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ABSTRACT
L~MODULES AND A THEOREM OF JON CARLSON

Fatma Altunbulak
M.S. in Mathematics
Supervisor: Asst. Prof. Dr. Ergiin Yal¢in
August, 2004

In this thesis, we study L¢-modules, and using some exact sequences involving
L¢-modules, we give an alternative proof to a theorem by Jon Carlson which says
that any ZG-module is a direct summand of a module which has a filtration by
modules induced from elementary abelian subgroups.

Keywords: Ls~modules, cohomology, projective module, injective module, projec-

tive resolutions, elementary abelian p-subgroups, exact sequences.
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OZET

Lc-MODULLERI VE JON CARLSON’IN BIR
THEOREMI

Fatma Altunbulak
Matematik, Yiiksek Lisans
Tez Yoneticisi: Yrd. Doc¢. Dr. Ergiin Yalcin
Agustos, 2004

Bu tezde Lc-modiillerini inceledik ve L¢-modiillerini igeren bazi tam dizileri
kullanarak, herhangi bir ZG-modiiliin, temel Abel altgruplardan genisletilmis
modiillerle filitre edilmig bir modiiliin direk toplam terimi oldugunu soyleyen Jon
Carlson’a ait bir teoremi degigik bir yoldan ispatladik.

Anahtar sozcikler: Le-modiilleri, kohomoloji, projektif modiil, injektif modiil,

projektif ¢oziiciiler, temel Abel p-altgruplar, tam diziler.

v



Acknowledgements

I would like to express my sincere gratitude to my supervisor Asst. Prof. Dr.
Ergiin Yalcin for his excellent guidance, valuable suggestions, encouragement,
infinite patience and conversations full of motivation. T am glad to have the
chance to study with this great person who is a role model as a supervisor and a

mathematician.

I would like to thank Assoc. Prof. Dr. Laurence J. Barker for helping me on

various occasions almost like a second supervisor.

I am so grateful to have the chance to thank my family who is with me in any

situation, for their encouragement, support, endless love and trust.

I am grateful to Prof. Dr. Sofiya Ostrovska and Asst. Prof. Dr. Gokhan

Bilhan who always encourage me to be a mathematician.

I want to thank Dr. Segil Gergiin who always listens to me about my work
and also about all kinds of problems that I have had, for her valuable advices and
sharing her experiences with me. I also thank her for her helps about Latex and

maple.

I would like to thank Olcay Coskun for his valuable and enjoyable conversa-

tions about mathematics and also for his helps about Latex.

My thanks also goes to my closest friends Ash and Tiilay who are always with

me at the happiest and the hardest times.

Finally, I would like to thank my housemates Ozden Yurtseven and Burcu
Silindir who always give motivation about living in Ankara far away from my
family and I also thank all my friends in the department for the warm atmosphere

that they create.



Contents

1 Introduction

2 Preliminaries on Homological Algebra
2.1 Complexes and Homology . . . . . .. .. ... ... ... ....
2.2 Projective Resolutions and Cohomology . . . . . . . .. .. .. ..

2.3 The Kiinneth Theorem . . . . . . . . . . . . . . . . .. ... ...

3 Group Cohomology
3.1 The Group Algebra kG . . . . . . . .. .. ... .. ... ..
3.2 Cohomology of Groups and Extensions . . . .. .. .. ... ...
3.3 Low-Dimensional Cohomology and Group Extensions . . . . . . .

3.4 Minimal Projective and Injective Resolutions . . . . . . . . . . ..

4 Carlson’s L-~-Modules
4.1 The Syzygies Q"(M) . . . . . .

4.2 Definition of the L.-Modules . . . . ... ... ... ... ... .

vi

10

14

17

17

21

23

25

28



CONTENTS vii

4.3 Some Exact Sequences . . . . . ... ... 39
5 Carlson’s Theorem 42
5.1 Main Points of Carlson’s Proof . . . . . . .. ... ... .. .... 42
5.2 An Alternative Proof of Carlson’s Theorem Using L.-Modules . . 45
5.3 Generalizations of Carlson’s Theorem . . . . .. ... ... ... 49
6 Carlson’s Theorem in Integral Cohomology 52

6.1 Carlson’s Argument in Integral Cohomology . . . . . . ... ... 52



Chapter 1

Introduction

Let G be a finite group and R be a commutative ring with identity. The coho-
mology of a group G with coefficients in a RG-module N, where RG is the group

algebra, is the cohomology of the cochain complex of the RG-modules:
0 — Hompgg(FPo, N) — Hompg (P, N) — ...

obtained by applying Hompgg(—, N) to a projective resolution of the trivial RG-
module R. We will denote the cohomology of a group G with coefficients in N
as H"(G, N). The most important cases for the ground ring R of the group ring
RG is R = Z or a field, denoted by k, of characteristic p dividing the order of G.
Note that, by Maschke’s theorem, the group algebra kG is semisimple when the
characteristic p of k£ does not divide the order of G. In this case, all kG-modules
will be projective and hence the cohomology of G will be trivial. That is why, we

assume that the characteristic of k£ divides the order of G.

In [19], Quillen proves a conjecture of Atiyah and Swan which says that the
Krull dimension of the mod p cohomology ring of a compact Lie group G equals
to the maximum rank of an elementary abelian p-subgroup. Another result in
the same paper states that the minimal prime ideals of the mod p cohomology
ring of a compact Lie group G are in one to one correspondence with the con-

jugacy classes of maximal elementary abelian p-subgroups. Using Quillen’s work
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Chouinard [13] proved that a kG-module is projective if and only if its restric-
tion to every elementary abelian p-subgroup is projective. These are some results
which emphasize the importance of the elementary abelian p-subgroups of a finite

group G for its cohomology and its module category.

Another result in this direction is given by Jon Carlson in [8] which says that
any ZG-module M is a direct summand of a module which has a filtration by
modules induced from elementary abelian subgroups. The main theorem of [8] is

the following:

Theorem 1.0.1 There exists an integer T, depending only on GG, and there exists
a finitely generated ZG-module V' such that the direct sum Z @&V has a filtration

{0}=LoCLL1C---CL,=ZDV

with the property that for each v = 1,2...,7, there is an elementary abelian
subgroup E; C G and a ZE;-module W; such that

Li/Li_y =W/

The modules V, W1, ..., W, can be assumed to be free as Z-modules.

Here VVJG denotes the induced module W/¢ = kG Qg Wi for kH-module W,

1

where H is a subgroup of G.

When the coefficient ring Z is replaced by a field of characteristic p, there
is a similar filtration coming from the modules induced from elementary abelian
p-subgroups. This result is used to prove some other results, such as Chouinard’s
result [13] and a theorem of Alperin and Evens [3] on the complexity of modules.
Also note that Theorem 1.0.1 is the main ingredient of Carlson and Thevenaz’s

[11]) work on endo-permutation modules.

Associated to a cohomology class ¢ € H"(G, k), there is a module L, defined
as the kernel of representing homomorphism ¢ : Q"(k) — k (see Theorem 4.1.11).
A module of this form is called Ls-module or Carlson’s L¢-module, referring to

Carlson’s great contribution to the study of these modules. The main applications
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of Le-modules can be found in the subject of varieties of modules (see for example

[10])-

In this thesis, our main goal is to give an alternative proof of Theorem 1.0.1
using L.-modules. The main idea of the proof is to use Serre’s theorem (see page

43) together with the following propositions:

Proposition 1.0.2 ([4]) If ¢ € H"(G,k) and {; € H*(G, k), then there is an

exact sequence

0— QT<LC2) - LCl'C2 S (pTOj) - LCl — 0.

Here the notation (proj) means that the statement is true after adding a suitable

projective summand. We will be using this notation throughout the thesis.

Proposition 1.0.3 Let G be a 2-group. If ¢ is a cohomology class in H(G, k),
then Le = Q(kg)'C where H is the kernel of C.

Proposition 1.0.4 Let G be a finite p-group where p > 2. If ¢ is a cohomology
class in H'(G, k), then Lg) ® (proj) has a filtration {0} = My C My, C M, =
Lae) ® (proj) with the property My /M, = k}{G and My /My = Q(ky)'C here H is
the kernel of (.

Here (3 denotes the Bokstein operator in the group cohomology. We prove these
propositions in Chapter 4, and give the alternative proof in Chapter 5. In Chapter

5, we also give two generalizations of Carlson’s theorems:

Given kG-modules M, ..., M, 1, we say that a module K has a filtration
with sections isomorphic to the Heller shifts of M;’s , for+ =10,...,n— 1, if there
is a filtration {0} = Ky C --- C K,, = M with the property K;/K; 1 = Q'(M; ;)

fori=1,...,n.

Theorem 1.0.5 Let A and B be kG-modules, and E be an n-fold extension

E:-0—-B—-M,1—>M,3—-—My—A—0
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with extension class a € Ext} (A, B). Suppose that

E:0-Q™YB) - M-A-0

~Y

is the extension associated to « wunder the isomorphism Exti.(A,B) =
Ext(A, Q- "Y(B)). Then, M & (proj) has a filtration with sections isomorphic
to Heller shifts of M;'s fori=0,...,n—1.

Theorem 1.0.6 Let ¢ be the cohomology class in H™(G, k) = Extjo(k, k) which

15 represented by the extension
EF:0—-k—-M, 14— --— My— k— 0.

Then L; & (proj) has a filtration with sections isomorphic to Heller shifts of M;’s.

Note that the modular version (over a field of characteristic p ) of Carlson’s

theorem follows from these theorems.
The thesis is organized as follows:

In chapter 2, we give some background material from homological algebra
which contains definitions of cohomology, projective resolutions and some basic

theorems of cohomology theory for an arbitrary ring R with identity.

In chapter 3, we study the group algebra kG, projective and injective kG-
modules and then we focus on group cohomology including the relation between
cohomology and extensions, first cohomology H'(G, N), the existence of minimal

projective resolutions.

Chapter 4 includes the syzygies and the proof of well-definedness of L-
modules and an exact sequence of L¢ which has an important role in chapter
D.

In chapter 5, we give a survey of the paper [8] and then write the alternative

proof of Carlson’s theorem. We also give generalizations of Carlson’s theorem.

In chapter 6, we summarize the proof of the theorem in integral cohomology.



Chapter 2

Preliminaries on Homological
Algebra

We compute the cohomology of a finite group G using projective resolutions of
the trivial RG-module R, where RG is the group algebra and R is the ground ring
which is commutative with identity. The most important cases for R is R = 7Z
or R is a field, especially a field of characteristic p where p is a prime number.
In this chapter, our main interest is the cohomology of a cochain complex of R-
modules for any ring with identity. We give the general theory of the homology
and the cohomology of a chain complex and a cochain complex of R-modules to
obtain main applications to group algebra which are used in cohomology theory
of groups. To get more details about the materials in this chapter, we refer the
reader to [4], [7], [16].

2.1 Complexes and Homology

Definition 2.1.1 A complex C of R-modules is a family
C ={C,, 0.}, n € Z, where each C,, is an R-module and 0, : C,, — C,_1 is R-

module homomorphism, satisfying 0, o 0,1 =0. Here 0, is called the differential
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of the complex. Thus a complex C' has the form

C’I’L*l oo CO 071

In this complex, instead of using lower indices, it is often convenient to write

C" for C_,, and 6" : C* — C™*! in place of 9_,, : C_,, — C_,,_; for n > 0.

Definition 2.1.2 A complex C' of R-modules is positive if C,, = 0 for n < 0.

The positive complex 1s called chain complex. It looks like

8'rL+1 Bn

. ? n+1 On

Cn—l S C() — 0.

A complex C of R-modules is negative if C,, = 0 for n > 0. The negative
complex is called cochain complex and has the form:

60 51 RN On 5n Cn-i—l

0 Cc° C!
The condition 0, o 0,,1=0 for all integers n gives that Im 0,1 C ker 0,.
The homology and similarly the cohomology measures the differences between

Im 0,1 and ker 9,, as follows.

Definition 2.1.3 The homology of a chain complex C is defined as
H,(C)=H,(C,0,) =ker (0, :C,, — Cp_1)/Im (Opy1: Crs1 — Cy).
The cohomology of a cochain complex C' is defined as

H™(C) = H"(C,6%) = ker (6" : C™ — C"1)/Im (5" 1 : C™' — C™),

An n-cycle of C' is an element of Z,(C) := ker (9, : C,, — C,_1) and an
n-boundary is an element of B, (C) := Im (Op41 : Cpy1 — C,). Similarly an n-
cocycle is an element of Z"(C') := ker (6, : C" — C™!) and an n-coboundary is
an element of B, (C) :=Im (5"~ : C"! — C"). If z € C, is such that 9,(z) =0
then x € Z,(C) and [z] is the image of z in H,(C) and [z] is called homology
class. Two n-cycles xq,xs are in the same homology class, that is [z1] = [z2],
if and only if 1 — x5 € Im 0,,11. And also if x € C, , then we say that x has

dimension n.
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Definition 2.1.4 If C' and D are chain complexes (respectively cochain com-
plexes), a chain map (respectively cochain map ) f : C — D is a family of
module homomorphisms f, : C,, — D, (respectively f" : C™ — D"), n € Z, such

that the following diagram commutes:

> U 871-1—1 C, an Cn—l 871—1 CR—Q

‘fnl ‘an
a/

lfn+1 an
O, 9, e
.o —).Dn+1 +1 -DTL n Dn—l ! Dn—Q

That is 0., 0 f, = fu_1 0 Op for all n (Respectively

.. —>Cn+1 6n+1 con 9" Cn—l 5n_1 On—?
Vlf’n—‘,—l an ‘fnl ‘an
.. —>Dn+1 o" D " anl 6n_1 Dn72

that is 0™ o f* = f"1o o).

Lemma 2.1.5 A chain map f : C — D induces a homomorphism

fe 1 Hy(C) — H,(D) defined by f.([z]) = [fu(x)] for x € Z,(C) and similarly a
cochain map f: C — D induces a homomorphism f*: H"(C) — H"(D) defined
by f*([x]) = [f"(z)] for z € Z"(C).

Definition 2.1.6 Let f, f : C — D be chain maps. We say that f and f are
chain homotopic (written f ~ f'), if there are module homomorphisms
hy : C, — D,.1 such that f, — f,; = a;m o hy + hyp_1 00, holds for alln € Z for

the diagram

an—O— 1 an

C ?’Ll
o > Un+1 n n—1 n2

fn+17fr,1+1‘ h” ‘f/ ‘fn 17 n—1 ‘fn 27fn 2
0, o

n+1 n
o ——> Dy Dy, 1
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Definition 2.1.7 We say that C and D are chain homotopy equivalent (written
C ~ D), if there are chain maps f : C — D and f' : D — C such that fof ~ Idp

and f o f ~ Ide. The chain maps f and f are called chain equivalences.

We have similar definitions for cochain complexes.

Proposition 2.1.8 If f, f : C — D are chain homotopic, then
fo=f. Hy(C) — Hy(D).

A homotopy equivalence C ~ D induces an isomorphism H,(C) = H,(D) for all
n € Z.
O

The cohomological version of the above proposition is the following.

Proposition 2.1.9 If f, f : C — D are cochain homotopic, then
fr= () H'(C) — H"(D).

A homotopy equivalence C' ~ D induces an isomorphism H"(C) = H"(D) for all
n € 7.
0

Each R-module M may be thought as a trivial positive complex. That is My = M
and M, =0 for n # 0 and 0 = 0.

Definition 2.1.10 Let M be an R-module and C be a chain compler. A con-
tracting homotopy for the chain map ¢ : C — M 1is a chain map f: M — C
together with eo f = 1dy; and a homotopy s : Id >~ foe. That means a contracting
homotopy consists of module homomorphisms f: M — Cy and s, : C,, — Cp1,
n=20,1,2... such thateof =1d, 01059+ foec = Id¢, and O, 4105,+5,-100, = 1d
forn > 0.
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Remark 2.1.11 Ife : C — M has a contracting homotopy then we have €, :
Ho(C) =2 M for n =0 and H,(C) = 0 for n > 0. Contracting homotopy

measures the exactness of the complex ¢ : C'— M.

Similar things are valid for the cohomology of cochain complex.

Definition 2.1.12 A short exact sequence
0-C -C—C" —0

of chain complexes consists of chain maps C' — C and C — C" such that for

each n,

0 oI o I o 0

n n

1s a short exact sequence.

Proposition 2.1.13 Let

0 o L0 2.0 —0

be a short exact sequence of chain complexes, then there is a long exact sequence

S —— Hon(C") =2 Hy(C) I H,(0) 2 H,(C") -2 ...

where 0 is the connecting homomorphism.

The definition of the connecting homomorphism and the proof of this proposition
can be found in [[4], Ch.2, pg. 27 |.

We have a similar exact sequence for cohomology:

Proposition 2.1.14 Let

1
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a short exact sequence of cochain complexes, then there is a long sequence
. —— HY(C) L= H"C) L= HY(C") 2 H™(C) — ...

where  is connecting homomorphism.

2.2 Projective Resolutions and Cohomology

Definition 2.2.1 An R-module P is called projective if for every homomorphism
f : P — B and every epimorphism g : A — B, there is a homomorphism

h: P — A such that the following diagram commutes:

P
h f
A—9 . p 0

Definition 2.2.2 An R-module I is called injective if for every homomorphism
6 : A — I and every momomorphism ~v : A — B, there is homomorphism

a: B — I such that the following diagram commutes:

N

0 A B

B «

I

Definition 2.2.3 A projective resolution of an R-module M is a long exact se-

quence

871-1— 1 an 81 £

e TS| P, Pry—— > P 0

where each P; is a projective R-module.
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Remark 2.2.4 Since every module is a homomorphic image of a free module and

every free module is projective, projective resolution always exists.

Theorem 2.2.5 (Comparison Theorem) Any homomorphism of modules

f

M——N

can be extended to a chain map of projective resolutions with the commutative

diagram

Py Ont1 P, On P, . Py M- 0
fn+1‘ b, ‘fn hn1‘f"1 Ifo lf

Qa2 D, Qo N 0,

Given any two such chain maps f, and f;b, there is a chain homotopy h, : P, —
Qny1 So that f, —f,’t = 8;“ ohy, +h,_100, where 0, : P, — P,_1 and (9; cQn —

Q.1 are differentials of the resolutions.

Proof: We will prove the theorem using induction on n. Note that, fy exists
since Py is a projective module. Assume that fy, fi,..., fn_1 are defined. For f, 1
we have 8;710fn_1 00, = fn200,-100, =0. Thus f, 100, € ker 8;%1 =Im 8;.

Consider the diagram:

P,

fn—loanl

/

Qn N Im(d,) — 0.

Since P, is projective there exists a module homomorphism f, : P, — @, with

the property 0., o fn = fa_1 0 0.

For the chain homotopy we get the proof again by induction on n. The map
ho : Py — 1 exists because Fy is projective. Assume that hy, ..., h,_1 are defined.
Consider h,,_;. We have 8; o(fn— f,'L —hp_100,) = (fuo1— f;fl — 8;ohn,1) 00, =
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Bp—200,_100, = 0 which means (f, — f,, —hn_100,) € ker 9, = Im 9, ,. Again

we have the diagram
P,

fn*f:;fhnfloanl

o 4 ,
QnJFl - Im(anJrl) 0.

Thus there exists h, : P, — Q.41 with f, — f,/l —hyp_100, = 8;“ o h,, because
P, is a projective module.
O

Definition 2.2.6 If N is right R-module and

an Pn_1->'"'—>P1 81 PO M—0

On
P — p

s a projective resolution of a left R-module M, then we have a chain complex

e

.—>N®an+1 N®an—>N®RPn,1—>...

Tor®(N, M) is defined as the homology of this complex:
Tor(N, M) := H,(N ® P,1d ® 0,)

Definition 2.2.7 If N is a left R-module and
an—i—l an

- ——Poy P, Poy>o > P —2 B> M~ 0

s a projective resolution of a left R-module M, then we have a cochain complex

51

0
0 — > Homg(Py, N) — s Homp (P, N) —> Homp(Ps, N) —- --

Ext', (M,N) is defined as the cohomology of this complex:

Exth(M, N) := H"(Homg(P, N), ")

In this definition, for n = 0, we have Torf(N, M) = N ® M and Ext% (M, N) =
Hompg(M, N).
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Proposition 2.2.8 If M s projective R-module and N is any R-module, then
Ext" (M, N) =0 = Tor®(M, N) for all n.

Torf(_7 —) and Ext;(—, —) preserve direct sum.

Proposition 2.2.9 Let 0 — My — My — M3 — 0 be a short exact sequence
of left R-modules.

i)If N is a right R-module, then there is a long exact sequence

- — Tor®(N, M;) — Tor®(N, My) — Tor®(N, M3) — ...
—>N®RM1—>N®RM2—>N®RM3—>0

i)If N is a left R-module, there is a long exact sequence

0 — Hompg(N, M;) — Hompg(N, M) — Hompg(N, M3) —
- Ext™(N, M;) — Ext™(N, My) — Ext™(N, M) — ...

O

N ®r — or — ®g N are covariant functors. Homg(N, —) is a covariant functor,

but Hompg(—, N) is a contravariant functor.

Proposition 2.2.10 Let
0— My— M; — My — 0

be a short exact sequence of right R-modules.

i) N is a left R-module. Then there is a long exact sequence

- — Tor®(My, N) — Tor®(M,, N) — Tor®(M,, N) — ...
— My &g N — M1 Qg N — My @ N — 0

i) Let
0— My— M; — My —0
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be a short exact sequence of left R-modules and N is a left R-modules. Then there

1s a long exact sequence

0— HOIHR(MQ, N) - HOIHR(Ml, N) - HOHIR(M(), N) — ..
- — Extl(Ms, N) — Exti (M, N) — Exth(Mo, N) — ...

2.3 The Kunneth Theorem

Let C' and D be chain complexes of right, respectively left, R-modules. We can

construct a new complex in the following form

(C®rD)y= P (Cior C))

i+j=n

The differential 9, : (C ®g D), — (C ®g D),_1 is given by
On(z @ y) = Oi(z) @y + (—1)'z @ 9;(y)

for x € C; and y € D; and we have 0, 0 0,41 = 0. This formula shows that the
tensor product x; ® o of cycles is a cycle in C'® D and the tensor product of
a cycle and a boundary is a boundary. Thus if z; and x5 are cycles in C' and D
respectively then we have a well defined group homomorphism

p: Hi(C)®gr H;j(D) — H;1;(C ®g D) such that p: [x1] ® [xs] — [11 @ x2].
Definition 2.3.1 A left R-module N is called flat if for any long exact sequence
of right R-modules
e My, — My — My — ...
the sequence
> M, Qr N > M,,_ 1 Qr N — M,_oQr N — ...

1s also exact.
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Theorem 2.3.2 (The Kiinneth Theorem) Let C' be a chain complex of right R-
modules and D be a chain complex of left R-modules. If the cycles Z,(C) and the

boundaries B, (C) are flat modules for all n, then there is a short ezact sequence
of R-modules

0— @ Hi(C)®r Hy(D) - H,(C®p D) — &5 Torf{(H;(C), Hj(D)) — 0.

i+j=n i+j=n—1

Proof: [[4], Ch.2, pg. 39] Consider Z(C) and B(C') as the complexes of flat

modules with zero boundaries. Since Z(C') is flat, we have
(Z(C)®r Z(D))y, =ker(1®0: (Z(C) ®r D), — (Z(C) ®r D)n-1)
and
(Z(C) @r B(D))n = Im(1® 9 : (Z(C) ®r D)ns1 — (Z2(C) @g D)y).
Thus
H.(Z(C) ®r D) = Z(C) ®@r H (D).
Since B(C) is flat, similarly we have
H.(B(C) ®x D) = B(C) ©5 H.(D).
Consider the short exact sequence of complexes:

0 —— B(C) —— Z(C) —— H(C) —— 0

We tensor this exact sequence with H(D). By definition of flat module, we
have Torf(Z(C), H,(D)) = 0. So the long exact sequence in Proposition 2.2.10
becomes

0 —— Torf(H,(C),H.(D)) —— H,(B(C)®g D) 21
—  HJ(Z(C)®r D) —— H.(C)®gH, (D) — 0.

Consider

0—Z(C)—C— B(C)]-1]—0

where [-1] means a shift of degree -1, so that (B(C)[—1]), = B,—1(C). We tensor
this short exact sequence with D. Since Torf(B(C), D) = 0, we get a short exact

sequence

0—-Z(C)®r D — C®grD — (B(C)®g D)[-1] — 0.
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By Proposition 2.1.13, we have

. —— H(B(C)®zpD) -~ H(Z(C)®rD) —— H,(C®gD)

i

s HA(B(C)@r D)[1] s H(Z(C) & D)[-1] ——
This long exact sequence gives

0 — Coker(i,) — H.(C ®r D) — ker(i,)[—1] — 0.
Using the exact sequence (2.1), we get

0 — H,(C)®g H, (D) — H,(C ®g D) — Torf(H,.(C), H.(D))[-1] — 0.

Let C be a chain complex such that Z,(C) and H,(C) are projective. Then

the exact sequence
0— B,(C)— Z,(C)— H,(C) =0

splits, and hence B, (C) is projective. Since projective modules are also flat,
Z,(C), H,(C) and B,(C) are flat and by the definition of a flat module
Tor'(H,(C), H;j(D)) = 0. Using the Kiinneth Theorem, we obtain the follow-

ing corollaries.

Corollary 2.3.3 If Z,(C) and H,(C) are projective R-modules for all n, then

H,(C®r D)= @ Hi(C)®r H;(D).

i+j=n

Corollary 2.3.4 If Z,(C) and H,(C) are projective R-modules and either C or
D exact, then so is C @r D.



Chapter 3
Group Cohomology

Let GG be a finite group and k be a field of characteristic p. In this chapter we give
some properties of the projective and the injective kG-modules. We give the def-
inition of the group cohomology and study the relation between the cohomology
and extensions, in particular, we study the first cohomology H'(G, —). Using the
existence of the projective cover of a kG-module M, we give the existence of the
minimal projective resolution of M which we will use to define the syzygies and

L¢-modules later in chapter 4.

3.1 The Group Algebra kG

Definition 3.1.1 Let G be a finite group with elements {gi,...,g,} and k be a
field of characteristic p. The group ring kG is the set of all formal finite sums

{i aigi,a; € k}
i=1

with addition and multiplication defined by

n n

Z a;gi + Z bigi = Z(ai + b:)gi
i=1

i=1 i=1

(Z agg)(Z brh) = Z agbn(gh).

geq heG g,heqG

17
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Since k is a field, kG is a vector space with basis ¢i,...,¢9,. The scalar
multiplication is defined Au = >"""  (Aa;)g; for A € k. So kG is an algebra which
we call the group algebra kG. The group algebra kG has a multiplicative identity
1 = 1;1¢. For any kG-module M, we define the k-dual M* = Hom(M, k) as the
kG-module of the k linear homomorphisms from M to the trivial module k. M*
is a kG-module with G-action (¢f)(m) = f(¢g~'m) forge G, f € M* m e M .

We know list some of the basic properties of kG.

Proposition 3.1.2 kG = kG* as kG-modules, that is, kG is a Frobenius algebra.

Proof: For proof see [[9], pg. 8.

Proposition 3.1.3 kG is an injective kG-module, that is, kG is self-injective.

Corollary 3.1.4 FEvery finitely generated injective kG-module is projective, and

every finitely generated projective kG-module s injective.

Proposition 3.1.5 A kG-module M is projective if and only if M is a direct

summand of a free module.

Proposition 3.1.6 If P is a projective kG-module and M is any kG-module,
then P ® M 1is a projective kG-module.

Proof: See [[9], pg. 11].

The following propositions show one of the useful properties of the projective

and the injective modules.

Proposition 3.1.7 Given an exact sequence of the form

0—-A—B—-CoP—0
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where P is a projective kG-module, there is a kG-module B' such that B = B'& P
and
0—-A—-B —-C—0

18 exact.

Proof: Using the given exact sequence
0—-A—-B—->Ca&P—0,

one gets the commutative diagram.

0 A ker(mpog) — C —— 0

0 A

Consider the exact sequence

0 —— ker(mpog) B =L p 0.

Since P is projective the exact sequence splits and we have
B > ker(myog) @ P.

The proposition follows by taking B’ = ker(my o g).

Corollary 3.1.8 If
0—-A—-BpP, —-CodpP,— 0

is an exact sequence of kG-modules where B is projective free and Py, P, are

projective kG-modules, then the sequence
0—-A—-B®eP—-C—0

s exact for some projective kG-module P.



CHAPTER 3. GROUP COHOMOLOGY 20

Proposition 3.1.9 Given an exact sequence
0—-1IpA—-B—-C—0

where I is an injective kG-module , there exists a kG-module B' such that B =
B'® 1 and
0—-A—B —-C—0

18 exact.

Proof: This is the dual argument of Proposition 3.1.7.

Remark 3.1.10 Since any projective kG-module is injective, we cancel the pro-

jective modules from the left and the right side of an exact sequence.

Definition 3.1.11 Let M be a kG-module, H a subgroup of G, and L be a kH -
module. We denote the restriction of M to H as M |py. The induced module
L 19 as a kG-module is defined as L 1= kG ®@uu L and here kG acts by left

multiplication.

Proposition 3.1.12 If P is a projective kG-module and H is a subgroup of GG,
then P |y is a projective kH-module.

Proof: See [[2], Ch.2, pg. 33].

Proposition 3.1.13 If H is a subgroup of G and L is a projective kH-module,
then L 1€ is a projective kG-module.

Proof: See [[2], Ch.3, pg. 57].
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3.2 Cohomology of Groups and Extensions

Definition 3.2.1 Let M and N be finitely generated kG-modules. Let
P, —— M
be any projective resolution of M. Applying Homgg(—, N) we get the complex
0 — Homys(Py, N) — Homyg(P, N) — ...

Then Extio (M, N) is defined as the cohomology of the complex in the following
way.
Extyo(M,N) = H"(Homgg(Ps, N)).

If M =k is the trivial kG-module then we have a special notation H"(G, N) :=
Extyn(k, N) and it is called “ The Cohomology of G with coefficients in N”.

If we have N = k, then H*(G, k) = Ext;,(k, k).

Note that Extj.(—, —) does not depend on the choice of the projective reso-
lution. (See [[9], Ch.2, pg. 29])

Let U"(M,N) be the set of all exact sequences of finitely generated kG-

modules of the form
EF:0—-N—-B,1—--+-—By—M-—D0.
We call the exact sequence
F:0—-N—-B,,—--—By—M-—0
an n-fold extension of M by N.

Define a relation = on U"(M, N) by E; = Ej if there is a chain map O,

E1:0 N Bn—l BQ M — 0

|l ol

EQIO N Cn—l C() M —- 0.
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The relation = is not an equivalence relation, because it is not symmetric. To
have an equivalence relation define ~ as follows. F; ~ F5 provided there exists
a chain Fy,...F,, € U"(M,N) with B} = Fy, £y = F,,, and for each i = 1,...,m
either F;_ = F; or F; = F;_;. We can denote the equivalence classes of an exact
sequence E by class(E). There is an addition which makes U"(M,N)/ ~ an
abelian group. We have the following:

Theorem 3.2.2 Let M and N be kG-modules. Then there is an isomorphism
Proof: Let

P, —— M

be a projective resolution. For a given £ € U™(M, N), we get a chain map ..

P, 2 op, P, ) M 0
SRR ‘N
O N anl BO M —>O

From the diagram one gets p,, 0 0,1 = 0 which means p, : P, — N is a cocycle.
The assignment class(E) — [u,] gives a well defined homomorphism 6 from
U"(M,N)/ ~ to Extp,(M,N) . Conversely given ( € Extj,(M,N), choose a

cocycle 5 : P, — N representing (. We have a commutative diagram

— Py —— P, LN P,y —— P, o M 0
ol | |
0 — N L. B . p_, M 0

where B is the pushout of the first square. This gives a well defined map ¢ on

the opposite direction. It is easy to see that # and ¢ are inverses to each other.

O
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3.3 Low-Dimensional Cohomology and Group

Extensions

Definition 3.3.1 An extension of a group G by a group N is a short exact se-

quence of groups

1 N E G 1. (3.1)

Another extension

1 N E G 1 (3.2)

of G by N is said to be equivalent to (3.1) if there is a map £ — E  making the

diagram .
/
1 — N G— 1
\ ;

commute. Such a map is necessarily an isomorphism. The main problem in
the theory of group extensions is to classify the extensions of G by N up to
equivalence. In fact, we are looking for all possible ways of building a group E
with N as a normal subgroup and G as the quotient. This problem is closely
related to the cohomology H'(G, —) for i = 1,2, 3. For this section, we consider
only the case where N is an abelian group written additively. In this case, G has

an action on N, that is N is a G-module.

Definition 3.3.2 A function d : G — N s called derivation if it satisfies
d(gh) =d(g) +g-d(h) for all g,h € G.

A functionp : G — N of the formp : g — g-a—a is called principal derivation
for g € G and for some fized a € N.

There is an isomorphism between the first cohomology and the quotient group

HY(G, N) 2 Der(G, N)/P(G, N)
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where Der(G, N) is the abelian group of derivations and P(G, N) is the group of

principal derivations.

In chapter 5, we will use Serre’s theorem so that we will need the first coho-

mology of a p-group. For this reason we need the following:

Definition 3.3.3 If G is a group, Frattini subgroup ®(G) is defined as the in-

tersection of all the maximal subgroups of G.

Lemma 3.3.4 ([18]) If G is a finite p-group, then G/®(G) is a vector space
over Z/pZ.

Proposition 3.3.5 ([4], Ch.3, pg. 86) Let G be a p-group. There is a natural
1somorphism

HY(G, k) = Ext,o(k, k) = Hom(G/®(G), k™)

where kT denotes the additive group of k. Thus if G/®(G) is elementary abelian

of rank n, then Extyq(k, k) is an n-dimensional vector space over k.

Proof: A representation of G over k is a group homomorphism ¢ : G — G L, (k)
where G'L,, (k) is the group of non-singular n x n matrices over k, for some n. The
vector space k" is a kG-module with G-action (>, rig;)z = >, ri¢(g;)(z) where
x € k™ . This gives a one to one correspondence between the representations and

finitely generated kG-modules.

Consider the representation ¢ : G — GLy(k). An extension 0 — k — M —

k — 0 of kG-modules has a matrix representation of the form

1 a(g)
0 1

where o : G — k' is a homomorphism of groups from G to the additive
group of k. By the help of this matrix representations, we have a one to one

correspondence between Ext}(k, k) and Hom(G, k). Desired result follows from
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the fact that the kernel of o must contain ®(G), since k™ is abelian of exponent

p and ker « is a maximal subgroup.

3.4 Minimal Projective and Injective Resolu-

tions

Definition 3.4.1 A projective cover of a kG-module M is a projective module

Py together with a surjective homomorphism € : Pyy — M satisfying the following

property:

If 0 : Q — M 1is a surjective homomorphism from a projective kG-module Q)
onto M, then there is an injective homomorphism o : Py — @Q such that the

diagram commutes:

Py
g 5
Q—t—nm

By definition, if
Py — M
is a projective cover of M, then no proper projective submodule of P, is mapped

onto M. And projective cover, if they exist, are unique up to isomorphism.

Theorem 3.4.2 Let M be a finitely generated kG-module. Then M has projec-

tive cover.

Proof: Choose Py, to be a projective kG-module of smallest k-vector space such

that there exist Py; — M. Suppose we are given () and @ as in the definition
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above. Py, and @) are projective there is a commutative diagram

Pu
Q—m

Let p:=7 0 0:Pyy — Pyy.

To complete the proof it is enough to prove that ¢ is an automorphism.
Since Py, is finite dimensional by Fitting’s Lemma(see [[4], Ch.1, pg. 7]) Py=
ker ™ @ Im " for sufficiently large n. Since P, is projective ker ¢™ and Im ¢"
are projective. By the commutativity of the diagram, we have € o p"=¢c. By
minimality, we have ker ¢"=0. That is ¢ is an automorphism. So, ¢ is injective

as desired, and P, is a projective cover by the definition.

Definition 3.4.3 Let M be a kG-module. A kG-module I containing M is called
an injective hull of M if the following two conditions hold.
i) I is injective with injective homomorphism M — I

ii) There is no injective kG-module T with M c I C I.

We denote the injective hull as [ := I(M).

Theorem 3.4.4 For any kG-module M, injective hull always exists.
(See [[4], Ch.1, pg. 9] )

Definition 3.4.5 A projective resolution
.—-P,—-P,_1—..2F—->M-—0

or in short writing
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15 called minimal projective resolution if there is another projective resolution
0
Q* — M

of M, then there is an injective chain map p : (Px — M) — (Q« — M) and a
surjective chain map ., : (Q, — M) —» (P, = M) such that both y, and p., lift
the tdentity on M.

Minimal projective resolutions always exists. Let

Py —— M
be a projective cover of M, P; — Kker € a projective cover of ker € and repeating
the same procedure, we get the minimal resolution. In the similar way, let

M,

is an injective hull of M, coker § — [I; an injective hull of coker § and repeating
the same procedure, we get an injective resolution and such a resolution is called
minimal injective resolution. The advantage of using a minimal resolution is that
if W is any simple module, then the differentials in the complexes Homyg( Py, W)

and P, ®ic W are trivial. For this reason
Tor*(M, W) = P, @ W

EXtZG(M, W) = HomkG(Pn, W)

for any kG-module M. In particular, dim, H"(G, k) = dimyHomyg (P, k).



Chapter 4
Carlson’s LC-Modules

Throughout the following G is a finite group, k is a field of characteristic p, and p is
a prime number. In this chapter, we give the definition of the syzygies Q"(M) and
some properties of 2" (M) and then we introduce Carlson’s L.-modules. We give
some exact sequences involving L¢s-modules. These will be used in the alternative

proof of Carlson’s theorem in Chapter 5.

4.1 The Syzygies 2"(M)

Definition 4.1.1 Lete : Pyy — M be the projective cover of M. We define Q(M)
as the kernel of € and inductively Q"(M) = Q(Q""Y(M)) for n > 0. Similarly
let 0 : M — I(M) be the injective hull of M.We define Q71 (M) as cokernel of
0 and inductively Q"(M) = Q" HQ-=V(M)) for n > 0. For n = 0 we let
QM) = Q1 QM)), so that M = Q°(M) @ (proj). This module Q"(M) is
called n-th syzygy of M, or n-th Heller shift of M.

Lemma 4.1.2 Let P, — M be a minimal projective resolution

anJr 1 an a1 £

> P P, Poy—— > P I

28
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Let M — I, be a minimal injective resolution

0 ° o 5"

0 —>M IO ]7(n71)—>I7n_)....

Then Q"(M) = ker 0,1 = Im 0, for n > 0 where 0, : P, — P, is the
differential and Q™"(M) = ker §"*1.

The followings follow easily from the definition.

Proposition 4.1.3 The modules Q" (M) are well defined up to isomorphism.
Proof: See [[9], pg. 14].

Proposition 4.1.4 M is projective kG-module if and only if Q(M) = 0.
Proof: See [[9], pg. 15].

Proposition 4.1.5 For any kG-module M, Q(M) has no nonzero injective sub-

module.

Proof: Assume X C Q(M) is nonzero injective submodule. Then Py, = X @Y
where Y is another injective submodule. Then we have the following commutative

diagram.
X __— X

| |

0 — QM) —— Py M 0
0O —— M ——'Y M 0

It shows that M has projective cover which is contained in P, which is a con-

tradiction.

O

Remark 4.1.6 Since a projective kG-module is injective, Q(M) has no projective

submodule.
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Proposition 4.1.7 Let M and N be kG-modules and m,n be integers. Then

O"(M) @ Q™(N) = Q""(M @ N)) @ (proj).

Proof: Let

On

P, P, . P —=— M 0

be a minimal resolution of M. When we tensor this resolution with N we get the

exact sequence

——PoN2> P 9N — — M®&N — 0

This doesn’t have to be a minimal projective resolution of M ® N. So
Q"(M)e@ N = Q™M ® N) @ (proj).
And similarly we have the isomorphism
Q"(M) @ Q"(N)=ZQ"(Q™"(M)® N) @ (proj).

Thus we get
Q" (M) @ (V) = Q™ (M @ N) @ (proj).

Proposition 4.1.8 If H is a subgroup of G and L is a kH-module, then
QL)' = Q"(LIY) @ (proj)
foralln € Z. If G 1s a p-group, then the isomorphism s true without a projective

summand.

Proof: Let
P, —— L
be a minimal resolution for kH-module L. By tensoring with kG ®,y —, we get

the projective resolution

kG ey Po 2%, kG @y L (4.1)
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of the induced module kG @y L = L'¢. This resolution doesn’t have to be

minimal, thus we have
QL)' = QL) & (proj).

For p-groups, result follows from the fact that the projective resolution in (4.1)
is minimal.

O
Recall that I := I(M) is the injective hull of a kG-module M and we have the

following exact sequence
0—-M—I(M)—I(M)/M —0

and the cokernel of the injective hull M < I(M) is denoted by Q7 '(M) =
I(M)/M.

Proposition 4.1.9 Let N be an injective kG-module and let f : M — N be an
injective homomorphism. Then, there exists an injective kG-module W such that

N2[(M)®W and cokerf = Q (M) & W.

Proof: By definition of the injective module and the injective hull, f can be
extended to an injective homomorphism f : I (M) — N and we get an exact
sequence

Since I (M) is injective the exact sequence splits. Since N and (M) are injective
N/I(M) =W is injective. We get the required module W. Let U = cokerf. We

have
0 M

I(M)

H |
N
|
W

0 M L

|

From the diagram one gets U = Q7 '(M) @ W, since W is a projective module
and the exact sequence 0 — W — U — Q~1(M) — 0 splits.
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Proposition 4.1.10 For each n , there is an isomorphism

Ext]g(k, k) = Extho(" (k). k).

Proof: Consider the following short exact sequence
0— Q) — Ph—k—0.
This gives the long exact sequence
o — Bxtyo (b k) — Extlo(Po, k) — Extio (Qk), k) — Ext}o(k k) — ...
Since Ext} (P, k) = 0 for all n > 0 we have the isomorphism
Ext}o(k, k) = Ext)g' (Qk), k). (4.2)
Similarly the short exact sequence for i =1...n — 2
0— QT (k) — P — Q(k) =0
gives the long exact sequence
c— Extyg N QN (K), k) — Bxtin TN (P k) — Extig TN QT (E) k) —
— Extig (Q(k), k) — Extig (T (k), k) — Ext}5 (P k) — ...
Since Ext}; (P, k) = 0 for all i = 1...n — 2, we get the isomorphism
Ext]5 (Q(k), k) = Extyn QT (k) k). (4.3)
(4.1) and (4.2) give the isomorphism

Ext?(k, k) = Extye ("1 (k), k).

Theorem 4.1.11 ([9], pg. 16) Let M, N be kG-modules, n € Z*

i) Every cohomology element ( € Extp(M,N) is represented by a homomor-
phism ¢ : Q" (M) — N.

ii)Every homomorphism  : Q"(M) — N represents a cohomology class (C) €
Ext" (M, N).

i11) Two such homomorphisms f,f represent the same class if and only if f’ — 5

factors through a projective kG-module.
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Proof: ¢ € Ext},(M,N) = H"(Homyg(P,, N)) = ker 6"/Tm 6"~ 1. Let
an-l—l an

Pn+1 Pn Pn—
/
M)

~_ | o> Py> M~ 0
O (

be the minimal projective resolution. Let f € Homyg(P,, N) be an n-cocycle
representing ¢. Then (6" f(z)) = f(8nsa(x)) = 0. Thus f induces a map f :
P, /Im(0p41) = Q*(M) — N. Denote f by C.

The remaining part of the proof is a detailed version of the proof in [[9], pg. 16].

ii) Consider the diagram:

an—l— 1 an

Pn+1 Pn g Pn—l
vt
¢ (M)
7
N

For the given & O"(M) — N we have Cog=2C(o0d,: P, — N represents a
cohomology element denoted by class(C) := class(C o g) € Extl'y(M, N) because
CA 0 0y 0 Opy1 = 0 which says that é o d, is a cocycle.

iii) If class(C) = class(C), then (( — () o g = f 09, for some f : P,_; — N. So
¢ —( = fou factors through P,_;, where ¢ : Q"(M) — P,_; is the inclusion.
Conversely suppose ¢ := ( —C : Q*(M) — N factors through a projective module
P. Tt is enough to show that ¢ is a coboundary that is it factors through P, 1,
because x is a coboundary if z = §""1(y) = y 0 9, for some y € Homyg(P,_1, N).

Say that ¢ = o a. For this consider the diagram:
/

(M) (&
% N
N 3 P

P, —

Since P is projective, it is injective thus the homomorphism v exists with Yor = «

which means ¢ = (o ¢ o factors through P,_;.



CHAPTER 4. CARLSON’S L.-MODULES 34

4.2 Definition of the L~-Modules

Definition 4.2.1 Let ¢ be a cohomology class in H"(G,k) — {0} forn > 1 and
é : 0"(k) — k be the homomorphism representing (. We define L¢ as the kernel
of the homomorphism (. When ¢ = 0, we set Le = Q(k) & Q™ (k).

Consider the minimal projective resolution of k and the representing homo-

morphism ¢ : Q"(k) — k. We have the following diagram:

an—l—l an—l g

e P L p, P e RS k>
T
(k)

Using the above diagram one gets the following diagram:

Li———L;

0 —— (k) ——> Py ——> Py oy > Py > | = 0
0 k Poy/Le—>Pyg—— > Py—> k - 0
NS
Qrt(k) (4.4)

In the diagram, P,_1/L. is the pushout of the diagram. For the cohomology
class ¢ we find a short exact sequence 0 — k — P,_1/L; — Q" '(k) — 0 in
Extr (" (k) k) using the representing homomorphism ¢. Thus we conclude

the following lemma.

Lemma 4.2.2 If( is in Ext}q(k, k) = Extee(Q"1(k), k), then ¢, as an element
of Extrg(Q2"71(k), k), is represented by the following extension

0—k— P,y /Le — Q' (k) = 0.
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Corollary 4.2.3 If ¢ is in Ext}(k, k), then we have an exact sequence
0— Q(k) = Lc @ (proj) — Q" (k) — 0.
with extension class corresponding to ¢ under the isomorphism Ext).(k, k) =

Exty (Q2"(k), Q(k)).

Proof: Since P,_; is projective kG-module, it is injective and P, _; is not
necessarily injective hull of the module L. Using Proposition 4.1.9, we deduce

that B,—1/Lc = Q 1(L¢) @ (prog). Consider the exact sequence
0—k— Q' (L)@ (proj) — Q" (k) — 0.
Tensoring this exact sequence with Q(k), we get
0 — Q(k) ® (proj) — L¢ @ (proj) — Q"(k) @ (proj) — 0.
Using Proposition 3.1.7, one gets the desired exact sequence.

OJ

Remark 4.2.4 This corollary explains why we defined L as QU(k) & Q" (k) when
¢=0.

Lemma 4.2.5 L is well-defined up to isomorphism.

Proof: Let ( € Extp,(k, k) and let CA be the homomorphism representing (.

From Lemma 4.2.2 we have the exact sequence

0—k— P,y /Le — QY k) = 0.

Let ¢ be the another representative homomorphism for ¢, that is we have

(k) —S—
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Let ker(C) := L’C, in the similar way we have the exact sequence
0—k— Pn_l/LIC — Q" Y(k) — 0. Since ¢ and ¢ represents the same cohomol-

ogy class we have the equivalence of the exact sequences:

0 k Po1/Le —— QY k) —— 0
H I |
0 k Po1/Ly —— Q" Hk) —— 0

This gives that Pn,l/L/C >~ P, 1/L¢. Since P,_1/L; =2 Q7Y (L¢) @ (proj) and
Poy /I, 2 QL) @ (prof), we have Q-1(Lo) © (proj) = 9-'(LL) @ (proj).
Tensoring these with Q(k), we get

Q(Q(Le)) = QL))

and this gives Q°(L¢) =2 Q°(L;). Since both L¢ and L, are projective free we
obtain

as desired.

Let G be a finite p-group. By Proposition 3.3.5, we have
HY(G,Z/pZ) = Dex(G, Z/pZ)/ P(G, Z/pZ) = Hom(G/®(G), Z /D).

In other words for any nonzero ( € HY(G,Z/pZ), we have a corresponding ho-
momorphism whose kernel is a maximal subgroup of G. We call this maximal

subgroup the kernel of (.

Proposition 4.2.6 (Carlson [8]) Let p = 2, ¢ € H'(G,Z/pZ) and H be the

kernel of (. Then the exact sequence

0 k kS —— k 0

has the extension class ¢ € Ext}(k, k) = HY(G, k).
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Proof: This essentially follows from Proposition 3.3.5. Let f: be the correspond-
ing homomorphism of ¢. Since kerf, = H, then ¢ corresponds to an extension

whose restriction to H splits. Since

E:0 k kS —— k 0

splits as an exact sequence of kH-modules. Its extension class must be (.

Using this result we can compute L for ¢ € H'(G, k) where G is a 2-group.

Proposition 4.2.7 Let G be a 2-group. If ¢ is a cohomology class in H (G, k),
then LC = Q(k)H)TG

Proof: Consider the commutative diagram

Li —— L
| |

0 — Qk) — F k 0
| L

0 — k —— By/L. k 0.

We get that 0 — k — Py/L; — k — 0 represents the class ¢ and by Proposition

4.2.6, we have the equivalence of the exact sequences.

0 k Py/L¢ k 0
I
0 k kiC k 0

It follows from the commutative diagram that we have an exact sequence of the
form 0 — Le — Py — ki — 0 and QY (L¢) @ (proj) = kjy' since Py is not
necessarily the injective hull of L. Taking first Heller shift of Q~(L¢) & (proj) =
leLIG, we get

Le =2 Q(k)9).
Note that for p-groups Q(kl) 2 Q(ky)'¢ by Proposition 4.1.8 . Thus we have

Le =2 Qkp)'.
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Proposition 4.2.8 (Carlson [8]) Let G be a p-group where p > 2, then the
cohomology class 3(¢) € H*(G, k) is represented by an exact sequence of the form

0 k EKIG 2, gl k 0

where ¢ is multiplication by x — 1 for x is not in H and where H is the kernel of

the class C.

Proof: Similar to 4.2.6.
OJ

Here (3 denotes the Bockstein operator in the group cohomology. Recall that

is the connecting homomorphism of the sequence.
0 — Z/pZ — ZL|p*7 — Z]pZ — .

Using this result we get that Lg) @ (proj) has a filtration.
Proposition 4.2.9 Let G be a finite p-group where p > 2. If ¢ € H'(G, k), then
Lgy ® (proj) has a filtration {0} = My C --- C My = Lg) ® (proj) with the

property My /My = kI and My /My = Q(ky)1C.

Proof: For 5(¢) € H*(G, k) we have the following commutative diagram:

Laoy == Lg

0 — Q) — P —— By k 0
‘| | I

0 —— k —_— PI/LB(() — PO k 0

Since ( is represented by 0 — k — leLIG — k;{G — k — 0 we have

0 k ke — kLS k
0 k Py/Lge — B k

| l

(proj) ® Q7 (kly) == Q7'(kl) & (proj).
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This diagram gives us the exact sequence
0 — ki — QY (Lae) @ (proj) — Q7 (kl) ® (proj) — 0.
If we tensor this exact sequence with Q(k) and using Proposition 3.1.7, we get
0 — QK% — Lge) @ (proj) — kLS — 0.

Lgc) @ (proj) has a filtration in the following way: Set My = L) @ (proj) and
My = Q(kg)'C, then My/M, = EIE.

O

Propositions 4.2.7 and 4.2.9 will be used in the section 5.2 for the alternative

proof of Carlson’s theorem.

4.3 Some Exact Sequences

Let ¢ € Extyg(k, k) and n € Ext]y(k, k). Let ¢ and 7 be represented by
0—k—B,1— —By—k—0

and

0—-k—Ch1— - —Co—k—0

respectively. Then we can form their Yoneda splice as follows

0>k >Bpy— =By Cm-1 o> Co—> k= 0
k

to obtain an element ¢ - n € Ext};™(k, k). Note that Yoneda splice is the same
as the cup product. One can see the details about the cup product in [[4],Ch.3,

pg. 51].

Proposition 4.3.1 If (; € H" (G, k) and (; € H*(G,k), then there is an ezxact
sequence
0= Q' (Le,) = Lo ® (proj) — L, — 0.
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Proof: Using Corollary 4.2.3 for ¢; € H"(G, k) = Extpe(Q 1 (k), k), we have

the following exact sequence

E¢ 10— Q(k) — L¢, @ (proj) — Q" (k) — 0.
Similarly for ¢, we have

E¢, 10— Q(k) — L¢, ® (proj) — Q°(k) — 0.
We tensor E, with Q"7'(k), we get
Ee,®idgr14) 1 0 — Q" (k)@(proj) — QU (Le,)®(proj) — (k)& (proj) — 0
We delete (proj)s from the exact sequence and we get

Eey 0 — (k) — 0 (Le,) @ (proj) — 2+ (k) — 0

Using Yoneda splice of E;, and E,, we have the following commutative diagram:

0 ——Q(k) —Lg ®proj ———— Q" HLg,) > U1 (k) —> 0
~. 7
| (k)

0 Q(k) I T — QL) —> 0
\ /

k @ projy

Qfl(Lcl)—:——Qil(Lﬁ) (45)

where [ is the injective hull of L, & (proj) and T is the pushout of the middle

square. Consider the exact sequence
0— k@ (proj) — T — Q1 k) — 0.
We tensor it with (k) and cancel the projective modules and we get
E:0— Qk) — QUT) & (proj) — (k) — 0.

By Corollary 4.2.3, we have
LClCz = Q(T)
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From the commutative diagram 4.2, we have
0— Q7 Y(Lg) @ (proj) — T — Q7' (Lg,) — 0.
Tensoring with Q(k) and using Proposition 3.1.7, we get
0— Q" (L¢,) — Ly, ®proj — L, — 0.

OJ

Proposition 4.3.2 If H is a subgroup of G, then there is an isomorphism
LC ng Lres%(() D (pTO])

Proof: Consider the exact sequence

0 Le (k) —— k& 0.

Applying res$ to this exact sequence, one gets

0 —— L¢ g —— Q"(k) ® (proj) SNy 0.
On the other hand we have
reset)

0 —— Lo — (k) k 0.

res
Using these exact sequences we have the following commutative diagram
proj —— proj
{lu

0 — L¢lp —— k)@ (proj) — k —— 0

l l l

resR) k 0.

0 — Lres%({) - Qn(k)

Since projective kG-module is also injective, the exact sequence
0— pTOj - LC lH—> Lresg(C) — 0

splits and we get L¢ [#= L, o) © (proj).



Chapter 5

Carlson’s Theorem

Throughout the following G is a finite group, k is a field of characteristic p, and p
is a prime number. In this chapter, we consider a theorem by Carlson which says
that any kG-module M is a direct summand of a kG-module which has a filtration
by modules induced from elementary abelian p-subgroups. The main result of this
chapter is an alternative proof of Carlson’s theorem using L¢-modules. This is

also the main result of this thesis.

5.1 Main Points of Carlson’s Proof

Theorem 5.1.1 (Carlson [8]) There exists an integer T = 7(G,p), depending
only on G and p and there exists a finitely generated kG-module V' such that the
direct sum k @V has a filtration

(0} =MyCM, C--C M, =kaV

with the property that for each v = 1,2,...,7, there is an elementary abelian

p-subgroup E; C G and a kE;-module W; such that

M; /M, = W°.

42
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Let W,'“ denotes the induced module W, = kG @y W; for kH-module W;
where H is a subgroup of GG. For V' as in the theorem we say that k& V is filtered
by modules induced from elementary abelian p-subgroups.

It is sufficient to prove the theorem in the case that the group G, is a p-group.

So we have the following lemma.

Lemma 5.1.2 (Carlson [8]) If the theorem 5.1.1 is true for all finite p-groups,

then it is true for all finite groups.

Proof: Let G be any finite group and let S be a Sylow p-subgroup of G. By
hypothesis, there is an integer 7 and a kS-module V' such that ks & V has a
filtration

{0} =Ly CLiC---CL, =ks®V

where for each i, L;/L; 1 = WJS for some kFE;-module W; and some elementary
abelian p-subgroup F; of S. Now we can induce the entire system to G that

means, kL7 ® V1€ has a filtration
{0} =rcLic.-cLl=kfavc

such that L19/LI% = (W) = W] Then we have the required result because

of the fact that k£ is a direct summand of k;G.

By the help of this lemma, for the remainder of section 1 and section 2 of this
chapter, we assume that G is a finite p-group. The proof of Theorem 5.1.1 for
p-groups is based on Serre’s Theorem [20] which is used to distinguish the module

theory for the group algebras of elementary abelian p-groups from that of other

p-groups.

Theorem 5.1.3 (Serre [20]) Let k = Z/pZ be the field of p-elements. Suppose
that G is a p-group which is not elementary abelian. Then there is a sequence

C1,Coy .., o € HY G, E) of nonzero elements such that

G G-+ C=0
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if p=2 and
B(C) - B(C2) -+ - B(C) =0

if p> 2.

For the proof of the main theorem, Carlson prove the following lemma using

Proposition 4.2.8 and the classes in the following corollary of Serre’s theorem.

Corollary 5.1.4 Suppose that G is a p-group which is not elementary abelian.

Then there is a sequence of maximal subgroups Hy, ..., H, and an exact sequence
E-0—-k—Cy_1— - —C,—-Cy—k—0

such that
Z) CQZ‘_Q = Cgi_l = k’;{? fOT”i == ]_, Lo, n and

i) the class of E in Exti%(k, k) is zero.

In the paper the exact sequence E is used to obtain a complex C'. The complex
C' is in the following form: C; = C; for : = 0,...,2n — 1 and C; = 0 for i < 0
or ¢ > 2n — 1. The differentials C; — C;_; are the same as the ones in E for
1 <i < 2n — 1. Then the homology of this complex is Hy(C) = Hy,—1(C) = k
and H;(C) = 0 for i # 0 or i # 2n — 1. Consider the complex C' ® P where
C' is the complex defined above and P is a minimal projective resolution such
that (C ® P); = @;:0 C; ® P;_; is projective for all i. By the help of Kiinneth
theorem, one has H;(C'® P) = H;(C) for all i. Let ¢ be any natural number such
that ¢t > 2n — 1. Consider the complex which is obtained from the complex C'® P

It is deduced that H;(I'(C'® P)) = 0, if i # t. And it is shown that H,(I'(C'® P))
is filtered by modules induced from the subgroups Hy, ... H,. Hy(I'(C ® P)) has

a filtration in the following way:

Let O be the complex with only one nonzero term cO = Cp. There is an

exact sequence of complexes

0—-C" -, - DY -0
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where D\ = C, / 9 coincides with C, except in degree zero that means Déo) =0

and DY) = C,, for n # 0. Using this sequence we get
0-I(CPeP)—-TC,®P)—T(DYeP,)—0.
This exact sequence induces an exact sequence
0 — H/(T'(C" @ P.)) — H/(T'(C. ® P.)) — H(I'(D” & P.)) — 0.

Since C, ® P, is a projective resolution for Cj we get that Ht(F(C’,EO) ® P,)) =
ker(0y_1) = Qt(k;g) @ P, where P is some projective kG-module. The above
process is repeated several times. That means, let O be the complex with only

one nonzero term Cfl) in degree 1. In the same way, we have
0 — H,((CY @ P.)) — H(U(DY ® P)) — H((DY ® P.)) — 0.

By the similar reason Ht(F(CE) ® P,)) = Qt_l(k}g) @ (proj). This process gives
that H;(I'(C, ® P.)) has a filtration

{0} =LoC L € C Ly, 2 H(I'(C, ® P,))

with L;/L;_y = Q" "*1(k}7 ) where i = 2m — 1 — j for j = 0, 1. Desired condition
follows from the fact that Hy(T'(C, ® P,)) = Qi(k) ® Q=2"1(k) & (proj). We
tensor the entire system with Q7*(k) and obtain that k& Q2" (k) & (proj) has
a filtration

{0} =Ny SN, C---C Ny, = H(I'(C. ® P,))

with N;/N;_; = Q*"H(k‘}{i) =~ (Y (ky, )¢ where i = 2m — 1 — j for j =0, 1.

5.2 An Alternative Proof of Carlson’s Theorem

Using L-~Modules

The curicial part of Carlson’s proof is the following lemma. In the lemma we have
a filtration by modules induced from maximal subgroups of G. After proving
the lemma, we will give the proof for the filtration by modules induced from

elementary abelian p-subgroups.
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Lemma 5.2.1 (Carlson,[8]) Suppose that G is a p-group which is not elemen-
tary abelian. Then there are integers m and n > 0 and a sequence Hy,...H, of
mazximal subgroups of G and ty,...t, of integers such that k & Q™(k) & (proyj)
has a filtration

{0} =Ly C L C--CL,2k®Q"(k)D (proj)

where L;/L;_1 = (Q%(kg,))1.

We now give an alternative proof to this lemma using L¢-modules.

Proof: We have two cases:

Case 1: p=2.

Let (1,...,(, be the classes satisfying Serre’s condition (; - - - (, = 0. Consider

the following exact sequences obtained by applying Proposition 4.3.1,
0— Q" (L) = Leyog, @ P = Legeg, — 0

0—Q"*(Lg) = Lgoc, @ P = Legg, — 0

0— Q"*(L¢,) = Lggrgy @ Py — Lggeog, — 0

O - Q(L<n—1> - LCn—l'Cn @ Pnfl - LCn - 0

1

We add projective modules @, _,, , P; to the last two terms of each exact sequence

i+1
fori=1,...,n — 2, then we obtain
n—1 n—1
0— Qn_Z(LCi) - LCi"'Cn 2 @Pk - LCi+1“'Cn D @ P, —0
k=i k=i+1
fore=1,...,n — 1. Using these exact sequences, we see that

n—1
Lec, ®EP P
i=1

has a filtration in the following way:
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Let M, = L¢,..c, ® @)—; Pr and My = Q" (L¢,). Then we have M, /M, =
Ly, ® @), Pp. Choose My such that My/M; = Q" 2(L,). Then the exact

sequence

n—1 n—1
0— Q" *(Le,) = Lyt ®EP Pi = Ly, @ P — 0

k=2 k=3

gives that M, /My = Le,..c, @ @Z;é P, which will be the middle term of the next

exact sequence. Inductively, we can define the modules
{0} =My C M C---C M,

such that M,/M; = L¢., .c, ® @Z;gﬂ P, and M;/M;y = Q" (L) for
i =1,...,n. To get the desired filtration we use Proposition 4.2.7 which says
Q”‘i“(k}f) =~ Q"(L¢,). Note that for p-groups we have Q”(kLG) =~ (Q"(ky,))'C.

So, we can conclude that
L¢ -+ G @ (projg) = Q(k) & Q" (k) & (proj)

has a filtration with

Mi/Mi—l ~ (Qn_i—’_l(k‘H.))TG.

7

To get a filtration for k& V', we tensor the entire system with Q~!(k) and obtain

a filtration
{0y =LyC---CL,=k®Q" (k) ® (proj)

with
Li/Lioy = (M;@Q7 (k) /(Mio1 @ (k) = M; /M;y @ Q' (k) = (" (kn,))'¢.

This completes the proof for p = 2
Case 2: p > 2. The proof is similar to the first case.
We consider again the classes (y,...,¢, € H' (G, k) with 8(¢1) -+ - 8(¢.) = 0. As

in the first case, we have the exact sequence
0 — Q" (L)) = Lc)-s(ca) & Pi = Locia)-6(cn) — 0 (5.1)

for i = 1,...,n — 1 By Proposition 4.2.9, we know that Q*"~*(Lg,)) ® Q; has

a filtration for some projective module @); for each i = 1,...,n — 1. We use this
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proposition to complete the proof. That is why, we have to add @); to the first

two terms of the exact sequence (5.1). We get
0— Q2n72i<L[3(<i)) S Q; — Lﬁ(gi).-ﬂ((n) PP®Q; — Lﬁ(Ciﬂ)"'ﬁ(Cn) — 0. (52)

Using the same process in the case p = 2, we add @Z;;H(Pi @ Q;) to the last

two terms of the exact sequence (5.2) and get
n—1

0 — Q" (La,) ® Qi — Loc)-pic) © PP ® Q)
k=i

n—1
- Lﬁ(CiH)"ﬁ(Cn) S @ (-Pz ¥ Qz) — 0. (5.3)

k=i+1

fori=1,...,n— 1.

Using these exact sequences as in the first case, we get a filtration for the

module as .
My = Layy-pic) @ PP @ Qi)
i=1
with the property M;/M; 1 = Q*" % (Lg,)) & Q:.
Consider the exact sequence
0 — Q2n72i+1(kLCj) s (L)) @ Qs — QZW%(]{?JTLI?) 0.

Let for each ¢t = 1,...,n, N; be a kG-module satisfying M; 1 C N; C M;. Then
Q*" 2 (L)) @ Q; has a filtration with N;/M;_; = QQ”_%“U{;{?) and M,;/N; =
QQn—Qz(kLCj)

We obtain a refined filtration

{0} =My CNCM CNCM,C---CM 1 CN;CM; C---C M,
such that M, = Q(k) ® Q?"(k) & (proj) where (proj) is sufficiently large and

Mz/Nz ~ (an_%(l{}H.>TG

k3

and
Ni/Mifl ~ (Q2n72i+1<kH‘ )TG

k3
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for i = 1,...,n. We tensor the entire system with Q7'(k) and get the desired
result.
0

If all the maximal subgroups H,..., H, are elementary abelian, then the
proof of Theorem 5.1.1 is complete. If H; is not elementary abelian, then by
induction, there exists a kH;-module V' such that kg, @ V' has a filtration {0} =
My C M,--- C My = ky, ®V with the property that for each 5 = 0,...,k,
there is an elementary abelian subgroup £; C H; and a kEj-module V; such
that M;/M;_, = V]TH If we induce the entire system to G, then k}f o Ve
is filtered by the submodules MJ»TG with M]ATG/MJ-T_G1 = VjTG. In the same way
Qli(kg,)'¢ @ Q4(V)1¢ has a filtration by the modules Q%(V;)'¢. As a result
W = ko Qmk)®Q(V)Y® (proj) has a filtration {0} = Ly C --- C L; 1 C
My C-- - CMy=L®Q5V)GC...CL, & (V)¢ =W where for each j,
]\ij Is an extension

0— Li_y — M; — Q¥(M;) — 0
and M;/M;_y = QF(M;)/Q% (M;_,) = Q% (V;)!¢. Similar process for each i =

1,...,n gives the desired conclusion.

5.3 Generalizations of Carlson’s Theorem

Given kG-modules My, ..., M,_1, we say that a module K has a filtration with
sections isomorphic to the Heller shifts of M;’s , for i = 0,...,n — 1, if there is a
filtration {0} = Ky C --- C K,, = M with the property K;/K; 1 = Q'(M;_,) for

1=1,...,n.

Theorem 5.3.1 Let A and B be kG-modules, and E be an n-fold extension
EFE:-0—-B—-M,1—>M, 53— -—My—A—0
with extension class a € Ext}(A, B). Suppose that

E:O—>Qf(n71)(B)—>M—>A—>O
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~

is the extension associated to o wunder the isomorphism Exti.(A, B)
Ext(A, Q- "Y(B)). Then, M & (proj) has a filtration with sections isomorphic
to Heller shifts of M's fori=0,...,n—1.

Proof: Proof by induction on n. Let

EFE:-0-B—-M,1—>M, 9—-+—My—A—0

be an n-fold extension and M be the module as in the theorem. We have the

following commutative diagram

0 - B M, M, M, 3———- = A= 0
0 - B —>I(Mn71) anZ Mn73—>' > A =0
Q74(B) & (proj)

QN (M) ———— Q7 (M)

where K,,_5 is the push out and I(M,_;) is the injective hull of M,_;. This

diagram gives the extension

E~':0—>Q_1(B)69(p7“0j)—> o — M, 53— -+ — My— A—0

~

with the extension class & associate to a under the isomorphism Ext}' (A, Q~1(B))
Ext}(A, B). Let 0 — Q= (""Y(B) — K — A — 0 be the extension correspond-
ing to @ By induction, K @ (proj) has a filtration with sections isomorphic to
the Heller shifts of My, M;,...,M,_3 and K,_5. We need to show that M has
a filtration with sections isomorphic to the Heller shifts of M, ... M, _o, M, _1.
Note that K = M, since a and & corresponds to equivalent extensions in
Ext(A4, Q""" (B)). So, M has a filtration with sections isomorphic to the Heller
shifts of My, My, ..., M,_3 and K,_» On the other hand, we have the exact se-
quence 0 — M, 5 — K, o — Q7Y(M, 1) — 0. This gives that K, , has a
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filtration with sections isomorphic to the Heller shifts of M,,_, and M,,_;. Thus
M has a filtration with sections isomorphic to the Heller shifts of M,,..., M, 4.

O

Note that Carlson’s theorem follows as a corollary. To see this, apply Theorem

5.3.1 to the extension

in Corollary 5.4.1 .

Using Theorem 5.3.1, we obtain another generalization of Carlson’s Theorem:

Theorem 5.3.2 Let ¢ be the cohomology class in H™(G, k) = Extis(k, k) which

15 represented by the extension
EF:0—-k—-M, 14— - — My— k— 0.

Then L¢@® (proj) has a filtration with sections isomorphic to Heller shifts of M;’s.

Proof: By Lemma 4.2.2, { is represented by
0—k— Py 1/Le— Q" (k) — 0.
Tensoring this with Q== (k) and cancelling projective modules, we get
0— QO U(k) - Q"(Le) @ (proj) — k — 0 (5.4)

Thus we can apply Theorem 5.3.1 with M = Q™" (L¢)®(proj), so Q" (L¢)®(proj)

has a filtration
{OV=Ty CT, C...T, = Q"(L¢) & (proj)

with the property 7;/T;_; = Q~G~Y(M;_;). Tensoring the entire system with
0" (k) gives a filtration

{0} =Ty C Ty C ... T, = L¢ @ (proj)

for L¢ @ (proj) with property 7;/T;_y = Q*~0=D(M,_,).

Note that Carlson’s theorem follows from Theorem 5.3.2 as a corollary.



Chapter 6

Carlson’s Theorem in Integral

Cohomology

In [8], it is shown that any ZG-module M is a direct summand of a module that
has a filtration by modules induced from elementary abelian subgroups. If the
coefficient ring is a field of characteristic p, then only the elementary abelian p-
subgroups are used. In this chapter, we see that most of the results in chapter
5 is true in integral cohomology. We give a summary of the proof of Carlson’s

theorem.

6.1 Carlson’s Argument in Integral Cohomol-

ogy

Throughout the following G is still a finite group. R denotes a general commu-
tative coefficient ring with unit and we let again k& be a field of characteristic
p > 0. R (or k) denote the trivial RG-module (or kG-module). Carlson states
the main theorem of the paper [8] for integer coefficients. In this chapter all these
ZG-modules that we are interested in will be ZG-lattice. A ZG-module is called

Z.G-lattice if it is free as Z-modules.

52
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Theorem 6.1.1 There exists an integer T, depending only on G, and there exists
a finitely generated ZG-module V' such that the direct sum Z @V has a filtration

(0} =LoyCLC---CL=ZaV

with the property that for each v = 1,2...,7, there is an elementary abelian
subgroup E; C G and a ZE;-module W; such that

Li/Li_y =W/

The modules V, W1, ..., W, can be assumed to be free as Z-modules.

As before W& denote the induced module W'¢ =~ ZG®,5 W for any ZH-module
W where H is a subgroup of V. In the theorem Carlson says that Z@V is filtered
by modules induced from elementary abelian subgroups. One of the implications
of the theorem is that any RG-module M is direct summand of a module which

is filtered by modules induced from elementary abelian subgroups.

Corollary 6.1.2 For any RG-module M there is an RG-module M’ such that
M & M’ has a filtration

{0} =NgC N, C---CN,=MeapM
where N;/N;_; = UiTG for some RE;-module U;. Moreover, if M 1s finitely gen-

erated, then M’ may also be taken to be finitely generated.

Proof: For the proof see [§]
0

Lemma 6.1.3 ([8]) If theorem 6.1.1 is true for all finite p-groups, then it is true
for all finite groups.

Proof: Let G be any finite group, p a prime dividing order of GG, and let S be
a sylow p-subgroup of G. By assumption, we have an integer 7 and ZS-module

V such that Zs @ V has a filtration

{0} =Ly CLiC---CL,=Zs®V
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where for each i, L;/L; 1 = I/VZ-TG for some ZFE;-module W; and some elementary
abelian p-subgroup E; of S. We can induce the entire system to G. Then we
have that Zs'® @ V1€ has a filtration

(W=rlcLl®c...cLl¢=7z%q V¢

such that L]/LI = (W!%)1¢ = W% Since we consider ZG-modules which
are free as Z-modules, all Ls are free as Z-modules and so are the modules W,
and V19,

Now suppose that py,...,p, are the primes dividing the order of G and for
each i, S; is a sylow p;-subgroup and V; is a module such that Zg’; @ V; is filtered
by modules induced from elementary abelian p;-subgroups. Then the direct sum
@D, (Zg @ V;) can be filtered by modules induced from elementary abelian sub-
groups. Since the trivial ZG-module Z is a direct summand of €, Zg*; we get the
required result.

OJ

For the remainder of the section we assume that G is a finite p-group. As in the
chapter 5 proof based on Serre’s theorem with some changes. We know that each
cohomology class satisfying Serre’s condition is represented by an exact sequence
in the form

0—>k:—>k:}{G—>k‘LG—>k’—>O
where H is a maximal subgroup of G. This sequence can be lifted to the integral
coefficients. For a maximal subgroup H of G there is an exact sequence

0-Z—7ZS -7 -7 -0

and reduction modulo p of this exact sequence represents the Bockstein element

associated to H. Assume that
ﬁH:0—>Z—>ZLG—>ZLG—>Z—>O

be the representative element in H%(G,Z). Thus there exists maximal subgroups
H,, ..., H, such that the product 3 = 3, ... 3, is contained in pH*"(G, Z) since its
reduction modulo p is zero. The groups H'(G,Z) are |G|-torsion, for sufficiently
large m we have ™ = 0. Thus Serre’s theorem takes the following form in

integral cohomology.
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Corollary 6.1.4 Suppose that G is a p-group which is not elementary abelian.
Then there is a sequence of maximal subgroups Hy, ..., H, of G and an exact
sequence

EFE-0—-Z—-Cyp1—-—C,—Cy—Z—0

such that
i) Coi_g =2 Oy 1 = ZL(Z; fori=1,...n and

ii) the class of E in Ext34(Z,7) is zero.

Proof of the main theorem is nearly the same as the proof in chapter 5. There
are some difficulties in integral cohomology. Here Q(M) denotes the kernel of a
surjective homomorphism from P — M a projective module to M where it is
a ZG-module free as Z-module. Inductively Q*(M) = Q(Q""1(M)). In integral
case, a projective cover need not might be unique up to isomorphism. So, Q" (M)
may not be well defined up to isomorphism. It is well defined up to a projective

module.

In integral case, to write the proof we need Propositions 3.1.7 and 3.1.9, so

we need the following definition.

Definition 6.1.5 A ZG-module P is called weakly injective if every exact se-
quence 0 — P — M — N — 0 of ZG-lattices which splits as a sequence of
Z-modules splits over ZG.

7.G is a weakly injective module. Projective ZG-modules are not injective,
but they are weakly injective. That is why Propositions 3.1.7 and 3.1.9 are true

in integral case.

For a given ZG-lattice M, there is projective hence weakly injective, ZG-
lattice ) and an injection () ~— M. This is similar to injective hull for ZG-
lattices. We define Q~!'(M) as the cokernel of the the injection. Inductively,
we define Q7"(M) = Q Q™" (M)). And these are also well defined up to a

projective module.
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If ( € H"(G,Z), we can represent ¢ by a cocycle ¢: O"(Z) — Z. By adding a

free summand to Q"(Z), if necessary, we may assume that this map is surjective

(even if ¢ = 0). We write L, = ker(¢) and get the exact sequence

0 Le 0(z) —— 7 0

In integral cohomology L. is well defined up to a projective module because Q"(Z)

is well defined up to a projective module. We have the exact sequence
0— Q(Le,) = Loy @ (proj) — L, — 0

for ¢, € H*(G,Z) and ¢, € H"(G,Z) from the following diagram:

0 0
(L) —— (L)
0 —— Ly ® (proj) —— Q+(Z) ® (proj) — Z 0
id@n H
0 —— L — O (Z) ‘L,z 0
0 0

Note that the propositions 3.1.6, 3.1.7 and 3.1.9 remain vaild for integer co-
efficients. And the propositions 4.1.7, 4.1.10, the lemma 4.2.2, the corollary
4.2.3, the remark 4.2.4 and the proposition 4.2.6 are also true in integral coef-
ficient. In chapter 5, the proposition 5.1.6 is true in integer coefficients. And
also for p-groups, if M is Z-free ZH-module where H is a subgroup of GG, then
QM (M) = (Q(M))'¢. Using all these materials, as it is in chapter 5 we can

write the proof for the main theorem in integral cohomology using L -modules.



Bibliography

1]

A. Adem and R. J. Milgram, Cohomology of finite groups. Springer-
Verlag, Berlin, 1995.

J. L. Alperin, Local representation theory, Cambridge Studies in Ad-
vanced Mathematics II, Cambridge University Press, Cambridge, 1986.

J. L. Alperin and L. Evens, Representations, resolutions and Quillen’s
dimension theorem, J. Pure Appl. Algebra 22 (1981), 1-9.

D. J. Benson, Representations and cohomology I: Basic representation
theory of finite groups and associative algebras, Cambridge Studies in Ad-

vanced Mathematics 30, Cambridge University Press, Cambridge, 1991.

D. J. Benson, Representations and cohomology II: Cohomology of groups
and modules., Cambridge University Press, Cambridge, 1991.

D. J. Benson, Periodic resolutions for finite groups, preprint.
K. S. Brown, Cohomology of groups, Springer-Verlag, Berlin, 1982.

J. F. Carlson, Cohomology and induction from elementary abelian sub-
groups, Q.J. Math. 51 (2000), 169-181.

J. F. Carlson, Modules and group algebras, Birkhauser, Basel, 1996.

J. F. Carlson, The variety of an indecomposable module is connected,
Invent. Math. 77 (1984), 291-299.

o7



BIBLIOGRAPHY o8

[11]

[12]

[20]

[21]

J. F. Carlson and J. Thévenaz, Torsion endo-trivial Modules, Algebra
Represent. Theory 3 (2000), no. 4, 303-335.

H. Cartan and S. Eilenberg, Homological algebra, Princeton University
Press, Princeton, NJ, 1956.

L. Chouinard, Projectivity and relative projectivity over group algebras,

J. Pure Appl. Algebra 7 (1976), 278-302.

L. Evens, The Cohomology of groups, Oxford Mathematical Monographs.
Oxford, New York, Tokyo: Clarendon Press, 1991.

P. Hilton and U. Stammbach, A course in homological algebra, Springer-
Verlag, New York, 1971.

S. Mac Lane, Homology. Springer-Verlag, Berlin, 1995.

H. Maschke, Uber den arithmetischen charakter der coefficienten der

substitutionen endlicher linearer substitutionsgruppen, Math. Ann. 50
(1898), 482-489.

J. J. Rotman, An introduction to the theory of groups, Fourth edition,
Springer, New York, 1995.

D. Quillen, The spectrum of an equivariant cohomology ring I, II, Ann.
Math. 94 (1971), 549-602.

J.-P. Serre, Sur la dimension cohomologique des groups profinis, Topology
3 (1965), 413-420.

C. A. Weibel, An introduction to homological algebra, Cambridge Univer-
sity Press, Cambridge, 1994.



