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ABSTRACT

Lζ-MODULES AND A THEOREM OF JON CARLSON

Fatma Altunbulak

M.S. in Mathematics

Supervisor: Asst. Prof. Dr. Ergün Yalçın

August, 2004

In this thesis, we study Lζ-modules, and using some exact sequences involving

Lζ-modules, we give an alternative proof to a theorem by Jon Carlson which says

that any ZG-module is a direct summand of a module which has a filtration by

modules induced from elementary abelian subgroups.

Keywords: Lζ-modules, cohomology, projective module, injective module, projec-

tive resolutions, elementary abelian p-subgroups, exact sequences.
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ÖZET

Lζ-MODÜLLERİ VE JON CARLSON’IN BİR

THEOREMİ

Fatma Altunbulak

Matematik, Yüksek Lisans

Tez Yöneticisi: Yrd. Doç. Dr. Ergün Yalçın

Ağustos, 2004

Bu tezde Lζ-modüllerini inceledik ve Lζ-modüllerini içeren bazı tam dizileri

kullanarak, herhangi bir ZG-modülün, temel Abel altgruplardan genişletilmiş

modüllerle filitre edilmiş bir modülün direk toplam terimi olduğunu söyleyen Jon

Carlson’a ait bir teoremi değişik bir yoldan ispatladık.

Anahtar sözcükler : Lζ-modülleri, kohomoloji, projektif modül, injektif modül,

projektif çözücüler, temel Abel p-altgruplar, tam diziler.
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I want to thank Dr. Seçil Gergün who always listens to me about my work

and also about all kinds of problems that I have had, for her valuable advices and

sharing her experiences with me. I also thank her for her helps about Latex and

maple.
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2.3 The Künneth Theorem . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Group Cohomology 17

3.1 The Group Algebra kG . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Cohomology of Groups and Extensions . . . . . . . . . . . . . . . 21

3.3 Low-Dimensional Cohomology and Group Extensions . . . . . . . 23

3.4 Minimal Projective and Injective Resolutions . . . . . . . . . . . . 25

4 Carlson’s Lζ-Modules 28

4.1 The Syzygies Ωn(M) . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2 Definition of the Lζ-Modules . . . . . . . . . . . . . . . . . . . . . 34

vi



CONTENTS vii

4.3 Some Exact Sequences . . . . . . . . . . . . . . . . . . . . . . . . 39

5 Carlson’s Theorem 42

5.1 Main Points of Carlson’s Proof . . . . . . . . . . . . . . . . . . . . 42

5.2 An Alternative Proof of Carlson’s Theorem Using Lζ-Modules . . 45

5.3 Generalizations of Carlson’s Theorem . . . . . . . . . . . . . . . 49

6 Carlson’s Theorem in Integral Cohomology 52

6.1 Carlson’s Argument in Integral Cohomology . . . . . . . . . . . . 52



Chapter 1

Introduction

Let G be a finite group and R be a commutative ring with identity. The coho-

mology of a group G with coefficients in a RG-module N , where RG is the group

algebra, is the cohomology of the cochain complex of the RG-modules:

0 → HomRG(P0, N) → HomRG(P1, N) → . . .

obtained by applying HomRG(−, N) to a projective resolution of the trivial RG-

module R. We will denote the cohomology of a group G with coefficients in N

as Hn(G,N). The most important cases for the ground ring R of the group ring

RG is R = Z or a field, denoted by k, of characteristic p dividing the order of G.

Note that, by Maschke’s theorem, the group algebra kG is semisimple when the

characteristic p of k does not divide the order of G. In this case, all kG-modules

will be projective and hence the cohomology of G will be trivial. That is why, we

assume that the characteristic of k divides the order of G.

In [19], Quillen proves a conjecture of Atiyah and Swan which says that the

Krull dimension of the mod p cohomology ring of a compact Lie group G equals

to the maximum rank of an elementary abelian p-subgroup. Another result in

the same paper states that the minimal prime ideals of the mod p cohomology

ring of a compact Lie group G are in one to one correspondence with the con-

jugacy classes of maximal elementary abelian p-subgroups. Using Quillen’s work

1



CHAPTER 1. INTRODUCTION 2

Chouinard [13] proved that a kG-module is projective if and only if its restric-

tion to every elementary abelian p-subgroup is projective. These are some results

which emphasize the importance of the elementary abelian p-subgroups of a finite

group G for its cohomology and its module category.

Another result in this direction is given by Jon Carlson in [8] which says that

any ZG-module M is a direct summand of a module which has a filtration by

modules induced from elementary abelian subgroups. The main theorem of [8] is

the following:

Theorem 1.0.1 There exists an integer τ , depending only on G, and there exists

a finitely generated ZG-module V such that the direct sum Z⊕ V has a filtration

{0} = L0 ⊆ L1 ⊆ · · · ⊆ Lτ = Z⊕ V

with the property that for each i = 1, 2 . . . , τ , there is an elementary abelian

subgroup Ei ⊆ G and a ZEi-module Wi such that

Li/Li−1
∼= W ↑G

i .

The modules V, W1, . . . , Wτ can be assumed to be free as Z-modules.

Here W ↑G
i denotes the induced module W ↑G

i = kG ⊗kH Wi for kH-module Wi

where H is a subgroup of G.

When the coefficient ring Z is replaced by a field of characteristic p, there

is a similar filtration coming from the modules induced from elementary abelian

p-subgroups. This result is used to prove some other results, such as Chouinard’s

result [13] and a theorem of Alperin and Evens [3] on the complexity of modules.

Also note that Theorem 1.0.1 is the main ingredient of Carlson and Thevenaz’s

[11]) work on endo-permutation modules.

Associated to a cohomology class ζ ∈ Hn(G, k), there is a module Lζ defined

as the kernel of representing homomorphism ζ̂ : Ωn(k) → k (see Theorem 4.1.11).

A module of this form is called Lζ-module or Carlson’s Lζ-module, referring to

Carlson’s great contribution to the study of these modules. The main applications
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of Lζ-modules can be found in the subject of varieties of modules (see for example

[10]).

In this thesis, our main goal is to give an alternative proof of Theorem 1.0.1

using Lζ-modules. The main idea of the proof is to use Serre’s theorem (see page

43) together with the following propositions:

Proposition 1.0.2 ([4]) If ζ1 ∈ Hr(G, k) and ζ2 ∈ Hs(G, k), then there is an

exact sequence

0 → Ωr(Lζ2) → Lζ1·ζ2 ⊕ (proj) → Lζ1 → 0.

Here the notation (proj) means that the statement is true after adding a suitable

projective summand. We will be using this notation throughout the thesis.

Proposition 1.0.3 Let G be a 2-group. If ζ is a cohomology class in H1(G, k),

then Lζ
∼= Ω(kH)↑G where H is the kernel of ζ.

Proposition 1.0.4 Let G be a finite p-group where p > 2. If ζ is a cohomology

class in H1(G, k), then Lβ(ζ) ⊕ (proj) has a filtration {0} = M0 ⊆ M1 ⊆ M2 =

Lβ(ζ) ⊕ (proj) with the property M2/M1
∼= k↑GH and M1/M0

∼= Ω(kH)↑G here H is

the kernel of ζ.

Here β denotes the Bokstein operator in the group cohomology. We prove these

propositions in Chapter 4, and give the alternative proof in Chapter 5. In Chapter

5, we also give two generalizations of Carlson’s theorems:

Given kG-modules M0, . . . ,Mn−1, we say that a module K has a filtration

with sections isomorphic to the Heller shifts of Mi’s , for i = 0, . . . , n− 1, if there

is a filtration {0} = K0 ⊆ · · · ⊆ Kn = M with the property Ki/Ki−1
∼= Ωti(Mi−1)

for i = 1, . . . , n.

Theorem 1.0.5 Let A and B be kG-modules, and E be an n-fold extension

E : 0 → B → Mn−1 → Mn−2 → · · · → M0 → A → 0
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with extension class α ∈ Extn
kG(A,B). Suppose that

Ẽ : 0 → Ω−(n−1)(B) → M → A → 0

is the extension associated to α under the isomorphism Extn
kG(A,B) ∼=

Ext(A, Ω−(n−1)(B)). Then, M ⊕ (proj) has a filtration with sections isomorphic

to Heller shifts of Mi
′
s for i = 0, . . . , n− 1.

Theorem 1.0.6 Let ζ be the cohomology class in Hn(G, k) = Extn
kG(k, k) which

is represented by the extension

E : 0 → k → Mn−1 → · · · → M0 → k → 0.

Then Lζ⊕(proj) has a filtration with sections isomorphic to Heller shifts of Mi’s.

Note that the modular version (over a field of characteristic p ) of Carlson’s

theorem follows from these theorems.

The thesis is organized as follows:

In chapter 2, we give some background material from homological algebra

which contains definitions of cohomology, projective resolutions and some basic

theorems of cohomology theory for an arbitrary ring R with identity.

In chapter 3, we study the group algebra kG, projective and injective kG-

modules and then we focus on group cohomology including the relation between

cohomology and extensions, first cohomology H1(G,N), the existence of minimal

projective resolutions.

Chapter 4 includes the syzygies and the proof of well-definedness of Lζ-

modules and an exact sequence of Lζ which has an important role in chapter

5.

In chapter 5, we give a survey of the paper [8] and then write the alternative

proof of Carlson’s theorem. We also give generalizations of Carlson’s theorem.

In chapter 6, we summarize the proof of the theorem in integral cohomology.



Chapter 2

Preliminaries on Homological

Algebra

We compute the cohomology of a finite group G using projective resolutions of

the trivial RG-module R, where RG is the group algebra and R is the ground ring

which is commutative with identity. The most important cases for R is R = Z
or R is a field, especially a field of characteristic p where p is a prime number.

In this chapter, our main interest is the cohomology of a cochain complex of R-

modules for any ring with identity. We give the general theory of the homology

and the cohomology of a chain complex and a cochain complex of R-modules to

obtain main applications to group algebra which are used in cohomology theory

of groups. To get more details about the materials in this chapter, we refer the

reader to [4], [7], [16].

2.1 Complexes and Homology

Definition 2.1.1 A complex C of R-modules is a family

C = {Cn, ∂n}, n ∈ Z, where each Cn is an R-module and ∂n : Cn → Cn−1 is R-

module homomorphism, satisfying ∂n ◦ ∂n+1=0. Here ∂n is called the differential

5
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of the complex. Thus a complex C has the form

. . . −−−→ Cn
∂n−−−→ Cn−1 −−−→ . . . −−−→ C0 −−−→ C−1 −−−→ . . . .

In this complex, instead of using lower indices, it is often convenient to write

Cn for C−n and δn : Cn → Cn+1 in place of ∂−n : C−n → C−n−1 for n ≥ 0.

Definition 2.1.2 A complex C of R-modules is positive if Cn = 0 for n < 0.

The positive complex is called chain complex. It looks like

. . . −−−→ Cn+1
∂n+1−−−→ Cn

∂n−−−→ Cn−1 −−−→ . . . −−−→ C0 −−−→ 0.

A complex C of R-modules is negative if Cn = 0 for n > 0. The negative

complex is called cochain complex and has the form:

0 C0 C1 . . . Cn Cn+1 . . .................................................................................................................. ............ ................................................................................................................. ............δ0
................................................................................................................. ............δ1

................................................................................................................. ............ .................................................................................................... ............
δn

.................................................................................................... ............

The condition ∂n ◦ ∂n+1=0 for all integers n gives that Im ∂n+1 ⊆ ker ∂n.

The homology and similarly the cohomology measures the differences between

Im ∂n+1 and ker ∂n as follows.

Definition 2.1.3 The homology of a chain complex C is defined as

Hn(C) = Hn(C, ∂∗) = ker (∂n : Cn → Cn−1)/Im (∂n+1 : Cn+1 → Cn).

The cohomology of a cochain complex C is defined as

Hn(C) = Hn(C, δ∗) = ker (δn : Cn → Cn+1)/Im (δn−1 : Cn−1 → Cn).

An n-cycle of C is an element of Zn(C) := ker (∂n : Cn → Cn−1) and an

n-boundary is an element of Bn(C) := Im (∂n+1 : Cn+1 → Cn). Similarly an n-

cocycle is an element of Zn(C) := ker (δn : Cn → Cn+1) and an n-coboundary is

an element of Bn(C) := Im (δn−1 : Cn−1 → Cn). If x ∈ Cn is such that ∂n(x) = 0

then x ∈ Zn(C) and [x] is the image of x in Hn(C) and [x] is called homology

class. Two n-cycles x1, x2 are in the same homology class, that is [x1] = [x2],

if and only if x1 − x2 ∈ Im ∂n+1. And also if x ∈ Cn , then we say that x has

dimension n.
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Definition 2.1.4 If C and D are chain complexes (respectively cochain com-

plexes), a chain map (respectively cochain map ) f : C → D is a family of

module homomorphisms fn : Cn → Dn (respectively fn : Cn → Dn), n ∈ Z, such

that the following diagram commutes:

. . . Dn+1 Dn Dn−1 Dn−2 . . .

. . . Cn+1 Cn Cn−1 Cn−2 . . .

.................................................................................................. ............ .................................................................................................. ............
∂
′
n+1

.................................................................................................. ............
∂
′
n ................................................................................... ............

∂
′
n−1

.................................................................................................. ............

.................................................................................................... ............
∂n+1

.................................................................................................... ............
∂n

........................................................................................ ............
∂n−1

.................................................................................................... ................................................................................................................ ............

..............................................................................................................
...
.........
...

fn+1

..............................................................................................................
...
.........
...

fn

..............................................................................................................
...
.........
...

fn−1

..............................................................................................................
...
.........
...

fn−2

That is ∂
′
n ◦ fn = fn−1 ◦ ∂n for all n (Respectively

. . . Dn+1 Dn Dn−1 Dn−2 . . .

. . . Cn+1 Cn Cn−1 Cn−2 . . .

.................................................................................................. ............ .................................................................................................. ............δn′
.................................................................................................. ............δn′

................................................................................... ............
δn−1

′
.................................................................................................. ............

.................................................................................................... ............δn+1
.................................................................................................... ............

δn
........................................................................................ ............δn−1

.................................................................................................... ................................................................................................................ ............

..............................................................................................................
...
.........
...

fn+1

..............................................................................................................
...
.........
...

fn

..............................................................................................................
...
.........
...

fn−1

..............................................................................................................
...
.........
...

fn−2

that is δn′ ◦ fn = fn−1 ◦ δn).

Lemma 2.1.5 A chain map f : C → D induces a homomorphism

f∗ : Hn(C) → Hn(D) defined by f∗([x]) = [fn(x)] for x ∈ Zn(C) and similarly a

cochain map f : C → D induces a homomorphism f ∗ : Hn(C) → Hn(D) defined

by f ∗([x]) = [fn(x)] for x ∈ Zn(C).

Definition 2.1.6 Let f, f
′
: C → D be chain maps. We say that f and f

′
are

chain homotopic (written f ' f
′
), if there are module homomorphisms

hn : Cn → Dn+1 such that fn − f
′
n = ∂

′
n+1 ◦ hn + hn−1 ◦ ∂n holds for all n ∈ Z for

the diagram

. . . Dn+1 Dn Dn−1 Dn−2
. . .

. . . Cn+1 Cn Cn−1 Cn−2
. . .

.................................................................................................. ............ .................................................................................................. ............
∂
′
n+1

.................................................................................................. ............
∂
′
n ................................................................................... ............

∂
′
n−1

.................................................................................................. ............

.................................................................................................... ............
∂n+1

.................................................................................................... ............
∂n

........................................................................................ ............
∂n−1

.................................................................................................... ................................................................................................................ ............

..............................................................................................................
...
.........
...

fn+1, f
′
n+1

..............................................................................................................
...
.........
...

fn

..............................................................................................................
...
.........
...

f
′
n

..............................................................................................................
...
.........
...

fn−1, f
′
n−1

..............................................................................................................
...
.........
...

fn−2, f
′
n−2

..............................................................................................................................................................
...
............

hn

..............................................................................................................................................................
...
............

hn−1

.
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Definition 2.1.7 We say that C and D are chain homotopy equivalent (written

C ' D), if there are chain maps f : C → D and f
′
: D → C such that f◦f ′ ' IdD

and f
′ ◦ f ' IdC. The chain maps f and f

′
are called chain equivalences.

We have similar definitions for cochain complexes.

Proposition 2.1.8 If f, f
′
: C → D are chain homotopic, then

f∗ = f
′
∗ : Hn(C) → Hn(D).

A homotopy equivalence C ' D induces an isomorphism Hn(C) ∼= Hn(D) for all

n ∈ Z.

¤

The cohomological version of the above proposition is the following.

Proposition 2.1.9 If f, f
′
: C → D are cochain homotopic, then

f ∗ = (f
′
)∗ : Hn(C) → Hn(D).

A homotopy equivalence C ' D induces an isomorphism Hn(C) ∼= Hn(D) for all

n ∈ Z.

¤

Each R-module M may be thought as a trivial positive complex. That is M0 = M

and Mn = 0 for n 6= 0 and ∂ = 0.

Definition 2.1.10 Let M be an R-module and C be a chain complex. A con-

tracting homotopy for the chain map ε : C → M is a chain map f : M → C

together with ε◦f = IdM and a homotopy s : Id ' f ◦ε. That means a contracting

homotopy consists of module homomorphisms f : M → C0 and sn : Cn → Cn+1,

n = 0, 1, 2 . . . such that ε◦f = Id, ∂1◦s0+f◦ε = IdC0 and ∂n+1◦sn+sn−1◦∂n = Id

for n > 0.



CHAPTER 2. PRELIMINARIES ON HOMOLOGICAL ALGEBRA 9

Remark 2.1.11 If ε : C → M has a contracting homotopy then we have ε∗ :

H0(C) ∼= M for n = 0 and Hn(C) = 0 for n > 0. Contracting homotopy

measures the exactness of the complex ε : C → M .

Similar things are valid for the cohomology of cochain complex.

Definition 2.1.12 A short exact sequence

0 → C
′ → C → C

′′ → 0

of chain complexes consists of chain maps C
′ → C and C → C

′′
such that for

each n,

0 C
′
n Cn C

′′
n 0................................................................................................................. ............ ................................................................................................................. ............

gn
................................................................................................................. ............

fn
................................................................................................................. ............

is a short exact sequence.

Proposition 2.1.13 Let

0 −−−→ C
′ f−−−→ C

g−−−→ C
′′ −−−→ 0

be a short exact sequence of chain complexes, then there is a long exact sequence

. . . −−−→ Hn+1(C
′′
)

∂−−−→ Hn(C
′
)

f∗−−−→ Hn(C)
g∗−−−→ Hn(C

′′
)

∂−−−→ . . .

where ∂ is the connecting homomorphism.

¤

The definition of the connecting homomorphism and the proof of this proposition

can be found in [[4], Ch.2, pg. 27 ].

We have a similar exact sequence for cohomology:

Proposition 2.1.14 Let

0 −−−→ C
′ f−−−→ C

g−−−→ C
′′ −−−→ 0
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a short exact sequence of cochain complexes, then there is a long sequence

. . . −−−→ Hn(C
′
)

g∗−−−→ Hn(C)
f∗−−−→ Hn(C

′′
)

δ−−−→ Hn+1(C
′
) −−−→ . . .

where δ is connecting homomorphism.

¤

2.2 Projective Resolutions and Cohomology

Definition 2.2.1 An R-module P is called projective if for every homomorphism

f : P → B and every epimorphism g : A → B, there is a homomorphism

h : P → A such that the following diagram commutes:

A B 0

P

................................................................................................................. ............
g

................................................................................................................. ............

..............................................................................................................
...
.........
...

f

.........................................................................................................................................................................
...
............

h

Definition 2.2.2 An R-module I is called injective if for every homomorphism

β : A → I and every momomorphism γ : A → B, there is homomorphism

α : B → I such that the following diagram commutes:

I

0 A B................................................................................................................. ............ ................................................................................................................. ............
γ

..............................................................................................................
...
.........
...

β

.........................................................................................................................................................................
...
............

α

Definition 2.2.3 A projective resolution of an R-module M is a long exact se-

quence

. . . Pn+1 Pn Pn−1
. . . P1 P0 M 0......................... ............ .................................................................................................... ............

∂n+1
.................................................................................................... ............

∂n
.................................................................................................... ............ ...................................... ............ ................................................................................................................. ............

∂1
................................................................................................................. ............ε ...................................... ............

where each Pi is a projective R-module.
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Remark 2.2.4 Since every module is a homomorphic image of a free module and

every free module is projective, projective resolution always exists.

Theorem 2.2.5 (Comparison Theorem) Any homomorphism of modules

M N................................................................................................................. ............
f

can be extended to a chain map of projective resolutions with the commutative

diagram

. . . Pn+1 Pn Pn−1
. . . P0 M 0

. . . Qn+1 Qn Qn−1
. . . Q0 N 0

.................................................................................................... ............ .................................................................................................... ............
∂n+1

.................................................................................................... ............
∂n

.................................................................................................... ............ ................................................................................................................. ............ ................................................................................................................. ............ ...................................... ............

.................................................................................................... ............ .................................................................................................... ............
∂
′
n+1

.................................................................................................... ............
∂
′
n

.................................................................................................... ............

.................................................................................................... ............ ................................................................................................................. ............ ................................................................................................................. ............ ...................................... ............

..............................................................................................................
...
.........
...

f

..............................................................................................................
...
.........
...

f0

..............................................................................................................
...
.........
...

fn+1

..............................................................................................................
...
.........
...

fn

..............................................................................................................
...
.........
...

fn−1

..............................................................................................................................................................
...
............

hn

..........................................................................................................................................................
...
............

hn−1

.

Given any two such chain maps fn and f
′
n, there is a chain homotopy hn : Pn →

Qn+1 so that fn−f
′
n = ∂

′
n+1 ◦hn +hn−1 ◦∂n where ∂n : Pn → Pn−1 and ∂

′
n : Qn →

Qn−1 are differentials of the resolutions.

¤

Proof : We will prove the theorem using induction on n. Note that, f0 exists

since P0 is a projective module. Assume that f0, f1, ..., fn−1 are defined. For fn−1

we have ∂
′
n−1◦fn−1◦∂n = fn−2◦∂n−1◦∂n = 0. Thus fn−1◦∂n ∈ ker ∂

′
n−1 = Im ∂

′
n.

Consider the diagram:

Pn

fn−1◦∂n

y

Qn
∂
′
n−−−→ Im(∂

′
n) −−−→ 0.

Since Pn is projective there exists a module homomorphism fn : Pn → Qn with

the property ∂
′
n ◦ fn = fn−1 ◦ ∂n.

For the chain homotopy we get the proof again by induction on n. The map

h0 : P0 → Q1 exists because P0 is projective. Assume that h0, ..., hn−1 are defined.

Consider hn−1. We have ∂
′
n◦(fn−f

′
n−hn−1◦∂n) = (fn−1−f

′
n−1−∂

′
n◦hn−1)◦∂n =
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hn−2 ◦∂n−1 ◦∂n = 0 which means (fn−f
′
n−hn−1 ◦∂n) ∈ ker ∂

′
n = Im ∂

′
n+1. Again

we have the diagram

Pn

fn−f
′
n−hn−1◦∂n

y

Qn+1

∂
′
n+1−−−→ Im(∂

′
n+1) −−−→ 0.

Thus there exists hn : Pn → Qn+1 with fn − f
′
n − hn−1 ◦ ∂n = ∂

′
n+1 ◦ hn, because

Pn is a projective module.

¤

Definition 2.2.6 If N is right R-module and

. . . Pn+1 Pn Pn−1 . . . P1 P0 M 0...................................... ................................................................................................................ ............ .................................................................................................... ............
∂n+1

.................................................................................................... ............
∂n

......................... ............ ...................................... ............ ................................................................................................................. ............
∂1

................................................................................................................. ............

is a projective resolution of a left R-module M , then we have a chain complex

. . . −−−→ N ⊗R Pn+1
Id⊗∂n+1−−−−−→ N ⊗R Pn

Id⊗∂n−−−→ N ⊗R Pn−1 −−−→ . . .

TorR
n (N,M) is defined as the homology of this complex:

TorR
n (N,M) := Hn(N ⊗ P, Id⊗ ∂∗)

Definition 2.2.7 If N is a left R-module and

. . . Pn+1 Pn Pn−1
. . . P1 P0 M 0...................................... ................................................................................................................ ............ .................................................................................................... ............

∂n+1
.................................................................................................... ............

∂n
......................... ............ ...................................... ............ ...................................... ............................................................................................................................. ............

∂1

is a projective resolution of a left R-module M , then we have a cochain complex

0 HomR(P0, N) HomR(P1, N) HomR(P2, N) . . ......................................................................................................................... ............ ................................................................................................................................ ............δ0
................................................................................................................................ ............δ1

............................................. ............

Extn
R(M,N) is defined as the cohomology of this complex:

Extn
R(M, N) := Hn(HomR(P,N), δ∗)

In this definition, for n = 0, we have TorR
0 (N,M) = N ⊗R M and Ext0

R(M,N) =

HomR(M,N).
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Proposition 2.2.8 If M is projective R-module and N is any R-module, then

Extn
R(M,N) = 0 = TorR

n (M, N) for all n.

TorR
n (−,−) and Extn

R(−,−) preserve direct sum.

Proposition 2.2.9 Let 0 → M1 → M2 → M3 → 0 be a short exact sequence

of left R-modules.

i)If N is a right R-module, then there is a long exact sequence

· · · → TorR
n (N,M1) → TorR

n (N,M2) → TorR
n (N,M3) → . . .

→ N ⊗R M1 → N ⊗R M2 → N ⊗R M3 → 0

ii)If N is a left R-module, there is a long exact sequence

0 → HomR(N,M1) → HomR(N,M2) → HomR(N,M3) →
· · · → Extn

R(N, M1) → Extn
R(N,M2) → Extn

R(N,M3) → . . . .

¤

N ⊗R − or − ⊗R N are covariant functors. HomR(N,−) is a covariant functor,

but HomR(−, N) is a contravariant functor.

Proposition 2.2.10 Let

0 → M0 → M1 → M2 → 0

be a short exact sequence of right R-modules.

i) N is a left R-module. Then there is a long exact sequence

· · · → TorR
n (M0, N) → TorR

n (M1, N) → TorR
n (M2, N) → . . .

→ M0 ⊗R N → M1 ⊗R N → M2 ⊗R N → 0

ii)Let

0 → M0 → M1 → M2 → 0
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be a short exact sequence of left R-modules and N is a left R-modules. Then there

is a long exact sequence

0 → HomR(M2, N) → HomR(M1, N) → HomR(M0, N) → ..

· · · → Extn
R(M2, N) → Extn

R(M1, N) → Extn
R(M0, N) → . . .

¤

2.3 The Künneth Theorem

Let C and D be chain complexes of right, respectively left, R-modules. We can

construct a new complex in the following form

(C ⊗R D)n =
⊕

i+j=n

(Ci ⊗R Cj)

The differential ∂n : (C ⊗R D)n → (C ⊗R D)n−1 is given by

∂n(x⊗ y) = ∂i(x)⊗ y + (−1)ix⊗ ∂j(y)

for x ∈ Ci and y ∈ Dj and we have ∂n ◦ ∂n+1 = 0. This formula shows that the

tensor product x1 ⊗ x2 of cycles is a cycle in C ⊗ D and the tensor product of

a cycle and a boundary is a boundary. Thus if x1 and x2 are cycles in C and D

respectively then we have a well defined group homomorphism

ρ : Hi(C)⊗R Hj(D) → Hi+j(C ⊗R D) such that ρ : [x1]⊗ [x2] 7→ [x1 ⊗ x2].

Definition 2.3.1 A left R-module N is called flat if for any long exact sequence

of right R-modules

· · · → Mn → Mn−1 → Mn−2 → . . .

the sequence

· · · → Mn ⊗R N → Mn−1 ⊗R N → Mn−2 ⊗R N → . . .

is also exact.
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Theorem 2.3.2 (The Künneth Theorem) Let C be a chain complex of right R-

modules and D be a chain complex of left R-modules. If the cycles Zn(C) and the

boundaries Bn(C) are flat modules for all n, then there is a short exact sequence

of R-modules

0 →
⊕

i+j=n

Hi(C)⊗R Hj(D) → Hn(C ⊗R D) →
⊕

i+j=n−1

TorR
1 (Hi(C), Hj(D)) → 0.

Proof : [[4], Ch.2, pg. 39] Consider Z(C) and B(C) as the complexes of flat

modules with zero boundaries. Since Z(C) is flat, we have

(Z(C)⊗R Z(D))n = ker(1⊗ ∂ : (Z(C)⊗R D)n → (Z(C)⊗R D)n−1)

and

(Z(C)⊗R B(D))n = Im(1⊗ ∂ : (Z(C)⊗R D)n+1 → (Z(C)⊗R D)n).

Thus

H∗(Z(C)⊗R D) = Z(C)⊗R H∗(D).

Since B(C) is flat, similarly we have

H∗(B(C)⊗R D) = B(C)⊗R H∗(D).

Consider the short exact sequence of complexes:

0 −−−→ B(C)
i−−−→ Z(C) −−−→ H(C) −−−→ 0

We tensor this exact sequence with H(D). By definition of flat module, we

have TorR
1 (Z(C), H∗(D)) = 0. So the long exact sequence in Proposition 2.2.10

becomes

0 −−−→ TorR
1 (H∗(C), H∗(D)) −−−→ H∗(B(C)⊗R D)

i∗−−−→ H∗(Z(C)⊗R D) −−−→ H∗(C)⊗R H∗(D) −−−→ 0.
(2.1)

Consider

0 → Z(C) → C → B(C)[−1] → 0

where [-1] means a shift of degree -1, so that (B(C)[−1])n = Bn−1(C). We tensor

this short exact sequence with D. Since TorR
1 (B(C), D) = 0, we get a short exact

sequence

0 → Z(C)⊗R D → C ⊗R D → (B(C)⊗R D)[−1] → 0.
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By Proposition 2.1.13, we have

... −−−→ H∗(B(C)⊗R D)
i∗−−−→ H∗(Z(C)⊗R D) −−−→ H∗(C ⊗R D)

−−−→ H∗(B(C)⊗R D)[−1]
i∗−−−→ H∗(Z(C)⊗R D)[−1] −−−→ ....

This long exact sequence gives

0 → Coker(i∗) → H∗(C ⊗R D) → ker(i∗)[−1] → 0.

Using the exact sequence (2.1), we get

0 → H∗(C)⊗R H∗(D) → H∗(C ⊗R D) → TorR
1 (H∗(C), H∗(D))[−1] → 0.

¤

Let C be a chain complex such that Zn(C) and Hn(C) are projective. Then

the exact sequence

0 → Bn(C) → Zn(C) → Hn(C) → 0

splits, and hence Bn(C) is projective. Since projective modules are also flat,

Zn(C), Hn(C) and Bn(C) are flat and by the definition of a flat module

TorR
1 (Hi(C), Hj(D)) = 0. Using the Künneth Theorem, we obtain the follow-

ing corollaries.

Corollary 2.3.3 If Zn(C) and Hn(C) are projective R-modules for all n, then

Hn(C ⊗R D) ∼=
⊕

i+j=n

Hi(C)⊗R Hj(D).

Corollary 2.3.4 If Zn(C) and Hn(C) are projective R-modules and either C or

D exact, then so is C ⊗R D.



Chapter 3

Group Cohomology

Let G be a finite group and k be a field of characteristic p. In this chapter we give

some properties of the projective and the injective kG-modules. We give the def-

inition of the group cohomology and study the relation between the cohomology

and extensions, in particular, we study the first cohomology H1(G,−). Using the

existence of the projective cover of a kG-module M , we give the existence of the

minimal projective resolution of M which we will use to define the syzygies and

Lζ-modules later in chapter 4.

3.1 The Group Algebra kG

Definition 3.1.1 Let G be a finite group with elements {g1, . . . , gn} and k be a

field of characteristic p. The group ring kG is the set of all formal finite sums

{
n∑

i=1

aigi, ai ∈ k}

with addition and multiplication defined by
n∑

i=1

aigi +
n∑

i=1

bigi =
n∑

i=1

(ai + bi)gi

(
∑
g∈G

agg)(
∑

h∈G

bhh) =
∑

g,h∈G

agbh(gh).

17
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Since k is a field, kG is a vector space with basis g1, . . . , gn. The scalar

multiplication is defined λu =
∑n

i=1(λai)gi for λ ∈ k. So kG is an algebra which

we call the group algebra kG. The group algebra kG has a multiplicative identity

1 = 1k1G. For any kG-module M , we define the k-dual M∗ = Hom(M, k) as the

kG-module of the k linear homomorphisms from M to the trivial module k. M∗

is a kG-module with G-action (gf)(m) = f(g−1m) for g ∈ G, f ∈ M∗,m ∈ M .

We know list some of the basic properties of kG.

Proposition 3.1.2 kG ∼= kG∗ as kG-modules, that is, kG is a Frobenius algebra.

Proof : For proof see [[9], pg. 8].

Proposition 3.1.3 kG is an injective kG-module, that is, kG is self-injective.

Corollary 3.1.4 Every finitely generated injective kG-module is projective, and

every finitely generated projective kG-module is injective.

Proposition 3.1.5 A kG-module M is projective if and only if M is a direct

summand of a free module.

Proposition 3.1.6 If P is a projective kG-module and M is any kG-module,

then P ⊗M is a projective kG-module.

Proof : See [[9], pg. 11].

The following propositions show one of the useful properties of the projective

and the injective modules.

Proposition 3.1.7 Given an exact sequence of the form

0 → A → B → C ⊕ P → 0
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where P is a projective kG-module, there is a kG-module B′ such that B ∼= B′⊕P

and

0 → A → B′ → C → 0

is exact.

Proof : Using the given exact sequence

0 → A → B → C ⊕ P → 0,

one gets the commutative diagram.

0 −−−→ A −−−→ ker(π2 ◦ g) −−−→ C −−−→ 0∥∥∥
y ι1

y
0 −−−→ A −−−→ B

g−−−→ C ⊕ P −−−→ 0y π2

y
P P

Consider the exact sequence

0 −−−→ ker(π2 ◦ g) −−−→ B
π2◦g−−−→ P −−−→ 0.

Since P is projective the exact sequence splits and we have

B ∼= ker(π2 ◦ g)⊕ P.

The proposition follows by taking B′ ∼= ker(π2 ◦ g).

¤

Corollary 3.1.8 If

0 → A → B ⊕ P1 → C ⊕ P2 → 0

is an exact sequence of kG-modules where B is projective free and P1, P2 are

projective kG-modules, then the sequence

0 → A → B ⊕ P → C → 0

is exact for some projective kG-module P .
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Proposition 3.1.9 Given an exact sequence

0 → I ⊕ A → B → C → 0

where I is an injective kG-module , there exists a kG-module B′ such that B ∼=
B′ ⊕ I and

0 → A → B′ → C → 0

is exact.

Proof : This is the dual argument of Proposition 3.1.7.

¤

Remark 3.1.10 Since any projective kG-module is injective, we cancel the pro-

jective modules from the left and the right side of an exact sequence.

Definition 3.1.11 Let M be a kG-module, H a subgroup of G, and L be a kH-

module. We denote the restriction of M to H as M ↓H . The induced module

L ↑G as a kG-module is defined as L ↑G:= kG ⊗kH L and here kG acts by left

multiplication.

Proposition 3.1.12 If P is a projective kG-module and H is a subgroup of G,

then P ↓H is a projective kH-module.

Proof : See [[2], Ch.2, pg. 33].

Proposition 3.1.13 If H is a subgroup of G and L is a projective kH-module,

then L ↑G is a projective kG-module.

Proof : See [[2], Ch.3, pg. 57].
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3.2 Cohomology of Groups and Extensions

Definition 3.2.1 Let M and N be finitely generated kG-modules. Let

P∗
ε−−−→ M

be any projective resolution of M . Applying HomkG(−, N) we get the complex

0 → HomkG(P0, N) → HomkG(P1, N) → . . .

Then Extn
kG(M,N) is defined as the cohomology of the complex in the following

way.

Extn
kG(M,N) := Hn(HomkG(P∗, N)).

If M = k is the trivial kG-module then we have a special notation Hn(G,N) :=

Extn
kG(k, N) and it is called “ The Cohomology of G with coefficients in N”.

If we have N = k, then H∗(G, k) = Ext∗kG(k, k).

Note that Extn
kG(−,−) does not depend on the choice of the projective reso-

lution. (See [[9], Ch.2, pg. 29])

Let Un(M, N) be the set of all exact sequences of finitely generated kG-

modules of the form

E : 0 → N → Bn−1 → · · · → B0 → M → 0.

We call the exact sequence

E : 0 → N → Bn−1 → · · · → B0 → M → 0

an n-fold extension of M by N .

Define a relation ≡ on Un(M,N) by E1 ≡ E2 if there is a chain map Θ∗

E1 : 0 −−−→ N −−−→ Bn−1 −−−→ . . . −−−→ B0 −−−→ M −−−→ 0∥∥∥ θn−1

y θ0

y
∥∥∥

E2 : 0 −−−→ N −−−→ Cn−1 −−−→ . . . −−−→ C0 −−−→ M −−−→ 0.
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The relation ≡ is not an equivalence relation, because it is not symmetric. To

have an equivalence relation define ∼ as follows. E1 ∼ E2 provided there exists

a chain F0, ...Fm ∈ Un(M,N) with E1 = F0, E2 = Fm and for each i = 1, ...,m

either Fi−1 ≡ Fi or Fi ≡ Fi−1. We can denote the equivalence classes of an exact

sequence E by class(E). There is an addition which makes Un(M,N)/ ∼ an

abelian group. We have the following:

Theorem 3.2.2 Let M and N be kG-modules. Then there is an isomorphism

Extn
kG(M,N) ∼= Un(M,N)/ ∼ .

Proof : Let

P∗
ε−−−→ M

be a projective resolution. For a given E ∈ Un(M, N), we get a chain map µ∗.

−−−→ Pn+1
∂n+1−−−→ Pn −−−→ Pn−1 −−−→ . . . −−−→ P0 −−−→ M −−−→ 0

0

y µn

y µn−1

y µ0

y
∥∥∥

0 −−−→ N −−−→ Bn−1 −−−→ . . . −−−→ B0 −−−→ M −−−→ 0

From the diagram one gets µn ◦ ∂n+1 = 0 which means µn : Pn → N is a cocycle.

The assignment class(E) 7→ [µn] gives a well defined homomorphism θ from

Un(M,N)/ ∼ to Extn
kG(M,N) . Conversely given ζ ∈ Extn

kG(M,N), choose a

cocycle ζ̂ : Pn → N representing ζ. We have a commutative diagram

−−−→ Pn+1 −−−→ Pn
∂n−−−→ Pn−1 −−−→ Pn−2 −−−→ . . . −−−→ M −−−→ 0

0

y ζ̂

y g

y
∥∥∥

∥∥∥
0 −−−→ N

f−−−→ B
h−−−→ Pn−2 −−−→ . . . −−−→ M −−−→ 0

where B is the pushout of the first square. This gives a well defined map φ on

the opposite direction. It is easy to see that θ and φ are inverses to each other.

¤
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3.3 Low-Dimensional Cohomology and Group

Extensions

Definition 3.3.1 An extension of a group G by a group N is a short exact se-

quence of groups

1 −−−→ N −−−→ E −−−→ G −−−→ 1. (3.1)

Another extension

1 −−−→ N −−−→ E
′ −−−→ G −−−→ 1 (3.2)

of G by N is said to be equivalent to (3.1) if there is a map E → E
′
making the

diagram

E
′

1 N G 1

E

................................................................................................................. ............ ................................................................................................................. ............
.................................................................................................................... ...........

.
.................

.................
.................

.................
.................

.................
..............
............

.................
.................

.................
.................

.................
.................

..............

............ .................................................................................................................... ...........
.

..............................................................................................................
...
.........
...

commute. Such a map is necessarily an isomorphism. The main problem in

the theory of group extensions is to classify the extensions of G by N up to

equivalence. In fact, we are looking for all possible ways of building a group E

with N as a normal subgroup and G as the quotient. This problem is closely

related to the cohomology H i(G,−) for i = 1, 2, 3. For this section, we consider

only the case where N is an abelian group written additively. In this case, G has

an action on N , that is N is a G-module.

Definition 3.3.2 A function d : G → N is called derivation if it satisfies

d(gh) = d(g) + g · d(h) for all g, h ∈ G.

A function p : G → N of the form p : g 7→ g ·a−a is called principal derivation

for g ∈ G and for some fixed a ∈ N .

There is an isomorphism between the first cohomology and the quotient group

H1(G,N) ∼= Der(G, N)/P (G,N)
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where Der(G,N) is the abelian group of derivations and P (G,N) is the group of

principal derivations.

In chapter 5, we will use Serre’s theorem so that we will need the first coho-

mology of a p-group. For this reason we need the following:

Definition 3.3.3 If G is a group, Frattini subgroup Φ(G) is defined as the in-

tersection of all the maximal subgroups of G.

Lemma 3.3.4 ([18]) If G is a finite p-group, then G/Φ(G) is a vector space

over Z/pZ.

Proposition 3.3.5 ([4], Ch.3, pg. 86) Let G be a p-group. There is a natural

isomorphism

H1(G, k) = Ext1
kG(k, k) ∼= Hom(G/Φ(G), k+)

where k+ denotes the additive group of k. Thus if G/Φ(G) is elementary abelian

of rank n, then Ext1
kG(k, k) is an n-dimensional vector space over k.

Proof : A representation of G over k is a group homomorphism φ : G → GLn(k)

where GLn(k) is the group of non-singular n×n matrices over k, for some n. The

vector space kn is a kG-module with G-action (
∑

i rigi)x =
∑

i riφ(gi)(x) where

x ∈ kn . This gives a one to one correspondence between the representations and

finitely generated kG-modules.

Consider the representation φ : G → GL2(k). An extension 0 → k → M →
k → 0 of kG-modules has a matrix representation of the form

(
1 α(g)

0 1

)

where α : G → k+ is a homomorphism of groups from G to the additive

group of k. By the help of this matrix representations, we have a one to one

correspondence between Ext1
kG(k, k) and Hom(G, k+). Desired result follows from
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the fact that the kernel of α must contain Φ(G), since k+ is abelian of exponent

p and ker α is a maximal subgroup.

¤

3.4 Minimal Projective and Injective Resolu-

tions

Definition 3.4.1 A projective cover of a kG-module M is a projective module

PM together with a surjective homomorphism ε : PM → M satisfying the following

property:

If θ : Q → M is a surjective homomorphism from a projective kG-module Q

onto M , then there is an injective homomorphism σ : PM → Q such that the

diagram commutes:

Q M

PM

................................................................................................................. ............
θ

..............................................................................................................
...
.........
...

ε

..............................................................................................................................................................
...
............

σ

By definition, if

PM
ε−−−→ M

is a projective cover of M , then no proper projective submodule of PM is mapped

onto M . And projective cover, if they exist, are unique up to isomorphism.

Theorem 3.4.2 Let M be a finitely generated kG-module. Then M has projec-

tive cover.

Proof : Choose PM to be a projective kG-module of smallest k-vector space such

that there exist PM ³ M . Suppose we are given Q and θ as in the definition
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above. PM and Q are projective there is a commutative diagram

Q M

PM

................................................................................................................. ............
θ

........................................................................................................................................................................ .........
...

ε

..............................................................................................................
...
.........
...

σ

........

........

........

........

........

........

........

........

........

........

........

........

.................

............

τ

.

Let ϕ:=τ ◦ σ:PM → PM .

To complete the proof it is enough to prove that ϕ is an automorphism.

Since PM is finite dimensional by Fitting’s Lemma(see [[4], Ch.1, pg. 7]) PM=

ker ϕn ⊕ Im ϕn for sufficiently large n. Since PM is projective ker ϕn and Im ϕn

are projective. By the commutativity of the diagram, we have ε ◦ ϕn=ε. By

minimality, we have ker ϕn=0. That is ϕ is an automorphism. So, σ is injective

as desired, and PM is a projective cover by the definition.

¤

Definition 3.4.3 Let M be a kG-module. A kG-module I containing M is called

an injective hull of M if the following two conditions hold.

i) I is injective with injective homomorphism M ↪→ I

ii)There is no injective kG-module Ĩ with M ⊂ Ĩ ⊂ I.

We denote the injective hull as I := I(M).

Theorem 3.4.4 For any kG-module M , injective hull always exists.

(See [[4], Ch.1, pg. 9] )

Definition 3.4.5 A projective resolution

... → Pn → Pn−1 → ... → P0 → M → 0

or in short writing

P∗
ε−−−→ M
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is called minimal projective resolution if there is another projective resolution

Q∗
θ−−−→ M

of M , then there is an injective chain map µ∗ : (P∗ ³ M) ↪→ (Q∗ ³ M) and a

surjective chain map µ
′
∗ : (Q∗ ³ M) ³ (P∗ ³ M) such that both µ∗ and µ

′
∗ lift

the identity on M .

Minimal projective resolutions always exists. Let

P0
ε−−−→ M

be a projective cover of M , P1 ³ ker ε a projective cover of ker ε and repeating

the same procedure, we get the minimal resolution. In the similar way, let

M
θ−−−→ I0

is an injective hull of M , coker θ ↪→ I1 an injective hull of coker θ and repeating

the same procedure, we get an injective resolution and such a resolution is called

minimal injective resolution. The advantage of using a minimal resolution is that

if W is any simple module, then the differentials in the complexes HomkG(P∗,W )

and P∗ ⊗kG W are trivial. For this reason

TorkG
n (M, W ) = Pn ⊗kG W

Extn
kG(M,W ) = HomkG(Pn,W )

for any kG-module M . In particular, dimkH
n(G, k) = dimkHomkG(Pn, k).



Chapter 4

Carlson’s Lζ-Modules

Throughout the following G is a finite group, k is a field of characteristic p, and p is

a prime number. In this chapter, we give the definition of the syzygies Ωn(M) and

some properties of Ωn(M) and then we introduce Carlson’s Lζ-modules. We give

some exact sequences involving Lζ-modules. These will be used in the alternative

proof of Carlson’s theorem in Chapter 5.

4.1 The Syzygies Ωn(M)

Definition 4.1.1 Let ε : PM ³ M be the projective cover of M . We define Ω(M)

as the kernel of ε and inductively Ωn(M) = Ω(Ωn−1(M)) for n > 0. Similarly

let θ : M ↪→ I(M) be the injective hull of M .We define Ω−1(M) as cokernel of

θ and inductively Ω−n(M) = Ω−1(Ω−(n−1)(M)) for n > 0. For n = 0 we let

Ω0(M) := Ω−1(Ω(M)), so that M ∼= Ω0(M) ⊕ (proj). This module Ωn(M) is

called n-th syzygy of M , or n-th Heller shift of M .

Lemma 4.1.2 Let P∗ ³ M be a minimal projective resolution

... Pn+1 Pn Pn−1
. . . P1 P0 M 0......................... ............ .................................................................................................... ............

∂n+1
.................................................................................................... ............

∂n
.................................................................................................... ............ ...................................... ............ ................................................................................................................. ............

∂1
................................................................................................................. ............ε ...................................... ............ .

28
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Let M ↪→ I∗ be a minimal injective resolution

0 M I0 I−1 . . . I−(n−1) I−n . . ....................................... ............ ................................................................................................................. ............
θ

.............................................................................................................. ............δ0
.............................................................................................................. ............ ........................................................................................ ............ ................................... ................................................................................................. ............

δn

.

Then Ωn(M) = ker ∂n−1 = Im ∂n for n > 0 where ∂n : Pn → Pn−1 is the

differential and Ω−n(M) = ker δn+1.

The followings follow easily from the definition.

Proposition 4.1.3 The modules Ωn(M) are well defined up to isomorphism.

Proof : See [[9], pg. 14].

Proposition 4.1.4 M is projective kG-module if and only if Ω(M) = 0.

Proof : See [[9], pg. 15].

Proposition 4.1.5 For any kG-module M , Ω(M) has no nonzero injective sub-

module.

Proof : Assume X ⊂ Ω(M) is nonzero injective submodule. Then PM = X ⊕ Y

where Y is another injective submodule. Then we have the following commutative

diagram.
X Xy

y
0 −−−→ Ω(M) −−−→ PM −−−→ M −−−→ 0y

y
∥∥∥

0 −−−→ M
′ −−−→ Y −−−→ M −−−→ 0

It shows that M has projective cover which is contained in PM , which is a con-

tradiction.

¤

Remark 4.1.6 Since a projective kG-module is injective, Ω(M) has no projective

submodule.
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Proposition 4.1.7 Let M and N be kG-modules and m,n be integers. Then

Ωn(M)⊗ Ωm(N) ∼= Ωn+m(M ⊗k N))⊕ (proj).

Proof : Let

. . . −−−→ Pn
∂n−−−→ Pn−1 −−−→ . . . −−−→ P0

ε−−−→ M −−−→ 0

be a minimal resolution of M . When we tensor this resolution with N we get the

exact sequence

. . . −−−→ Pn ⊗N
∂n⊗Id−−−→ Pn−1 ⊗N −−−→ . . . −−−→ M ⊗N −−−→ 0

This doesn’t have to be a minimal projective resolution of M ⊗N . So

Ωm(M)⊗N ∼= Ωm(M ⊗N)⊕ (proj).

And similarly we have the isomorphism

Ωm(M)⊗ Ωn(N) ∼= Ωn(Ωm(M)⊗N)⊕ (proj).

Thus we get

Ωm(M)⊗ Ωn(N) ∼= Ωn+m(M ⊗N)⊕ (proj).

¤

Proposition 4.1.8 If H is a subgroup of G and L is a kH-module, then

(Ωn(L))↑G ∼= Ωn(L↑G)⊕ (proj)

for all n ∈ Z. If G is a p-group, then the isomorphism is true without a projective

summand.

Proof : Let

P∗
ε−−−→ L

be a minimal resolution for kH-module L. By tensoring with kG⊗kH −, we get

the projective resolution

kG⊗kH P∗
Id⊗ε−−−→ kG⊗kH L (4.1)
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of the induced module kG ⊗kH L = L↑G. This resolution doesn’t have to be

minimal, thus we have

(Ωn(L))↑G ∼= Ω(L↑G)⊕ (proj).

For p-groups, result follows from the fact that the projective resolution in (4.1)

is minimal.

¤

Recall that I := I(M) is the injective hull of a kG-module M and we have the

following exact sequence

0 → M → I(M) → I(M)/M → 0

and the cokernel of the injective hull M ↪→ I(M) is denoted by Ω−1(M) =

I(M)/M .

Proposition 4.1.9 Let N be an injective kG-module and let f : M → N be an

injective homomorphism. Then, there exists an injective kG-module W such that

N ∼= I(M)⊕W and cokerf ∼= Ω−1(M)⊕W .

Proof : By definition of the injective module and the injective hull, f can be

extended to an injective homomorphism f̃ : I(M) ↪→ N and we get an exact

sequence

0 → I(M) → N → N/I(M) → 0.

Since I(M) is injective the exact sequence splits. Since N and I(M) are injective

N/I(M) = W is injective. We get the required module W . Let U = cokerf . We

have
0 −−−→ M −−−→ I(M) −−−→ Ω−1(M) −−−→ 0∥∥∥

y
y

0 −−−→ M
f−−−→ N −−−→ U −−−→ 0y

y
W W.

From the diagram one gets U = Ω−1(M) ⊕W , since W is a projective module

and the exact sequence 0 → W → U → Ω−1(M) → 0 splits.

¤
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Proposition 4.1.10 For each n , there is an isomorphism

Extn
kG(k, k) ∼= Ext1

kG(Ωn−1(k), k).

Proof : Consider the following short exact sequence

0 → Ω(k) → P0 → k → 0.

This gives the long exact sequence

· · · → Extn−1
kG (k, k) → Extn

kG(P0, k) → Extn−1
kG (Ω(k), k) → Extn

kG(k, k) → . . .

Since Extn
kG(P0, k) = 0 for all n ≥ 0 we have the isomorphism

Extn
kG(k, k) ∼= Extn−1

kG (Ω(k), k). (4.2)

Similarly the short exact sequence for i = 1 . . . n− 2

0 → Ωi+1(k) → Pi → Ωi(k) → 0

gives the long exact sequence

· · · → Extn−i−1
kG (Ωi(k), k) → Extn−i−1

kG (Pi, k) → Extn−i−1
kG (Ωi+1(k), k) → . . .

→ Extn−i
kG (Ωi(k), k) → Extn−i

kG (Ωi+1(k), k) → Extn−i
kG (Pi, k) → . . .

Since Extn−i
kG (Pi, k) = 0 for all i = 1 . . . n− 2, we get the isomorphism

Extn−i
kG (Ωi(k), k) ∼= Extn−i−1

kG (Ωi+1(k), k). (4.3)

(4.1) and (4.2) give the isomorphism

Extn
kG(k, k) ∼= ExtkG(Ωn−1(k), k).

¤

Theorem 4.1.11 ([9], pg. 16) Let M,N be kG-modules, n ∈ Z+

i) Every cohomology element ζ ∈ Extn
kG(M, N) is represented by a homomor-

phism ζ̂ : Ωn(M) → N .

ii)Every homomorphism ζ̂ : Ωn(M) → N represents a cohomology class (ζ̂) ∈
Extn

kG(M, N).

iii)Two such homomorphisms ζ̂ , ζ̃ represent the same class if and only if ζ̂ − ζ̃

factors through a projective kG-module.
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Proof : ζ ∈ Extn
kG(M, N) = Hn(HomkG(P∗, N)) = ker δn/Im δn−1. Let

Ωn(M)

. . . Pn+1 Pn Pn−1 . . . P0 M 0.................................................................................................... ............ .................................................................................................... ............
∂n+1

.......................................................................................................................................................................................................................................................... ............
∂n

.................................................................................................... ............ ...................................... ............ ...................................... ............ ...................................... ............
.................................................................................................... ...........

.
.................

.................
.................

.................
..........................
............

be the minimal projective resolution. Let f ∈ HomkG(Pn, N) be an n-cocycle

representing ζ. Then (δnf(x)) = f(∂n+1(x)) = 0. Thus f induces a map f̂ :

Pn/Im(∂n+1) ∼= Ωn(M) → N . Denote f̂ by ζ̂.

The remaining part of the proof is a detailed version of the proof in [[9], pg. 16].

ii) Consider the diagram:

N

Ωn(M)

... Pn+1 Pn Pn−1 ...

...................................................................................................
.

............ ζ̂

.................................................................................................... ................................................................................................................ ............ .................................................................................................... ............
∂n+1

.................................................................................................... ............
∂n

..............................................................................................................
...
.........
...

ζ ′

.................................................................................................... ...........
.

g
........
........
........
..............
............ι

For the given ζ̂ : Ωn(M) → N we have ζ̂ ◦ g = ζ̂ ◦ ∂n : Pn → N represents a

cohomology element denoted by class(ζ̂) := class(ζ̂ ◦ g) ∈ Extn
kG(M, N) because

ζ̂ ◦ ∂n ◦ ∂n+1 = 0 which says that ζ̂ ◦ ∂n is a cocycle.

iii) If class(ζ̂) = class(ζ̃), then (ζ̂ − ζ̃) ◦ g = f ◦ ∂n for some f : Pn−1 → N . So

ζ̂ − ζ̃ = f ◦ ι factors through Pn−1, where ι : Ωn(M) ↪→ Pn−1 is the inclusion.

Conversely suppose ϕ := ζ̂− ζ̃ : Ωn(M) → N factors through a projective module

P . It is enough to show that ϕ is a coboundary that is it factors through Pn−1,

because x is a coboundary if x = δn−1(y) = y ◦ ∂n for some y ∈ HomkG(Pn−1, N).

Say that ϕ = β ◦ α. For this consider the diagram:

N P

Ωn(M)

... Pn−1
............................................................................................................................................................................................................................................................. ............

..............................................................................................................
...
.........
...

ψ

.................................................................................................... ............

.................
.................

.................
.................

..........................
............ι

...................................................................................................
.

............ ϕ
.................................................................................................... ...........

.
α

...................................................................................................................................................................................................................................................................................

β

Since P is projective, it is injective thus the homomorphism ψ exists with ψ◦ι = α

which means ϕ = β ◦ ψ ◦ ι factors through Pn−1.

¤
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4.2 Definition of the Lζ-Modules

Definition 4.2.1 Let ζ be a cohomology class in Hn(G, k)− {0} for n ≥ 1 and

ζ̂ : Ωn(k) → k be the homomorphism representing ζ. We define Lζ as the kernel

of the homomorphism ζ̂. When ζ = 0, we set Lζ = Ω(k)⊕ Ωn(k).

Consider the minimal projective resolution of k and the representing homo-

morphism ζ̂ : Ωn(k) → k. We have the following diagram:

k

Ωn(k)

. . . Pn+1 Pn Pn−1
. . . P0 k 0.................................................................................................... ............ .................................................................................................... ............

∂n+1
.................................................................................................... ............
∂n−1

.................................................................................................... ............ ...................................... ............ ................................................................................................................. ............ε
..............................................................................................................
...
.........
...

......................................................................................................... ...........
.

........................................................................................................
.

............ ζ̂

...................................... ............

........

........

........

..............

............

Using the above diagram one gets the following diagram:

Ωn−1(k)

0

k0 Pn−1/Lζ Pn−2

Ωn(k) Pn−1 Pn−2 . . . P0 k 0

Lζ Lζ

. . . P0 k 0

..............................................................................................................
...
.........
...

...................................... ............

..............................................................................................................
...
.........
...

...................................... ............

..............................................................................................................
...
.........
...

...................................... ............

..............................................................................................................
...
.........
...

ζ̂

..............................................................................................................
...
.........
...

=

........................................................................................ ............ .................................................................................................... ............ ...................................... ............ ...................................... ............ ...................................... ........................................................................................................... ............ ................................................................................... ............

................................................................................................................. ............
=

.............................................................................. ............ ................................................................. ............................................................................................................................. ............

..............................................................................................................
...
.........
...

=

..............................................................................................................
...
.........
...

=

................................................ .........
...

...........
...........
...........
...............
............

.................................................................................................... ............

(4.4)

In the diagram, Pn−1/Lζ is the pushout of the diagram. For the cohomology

class ζ we find a short exact sequence 0 → k → Pn−1/Lζ → Ωn−1(k) → 0 in

ExtkG(Ωn−1(k), k) using the representing homomorphism ζ̂. Thus we conclude

the following lemma.

Lemma 4.2.2 If ζ is in Extn
kG(k, k) ∼= ExtkG(Ωn−1(k), k), then ζ, as an element

of ExtkG(Ωn−1(k), k), is represented by the following extension

0 → k → Pn−1�Lζ → Ωn−1(k) → 0.
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Corollary 4.2.3 If ζ is in Extn
kG(k, k), then we have an exact sequence

0 → Ω(k) → Lζ ⊕ (proj) → Ωn(k) → 0.

with extension class corresponding to ζ under the isomorphism Extn
kG(k, k) ∼=

Extn
kG(Ωn(k), Ω(k)).

Proof : Since Pn−1 is projective kG-module, it is injective and Pn−1 is not

necessarily injective hull of the module Lζ . Using Proposition 4.1.9, we deduce

that Pn−1/Lζ
∼= Ω−1(Lζ)⊕ (proj). Consider the exact sequence

0 → k → Ω−1(Lζ)⊕ (proj) → Ωn−1(k) → 0.

Tensoring this exact sequence with Ω(k), we get

0 → Ω(k)⊕ (proj) → Lζ ⊕ (proj) → Ωn(k)⊕ (proj) → 0.

Using Proposition 3.1.7, one gets the desired exact sequence.

¤

Remark 4.2.4 This corollary explains why we defined Lζ as Ω(k)⊕Ωn(k) when

ζ = 0.

Lemma 4.2.5 Lζ is well-defined up to isomorphism.

Proof : Let ζ ∈ Extn
kG(k, k) and let ζ̂ be the homomorphism representing ζ.

From Lemma 4.2.2 we have the exact sequence

0 → k → Pn−1�Lζ → Ωn−1(k) → 0.

Let ζ̃ be the another representative homomorphism for ζ, that is we have

Ωn(k) k............................................................................................... ............
ζ̃

.
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Let ker(ζ̃) := L
′
ζ , in the similar way we have the exact sequence

0 → k → Pn−1/L
′
ζ → Ωn−1(k) → 0. Since ζ̃ and ζ̂ represents the same cohomol-

ogy class we have the equivalence of the exact sequences:

0 −−−→ k −−−→ Pn−1/Lζ −−−→ Ωn−1(k) −−−→ 0∥∥∥
y

∥∥∥
0 −−−→ k −−−→ Pn−1/L

′
ζ −−−→ Ωn−1(k) −−−→ 0

This gives that Pn−1/L
′
ζ
∼= Pn−1/Lζ . Since Pn−1/Lζ

∼= Ω−1(Lζ) ⊕ (proj) and

Pn−1/L
′
ζ
∼= Ω−1(L

′
ζ) ⊕ (proj), we have Ω−1(Lζ) ⊕ (proj) ∼= Ω−1(L

′
ζ) ⊕ (proj).

Tensoring these with Ω(k), we get

Ω(Ω−1(Lζ)) ∼= Ω(Ω−1(L
′
ζ))

and this gives Ω0(Lζ) ∼= Ω0(L
′
ζ). Since both Lζ and L

′
ζ are projective free we

obtain

Lζ
∼= L

′
ζ

as desired.

¤

¤

Let G be a finite p-group. By Proposition 3.3.5, we have

H1(G,Z/pZ) ∼= Der(G,Z/pZ)/P (G,Z/pZ) ∼= Hom(G/Φ(G),Z/pZ).

In other words for any nonzero ζ ∈ H1(G,Z/pZ), we have a corresponding ho-

momorphism whose kernel is a maximal subgroup of G. We call this maximal

subgroup the kernel of ζ.

Proposition 4.2.6 (Carlson [8]) Let p = 2, ζ ∈ H1(G,Z/pZ) and H be the

kernel of ζ. Then the exact sequence

0 −−−→ k −−−→ k↑GH

ε−−−→ k −−−→ 0

has the extension class ζ ∈ Ext1
kG(k, k) = H1(G, k).
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Proof : This essentially follows from Proposition 3.3.5. Let fζ be the correspond-

ing homomorphism of ζ. Since kerfζ = H, then ζ corresponds to an extension

whose restriction to H splits. Since

E : 0 −−−→ k −−−→ k↑GH

ε−−−→ k −−−→ 0

splits as an exact sequence of kH-modules. Its extension class must be ζ.

¤

Using this result we can compute Lζ for ζ ∈ H1(G, k) where G is a 2-group.

Proposition 4.2.7 Let G be a 2-group. If ζ is a cohomology class in H1(G, k),

then Lζ
∼= Ω(kH)↑G.

Proof : Consider the commutative diagram

Lζ Lζy
y

0 −−−→ Ω(k) −−−→ P0 −−−→ k −−−→ 0

ζ̂

y
y

∥∥∥
0 −−−→ k −−−→ P0/Lζ −−−→ k −−−→ 0.

We get that 0 → k → P0/Lζ → k → 0 represents the class ζ and by Proposition

4.2.6, we have the equivalence of the exact sequences.

0 −−−→ k −−−→ P0/Lζ −−−→ k −−−→ 0∥∥∥ ∼=
y

∥∥∥
0 −−−→ k −−−→ k↑GH −−−→ k −−−→ 0

It follows from the commutative diagram that we have an exact sequence of the

form 0 → Lζ → P0 → k↑GH → 0 and Ω−1(Lζ) ⊕ (proj) ∼= k↑GH since P0 is not

necessarily the injective hull of Lζ . Taking first Heller shift of Ω−1(Lζ)⊕ (proj) ∼=
k↑GH , we get

Lζ
∼= Ω(k↑GH ).

Note that for p-groups Ω(k↑GH ) ∼= Ω(kH)↑G by Proposition 4.1.8 . Thus we have

Lζ
∼= Ω(kH)↑G.

¤
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Proposition 4.2.8 (Carlson [8]) Let G be a p-group where p > 2, then the

cohomology class β(ζ) ∈ H2(G, k) is represented by an exact sequence of the form

0 −−−→ k −−−→ k↑GH

φ−−−→ k↑GH −−−→ k −−−→ 0

where φ is multiplication by x− 1 for x is not in H and where H is the kernel of

the class ζ.

Proof : Similar to 4.2.6.

¤

Here β denotes the Bockstein operator in the group cohomology. Recall that β

is the connecting homomorphism of the sequence.

0 → Z/pZ→ Z/p2Z→ Z/pZ→ 0.

Using this result we get that Lβ(ζ) ⊕ (proj) has a filtration.

Proposition 4.2.9 Let G be a finite p-group where p > 2. If ζ ∈ H1(G, k), then

Lβ(ζ) ⊕ (proj) has a filtration {0} = M0 ⊆ · · · ⊆ M2 = Lβ(ζ) ⊕ (proj) with the

property M2/M1
∼= k↑GH and M1/M0

∼= Ω(kH)↑G.

Proof : For β(ζ) ∈ H2(G, k) we have the following commutative diagram:

Lβ(ζ) Lβ(ζ)y
y

0 −−−→ Ω2(k) −−−→ P1 −−−→ P0 −−−→ k −−−→ 0

ζ

y
y

∥∥∥
∥∥∥

0 −−−→ k −−−→ P1/Lβ(ζ) −−−→ P0 −−−→ k −−−→ 0

Since ζ is represented by 0 → k → k↑GH → k↑GH → k → 0 we have

0 −−−→ k −−−→ k↑GH −−−→ k↑GH −−−→ k −−−→ 0∥∥∥
y

y
∥∥∥

0 −−−→ k −−−→ P1/Lβ(ζ) −−−→ P0 −−−→ k −−−→ 0y
y

(proj)⊕ Ω−1(k↑GH ) Ω−1(k↑GH )⊕ (proj).
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This diagram gives us the exact sequence

0 → k↑GH → Ω−1(Lβ(ζ))⊕ (proj) → Ω−1(k↑GH )⊕ (proj) → 0.

If we tensor this exact sequence with Ω(k) and using Proposition 3.1.7, we get

0 → Ω(k↑GH ) → Lβ(ζ) ⊕ (proj) → k↑GH → 0.

Lβ(ζ) ⊕ (proj) has a filtration in the following way: Set M2 = Lβ(ζ) ⊕ (proj) and

M1 = Ω(kH)↑G, then M2/M1
∼= k↑GH .

¤

Propositions 4.2.7 and 4.2.9 will be used in the section 5.2 for the alternative

proof of Carlson’s theorem.

4.3 Some Exact Sequences

Let ζ ∈ Extn
kG(k, k) and η ∈ Extm

kG(k, k). Let ζ and η be represented by

0 → k → Bn−1 → · · · → B0 → k → 0

and

0 → k → Cm−1 → · · · → C0 → k → 0

respectively. Then we can form their Yoneda splice as follows

0 k Bn−1 . . . B0

k

Cm−1 . . . C0 k 0...................................... ............ ......................... ............ ...................................... ............

............................................................................................................................ ........
.... .........

.........
.........
.........
.........
.........
.........
.........
.........
.........
....................
............

............................................................................................................................................................................. ............ ...................................... ............ ...................................... ............ ...................................... ................................................................................................................ ............ .................................................................................................. ............

to obtain an element ζ · η ∈ Extn+m
kG (k, k). Note that Yoneda splice is the same

as the cup product. One can see the details about the cup product in [[4],Ch.3,

pg. 51].

Proposition 4.3.1 If ζ1 ∈ Hr(G, k) and ζ2 ∈ Hs(G, k), then there is an exact

sequence

0 → Ωr(Lζ2) → Lζ1·ζ2 ⊕ (proj) → Lζ1 → 0.
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Proof : Using Corollary 4.2.3 for ζ1 ∈ Hr(G, k) = ExtkG(Ωr−1(k), k), we have

the following exact sequence

Eζ1 : 0 → Ω(k) → Lζ1 ⊕ (proj) → Ωr(k) → 0.

Similarly for ζ2, we have

Eζ2 : 0 → Ω(k) → Lζ2 ⊕ (proj) → Ωs(k) → 0.

We tensor Eζ2 with Ωr−1(k), we get

Eζ2⊗idΩr−1(k) : 0 → Ωr(k)⊕(proj) → Ωr−1(Lζ2)⊕(proj) → Ωr+s−1(k)⊕(proj) → 0

We delete (proj)s from the exact sequence and we get

Eζ2 : 0 → Ωr(k) → Ωr−1(Lζ2)⊕ (proj) → Ωr+s−1(k) → 0

Using Yoneda splice of Eζ1 and Eζ2 , we have the following commutative diagram:

Ω−1(Lζ1) Ω−1(Lζ1)

k ⊕ proj

0 Ω(k) I T Ωr+s−1(k) 0

Ω(k)0 Lζ1 ⊕ proj Ωr−1(Lζ2) Ωr+s−1(k) 0

Ωr(k)

................................................................................................................................................................................
=

.....................................................................................................

‖

.................................................................................................... ............ .................................................................................................... ............ ....................................................................................................................................................................................................................................................................... ............ .................................................................... ............ .................................................................... ............

.................................................................................................... ............ ..................................................... ............ ............................................................................................................................................................................. ............ ......................... ............ .................................................................... ............

.................................................................. ..........
..

.................
.................

.................
.................
............

......................................................................................... ...........
.

.................
.................

.................
.................

.....................
............

.....................................................................................................

‖
..............................................................................................................
...
.........
...

..............................................................................................................
...
.........
...

..............................................................................................................
...
.........
...

..............................................................................................................
...
.........
...

(4.5)

where I is the injective hull of Lζ1 ⊕ (proj) and T is the pushout of the middle

square. Consider the exact sequence

0 → k ⊕ (proj) → T → Ωr+s−1(k) → 0.

We tensor it with Ω(k) and cancel the projective modules and we get

E : 0 → Ω(k) → Ω(T )⊕ (proj) → Ωr+s(k) → 0.

By Corollary 4.2.3, we have

Lζ1ζ2
∼= Ω(T ).
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From the commutative diagram 4.2, we have

0 → Ωr−1(Lζ2)⊕ (proj) → T → Ω−1(Lζ1) → 0.

Tensoring with Ω(k) and using Proposition 3.1.7, we get

0 → Ωr(Lζ2) → Lζ1ζ2 ⊕ proj → Lζ1 → 0.

¤

Proposition 4.3.2 If H is a subgroup of G, then there is an isomorphism

Lζ ↓H
∼= LresG

H(ζ) ⊕ (proj).

Proof : Consider the exact sequence

0 −−−→ Lζ −−−→ Ωn(k)
ζ̂−−−→ k −−−→ 0.

Applying resG
H to this exact sequence, one gets

0 −−−→ Lζ ↓H −−−→ Ωn(k)⊕ (proj)
ζ̂↓H−−−→ k −−−→ 0.

On the other hand we have

0 −−−→ LresG
H(ζ) −−−→ Ωn(k)

\resG
H(ζ)−−−−→ k −−−→ 0.

Using these exact sequences we have the following commutative diagram

proj projy
y

0 −−−→ Lζ ↓H −−−→ Ωn(k)⊕ (proj)
ζ̂↓H−−−→ k −−−→ 0y

y
y

0 −−−→ LresG
H(ζ) −−−→ Ωn(k)

\resG
H(ζ)−−−−→ k −−−→ 0.

Since projective kG-module is also injective, the exact sequence

0 → proj → Lζ ↓H→ LresG
H(ζ) → 0

splits and we get Lζ ↓H
∼= LresG

H(ζ) ⊕ (proj).

¤



Chapter 5

Carlson’s Theorem

Throughout the following G is a finite group, k is a field of characteristic p, and p

is a prime number. In this chapter, we consider a theorem by Carlson which says

that any kG-module M is a direct summand of a kG-module which has a filtration

by modules induced from elementary abelian p-subgroups. The main result of this

chapter is an alternative proof of Carlson’s theorem using Lζ-modules. This is

also the main result of this thesis.

5.1 Main Points of Carlson’s Proof

Theorem 5.1.1 (Carlson [8]) There exists an integer τ = τ(G, p), depending

only on G and p and there exists a finitely generated kG-module V such that the

direct sum k ⊕ V has a filtration

{0} = M0 ⊆ M1 ⊆ · · · ⊆ Mτ = k ⊕ V

with the property that for each i = 1, 2, . . . , τ , there is an elementary abelian

p-subgroup Ei ⊆ G and a kEi-module Wi such that

Mi/Mi−1
∼= W ↑G

i .

42
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Let W ↑G
i denotes the induced module W ↑G

i = kG ⊗kH Wi for kH-module Wi

where H is a subgroup of G. For V as in the theorem we say that k⊕V is filtered

by modules induced from elementary abelian p-subgroups.

It is sufficient to prove the theorem in the case that the group G, is a p-group.

So we have the following lemma.

Lemma 5.1.2 (Carlson [8]) If the theorem 5.1.1 is true for all finite p-groups,

then it is true for all finite groups.

Proof : Let G be any finite group and let S be a Sylow p-subgroup of G. By

hypothesis, there is an integer τ and a kS-module V such that kS ⊕ V has a

filtration

{0} = L0 ⊆ L1 ⊆ · · · ⊆ Lτ = kS ⊕ V

where for each i, Li/Li−1
∼= W ↑S

i for some kEi-module Wi and some elementary

abelian p-subgroup Ei of S. Now we can induce the entire system to G that

means, k↑GS ⊕ V ↑G has a filtration

{0} = L↑G0 ⊆ L↑G1 ⊆ · · · ⊆ L↑Gτ = k↑GS ⊕ V ↑G

such that L↑Gi /L↑Gi−1 = (W ↑S
i )↑G = W ↑G

i . Then we have the required result because

of the fact that k is a direct summand of k↑GS .

¤

By the help of this lemma, for the remainder of section 1 and section 2 of this

chapter, we assume that G is a finite p-group. The proof of Theorem 5.1.1 for

p-groups is based on Serre’s Theorem [20] which is used to distinguish the module

theory for the group algebras of elementary abelian p-groups from that of other

p-groups.

Theorem 5.1.3 (Serre [20]) Let k = Z/pZ be the field of p-elements. Suppose

that G is a p-group which is not elementary abelian. Then there is a sequence

ζ1, ζ2, . . . , ζn ∈ H1(G, k) of nonzero elements such that

ζ1 · ζ2 · · · ζn = 0
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if p = 2 and

β(ζ1) · β(ζ2) · · · β(ζn) = 0

if p > 2.

For the proof of the main theorem, Carlson prove the following lemma using

Proposition 4.2.8 and the classes in the following corollary of Serre’s theorem.

Corollary 5.1.4 Suppose that G is a p-group which is not elementary abelian.

Then there is a sequence of maximal subgroups H1, . . . , Hn and an exact sequence

E : 0 → k → C2n−1 → · · · → C1 → C0 → k → 0

such that

i) C2i−2
∼= C2i−1

∼= k↑GHi
for i = 1, . . . , n and

ii) the class of E in Ext2n
kG(k, k) is zero.

In the paper the exact sequence E is used to obtain a complex C. The complex

C is in the following form: Ci = Ci for i = 0, . . . , 2n − 1 and Ci = 0 for i < 0

or i > 2n − 1. The differentials Ci → Ci−1 are the same as the ones in E for

1 ≤ i ≤ 2n − 1. Then the homology of this complex is H0(C) ∼= H2n−1(C) ∼= k

and Hi(C) = 0 for i 6= 0 or i 6= 2n − 1. Consider the complex C ⊗ P where

C is the complex defined above and P is a minimal projective resolution such

that (C ⊗ P )i =
⊕i

j=0 Cj ⊗ Pi−j is projective for all i. By the help of Künneth

theorem, one has Hi(C⊗P ) ∼= Hi(C) for all i. Let t be any natural number such

that t ≥ 2n−1. Consider the complex which is obtained from the complex C⊗P

Γ(C ⊗ P ) : · · · → (C ⊗ P )t+1 → (C ⊗ P )t → 0.

It is deduced that Hi(Γ(C⊗P )) = 0, if i 6= t. And it is shown that Ht(Γ(C⊗P ))

is filtered by modules induced from the subgroups H1, . . . Hn. Ht(Γ(C ⊗ P )) has

a filtration in the following way:

Let C
(0)
∗ be the complex with only one nonzero term C

(0)
∗ = C0. There is an

exact sequence of complexes

0 → C(0)
∗ → C∗ → D(0)

∗ → 0
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where D
(0)
∗ = C∗/C

(0)
∗ coincides with C∗ except in degree zero that means D

(0)
0 = 0

and D
(0)
n = Cn for n 6= 0. Using this sequence we get

0 → Γ(C(0)
∗ ⊗ P∗) → Γ(C∗ ⊗ P∗) → Γ(D(0)

∗ ⊗ P∗) → 0.

This exact sequence induces an exact sequence

0 → Ht(Γ(C(0)
∗ ⊗ P∗)) → Ht(Γ(C∗ ⊗ P∗)) → Ht(Γ(D(0)

∗ ⊗ P∗)) → 0.

Since C∗ ⊗ P∗ is a projective resolution for C0 we get that Ht(Γ(C
(0)
∗ ⊗ P∗)) =

ker(∂t−1) ∼= Ωt(k↑GH1
) ⊕ P , where P is some projective kG-module. The above

process is repeated several times. That means, let C
(1)
∗ be the complex with only

one nonzero term C
(1)
1 in degree 1. In the same way, we have

0 → Ht(Γ(C(1)
∗ ⊗ P∗)) → Ht(Γ(D(0)

∗ ⊗ P∗)) → Ht(Γ(D(1)
∗ ⊗ P∗)) → 0.

By the similar reason Ht(Γ(C
(1)
∗ ⊗ P∗)) ∼= Ωt−1(k↑GH1

)⊕ (proj). This process gives

that Ht(Γ(C∗ ⊗ P∗)) has a filtration

{0} = L0 ⊆ L1 ⊆ · · · ⊆ L2n
∼= Ht(Γ(C∗ ⊗ P∗))

with Li/Li−1
∼= Ωt−i+1(k↑GHm

) where i = 2m− 1− j for j = 0, 1. Desired condition

follows from the fact that Ht(Γ(C∗ ⊗ P∗)) = Ωt(k) ⊕ Ωt−2n+1(k) ⊕ (proj). We

tensor the entire system with Ω−t(k) and obtain that k⊕Ω−2n+1(k)⊕ (proj) has

a filtration

{0} = N0 ⊆ N1 ⊆ · · · ⊆ N2n
∼= Ht(Γ(C∗ ⊗ P∗))

with Ni/Ni−1
∼= Ω−i+1(k↑GHm

) ∼= (Ω−i+1(kHm)↑G where i = 2m− 1− j for j = 0, 1.

5.2 An Alternative Proof of Carlson’s Theorem

Using Lζ-Modules

The curicial part of Carlson’s proof is the following lemma. In the lemma we have

a filtration by modules induced from maximal subgroups of G. After proving

the lemma, we will give the proof for the filtration by modules induced from

elementary abelian p-subgroups.
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Lemma 5.2.1 (Carlson,[8]) Suppose that G is a p-group which is not elemen-

tary abelian. Then there are integers m and n > 0 and a sequence H1, . . . Hn of

maximal subgroups of G and t1, . . . tn of integers such that k ⊕ Ωm(k) ⊕ (proj)

has a filtration

{0} = L0 ⊆ L1 ⊆ · · · ⊆ Ln
∼= k ⊕ Ωm(k)⊕ (proj)

where Li/Li−1
∼= (Ωti(kHi

))↑G.

We now give an alternative proof to this lemma using Lζ-modules.

Proof : We have two cases:

Case 1: p = 2.

Let ζ1, . . . , ζn be the classes satisfying Serre’s condition ζ1 · · · ζn = 0. Consider

the following exact sequences obtained by applying Proposition 4.3.1,

0 → Ωn−1(Lζ1) → Lζ1···ζn ⊕ P1 → Lζ2···ζn → 0

0 → Ωn−2(Lζ2) → Lζ2···ζn ⊕ P2 → Lζ3···ζn → 0

0 → Ωn−3(Lζ3) → Lζ3···ζn ⊕ P3 → Lζ4···ζn → 0

...
...

...

0 → Ω(Lζn−1) → Lζn−1·ζn ⊕ Pn−1 → Lζn → 0.

We add projective modules
⊕n−1

k=i+1 Pi to the last two terms of each exact sequence

for i = 1, . . . , n− 2, then we obtain

0 → Ωn−i(Lζi
) → Lζi···ζn ⊕

n−1⊕

k=i

Pk → Lζi+1···ζn ⊕
n−1⊕

k=i+1

Pk → 0

for i = 1, . . . , n− 1. Using these exact sequences, we see that

Lζ1···ζn ⊕
n−1⊕
i=1

Pi

has a filtration in the following way:
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Let Mn = Lζ1···ζn ⊕
⊕n−1

k=1 Pk and M1 = Ωn−1(Lζ1). Then we have Mn/M1
∼=

Lζ2···ζn ⊕
⊕n−1

k=2 Pk. Choose M2 such that M2/M1
∼= Ωn−2(Lζ2). Then the exact

sequence

0 → Ωn−2(Lζ2) → Lζ2···ζn ⊕
n−1⊕

k=2

Pk → Lζ3···ζn ⊕
n−1⊕

k=3

Pk → 0

gives that Mn/M2
∼= Lζ3···ζn ⊕

⊕n−1
k=3 Pk which will be the middle term of the next

exact sequence. Inductively, we can define the modules

{0} = M0 ⊆ M1 ⊆ · · · ⊆ Mn

such that Mn/Mi
∼= Lζi+1···ζn ⊕

⊕n−1
k=i+1 Pk and Mi/Mi−1

∼= Ωn−i(Lζi
) for

i = 1, . . . , n. To get the desired filtration we use Proposition 4.2.7 which says

Ωn−i+1(k↑GHi
) ∼= Ωn−i(Lζi

). Note that for p-groups we have Ωn(k↑GHi
) ∼= (Ωn(kHi

))↑G.

So, we can conclude that

Lζ1 · · · ζn ⊕ (proj) ∼= Ω(k)⊕ Ωn(k)⊕ (proj)

has a filtration with

Mi/Mi−1
∼= (Ωn−i+1(kHi

))↑G.

To get a filtration for k⊕ V , we tensor the entire system with Ω−1(k) and obtain

a filtration

{0} = L0 ⊆ · · · ⊆ Ln = k ⊕ Ωn−1(k)⊕ (proj)

with

Li/Li−1
∼= (Mi⊗Ω−1(k))/(Mi−1⊗Ω−1(k)) ∼= Mi/Mi−1⊗Ω−1(k) ∼= (Ωn−i(kHi

))↑G.

This completes the proof for p = 2

Case 2: p > 2. The proof is similar to the first case.

We consider again the classes ζ1, . . . , ζn ∈ H1(G, k) with β(ζ1) · · · β(ζn) = 0. As

in the first case, we have the exact sequence

0 → Ω2n−2i(Lβ(ζi)) → Lβ(ζi)···β(ζn) ⊕ Pi → Lβ(ζi+1)···β(ζn) → 0 (5.1)

for i = 1, . . . , n − 1 By Proposition 4.2.9, we know that Ω2n−2i(Lβ(ζi)) ⊕ Qi has

a filtration for some projective module Qi for each i = 1, . . . , n− 1. We use this
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proposition to complete the proof. That is why, we have to add Qi to the first

two terms of the exact sequence (5.1). We get

0 → Ω2n−2i(Lβ(ζi))⊕Qi → Lβ(ζi)···β(ζn) ⊕ Pi ⊕Qi → Lβ(ζi+1)···β(ζn) → 0. (5.2)

Using the same process in the case p = 2, we add
⊕n−1

k=i+1(Pi ⊕ Qi) to the last

two terms of the exact sequence (5.2) and get

0 → Ω2n−2i(Lβ(ζi))⊕Qi → Lβ(ζi)···β(ζn) ⊕
n−1⊕

k=i

(Pi ⊕Qi)

→ Lβ(ζi+1)···β(ζn) ⊕
n−1⊕

k=i+1

(Pi ⊕Qi) → 0. (5.3)

for i = 1, . . . , n− 1.

Using these exact sequences as in the first case, we get a filtration for the

module as

Mn = Lβ(ζ1)···β(ζn) ⊕
n−1⊕
i=1

(Pi ⊕Qi)

with the property Mi/Mi−1
∼= Ω2n−2i(Lβ(ζi))⊕Qi.

Consider the exact sequence

0 → Ω2n−2i+1(k↑GHi
) → Ω2n−2i(Lβ(ζi))⊕Qi → Ω2n−2i(k↑GHi

) → 0.

Let for each i = 1, . . . , n, Ni be a kG-module satisfying Mi−1 ⊆ Ni ⊆ Mi. Then

Ω2n−2i(Lβ(ζi)) ⊕ Qi has a filtration with Ni/Mi−1
∼= Ω2n−2i+1(k↑GHi

) and Mi/Ni
∼=

Ω2n−2i(k↑GHi
).

We obtain a refined filtration

{0} = M0 ⊆ N1 ⊆ M1 ⊆ N2 ⊆ M2 ⊆ · · · ⊆ Mi−1 ⊆ Ni ⊆ Mi ⊆ · · · ⊆ Mn

such that Mn = Ω(k)⊕ Ω2n(k)⊕ (proj) where (proj) is sufficiently large and

Mi/Ni
∼= (Ω2n−2i(kHi

)↑G

and

Ni/Mi−1
∼= (Ω2n−2i+1(kHi

)↑G
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for i = 1, . . . , n. We tensor the entire system with Ω−1(k) and get the desired

result.

¤

If all the maximal subgroups H1, . . . , Hn are elementary abelian, then the

proof of Theorem 5.1.1 is complete. If Hi is not elementary abelian, then by

induction, there exists a kHi-module V such that kHi
⊕ V has a filtration {0} =

M0 ⊆ M1 · · · ⊆ Mk = kHi
⊕ V with the property that for each j = 0, . . . , k,

there is an elementary abelian subgroup Ej ⊆ Hi and a kEj-module Vj such

that Mj/Mj−1
∼= V ↑Hi

j . If we induce the entire system to G, then k↑GHi
⊕ V ↑G

is filtered by the submodules M↑G
j with M↑G

j /M↑G
j−1

∼= V ↑G
j . In the same way

Ωti(kHi
)↑G ⊕ Ωti(V )↑G has a filtration by the modules Ωti(Vj)

↑G. As a result

W = k ⊕ Ωm(k) ⊕ Ωti(V )↑G ⊕ (proj) has a filtration {0} = L0 ⊆ · · · ⊆ Li−1 ⊆
M̂1 ⊆ · · · ⊆ M̂k = Li ⊕ Ωki(V )↑G ⊆ · · · ⊆ Ln ⊕ Ωki(V )↑G = W where for each j,

M̂j is an extension

0 → Li−1 → M̂i → Ωki(Mj) → 0

and M̂j/M̂j−1
∼= Ωki(Mj)/Ω

ki(Mj−1) ∼= Ωki(Vj)
↑G. Similar process for each i =

1, . . . , n gives the desired conclusion.

5.3 Generalizations of Carlson’s Theorem

Given kG-modules M0, . . . , Mn−1, we say that a module K has a filtration with

sections isomorphic to the Heller shifts of Mi’s , for i = 0, . . . , n− 1, if there is a

filtration {0} = K0 ⊆ · · · ⊆ Kn = M with the property Ki/Ki−1
∼= Ωti(Mi−1) for

i = 1, . . . , n.

Theorem 5.3.1 Let A and B be kG-modules, and E be an n-fold extension

E : 0 → B → Mn−1 → Mn−2 → · · · → M0 → A → 0

with extension class α ∈ Extn
kG(A,B). Suppose that

Ẽ : 0 → Ω−(n−1)(B) → M → A → 0
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is the extension associated to α under the isomorphism Extn
kG(A,B) ∼=

Ext(A, Ω−(n−1)(B)). Then, M ⊕ (proj) has a filtration with sections isomorphic

to Heller shifts of Mi
′
s for i = 0, . . . , n− 1.

Proof : Proof by induction on n. Let

E : 0 → B → Mn−1 → Mn−2 → · · · → M0 → A → 0

be an n-fold extension and M be the module as in the theorem. We have the

following commutative diagram

0 B I(Mn−1) Kn−2 Mn−3
. . . A 0

0 B Mn−1 Mn−2 Mn−3
. . . A 0

Ω−1(B)⊕ (proj)

Ω−1(Mn−1) Ω−1(Mn−1)

...................................... ............

...................................... ............

..............................................................................................................
...
.........
...

=

...................................... ............

....................................................................................................................................................................................................................................................................
...
.........
...

...................................... ............

....................................................................................................................................................................................................................................................................
...
.........
...

.............................................................................................................................................................. ............
=

.......................................................................................................................................................... .........
...

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
......................
............

...................................... ............ .............................................................................. ............ ..................................................................................................................................................................................................................... ............ ................................................................................... ............ .................................................................................................. ............

...................................... ............ .................................................................................................. ............ ......................................................................................................................................................................................................................................... ............ ................................................................................... ............ .................................................................................................. ............

..............................................................................................................
...
.........
...

..............................................................................................................
...
.........
...

=

..............................................................................................................
...
.........
...

..............................................................................................................
...
.........
...

=

where Kn−2 is the push out and I(Mn−1) is the injective hull of Mn−1. This

diagram gives the extension

Ẽ : 0 → Ω−1(B)⊕ (proj) → Kn−2 → Mn−3 → · · · → M0 → A → 0

with the extension class α̃ associate to α under the isomorphism Extn−1
kG (A, Ω−1(B)) ∼=

Extn
kG(A, B). Let 0 → Ω−(n−1)(B) → K → A → 0 be the extension correspond-

ing to α̃. By induction, K ⊕ (proj) has a filtration with sections isomorphic to

the Heller shifts of M0,M1, . . . ,Mn−3 and Kn−2. We need to show that M has

a filtration with sections isomorphic to the Heller shifts of M0, . . . Mn−2,Mn−1.

Note that K ∼= M , since α and α̃ corresponds to equivalent extensions in

Ext(A, Ω−(n−1)(B)). So, M has a filtration with sections isomorphic to the Heller

shifts of M0, M1, . . . , Mn−3 and Kn−2 On the other hand, we have the exact se-

quence 0 → Mn−2 → Kn−2 → Ω−1(Mn−1) → 0. This gives that Kn−2 has a



CHAPTER 5. CARLSON’S THEOREM 51

filtration with sections isomorphic to the Heller shifts of Mn−2 and Mn−1. Thus

M has a filtration with sections isomorphic to the Heller shifts of M0, . . . , Mn−1.

¤

Note that Carlson’s theorem follows as a corollary. To see this, apply Theorem

5.3.1 to the extension

E : 0 → k → k↑GHn
→ k↑GHn

→ · · · → k↑GH1
→ k↑GH1

→ k → 0

in Corollary 5.4.1 .

Using Theorem 5.3.1, we obtain another generalization of Carlson’s Theorem:

Theorem 5.3.2 Let ζ be the cohomology class in Hn(G, k) = Extn
kG(k, k) which

is represented by the extension

E : 0 → k → Mn−1 → · · · → M0 → k → 0.

Then Lζ⊕(proj) has a filtration with sections isomorphic to Heller shifts of Mi’s.

Proof : By Lemma 4.2.2, ζ is represented by

0 → k → Pn−1/Lζ → Ωn−1(k) → 0.

Tensoring this with Ω−(n−1)(k) and cancelling projective modules, we get

0 → Ω−(n−1)(k) → Ω−n(Lζ)⊕ (proj) → k → 0 (5.4)

Thus we can apply Theorem 5.3.1 with M ∼= Ω−n(Lζ)⊕(proj), so Ω−n(Lζ)⊕(proj)

has a filtration

{0} = T0 ⊆ T1 ⊆ . . . Tn = Ω−n(Lζ)⊕ (proj)

with the property Ti/Ti−1 = Ω−(i−1)(Mi−1). Tensoring the entire system with

Ωn(k) gives a filtration

{0} = T̂0 ⊆ T̂1 ⊆ . . . T̂n = Lζ ⊕ (proj)

for Lζ ⊕ (proj) with property T̂i/T̂i−1
∼= Ωn−(i−1)(Mi−1).

¤

Note that Carlson’s theorem follows from Theorem 5.3.2 as a corollary.



Chapter 6

Carlson’s Theorem in Integral

Cohomology

In [8], it is shown that any ZG-module M is a direct summand of a module that

has a filtration by modules induced from elementary abelian subgroups. If the

coefficient ring is a field of characteristic p, then only the elementary abelian p-

subgroups are used. In this chapter, we see that most of the results in chapter

5 is true in integral cohomology. We give a summary of the proof of Carlson’s

theorem.

6.1 Carlson’s Argument in Integral Cohomol-

ogy

Throughout the following G is still a finite group. R denotes a general commu-

tative coefficient ring with unit and we let again k be a field of characteristic

p > 0. R (or k) denote the trivial RG-module (or kG-module). Carlson states

the main theorem of the paper [8] for integer coefficients. In this chapter all these

ZG-modules that we are interested in will be ZG-lattice. A ZG-module is called

ZG-lattice if it is free as Z-modules.
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Theorem 6.1.1 There exists an integer τ , depending only on G, and there exists

a finitely generated ZG-module V such that the direct sum Z⊕ V has a filtration

{0} = L0 ⊆ L1 ⊆ · · · ⊆ Lτ = Z⊕ V

with the property that for each i = 1, 2 . . . , τ , there is an elementary abelian

subgroup Ei ⊆ G and a ZEi-module Wi such that

Li/Li−1
∼= W ↑G

i .

The modules V, W1, . . . , Wτ can be assumed to be free as Z-modules.

As before W ↑G denote the induced module W ↑G ∼= ZG⊗ZH W for any ZH-module

W where H is a subgroup of V . In the theorem Carlson says that Z⊕V is filtered

by modules induced from elementary abelian subgroups. One of the implications

of the theorem is that any RG-module M is direct summand of a module which

is filtered by modules induced from elementary abelian subgroups.

Corollary 6.1.2 For any RG-module M there is an RG-module M
′
such that

M ⊕M
′
has a filtration

{0} = N0 ⊆ N1 ⊆ · · · ⊆ Nτ = M ⊕M ′

where Ni/Ni−1
∼= U↑G

i for some REi-module Ui. Moreover, if M is finitely gen-

erated, then M ′ may also be taken to be finitely generated.

Proof : For the proof see [8]

¤

Lemma 6.1.3 ([8]) If theorem 6.1.1 is true for all finite p-groups, then it is true

for all finite groups.

Proof : Let G be any finite group, p a prime dividing order of G, and let S be

a sylow p-subgroup of G. By assumption, we have an integer τ and ZS-module

V such that ZS ⊕ V has a filtration

{0} = L0 ⊆ L1 ⊆ · · · ⊆ Lτ = ZS ⊕ V
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where for each i, Li/Li−1
∼= W ↑G

i for some ZEi-module Wi and some elementary

abelian p-subgroup Ei of S. We can induce the entire system to G. Then we

have that ZS↑G ⊕ V ↑G has a filtration

{0} = L↑G0 ⊆ L↑G1 ⊆ · · · ⊆ L↑Gτ
∼= ZS↑G ⊕ V ↑G

such that L↑Gi /L↑Gi−1
∼= (W ↑S

i )↑G = W ↑G
i . Since we consider ZG-modules which

are free as Z-modules, all L′is are free as Z-modules and so are the modules W ↑G
i

and V ↑G.

Now suppose that p1, . . . , pr are the primes dividing the order of G and for

each i, Si is a sylow pi-subgroup and Vi is a module such that ZG
Si
⊕ Vi is filtered

by modules induced from elementary abelian pi-subgroups. Then the direct sum⊕
i(ZG

Si
⊕ Vi) can be filtered by modules induced from elementary abelian sub-

groups. Since the trivial ZG-module Z is a direct summand of
⊕

i ZG
Si

we get the

required result.

¤

For the remainder of the section we assume that G is a finite p-group. As in the

chapter 5 proof based on Serre’s theorem with some changes. We know that each

cohomology class satisfying Serre’s condition is represented by an exact sequence

in the form

0 → k → k↑GH → k↑GH → k → 0

where H is a maximal subgroup of G. This sequence can be lifted to the integral

coefficients. For a maximal subgroup H of G there is an exact sequence

0 → Z→ Z↑GH → Z↑GH → Z→ 0

and reduction modulo p of this exact sequence represents the Bockstein element

associated to H. Assume that

βH : 0 → Z→ Z↑GH → Z↑GH → Z→ 0

be the representative element in H2(G,Z). Thus there exists maximal subgroups

H1, . . . , Hn such that the product β = β1 . . . βn is contained in pH2n(G,Z) since its

reduction modulo p is zero. The groups H i(G,Z) are |G|-torsion, for sufficiently

large m we have βm = 0. Thus Serre’s theorem takes the following form in

integral cohomology.
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Corollary 6.1.4 Suppose that G is a p-group which is not elementary abelian.

Then there is a sequence of maximal subgroups H1, . . . , Hn of G and an exact

sequence

E : 0 → Z→ C2n−1 → · · · → C1 → C0 → Z→ 0

such that

i) C2i−2
∼= C2i−1

∼= Z↑GHi
for i = 1, . . . n and

ii) the class of E in Ext2n
ZG(Z,Z) is zero.

Proof of the main theorem is nearly the same as the proof in chapter 5. There

are some difficulties in integral cohomology. Here Ω(M) denotes the kernel of a

surjective homomorphism from P ³ M a projective module to M where it is

a ZG-module free as Z-module. Inductively Ωn(M) = Ω(Ωn−1(M)). In integral

case, a projective cover need not might be unique up to isomorphism. So, Ωn(M)

may not be well defined up to isomorphism. It is well defined up to a projective

module.

In integral case, to write the proof we need Propositions 3.1.7 and 3.1.9, so

we need the following definition.

Definition 6.1.5 A ZG-module P is called weakly injective if every exact se-

quence 0 → P → M → N → 0 of ZG-lattices which splits as a sequence of

Z-modules splits over ZG.

ZG is a weakly injective module. Projective ZG-modules are not injective,

but they are weakly injective. That is why Propositions 3.1.7 and 3.1.9 are true

in integral case.

For a given ZG-lattice M , there is projective hence weakly injective, ZG-

lattice Q and an injection Q ½ M . This is similar to injective hull for ZG-

lattices. We define Ω−1(M) as the cokernel of the the injection. Inductively,

we define Ω−n(M) ∼= Ω−1(Ω−n+1(M)). And these are also well defined up to a

projective module.
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If ζ ∈ Hn(G,Z), we can represent ζ by a cocycle ζ̂ : Ωn(Z) → Z. By adding a

free summand to Ωn(Z), if necessary, we may assume that this map is surjective

(even if ζ = 0). We write Lζ = ker(ζ̂) and get the exact sequence

0 −−−→ Lζ −−−→ Ωn(Z)
ζ̂−−−→ Z −−−→ 0

In integral cohomology Lζ is well defined up to a projective module because Ωn(Z)

is well defined up to a projective module. We have the exact sequence

0 → Ωs(Lζ2) → Lζ1ζ2 ⊕ (proj) → Lζ1 → 0

for ζ1 ∈ Hs(G,Z) and ζ2 ∈ Hr(G,Z) from the following diagram:

0 0y
y

Ωr(Lη) Ωr(Lη)y
y

0 −−−→ Lζ·η ⊕ (proj) −−−→ Ωr+s(Z)⊕ (proj)
ζ̂◦η̂−−−→ Z −−−→ 0y id⊗η̂

y
∥∥∥

0 −−−→ Lζ −−−→ Ωr(Z)
ζ̂−−−→ Z −−−→ 0y

y
0 0

Note that the propositions 3.1.6, 3.1.7 and 3.1.9 remain vaild for integer co-

efficients. And the propositions 4.1.7, 4.1.10, the lemma 4.2.2, the corollary

4.2.3, the remark 4.2.4 and the proposition 4.2.6 are also true in integral coef-

ficient. In chapter 5, the proposition 5.1.6 is true in integer coefficients. And

also for p-groups, if M is Z-free ZH-module where H is a subgroup of G, then

Ωn(M↑G) ∼= (Ωn(M))↑G. Using all these materials, as it is in chapter 5 we can

write the proof for the main theorem in integral cohomology using Lζ-modules.
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