [2)]>

= |:C X[1|_|[2 (Xl L X2)1| = [(Xl, [1) L (XQ, [2):| = [C X[l Xl] =+ [C X[2 XQ]

For multiplicativity of F we define a map
f:C xyxp, (X7 X Xo) = (C %y, Xy) Xe (C %y, Xo)

such that f(c, (z1,22)) = (¢,21) x¢ (1, 22). Let (k,g) € Cx G and (c, (z1,22)) €
C X x 1y (Xl X XQ) Then

(k,9)f (¢, (z1,22)) = (k,9)((c. 21) X (1, 22)) = ((k,9)(c,21) X (1,9)(1, 22))
(kc[ g, 1, 9T1), gxl) X o ([2(9,1’2,QZ‘2),QI’2)

= (kcli(g, 21, g21)la(g, 22, 922), g21) X (1, gx2)

kel ( gyxlagwl)[2(9,$2,9$2) g(z1, 7))

f(
F((k,9)(c, (x1,22))).
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So fis a (C x G)-map and obviously, f is a (C' x G)-isomorphism. Using f we
get
F\([Xl, [1] . [XQ, [QD = F\([Xl X XQ, [1 X [QD

= [C’ Xiyxly (X1 X Xg)} = [(C X, X1) x¢ (C Xy, XZ)}

Thus, the desired result follows.

]

Remark 5.1.4. Let (X,[) be a C-monomial G-set. For all x € X, we get a
character I, : G — C defined by 1,(9) = Wg,z,z) for g € G,. On the other
hand given a subgroup U of G and a group homomorphism p: U — C we get a
C-monomial G-set (G /U, i) where and [i : C/J/?] — o¢ is the functor such that
given gU, kU € G/U if hgU = kU for some g € G then fi(h, gU, kU) = u(k~'hg).
Moreover, [U, ulg and |G /U, 1] represents the same element in Bao(G).

5.2 Lefschetz invariant of monomial posets

5.2.1 The category of C-monomial G-posets

Let X be a G-poset. We work on the category X whose objects are the elements

of X and given z, y € X the set of morphisms from z to y is

Homg(z,y) = {g € G | gr < y}.

Now we define a C-monomial G-poset as follows.

Definition 5.2.1. A C-monomial G-poset is a pair (X, ) consisting of a G-poset
X and a functor | : X = oC.

Given z,y € X and g € G such that gz <y, we get an element [(g, x,y) of C,
such that [(h,y, 2)l(g,z,y) = l(hg,z,2) if h € G and hy < z, and [(1,z,2) = 1
for any z € X.
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Let (X,I) and (Y,m) be C-monomial G-posets. The pair (f,A) : (X,[) —
(Y, m) is a map of C-monomial G-posets where f : X — Y is a map of G-posets
and A : [ — mo f is a natural transformation. The category whose objects are C-
monomial G-posets and morphisms are the maps of C-monomial G-posets will be
denoted by ¢ M G-poset. We can define product and disjoint union of C'-monomial
G-posets as for C-monomial G-sets. We identify the category ¢ M G-poset with
G-poset when (' is the trivial group.

Remark 5.2.2. Given a C-monomial G-poset (X, 1), we can define a character
, : Go — C by l.(9) = Ug,z,z) for any x € X. If x <y, since the following

diagram is commutative

() 2, ()

[(971‘,90)1 ‘[(MJJ)

[(z) e (y),

then

Gw — Gy
resclog, [, = rescng, [y

Given a subgroup H of G and a C-monomial H-poset (X, ), let G x zy X denote
the quotient of G x X by the action of H. We make the set G xy X a G-set by
the action g(u,, ) = (gu,, x), for any g € G, and (u,, ) € G xxg X. There is

an order relation < on G xy X given by

Y(u,, z), (v,,y) € Gxug X, (u,, ) < (v,,y) < Ihe H u=vh, z<h 'y

Note that

GXHX: |_| gXHX,
geG/H

so it’s enough to consider the chains of type (u,,, o) < ... < (u,, x,) in G xg X

for some u € G and a chain 2y < ... < x,, in X for some n € N.

Given (u,, z), (u,,y) € G xg X and g € G such that g(u,, x) < (u,,y),
there exists h € H such that gu = uh and hx < y. The induced C-monomial
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G-poset Ind$ (X, 1) of (X,1) is defined to be the pair (G xz X,G xg [) where
Gxgl: G/XH\X — e¢ is given by

(G XH [) (gv (um IL‘), (u7H y)) = [(h,:L‘,y)

Now we need to show that (G xy X, G xpy [) is a C-monomial G-poset.

Given (u,, ), (u,, y), (u,, 2) € G xg X and g, ¢ € G such that

9(u,,; ) < (u,, y)
and
gy y) < (u,, 2),
there exist some h, ' € H such that
gu =uh, gu=uhl', hx <y, hy <=z
Let t =h'h € H. Then ¢'gu = uh'h = ut and tx = h'hx < z. We obtain
(G XH [) (g,gu (uaH [E), (U’7H Z)) = [(ta xz, Z) = [(h,h7 €, Z) = [(h/a Y, Z>[(h7 xz, y)

- (G XH [) (9/, (U7H J]), (U7H y))(G XH [) (gv (u7H y)? (um Z))
Obviously, given any (u,, z) € G Xy X we have (G x g I)(1, (u,y z), (u,, x)) = 1.

So G xy lis a functor. Thus, Ind% (X, 1) is a C-monomial G-poset.

Let (Y, m) be a C-monomial G-poset. The restriction Res$ (Y, m) of (Y, m)
is defined to be the pair (Res%Y, resfym) where Res%Y is the restriction of the

G-poset Y to H-poset and res@m is the restriction of the functor m from Y to

Res%Y.

Proposition 5.2.3. Let G be a finite group.

1. If Y is a finite G-poset, denote by 1y Y = oo the trivial functor defined
by 1y (g,xz,y) = 1 for any g € G and z,y € Y such that gx < y. Then the
assignment Y +— (Y, 1y) is a functor 7¢ from G-poset to o M G-poset.

2. Let H be a subgroup of G. The assignment (X, 1) — Ind%(X,1) is a functor
Ind$ : oM H-poset — ¢ MG-poset, and the assignment (Y, m) — Res% (Y, m) is
a functor Resfl : cMG-poset — M H -poset.
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3. Moreover the diagrams

Ind§ Res$
H-poset —————— G-poset  and G-poset —————— H -poset

Ind$, Res$

oM H -poset —2 M G -poset cMG-poset —2 M H -poset

of categories and functors are commutative.

Proof. 1. Given a map of G-posets f : X — Y, we define

a(f) = (f,15) : (X, 1x) = (Y, 1y),

where 15 : 1x — 1y o f is given by 15 = 1 for any x € X. Clearly, (f,1;) is a

map of C-monomial G-posets and 74 is a functor.

2. Given a map of C-monomial H-posets (f,A) : (X,[) — (Y, m), we define
Indg(f’)\):(Gfo7GxHA) : (GXHX7G XH [)—>(G XH}/,G XHm)

where
GXHfZGXHX—)GXHY
is given by (G xg f)(u,, ©) = (u,H f(:t:)) and
GxgA:Gxygl—=(Gxygm)o(Gxyf)

is given by (G Xg A)(u,,2) = A for any (u,, z) € G xy X. Obviously, G xp f
is a map of C-monomial G-posets. Now we prove that G Xz A is a natural
transformation. Given (u,, =), (u,, y) € Gxg X and g € G such that g(u,, z) <
(u,, y) there exists h € H such that gu = uh and hz <y. Then we obtain

(G XH m) <g7 (u7H (:L‘)), (u7H (y>)>(G XH A)(U,Hx) = m(ha f(x)>f<y)))‘x

= M\ I(h2,y) = (G X1 N, (G < D(9, (7). (1. )

because A : [ — mo f is a natural transformation. Let (idy, id) : (X,[) = (X, [)
be a map of C'-monomial G-posets where idy : X — X is the identity map on the
H-set X and id;: [ — [o idyx is the identity transformation.idyx : X — X is the
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identity map on the H-set X and id;: [ — [o idx is the identity transformation.
We obtain

Ind% (idx, id)) = (idgx,x iy 0)-

Given maps of C-monomial H-posets (f,\) : (X, ) = (Y,m) and (¢,5) : (Y, m) —

(Z,t), we have
Ind%(t, 8) o nd% (£, \) = (G xp t,G xu ) o (G xu f,G xpg N

= (Gxp(tof),Gxy(BoN)=Gx(tof,B0oN)Ind%((t,5)0 (f,\).

Thus, Indf] : cM H-poset — M G-poset is a functor.

Given a map of C-monomial G-posets (f,\) : (X, ) — (Y, m), we consider the
pair
ResS (f,\) = (fla, Mu) : (ResG X, resGl) — (ResGY, restm)

where f|g : Res$ X — Res$Y is defined as the restriction of map of G-posets f

to map of H-posets and |y : resl — resm o f|y is defined as the restriction

of A. Obviously, Resg : cMG-poset — M H-poset is a functor.

3. Given an H-poset X, we have
7o Ind%(X) = 76(GxgX) = (Gxu X, lgxyx) = Ind5(X, 1x) = Ind§ory(X).
So first diagram is commutative.
Given a G-poset Y, we have
7y o Resfy(Y) = 77 (ResfY) = (ResgY, lResGy)

= (Res%Y, resG1y) = Res$ (Y, 1y) = Res§ o 74 (Y).
So the second diagram is commutative. O]

Proposition 5.2.4. Let G be a finite group and H be subgroup of G. Then the
functor Ind$, : o M H-poset — ¢ MG-poset is left adjoint to the functor (Y, m) —
Res% (Y, m).
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Proof. Given any C-monomial H-poset (X,[) and any C-monomial G-poset

(Y, m), we will show that there is a bijection
Hom, arq (IndG (X, 1), (Y, m)) = Hom am ((X,1), Res% (Y, m))
natural in (X, [) and (Y, m). We set
¢+ Hom, g (IndG(X, 1), (Y,m)) — Homouw ((X, 1), Res§ (Y, m))

where
@ ([, A) = (0(f), (V)

such that
o(f): X — Resg(Y)

given by o(f)(z) = f(1,, ) and
©(A) : [ — resmo o(f)

given by ¢(A); = A, ) for any x € X. Clearly, ¢(f) is a map of H-posets. Now
we show that

©(A) : [ — resmo p(f)

is a natural transformation.

Given any z, y € X and g € G such that gxr <y, we get

m(ho(f) (@), (/) (©)e(N)e =m(h, f(1,, 2), f(L, 1) A,
= Al 2,y) = W)y (G xu (A, (1, 2), (1, v)).

We set an inverse map to ¢ as
0 : Hom (X, 1), Res% (Y, m)) — Hom, e (Ind% (X, 1), (Y, m))

where

0: (¥, 8) — (8(1),6(5))

such that
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given by 6(¢)(u,,, x) = up(z) and
0(8) : G xp | — mo0(t)

given by
for any (u,, x) € G xyg X. Clearly, the map 0(¢) is a map of G-posets. Now we

prove that 6(f) is a natural transformation. Given any (u,, x), (u,, y) € GXg X
and any g € G such that g(u,, =) < (u,, y) there exists some h € H such that
gu = uh and hx < y. Then we get

m(g7 0(¢)(U7H ZL’), 0(¢) (um y))e(ﬁ)(u,Hx) = m(g, Wﬂ(x)a uw(y))m(ua @Z)(ZL‘), ud}(x))ﬂx
= m(u, ¥(y), wh(y))m(h, (@), ¥ () Be = m(u, ¥(y), u(y)) B, (1, z,y)
= 0(8) gy (G i1 D) (I, (), (1, 9)).

Obviuously, ¢ and # are mutual inverse maps, and natural in (X, [) and (Y, m). O

5.2.2 The Lefschetz invariant attached to a (-monomial

G-poset

Given a C-monomial G-poset (X, [), we define the Lefschetz invariant Ax ) of
(X, 1) as
n Gz
A(X,[) = Z (—1) [Gxo ..... T ReSng i ([xO)}G

r0<...<xn€aX

where g < ... < x, runs over G-representatives of the chains in X. Note that

.....

.....
,,,,,

restriction of the character [, introduced in Remark 5.1.4. If for some n € N we

have a chain xy < ... < z,, in X then by Remark 5.2.2 we have

for any 0 <7 < n.
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Given a C-monomial G-poset (X,[) and n € N we denote the set of chains
in X with n+ 1 by Sd,(X). Clearly, the set Sd,(X) is a G-set. We set a pair

o —

(Sd,(X), ) where [, : Sd,(X) — e¢ is defined by

L(g, 20 < oo < Xy yo < oo < Yn) = g, zo, Y0)

for any zg < ... <z, and Yo < ... < y,, in Sd,(X) such that

9(xo < oo < Tp) = Yo < ... < Yp

—

for some g € G. Now we show that [, : Sd,,(X) — ec is a functor. Obviously,
(1,20 < ... < Zp,2o < ... <x,) =1 for any element zy < ... < z,, of Sd,(X).
Given any elements xg < ... < T, Yo < ... < Yn, 20 < ... < 2z, of Sd,(X) and for
any g, h € G such that

9o < oo <Tp) =Yo < ... < Yn

and

h(yo < .. <yn) =20 < ... < 2y,

we have
Lo(h,yo < oo < Yny 20 < o < 2p)ln(g, 00 < oo < Ty Yo < oo < Yn)

= [(h,yo,zo)[(g,xo,yo) = [(hngOa Zo)

=Ly(hg,z0 < ... <Tp,20 < ... < 2zp).
So I, : Sm) — o¢ is a functor which means (Sd,,(X), [,,) is a C-monomial
G-set.

Remark 5.2.5. Given a C-monomial G-poset (X, 1), we have the following iso-

morphism of monomial G-sets:

(Sdu(X)6) = || (G/Gupms Resc?

20<...<Tn€g Sdn (X)

for any n € N.
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Proof. We will denote the set of representatives of the G-action on Sd,(X) by
[G/Sd,,(X)]. We consider a chain z = zy < ... < z,, in Sd,(X). Then there
exist some g, € G and a unique o, € [G/Sd,(X)] such that * = g,0, where

Op = 0gy < ... < 0g,. We set

P (S0X)0) = [ (G/Gryn Resq? (k)

20<...<ZnE€g Sdn (X)
where f(x) = g,G,, € G/G,, and A\, = (g, 9204y, 04,). It’s clear that
£ Sda(X) = | ] G/ G,z
20<...<xTn€g Sdn (X)
is an isomorphism of G-sets. Now we will prove that
Gz
A= || Res® | (Ly)of
20<...<Tn€GSdn(X)

is a natural transformation. Given chainsx = xg < ... < x,,andy =y < ... < yYn,
in Sd,(X) and ¢g € G such that gz = y, there exist a unique o,, 0, € [G/ Sd,,(X)]
such that z = g,0, and y = g,0, for some g, and g, in G. We get xy = g,04,

and yo = gy0y, SO Yo = gTo = §Y.04,- Then uniqueness implies o,, = o,, and so
—_—

9;'99. € G, . We set 7 = Resg™ (L) (g, f(x), f(y)) s, then

7 =loy(9.9:Gor, 9y Go, (92 s 92000, Oe) = Vao (9, 992)0(95 " 9200 Oag)
= [(gglggxa Zo, .Z‘o)[(g;I, Gz0x4, U:Eo)

((2+ Oaos 92020) UG, 92020 992020) U9y "+ 992000 0a0 ) UGy 'y GoTags Oas)
= (g, w0, yO)[(gy_17 JyTyos Uyo)
- [n(ga I‘, y))‘y

Now we can write the Lefschetz invariant of a C-monomial G-set (X, [) as

A= D (1[G Resg® (L)) = D (—1)"(Sdu(X), L)

,,,,,

ro<...<xn€gX neN
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by Remark 5.2.5. It follows that Ax = A, (x), where Ay is the Lefschetz invariant
of the G-poset X as in [4].

We can similarly define the reduced Lefschetz invariant of (X, 1)

Axpy = Axp — G, 1e)e
where 14 is the trivial character of G.

Lemma 5.2.6. Let G be a finite group and C' be an abelian group.

1. Let (X, 1) be a C-monomial G-set, viewed a a C-monomial G-poset ordered by
the equality relation on X. Then Axy = [C x; X] in Bo(G).

2. Let (X, 1) and (Y, m) be C-monomial G-posets. Then Axiy,y = Ax+ Aym)

3. Gien C-monomial G-posets (X,l) and (Y,m), we have Axxyixm) =
A(X7[)A(y7m) mn BC(G)

Proof. 1. and 2. are clear.

3. Considering the inclusion
Be(G) = Q®z Be(G)

we identify the elements of B¢ (G) with their image in Q ®z Be(G).

We rearrange the chains in X X Y as in the proof of Lemma 11.2.9 in [4]. Let
n€Nand z =2y < ... < z, be achain in X x Y. We will denote the projection
of zon X by zx and on Y by zy. Then zx is a chain in X with order 7« + 1 for
some ¢ < n and zy is a chain in Y with order j + 1 for some j < n such that
i+ 7 = n. We will denote the chain sy < ... < s; by s; and the chain ¢y < ... <{;
by ¢;. Then

A(X><Y,[><m) - Z (_1>n [Gm Resgio([zo)]g

neN,
2€G Sdn (X XY)
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G, ”
- ¥ <—1>"%[Gz, ResS (Lo)lo = 3 Tay

neN, i,jeN
2z€ Sdp (X XY) s5,€X
ey
where
|Gs NGy
Loy = D <—1>”1|T|“| (G, N Gy, Res? (L) Resc (my,)]
z€ Sdn(XX{/I)ezszzgi,zyzgj
=5 =[Gy, NGy, Resg? (L) Resg,” (my,)] > (=
2€ Sdn(X><S1})€:§X:§i,zy:§j
|G§Z‘ N G§| Gs Gy g
= —|G] LG, N Gy, Resg O(lso)ResG; (mto)}G(—l)’ﬂ.
We get,
LA M
Axxy,ixm) = Z (—1)7*9 @ =[G, NGy, Res scu (Isy) ResG;‘; (my,)]
i,jeN
s, €X
E;EY

On the other hand

AcxoDym = > (—1)[Gap, Resg (1)) > (1) [Gt7ReSG (m4)]

1€EN JEN
s;€cX LJEGY

1G5, |G| a,
= Z (—1)H‘JTQJ[G§Z_ NIGy, ResG;([so)Rengt (Ymy,)]
X
tey
GigGngG

_ (_1)i+j
7,7EN
s5,€X
%EY
geqG

|G§Z G§J| g Gso
[CRIC. 9G] (G N /Gy Resg (L) Res, . (“mey)]

Z+J|G N9Gy| "
= Z( 1) T[G N Gt,ResG ([so)Reng (gmto)}c

1,JEN
s, €X

=1
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LG, NGy | . .
=Y (- ITIt [Ge, NGy, Resg (1) Resg; ()]
1,JEN

5,€X
t;ey

Thus, Axxyixm) = AxnAym)- [

By the first assertion of of Lemma 5.2.6 every positive element of Bo(G) is in of
the form A(x ) for some C-monomial G-poset (X, [). Let the set X = {a,b,c,d, e}
be the G-poset with the ordering {a < ¢,a < d,a <e,b<¢,b<d,b<e}andthe
trivial G-action. Then A,,(x) = —1p, (). So as a consequence of Lemma 5.2.6

we get the following corollary.

Corollary 5.2.7. Any element of the monomial Burnside ring can be expressed

as the Lefschetz invariant of some (non unique) monomial G-poset.

Proposition 5.2.8. Let H be a subgroup of G. Given a C-monomial H-poset
(X, 1), we have

Indg(A(X,I)) = Alndg(x,[)-
Proof. 1f we show that there exists a C'-monomial G-set isomorphism between

(G XH Sdn(X),G XH [n)

and
(Sdn(G xp X), (G xu 1),)

for any n € N then the proof is done.
Given any chain (u,, xo < ... < z,) in G xg Sd,(X), we set
(fn, id) : (G xg Sdn(X), G xpg 1) = (Sdu(G x5 X), (G xp 1))

where

such that

oy, o < oo < @p) = ((u,H z) < ... < (u,, xn))
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Given any chain (ug,, o) < ... < (Upn,, Tn) in Sd, (G x g X), there exist some
h; € H such that u;h; = u;;1 and h;lwi < x;yq1 for all 0 <i <n —1. Then

fn(UO;H Ty < hol’l < ... < hO---hn—lxn) = (Uo,H l’o) < ... < (Un,H l’n)

Clearly, f, is a map of GG-sets and injective.

Now we need to show that G xg [,, = (G xg ), o f,. Given any element k of

G and chain (u,, ro < ... < z,) in in G xg Sd,(X) such that
k(u,, xo < ... < xp) = (U, Yo < ... < Yn),

there exists some h € H such that ku = vh and hx; = y; for all 0 <7 < n. We
get
(G xg Dn(k, folu,, 2o < ... <@n), fulv,y Yo < . < Yn))

= (G xy [)n(k, (Uyy o) < oo < (Uspy Tn)s (U, Yo) < ooe < (0, yn))
= [n<h,$0 << Tp,Y < .. < yn)

= (G xp L) (k, (uyy 20 < oo < @), (Vs Yo < oo < Yn))-

Now we set some notations. Consider a G-poset and an element x in X. The

pairs (|z, [x,>,) and (]-, z[x, [<*) will denote the C-monomial G,-posets where

Jr,-Ix={ye X[z <y}, | olx={yeX|y<az}
which are G, -posets and I, : ]CL’,/\[X — eo¢ and [<7 : m — e are the
restrictions of the functor [.

Lemma 5.2.9. Let (X, 1) be a monomial G-poset. We have

A(XJ) = — Z Indgx ([Gx, [x]Gx . K]%.[X).
z€[G/X]

Proof.

Ay = 3 (=1)"[Gryes Resg ()]

20<..<Tn€, X



= > (D [Crprns Resg? ()]

mOGGX r1<.. <zn€GX:zo<x1

= Z IndG Z (_1)71 [Gz’o ..... Tn Rescxg ([500):|G

$O€G x1< <xn€G ]a:o ‘[X
_ E G E ' n
Ind 3307 330:|GI0 <—1) [GIO ..... T 1G10“"z”i|G:cO
onG x1<"'<$ner0]10"[X
a ~
= — E Ind ]G A]x’.[X).
xEG

]

Remark 5.2.10. We will define the opposite of a C'-monomial G-poset. Let
(X, 1) be a C-monommial G-poset. (X °P [°P) be the pair where X °P is the opposite
G-poset with the order <°P given by

Vi,ye X, g€ G, gr <y y<gr
and [Op:)?o\l’—>oc s given by

[P(g,2,y) = (g7 ", y,2)

for any z, y € X and g € G such that gr <°P y. Clearly, the pair (X °P,[°P) is
a C-monomial G-poset. Given a map of C-monomial G-posets (f,\) : (X,[) —

(Y, m) we obtain the following commmutative diagram

(z) —=—mo f(z)

t°p<g,x,x')l lm""(g,f(m)yf(w’))

(&) ——mo f(2)

for any gr <° 2. It’s clear that (I°P),(g9) = "¢\, 2, 2) = l(g,x,7) = 1,(g),
for any v € X and g € G,. Thus we obtain a functor from MG-poset to
cMG-poset by mapping (X,[) to (X°P,[°P). Then we get A(x = A(xop op).

Now, consider a map of C-monomial G-posets (f,A) : (X,[) = (Y, m) and an

element y of Y. Then folowing the notation in [21], we set

fr={veX|fz)<y}, fy={rcX|[(x) 2>y}
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which are both G,-posets. The pairs (f¥,[jyv) and (f,ljs,) will denote the C-
monomial G,-posets where [z : ﬁ — ec and [y, : j‘; — e¢ are restrictions of

the functor [ to ﬁ and ]/f;, respectively.

Example 5.2.11. Given a map of C-monomial G-posets (f, A) : (X, 1) — (Y, m),
we define a G-poset X 5, Y with underlying G-set X UY as follows: for z,2" €
XUY, we define

2,72 € X and 2<z2z e X
2<Z ez eY and z<zZ ey

ze X,z €Y and f(z2)<z2eY
We set a functor [*;, m : XUy —» o given by

(g, 2,2 if 2,2/ € X
(Ixpam)(g,2,2") = m(g, z, 2') ifz,2eY

m(g, f(2),2)\, ifze X, 2 €Y.

forany z, 2 € X %7, Y and g € G such that gz < 2.

Given 21, 22, z3 € X %7, Y and g, ¢’ € G such that gz < zy and ¢'zy < z3 we

want to show that

(I *fA m)(g’g, 21, 23) = (I *EA m)(g’, 29, 23)(! * £ m)(g, 21, 22).

There are four cases to consider:
® 2,2,z X
2, e X and z3 €Y
e 21 € X and 29, z3 €Y
® 21, 2, 23€Y.
In the first case we have

<[ *fy)\ m) (g/97 21, 23) = [<glg7 21, 23) = [(g/7 22, 23)[(97 21, 22)
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= ([ *f,>\ m)(g/7 22, Z3)<[ *f,)\ m)(ga 21, 22)‘

In the second case, we use the naturality of A and obtain

([ * m)(g,gv 21 Z3> = m(.g,gv f(zl)7 Z3)A21 = m(g/a f(Z2)7 Z3)m(97 f(zl)7 f(ZQ)))\Z1

= [(97 21, ZQ)m(gla f(z2)7 23))\22 = ([ *f m) (gla 22, 23)([ * £ m) <97 21, ZQ)'

In the third case, we have

(TN m)(g'g, 21, 23) = m(g’g, f(z1), Z3)>\zl = m(g/7 f(22), 23)‘“(97 f(z1), f(Zz)))\zl
= (Lxpam)(g, 21, 22) (Lx g2 m)(g', 20, 23).

In the fourth case since

([ *f,)\ m) (9/97 21, Z3) == m(g/g7 21, Z3) = m(g/a 29, 23)m<gv 21, ZQ)

= ([ *f)\ m)(g/7 22, Z3)<[ *f,)\ m)(ga 21, 22)‘

Let z € X x4, Y, we have (I x5y m)(1,2,2) = 1. Thus, (X %7, Y, [ x5y m) is a

C-monomial G-poset.

Lemma 5.2.12. Let (f,\) : (X,[) = (Y,m) be a map of C-monomial G-posets.
Then A(X*f,AY,[*f,/\m) = A(y7m).
Proof. Given z € Z = X %4, Y, if z € X we define ¢ : |z, -[z— [f(2), -[y such that

ft) ifteX
t ifteY

g(t) =

and ¢’ : [f(z), [ — ]z, . [ such that ¢’(s) = s. Then g and ¢’ are maps of G,-posets
such that go ¢’ = Id and Id < ¢’ o g. Then by [21, Lemma 4.2.4 and Proposition
4.2.5], we obtain K]Z7.[ = K[f(z)7.[ =0 for any z € X. Thus,

A(Xas\Yilepam) = — Z Indgz([Gz, Lla, - A

ZE[G\X*f’)\Y]

== Indg, (1Gy, Lo, - Ay ) = A
yElG\Y]
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Now we will give an analogue of Proposition 4.2.7. in [21], which in turn was

inspired by a much deeper theorem of Quillen in [22].

Proposition 5.2.13. Let (f,\) : (X,[) — (Y,m) be a map of C-monomial G-
posets. Then in Ba(G)

Ay = Mxy +Y_Ind@ (A pyA gy, mov)).
yeG\Y

Ay = Aoy +)_Ind@ (A, Ag iy may):
yeG\Y

Proof. We will follow the proof of Proposition 4.2.7 in [21]. Let n € N and
consider a chain z = zy < ... < z, € Sd,(X %, Y). The chain z can be of two
types, depending on z, € X or z, € Y. If z is of the first type we obtain

Gz, o G,
Resg’ Zn([ *f.\ m)nzn = ReSGZ0 [,.

,,,,,,

If 2z is of the second type then it has a smallest element y = z; in Y. Then the

sequence can be written as
To < ...<Zim1 <Y<y <..<UYp—i-1

such that zop < ... < x;_1 is in Sd;_1(fY), and yo < ... < Yp_s_1 I8 in
Sd,,—i—1(]y, -[y). We obtain

,,,,,,,

Now the chain zy < ... < z;_; will be denoted by z; ; and the chain yy < ... <
Yn—i—1 will be denoted by Yo i Applying Lemma 5.2.6 and Lemma 5.2.12 we

obtain

A(Y,m) = A(X*f,)\Y,[*f,)\m) = Z(—l)n< Sdn(X *f})\ Y), ([ *f})\ m)n)

neN

= Z (—1)” [Gzo 77777 2n Resgz;‘ . ([ *fA m)n} G

neN
20<...<zn € Sdp (Ix s xm)

Y1) (54X, 1)
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G Gy
+ D _Indg, Z > [Corwy, o Resi,,  mlg,

yE[G\Y] =0 z; ;€8di- 1(f”)
Qn,i €Sdp—i—1(]y, [Gy)

X[) + ZIHdG (fY, 1fU)A(y v, m>y))
ye[G\Y]

The second assertion follows from Remark 5.2.10. O

Corollary 5.2.14. Let (f,\) : (X, ) = (Y,m) be a map of C-monomial G-posets.
If Apy =0 for ally €Y (resp. if Ay, =0 for ally €Y), then Ax = Ay,

Remark 5.2.15. The assumption of this corollary is fulfilled in particular if
f: X = Y admits a right adjoint g, in other words if there exists a map of posets
g:Y — X such that f(z) <y < o < gy) foranyz € X andy € Y, i.e
equivalently if fog(y) <y and go f(z) < x for any x € X and anyy € Y.

Let (X, [) be a C-monomial G-set. Then we can rewrite the Lefschetz invariant
of (X,I) as
n Gz
Ay = Z (=1)" [Gup,..ctm> ReSE xn([m)}G

20<..<Tn€qX

=Y walVivle
(Viv)eg ch(G)

where

W = S (1) = NGV 1 V] S

r0<...<xn€aX | r0<...<xn€X
G G
(Gro ----- mn,ResGiO n[wo):G(VvV) (Gzo ,,,,, l‘aneSG:O on [zo) (V)

0s s T
Let (U, 1) be a subcharacter of G. The set (X, )% will be
(X, )9 = {z € XV | Resi*l, = pu}

Then we obtain

(XU = > (-1 = my,

neN (Viv)e ch(G)
20<...<Tn€XY Ucv
ReSGzO AAAAA o [I0 =pu Resgy:lu,
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where

Gg,
(Gzo ,,,,, mn»ReSG 0 [ZQ):(VJ’)

.....

So |[Ng(V,v) : V|mv vvy We will use this fact to prove the following lemma.

Lemma 5.2.16. Let (X,[) and (Y,m) be C-monomial G-posets then Axy =
Aymy if and only if X((X, [)U’“) = X((Y, m)U’“) for every C-subcharacter (U, p)
of G.

Proof. Assume A(x ) = Ay,m). We get

> walVivle = WolVivle
(V,v)eg ch(G) (V,v)€g ch(Q)
> (i = wdlVivle =0.
(Viv)eg ch(G)

So 7‘)}:” = 7‘1,/31 and then mfffw = mﬁzu for every C-subcharacter (V,v) of G.
Then we obtain
X1 Ym
mVl/ - mVI/
(U <(Vi)eq ch(@)  (Un)<(Vir)eq ch(G)

Then for any C-subcharacter (U, p) of G, we have x ((X,)"*) = x ((Y, m)P#).

Now assume that given any C-subcharacter (U, ) of G we have X((X, [)U,u) _
x((Y,m)Y#). Then we obtain

X! Y,m
mVI/ mVI/’

(U <(Vip)ech(G)  (Up)<(Vv)ech(G)

X1 Y,
Z (mVl/ - mV‘;) = 0.
(Un)<(Vv)€ ch(G)

Let 2 denote the matrix with coeflicients

if (U, Vv
WU Viv) = [(Up) < (Viv)] = L “? (V.v)
0 otherwise

for any C-subcharacters (U, pu), (V,v). If we list the C-subcharacters in non-

decreasing order of size of the subgroups, the matrix z is upper triangular with
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X! Ym

nonzero diagonal coefficients. Thus, z is nonsingular and so my;;, = my/,. This
implies 7‘)/(: = ’y‘};f We get
Axy = mwolVivle = wiolVivle = Aym)-
(Viv)eg ch(G) (Viv)eg ch(G)
This proves the lemma. O]

5.3 Generalized tensor induction

Let G and H be finite groups. A C-monomial (G x H)-set (U, \) will be called a
C-monomial (G, H)-biset, and usually denoted by U, for simplicity.

Let Uy be a C-monomial (G x H)-set. Given elements u and v’ in U, the set

of morphisms from « to «' in Uis
Homg (u,u') = {(g,h) € G x H | gu = u'h}.

Given (g,h) € Homg(u,u’), the image of (g,h) under A\ will be denoted by
Mg, h,u,u).

Let Uy be a C-monomial (G, H)-biset and V, be a C-monomial (H, K)-biset.
Consider the set

UyvoV,={(u,v) e U xV |Yhe H,NH,, \(1,h,u,u)p(h,1,v,v) = 1}.
Then we obtain an H-set Uy oV, with the action
V(u,v) € Uy oV,, Yh € H, h(u,v) = (uh™", hv).

Indeed, the condition that we impose on Uy o V,, amounts to saying that given
(u,v) € Uy oV,, the linear character &,, : h — (1, h,u,u)p(h,1,v,v) of H,NH,
is trivial. Moreover we have &, ,-1,(h) = &uo(wha™) = 1 for z € H and h €
H,.,NH,, ie zhx™'e H,NH,.

Now we set some notations. The set of H-orbits on Uy oV, will be denoted by

Uy oy V, and the H-orbit containing (u,v) will be denoted by (u,, v). The set
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Uyon 'V, is (G, K)-biset with the action
(u,, v) € UnonV,, (9,k) € G x K, g(u,, v)k = (gu,, vk).

We consider the pair (Uyoy V,, A X p), where X X p is defined as follows: if (u,, v)
and (v, v") € Uxog V, and (g,k) € G x K are such that g(u,, v) = (v/,, v')k,
then there exists h € H such that gu = «w'h and hv = v'k. This element h
need not be unique, but it is well defined up to multiplication on the right by an
element of H, N H,. We set

(A >< p) (g7 k7 (U7H v)’ (u/’H v/) = A(g’ h’ u? u/)p(h’ k’ /U’ U/)’

which does not depend on the choice of h, by the defining property of Uy o V.
It’s not hard to show that (U oy V,, A X p) is a C-monomial (G, K')-biset. Note
that if V' is left free or A and p are both equal to the trivial functor we have
UyvogV,=Uxyzx V.

Let G and H be finite groups. Let (U, A) be a C-monomial (G, H)-biset. Let
(X, ) be a C-monomial G-poset. The set of G-equivariant maps f : U — X such
that

[(ga f(u)a f(U)) = )‘(ga 17 u7u>
for all w € U and g € G, will be denoted by ty (X, [). The set ty (X, () is an

H-poset with the action (hf)(u) = f(uh), for any h € H, for any f € ty\(X,]),
for any u € U. We define an order < on ty (X, ) as follows:

Vf € tua(X. 1), f < [ Vue U, f(u) < f'(u)in X.

We want to define a functor £y : tUﬁ[) — o¢. Given any elements f, and f’
intyA(X,l)and h € H such that hf < f’, we choose a set [G\U] of representatives
of G-orbits of U. Let u be an element of U. Then there exist some g, € G and
a unique op(u) € [G\U] such that

uh = gpuon(u).

We obtain gh7uf(crh(u)) < f'(u) because hf < f’. Then we set

£U7)\(h, f, f/) = H [(gh,m f(ah(u)), f/ (u))/\*l (gh,uv h,, ah(u), U)

u€[G\U]
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Now we need to show that this definition does not depend on the choice of gy, .

Assume that there exist gy ., g;,, € G such that
uh = gnuon(u) = gp, ,on(u).
So there exists w € Gy, () such that gy, = g, ,w. We get
[(w, f(ah(u)),f(ah(u))) = Mw,1,04(u), op(w)).
Furthermore, we get the following commutative diagram:

>O-h

\/

Thus,
gU,)x(hv f7 f/> - H [<gh,u7f(o-h<u))7f,(u)>)‘_l (gh,uahaa-h(u)au)
u€[G\U]
= H [(gﬁl’uw,f(ah(u)),f’(u)))fl(gﬁl’uw,h, Uh(u)7u)
u€[G\U]
= H [<g;17u7 f(gh(u))a f/ (u)> )‘71 (g;z,ua ha ah(“’)’ u) :
u€[G\U]

Definition 5.3.1. The above construction Ty, : (X,[) — (tU’,\(X, [),EU,A) is
called the generalized tensor induction for C'-monomial G-posets, associated to

(U, N).

Lemma 5.3.2. Let G and K be finite groups and U be a (G, K)-biset. Then
there exists a bijection between the sets {(u,t) | u € [G\U/K], t € [(K NG*)\K]}
and [G\U].

Proof. Given u € [G\U/K]| and t € [(K N G")\ K], there exist some g;, € G and
a unique o;(u) € [G\U] such that
ut = gp,0¢ ().

We define a bijection ¢ : {(u,t) | v € [G\U/K],t € [(K NG)\K]|} — [G\U]
such that ¢ (u,t) = oy(u). O
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Lemma 5.3.3. Let G and H be finite groups, (U, \) be a monomial (G, H)-biset
and (X, 1) be a C-monomial G-poset.

1. (tU,,\(X, ), £U,)\) is a C-monomial H-poset.

2. (tU,,\(X, ), SU,,\) does not depend on the choice of representative set [G\U], up

to isomorphism.

Proof. 1. We need to show that £, : tU,,\/()?,[) — o¢ is a functor. Let u € [G\U].
Given h, h' € H and f, f', f" € tyx(X,[) such that hf < f" and 1'f" < f”, there
exist some gnu, gn'wus grne i G and unique elements oy, (w), op (u), opp(u) in
[G\U] such that

uh = gpuon(u), uh' = gp yop (u), uh'h = gppuonn(u).
Also there exist some gy 4,,() € G and a unique oy, (o) (u)) € [G\U] such that
op(u)h = Gh,op (w)Oh (Uh’<u))~
Then we obtain
uh'h = 9n' wGh,o, (u)Oh (Uh’ (U))
and
oh/h(u) = ah(ah/(u)).
Then there exists w € G, ,, (u) such that
gh'hou = gh’,ugh,ah/(u)w-

We obtain the following commutative diagram:

Uh’h —> Uh'h
gh& ﬁugh ah/(u)
uh'h

Then we get

[(w, f(ah/h(u)), f(ah/h(u))> = )\(w, 1, O’h/h(u), ah/h(u))
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because w € Gy, ,, (w)- We set L = Ly x(R'h, f, f”) and obtain

L= H [<gh’h,u> flown(w), " (U))/\_l(gh'h,u, Wh,opn(u), u)

u€[G\U]

= H [(gh’,ugh,oh/(u)wa f(gh’h(u))a f” (U)) )‘_1 (gh’,ugh,ah/(u)wa h/ha gh’h(u)7 U)
u€[G\U]

= H [(gh/,ugh,crh/(u)a f(Uh'h(U)), f (U)>)\71 (gh’,ugh,oh/(u)7 n'h, own(u), U)
u€|G\U]

= LW, [, [N, £, ).
Now let f € Ty (X, (). Then we get

SLf = [ UL fw), fF@)A"(1,1,u,u) = 1.

ue[G\U]

—

Thus, £y : tux(X,[) — e¢ is a functor.

2. Let h € H and f, f' € ty(X,[) such that hf < f'. Let S = [G\U] and let
S’ be the another choice of representatives. For any u' € S’, there exist some
a, € G, and a unique u € S such that ' = a,u. Then there exist some g q,u,

gnhu € G, a unique oy, (a,u) € S, and a unique oj,(u) € S such that
a,uh = gh,auuaél(auu)

and
uh = gpuon(u).
So
ayuh = ayGnu0n (W) = QuGhuly, () Gop@wTh(W).
Then o}, (a,u) = ag, w)0on(w). Note that a,,won(u) € S’. We obtain the following
commutative diagram:

AuGh,u@

aah(u)f(o_h(u)) 4(%(“)} auf/ (U)

—1

Yo (u) Gu

f(Uh(U)) Oh f(w).
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We set L = £y, (h, f, f') and get

L= H [<augh,ua;hl(u)a f(aah(u)gh(u))7 f/ (auu)> )\_1 (augh,ua;hl(u)a h, ach(u)o-h(u)y auu)

ayu€esS’

= Sy £ f) = Sualh, £, fapar’

where

ap = H[ Ay, (1), auf'(u )) (au,l,u, auu)

u€eS

and

H[ Yauf(u), )X (a1, agu, u).

ueS

]

Proposition 5.3.4. Let G and H be finite groups and (U, \) be a C-monomial
(G, H)-biset.

1. Let (X, 1), (X',V) be C-monomial G-posets then

Tur((X,0) x (X',1) = Tya(X, 1) x Ty (X', T).
2. Ty : cMG-poset — oM H-poset is a functor.

Proof. 1. is clear.

2. Given a map of C-monomial G-posets (@, 5) : (X,[) = (Y, m), we define a map

of C-monomial G-posets

(TU,A(SO)7TU,>\(5)) : (tU,)\(Xa [)7,2) — (tU,)\(Y> m),‘)ﬁ)

where
Tua(p) : tua(X, ) = tya(Y,m)

such that Ty (¢)(f) = ¢ o f and
Tua(B) : £(f) = Mo Tya(p)(f)
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such that

Tux(B H B )

u€[G\U]
for any f € tya(X,[). Obviously, po f: U — X — Y is a map of G-posets.
Let g € G, and u € U. Then the naturality of 5 : [ — m o ¢ gives the following

commutative diagram:

(/) —">mop(f(w))
[(g,ﬂu),f(u))‘ hm(%wf(u)vswf(u))

Then
Bret(g 1 (1), £(w)) = m(g, 2 (F(), 0 (F()) ) By

Note that g € Gy so

[(g,f(u),f(u)) = Ag,1,u,u).

So we obtain
m (g0 (£(), o (F()) = A(g, 1, )
Thus, ¢ o f € tyA(Y,m). Now we will show that

Tua(B) : £ = Mo Tyx(p)

is a natural transformation. Given f, f' € ty (X, [) and h € H such that hf < f’,

we need to show that the following diagram is commutative:

Ty, A(ﬁ)f

L(f) ———— Mo Tyalp)(f)
L(h.f.1") ‘/m(h7<pof7<pof/)

£(F) 5 Mo Toal@)(F).

Given u € [G\U], then there exist some g, € G and a unique o,(u) € [G\U]
such that

uh = gpuon(u).
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But g : [ — mo g is a natural transformation, so we obtain the following com-

mutative diagram:

(#lont)) = mo o (f(on(w)

(a0 £ (om0, f’(U))h Jm (o102 (1)) (7 () )
[(f'(u)) mo p(f'(u).

We set T' = Ty (B) p o £(h, £, f'), and by the commutativity of the above diagram

we obtain

7= Tua@)y (T 1(omae Fon(@), 7 (1)) A (o))

uwe[G\U]

Byt

= H Bf’(u)[(gh,u,f(o'h(u))af/(u)>/\_1(gh,uah;0h<u)>u)

u€[G\U]
= UGEJ\:U] m(gh,u7 gp(f(ah(U))> ) Qp(f/ (u))>)‘1 (ghﬂ“ h, Uh(u)J u)ﬁf (Uh(u))
=M(h,po f,po f)B.

So Tyx(B) : £ = Mo Tya(p) is a natural transformation. Thus,

(Tua(e), Tua(B)) = (tua(X,1), £) = (tua(Y,m), M)
is a map of C-monomial G-posets. n

Lemma 5.3.5. Let G, H and K be finite groups. If U is a (G, H)-biset and V' is
a left free (H, K)-biset, then the map (u,v) € UXV — (u,, v) € UxyV restricts
to a bijection m : [G\U]| x [H\V] — [G\(U x g V)|, where brackets denote sets of

representatives of orbits.

Proof. Given (u,v) € U x V, there exists vy € [G\V] and h € H such that
v = hvy. Then there exists uy € [G\U] and g € G such that uh = gug. We get
(u,, v) = g(ug,, vo) and so 7 is surjective. Let (ug,vo) and (uy,v;) are pairs in
[G\U] x [H\V] lying in the same G=orbit. Then there exists g € G and h € H
such that (gug,vo) = (uih™, hvy). We get hvy = vy, s0 vg = v; = hvy, and h =1

since H act freely on V. Now gug = uy, so ug = uy, and 7 is injective. O]
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Proposition 5.3.6. Let G, H and K be finite groups.

1. Let (o, 1) be the C-monomial G-poset where o is G-poset with one element and
1: e — o¢ is the functor such that 1(g,e,e) = 1. Then Ty x(e,1) = (o,1).

2. Let (0,2) be the empty C-monomial (G, H)-poset. Then Ty is the constant

functor with value (e, 1).

3. Let (U, \) and (U, X') be C-monomial (G, H)-bisets and let (X,[) be a C-

monomial G-poset then

Touw o (X, 1) = Ty (X, DTy (X, 1).

4. Let idg stand for the identity (G, G)-biset. Then Tia,1(X, 1) = (X, 1) for any
C-monomial G-poset (X, 1).

5. Let (V, p) be a C-monomial left free (H, K)-biset, and (U, \) be a C-monomial
(H,G)-biset. Then

Tv,oTux = Tuxyvaxp-

Proof. 1., 2., 3. and 4. are clear.

5. We have Uy oy V, = U x g Vi because V' is left free. For any C-monomial
G-poset (X, [) we need to show that

(tV,p(tU,/\(Xy 0,L0.),Lv, o0 2U,A> = (tuxuvasp(X, 1), Lusuviaxp)-
We set ¢ : tv,p(tU,,\(X, ), SU,)\) = tus yvaxp(X, [) such that
e(f)(u, yv) = f(v)(u)

for any f € tvjp(tU,,\(X, ), £U7,\) and (u, ,v) € U x g V. Obviously, the map, ¢(f)
is a map of G-posets and ¢ is a map of K-posets. Now consider an element g of

G(uwv) then we get g € G, because V is H-free. We obtain

(9. 0(F) (2 0): (£ (1 0)) = 1, )W), F(0) ()
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= Mg, Lu,u)p(1,1,0,0) = (A x p)(g,1, (u, 4), (4, 40)).
and s0 O(f) € tuxyvaxp(X, ). We set
0 : trs uvaxp (X, 1) = tv, (tua (X, 1), Lun)

such that 6(t)(v)(u) = t(u, ,v) for any t € tyx,vaxp(X, ), u € U and v € V. We
need to show that 6(t) € tv,,(tua(X, 1), Lu). Obviously, the map 6(t) is a map

of H-sets. Moreover, for any v € V we have H, = 1 because V is H-free. Then

Lua(L,0(t)(v),0(t)(v)) =1 = p(1,1,v,0).

Obviously, the map 60(t)(v) is a map of G-sets. Then given g € G, we get
g e G(%Hv) and so

(9, 0(8) (0) (), 8() () (w)) = (9.1, 0), tlu, ,v))
= Mg, Lu,u)p(1,1,v,v) = Ng, 1, u,u).

Thus, 0(t) € ty,, (tUA(X, ), £U,,\). Now we will prove that £y, ,0Lu\x = Lux,vaxp-
Let k € K and f,f" € ty,(tua(X,1),Ly,) such that kf < f. Then given
v € [H\V], there exist a unique oy(v) € [H\V] and some hy, € H such that

vk = hg 0k (V).

Now consider an element u of [G\U], then there exist a unique oy, (u) € [G\U]
and some gy, . € G such that

Uhk,v = Ghy v uOhy (U)

We get
(u, ;) = (Whpohiw 0 0) = WAk, Pro V)
= (IO, (W), Ok (OET) = Ghg i (T (1), () )7
We obtain
(U, )k = Ghy (O, (1), Ok ().
Then

(O-hk,v (u)m Uk(U)) = Ok(u, HU)
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and
ghk,vvu = gk»(u’H’v)w

for some w € Gy, (4, ) . We get the following commutative diagram:

or(u, ,v) - o (U, zv)
g% gk,(u,H'u)
(u, ;0)k

Using the commutativity of the above diagram and Lemma 5.3.5 we get

20 Loalh S ) =TT oo (Pwas F(00(0)), £/(0) )07 (it K, o(0), 0)

vE[H\V]
=TT (s F (@20 o0, (@), £ @) @)
ety

)‘_1 (ghk,v,uy hk,’ua O-hkﬂ, (u)7 U) P_l (hk,’uv k7 Ok (’U)v U)
=TT (ohe F (om0 k@), £/ (1 0))

(, V) E[G\(UxHV)]
A% )™ (s s (O (0, 0u(0)), (0, ,0))
- H [<gk,(u,Hv)w7f(o-k(uaHU))af/(uaHU)>

(u, V) E[G\(Ux g V)]
(A x P)_1(9k7(u,Hv)w, k,y (O, (1), ,o1(0)), (u, HU))

C L ey ) 00)

(u, g 0)E[G\(Ux V)]

(A 0) ™ (kg0 s (O (W), y0u(0) (1, 0))
= Lux,v(X, D).

Remark 5.3.7. The following example shows that the assumption that V is left
free seems to be necessary for Assertion 5. Suppose that H = N x K is a semidi-
rect product of a normal subgroup N with K. Let G be the group K, viewed as
a subgroup of H. Let moreover U be the set H, viewed as a (G, H)-biset by left
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and right multiplication, and let V' be the set K, acted on by K on the right by
multiplication, and by H on the left by projection to K = H/N, followed by mul-
tiplication in K. Let moreover A and p be equal to the trivial functor on U and

‘7, respectively.

Then Uyoxg V, =U xg V', as X and p are both trivial. Moreover U xg V =
G x gy K is equal to the identity (K, K)-biset (this makes sense since G = K ), so

Trrxyvaxp = Tidg,1 ts the identity functor, by Assertion 4.

On the other hand G\U = K\(NK) = N, and H\V has cardinality 1. So in
the computation of the functor Ly appearing in Ty1(X, 1), we have a product of
values of [, indexed by N. So the composition Ty, o Ty, cannot act in general as
the identity on (X, 1), if N is non trivial. Hence Ty o Ty, # Tuxyvaxpy in this

situation.

Remark 5.3.8. Let G and H be finite groups, and U be a (finite) (G, H)-biset.

Then one can check that the diagram

G-poset —%— M G-poset

lTU JTU,IU

H-poset — M H-poset

of categories and functors is commutative, up to isomorphism, where the functor

Ty on the left is the usual generalized tensor induction functor for G-posets.

Lemma 5.3.9. Let G and H be finite groups, and let (U, \) be a C-monomial
(G, H)-biset. Then there exists a unique map

Tox : Bo(G) — Bo(H)

such that Tux(Ax,y) = A1y, xp for any finite C-monomial G-poset (X, 1).

Proof. Let (X,[) and (Y, m) be finite C-monomial G-posets. We show that if
Axy) = Aymy in Be(G), then A, (x,) = Aqy, (vimy in Be(H). By Lemma 5.2.16,
it’s enough to show that for any (K, 6) of ch(G) we have X<TU,/\((X, [))K,9> _

X(TU,,\((Y, m))K’g). Now consider elements u € [G\U/K], k € K and t € [K N
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G"\ K] then there exist a unique o (ut) € [G\U] and some g+ € G such that
utk = gk,utUk(Ut)'
Also there exist some ¢ € K N G" and a unique 7% (t) € [K N G*\ K] such that
th = ¢ mi(1).
Since ¢, € K NG", there exists i, € G such that
UCk,t = Vi tul-

Then

uth = ucg 176 (t) = Vet (t) = gruor(ut).

So ox(ut) = utk(t) and there exists w € Gy, (ur) such that gy = Ve w.Then we

obtain the following diagram:

ut 4>0k ut

gku\, /ktu

utk

Given f € ty (X, )% and k € K such that kf = f, we obtain

f(utk) = f(ut) = f(u) = Ypruf (umi(t)) = Yepuf (w),

because f is K-fixed. This implies vy, € G- Hence,

fow(ut)) = fumi(t)) = Ypuf (uth) = Yepuf(u) = f(u).

Setting? Veu = H Vit u and ¢u(k) = H A_l(’yk,t,ua k? Uk(Ut)7Ut) we
te[KNG*\ K] te[KNGU\ K]
obtain
£<k7f7 f) = H [(gk,uaf(ak(u))7f(u)))‘il(gk,u>kuak(u)7u)
ue[G\U]
= H [<gk,ut7 f(ak(Ut))a f(uze)))\il (gk,uta ka O—k(Ut)a Ut)
u€|G\U/K]
te[KNG¥\ K]
- H [<7k,t,uw7 f (0k<Ut))7 f (Ut) ) )‘_1 (Vk,t,uwa ka 0k<Ut)7 Ut)
u€|G\U/K]
te[KNGY\ K]
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- H [(’ym,u, f (ak(ut)) f (ut)) At ('ym,u, k, ok (ut), ut)

ue[G\U/K]
te[KNG¥\ K]

= I Ywbmwadsu®)

welG\U/K]
=0(k).

Let = be the family of the sets § = {&, }ueja\v/x]) Where &, : “K — C'is a character

such that resu““)([f w) = & and

H Eu(Vi,u) Pu(k)
u€|G\U/K]
for all k € K and u € [G\U/K]. Now we show that
Toa(X, 0% = | ] x,p5e
ge= ue[G’\U/K]

Let f € Tya(X, )59 then f(guk) = gf(u) for all g € G, u € U, and k € K. So
to determine f, it’s enough to know f(u) for u € [G\U/K]. Let f(u) = z,. Then
resuafg lo, € {&utucia\v/k) for some {&, }ueienu/k) € €. For the converse, we choose
x, € X for any u € [G\U/K]. Let v € V then v = guk for some g € G, for some
k € K and a unique u € [G\U/K]. We set f(v) = gz,. Now f is well defined if
and only if gz, = x, whenever g € “K or equivalently z,, € X“%. We want that

f € Tua(X, 050 1f 2, € (X, 0)"54 then resSs (I,,) = &, and

u€[G\U/K]

So f € TyA(X, %Y. Now using [4, Lemma 11.2.9], we get

W(Toa(x 0% =3 T x((xn ).

€2 ue[G\U/K]

Thus, if Axy = Awym then Ag, | (x) = Ay, (vim)- S0 we can define a map
Tox : Be(G) = Be(H)

such that Tya(a) = Ag,,(x, where (X,[) is a C-monomial G-poset such that
a = A(x,), as in Corollary 5.2.7. O
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Proposition 5.3.10. Let G and H be finite groups, and let (U, \) be a C-
monomial (G, H)-biset.

L. Toa([G, 1¢le) = [H, 1u]n.
2. Tu(ab) = Tua(a)Tux(b), for any a, b € Ba(G).

In particular, the restriction of Ty to Bo(G)* is a group homomorphism

oa - Bo(G)* — Beo(H)™.

Proof. 1. Since A1y = [H,1g|n, by the first assertion of Proposition 5.3.6 we
get

Toa(lG, 1)) = Az, o1y = Aoy = [H, 1]

2. Given a, b € B¢ (G), by Corollary 5.2.7 there exist C-monomial G-posets (X [)
and (Y, m) such that Ax) = a and Ayy,m) = b. We get

Toa(ab) = Tor(AxnAym) = Tua(Axxvixm) = Ay (X xViixm)

= ATU,A(XJ)ATU,/\(Y,‘“) = 7?]»\(&)7;]7)\(()).

Proposition 5.3.11. Let G, H, and K be finite groups.

1. Let idg stand for the identity (G, G)-biset. Then T, is the identity map
Of BC(G)

2. Let (U, \) and (U, X') be C-monomial (G, H)-bisets. Then for any a € Bo(G)

7?JuU/,>\u>J (CL) = 7@,,\(607?]',,\/ (CL)-

3. Let (U, \) be a C-monomial (G, H)-biset and let (V, p) be a monomial left free
(H, K)-biset then

7;/,p o TU,,\ = 7;]><HV,)\><p'
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Proof. Given a € Bo(G), we have a = A(x ) for some C-monomial G-poset (X, )
by Corollary 5.2.7.

1. We obtain

7-idG71c:(@) = 7-idG;1G<A(X»[)) = Ar (X, = A(X:[) =a

idg,lg

by the third assertion of Proposition 5.3.6.

2. We obtain

%uU/,AuA'(G) = 7?JuU',,\u,\' (A(X,[)) = ATUuU/,Am/(X,[)
= Ay (X ) xTyr (X0 = Dy (x ) A1y (X0

= 7?J,/\(A(X,[))7?J/,/\' (A(X,[)) = %,A(@)'ﬁﬂ,/\/(a)-

by the second assertion of Proposition 5.3.6.

3. We obtain
Tvp o Tuala) = Tv,p © Tua(Axp) = Ay om0 (X00)
= A1y v (X)) = Tosaviaxp(Axn) = Tuxgvaxp(a)
by the fourth assertion of Proposition 5.3.6. [

Corollary 5.3.12. Let G and H be finite groups. The map (U,\) — Ty of

Proposition 5.3.10 extends to a bilinear map

Be(G, H) x Be(G)* — Be(H).

Proof. This follows from Assertion 2 of Proposition 5.3.6 and Assertion 2 of
Proposition 5.3.11, and from the fact that the map 72?] N depends only on the
isomorphism class of (U, \). O

Remark 5.3.13. It follows from Remark 5.3.8 that if U is a finite (G, H)-biset,

the square



of groups and multiplicative maps, is commutative, where Ty on the left is the
usual generalized tensor induction map for Burnside rings, and the horizontal

maps tg and ty are the ring homomorphisms induced by the functors g and Tg.
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