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ABSTRACT

MATHEMATICAL ANALYSIS OF QUANTUM ENTANGLEMENT IN VARIOUS
SYSTEMS

i@géren Yilmaz, Duygu
Msc, Department of Mathematics
Supervisor: Associate Prof. Cenap OZEL
December 2009, 90 pages

In this thesis, we studied the entanglement properties of a system composed of
one-to-three atoms, interacting stochastically with a cavity field. We also studied the
entanglement properties of the systems under random phase telegraph noise. We ob-
tained exact solutions for each systems. In order to examine atom-field, atom-atom and
field-field entanglement in two level atom model we used the Jaynes-Cummings model.
We will mainly focus on atom-atom entanglement. A strong atom-atom entanglement
is observed in a stationary case. It has been observed that a strong noise helped in cre-
ating stationary atom-atom entanglement. We confined our research to random phase

telegraph noise in order to understand the effects on atom-field interaction.

Keywords:Entanglement, Jaynes-Cummings model, random phase telegraph noise
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OZET

KUVANTUM DOLASIKLIGININ FARKLI SISTEMLERDEKI MATEMATIKSEL
ANALIZI

i@géren Yilmaz, Duygu
Master Tezi, Matematik Bolimi
Tez Yoneticisi: Docent Doktor Cenap OZEL

Aralik 2009, 90 sayfa

Bu tezde, bir ila ii¢ atomdan olusan ve bogluk alaniyla stokastik olarak etkilesime
giren bir sistemin capragiklik 6zelliklerini inceledik. Ayrica, rasgele evreli telgraf giirtiltiisi
altindaki sistemlerin 6zelliklerini de inceledik. Iki seviyeli atom modelinde atom-alan,
atom-atom ve alan-alan etkilesimini incelemek igin Jaynes-Cummings modelini kul-
landik. Genel olarak atom-atom caprasikligina odaklanacagiz. Giiglii bir atom-atom
capragikligi duragan bir durumda gozlemlenir. Giiglii bir giiriiltiiniin duragan atom-
atom capragikliginin olugsmasinda yardimci oldugu gozlemlenmigtir. Atom-alan etk-

ilesiminin etkilerini anlamak i¢in aragtirmamizi rasgele evreli telgraf giirtiltiisiiyle sinirladik.

Anahtar kelimeler: Dolagiklik, Jaynes-Cummings modeli, Rasgele Faz Telgraf Giiriiltiisi

v



To My Family



ACKNOWLEDGEMENTS

I would like to express my thanks to my supervisor Associate Prof. Cenap OZEL
who has inspired and supported me throughout this thesis. And also for reading and
valuable suggestions. I also would like to thank to the other members of my Committee,
Assistant Prof. Aliekber AKTAG ,Assistant Prof. Erol YILMAZ and Assistant Prof.
Hiinkar KAYHAN for all their help.

It is also a pleasure to acknowledge a special dept of my gratitude to all of the
professors who helped me during preparation of this thesis.
Finally, T would like to express my gratitude to my husband and my brother for

their effort during the preparation of the thesis.

vi



TABLE OF CONTENTS

ABSTRACT iii

OZET iv

ACKNOWLEDGEMENTS vi

1 INTRODUCTION 1

2 BASIC CONCEPT 8

2.1 Stochastic Analysis . . . . . .. ..o 8

2.1.1 Random Variables . . . .. ... ... ... ... ......... 8

2.1.2 Probability Distribution . . . . . .. ... ... ... ... ... 9

2.1.3 Stochastic Process . . . .. . ... ... ... .. ... .. ..., 10

2.2 Poisson Process. . . . . . .. 11

2.3 Markov Process. . . . . . . .. ... 13

2.3.1 Markov Processes. . . . . . . . .. ... 13

2.3.2 The Chapman-Kolmogorov equation . . . . . ... ... ... .. 15

2.3.3 Markov Chains . . . . . . . . ... .. .. ... 16

2.4 Random Phase Telegraph Noise. . . . . ... ... ... ... .. .... 17

2.5 The Qubit. . . . . .. 18

2.6 Entangled State. . . . . . .. .. ... 20

2.7 Pure and Mixed States. . . . . . . .. ... .. ... 22

2.7.1 Pure States. . . . . . . . ... 23

2.7.2 Mixed States. . . . . . . ... 23

2.8 Density Operators and Mixed States. . . . . . . . ... ... ... .... 24

2.9 Separable States. . . . .. ... 27

2.9.1 Separable Pure States . . . . .. ... ... ... ... ... ... 28

2.9.2 Separable Mixed States . . . ... ... ... ... ... ... .. 28

2.9.3 Separability criterion . . . . . ... Lo 28

2.10 von Neumann Entropy. . . . . . . .. .. ... oL 29

2.11 Entanglement of Formation . . . . . .. ... ... ... ... ...... 31
INTERACTION ONE ATOM-ONE FIELD WITH RANDOM PHASE TELE-

GRAPH NOISE 36

3.1 Generalized Jaynes-Cumming Model with Random Phase Telegraph Noise 36

3.1.1 The Formulation of the Problem . . . ... ... ... ...... 36

3.1.2 Solution . . . . . . ... .. 37
ENTANGLEMENT IN TWO ATOMS-ONE FIELD INTERACTION UNDER

RANDOM PHASE TELEGRAPH NOISE 60

4.1 The Formulation Of The Problem . . ... .. ... ... ........ 60

4.2 The Solution . . . . . . . .. .. e 61

4.3 Results And Discussion . . . . . . . . . ... . ... 66

vii



5 ENTANGLEMENT OF THREE ATOM- ONE FIELD INTERACTION UN-

DER RANDOM PHASE TELEGRAPH NOISE 71
5.1 The Formulation of the Problem . . . . . . . . ... ... ... ..... 71
5.2 Solution . . . . . . . e 72

5.3 Result and Discussion

6 CONCLUSION 83

viii



4.1

5.1

5.2

LIST OF FIGURES

Concurrence C as the function of the time got and the mean dwell time

The state preparation fidelity F as a function of the time gyt and mean
dwell time T of the one-field three-atom system under RPTN . . . . ..
The state preparation fidelity F as a function of the time gyt and mean
dwell time T of the one-field three-atom system under RPTN . . . . ..

ix



CHAPTER 1
INTRODUCTION

In this chapter, we introduce a literature review of the thesis.

In quantum theory, discrete units are assigned to certain physical quantities, like
the energy of an atom at rest. The discovery of waves that have discrete energy pack-
ets (quanta) behave in a manner similar to particles led a branch of physics that deals
with atomic and subatomic systems is called quantum mechanics. It is the mathe-
matical framework of many fields of physics and chemistry such as condensed matter
physics, solid-state physics, atomic physics, molecular physics, computational chem-
istry, quantum chemistry, particle physics, and nuclear physics. The foundation of
quantum mechanics was established during the first half of the twentieth century by
Werner Heisenberg, Max Planck, Louis de Broglie, Albert Einstein, Niels Bohr, Er-
win Schrédinger, Max Born, John von Neumann, Paul Dirac, Wolfgang Pauli, David
Hilbert, and others. Some fundamental aspects of the theory are still actively stud-
ied [1]. Quantum mechanics is necessary to comprehend the behavior of systems at
atomic length scales and smaller. For instance, if classical mechanics ruled the working
cycle of an atom, electrons would travel towards and collide with the nucleus, which
render the stable atoms impossible. However, electrons in reality remain in an uncer-
tain, non-deterministic ”smeared” (wave-particle wave function) orbital path around
or even "through” the nucleus, denying classical electromagnetism[2]. Quantum me-
chanics was developed of to explain the atom is structure better, especially the spectra
emission and absoption of light of different atomic species. The quantum theory is
further developed to explain how electron is staying in its orbital. This could not
be explained by Newton’s laws and by Maxwell’s classical electromagnetism laws [3].
While forming quantum mechanics, the state of a system at a specific time is defined by
a complex wave function (sometimes known as orbitals in the case of atomic electrons),
and more generally, elements of a complex vector space [4]. For example, electrons can
be regarded to be somewhere within a region of space, but their exact positions are still

unknown. Contours of constant probability, often referred to as ”clouds” may be drawn



around the nucleus of an atom in order to conceptualize the most probable place of the
electron. Heisenberg’s uncertainty principle quantifies the inability to precisely find the
particle given its conjugate[5]. The other exemplar that led to quantum mechanics was
the study of electromagnetic waves such as light. By the time it was found in 1900 by
Max Planck that the energy of waves could be defined as consisting of small packets or
quanta, Albert Einstein used this idea to show that an electromagnetic wave such as
light could be described by a particle called the photon with a discrete energy depen-
dent on its frequency. This situation gave rise to a theory of unity between subatomic
particles and electromagnetic waves which are called wave-particle duality where the
particles and waves were neither one nor the other, but had specific properties of both.
Quantum mechanics describes the world of the very small things and it is also needed to
mention certain ”macroscopic quantum systems” like superconductors and super fluids
[6]. In general, quantum mechanics includes four classes of phenomena that classical
physics cannot account for:

(I) the quantization (discretization) of certain physical quantities,

(IT) wave-particle duality,

(ITI) the uncertainty principle,

(IV) quantum entanglement. Each of these phenomena is described in detail in
subsequent sections [7].

Historically quantum mechanics [8]. began in 1838 with discovery of cathode rays
by Michael Faraday. In 1859 Gustav Kirchhoff stated the black body radiation problem,
in 1877 Ludwig Boltzmann suggested that the energy states of a physical system could
be discrete, and in 1900 Max Planck stated that any energy is radiated and absorbed
in quantities divisible by discrete ’energy elements’, E, such that each of these energy
elements is proportional to the frequency with which they each individually radiate

energy, as defined by the following formula:

E=hv

where h is Planck’s Action Constant. Planck insisted [9] that this was just an aspect of
the processes of absorption and emission of radiation and did not have anything to do

with the physical reality of the radiation itself. However, this situation did not explain



the photoelectric effect (1839), that shining light on certain materials can function to
eject electrons from the material. In 1905 Albert Einstein [10] proposed that light
itself consists of individual quanta, basing his work on Planck’s quantum hypothesis.
These later were called photons (1926). From Einstein’s simple proposal many debates,
theories and tests, and thus, the entire field of quantum physics was born.

The Jaynes-Cummings model proposed in 1963 by Edwin Jaynes and Fred Cum-
mings in order to study the relationship between the quantum theory of radiation and
the semi-classical theory in describing the phenomenon of spontaneous emission [11].
In the earlier semi-classical theory of field-atom interaction, only the atom is quantized
and the field is treated as a definite function of time rather than as an operator. The
JCM discovers how quantization of the radiation field affects the predictions for the
evolution of the state of a two-level system in comparison with semi-classical theory
of light-atom interaction. Later it was discovered that the revival of the atomic popu-
lation inversion after its collapse is a direct consequence of discreteness of field states
(photons)[12, 13].This is a pure quantum effect that can be described by the JCM but
not with the semi-classical theory. Twenty four years later, Rempe, Walther, and Klein
demonstrated a beautiful quantum collapse and revival in a one-atom maser[14]. Be-
fore that time research groups could build experimental setups capable of enhancing
the coupling of an atom with a single field mode, at the same suppressing other modes.
With the appearance of one-atom masers one could possible study the interaction of a
single atom (usually a Rydberg atom) with a single resonant mode of the electromag-
netic field in a cavity [15, 16] and study different aspects of the JCM. In order to see
strong atom-field coupling in visible light frequencies hour-glass-type optical modes can
help us because of their large mode volume which coincides with a strong field inside
the cavity in the end[17]. In order to describe the interaction between an atom and
a laser field more, the model is generalized in different methods. Some of the gener-
alizations are applying initial conditions, considering dissipation and damping in the
model [18, 19, 20|, considering multilevel atoms and multiple atoms [21], and multi-
mode description of the field [22]. It was also discovered that the atom and field exist
in a macroscopic superposition state during the quiescent intervals of collapsed Rabi
oscillations (a Schrodinger cat). This discovery presents the possibility to use the JCM

in order to make the basic properties of quantum correlation (entanglement) clear[23].



In another work the JCM is used for modeling the transfer of quantum information
[24].

7 Quantum entanglement, which is also known as the quantum non-local connec-
tion, is a possible property of a quantum mechanical state of a system consisting of two
or more objects in which the quantum states of these objects are linked together”. The
reason for this is that one object cannot be described sufficiently without full mention of
its counterpart even if the separate objects are spatially separated in a space-like man-
ner. This interconnection causes non-classical correlations between observable physical
properties of remote systems which are often referred to as non-local correlations. Mea-
suring any number of particles will result in an unpredictable series of measures that
will tend more and more closely to half up and half down. However, if this experiment
is done with entangled particles the results are quite different. When two members of
an entangled pair are measured, one will always be spin-up and the other will be spin-
down. The distance between the two particles is irrelevant. Theories involving 'hidden
variables’ have been proposed to explain this result; these hidden variables account
for the spin of each particle, and are determined when the entangled pair is created.
It may appear then that the hidden variables must be in communication no matter
how far apart the particles are, that the hidden variable describing one particle must
be able to change instantly when the other is measured. If the hidden variables stop
interacting when they are far apart, the statistics of multiple measurements must obey
an inequality (called Bell’s inequality), which is, however, violated - both by quantum
mechanical theory and in experiments.Bell inequalities concern measurements made
by observers on pairs of particles that have interacted and then separated. According
to quantum mechanics they are entangled while local realism limits the correlation of
subsequent measurements of the particles. Different authors subsequently derived in-
equalities similar to Bell “s original inequality, collectively termed Bell inequalities. All
Bell inequalities describe experiments in which the predicted result assuming entangle-
ment differs from that following from local realism.

The assumption that measurement in effect ”creates” the state of the measured
quality goes back to the arguments of, among others: Schrodinger, and Einstein, Podol-
sky, and Rosen (see EPR paradox) concerning Heisenberg’s uncertainty principle and

its relation to observation. The analysis of entangled particles by means of Bell’s the-



orem, can lead to an impression of non-locality that is, that there exists a connection
between the members of such a pair that defies both classical and relativistic concepts
of space and time. This is reasonable if it is assumed that each particle departs the
scene of the pair’s creation in an ambiguous state (as per a possible interpretation of
Heisenberg). In such a case, for a given measurement either outcome remains a possi-
bility; only measurement itself would precipitate a distinct value. On the other hand,
if each particle departs the scene of its ”entangled creation” with properties that would
unambiguously determine the value of the quality to be subsequently measured, then a
postulated instantaneous transmission of information across space and time would not
be required to account for the result. The Bohm interpretation postulates that a guide
wave exists connecting what are perceived as individual particles such that the supposed
hidden variables are actually the particles themselves existing as functions of that wave.
Observation of wave function collapse can lead to the impression that measurements
performed on one system instantaneously influence other systems entangled with the
measured system, even when far apart. Yet another interpretation of this phenomenon
is that quantum entanglement does not necessarily enable the transmission of classical
information faster than the speed of light because a classical information channel is
required to complete the process. Entanglement is one of the properties of quantum
mechanics that caused Einstein and others not to like the theory. In 1935, Einstein,
Podolsky, and Rosen created the EPR paradox, a quantum-mechanical thought exper-
iment with a highly counterintuitive and apparently non-local outcome, in response to
Niels Bohr’s advocacy of the belief that quantum mechanics as a theory was complete
[25]. Einstein derided entanglement as Spukhafte Fernwirkung [26], or spooky action
at a distance. He believed that future mathematicians would discover that quantum
entanglement entailed nothing more or less than an error in their calculations. As he
once wrote:” I find the idea quite intolerable that an electron exposed to radiation
should choose of its own free will, not only its moment to jump off, but also its di-
rection. In that case, I would rather be a cobbler, or even an employee in a gaming
house, than a physicist [27]”. On the other hand, quantum mechanics has succeeded
in producing correct experimental predictions, and the strong correlations expected by
the theory of quantum entanglement. One apparent way to explain found correlations

in line with the predictions of quantum entanglement is an approach known as local



hidden variable theory. In this approach unknown, shared, local parameters cause the
correlations. However, in 1964 John Stewart Bell derived an upper limit (known as
Bell’s inequality) on the strength of correlations for any theory obeying local realism.
Quantum entanglement can cause stronger correlations which exceed this limit. As a
result quantum entanglement can be experimentally distinguished from a broad class of
local hidden-variable theories. Results of the later experiments are supported by quan-
tum mechanics. However, there may be experimental problems, known as loopholes,
which affect the validity of these experimental findings. Observations which are related
to the entangled states seem to conflict with the property of relativity that information
cannot be transferred faster than the speed of light. Despite the fact that two entangled
systems appear to interact across large spatial separations, the current state of belief is
that useful information cannot be transmitted in this way. This is the statement of the
no-communication theorem. It is believed that it is possible to transmit information
using a set of entangled states used in conjunction with a classical information channel
even if information cannot be transmitted through entanglement alone. This process is
called quantum teleportation. In spite of its name, quantum teleportation cannot allow
information to be transmitted faster than light. The reason for this is that a classical
information channel is required to complete the process. In addition experiments are
underway to see if entanglement is the result of retro causality [28, 29].

In this thesis, we make use of these already cited entanglement works on the Jaynes-
Cummings model, by taking the effects of noise as so called random phase telegraph
noise. Jaynes-Cummings model studies the entanglement dynamics in a system of
the interaction of atom its single-mode cavity field in the presence of random phase
telegraph noise. Calculations, exacts solutions and discussion are given in later in
details.

Burshtein introduced the influence of noise (jump-type) on the atom-field interac-
tions in quantum optics was [30, 31, 32]. The simplest jump-like processes model is the
two-state random telegraph. Eberly et al [33, 34] mentioned laser-atom interactions
which are subjected to two-state random (phase and frequency) telegraph noise. Joshi
et al [35, 36, 37, 38] introduced the incorporation of these random telegraph models
into Jaynes-Cummings model as the stochastic fluctuations in the atom-field coupling

parameter.



We also considered the JCM with stochastic fluctuations as it is applied to study
the motion of an ion in a harmonic trap. This trap is in interaction with a stationary a
traveling wave. The reason is that in some approximations [39] the equations governing
the motion of the ion in the trap may be reduced to a form that is similar to the JCM.
Here vibrational modes of quantized center-of-mass motion of the ion take the place of
the field variables. At that point, the coupling coefficient includes the amplitude and
the phase of the standing wave and the fluctuations in both amplitude and phase might
well be considered.

The noise in this study is uncontrollable. The reason is the stochastic behavior of
the system itself, not any environment effect. There are some works with environmental
noise which we did not consider in this study.

The plan of this thesis is as follows; In section 2 a theoritical background of the thesis
is presented. There is an overview regarding quantum entanglement and some crucial
entanglement measures. Apart from this, we mention the mathematical theory of the
stochastic analysis to deal with noisy atom-field interactions. In section 3, by using the
Jaynes Cummings model, we approach to the system of an atom coupled to a single
mode cavity field where random phase telegraph noise present analytically. In section
4, by using the two atom generalization of the Jaynes-Cummings model, we analyze the
interaction of two atoms which are coupled to a single mode cavity field when random
phase telegraph noise is present and we calculate system’s concurrence because there
is two-partite entanglement here. In section 5, by using the three atom generalization
of the Jaynes-Cummings model, we analyze the interaction of three atoms which are
coupled to a single mode cavity field with random phase telegraph noise. Then we
assess the fidelity of the system. Because there is three atom one field and we calculate
fidelity of the subsystem to find if the system is entangled or not. In these sections
(3-5), we examine the dynamics of the entanglement between the atoms and the fields

and reveal the effects of this noise on the entanglement dynamics.



CHAPTER 2
BASIC CONCEPT

In this chapter we mention quantum entanglement theory, some entanglement measures
and stochastic analysis. This chapter is based on the books of Stroock [40], Rao [41],

Nelson [42], Cinlar [43].

2.1 Stochastic Analysis

Stochastic analysis is generally a study which comprises the stochastic processes’ struc-
tural and inferential properties. Models of dynamic system which are open to uncer-
tainty are called stochastic processes. A stochastic process (sometimes called random
process), is the counterpart of a deterministic process (or deterministic system) in prob-
ability theory. It is just a random variable sequence and these random variables are
ordered by an index set. Probability distributions define lack of determinacy in the
future of a stochastic or random process. Rather than dealing with only one possi-
ble reality of how the process might evolve under time, one should take this fact into
consideration. We can infer from this situation that even if the initial condition (or
starting point) is known, there are many possibilities that the process might evolve to.
However, some paths are more probable than others. The object can be described as an
indexed family of random variables X;,¢ € T on a probability space. This expression
includes some hidden conditions regarding the family. In order to be more clear, we use
the axiomatic theory of probability. In this theory we show how the basic probability
space may be created, with the available initial information, in order that a stochastic

process may be defined on it.

2.1.1 Random Variables

A random variable is a function and it relates a unique numerical value with each
result of an experiment. The result of an experiment does not need to be a number.
For example, the result when a coin is tossed can be ’heads’ or ’tails’. However, we

generally represent the results as numbers. The random variable’s value will vary from



trial to trial as the experiment is repeated. There are two types of random variable.
These are discrete and continuous random variables

Discrete random variable:A random variable has an related probability distri-
bution.

Continuous random variable:A random variable has an related probability den-
sity function.

Some examples about discrete and continuous random variable are:

1.A coin is tossed ten times. The random variable X is the number of tails which
are shown where X is discrete random variable.

2.A light bulb is burned to the time it burns out. The random variable Y is its

lifetime in hours where Y is a continuous random variable.

Definition 2.1 (Expected Value) A random variable’s expected value shows its average

over all variables. It is a useful summary value (a number) of the variable’s distribution.

The expected value gives a general idea of the behavior of a random variable without
giving full details of its probability distribution (if it is discrete) or its probability density
function(if it is continuous). Two random variables which have the same expected value
may have very different distributions. Variance is the other useful descriptive measures
affecting the shape of the distribution, for instance variance exist. The variance of a
random variable is a not a negative number. It shows how widely spread the values of
the random variable can be. In case the variance is larger, observations are scattered
on average. The variance shows how closely concentrated round the expected value the

distribution is; it is a measure of the ’spread’ of a distribution about its average value.

2.1.2  Probability Distribution

A probability distribution define either the probability of each value of an unidentified
discreate random variable or probability of the value falling within a particular continu-
ous interval in probability theory and statistics. The probability distribution describes
the range of possible values that a random variable can attain and the probability that
the value of the random variable is within any (measurable) subset of that range. The
probability distribution of a discrete random variable is a list of probabilities associ-

ated with each of its possible values. It is also called the probability function. The



probability distribution of a discrete random variable X is a function which gives the

probability p(z;) that the random variable is equal to x;, for each value x;:

p(xi) = P(X = ;)

2.1.3 Stochastic Process

A stochastic process is a sequence of random variables. As a result, it is characterized
by the joint distribution of its component random variables. However, characterizing a
stochastic process in this way causes some technical problems. The reason is that there
are an infinite number of random variables to characterize. In order to solve this issue,
a stochastic process should be defined by using an algorithm to generate its sample
paths rather than specifying the joint distribution of its component random variables
directly.

For instance, an n-dimensional stochastic process is {Sp;n =0,1,2,....} where

Sl,n
S2,n

*
I

Smn

)

and each element S;,, as a scalar random variable. We can give some examples about
stochastic process

(i) {Sp;n=0,1,2,...... }, where the state space of S,, is {1,2, 3,4} represents which
of four types of transactions a person sends to an on-line data-base and n is the number
of transactions.

(ii) {Sn;n = 0,1,2,......}, where the state space of S, is {1,2} represents if an
electronic component is acceptable or defective, and n is the number of components.

(iii) {Xy;t > 0}, where the state space of X; is {0,1,2,.....} represents the number
of accidents at an intersection and time ¢ corresponds to weeks.

(iv) {X¢;t > 0}, where the state space of X; is {0, 1,2, .....s} represents the number
of copies of a software and time ¢ corresponds to weeks.

(v) {Xs;t > 0}, where the state space of X; is {0, 1,2, .....} represents the number

10



of cars parked in garage, and time ¢ corresponds to weeks.

2.2 Poisson Process.

A Poisson process, named after the French mathematician Siméon - Denis Poisson, is
the stochastic process in which events occur continuously and independently of one
another (the word event used here is not an instance of the concept of event frequently
used in probability theory) [44].

Some examples of Poisson processes are telephone calls arriving at a switchboard,
the radioactive decay of atoms, page view requests to a website, and rainfall.

The Poisson process is a continuous-time process and the simplest example of a
birth-death process. It is also a collection N (t) : t > 0 of random variables, where N (¢)
is the number of events that have occurred up to time t (starting from time 0). Each
realization of the process N (t) is a non-negative integer-valued step function that is non-
decreasing, but for intuitive purposes it is usually easier to think of it as a point pattern

n [0,00) (the points in time where the step function jumps, i.e. the points in time
where an event occurs). In this section we will look at the counting process connected to
parameter \. In a Poisson process, the arrival rate stays constant. These processes are
occasionally used as stochastic processes that model arrival processes to service systems.
In some cases, Poisson processes are representations of real-world systems. We start
with a set of assumptions which underlie Poisson process and obtain the probability
distribution for N(¢). Those assumptions are open to intuitive interpretations. We will
then study some properties and several variants of the Poisson process.

The counting process N = N(t),t > 0 is a Poisson process with rate A > 0, if it
shows the following properties:

HN(0) =

(
(ii)it satisfies the stationary and independent increment properties
(iii))PN(h) =1 = Ah + o(h)
(i) PN(h) = 2 = o(h).

Property (i) simply starts the clock of counting from time 0. According to property
(ii), in case we change the time origin of the counting process (if it will not alter the
probabilistic behaviors of the process) the length of the interval at stake is important.

In line with the independent-increment property, the number of arrivals in two disjoint

11



intervals have to be independent. Property (iii) implies that in a small interval the
probability of one arrival is approximately equal to the arrival rate A times the length
of the interval, and Property (iv) says that in a small interval the probability of more
than one arrival is negligible. Hence if arrivals occur in batches of more than one,
the number of arrivals in an interval will not follow a Poisson process. However, the
number of arrival occurrences in the same interval could follow a Poisson process. By
using some of the previous properties, Poisson processes can used to model some arrival
processes. Many times, however, the Poisson processes are useful approximations for
arrival processes in practice. Poisson processes are also examples of continuous-time
Markov processes.

There are two types of Poisson process.These are homogeneous Poisson process and
non- homogeneous Poisson process

1.Homogeneous Poisson process The homogeneous Poisson process is one of
the most well-known Lévy processes. This process is characterized by a rate parameter
A, also known as intensity, such that the number of events in time interval (¢,t + 7)
follows a Poisson distribution with associated parameter A.. This relation is given as

e A (AT)k

P((N(t+7) = N(t)) =k = —— =~ k=01,

where N (t 4+ 7) — N(t) is the number of events in time interval (¢, + 7).

Just as a Poisson random variable is characterized by its scalar parameter A\, a homo-
geneous Poisson process is characterized by its rate parameter A, which is the expected
number of events or arrivals that occur per unit time. N(t) is a sample homogeneous
Poisson process, not to be confused with a density or distribution function.

2.Non-Homogeneous Poisson process

In general, the rate parameter may change over time; such a process is called a
non-homogeneous Poisson process or inhomogeneous Poisson process. In this case, the
generalized rate function is given as A(t). Now the expected number of events between

time a and time b is

b
Aoy = / )t

Thus, the number of arrivals in the time interval (a, b), given as N(b) - N(a), follows
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a Poisson distribution with associated parameter A,y

6_>‘“ ()\a?b)k

PIN () - N(a) = K = "5

k=01, ..,

A homogeneous Poisson process may be viewed as a special case when A(t) = A, a

constant rate.

2.3 Markov Process.

Important stochastic process classes are Markov processes and Markov chains. To make
a more specific distinction, let us define Markov Processes and Markov Chains in a more

detailed way. Here we will compare these two concepts.

2.8.1 Markov Processes.

A Markov process, named after the Russian mathematician Andrey Markov, is a math-
ematical model for the random evolution of a memoryless system [45].

Markov process is a discrete time process where the future behavior is related to
the present behavior and is not related to the past behavior. Markov process is the
continuous time version of the Markov chain and many sequence models are in fact
Markov processes. A Markov process looks at a sequence of events, and analyzes the
tendency of one event to be followed by another. Using this analysis, you can generate
a new sequence of random but related events, which will look similar to the original.

A Markov process is useful for analyzing dependent random events, that is, events
whose likelihood depends on what happened last. It would not be a good way to model
a coin flip, for example, since every time you toss the coin, it has no memory of what
happened before. The sequence of heads and tails are not inter-related. They are
independent events. But many random events are affected by what happened before.
For example, if a truck driver does not sleep at night, he falls asleep the next day while
driving and in a moment he crashes into a car, which is followed by a chain accident.
These are not independent events.

We have discrete S states, also in a Markov process. However, the transition be-
havior is different from the Markov chain. In each states there are various possible

events which lead to transition. The event that causes a transition from state 7 to 7,
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where j = 7, takes place after an exponential amount of time, say with parameter g;;.
As a result, the transitions occur in random time points in this model. According to
the properties of exponential random variables we have the following situations:

(i) In state i a transition takes place after an exponential amount of time with

parameter

Z dij

J#i

(ii) The system makes a transition to the state j with the following probability.

Pij =i/ > ik

ki

Qij:_zch'j» i €S
J#i

The Q matrix which has the ¢;; elements is called as the generator of the Markov
processes. Note that the definition of ¢;; states that the prom sums of Q are equal to
0.

(iii) All Markov states communicate with each other

(iv) Markov process does not drift to infinity

Different from the discrete time state in Markov chain, you do not have to worry
about periodicity. The randomness of time spent by the system for each state quar-
antess that the probability p;(t) will go to the p limit. Limit probabilities or balance
probabilities can again be calculated by balance equations. The balance equations
balance the flow-out and flow-into of one situation. The flow is the mean transition
number per time unit. If the system is in state i, then events that cause the system
to make a transition to state j occur with a frequency or rate g;;. Hence, the mean
number of transitions per time limit from i to j is equal to p;g;;. This situation leads

to the following balance equations:

Di = Z%‘j =qij = ijth i €S

J#i JFi

0= ijqj'i

jeSs
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In vector-matrix notation this becomes, with p the row vector with elements p;

0=pQ

Together with the normalization equation

Zpizl

€S
The solution of the set of equations is unique.

The stochastic process {Y = Y;;t € Ry} is said to be aMarkov process with state
space E provided that for any ¢,s > 0 and j € E, P{Y;4s = j|Yu;u <t} = P{Y;4s =
jlY:} the conditional probability appearing above may, in general, depend on both ¢
and s. When P{Y;;s = j|Y; =i} = Ps = (i,7) is independent of ¢t > 0 for all 4, j € F
and s > 0, the process Y is a time-homogeneous Markov process

In probability theory, a continuous-time Markov process is a stochastic process
X(t) : t > 0 that satisfies the Markov property and takes values from a set called the
state space. The Markov property states that at any times s > ¢t > 0, the conditional
probability distribution of the process at time s given the whole history of the process
up to and including time t, depends only on the state of the process at time t. In
effect, the state of the process at time s is conditionally independent of the history of

the process before time t, given the state of the process at time t.

2.3.2  The Chapman-Kolmogorov equation

In mathematics, specifically in probability theory and in particular the theory of Marko-
vian stochastic processes, the Chapman-Kolmogorov equation is an identity relating the
joint probability distributions of different sets of coordinates on a stochastic process.
The equation was arrived at independently by both the British mathematician Sydney
Chapman and the Russian mathematician Andrey Kolmogorov.[46]

Suppose that {f;} is an indexed collection of random variables, that is, a stochastic
process. Letp;, i, (f1,..., fn) be the joint probability density function of the values of

the random variables {f;} to {f,}. Then, the Chapman-Kolmogorov equation is

15



o0

Dot s (Frs oo frt) = / Dot (s oo F)dfo (2.1)

—00

2.8.8 Markov Chains

A Markov chain, which is studied in discrete 0,1, 2, ... time intervals is characterized
by a S state set and p;; transition probabilities. Here p;;is the probability that the
Markov chain is in the present time point in state i and is is in next time point in state
j. The P matrix which has the p;; elements, is called the transmission probability of
the Markov process. Note that the p;; definition shows that the row sums of P are
equal to 1. Under the following conditions:

(i) All states of Markov chain communicate with each other (i.e. it is possible to go
from each state to another, provided that it is more than one step),

(ii) Markov chain is not periodic (a periodic Markov chain is a chain in which, e.g.,
you can only return to a state in an even number of steps),

(iii) Markov chain does not drift to infinity

As n drifts to infinity, the probability m(n) that the system is in state i at time point
n converges to a limit m;. These limit or equilibrium probabilities can be calculated
from a set called balance equations. The balance equations balance the probability
of leaving and entering a state in equilibrium. This situation leads to the following

equations:

Wizpijzzﬂ'jpji i€S

J#i J#i

Wizzﬂ-jpji ieS
jeSs

In vector-matrix notation this becomes, with the row vector with elements,

m=7P

With the following normalization equation
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Zﬂ'i:1

€S

The solution of the set of equations is unique.

2.4 Random Phase Telegraph Noise.

The effect of the noise on the atom-field was first expressed by Burshtein [47]. Random
phase telegraph noise is a noise in interaction and a solution might be obtained for
the model under noise. This solution is used to study the atom-field interaction’s
entanglement dynamics. The degree of the entanglement first decreases to a minimum
value and then increases to an adequately high intensity

Strong atom interactions that are subjected to jump-type (random telegraph) random-
phase noise are discussed. Physically, the jumps may arise from laser fluctuations, from
collisions of various kinds, or from external forces. The discussion is carried out in two
stages. First, direct and partially heuristic calculations determine the laser spectrum
and also give a third-order differential equation for the average inversion of a two-level
atom on resonance. At this stage a number of general features of the interaction are
able to be studied easily. Second, it is shown that the theory of generalized Poisson
processes allows laser-atom interactions in the presence of random telegraph noise of all
kinds (not only phase noise) to be treated systematically, by means of a master equa-
tion first used in the context of quantum optics by Burshtein. The Burshtein equation
is used to obtain an exact expression for the two-level atom’s steady-state resonance
fluorescence spectrum, when the exciting laser exhibits phase telegraph noise [48].

We extend our study of the effects of jump-type noise on laser-atom interactions
to frequency-telegraph noise. Such noise can be used as a model of collisional effects,
in which the atomic transition frequency randomly jumps, or as a model of finite laser
bandwidth effects, in which the laser frequency exhibits random jumps. We show that
these two types of frequency noise can be distinguished in light-scattering spectra. We
also discuss examples which demonstrate both temporal and spectral motional nar-
rowing, non exponential correlations, and non-Lorentzian spectra. Its exact solubility
in finite terms makes the frequency-telegraph noise model an attractive alternative to

the white-noise Ornstein-Uhlenbeck frequency noise model which has been previously
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applied to laser-atom interactions.

2.5 The Qubit.

The complex quantum mechanical system is a two-state system which is defined by
a vector in two-dimensional complex Hilbert space and this system is called a qubit.
The favorite qubit of many physicists is, a spinning particle like electron. We will use
spins of such particles to show entanglement. If we measure the z-component of the
spin, the result is either up or down. This measurement corresponds to the observable
operator which we call Z. The state of a particle is an eigenstate of the observable. We
demonstrate these states by | 7,) and | |), for spin parallel to and anti parallel to the
z-axis. They are orthogonal and we take them as the unit basis vectors of the spin
Hilbert space. In addition to the eigenstates, the particle may be in any superposition

of the eigenstates

‘¢> = a| Tz> + ﬂ| lz> (2'2)

such that |a|? + |3|> = 1. When the spin along the z-axises measured, we obtain -+1
with a probability of |a|? and -1 with probability |3|?. After the measurement the state
collapses into the corresponding eigenstate. As the overall phase of a quantum state
does not have any physical significance, only the phase difference between o and (is
important, and for convenience we often choose « to be real. To include the property

|a|? 4 |32 = 1 we write the spin state (2.2) of the particle as

99 = cos()] 1:) +esin(3) Ly (2.3

where a = cos(§) and 3 = ¢sin(9)

Thus the state demonstrates the state of the spin % particle, and thereby any of
qubit. All possible states are covered when the parameters are restricted to 0 < ¢ < 27
and 0 < 0 < 7. Hence, any state corresponds to a point on the unit sphere, with the
azimuthal angle ¢ and the polar angle 8. Such a sphere is called a Bloch sphere and is

a very useful tool for ”visualizing” states of a qubit.
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We may choose another set of orthonormal basis vectors. For instance

1

1

(| Tz> + | lz>)a | lx> - \/5(| Tz) - | lz>) (2'4)

These are the eigenvectors of the X-operator, and they are the resulting states if we
measure the spin along the x-axis. Likewise, we may measure the spin along any axis,

and find a corresponding set of eigenvectors. If we denote the basis vectors

| TZ> = ) | lz> = (2.5)

then the operators for the spin along the x, y and z axes are nothing more than the

Pauli matrices

X = , Y = , Z = (2.6)

In physics, the Pauli matrices are a set of 2 x 2 complex Hermitian and unitary
matrices [49]. The name refers to Wolfgang Pauli.

For the spin along any other unit vector, say a2 +by +cz where a?+b>+c? =1,
the spin operator is aX + bY + c¢Z. All operators of this form have eigenvalues £1
corresponding to spin parallel and anti parallel to the vector.

As stated before, other systems are good qubits in terms of being a spin % particle.
Polarization of a photon and the energy levels of a two-level system are more popular
qubits. They can be represented by a Bloch sphere just like the spin of an electron.
The good thing about a spin % particle is the fact that the vectors on the Bloch sphere
corresponds to actual spin directions in real space. As a result a qubit in a state, which
is close to the y-axis on the Bloch sphere has a spin pointing in a direction close to the
y-axis.

When a spin % particle is present, the basis vectors [0) and |1) are denoted with
| 72) and | |.). According to the sign in the superposition, the superpositions of these

states related to the spin along the x-axis often denote |+) and |—).
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1
V2

1

+) NG

(10) + 1)), =) (10) = 11)) (2.7)

The unitary Pauli operators stated in (2.6) can be written as the following in the context

of general qubits

X = [0 +]0){1] (2.8)
Y = [1)(0] —4l0)(1] (2.9)
Z = |00 = 1)1 (2.10)

X is a bit flip operator which turns a |0) into a |1) or |1) into |0). Z is the phase
flip operator which transits between the «|0) + 3|1) and «|0) — 3|1) states.

The name qubit comes from quantum bit and it plays the same role in quantum
information theory as the bit does in classical information theory. The bit is a system
which can be in one of two states, usually denoted 0 and 1. As a result, each bit is able
to store enough information to reply one yes/no question and the qubit has a richer
structure. It is capable of being in the |0) and |1) states and just like a bit, it can be a

continuum of superpositions between those states, which are given by two parameters.

2.6 Entangled State.

We now will look at the composite quantum systems. A composite system is a system
which comprises of two or more parts, and the simplest system consists of two qubits
and these two systems are called A and B. Any state of each of the two systems may

be written as

[Y)a=al0)a+[1)a [¥)B =710)5+41)B (2.11)

with [a|? + |32 = 1 and |v|? + |§|?> = 1 The composite state of the two systems is

their tensor product.

20



[Yprod) = V)4 @ |6)B (2.12)

This state is referred to as product state. However, product states are not the physically
realizable states. Unless the two systems interact with each other, the superposition of

the product states is observed. As a result, a general composite state can be

) = aijli)a @ |5) B (2.13)
ij

where Y |o;;|* = 1 and the sets {|¢;)} and {|¢;)} are orthonormal bases for the
two subsystems. Any composite state that is not a product state is called an entangled

state.
A composite quantum state which consists of only two parts is called a bipartite
state, but a composite quantum state, which consists of more than two parts is called
multipartite state. For bipartite qubit states, four entangled states play a major role,

namely the singlet state

1

[¥7) = —(|01) = [10)) (2.14)

S

2

and the three triplet states

1
%) = 5 (101) + 110) (2.15)

1
67) = —5(00) = 11) (2.16)
6%) = ——(j00) + |11)) (2.17)

V2

where we have used |ij) as a shorthand notation for |i) ® |j). They are called Bell
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states or EPR pairs. Together they from an orthonormal basis for the state space of
two qubits, called the Bell basis. The Bell states are maximally entangled and one can
be converted into another by applying a unitary transform locally on any one of the
subsystems. Note that if we measure the state of one qubit in a Bell state (that is,
measure the Z operator which has eigenvalues +1), we immediately know the state of
the other particle. In the singlet Bell state, a measurement of qubit A will yield one of
the eigenstates |0) and |1), each with a probability of 1 . These results leave qubit B
in state |1) or |0), respectively.

For a single qubit we could always change to another basis where the outcome of a
Z measurement would be given. For a spin %1 particle the spin is always pointing in
some direction. However, the state is not one of the basis states, but it is shown as a
superposition in one of the basis states. In case the particle is entangled with another
particle, the direction of the spin of that particle cannot be defined well.

Actually, for particles in one of the Bell states, the probability for measuring the

spin of the particle to "up” (while ignoring the other particle)is % for any direction.

2.7 Pure and Mixed States.

In quantum physics, a quantum state is a mathematical object that fully describes a
quantum system. One typically imagines some experimental apparatus and procedure
which ”prepares” is quantum state; the mathematical object then reflects the set up
of the apparatus. Quantum states can be statistically mixed, corresponding to an
experiment involving a random change of the parameters. States obtained in this way
are called mixed states, as opposite to pure states, which cannot be described as
a mixture of others. When performing a certain measurement on a quantum state,
the result generally described by a probability distribution, and the form that this
distribution takes is completely determined by the quantum state and the observable
describing the measurement. However, unlike in classical mechanics, the result of a
measurement on even a pure quantum state is only determined probabilistically. This

reflects a core difference between classical and quantum physics.
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2.7.1 Pure States.

Mathematically, a pure quantum state is typically represented by a vector in a Hilbert
space. In physics, bra-ket notation is often used to denote such vectors. A pure quantum
state is a state which can be described by a single ket vector [50]. A simple criterion
for describing a pure state is that the trace of p is equal to 1 if the state is pure. When
we come up with a bipartite state we first think whether it is entangled or not. A pure

state can only be separated if it is a product state.

’wprod> = ‘¢>A & ’¢>B (218)

A pure state which can be written as ) 4 and |¢)p might be a product state. If the
state is not a product state, it an entangled state.

In order to write the product state in(2.18) right basis vectors should exist. For
this, the Schmidt decomposition is useful [51]. The number of terms in the Schmidt

decomposition is called Schmidt number or Schmidt rank.

) = nelay) ® [by) (2.19)

k=1

The Schmidt coefficient is the square root of the eigenvalues of any of the reduced
density matrices. Hence it is the number of nonzero eigenvalues of p4 or pp.

What the Schmidt number tells physically how many degrees of freedom are entan-
gled and as the product state can be written as (2.18) it is equal to 1. For pure states,
the amount of mixture is a good measurement method.

The only classification we make for bipartite pure states is in separable and entan-

gled states.

2.7.2 Mixed States.

A mixed quantum state is a statistical ensemble of pure states and it cannot be described
as a ket vector. Instead of this, it is described by density matrix (or density operator)
which is usually shown as p [52]. A simple criterion for describing a mixed state is
that the trace of py is less than 1 if the state is mixed. The structure of mixed state

bipartite entanglement is richer than the pure state. For example there are entangled
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states that can not be distilled to Bell states, and cannot used in any application
where entanglement is an important resource. Apart from this, as the task of knowing
whether a mixed state is separable or not gets more difficult, it gives rise to classes of
states which can be identified by other criteria. A state can be converted to another
state which has less or equal entanglement. However, in mixed states, there are some
states which cannot be converted to any other. This makes the mixed state bipartite

entanglement’s structure richer than the pure state equivalent.

2.8 Density Operators and Mixed States.

Let us describe the state of a subsystem. This subsystem is entangled with another
subsystem and we do not have access to the latter. We cannot use state vectors for
this purpose, and we need another representation of quantum states, that is density
operators. In the laboratory it is not possible to isolate the quantum systems completely,
because these systems become entangled with the environment due to unwanted, but
inevitable interactions. However, we need to describe the system without considering
the environment.

In the density operators, quantum states are defined by operators on the system’s
Hilbert space rather than unit vectors on it. The corresponding density operator is
the projection operator [1) (1| for any quantum state vector|i)). Density operators are
also called density matrices because linear operators may be represented by matrices.
Mixed quantum states are described by density matrices.

Up until now we used density operators instead of vectors. Suppose that there is a
machine in our laboratory which outputs particles in state [¢)). But sometimes events
happen without our control and knowledge (a needle in the electric grid, opening an
electromagnet in the lab near, etc.) cause the machine to lose its function. As a result,
states which are close to, but not exactly |¢) are produced. The state [¢)') is always
created when the machine shows dysfunction, and the possibility for this to happen to
any particle is p. With this uncertain situation, we cannot describe the state by a state

vector. We have to use density matrices for describing it as

p=(1—p)) |+ plt )| (2.20)
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A state which we can represent with a unit vector is a pure state. In a pure state we
know mazimum about a state. The rest of the states are conver combinations of pure
states, and these are called mized states. If p = p?, the state is a pure state and if
p # p? the state is a mixed state.

The density operator does not express which pure states the state was prepared
from. The states which come from different ensembles and which have the same density
operator are indistinguishable. As a result, the density operator describes the mixed
state as much as possible. This in distinguish ability causes the density operator to be
more intuitive representation of a state than the state vector. For instance, two vectors
which differ by a phase factor represent the same state, because the state vector has
an arbitrary phase factor. However, the phase factor vanishes because of the complex
conjugation when the vector is put together with its dual vector in order to form a pure
state density operator. As a result, all state vectors, which represent the same state
are represented by the same density operator [53]. Some of the properties of density
operators are

(i) positive. Positive definite operators satisfy vector |v), (v|p|v) > 0, for any |v)
and have only Hermitian with positive eigenvalues.

(ii) the trace of a density operator is unity, tr(p) = 1.

It turns out that any operator satisfying these two criteria is a pure state.

First, we will see that the density operators are used to describe individual parts
of an entangled system. After that, we will study that when the composite system is
in a pure state, the individual subsystems are in mixed states (if the subsystem are
entangled).

Formally, ignoring some degrees of freedom in a system (like the ones corresponding
to a particle out of reach)is done by tracing out the relevant degrees of freedom from
the density operator. This is also called taking the partial trace with respect to the

degrees of freedom that are to be traced out. Any bipartite state can be written as

p= cimlai)(aj] ® bx) (bl

ijkl
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and the partial trace with respect to system B of a bipartite system is defined as

tr(p) = Y cgmlai){aj] ® tr(|by) (bil)
ikl

= ZCijkl(bl|bk>|ai><aj|

ijkl

= Z Cijlai)(a;| (2:21)

with Cj; = >, cijri(bi|bi). The density operator obtained by tracing out one part of
the system is called the reduced density operator.

The density matrix is
p = |al*100){00] + 37|00) (11| + c 5]11)(00] + | 5]7|11)(11] (2.22)
so the reduced density matrix becomes

pa = trg(p)

| *(0[0)]0) (0] + 3*(0[1)[0) (1] + s B(L0)[1)(O] + [B[*(1[1)[1) (1]

|a?0)(0] + B1[1)(1] (2.23)

which is just what we expected.
In section 2.6 we saw what we meant by an entangled state as long as the states
were pure. But this leaves the question of when a mixed state is entangled. Consider

for instance the mixture of two Bell states.
1ot 1,
p= 510 (@ ] + jo )| (2.24)

Written out in an orthonormal product basis, this is

p = i(|00><00|+|00><11|+|11><00|+\11><11|)
+2(100) 0] — 100) (11 = 111) (00] + J11) 1)
_ %\00><00\+%\11><11\ (2.25)
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which is a mixture of the product states |00) and |11) .So the mixed state can
be realized by both an ensemble of maximally entangled states and an ensemble of
product states. We say that a mixed state is separable if and only if it can be realized
as a mixture (convex combination) of locally prepared states. That is, it can be written

as

S v @ pP (2.26)

)

where {p;} forms a probability distribution; p; > 0 and ), p; = 1. This also means

that the state can be written as a mixture of pure product states,

> ol i @ i) @) (2.27)
kl

Hence a mixture of entangled states need not be entangled, but a mixture of separable
states is always separable. Mixture is a process which destroys entanglement. This
is because by discarding information about which of a number of entangled states the

system is in, it can no longer be distinguished from a mixture of separable states.

2.9 Separable States.

In quantum mechanics, separable quantum states are states which do not have quantum
entanglement. As mentioned in section (2.7), a bipartite state is called separable if it
can be realized as a mixture of product states. Take two noninteracting systems A and
B into account, with respective Hilbert spaces H4 and Hp. The Hilbert space of the
composite system is the tensor product H4 ® Hp. In case the first system is in [¢)) 4
state and the second system is in the |¢)p state, the state of the composite system
is [Y)4 ® |¢)p. We can call states of the composite system which can be represented
in this form separable states or product states. If a state is inseparable we call it an
entangled state. First of all, we take separability for pure states and then we consider

separability regarding mixed states.

27



2.9.1 Separable Pure States

If a pure state |¢)) € Hy ® Hy can be written as [1)) = |1)1) ® |¢3) where |¢);) is a pure
state of the i-th subsystem, it is separable. Otherwise it is entangled. The embedding
of a product of states into the product space is presented by the Segre embedding. In
other words, a quantum-mechanical pure state is separable if it is in the image of the

Segre embedding.

2.9.2  Separable Mized States

Let us think about the mixed state case. The composite system’s mixed state is defined
by a density matrix p acting on H; ® Ho. p is separable if there exist pr > 0, {plf} and

{ plz“} which are mixed states of the respective subsystem such that

p=> prot ® ph
k

where

Zpkzl
k

Otherwise p is an entangled state and we can understand from the definition that

the family of the separable states is a convex set.

2.9.8 Separability criterion

Usually there is no easily computable, necessary and sufficient criterion, but an easy to
compute necessary condition exists. This is known as the Positive Partial Transpose
criterion or Peres-Horodecki criterion. In case the state is separable, the partial trans-
pose of the density operator regarding one subsystem becomes positive. A transpose
of an operator has to be considered in the light of a basis and the resulting operator
depends on this basis. However, because the different bases are connected by a uni-
tary transformation, the eigenvalues do not depend of the basis. Consequently, any
orthonormal basis will do for taking the transposition.

In the systems which are in 2 x 2 and 2 x 3 dimension, the PPT criterion is sufficient
for the state to be separable[54]. However, for larger systems, there are entangled PPT

states [55]. The PPT-criterion is useful and as a result the class of PPT states is a
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crucial state class. It is also larger than the separable state classes . Any factor that is

valid for all PPT states, is also true for separable states.

2.10 von Neumann Entropy.

In this section we briefly discuss entropy of a mixed state and how it can be viewed
as a measure of entanglement [56] von Neumann entropy refers to the extension of
classical entropy concepts to the field of quantum mechanics in quantum statistical
mechanics. John von Neumann established the correct mathematical framework for
quantum mechanics (Mathematische Grundlagen der Quantenmechanik). In this work,
he mentioned a theory of measurement. In this measurement, the usual notion of
wave collapse is defined as an irreversible process [57]. von Neumann entropy gives the

entropy of an ensemble associated to a mixed state with density matrix p as follows:

S(p) = —tr(plogp) (2.28)

where \; are the eigenvalues of p. It is most easily calculated from the non-zero eigen-

values A; of p as

S(p) == Ailogh, (2.29)

Note that zero eigenvalues do not make any contribution.

von Neumann entropy is often regarded as a generalization of the Shannon entropy.
Although Shannon entropy causes a special case in quantum information theory in case
of orthogonal states, the historical information is different. von Neumann entropy was
introduced in 1932 by von Neumann himself and Shannon published his mathematical
theory about communication in 1948. von Neumann proposed that Shannon should
call his uncertainty function ”entropy”. This definition was used before in statistical
physics. It was derived by using notions such as the ideal gas law and other laws of
thermodynamics. According to the criterion is the von Neumann entropy is 0 for a

pure state, and positive for a mixed state. In order to calculate, we have to find a basis
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in which p possesses a diagonal representation. We note that the entropyS(p) times
the Boltzmann constant kp is equal to the thermodynamical or physical entropy. If
the system is finite (finite dimensional matrix representation) the entropy describes the
departure of our system from a pure state [58]. In other words, it measures the degree
of mixture of our state describing a given finite system

1.Some properties of the von Neumann entropy

(i) S(p) is only zero for pure states.

(i) S(p) is maximum and equal to InN for a maximally mixed state and N is the
dimension of the Hilbert space.

(iii)S(p) is invariant under changes in the basis of p, that is S(p) = S(UpUT), with
U a unitary transformation.

(iv) S(p) is concave, in other words, given a collection of positive numbers \; which
k k

sum to unity (Z Ai=1) and density operators p;, we have (Z Aipi) > Z XiS(pi)

(v) S(p) is ;dditive. In the case of two density maﬁcricie:s1 PA,PB Wi}Tilch define in-
dependent systems A and B, then S(pa ® pg) = S(pa) + S(pp) Instead, if pa, pp are
the reduced density matrices of the general statepap, then |S(pa) — S(pB)| < pap <
S(pa) +S(pB)

This right hand inequality is known as sub additivity. The two inequalities together
are sometimes known as the triangle inequality. They were proved in 1970 by Huzihiro
Araki and Elliott H. Lieb [59]. In Shannon’s theory, the entropy of a composite system
cannot be lower than the entropy of any its parts. However, in quantum theory this
is not the case, i.e., it is possible that S(pap) = 0 while S(pa) > 0 and S(pp) > 0.
Actually, this can be regarded as an indicator of an entangled state pap.

(vi)The von Neumann entropy is also strongly sub additive. Given three Hilbert
spaces, A,B,C, S(papc)+ S(pr) < S(pap) + S(psc)

This is a much more difficult theorem and was proved in 1973 by Elliott H. Lieb
and Mary Beth Ruskai,[60] using a matrix inequality of Elliott H. Lieb[56] proved in
1973.

2.Uses of the von Neumann entropy

The von Neumann entropy is used widely in different forms (relative entropies, con-
ditional entropies etc.) within the scope of quantum information theory. Entanglement

measures are based on some quantity which is directly related to the von Neumann
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entropy. However, in the literature there have been several papers which are about the
possible inadequacy of the Shannon information measure, and as a result of the von
Neumann entropy as an appropriate quantum generalization of Shannon entropy. The
main idea here is that in classical measurement the Shannon information measure is
a natural measure of our missing knowledge about the properties of a system. The
existence of these properties are independent of measurement. Conversely, it cannot
be claimed that quantum measurement show the properties of a system that existed
before the measurement was performed. This controversy has caused some authors to
show the non-additivity property of Tsallis’ entropy (a generalization of the standard
Boltzmann-Gibbs entropy) as the main reason for recovering a true quanta information

measure in the quantum context.

2.11 Entanglement of Formation

TheFEntanglement of Formation was historically the first entanglement measure to ap-
pear. In the literature it is generally called entanglement of creation. It was meant to
be the asymptotic entanglement cost, but this interpretation rests on the weak addi-
tivity which is strongly conjectured, but still not proved. However, the regularization
of it has been shown to be equal to the asymptotic entanglement cost [61].

The entanglement of formation is a direct generalization of the entropy of entangle-
ment in mixed states. The entanglement cost in Bell states of preparing a pure state
is obtained by the entropy of entanglement, in the asymptotic limit. As a result, it
was normal to define the entanglement of formation for a pure state as the entropy
of entanglement. For a given ensemble of pure states e = p;, [¢;) the entanglement of

formation is the average of the entropy of entanglement for the states in the ensemble

Ef(e) = >_piBp(vi)) (2.30)

A mixed state can be described by a multiple pure state ensembles which have
different entanglement of formation. As any of those ensembles describes the mixed
state, the natural definition for the entanglement of formation regarding a mixed state

is the entanglement of formation for the "most economic” ensemble. In other words,
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the entanglement of formation for a mixed state is defined as
Ef(p) = infe Y piBr(|¢:)) (2.31)

Here, infimum is taken over all ensembles ¢ = p;, [1);) that describes the state p.

How is entanglement of formation not necessarily equal to the entanglement cost.
The asymptotic entanglement cost cannot be larger than the entanglement of formation.
Consider that you have to create a large number 14yt (1o, — 00) of some bipartite state
Pout- You will find the pure state realization p;, |1);) of poys that has the lowest average
entropy of entanglement (equal to the entanglement of formation).

From the definition of Ey it is easy to see that it satisfies (E0a) and (Ela). (EOa) is
a mixture of pure states. (Ela) reduces to the entropy of entanglement on pure states.
Monotonicity (E2a), continuity (E3a) and sub additivity (E5a) are shown in [61, 53].
The way of the entropy of entanglement was extended to mixed states in the case of
the entanglement of formation, can also be used for other measures on pure states.
Measures in this way are called convex roof measures [62, 63].

There are two methods for calculate entanglement. One of them is concurrence.
Concurrence is defined for a two qubit system. For a general state p, let p be the

spin-flipped state

F= (Y oY) (Y ®Y) (2.32)

where the Y is the Pauli Y operator and p* is the complex conjugate of p, both taken
in the standard basis {|00), |01),[10),|11)}. Let the Hermitian matrix R be defined as

r= Vo (2:33)

with eigenvalues in decreasing order {\;}. The concurrence is defined as

C(p) = maa:{O, )\1 - AQ — )\3 — )\4} (2.34)
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There have been various attempts to generalize the concept of concurrence. Uhlmann
[63] considered general conjugations instead of the special (2.32). This was further gen-
eralized to concurrence vectors by Auderaert et al. [64]. The previously mentioned
convex roof extended negativity coincides with the concurrence in the case of two
qubits [65], and thus provides another generalization. Some of those generalizations-
along with other aspects of concurrence and entanglement of formation-are reviewed in
[66].

The other method is fidelity. Fidelity is a popular measure of distance between
density operators and it is not a metric system, but has some useful properties. Fidelity
as a distance measure between pure states was called transition probability. For two
states given by unit vectors ¢, 1 it is |(¢, %) |?. For a pure state (vector ) and a mixed
state (density matrix p) this generalizes to (|p[e). For two density matrices p, o it is
generalized as the largest fidelity between any two purifications of the given states [67].

According to a theorem, this situation leads to the expression

F(p,0) = <tr\/m)2 (2.35)

This is exactly the expression used by Richard Jozsa [70],where the term fidelity
appears to have been used first.

However, one can also start from |¢), (1], leading to the alternative

F(p,0) =try/\/po/p (2.36)

used in [71]. This second quantity is sometimes denoted as v/F and called square
root fidelity. It has no interpretation as a probability, but appears in some estimates in
a simpler way.

Basic Properties

If p = |9)(¢] is pure, then F(p,0) = (¢|o|yp) and if both states are pure i.e.
p = [¥) (] and o = [6)(6], then F(p, o) = [[1:}{g][.

Other properties:

1. 0< F(p,0) <1
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2. F(p,0) = F(o,p)
3. F(p1 ® p2,01 ®02) = F(p1 @ 01)F(p2 ® 02)
4. F(UpUT UoU") = F(p,0)
5. F(p,a01 + (1 - a)a3) > aF(p, 1) + (1 — ) F(p,02), 0 € [0, 1
Classical Fidelity
Fidelity is also defined for classical probability distributions. Let {p;} and {¢;}
where i = 1,2,...,n be probability distributions [68] The fidelity between p and ¢ is

defined as

{pz} {Qz Zn prz (237)

Superfidelity

Superfidelity is a similarity measure between density operators.It is defined as

G(p,0) = trpo + /1 —tr(p2)\/1 — tr(c?) (2.38)

Superfidelity was introduced in[69] as an upper bound for fidelity.

Fidelity Of Quantum States

Fidelity is a measure of the closeness of two quantum states in quantum information
theory. It is not a metric on the space of density matrices. In probability theory, in
case two random variables p = (p1), ..., p, and ¢ = qu, ..., g, are given on the probability

space, we have X = {1,2,...,n}. The fidelity of p and ¢ is defined to be the quantity

q) = Z VDG (2.39)

That is, the fidelity F'(p, q) is the inner product of (/p1, ..., /Pn) and (\/q1, .-, /n)

and it is viewed as vectors in Euclidean space. Please note that when p = ¢, F'(p,q) = 1.
In general, 0 < F(p,q) < 1.
Making the appropriate modification for the matricidal notion of square root and

mimicking the above definition gives the fidelity of two quantum state.
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If two density matrices like p and o are given, the fidelity is defined by

F(p,q) =Tr

\/ﬁa\/ﬁ] (2.40)

Hilbert-Schmidt inner product takes the place of the Euclidean inner product from
the classical definition. When the states are classical,( p and o commute), the definition

coincides with that for probability distributions.
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CHAPTER 3
INTERACTION ONE ATOM-ONE FIELD WITH RANDOM
PHASE TELEGRAPH NOISE

In this chapter the interaction of a two-level atom with a single-mode field is review
in the environment or the random phase telegraph noise by the JCM. We include the
effects of stochastic phase fluctuations are modeled by random telegraph process and
an equation for the density operator averaged over the distribution of fluctuations has
been obtained.The solution of this equation is used to study the resulting decoherence
effects in the dynamical behavior of the atom and the statistical properties of the field.
We solve the problem by two different techniques in this chapter. This chapter is based

on the article of Lawande, Joshi et al. [72, 73]

3.1 Generalized Jaynes-Cumming Model with Random Phase
Telegraph Noise

3.1.1 The Formulation of the Problem

The interaction of a single two-level atom with a single mode of radiation field is
considered. While the atom is characterized by spin %1 angular-momentum operators
Si, S, the field is described by the annihilation and the creation operators a and af.
We assume that the field is in resonance with the atomic transition frequency wg. In the

general rotating-wave approximation, the Hamiltonian of the system has the following

form

H = woS, +woa'a + [g*(t)Ssa + g(t)S_al] (3.1)

where the coupling g(t) between the atom and the field is time dependent.In this
section an alternative model that represents noise by means of discrete jump process
will be studied. A simple example of such a jump process is two state random telegraph.

In order to show such a model we assume that
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g(t) = goe ™ (3.2)

where the ¢(t) is treated as a stochastic variable while the non-stochastic amplitude
go is a positive reel quantity. In the following we have telegraph noise where ¢(t)

randomly jumps between two possible states a and —a, the correlation function

((B)g(t)) = g(elimem’Dy

= g2[cos’a + sinae"DItI/T) (3.3)

where the 7( is the mean dwell time of the telegraph. The jumps are separated by

an average time interval called the mean dwell time.

3.1.2 Solution

We will examine the dynamics in the telegrapher noise. For this, we produce equation
of motion from the Liouville-von Neumann [56] equation for the density operator and

the interaction representation can be used.

i0p/0t = [Hy,p] = Hip — pHy (3.4)

where H; shows the Hamiltonian interaction

Hy = go[e”®WS a+e DS gl (3.5)

We now introduce the states equation

W) = |m+19) (3.6)
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and

Pinn (1) = (Wil p(O)]]) (3.7)

By using the (3.7) equation we can write the equations below;

P (8) = (TLlp() L)) (3.8)
P (t) = (Th]p(0)]T,) (3.9)
P (t) = (T lp(®)]T;)) (3.10)
Prn(t) = (Yrlp(t)]¥r) (3.11)

From the equation above we can write(m=n)

P (t) = (nelp(t)|ne) (3.12)
P (t) = (nelp(t)|n + 1g) (3.13)
P (t) = (n+ 1g|p(t)Ine) (3.14)

Prn (1) = (n+1g|p(t)|n + 1g) (3.15)

By using the equation (3.4) we get

i0p/dt = Hipyos(t) = proy () Ha (3.16)

~ Pmn

38



i0p/0t = Hipyy,(t) = pry () H (3.17)

i0p/dt = Hipym(t) = proy () Hi (3.18)

i0p/0t = Hippp(t) — ppm (0 Hy (3.19)

From equations (3.16), (3.17), (3.18), (3.19), we obtain the equations below.

d o

o () = i Dol (1) — ampi (1) (3.20)
d ; i i
T (1) = ilone ™ P () — e O pTE (1) (3.21)

If we use the equations (3.20) and (3.21) we can write the equations below.

%quzﬁ(t) = ifane Wl (1) — amet Wt (1) (3.22)
d . o) b+ —
%pmn (t> = e [a’ﬂpmn (t) — OmPmn (t)] (323)
d bty - ++
%pmn (t) = 1 [anpmn (t) — OmPmn (t)] (324)
d __ . 7 - —1 -
%pmn (t) = z[ane+ ¢(t)pm—~7; (t) — Ome ¢(t)p7—i7_1n (t)] (325)

When we write 1 for + and 2 for - in the equations above, we find the equations

below.

d o ;
Pu(t) = ilane Y0 p1a(t) — ame W pyy (1)) (3.26)
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d o
Sppe(t) = et Y anpr1(t) — ampaa(t)] (3.27)

Dom(t) = i *Ofanpn(t) ~ ampn(t) (3.28)

d , i —i
%Pm(t) = ifane W poy (1) — e W p1a(t)] (3.29)

Here o, = gov/n + 1

These equations should be solved by taking the stochastic nature of the phase
variable ¢(t) into account. We can first solve equations(3.23) and (3.24) and insert to
equations (3.22) and (3.25). Then we have the suitable solution.

We considered that pmn =0and t <t. Now we add the suitable equations to the

equations (3.22) and (3.25)

d it td
t) = Nt — apetie® / dt’
i) = a0 [ g a0 [t

= iape 0 / dt'i [a it prt () — et ) pr (tl)}
0
t , ) '
e 0 [l O 1) = ane g0
0

¢ , )
- / [dt { e 1O=2 N (0, o (4) — i ()]
0

+ ame OO0, ot (1) — oy (1))} (3.30)

Likewise

d . td i
— o (t) = 1 n+l¢(t) 7—+tdt,m1 /
Grmn® = et [t = ane s [t
t , ,
= iapetie® /0 dt/i[ane‘w(”%ﬁ(t)—ame 90 it (¢ )}
¢ , )
e 0 [l O ) = ane )]
0
t ’ . ! / ’
— / (' {ame™ O3 [0, o () — oy (F)
0

+ ame OO0, o1y — oy o (1)]} (3.31)
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By describing these equations, we have assumed that p,j,injF = (0) and the reason will
be explained later. Similar equations for the evolution of pyimjf = (t) can be produced,
but we do not need them in the present paper. While describing equations (3.22)
and (3.25) in the above form the idea that lies behind reproducing the equation is to
make use of the Markovian property of the telegrapher noise. According to this, since
t < t, the part which involves the exponential factor in equations (3.30)and (3.31) gets
decoupled from the other part and this depends on t'. This factor lets us take the
average over the stochastic distribution of the telegrapher noise. For this, we must use

() symbol in order to show such an average and write

c(t — 1) = (eFils—o(t)y (3.32)

Here we take average of equation (3.30) and equation (3.31) then we use equation

(3.32).

’

(omn (1)) = — /0 dt {orn (PO [0, (pEE (1)) — (o (1)

!

+ 0 (PO~ (5 () — o ()]}

= —/0 dt' et — 1 ){(ar, + ap) (it (t)) = 2000 (prn (1)} (3.33)

dt

The average of equation (3.31)

/

)]

’

Gomn ) = [l ot OO, (5 (0) = o
a0 (15(1)) — o ()

= /Odt’C(t—t'){2anam<pm(t/)>—(ai+a31)(pmn(t')>} (3.34)

for it to be easy we may introduce two quantities:

1 __
Frn(®) = 5ot (0) % (o7 (D)} (3.35)
We add between the equations (3.33) and (3.34)
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’

t
SR + @)} = [l clt = ) {~am — a5 (1D) = (@m — a0 ()
0

Lrta®) = [ et = ~(m — o L) + (o N)]

T .

GF® = [ et = )= = PG O) + (o)
GF® =~ [ el — )R] (3.36)

Then we make subtraction between the equations (3.33) and(3.34)

!/

)~ (@) = [ W et =)o + a5 ~ (an+ 00 D)
20 Fi) = [ el — O (am + 1) ~ b))
S0 = [ el —llan +0n ) ~ (D
G0 = @0 [ ettt )4 337

where (Q,)2 = (am + —ay)? = g3(Vim +1 4 —/n+1)?

Equations (3.36) and (3.37) can be solved by using Laplace transform techniques.
The form of the correlation function ¢(t) depends on the telegrapher process. We get
solution of (3.36) and (3.37)in the two cases of telegraph noise and use it in order
to mention the behavior of atomic observables and the field statistics.The correlation

function c(t — t/) for the phase telegraph is presented by equation (3.3)

!
==

Ct—t)=cos’a+sin’ae T (3.38)

When we put equation (3.38)in equation (3.36)and (3.37) then we take the Laplace

transform with respect to t, we get F= (2). First of all, we find FF (2);
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d

t
%Fﬁfm(t) = —(Q;m)Q/O dt'c(t —tF (1)
t
ctarnm = —onyef (ot —m0)
2Fin(2) = Ff0) = =() L{e(t)} o (2)
F, Frin(0)
frnl?) z 4 (Qmn)2L{c(t)} (3.39)
Since c(t) = cos?a + sin? ae =
cos’a sin? a
Fer = " (3.40)

2
z T+Z

After adding equation (3.40) in equation (3.39) and then simplifying it, we find

2(z+2/T)F;},(0)

F = 3.41
mn(2) 234222 )T + (Qmn)?2cos? a/T + 2(Qmn)? (341)
By applying the same procedure in the equation above, we have
~_ z2(z+2/T)F,,,(0)
F — 3.42
mn(2) 23 4+ 222 /T + (Qhn)?2cos2 a/T + z(Qhn)? (3.42)
by equations (3.41)and(3.42) we get
M 222 T o (V)22 4 2 (O )?
Here F (z) is the Laplace transform of F (¢).
If n=m
(Q:;m)2 = (am — O‘n)2 = (an — O‘n)Q =0
(3.44)
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and we have from equation (3.36),we get

—FT (t) = 0
@ a0

E{ pm Fr.)} = £{0}
2Ff(2) = FF.(0)
Ff (z) = Fan(0) (3.45)

z

When we take inverse Laplace transform of the equation (3.45), we have

(1) = Fgn(0) (3.46)

If n #m,
we take the inverse Laplace transform of (3.41) and (3.42) we get the general solu-

tion.

i(Aj+2/T)
Pt {Z +HT) (3.47)
i YY)
k#j
where \; are roots of the cubic equation in(3.41) and (3.42)
S (2/T)N 4 (5,2 A + (2/T)(QF, ) 2cos’a = 0 (3.48)

This equation has one negative real and a pair of complex-conjugate roots.
We can get the approximate solution in the two limits of large and small T. In case
T is rather large (go7 > 1), the real approximate roots of the cubic equation (3.48)

are
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A1 =—(=)cos“a

sin?a

T

Aa3 = £i(QF,,) —

(3.49)

(3.50)

In this part, we rewrite the solution by the Laplace transform techniques. First we

will find the elements of matrix.

Hi(®)lne) = g*(#)Ssa+g(t)S_allne)
= g(t)Vn+1n+1g)
Hi(Dn+1g) = ¢*(t)Sya+ g(t)S_alln + 1g)

— g (t)Vn+ Ine)

(ne|Hine(t)Ine) = (nelg(t)vn+1jn+1g)
= g(t)vn+ 1{neln + 1g)
= g(t)vn+10

=0

(ne|Hipt(t)|n+ 1g) = (nelg*(t)v'n + 1|ne)
= g"(t)Vn+ 1(nelne)
= g'(tVn+1
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(n+ 1g|Hint(t)[ne) = (n+1glg(t)vn +1n+1g)
= g(t)vn+1(n+ 1g|n+ 1g)
= gt)vn+1 (3.54)

(n+ 1g|g*(t)V'n + 1|ne)
= g(t)"Vn+ 1{n+ 1g|ne)
= g(t)"vVn+10

=0 (3.55)

(n+ 1g|Hint(t)|n + 1g)

Now we can write the matrix

Hip(t) = ’ A (3.56)

gt)vn+1 0

In order to illustrate our model we assume that

g(t) = goel e (3.57)

where the non-stochastic amplitude g is a positive real quantity and the phase ¢(t)
is regarded as a stochastic variable.

The correlation functions (g(t), g(t')) are different from each other in the two cases.
However, in the present work we only mention the random phase telegraph noise;
as a result, the interaction Hamiltonian H;,:(t) depends parametrically on ¢. That
is, the randomness element is introduced in the time dependence of the Hamiltonian

H = Ho + H;n(t) only by a change n ¢(t).

—7.dT

dQ(t) = exp(—)— (3.58)

70 70
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The distribution above mentions the probability of duration of each such jump interval.
To specify the dynamical evolution of system we have to know the unitary trans-

formation U (t,t) such that

p(t) = U(@d(1), 1,0 )p(t YU (d(1), 1,1 (3.59)

If U = e(="int) e have the following equation

%e—i\/l—s—n—l-go (1 + €2i\/1+n+g0) _ %e—id)(t) e—W1+n+go (_ 1+ 21V 1+n+go)
U pu—
_ %eﬁb(t)e—iv 1+n+go (-1 + e2iV1+n+go ) %e‘i\/ 1+n+go (1+ 20V 1+n+go)
(3.60)

We make the equation( 3.60) simpler and get the unitary transformation

- cos[iv/1+n + go] —e~ W sin[iv/T + n + go (3.61)

Y sinfiv/1+ n + go] cos[iv/1+n + go))

If cos(6,(t)) = cos[iv/1+ n + go] ,then 6,(t) = 1+ n + go and 6, = go/1 + n.

The elements which we will average in the calculations of G are the ones which
contain the exp(+ig(t)) factors. The phases are equally probable as d@Q = % and
as a result most of the terms disappear after averaging process. The remaining non-

vanishing elements of G are

11 - f U11U111d<25
12 = f U12U11 do
21 = f U11U211d¢>
22 = f U12U21 do
11 = fUllUlz do
12 = f U12U121d¢>
21 = fU11U22 do
GB=_ Ur2Usy dg

First we find inverse of U.

11 - fU21U111d<15
12 = fU22U11 d¢
21 = fU21U211d¢
22 = fU22U12 do
11 - fU21U12 d¢
12 = f U22U121d¢
21 = fU21U22 d¢
22 = fU22U22 d¢



cos iv1+n e~ (1) gin iv1+n
g1 [9(t)iv1+ nt] ¢ [9(t)iv1 + nt] (3.62)

¢ ®) sin[g(t)iv/1 + nt] coslg(t)iv1 + nt])

Next we define

= [ Unem U6 0iQ)
In case of
o= G (3.63)

we get

pim(T) = e<—T/TO>Tr[Gim(T,0)p(0)]+Tlo /OTdte(_T_t)/TOTr[Gim(T,t)p(t)](3.64)

Here we will find G}, G%3,GL, G1, GH

21
Gl = /0 Ui (67, OUR (3 7, £)dQ()

2m
= / cos[f, (1 — t)] cos[0, (T — t)]%
0

= cos? O, (T — 1) (3.65)

27
Gl = /0 Uss (57, Uz (65 7, 1)dQ(6)

2 _ib(t) d¢
= —ie ""Wsin[f, (1 — t)] cos[l, (T — t)] =
0 2T

=0 (3.66)

G3l = 0 because G1} = Gil
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27
Gt = /0 Urs (67, U3 (5 7, £)dQ(6)
do

2m
— / (7i)e—i¢(t) Sin[en(T _ t)](+i)ei¢(t) sin[fn (7—t)] 52
0

= sin?[fu(7 —t)] (3.67)

We can writeG!! by the equations above

e Gii Giz _ cos? 0 (7) 0 (3.68)
GH Gi} 0 sin? 6,,(1)

G# = sin? 0,,(T — t) because G2? = G1}

3 = / 22657, U (6:7,1)4Q(9)
= / cos O, (t)e D sin 6, (t)dp
=0 (3.69)
G3l = 0 because G11 = Gi}
G% = cos? 0,,(T — t) because G323 = G
We can writeG?? by the equations above
G¥ G% sin? 6, (1 —t 0
G22 _ 11 12 _ ( ) (370)
G% G2 0 cos? O, (T — t)

We don’t have to calculate all the elements of the density matrix. For two-level
atom we have p1; = 1 — p22 and p12 = p3;; so it is enough to know only pi; and pq2 in
order to determine the system’s complete dynamics.

Firstly, we find p11(7) and then psa(7) by using equation (3.64)
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p1(r) = e<—T/T0>Tr[GH(T,0)p(0)]+i /Tdte(_T_t)/TOTr[GH(T,t)p(t)] (3.71)

70 Jo

First we write

2(0) = (,011(0) P12(0))
p21(0)  pa22(0)

then we multiply p(0) and equation (3.68)

G (7,0)0(0) = (COS2[9H(WH(O) C"SQ[@n(T)qu(o))

sin®[0 (7)]p21(0)  sin®[0n(7)]p22(0)

Now we track the equation (3.73) and find

TrGH (7, 00p(0)] = p11(0) cos[Bn(7)] + p22(0) sin? [0 (7)]

= p11(0) + [p22(0) — p11(0)] sin’ [0 (7))

We write p(t) and below.

o(t) = (Pn(t) P12(t)>
p21(t)  pa2(t)

then we multiply p(t) and equation (3.68)

G (r, () = (2 Onlr = Dlpn(t) - cosontr = t)]m@))

sin?[0,,(1) — t]p21(t)  sin?[0, (1 — t)]p2a(t)

Now we track the equation (3.76) and find
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(3.73)
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(3.75)

(3.76)



Tr(GYR(r, t)pt)] = p11(t) cos?[Bn (T —t)] + poz(t) sin®[0, (1 — )]

= pua(t) + [p22(t) — p1a(t)]sin®[0r (7 — 1)] (3.77)

Hence we can write pnexp< + ;;J) like this

,011696P< + ;) = (p11(0) + [p22(0) — p11(0)] sin?[6,,7]

" jo /0 o < i ;o> {p11() + [p22(t) — pra ()] sin®[B (7 — D]} (3.78)

In a similar way pagsexp| + TTO) can write like this

P22€$P<+:0) = (p2(0) + [11(0) — p2a(0)] sin?[6,7

= /0 e”””( ! :0> {p22(t) + [pua (1) = paa(B)] sin® [0 (7 — )]} (3.79)

The quantity of experimental interest is called inversion and it is described as

W,, = p11 — p22 and can be evaluated with the use of equations(3.78) and (3.79)

(o1 — p22>exp< n ) - {[pu«n = o] + 20p2(0) — 11 (0)]sin?(,7]

+:0 /OT e$p( + ;0) {[PH(O) — pao] + 2[p2a(t) — p11(t)] sin®[0, (T — )]} (3.80)

Since

Wi = p11 — p22, Wa(0) = p11(0) — p22(0) (3.81)

We replace (3.83) in equation (3.82) we find the equation below.
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Wnexp< + ;) — W, (0) + [1 — 2sin®(6,7)]

/ e:rp( ) {1 — 2sin?[0,, (7 — )]} W, (t)dt} (3.82)
This equation describes the relaxation of the population and can be solved easily

by the procedure of differentiation. We will differentiate (3.82) three times and after

carrying out necessary simplification we get

aw, =
e + W T = = W,(0)[—(26,,) sin(26,,7)]
T T0
1 [ = T 1
v [ e [ (2600) sin(200(t — 7)) Wi(£)dt + 7o Wi (1) — (3.83)
T0 0 T0
2w, = dW, (=
ety W % 1 S Wae = W, (0)[—462] cos(26,7)
dr? dr 78
1 (7 o+
b [ D[ (462) cos(20, (1 — ) Wa(t)dt
70 Jo
T 1 = dW, 1
+e0Wy(r)— +em
75 dr 7
W, dW, 1\ = -
n " 0 = (—(46%))W,em 3.84
(S + S 0)eh = e (3.8)
3 2 . 2 .
W, d Wnl o d“w, 1 de% z _ de( 40121)6(%)
dr3 dr? 19 dr? 19 dr 7 dr

+(—467) — We( ) (3.85)

If we simplify equations (3.83), (3.84), (3.85) we find the equation below;

3 2 d? 1 20,,)?
4 Wy Wn | < (20n)2>dW” + (26n) W, = 0 (3.86)

dr3 +TT) dr2 5 dr T0

where the required solution should satisfy the following initial conditions:
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dW d*W
=0 = —(200)*Wa(0) (3.87)

We make use of the Laplace transform to solve (3.86) together with the initial
conditions mentioned in equation (3.87) and obtain the following expression for the

time evolution of inversion W, (t):

3 2 2
ﬁ{d Wo | 28 Wn <1 + (20n)2>dW" 4 (2n) Wn,T,s} = 0 (388

dr3 T0 dr? 5 dr T0

We find

2 4 2
S+7’0 T

Wi (s) =

t
834+ 20 4 5 4 (20,)2 + ez (0 (3.89)
7o

T0 70

For W, (0) = 1 we take the inverse Laplace transform of W, (s).

We get;
ty/1—-167262
t\/1— 167562 o
Wo(t) = e ¥/ cos| Y- —0°n] 4 gjn[——200
A0 { LA v
1-1672 g2v/n+1
pof 116738V T 1 NEG
= e 1?0 cos| | + sin| 55 ]
219 1—-1678g5vn+1
1/2 t _
_ t/ZTo{ Atgo(n +1)ro 49375 (n+1) 1 }
= e cos| ]
279
1 _t
= 2govn +12Z,t in[2govn + 1Z,t 7o W,(0) (3.90
(COS[ gO n n ]2907_0\/mzn52n[ 90 n n ])6 n( ) ( )
in which
1
Zn = ( —1)2 (3.91)

16g575(n + 1)

To find the elements of density matrices we use the master equation (3.64). We
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use Laplace transform techniques during the process. Then our master equation (3.64)

becomes equal to;

pim(r) = TTOTHG™(7,0)p(0)] + 1/T dte =T/ TG (7, 1) p ()]
T0 0
First we write
0 0 T T
2(0) = p11(0)  p12(0) () = p1i(t)  pi2(t) () = p1(7)  pra(7)
p21(0)  p22(0) p21(t)  paz(t) p21(T)  p22(7)

By using the equations above we can write the matrices U(¢; 7,0) and U~ (¢;7,0).

cos(0,7) —isin(f,7)e 00
U(¢7 T, O) - '
—isin(0,7)e) cos(0,,7)
cos(0,T isin(0,7)e"¥®
U—1(¢; T, 0) — ( ) ( )
isin(@,7)e0 cos(6,7))
Similarly
cos(On (T —1 —isin(0, (T —t e~ i9(t)
T (balr = 0)
—isin(f,(r —t))e ) cos(0n (T — 1))
cos(by (T — ¢ isin(O, (1 — t))e @M
U_l(qb;T,t) — ( ( )) ( ( ))

isin(f, (1 — t))e’¢® cos(O, (T — 1))

We find matrix A by multiplying U(¢;7,0) , p(0) and U~(¢;7,0)

A =U(¢;7,0)p(0)U (¢ 7,0)
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The elements of matrix A are;

Ar = c08(0,7)%p11(0) + 1/2ie7 %M sin(20,,7) (€2 p15(0) — p21(0)) sin(, (7))%p22(0)
Ap = cos(0,7)%p12(0) + e 2% sin(0,7)2 21 (0) + %Sin(297)(i cos ¢(t) + sin ¢(t))
(p11(0) — p22(0))
Ay = €sin(0,7)°p12(0) + cos(0,7)*p21(0) — %iem sin(20,7)(p11(0) — p22(0))
1.

Ay = sin(0,7)%p11(0) — =ie” sin(26,,7) (% p12(0) — p21(0)) + cos(6,,7)%p22(0)3.92)

2"

Now we find integral of matrix A;

cos?(0,7)p11(0)  cos?(0,7)p12(0)
27 sin?(0,7 0
A = 5= [ UG 0pO0 0im0) = | i) (3.93)
T Jo c0s2(0,7)p21(0) sin?(6,7)p11(0)

+cos?(0,7) p22(0)

We find matrix B by multiplying U(¢;7,t) , p(t) and U~1(¢; 7, 1)

By = cos(0(r))?pui(t) + 1/2167@(0 sin(20,,(7)) (%9 pra(t) — pan (1)) sin(6n (7)) paa (t)
Bis = cos(ur)?malt) + e sin(0,7)pna (1) + 1 sin(207) i cos 6(1) + sin (1)

(p11(t) — pa2(t))
By = €”?sin(0,7)°p12(t) + cos(6,7) a1 (t) — %iew sin(260,7)(p11(t) — pa2())

)
17,6 1 in(20,7) (€% p1a(t) — pa1(t)) + cos(0,7)%pa(t)  (3.94)

BQQ = Sin(@nT)Qpll(t) 5
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Now we find integral of matrix B;

cos?(0,7)p11(t) cos?(0,7) p12(t)
2m sin?(0,,7
Bui= o [ Um0t gm0 = | T 7R (395)
0 cos?(0,T)pa1(t)  sin?(6,,7)p11(t)

+ cos? (0, 7) p2(t)

i _T=t
We multiply A;n: by e o and multiply B;,; with e 7 .We sum equations. Then

we take Laplace transform with respect to 7

cos?(0,7)p11(0)  cos?(0,7)p12(0)

E{ p11(7)  p12(7) } _ L{e_TTO +sin* (6, 7) p22(0) }
cos2(0,7)p21(0) sinQ(GnT)pn(O)
+cos?(0,7) p22(0)

p21(T)  pa2(7)

cos? (0, (1T — 1)) p11(t) cos? (O, (T — ) p12(t)

T —t sin2 T —
+£{1 / ot | s (On(m = 8))p2a(t) } (3.96)
0 Jo o8 (0n(r — D)par(t)  si?(0u(r — 1)) pra (1)

+cos? (0, (7 — 1)) p2a(t)

Afterwards, we get

HUp11(s), pr2(s)}, {p21(5), p22(s)}} =
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70((1 +708)* + 27507 p11(0) + 27867 p22 (0 ) 70((1 +708)* + 27507 ) p12(0)
(1+ 708)3 + 472 (1 + 705)02 " (14 708)3 + 473 (1 + T05)02

{

T()((l + TOS)2 + 27’029721)/)21(0) 27‘39np11(0) + Tg((l + 7'08)2 + 27’026721),022(0)
(14 708)% + 473 (1 + 108)602 (14 708)% + 473 (1 + 795)02

{ H

(1 + 105)* + 27507 )p11(t) + 27505 p22(t)  1o((1 + 705)° + 27367 ) pr2 (1)

i (14 708)3 + 473(1 + 7105)62 " (14 708)% 4+ 478(1 + 708)02

10((1 +708) + 27502) p21(t) 27302 p11(t) + 10((1 + 705)? + 273602) paa(t)
(14 798)3 + 470( + 708)02 (14 798)3 + 4702(1 + 708)62

o (3.97)

After we make addition we find matrix C. The elements of matrix C are as follows:

T0<(1+T08) +2T 92),011( )+27’ 92p22( )—I—Tg((l—i-’l'os) —1—27' 92)p11< )+27’ 02 )pgg( )

C =
1 (1+798)3 + 47'02(1 + 708)62
Cry — o((1 +705)” + 27367) (p12(t) + p12(0)
(14 719s)3 + 47'0 (14 795)02
Co = 70((1 + 705)% + 27502 ) (21 (t) 4 p21(0)
(1+ 708)3 + 478 (1 + 795)02
O 7027302 p11 (1)) (1 4 7108)* + 275607 ) paa(t) + 275602) p11(0) + (1 + 7108)* + 27562 ) p22(0)
2= (14 708)% +473(1 + 795)02
(3.98)
and

Hp11(s), pr2(s)}, {p21(s), p22(s)}} =
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70((1 +708)* + 27507 ) p11(t) + 27505 p2a(t) + 10((1 + 705)* + 27567 ) p11.(0) + 27567 ) p22(0)

{

(1+798)3 + 47'3(1 + 708)62

(1 )2+ 27262) (o1a(t) + p12(0) 7o((1 + 705)” + 27262) (par (£) + p2a 0)
(14 708)% +473(1 + 705)02 ’ (14 708)% +473(1 + 705)602

)

0(27307 p11(1)) (1 + 708)* + 275602 ) p22(t) + 27567 ) p11(0) + ((1 + 705)* + 27367 ) p22(0)
(14 708)3 + 47 (1 + 705)602

(3.99)
If we solve the equation (3.99) we find;
7'0(1 + 7’0(—1 + (2 + T()(—l + 8))8 + 27’09721))p11<0) + 27’39%7’h022(0)
p11(8) = 209 (3.100)
(1 +70(=1+8))((1+10(=1+ 5))(1 + 708) + 47507)
70((1 + 108)* + 27565 ) p12(0)
_ 3.101
pr2(s) (1+ 7o(—1+ 8))(1 + 708)2 + 272(2 + 70(—1 + 25))62 (3-101)
70((1 4 7108)* + 27367 )p21(0)
= 3.102
p21(s) (1+70(=1+48))(1 + 7108)% + 272 (2 + 7o(—1 + 25))62 ( )
392 _ _ 2
o(s) = 2750,,011(0) + 70(1 + 10(=1 + (2 + 70(=1 + 5))s + 2700;,)) p22(0) (3.103)

(14 70(=148) (1L + 70(—=1+ 5))(1 + 108) + 47362)

if the take inverselaplace transform of equations (3.100)and (3.103) we find
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1 _t sinh[2gov/n + 12Z,t] )
t)= - 0 270 h(2 1Z,t
pia(®) = 5 ((0) 4 75 (‘coshlzgn i 12, 4 5 B0

(p11(0) — p22(0)) + p22(0)> (3.104)

1 _t sinh[2gov/n + 12,t] )
t) = - 0)—e ? h[2 1Z,t
p22(t) > <pl1( )—e 270 <cos [2g0v/n + 1Z,t] + Sy

(p11(0) — p22(0)) + ﬂ22(0)) (3.105)
1/2
. . _ 1
in which Z, = <1Gg§t§(n+1) - 1>

Now we find W), = p11 — p22 again.

Wi, = (cos[2govn + 1Z,1t] sin[2govn + 1Znt])6_%Wn(0) (3.106)

1
2goT0V/n + 12,

We find the same solution with equation (3.90).
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CHAPTER 4
ENTANGLEMENT IN TWO ATOMS-ONE FIELD INTERACTION
UNDER RANDOM PHASE TELEGRAPH NOISE

In this chapter, we review the entanglement properties of a two-atom system, which are
inside an optical cavity in an stochastic interaction with field and studied by the Jaynes-
Cummings Model. The phase telegraph noise is seen as a noise term and an exact
solution about this model is obtained. This solution presents the resulting decoherence
effects of the noise on the system’s entanglement properties. It shows that the single
atoms are not in an entanglement with cavity field under the noise. However, a strong
atom-atom entanglement is observed in stationary state. It is observed that, in the
steady state of atom-atom entanglement a relatively strong noise is cooperative.This

chapter is based on the article of Ozel, Yilmaz, Kayhan [74].

4.1 The Formulation Of The Problem

We have considered the interaction of two-level atoms. These are described by spin-
1/2 operators Sil ’2), SQ’Q) and have a single-mode of quantized radiation field which is
described by the annihilation and the creation operators a, af, respectively. We suppose

that the field shows resonance with the atomic transition frequency wg. As a result,

the Hamiltonian of the system takes the form of (A = 1).

H = woa'a + Z woSE + (g*(t)S%a + g(t)Sal) (4.1)
i=1,2

where g(t) is the time dependent coupling coefficient between the atom and the
field. In order to apply the phase telegraph noise into the problem, g(¢) is regarded to

be stochastic and described as

g9(t) = goe® (4.2)

60



where ¢(0) is a positive real constant amplitude and ¢(t) is a stochastic variable
which fluctuates between various arbitrary phases in a manner of jumps. The jumps
are separated by an average time interval called the mean dwell time. ¢(t)s in the
neighboring intervals are not correlated. As a result, the probability of finding ¢ stays
the same at any instant of time. Hence, ¢(t) can undergo continuous random change
of Markov process and this situation allows us to take the average over the stochastic

fluctuations.

4.2 The Solution

We consider the system to which the atoms are trapped inside a single mode optical
cavity. Firstly, the cavity field is set in the vacuum state |0), atom 1 in the excited
state |e), and atom 2 in the ground state |g) [75, 76]. In this case, the initial density

matrix of the system becomes

p(0) = [0)(0] ® |eg) {eg| (4.3)

The exact analytic solution of the system of the time-dependent relevant density

matrix in the interaction picture can be get from the method

-

p(r)e™s = / U(6:7,0)p(0)U " (657, 0)dQ(6) + - / U7, 6)p()U (¢ 7. £)dQ()dH4.4)

where 79 is the mean dwell time and dQ(¢) = %. In this integral equation, the
statistical average is taken over the stochastic variable ¢(t).

Our aim is obtain the general solution of the density matrix. In order to solve the
problem we will use the Laplace transformation techniques.

First we find H;,,; matrix. The subspace basis are |Oee), |Oeg), |0ge), |0gg), |Lee),

|leg),|1ge), |1gg). Using these basis we can write elements of H;,; matrix like this;
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Hyy = (0Oee|Hnt|Oce) Hyo = (Oee|Hint|Oeg)
Hyy = (0eg|H;nt|Oce) Hyy = (0eg|Hint|Oeg)

Hs1 = (0ge|H;nt|Oee) Hsy = (0ge|Hint|Oeg)

Hy = (0gg|Hint|Oce)  Hiz = (0gg|Hint|Ocg)

Hsy = (lee|H;nt|Oee) Hso = (lee|Hint|Oeg).....
Hg1 = (leg|H;nt|Oce) Hgo = (leg|Hint|Oeg).....
H7;1 = (lge|H;nt|Oce) Hyy = (1ge|Hint|Oeg).....

Hg1 = (lgg|Hint|Oce)  Hgy = (1gg|Hint|Ocg)

We can write H;,; matrix as follows by using the above equation (4.5)

0 00 0 0 e®
0 0000 O
0 0000 O
Hmt:oooooo
0 0000 O
e?® 0000 0
e*® 0000 0

0 000 0 €20

We find unitary matrix U(¢;7,0) below
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Hig = (Oee|Hint|1g9)
Hag = (Oeg|Hint|19g)
H3g = (Oge|Hint|1gg)
Hys = (0g9|Hint|199)
Hss = (lee|Hint|1g9)
Hes = (leg|Hint|199)
Hrg = (1ge|Hint|1g9)

Hgg = (199|Hint|1gg) (4.5)

(4.6)



ie” ' sin(v/27) _ie*id’ sin(v/27)
V2 ’ V2
{0,cos( T2, — sin( 7 %,0,0,0,0, - ¢ Sin(v2r)
70 70 V2
)2, cos( 2 )2,0,0,0,0, ~ 1 SInV27)
o o V2
{0,0,0,1,0,0,0,0}, {0,0,0,0,1,0,0,0}

U(¢;7,0) = {cos(v27),0,0,0,0, -

,0}
¥

{0 — sin( }

sin v/27(—i cos(¢) + sin(¢)) T2 (T2
{ 7 ,0,0,0,0,cos(\f) , (\/i) ,0}
sin v/27(—i cos(¢) + sin(¢)) T T
{ NG ,0,0,0,0, —Sm(\ﬁ)2 COS(E)Q,O}
0. sin v/27(—i cos(¢) + sin(¢ )) sin v/27(—i cos(¢) + sin(¢))

v 2
,0,0,0,0, cos(v2r)} (4.7)

We take inverse of U and find U~!(¢;7,0) ;

sin(v/27) (i cos(¢) + sin(¢))

U~ (¢;7,0) = {cos(v27),0,0,0,0,

V2
sin(v/27) (i cos(¢) + sin(e)) 0}
; NG ;
T sin(v/27) (i cos(¢) + sin(¢))
{0,COS<\/§) —sm(ﬁ) ,0,0,0,0, 7 }
LT sin(v/27) (i cos(¢) + sin(¢))
{0,—Sln(\/§)2 cos(ﬁ) ,0,0,0,0, 7 }
{0,0,0,1,0,0,0,0}, {0,0,0,0,1,0,0,0}
ie”" sin(v/27) T2 an( 2
{T,O,O,O,O,COS(T) , (ﬂ) ,0}
te”'? sin(v/2r) _sin( ), cos( -2
{ \/i 707070707 (\/>) (\/>) 70}
ie”' sin 7) ie"*sin
{0, ﬂ(ﬁ ), ﬂ(\[ ),o,o,o,o,cos(\ff)} (4.8)

We write p(0), p(t) and p(7) below
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(4.9)

000 0O0OO0OOP

01 00O0O0OO0OQ O

000 O0O0OOGO0OO O

000 0O0O0OOOPO

0 00 O0O0O0O0OO© O

000 O0O0OO0OTO 0O O

000 0O0OO0OO0ODPO

000 O0O0O0O0OO O

—
]
i
=
~—
—~ —~ —~ — —~ —~ —~ —~
+~ + + +~ + +~ = +
~— ~— ~— ~— ~— ~— ~— ~—
00 0 0 0 0 0 0 0
— N gl Nl 0 © ~ 0
QU QU QL QU QU QU QU QU
—~ —~ — —~ —~ —~ —~ —~
- + + - + + - +
~— ~— ~— ~— ~— ~— ~— ~—
r~ D~ I~ r~ b~ I~ b~ b~
— N g < 0 © I~ 0
QU U L QU U QU QU U
—~ —~ — —~ —~ —~ —~ —~
- + + + + + - +
~— ~— ~— ~— ~— ~— ~— ~—
© el el Qo Ned el Ne) el
— N g < 0 © I~ 0
QU Q< QU S8 QU X
—~ —~ — — —~ — — —~
and +~ + +~ + + +~ +~
0 0 0 i} 0 0 0 o)
— N g Nl 0 © I~ 0
QU QX QU SN QUL X
+~ +~ +~ +~ +~ +~ +~ +~
< < < = < < NS <
— N "g) < 0 o I~ 0
QU QX QUL X SN QUL X
—~ —~ —~ —~ —~ —~ —~ —~
+~ +~ +~ +~ +~ +~ +~ +~
™0 g} e} ar) ae) @ g e}
— N +g) < 0 Ne) L~ 0
QU QL U QU QU QU QU U
—~ —~ —~ —~ ~—~ —~ —~ —~
+~ +~ +~ +~ +~ +~ +~ +~
2 N N ) N N N N
— N g) Nl 0 © I~ 0
QU QU U QU QU QU QU QU

—~ —~ —~ —~ —~ —~ —~ —~
~— ~— ~— ~— ~— ~— ~— ~—

o~ o~ o~ o~ o~~~ o~

~— ~— ~— ~— ~— ~— ~— ~—

~~ I~ I/~ /N /N /N

~— ~— ~— ~— ~— ~— ~— ~—

e N e T T e e e

~— N~ N~ N~ N~ ~— ~—  ~—

~ o~ N N N

~— ~— ~— ~— ~— ~— ~— ~—

o~ o~ o~ o~ o~ o~~~

~— ~— ~— ~— ~— ~— ~— ~—

~~ N I/~ /N /N /N~

~— ~— ~— ~— ~— ~— ~— ~—

o N T T T e e

~— N~ N~ Y ~— Y~ ~— ~—

~ o~ N N N

—_— — — ~— ~—  ~—  ~—  —

U(¢;7,0)p(0)U~1(¢;7,0) and then find the integral of matrix D

We find D
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0 0 0 0000 0
0 cos(%)4 —1sin(v27)2 0 0 0 0 0
0 —3sin(v2r)? sin(%)‘l 0000 0
0 0 0 0000 0
Dipy = (4.12)
0 0 0 0000 0
0 0 0 0000 0
0 0 0 0000 0
0 0 0 00 0 0 3sin(v2r)?

We multiply D;,; with e and find a new matrix if the Laplace transform of new

matrix is taken we find

ﬁ(Dmt) = {070707070707070}

-1 3 4(1 4 798) 1+ 798
{o, ?7'0(—1 - ) N 2 57)
+705 142105 +75(2+ %) 142795+ 75(8 + 5?)
3
70
- 7070707070
(14 708) (878 + (1 + 705)2) }
3
{07 - TO
(1+ Tos)(87'02 + (1 + 7198)?)
6 5
2 T02 2 2 10a0707070}
(1 +708)(1 4+ 2105 + 75(2 + 52))(1 + 2705 + 75(8 + 52))
{0,0,0,0,0,0,0,0}, {0,0,0,0,0,0,0,0}, {0,0,0,0,0,0,0,0}
9 3
{0,0,0,0,0,0,0,0},{0,0,0,0,0,0,0, 70 }(4.13)

(14 708) (878 + (1 + 79s)?)

We find E = U(¢;7,t)p(t)U~1(¢;7,t) and take the integral of matrix E and after-
wards we get Ej,;. We multiply Ejy,; with e%OT and find a new matrix. We take Laplace
transform of the new matrix. If the Laplace of the new matrix is taken we find L(Fjn).

We sum L£(Djp) and L(E;y;) and find a very big matrix. We take inverse Laplace

of the big matrix and find density matrix p(¢) The elements of density matrix are;

1 ry/1—6472t

1 —t V1 — 6472t sinh[¥——C-

p22(t) = — (6 + 2e2m <5 cosh| i ]+5 - ]>> (4.14)
270 V16472

16
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. 1y/1-6472

1 —t 71— 6470215 Smh[TTot]
p23(t) = 75| — 2+ 20| cosh[F— ]+ 2
70 V1 — 6477

.1/ 16473t

1 . V1= 6472, sinh[Y—"0]
p32(t) = — | — 24 2e?0 | cosh] |+ >
16 279 V1 — 647

.1/ 1-6472
1 —t V1 — 6475t Slnh[TTot]
p33(t) = — | 6+ 2e20 | — 3cosh| ]—3
16 21 J1—6irg

=t \/1—6472
1 —t V1 —64r5t, e’ Slnh[TTot]
pss(t) = —( 1 — 2o cosh| ] —

279 /1 — 64702

4

The general solution is

p(t) = p22(t)|0ge)(Oge| + (p23(1)[0ge) (Oge| + h.c.)

+ p33(t)[0ge)(Oge| + pss(t)|1g9) (199

4.3 Results And Discussion

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

We use the (4.19) in order to investigate the effects of the phase telegraph noise on the

entanglement properties of the system. We obtain the reduced density matrix p®/1(¢)

of the subsystem for the atom 1 and the field as follows by tracing out degree of freedom

of the second atom:

p I (t) = paa(t)|0g)(0g| + ps3(t)]0e)(Oe| + pss(t)|1g)(1g]

(4.20)

and by repeating this process for the first atom in order to obtain the density matrix

for the atom 2 and the field subsystem
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pHT2(t) = paa(t)|0e)(Oe| + p33(t)|0g)(0gl + pss(t)[1g) (19| (4.21)

As po3(t) and psa(t) are equal, it can be suggested that p®f1(t) and p®2(t) gives

the same density matrix. So

P = p2(1) (4.22)

By tracing out the degree of freedom of the cavity field, we get the reduced density

matrix p®(t), for the subsystem containing the atom as

pr(t) = paa(t)lge)(gel + (p23(t)lge){egl + h.c.)

+ p33(t)]eg)(eg| + pss(t)|gg) (g9l (4.23)

The dimension of the atom-atom subsystems are 2®2. For these systems the degree
of the entanglement can be quantified by the Wootters’s concurrence C(t) [77] which

is defined as

C(t) = maa:{O, Al(t) — )\2 (t) — Ag(t) — )\4(t)} (4.24)
where A\ (t) > Aa(t) > A3(t) > A\4(t) are the square roots of the eigenvalues of the
matrix
R(t) = p(t)(oy ® oy)p(t)*(oy ® 0y). Here p(t) is density matrix. Finding R(t) we
first write Pauli spin matrix o,.

Afterwards, we find tensor product of o, and oy,
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o
o
o
|
—_

0 01 0

(oy ®oy) = (4.26)
0 1 0 O
-1 00 O

We will calculate C(t) of these subsystems for checking entanglement properties.
First the atom 1 and the field subsystem will be calculated. We can write the

equation (4.20) as a matrix, as in the following

pet) 0 0 O
" 0 p33(t) 0O 0
P (1) = (127)
0 0 0 0
0 0 0 pss(t)

We calculate conjugate of (4.27) If we multiply equation (4.26), (4.27) and conjugate
of p®/1(t) we find R(t). Later we find eigenvalues of R(t) and we calculate concurrence

of R(t). We find C(t) and we plot it.

ps3(t) 0O 0 0
a 0 ,OQQ(t) 0 0
0 0 0 0

0 0 0 pss(t)

We calculate conjugate of (4.28) If we multiply equation (4.26), (4.28) and conjugate
of p®/2(t) we find R(t). Later we find eigenvalues of R(t) and we calculate concurrence
of R(t). We find C(t).

The degree of the entanglement is calculated and found to zero, C(t) = 0 from the
equations (4.20) and (4.21). So there is no entanglement present between the field and
the individual atoms during the time evolution of the system due to the noise. As a
result, it can be stated that the atoms don’t entangle with the cavity field. At the

beginning of the interaction, there may be minor entanglement between the field and
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the atoms but it disappears in a very short time.
Then we calculate the concurrence of atom-atom subsystem. From the equation
(4.23) we can write the reduced density matrix p®®(t), for the subsystem which contains

two atoms. We write p®“(t) below

0 0 0
p22(t) p2st) 0
p32(t) pas3(t) 0

0 0 pss(t)

p*(t) = (4.29)

o o o o

After that, we calculate conjugate of p®*(t). If we multiply equation (4.26), (4.29)
and conjugate of p?(t) we find R(t) for p®(t). Later we find eigenvalues of R(t)
and we calculate concurrence of R(t). In the atom-atom subsystem entanglement the
situation is very different. This can seen from (4.29) results. The effects of random
phase telegraph noise on the entanglement properties of the atom-atom subsystem are

shown in Fig.4.1.

Figure 4.1: Concurrence C as the function of the time got and the mean dwell time
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As seen in the graphic above, the entanglement between the atoms reaches max-
imum level and it disappears with oscillations after a certain time. Another result is
that, the average dwell time T increases and in line with this, the strength of the entan-
glement and the appearance time increases. The effects of the noise on the interaction
decrease at the same time. There is no energy dissipation in the system. As a result,
this dissipation mechanism is different from the general dissipation mechanism, which
affects the system energy. The system monitors all phase changes and may react to
them as a decrease factor. There is a relation between the entanglement time of the
atoms and average dwell time. As a result, the sufficiently strong noise helps to create
fixed state atom-atom entanglement. If average mean time goes to infinity, the effect
of the noise over the atoms decreases and the entanglement dynamics become periodic.
There is a monotonous relation between the entanglement of the atoms and the mean
dwell time of phase telegraph noise. In the current study there is no energy dissipation
from the system and the noise cannot be controlled. The noise depends completely
on the stochastic behavior of the system, not the environmental effect. In quantum
information processing, noise plays a constructive role, but entanglement arises from a
controllable situation. We can say that there is no entanglement between the individual

atoms and the field in time due to the noise
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CHAPTER 5
ENTANGLEMENT OF THREE ATOM- ONE FIELD
INTERACTION UNDER RANDOM PHASE TELEGRAPH NOISE

In this chapter we increases the number of atom interacting with the field and study one-
field three-atom interaction by Jaynes-Cummings model under random phase telegraph
noise. We show that under the noise the atoms and the field do not entangled with
each other during the time evolution of the system. First we calculate fidelity of the
subsystem to find if the system is entangled or not. We use fidelity because the system
is three-partite. We know by the definition of the fidelity that, F' is non-negative and
it can not be larger than 1.

In section 5.1, the formulation of the problem is presented briefly. The analytical
solution of the systems of three atoms in an optical cavity under random phase telegraph
noise is obtained. In section 5.2 solution of the problem presented. In section 5.3 the

result are discussed.

5.1 The Formulation of the Problem

The Hamiltonian of the system with rotating wave approximation under the assumed

conditions is (h = 1).

H = woS!+woS?+woS? +woala+ g*(t)Sta + g(t)Stal

£ ()82 a+g(0)S%al + g*(H)STa + g(t)SPal (5.1)
We use the interaction part of the Hamiltonian. The interaction part of the Hamil-
tonian is;

Hini(t) = g*(t)Sya + g(t)S_a’ 4 g*(t)S b+ g(t)S_b' (5.2)
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where ¢(t) is the time-dependent coupling coefficient between the atom and the

fields, and it is considered to be completely stochastic:

g(t) = goe'?® (5.3)
go is a real number. In our calculation we have gy = 1.

5.2 Solution

First we obtain H;,; matrix with basis {|0egg),|0geg), |0gge),|1ggg)}. We find the

elements of H;,; matrix below

Hyy = (Oegg|Hint|0egg) =0  Hiz = (0egg|Hint|0geg) = 0

Hi3 = (0egg|Hint|0gge) =0  His = (Oegg|Hint|1999) = g* (t)

Hy = (0geg|Hint|0egg) =0  Haz = (0geg|Hint|0geg) =0

Hys = (0geg|Hint|0gge) =0 Hay = (Ogeg|Hint|1g9g9) = g7 (t)

Hs; = (0gge|Hint|Oegg) =0 Hso = (0gge|Hint|0geg) =0

Hys = (0gge|Hint|0gge) =0  Hzs = (Ogge|Hint|1ggg) = g*(t)

Hy = (lggg|Hint|Oegg) = g(t) Haz = (1999|Hint|0geg) = g(1)

Hyz = (lggg|Hint|Ogge) = g(t) Haa = (1999|Hint|1ggg) =0 (5.4)

From the equations above we obtain H;,; matrix:

0 0 0 g @t 0 0 0 e 0

0 0 0 gt 0 0 0 e

0 0 0 g @t 0 0 0 e @0
g(t) gt) g(t) 0 o) pid(t)  pid(t) 0

From the other chapters, we now assume that the unitary matrix equal to
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U = e(-tHim) (5.6)

We find unitary matrix U(¢;,0) below

U(g;7,0) = {{3(2+cos(\/¢)) 3( 1 4 cos(V/37))

1( Ze_w’sm(\fT)

3 — A

{3(~1 4 cos(VBr)), (2 + cos(V3r))

ie” ' sin(v/37) }
V3

—1 4 cos(V/37)), — }

,é(—l + cos(V/37)), —

1

{5(-1 4+ cos(v/37)), 5(~1 + cos(V3r))
1 ] e~ sin(v/37)
§(2+cos(\/§7')) —T}
{sm(\fT)( icos(¢) + sin(¢ )) sin(v/37)(—i cos(¢) + sin(¢))
V3 V3 ’
sin(v/37)(—i cos(¢ )+Sm(¢)),cos(\/§7)} (5.7)

V3

We take inverse of U and find U~!(¢; 7,0) ;

U~ (¢;7,0) = {%(Q—i-cos(\/g ), %(—1—|—cos(\/§7')),%(—1+cos(\/§r))
sin(v/37)(—i cos(¢ )+sin(¢))}
V3
{5(~1 4 cos(v/37)), 5(2 + cos(v/37)), 3 (~1 + cos(v3r)
sin(v/37)(—i cos(¢ )+sin(d>))}
V3
{%(—1 + cos(vV3r)), %(—1 + cos(v3r)), é@ + cos(v3r))
sin(v/37)(—i cos(¢ )+sin(¢))}
V3
ie'? sin(v/37) ie' sin(v/37) 16“1’8111(\[7')
Y R BN

{ cos(V37)}  (5.8)

We write p(0), p(t) and p(7) below
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o o o o
o o o O
o o o o
o o o o

(5.9)

p14(t)
p24(t)
p34(t)
paa(t))

(5.10)

p14(T

P24(T

(1)
(7)
p34(T)
(1)

P44(T

(5.11)

We apply the appropriate form of equations (5.7) and (5.8) with the conditions in

equations (5.9), (5.10) and (5.11) to our master equation. First of all, we make the

integrating parts respect to the ¢ in the interval [0, 27]. Afterwards, we divide the both

sides of the equation e 7. After division we use of the Laplace transformation respect

to the [1,s]. Then we solve the equation. After then, in order to obtain the density

matrix we use the inverselaplace transform. After simplifying our solution we have

sinh(¥——2% 1_3873t)

279

— 4872t V11— 1272t
it )+8003h(7m)
t

V/1-1272

)
) o



1 1 — 4873t 1— 1272t
p12(t) = 36 ( 6+ 2¢ e <cosh(27_087—0) + QCOSI’L(TTO)
sinh(@) 2¢in h(@)
+ =+ 5.13
N o127 (5.13)
(t) - 1 6 + 26 27—0 Cosh(i&-gt) + 2cosh(ﬂ)
P13 = 36 p -
smh(@) 2sin h(@)
+ 5.14
N i (5.14)
(t) = ! —6+4+2 270 h(ﬂ) ) h(ﬂ)
- 36 ‘ o 279 s 279
sinh(@) 25in h(@)
o+ 5.15
V1 — 4872 m (5.15)
1 1 — 4875t 1— 1275t
p2(t) = 6+ 2e e cosh(+——L) — 4cosh(X————L)
36 27 279
sinh(@) 4sin h(@)
t = 5.16
V1 — 4872 m (5.16)
(t) = ! 6+ 2e 7 cosh(ﬂ) — 4003}1(%)
P23 = 3 270 o
Smh<@) Asin h(@)
+ - 5.17
/i i1 (5.17)
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1 L 1 — 4872t 1—1272t
pa(t) = 36 ( —6+2e %0 <cosh(7_07—0) + QCOSI’L(TTO)
182 192
+ Sinh(@) + 28mh(@) (5.18)
V1 —4872 V1-1212 '
(t) L (64 2077% h( 1_487[%) dcosh( 1_1273t)
= — e 2o | cosh(~————) — dcosh(~————
P32 36 - o
_ 2 _ 2
sinh(@) 4sinh(@) 519
V11— 4872 JI— 1272 :
) = (642675 (cosh(YLZ B0 g VL1270t
P33 = 35 e coS 90 cos 57
— 4872 . 1272
V1-4878 V1-1272 :

— . \/1-487¢1
t L} o (VL= 3878, ¢ TS CTONN
p44( ) - 6 —€ 0 cos ( 27_0 ) - m ( . )

The other elements are

p14(t) = 0, p21(t) = 0, p3a(t) = 0, par(t) = 0, pa2(t) = 0, pa3(t) =0

Our general solution is

p(t) = p11(t)|0egg)(Oegg| + p12(t)|0egg)(Ogeg| + p13(t)|0egg)(Ogge|
+ p21(t)|0geg) (Oegg| + p22(t)|0geg) (Ogeg| + p23(t)|0geg)(0gge|
+ p31(t)|0gge) (Oegg| + p32(t)|0gge) (Ogeg| + p33(t)|0gge)(0ggel

+ paa(t)|1g99){1gg9]| (5.22)
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5.3 Result and Discussion

Now we can obtain a subsystem which is containing field 1 and the atom by tracing
out of the degree of freedom of the second field, by using the equation (5.22).
By tracing out the degree of third atom we obtain the reduce density matrix

pl@@12(t) of the subsystem for the atoms 1, 2 and the field as

pl 28 = (elp(t)le) + (glp(t)|g)
= p11(t)|0eg){Oeg| + p12(t)|0eg)(Oge| + p21(t)[0ge) (Oeg|

+ p22(t)|0ge){(Ogel| + p33(t)|0g9)(0gg| + paa(t)[1gg)(lgg| (5.23)

then we find it for the second atom to obtain the density matrix for the atoms 1, 3

and the field subsystem

pl B3ty = (elp(t)]e) + (glp(t)|g)
= p11(t)[0eg){Oeg| + p13(t)|0eg) (0ge| + p22(t)[0gg)(0gg]

+ p31(t)[0ge)(Oeg| + p33(t)|0ge)(Oge| + paa(t)[1gg)(lgg| (5.24)

and repeating it for the first atom to obtain the density matrix for the atoms 2, 3

and the field subsystem

pl Bty = (e|p(t)]e) + (glp(t)|g)
= p11(?)[099)(0gg| + p22(t)|0eg)(Oeg| + p23(t)|0eg)(Oge]

+ p32(t)[0ge)(Oeg| + p33(t)|0ge) (Oge| + paa(t)[1gg)(lgg| (5.25)

By tracing out the degree of freedom of the cavity field, we obtain the reduced

density matrix p®®@(t), for the subsystem containing three atoms as
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p*(t) = (0lp(t)[0) + (1]p(t)|1)
= pu(t)legg)(eggl + pi2(t)|egg)(geg| + p1s(t)legg)(ggel
+ pa1(t)|geg) (eggl + p22(t)lgeg) (gegll + p23(t)|geg) (ggel
+ p31(t)|gge)(eggl + p32(t)|gge) (gegl + pss(t)|gge)(ggel

+ p1a(t)|999) (999 (5.26)

We first checked if the genuine three-partite entanglement can appear in evolution of
this system or not. For discriminating the genuine three-partite entangled states from
other entangled states or separable states, we searched the state preparation fidelity to
adopt and to study if the three-partite entangled states can be generated in the system.

For a three-qubit state, the state preparation fidelity, F', is defined as
F(p) =(GHZ|p|GHZ) (5.27)

where |GHZ) is the three-partite GHZ state. A sufficient condition to determine
the genuine three-partite entanglement is whether F(p) > % or not. We considered the
state described by the density matrix p(t) in equation (5.22) and chose the GHZ state
to be |GHZ)

|GHZ) = %[(\90 —ile)) @ (Ig) +le)) ® (l9) = le}) — (lg) + ile)) @ (Ig) — le)) @ (Ig) + le))

(5.28)

(GHZ) = 1 (~lgge) + lgeg) — ilegg) + ilece)) (529)

If |GHZ) is equal to above equation (GHZ| is equal to;
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(GHZ| = 5(~{ggel + (geg] + ilega| — i(cec]) (530)

For finding fidelity we have to find p®*(t)|GH Z)

p)|GHZ) = (pll(t)egg><egg| + p12(t)legg) (gegl + p13(t)|egg) (ggel
+ p21(t)|geg)(egg| + p22(t)|geg)(geg| + pas(t)|geg)(ggel
+ p31(t)|gge){eggl + p32(t)|gge)(geg| + ps3(t)|gge)(ggel

+ paa(t)|g99) <ggg|) (;(—Igg@ + |geg) —ilegg) + ieee>)>

= 3 < ~ p1s(t)legg) — paalDlgeg) — pas(®lgge)
+ p12(t)egg) + p2a(t)|geg) + p3a(t)|gge) — ip11(t)
legg) — ip21(t)|geg) — ip31(t)|99€>> (5.31)
F(p*(t)) =(GHZ|p""*(t)|GHZ) = [;( — (gge| + (geg| + i{egg| — i<€€€|>]
1

5 (= pra(t)legg) = paa(t)lgeg) — pas(®lgge)

+ p12(t)]egg) + pa2(t)|geg) + p32(t)|gge)

—ipui(t)legg) — ipxi (1)lgeg) - ip31<t>\gge>)]

= 1<P33(t) — p3a(t) + ip31(t) — pas(t) + paol(t)

—ip21(t) — ip13(t) +ip12(t) + Pll(ﬂ) (5.32)
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The graphics of fidelity are below.

F as a function of the time gpot and mean

atom system under RPTN

Figure 5.1: The state preparation fidelity

dwell time T of the one-field three
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Figure 5.2: The state preparation fidelity F as a function of the time got and mean
dwell time T of the one-field three-atom system under RPTN
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In figures 5.1 and 5.2 the state preparation fidelity F' is plotted as a function of
the time (got) and the mean dwell time 7. In the figure while the time increasing the
entanglement of the system is decreases. So we can say that the effect of random phase
telegraph noise is decreasing here.It can be seen that F' cannot exceed % during the
system whatever the value 7 takes.This factor shows that we cannot achieve the genuine
three-partite entangled pure state. As a consequence, the one field and three atoms
that are in a three-partite mixed state cannot become genuinely three-partite entangled
when random phase telegraph noise is present. Thus, one state in this system remains
separable during the interaction. In order to investigate the situation more explicitly,

we investigate the entanglement dynamics in the sub-systems of this system.
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CHAPTER 6
CONCLUSION

In this thesis, we analyzed analytically the interaction between the two-level atom
and the single-mode cavity field in case there is a noise resulting from the stochastic
phase fluctuations in the atom model proposed by the Jaynes-Cummings model. While
examining this situation, we considered the random phase telegraph noise caused totally
by the system’s stochastic behavior. We also studied the visible effects of the interaction
of this noise on the entanglement dynamics in the case of random phase telegraph noise.
The entanglement dynamics of these systems in atom-field interaction have also been
studied under this noise.

First of all, we observed that noise density of the entanglement is a non-monotonic
function in a single atom-field interaction system. For optimal noise density the entan-
glement the entanglement degree decreases to minimum value and then reaches to a
sufficiently high density. Secondly, in the systems which have two atoms and single field
interaction, the effects of this noise on the systems’ entanglement properties showed
that the atoms and the fields are not in entanglement with each other. The noise does
not allow the atoms to interact with fields or vice versa. However, the non-vanishing
atom-atom entanglement can be reached and this entanglement has a higher scale than
the atom-field entanglements. It has been showed that the atom-atom entanglement is
rather sensitive to the noise. This system can track almost all of the phase changes of
the noise and reacts to the entanglement level which is independent of the mean dwell
time. There is correlation between the atom-atom entanglement and mean dwell time.
The entanglement is the monotonic function of noise density. However, in the mean
dwell time values which are sufficiently small, the decay in the entanglement stabilizes
at a constant value and continues to exist in stationary state.

Apart from these, we also made a research on the effects of random phase telegraph
noise on this interaction. In order to understand the effects of atom-field interaction
on entanglement, we started to study on random phase telegraph noise. Finally, by

taking the non-linearity effects into account, we reviewed the entanglement properties
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of the Jaynes-Cummings model and proved that the entanglement does not disappear

in both cases.
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