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ABSTRACT

Lacunary Weak Statistical Convergence

Shahram Ahmed MUSTAFA
Master’s Thesis
FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics
Program of Analysis and Functions Theory

January 2020, Pages: viii + 33

In this thesis, we give the concepts of statistical convergence of order a for 0 < a < 1, strong p-Cesaro
summability of order @ for 0 < a < 1 and weak statistical convergence. Also, some relations between
statistical convergence of order a and strong p-Cesaro summability of order a are given for 0 < a < 1.
Furthermore, we provide lacunary weak statistical convergence of order @ and weak N§-Summability of
order for 0 < a < 1. In the last section, we introduce the A-lacunary weak statistical convergence of order
a and weak Ny (A)-Summability of order a for0 < @ < 1. We also give some inclusion relations
between these concepts.

Keywords: Statistical convergence, statistical convergence of order «, lacunary weak statistical
convergence of order a, weak Ng'-Summability of order a, A-lacunary weak statistical convergence of
order a.
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OzZET

Lacunary Zayif Istatistiksel Yakinsaklik

Shahram Ahmed MUSTAFA

Yiksek Lisans Tezi

FIRAT UNiVERSITESI
Fen Bilimleri Enstitlsi

Matematik Anabilim Dali
Analiz ve Fonksiyonlar teorisi

Ocak 2020, Sayfa: viii + 33

Bu tezde a. dereceden istatistiksel yakinsaklik ve a. dereceden kuvvetli p-Cesaro toplanabilirlik
kavramlar1 gosterildi. Ayni1 zamanda a. dereceden istatistiksel yakinsaklik ve a. dereceden kuvvetli p-
Cesaro toplanabilirlik arasindaki bazi bagintilar verildi. Dahasi a. dereceden lacunary zayif istatistiksel
yakinsakligt ve 0 < @ <1 i¢in zayif Ng'- yakinsakligi gosterecegiz. En son kisimda a. dereceden
A-lacunary zayif istatistiksel yakinsakligi ve 0 < a < 1 i¢in zayif Ng (A)-yakinsakligi gosterecegiz. Bu
yakinsaklik tiplerinin baz1 0zelliklerini ve icerme bagintilarini ispatlayacagiz.

Anahtar kelimeler: Istatistiksel yakinsaklik, a. dereceden istatistiksel yakinsaklik, a. dereceden
lacunary zayif istatistiksel yakinsaklik, a. dereceden zayif N§ (A)-yakinsaklik, a. dereceden A-lacunary
zayif istatistiksel yakinsaklik.
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1. INTRODUCTION

In 1935, Zygmund [1] provided the statistical convergence’s idea in the first edition
published in Warsaw. After that Fast [2] and Steinhaus [3] reintroduced this idea formally and
then Schoenberg [4] independently reintroduced this idea. Consistently and under various names,
statistical convergence has explored in number theory, trigonometric series, ergodic theory,
Fourier analysis, measure theory, Banach spaces, and turnpike theory. Later It was investigated
further from the viewpoint of linked with summability theory and sequence space by Fridy [5],
Connor [6], Rath and Tripathy [7], Sengiil and Et [8], Fridy and Orhan [9], Mdricz [10], Salat
[11], Bhardwaj and Bala [12], Mursaleen [13] etc. In the study of Strong Integral Summability,
some generalizations on statistical convergence have emerged in recent years and the construction
of ideals of bounded continuous functions on locally compact space. In fact, statistical
convergence is closely linked to the theory of convergence in probability.

The statistical convergence depends on the density of the subsets of N.

Let E < N. Then §(E) denotes the natural density of E which defined by

1
6(E)=lim—-|{k<n:k€E}
n—-oon

whenever the limit exists. |{k <n:k € E}| denotes the number of elements of E not
exceeding n.

A sequence (x) is named statistically convergence to a number [ if for each € > 0,

1
lim —|{k <n:|x;, — 1| =€} =0.

n—-oon

We write S — Ilim x, = L in this case (see [5]). This principle is used to solve many of the

problems in trigonometric series, Banach spaces, fuzzy set theory, ergodic theory. Several authors
have also researched related topics with the concept of summability theory such as Rath and
Tripathy [7], Sengiil and Et [8].

Gadjiev and Orhan [14] have given the idea of statistical convergence of 8 degree with
B € (0,1). Then Colak [15] has studied the strong p-Cesaro summability and statistical

convergence of order a.



1.1 Some Basic Definitions

Definition 1.1.1 A vector space is a set X in which two operations addition and scalar

multiplication are defined such that for each x, y € X there correspond a vector x + y € X and
xX+y=y+x, x+@+z2)=(x+y)+z Vx,yz€X
where (X, +) is a group with the natural element denoted by 8 and inverse denoted by —,
x+(—x)=x—x=0.
Scalar multiplication of x € X by elements k € F, denoted by kx € X, and

k(ax) = (ka)x, k(x+y)=kx+ky,

(k+ a)x = kx + ax, Vx,y€X, k,a€F.

Moreover 1x = x for all x € X, 1 being the unitin F.

It follows from the definition that
0x =0, (-Dx = —x.

Definition 1.1.2 A metric space (X, d) consists of a non-empty set X and a functiond: X X X —

[0, o) such that for all x,y,z € X

(i) d(x,y)=0ifandonlyifx = y. (Positivity)
(i) d(x,y)=dy,x). (Symmetry)
(i)  d(x,y) <d(x,z) +d(zy). (Triangle Inequality)

A function d satisfying conditions (i)-(iii), is called a metric on X.
Definition 1.1.3 Let X be a linear space with a field F. A mapping || .||: X — R is claimed to be

a norm on X if the following conditions are holds:

@B llxll =0, vx €X,
(i) Jixll=0e x =08,
(i)  laxl=lall x|, foralla € F (Homogeneity of norm)

iv) lx+yl<lixll+llyl forallx,yeX (Triangle inequality).
Definition 1.1.4 [16] The sequence (a,) is convergent to a number a if for every € > 0, there is
N € N such that

a, —al <eg,

forn = N, and it is denoted by lim,,_, . a, = a.



Definition 1.1.5 [16] A sequence (a,,) is bounded if there is K > 0 such that

la, ] <K VneN.
Definition 1.1.6 [17] We say that a sequence (a,,) of R is Cauchy provided that for every € > 0,

there exists a natural number N such that v n, m > N,
la, —an| < e

Definition 1.1.7 [18] The normed space X is complete (or Banach space) if every Cauchy
sequence in X is convergent.
Definition 1.1.8 If X and Y are normed linear spaces, then a linear operator T: X — Y is called a

bounded linear operator if there isan M € R, M > 0 such that for every x € X we have that:
ITCOIl < M|x|l.

We denoted the set of all bounded linear operators from X to Y by B(X,Y).
Definition 1.1.9 [19] A linear functional f is a linear operator with domain D(f) in a vector space

X and range in the scalar field

f:D(f) > K

where R is real line and C is a complex plane, K = R if X isreal and K = C if X isa complex.
Definition 1.1.10 [19] The space [,, of sequence in real number for any 1 < p < oo is a sequence

x = (x;) = (x4,%y,...) Of  numbers such that |x;|P + |x,|P +--- convergence thus,

leilp <®
i=2
and the metric is described by
0 1/p
d(x,y) = (lei - yil”) :
i=1
Also where [, —norm is described by
0 1/p
il = (lei|p> .
i=1

Definition 1.1.11 (HOlder’s inequality). Letl <p,1/p+1/q=1, a4,a,,..,a, =0 and
by, by, ..., b, = 0. Then



Also,

Definition 1.1.12 Assuming X is a vector space and X* = {f|f: X — F} where f is a bounded
linear functional and F = R or C. Then X* is referred to as the continuous dual of X. We can
define it is continuous dual, (X*)* = X™*, which is called the second continuous dual of X. An
important property of X is that there exists an injective mapping C: X — X** called the canonical
mapping of X into X**. This embedding is always a linear isometry. If it is also surjective i.e., if
it maps X onto X*, then X is said to be reflexive and we write X = X*

Definition 1.1.13 [19] For any fixed real number p = 1, the space L,, is the completion of the

normed space which consists of all continuous real-valued functions on [a, b] with the norm

defined by
b
lxll, = ( f x(t)*’dt)
a

The subscript p is supposed to remind us that this norm depends on the choice of p.

1/p



2. STATISTICAL CONVERGENCE AND STRONG p-CESARO
SUMMABILITY OF ORDER .

Definition 2.1 [20] Assuming E < N, then the natural density of E is defined by
1
§(E) = lim —|{k <n:k € E}|
n-ocomn

in the case this limit exists, and |{k < n:k € E}| denotes the number of elements of E not
exceeding n.

Clearly 6(N) =1 and 8§(E) = 6(N) —6(E€) =1 — §(E€) for every E c N and also
6(E) = 0if E is a finite subset of N.
Definition 2.2 Let x = (x;) € w. The sequence (x;) is called statistically convergent to the

number [ if for every € > 0,

1
lim r—ll{kSn:ka—ll >¢e}=0

n—-oo

i.e.fora.a. k. |x; — 1| < e. We write S — lim x;, = [, in this situation. And we denote the set of
all statistical convergence sequences by S.
Lemma2.3[11] If S —limx;, =land S —limy, = mand c € R, then

@ S—lim(x,+y)=10+m,

(i) S —lim(cxy) = cl.
Lemma 2.4 [21] A sequence (x;) of numbers is statistically bounded if and only if there exists
K = {k; <k, <--} © Nsuchthat §(K) = 1 and (x,) is bounded.
Lemma 2.5 [22] Assume thatx; <y, for a.a.k. If S —Ilimx;, and S — limy, exist, then
S —limx, <S5 — limyy,.

Definition 2.6 Let a € (0,1] . We define the a-density of the subset E of N by
1
0q(E) = lim —|{k <n:k € E}|
n-on

In the case this limit exists, where |{k < n: k € E}| is denoted the number of elements of E which
are less than or equal to n.

Now, we give the following notation. Let x = (x;) be any sequence which satisfies the
property p(k) for all of its members (x;) for all k apart from a set of a-density zero satisfies the
property p(k) for all k apart from a set of a-density zero, then we say that (x;, )satisfies p(k) for

"almost all k according to a" and we abbreviate this by "a. a. k(a)".



Obviously 8, (E) = 0 for any finite subset E ¢ Nand §,(E) = 1 — §,(E€) does not hold
for a € (0,1], in general (for more details see [15]), in the case a« = 1 the equality is always true.
Note that the a-density is similar to the natural density if a = 1.

Lemma 2.7 Assuming E € N. Then, §g(E) < §,(E) if0<a<p < 1.

Proof: Suppose 0 < a < B < 1. Since n* < nf so that— <= for eachn € N, then

1 1
—Bl{kSn:keE}l <— [tk <n:k€E}|.
n n

From this inequality, we have 8z (E) < 6, (E).

Now, let 0 < a < B < 1. Then, from Lemma 2.7 we have that if E has zero a-density then
E has zero B-density, and if E has zero a-density for some 0 < a < 1, then it has zero natural
density [15].
Definition 2.8 Suppose x = (x;) € w and a € (0,1], the sequence (x;) is called statistically

convergent of order « to the number [ if

1
llm—l{k<n lx, — Ul =€} =0

n-on

forevery e > 0. Thatis for a.a. k (@) |x; — | < €. In which case we write S — lim x;, = [. We
denote the set of all statistically convergent sequence of order a by S¢.
Theorem 2.9 [15] Let 0 < a < 1and x = (x), y = (yi) be sequences of C.

(i) IFS*—=limx, =xyandc € C, then S% —lim cx;, = cx,.

(i) IfS*—-limx, = xy and S* —lim y;, = y,, then S* —lim(x;, + y) = x¢ + Yo-
Proof:
(i) For the case ¢ = 0 the proof is clear. Assuming ¢ # 0 then the proof of (i) is derived from

1
e < nelex, = exol 2 ) <—|{k<n e = 0l 2 - |}|

and that of (ii) follows from

1
10k < x4y = G0 +70)] = )]

Sn—1a|{k < n:|x, — xol 2§}| +n_1“|{k < n:|yx — Yol 2§}|



It is clear to see that ¢ < S* for every a € (0,1]. But the converse is not true in general.
For example, define the sequence x = (x) as

1, k =n3,
Xk = (2.1)
0, k # n3.

Then it is clear that x & c but x € S for a > 1/3 with S*-lim x;, = 0.

Definition 2.10 Assuming a € (0,1] and p > 0. A sequence x = (x;) is named strongly
p-Cesaro summable of order a to [, if

1 n
iﬂﬁzlxk _p =o.
k=1

The set of all strongly p-Cesaro summable sequence of order « denoted by wy’ and in the case

l = 0 we write wg,. That is

n
1
wy =1{x = (xk):%i_r)r(}oFZka —1|? = 0 for some l},
k=1

n
1
W, = 1x = (xk):rlli_r)glon—aZka —0|? = 0 for some l}.
k=1

Theorem 2.11 [15] If 0 < a < B < 1, then §* < S# and the inclusion is strict for some a and 8
such that o < 3.
Proof: Let0 < a« < f < 1, then

1 1
n—B|{kSn:|xk—l|2£}|Sﬁ|{k§n:|xk—l|2£}|

for every £ > 0 and this gives that S* € S# . For the strict inclusion we the sequence x = (x)

as

k, k =n?,
X = (22)
0, k # n?.
Then, S# —limx, = 0,ie.x €SP for1/2< B <1, butx ¢ S*for0 <a <1/2.
We obtain the following result by taking # = 1 in Theorem 2.8.
Corollary 2.12 [15] Suppose a € (0,1]. Then S* < S and the inclusion is strict.

The following result is obtained by Theorem 2.8.



Corollary 2.13 [15]
(i) S*=SFifandonlyif a = .
(i) S*=Sifandonlyifa =1.
The proof is omitted because it is clear from the definition.
Theorem 2.14 [15] Assuming 0 < @ < 1 and x = (x;) € S% such that S — lim x;, = L. Then,
there is a subsequence y = (y,) of x = (x;) such that lim y,, = L.
Theorem 2.15 [15] Assuming 0 <a < B <1and p > 0. Then, wy S wf and the inclusion

remains strict for some a < 8.

Proof: Suppose that x = (x;) € wg, 0 < a < < 1,and p > 0, then we have

n n
1 p 1 p
LS S
k=1 k=1

and this gives that wy' < wf.

For the strict inclusion, if we define the sequence x = (x;) as in (2.2), then we have

n
1 Vn 1
=5 ) I — 0P <> =
Tlﬁ nﬁ B—l
k=1 n

Since—s — 0asn — o, thenw —limx, =0,i.e x EWB for1/2 < B <1, but since
n _5
n
— 1 »
_az xk — 0l
k=1
and ! S, wasn—>ooford<a< 1/2, so that x & wy'. This completes the proof.

The consequence below is a result of Theorem 2.15.

Corollary 216 Let0 <a < f < landp > 0. Then
(i) wg=w) ifandonlyif a = .

(i) wgcw,foreacha € (0,1]andp > 0.

The outcome below is a simple result of Hélder's inequality, an extension of a Maddox
result in [23].
Theorem 2.17 Suppose a € (0,1]and 0 < p < q < oo. Then, w¢ < wy.

If we take a = 1in Theorem 2.14, then we get a result of Maddox [23]: w, C w,

if0<p<qg<oo.



Theorem 2.18 [15] Suppose that 0 <a < B <1, p >0, and x = (x) € w. If x € wy then
x € SP.
Proof: For any sequence x = (x;) and € > 0, we can write

n

|, — 1P = |{k < n:|x, — [P > }|eP
k=1

and so that

n
1 1
szlm 1P = e < il — U7 2 e}eP

1
> —ﬁl{k < n:|x, — P = e}|€P.
n

So that x € wg implies x € SP.

The following result is obtained if we take f = « in Theorem 2.18.
Corollary 2.19 Assume that @ € (0,1], 0 <p < o and x = (x;) € w. If x € w§, then x € S*.
Remark [15] In general, the reverse of Theorem 2.18 does not hold. We see that a bounded
sequence and statistically convergent sequence of order a does not have to be strongly p-Cesaro

summable of order «, in general for 0 < a < 1. For this, define x = (x;) as

It is clearly that x € [, and x € S* for each 1/3 < a < 1. First recall that for every positive

integer n > 2, we have

i > /n.

k=1

=l

DefineH, ={k <n:k #m3,m=1, 2, 3, ---}and take p = 1. Since

n n n n
DhlP=Yd= > ul+ D Il
k=1 k=1 k€Hy 1<k<n k@Hy,1<k<n
1 -1
- Y kY eyhea
kEHn,lskSn\/F keHp, 1<k<n k=1\m



we have

n n n
%Z|xk|P=%Z|xk|>nia i>n—10(\/ﬁ= 11—>Ooasn—>oo

k=1 k=1 k=1 n

and so that x & wy for 0 < a < 1/2 if p = 1. Therefore x € S* —wy for 1/3 < a < 1/2if
p = 1[15].

Corollary 2.20 Leta € (0,1] and p > 0. Then, wg’ < § and the inclusion is strict for « € (0,1].
Proof: We have wg c S from Corollary 2.19 and Corollary 2.12. For the strict inclusion if we
take the sequence x = (x;) defined in (2.1), then clearly S —limx;, = 0, i.e. x € S but x & wy

for0 < @ < 1/3 and p = 1. Indeed it is easy to see that
1w 1w In—1
n_"‘zlxk —0lP = FZWH = e
k=1 k=1
Vn Vn-1

3 —
Since:—al—moif 0<a<1/3and——->1lifa=1/3,thenx ¢ wy for0 <a <1/3and

3

n
p = 1. Consequently, x € S — wy for 0 < @ < 1/3 and p = 1. This completes the proof.

From Corollary 2.12, Corollary 2.20 and Theorem 2.1 in [6] we obtain that S* N [, c w,, <

S foreacha, where0 < a<1land0 <p < co.
Definition 2.21 Let X be a normed linear space and (x;) be any sequence in X. If (f(xy)) is
convergentto f(x) forall f € X*, then (x;,) is weakly convergentto x € X (or W — limx;, = x ).
Lemma 2.22 [11] A sequence (x;) of numbers is statistically convergent to [ if and only if there
exists K = {k; < k; <--} © N suchthat §(K) = 1 and lim,_»x, = L.
Definition 2.23 [24] Suppose X is a normed space and (x;) is a sequence in X. Then (xy) is
named weak statistically convergent to x € X (or WS—convergent) if for each ¢ € X* and every

e>0

S{{k<n:|lo(x— x)|=¢€}) =0.

We write WS-lim x;, = x or x;, Vﬁx in this case. And we denote the set of all weak statistically
convergent sequence by WS.

Theorem 2.24 [12] Suppose X is a normed space and suppose (xi) is a sequence in X. If
W —lim x;, = x, then WS — lim x;, = x. The converse does not have to be true in general.
Proof: If W — lim x;, = x, then (f (x)) is convergent to f (x), forall f € X* which implies that
WS —lim x;, = x.

The example below shows that the converse is not correct.

10



Example 2.25 Let (x;) € 1, (1 < p < ) be defined by

m, if j <k k=m?
(k) 1
X. = —
] k ’

0, otherwise.

if j <k, k +m?

For k # m? and arbitrary f € L}, there is unique y € L4 such that by Holder’s inequality

1 1
[°) o) 14 o q
k 14 q
ol =Y 1Pyl < ( Y] (Dl
j=1 j=1 j=1
1
k 1
- Z 1\’ M% (M)E 0
— . F — %
- 14
Lk K

as k — oo, for some positive constant M. Hence, S — lim f(x,) = 0, by Lemma 2.22, which in
turn implies that WS — limx,, = 0. For k = m? and hence m = vk consider the functional f;
defined on L, by f;(x) = x5, where x = (x;) € L,. Clearly, f;(x;) = x¥ = vk fork — oo,

f1(xx) — 0. Hence, (x;) is not weakly convergent.

11



3. LACUNARY WEAK STATISTICAL CONVERGENCE AND WEAK
Ng-SUMMABILITY OF ORDER @

We are going to provide the principles of WSg-statistical convergence and weak Ng-
summability of order a for a € (0,1] in this section. We are also going to give some
characteristics of these principles with some relations between them. In this study, we write X to
denote a normed linear space and we write X* to denote continuous dual and also 6 = (k,.)
denotes a lacunary sequence such that h, = k, —k,_qy > ©0asr - oo, I, = (k,_1,k,] and
ko = 0. Also, the ratio k,-/k,_, abbreviated by q,-.

Definition 3.1 [25] Let K < N. The lacunary density (or 8-density) of K is defined by

1
SQ(K) = }Lrgh—l{k el ke K}l
r

Definition 3.2 [26] Suppose 8 is a lacunary sequence. A sequence (x;) is named lacunary

statistically convergent to [, or Sg —convergent to [ if

1
lim —|{k €L:|x,— 1| =€} =0
r—00 hT
for each € > 0. In this case, we write Sg — limy,_,, x, = L.
Definition 3.3 [27] Suppose a € (0,1] and 6 = (k,-) is a lacunary sequence. A sequence (x;) €
X is named lacunary weakly statistically convergent sequence of order a (or WS -statistically

convergent) to [ if, forany ¢ € X*
1

lim —z |(k € L2 lp G = DI 2 €}l =0 (31)
T

for every € > 0. Let I, = (k,_1, k,-] and h{¥ denotes the ath power (h,)* of h,, that is, h* =
(h¥) = (h{, RS, ..., A%, ...). In this case, we write WS§ — lim_, x; = l. The space of these
sequences is denoted by WS¢ Instead of WS§ we write WS, if @ = 1. And instead of WSg we
write WS ifa = 1and 68 = (27).
Definition 3.4 [27] Suppose a € (0,1] and 6 = (k,.) is a lacunary sequence. A sequence (x;) €
X is named weakly Ng-summable of order a to [ if

lim 2 > I Cee — Dl = 0

roehy kel
r



and it is denoted by WNg' — limy_,, x; = l. The class of W Ng'-summable sequences of order a
is symbolized by W N§'. Instead of WNg we write WNy if @ = 1. We write W when 6 = (k,.).
Instead of W* we write Wy if [ = 0. The class of weakly Ny-summable sequences of order a to
0 is symbolized by WNg',,.

Definition 3.5 Suppose a € (0,1] and 6 = (k,.) is a lacunary sequence. A sequence (x;) € X is

named strongly lacunary statistically convergent of order a to [, if
1

lim — |[{k € L:|lx, =l =€} =0
1—00 hT‘

for every € > 0. We write Sg — limy,_,o, x;, = L in this situation.
Definition 3.6 Suppose a € (0,1] and 6 = (k,-) is a lacunary sequence. A sequence (xi) € X is

named an WSg'-Cauchy sequence if there is a subsequence (x;(-)) of (x;) such that k'(r) € I,

forevery r, W — lim,._, X' () =

1
lim — |{k €l |<p(xk = xkr(r))| > e}| =0
r—o0 hr

for each ¢ € X* and every € > 0. This definition is similar to the definition W Sg-Cauchy for the
case a = 1.
It is clear that the W Sg-statistically convergent is defined for & € (0,1]. But for & > 1 it

is not defined. For this, if we take the functional ¢(x) > 0 on X, then for any number [ we have
1
lim —|{k € L: |@(x, — D] =€} =0
r—00 hr

for every € > 0. This means that the WSg — lim;_,, X is not unique for « > 1.

Theorem 3.7 [28] A sequence (x;,) is a weakly lacunary statistically convergent sequence if and
only if (x;) is a weakly lacunary statistically Cauchy.

Proof: Assuming the sequence (x;) is weakly lacunary statistically Cauchy. Then for every

£ > 0, we have

l{k € I : |f(xx —x)| = €}
= |{k €l |f (o — x| = §}| + |{k €L |f(are — | 2 ;}l

hence we get that the sequence (x;) is weakly lacunary statistically convergent. Let (x;) be
weakly lacunary statistically convergent to x and write M; = {k € N:|p(x, — x)| < 1/j} for

each j € N,M; 2 M;,, and |[M; N I|/h, — 1 as r - co. Choose m, such that r = m, implies

13



[My N IL.|/h, >0, ie, M;NnI.#® Next, choose m; <m,such that r >m, implies
M, n I, # @. Then for every r satisfying m; < r < m,, choose k'(r) € I, suchthatk'(r) € I, n
M. In this way, choose m;,; > m, such that r > m;,, implies M;,; N I, # @. Then for all r

satisfying m; < r <my4, choose k'(r) € I, N M, ie., |f(xprqy — )| < % Hence we get

k'(r) € I, for every r, and w — lim x4y = x. Also, we have for every € > 0,

hir |{k €. |f(xk - xkr(r))| > 5}|

1
h

{kEI |f (eeery — )| = }|+—|{k€1 |f (i ry = )| 2 }l

whence (x;,) is a weakly lacunary statistically Cauchy sequence.
Theorem 3.8 [27] Let a € (0,1] and (xz),(vx) € X.

(i) M WS§ —limy_ x;, = [, then I must be unique.

(i) IfWS§ —lim,_. x, = [y and ¢ being a scalar, then WSg — limy_,o, cx;, = cly.
(iiiy If WS —limg_, x, =lpand  WS§ —limy_,y, =1;, then WS§ —

limy o0 (X + yi) = 1o + L1

Theorem 3.9 [27] Let 8 = (k,) and 8 = (s,.) be lacunary sequences such that for each r € N,
L,cj,and0<a<pB <1,

(i If
. hy
lim mf—ﬁ >0, (3.2)
T—00 fr
then W5, < wsg.
(i) If
li b _ 1 3.3
fm-p=1 3:3)

then WS§ < WS,
Proof:
(i) Assume I,. c J,. for each r € N and let (3.2) is satisfied. For any € > 0,

{k €Jr:loCe =Dl z e} 2 {k € L: |p(xy — D] = €}

and so

14



a
T

1 h% 1
— ik € i loCu =Dl =z €} = —ﬁﬁﬂk € Lol — D = €}
148 .

for each r € N, where h, = k, — ky_q, I, = (ky_1, k], Jr = (Sp_1,87] and £, = s, — s,_4. By
using (3.2) and taking the limit as r — co on both sides in the last inequality we obtain that ng c
wSsg.

(ii) Assume that (x;) € WS¢ and (3.3) is satisfied. Since I c J,, then for every € > 0, we
have

1
_Bl{k € Jrilo(xy — D] = &}
fT
1
= —B|{5r—1 <k <k _i:lo—D| = e}
gr
1
+€_B|{kr <k <s.|oly—D| = e}
T

1
+€_ﬂ|{kr—1 <k <kpilop(e — DI = &}
T

ky1—5-1 s—k 1
< T Tk € Ll — D] = €}
fT fT gT
b —hy 1
=TT+ =k € L: oGy — DI = )]
gT gT
B
6, —ht 1
<L Ttk € L:lpCy — DI = )]
hT hT

< b 1 ! kel.: D| =
< h_ﬁ_ +E|{ € L:|o(x, — D] = €}

T

for each r € N. Since limr_m% = 1 by (3.3) the first term and since (x;) € WS§ the second

termtendsto0asr — oo ((i—g - 1) = 0). This implies that WS§ < ng,.

T

The following result is obtained from Theorem 3.9.

Corollary 3.10 [27] Suppose 6 = (k,) and 8’ = (s,.) are lacunary sequences such that I,- < J,.
for each r € N. If (3.2) is hold, then

(i) wWSgcwsfforo<ac<l,

15



(i) WSy cWSgfor0<ac<l,
(i) WSy € WS,.
If (3.3) is hold, then
(i) wWSgcwsgyforo<ac<l,
(i) WSFcWSyforo<ac<l,
(il WSe S WSy
Corollary 3.11 [27] Suppose a, B € (0,1] such that « < B. Then WS§ < WSg.
Corollary 3.12 [27] Suppose 6 = (k,) is a lacunary sequence and 0 < a < 1. Then
WSE S WS,.
Corollary 3.13 [27]
(i) wsg=wstifa=5,
(i) WS§=WSyifa=1.
Theorem 3.14 [27] Suppose 8 = (k,.) is alacunary sequence, 0 < a < 1 and lim,_,, inf% > 0.

If there exists K = {k; < k, < ---} € N such that §g(K) = 1 and limyeg @ (x; — 1) = 0 for any
@ € X*, then (x;) is WS§ — convergent to L.

Proof: Assuming lim,_, infi;l—g > 0 holds and there exists a set K = {k; < k, < ---} € N with

g (K) =1 and limyeg @(x, — 1) = 0 for ¢ € X*. Then there is a number N € N such that
lo(x, — D] < eforall k = N and for any ¢ € X*.

If we take M, ={k € I.:|p(x, —D| =€} S N —{kyt1, knso Knss, -}, then §g(M,) = 0.
Using Corollary 3.10 (ii) we get that (x;) is W S§-convergent to L.

Theorem 3.15 [27] Let x = (x) € w. If W —limy_ o X = [, then WSy — lim_, o, x5 = L.

Proof: Let W — limy_,, x; = [, then for each € > 0 and any ¢ € X™ if there is a number N € N
such that
lp(x — DI <&

for each k > N. So, the set M(e) = {k € I,:|p(x;, — )| = &} is finite; for which 64 (M (¢)) = 0.
This shows that WSg — limy_,¢ X, = L.
In general, the opposite of the above result is not correct. This fact can be shown in the

example below.

Example 3.16 [27] Consider the sequence which belongs to [, where 1 < p < oo and it is

defined as follows:

16



Bl

k €l.andr = m?;

, ké&l.andr =m?;

x,-(k) =
() k €l.andr # m?;

-

oXI kO

, ke&l.andr = m?

where I. = (k,_1,k,]. Let k={r e N:r #m?,m = 1,2,...}, then using the inequality of
Holder’s from the structure of the sequence, for n € K and any ¢ € L, there is a unique y € [,

such that

(0]

PRIGHG!

k=1

1w Z 1
1\r ky —kr_q\p 1
- <Zk , r_v> <Z'y”‘)'q) <(F) ka0
€l k=1

asr — oo for a constant K > 0. By Theorem 3.15 we get WSy — lim,_,, x,, = 0.

|‘P(xr)| =

1
00 5 00 q
< (Zm(k)lp) (Zly(k)l”>
k=1 k=1

For r € K¢, take the functional defined by ¢, (x) = x(k) where (x,.) € L,. Clearly,

Pr(xy) = x.(k) = Yr > 0
as r - oo. W —lim,_, x, # 0.
Theorem 3.17 [27] Assume that 8 = (k,.) isa lacunary sequence, 0 < a < 1, x = (x;) € w and
lim o inf 25> 0. 1f W — 1im, g0 2 = L, then WS — lim, o x;c = L.

T

It can be easily proved from Corollary 3.10 (ii) and Theorem 3.15, so it is omitted.
Theorem 3.18 [27] Let 0 < a < 1. Then S§ < WS¢ for any lacunary sequence 6 = (k,.) with

the same limit in X.

Sa
Proof: Let (x;) € X such that x;, — L. Then for each & > 0,
1
Wl{k €L :||lx =1l =e}| =0.
Now, for each ¢ > 0 and any ¢ € X™, the expression

1 1
El{k €Ll — Dl z &}l < h_‘r"l{k € L: llollllxg — Ul = €}

! {kel o — 1| = — }|
=— xg = Ul 2 77—
h& L loll

17



gives immediately%l{k EL:|px,—D|=¢€} =0.

The reverse of Theorem 3.18 need not be correct, in general. This fact can be shown in the

example below.
Example 3.19 [29] Consider the space L,(—1,1) for p > 1 and lim inf};l—g > 0. Then define
xn: (—=1,1) - Rby

1
nl/p, t e [0,—]
xn(t) = n

0, otherwise

then we have W — zlim x, =0in L,(—1,1). We have WS§ — limy_, xx = 0 from Theorem
3.17. Next we show that S§ — limy,_,., x; does not hold. For 0 < & < 1 since ||Xk||L,,(—1,1) =

1 we have
1
lim —al{k € IT : ||xk — 0” = S}l * 0.
r—>oohr

Hence Sg — zlim x, = 0 does not happen.

Theorem 3.20 [27] Let 6 = (k,.) be alacunary sequence and 0 < a < 1. If liminf g, > 1, then
WS® c WSg.
Proof: Assuminglim inf g, > 1, then we can choose 6§ € (0,) such that 1+ § < g, for

sufficiently large r, so that

h, & 1 s¢ 1
— and — > .
K "1+6 kST (1 +0)%hT

If (x;) e WS*, then for sufficiently larger and for anye >0, we may write

1 1
k< ky o= DI = &}l = 1k € 1+ lg (o = D] = e}
g

r

6% 1

= 1+ 6)ah_a|{k €L : ol — D] = &}
r

So, the sufficiency is proved.

Theorem 3.21 [27] Assume that 6 = (k,)be a lacunary sequence and 0 <a <1. If
limsup q, < oo, then WS§ c WS.

Proof: If lim sup g, < oo, then we can choose a number H > 0 such that H > g, for all r. Let
(x) EWSE, and let N, = |{k € I : |p(x; — )| = €}|. Then by using (3.1), given € > 0, there

is an r, € N such that for all r > ry,

18



N, N,
h_“ < eand h_r <e&
where 0 < a < 1. The rest of the proof is shown in Lemma 3 of [9].
Theorem 3.22 Assume that 8 = (k,) is a lacunary and 0 < a < 1. A sequence (x;) is WSg-
Cauchy sequence if and only if (x;) is an W Sg-convergent.
Proof: It is seen in a similar way, given by Theorem 2 of [30].
Theorem 3.23 [27] Assume that 8 = (k,.) is alacunary sequenceand 0 < a < 1. If lim inf,. g, >
1, then W* c WN{'.
Proof: Let lim inf, g, > 1, then we can choose & € (0, ] such that ¢, =1+ 6 forallr > 1.

Then for (x,,) € Wy, we have

kr1

e = haElrp(x = e ka(xm
Kr1

kr
kX[ 1 ki 1
= = D oGl | - =2 = Y oGl |
R\ kE L W\, £
1= 1=

SR

Since h, = k, — k,_;, we have

_ater ke, 1

h“_ se N0 ThE S5

1k,
The terms @&:ﬁ‘ﬂ(xi)

kr 2@ (x;)| both converge to 0. This mean ¥ converges

to 0, that is (x,) € WNg,.

Theorem 3.24 [27] Assume that 6 = (k,)is a lacunary sequence and 0<a < 1.

If lim supr p < oo, then WNg € W€,

T

Proof: Suppose that lim supr < oo, thenthereisM > 0 and

T 1 T—l

< Mforr > 1. Let (x,) €

W Ny and € > 0, then we can take R > 0 and K > 0 such that sup;>z7; < eand 7; < K for all

i € N. Then if t is an integer with the condition k,._; <t < k,. where r > R, then we have

Z|go(xl>|_kglz|<p(xl)| = Z|<p(xl)|+2|<p(xl)|+ +Z|<o<xl)|

kl k2 B kl kR B kR—l kR+1 B kR
= 7, + Ty + T Tpe1 T+
[ T ko, R, R
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ky —k,_ k k. —k k
+r—rlrr S(supri) R +(suprl~) z R k=2t eM.

a 4 a > a a
ky_y iz1 ky_q i2R ky_y ky_y

. 1
Since k¥ ; — oo ast — oo, we have — Eilo(x)| = 0. Hence (x,) € W§.

Theorem 3.25 [27] Suppose 6 = (k,.) and 8’ = (s,-) are lacunary sequences such that I,. < J,. for
reNandO<a<p <1,

(i) WNF cwnj if (3.2) holds.
(i) WNE c WNJ, if (3.3) holds.
Proof:
(i) Omitted.
(ii) Assuming that (x;) € WNg and that (3.3) holds. Since ¢ is bounded there exists M > 0 such

that | (x;, — )| < M for each k. Since I,- € J,- and h,. < ¢, for every r € N, then we have

1 1 1
5 D, 10G=Dl=—5 > lp(uc=Dl+—5 ) lpCec =D

r kEJy T k€Jr—I, r kely
¢ —h, 1
< (T M+ > o - DI
o O e,
<<fr_hf)M+ > oG~ D
= 3 PXg —
hf hf kel
e, 1
<G =1)M+z > loGn - DI
hy. " kel,

for every r € N. Therefore (x;) € WN(f,.
The result below is obtained from Theorem 3.25.

Corollary 3.26 [27] Suppose 8 = (k,) and 6’ = (s,) are two lacunary sequences with the
condition I,- < J,. for every r € N. If (3.2) holds, then we have the following inclusions

(i) WNg S WN§ foreach0 <a <1,

(i) WNg S WNg, foreach0 < a <1,
(i)  WNgy S WN.
If (3.3) holds, then

(i) WN§ cWNg, foreach0 <a <1,

(i) WNg c WNgy, foreach0 < a <1,
(ilf) WNg c WNgy.
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Theorem 3.27 [27] Suppose 6 = (k,.) and 8’ = (s,-) are lacunary sequences such that I,. < J,. for
alreNand 0 <a<pB<1.

(i) WN5 cwsg if (3.2) holds,

(i) WSG c WN , 1f (3.3) holds.
Proof:

(i) For every € > 0 and sequence (x), we have

DloGa-0l= D leGa-Dl+ D leGk—Dl

keJy keT, kel,
loCxr—1)|2e lpCx=D)I<e
> lo(x — DI = [{k €I : |@(x — D] = e}le
ker,
loCxr—1)|ze

and so that

5 0= DI > = |{ke1 loCo = DI = ele

T kejr

>h$1 kel : D] =
2k € ks lp(u = DI 2 e

r ''r

So, if (x;) € WN?

o then (x) € WSg since (3.2) holds.

(i) Let WS§ — limy_, x; = L. Since ¢ is bounded then it is clear that there is M > 0 such that
lo(x, — D] < M for all k, so that for every € > 0, we have

5 2 N0G =Dl =5 >l =Dl + =5 g =Dl

r kej, r keJr—Ir 2 kel,
< £, —h, M Nl <
(T )M 7Y oo~ B - o5 lpCe— D
r kelr tr & et
2, 1 1
s(F-t)Me= > leGa-Dl+— > leGu -0
hr hr k€l hr kel
lp(xp—Dlze lo(x=D]ze
2, M h,
< (1| M+ —ltkel, : 90 — D = e} + e
P P nB
T T T
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< b 1|M M kel : = hy
<\ +El{er-l<p(xk—)|_s}l+h—ﬁe

T T

for all re N. Using (3.3) we obtain that WNf, —limy_ x; = [, whenever WSg —
limy o x, = L.

The result below is obtained from Theorem 3.27.
Corollary 3.28 Assume that 8 = (k,) and 8’ = (s,-) are lacunary sequences such that . c J,
for all » € N. If (3.2) holds, then

(i) WNg cWSg,
(i) WNg cWSg,
(i) WNg S WS,.
If (3.3) holds, then

(i) WS§<SWNg,
(i) WS§ S WNy,
(i) WSy S WNgr.
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4. A-LACUNARY WEAK STATISTICAL CONVERGENCE AND
WEAK N4(A)-SUMMABILITY OF ORDER @

In this section, we are going to introduce the principles of A-lacunary weakly statistically
convergent sequence of order @ (or WS (A)-statistically convergent) and A-lacunary weak
N-summability of order @ (or WNg (A)-summability ) for a € (0, 1]. We are also going to give
some characteristics of these two principles with some relations between them.

Definition 4.1 Suppose @ € (0,1] and 8 = (k,.) is a lacunary sequence. A sequence (x;) € X is
named A-lacunary weakly statistically convergent sequence of order a (or WSg (A)-statistically

convergent) to [ if, forany ¢ € X*

1
lim h_“l{k ElL:|lop(Axy —D| =€} =0 4.1
00 Nl

for every € > 0. Let I, = (k,_1,k,] and h¥ denotes the ath power (h,)* of h,, that is,
h* = (h¥) = (h{, kY, ..., hE, ...). Inthis case, we write WSg (A) — limy_, 4, x; = l. The space of
these sequences is denoted by WSg (A). Instead of WSg (A) we write WSy (4) if « = 1. And
instead of WSg (A) we write WS(A) if @« = 1and 6 = (27).

Definition 4.2 Suppose a € (0,1] and 6 = (k,-) is a lacunary sequence. A sequence (xi) € X is
named weakly Ng(A)-summable of order a to [ if

o1
rllrgﬁ lo(Ax, — D=0

kEl,
and it is denoted by WN§ (A) — limy_,, x; = L. The class of WN§ (A)-summable sequences of
order  is symbolized by WNg (A). Instead of WNg (A) we write W Ny (4) if @ = 1. We write
W*(A) when 8 = (k,.). Instead of W *(A) we write Ws*(A) if L = 0. The class of weakly Ny (A)-
summable sequence of order a to 0 is symbolized by WNg', ().
Definition 4.3 Suppose a € (0,1] and 6 = (k,) is a lacunary sequence. A sequence (xi) € X is

named A-strongly lacunary statistically convergent of order a to [, if
1
lim —|{k € L.: ||Ax;, — ]| = €}| = 0
T—00 hT

for every € > 0. We write Sg'(A) — limy,_,o, X = L in this situation.
Definition 4.4 Suppose a € (0,1] and 8 = (k,.) is a lacunary sequence. A sequence (x;) € X is

named an WSg (A)-Cauchy sequence if there is a subsequence (x’(ry) OF (xx) such that k' (1) €

L. for every r, W(A) — lim, o Xpr () = 1



1

lim —a|{k €. |<p(Axk - Axkr(r))| > £}| =0
r—00 hE

for each ¢ € X™ and every € > 0. This definition is similar to the definition W S4-Cauchy for the
case a = 1.

It is clear that the W Sg (A)-statistically convergent is defined for a € (0,1]. But
for a > 1 itis not defined. For this, if we take the functional ¢(x) > 0 on X, then for any

number [ we have
1
lim —|{k € L: |p(Ax;, — )| = €}| =0
r—o00 hr

for every € > 0. This means that the WSg (A) — limy,_,o, X is not unique for & > 1.
Theorem 4.5 Let & € (0,1] and (xz),(vx) € X.
(i) M WSg(A) — limy_, x;, = L, then I must be unique.

(i) If WSg(A) —limy_,x, =lgand ¢ being a scalar, then WSg(A)—
limy, o, cx = cl.

(i) If WSg(A) —limy_,x, = lgand  WSF(A) — limy ooy =1, WSG(A) —
limy o (X + yi) = lo + 14

Theorem 4.6 [27] Let 0 = (k,.) and 8’ = (s,-) be lacunary sequences such that for each r € N,

I,cj,and0<a<B<1

(i) If
. hy
lim mf—ﬁ >0, (4.2)
T—00 fr

then WS5,(4) € WSE(a).

(i) If
li b _ 1 4.3
fm-p=1 (4.3)

then WS§(A) € WSE, ().
Proof:

(i) Assuming I,. c J,. for each r € N and let (4.2) be satisfied. For any € > 0,

{k € Ir:lp(Bx, — DI = e} 2 {k € L,: |p(Ax). — D)| = €}
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and so

a
T

1 h¥ 1

gk €Jrtlox — DI 2 e}l 2 5o [Tk € It [ (Axy — DI 2 €}

128 .
for each r € N, where h, =k, — ky_q, I, = (ky_1, k), jr = (Sp_1,87] and £, = s, — s,_4. By
using (4.2) and taking the limit as r — oo on both sides in the last inequality we obtain that

WSE(a) c WSg().

(i) Assume that (x;) € WSg(A) and (4.3) is satisfied. Since I, c J,., then for every € > 0, we
have

1
1k € Jy: lgp(Ax = D] = &)
£T
1
= £_3|{5r—1 <k <k._q:lolx, — D] = €}
s
1
+€—B|{kr <k <sp:|o(Ax, — D] = €}
s

1
+€_ﬁ|{kr—1 <k < kpilp(bx, — D] = €}
”

< gr 1 1 kel.: A Nl >
< h_B_ +W|{ Er.|§0( xk_)l—e}l

r

for all » € N. Since lim,_,, :—; = 1 by (4.3) the first term and since (x;) € WSg§ (A) the second

termtendsto 0 asr — oo <(Lg - 1) = 0>. This implies that WS§ (A) < WSg,(A). We have the
h

T

following results from Theorem 4.6.

Corollary 4.7 Suppose 6 = (k,) and 8’ = (s,.) are lacunary sequences such that I,. € J, for each
r € N. If (4.2) is hold, then,

(i) WSg)cwsg)foro<a<l,
(i) WSg Q) cWSF(A)for0<a <1,
(i) WSy (A) € WSy(A).

If (4.3) is hold, then

(i) WS§FQ) cswsg@)foro<a<1,

(i) WSFA) cWSg(A)for0<a <1,
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(il)  WSe(A) © WSy (D).
Corollary 4.8 Suppose a, B € (0,1] such that @ < 8. Then WS§(A) < WSg (D).
Corollary 4.9 Suppose 6 = (k,) is a lacunary sequence and 0 < a < 1. Then WS§(A) <
WSg (D).
Corollary 4.10
() WS§Q)=wSjQ)ifa=p,
(i) WSF) =WSy(d)ifa = 1.
Theorem 4.11 Suppose 6 = (k,) is a lacunary sequence, 0 < @« < 1 and lim,_,, inf Z—f > 0. If

there exists K = {k; < k, < -} © N such that §5(A)(K) = 1 and limyeg @ (Ax, — 1) = 0 for
any ¢ € X*, then (x;) is WSg (A) — convergent to L.

Proof: Assume that lim,_,, inf Z—g > 0 holds and there exists a set K = {k; <k, <--}c N

with 64 (A)(K) = 1 and limycg @ (Ax;, — 1) = 0 for ¢ € X*. Then there is a number N € N such
that |p(Ax, — )| < e forall k = N and forany ¢ € X*.

If we take M, = {k € I: |p(Ax) — D)| = €} S N —{kyy1, knio knss, -}, then 8g(A)(M,) =
0. Using Corollary 4.7 (ii) we get that (x;) is WSg (A)-convergent to L.

Theorem 4.12 Let x=(x) €w. If W) —limy_ o, x;, =1, then WS,(A) —
limy o X = L.

Proof: Let W(A) — limy_, x; = [, then for each € > 0 and any ¢ € X* if there is a number N €
N such that

lp(Ax — Dl < e

for each k> N. So the set M(¢e) ={k € I,:|p(Ax, — )| = €} is finite; for which
8e(A)( M(e)) = 0. This shows that WSg(A) — limy_,e, x5 = L.

In general, the opposite of the above result is not correct. To show that we can use
Example 3.16.
Theorem 4.13 Assume that 6 = (k,) is a lacunary sequence, 0 < a <1, x = (x;) € w and
lim ., inf Z_ > 0. If W(A) — lim,_o % = L, then WSE(A) — lim, o, x;, = L.

It can be easily proved from corollary 4.7 (ii) and theorem 4.12
Theorem 4.14 Let 0 < a < 1. Then S§ (A) € WSg (A) for any lacunary sequence 6 = (k,) with

the same limit in X.

sg
Proof: Let (x;,) € X such that x;, iz [. Then for each ¢ > 0,
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1
El{k € L.:||Ax, — || = €}| = 0.
Now, for each € > 0 and any ¢ € X*, the expression

1 1
Wl{k €L lp(Axy — DI 2 e}l < 5 Itk € L : lplll1Ax, — LI 2 €}

r

&
kel :||Ax, =1 = —}|;

e

gives immediately - |{k € I,-: [p(A x,, — )| = €}| = 0.

The converse is not true, in general. To show that we can use Example 3.19.
Theorem 4.15 Let 6 = (k,.) be a lacunary sequence and 0 < a < 1. If liminf g, > 1, then,
WS*(A) c WS§(A).
Proof: Assuming liminf g, > 1, then we can choose §(0, ) such that 1+ < g, for
sufficiently large r, so that
h, ) 1 5% 1

Sy WA
CZ Ty M@ A sane

If (x) € WS%*(A), then for sufficiently large r and for any € > 0, and we have
1 1
A {k < ky: lo(Axe =D 2 €} 2 k_gl{k €l : lo(Ax, — D] = €}

6“ 1

S : N

So, the sufficiency is proved.

Theorem 4.16 Assume that 6 = (k,.) be a lacunary sequence and 0 < a < 1. If lim sup q, < o,
then WS (A) € WS(A).

Proof: If lim sup g, < oo, then we can choose a number H > 0 such that H > q,- for all r. Let
(xr) E WSE(A), and let N, = |{k € L : |@(Ax), — 1)| = €}|. Then by using (4.1), given € > 0,

there is an r, € N such that for all r > 7y,

N, N,
—<éeand —<e¢
h? h,

where 0 < a < 1. The rest of proof is seen in(Lemma 3) from [30].
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Theorem 4.17 Assume that 8 = (k,.) isalacunaryand 0 < a < 1. A sequence (xy) is WSg (A)-
Cauchy sequence if and only if (x;) is an WSg (A)-convergent.
Theorem 4.18 Assume that 8 = (k,.) is a lacunary sequence and 0 < a < 1. If lim inf, g, > 1,
then W (A) € WNg (A).

The proof is similar to Theorem 3.23.

Theorem 4.19 Assume that 8 = (k,)is a lacunary sequence and O0<a<1. If

kr
P

lim sup, < oo, then WNg(A) < W*(A).

Theorem 4.20 Suppose 6 = (k,) and 8’ = (s,-) are lacunary sequences such that I,. < J,. for
reNandO<a<p <1,

(i)  WNE() c WNJ (8) if (4.2) holds.

(i)  WNE(L) c WN,(8) if (4.3) holds.

Proof:

(i) Omitted.

(ii) Assuming that (x;) € WNg (A) and that (4.3) holds. Since ¢ is bounded there exists M > 0

such that |p(Ax;, — )| < M for each k. We can find inclusion from.

1 1 1
25 0,100 =Dl =—5 > lp(x =Dl +—5 ) lp(dx =D

T KEJ, T k€jp—1I, T kel

< b 1|M ! A l
<51 )M+ 5a ) lo(x =)
T T kel,

for every r € N. Therefore (x;) € WN(f, Q).
The result below is obtained from Theorem 4.20.
Corollary 4.21 Suppose 6 = (k,) and 68’ = (s,.) are two lacunary sequences with the condition
I, € ], forevery r € N. If (4.2) holds, then we have the following inclusions
(i) WNg (L) S WNF(A), foreach0 < <1,
(i) WNg (L) € WNG(A), foreach 0 < a <1,
(i)  WNg (A) € WNg(D).
If (4.3) holds, then
(i) WNg(A) € WNgi (), for each a € (0,1],
(i)  WNg(A) € WNg (D), foreach a € (0,1],
(i)  WNy(A) € WNg (D).
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Theorem 4.22 Suppose 6 = (k,) and 8’ = (s,) are lacunary sequences such that I,. < J,. for
allr € N, @ and § are fixed real numbers suchthat0 < a < g < 1.

(i)  WNE(a) € WSE () if (4.2) holds,

(i)  WSE(A) € WNE () if (4.3) holds.
The proof is similar to Theorem 3.27.

Corollary 4.23 Assume that 6 = (k,.) and 8’ = (s,.) are two lacunary sequences such that I, c
J- forall » € N. If (4.2) holds, then

() WNE(L) S WSED),
(i)  WNg (A) € WSg(A),
(i)  WNg(A) € WSu(A).
If (4.3) holds, then

() WS§() S WNE(),
(i)  WSF(A) € WNg (D),
(ilf)  WSe(A) € WNg(A).
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5. CONCLUSION

In this thesis, we have given the natural density, statistical convergence, weak convergence,
weak statistical convergence, some concepts of statistical convergence of order ¢ for0 < a < 1,
and strong p-Cesaro summability of order a for 0 < @ < 1. We have also given, some relations
between statistical convergence of order @ and strong p-Cesaro summability of order «
for0<a<1.

Furthermore, we have given lacunary weak statistical convergence of order @ and weak
N -summability for 0 < a < 1.

Finally, we established the A-lacunary weak statistical convergence of order a and weak
N§ (A)-summability for 0 < a < 1. We have also given some inclusion relations between these

concepts.



REFERENCES

[1]
[2]

(3]
[4]

(5]
(6]

[7]
(8]
(9]
[10]
[11]
[12]

[13]
[14]

[15]

[16]
[17]
(18]

[19]
[20]
[21]
[22]

[23]

Zygmund, A., (1979). Trigonometric series, Cambridge university press.

Fast, H. (1951). Sur la convergence statistique. In Colloquium Mathematicae (Vol. 2, No. 3-4, pp.
241-244).

Steinhaus, H. (1951). Sur la convergence ordinaire et la convergence asymptotique. In Collog.
Math (Vol. 2, No. 1, pp. 73-74).

Schoenberg, 1. (1959). The integrability of certain functions and related summability methods, The
American Mathematical Monthly 66(5): 361-775.

Fridy, J.A. (1985). On statistical convergence, Analysis 5(4): 301-314.

Connor, J. (1988). The statistical and strong p-Cesaro convergence of sequences, Analysis, 8(1-2),
47-64.

Rath, D. and Tripathy, B. (1994). On statistically convergent and statistically Cauchy sequences,
Indian Journal of Pure and Applied Mathematics, 25, 381-381.

Et, M., & sengiil, H. (2014). Some Cesaro-type summability spaces of order a and lacunary
statistical convergence of order a. Filomat, 28(8), 1593-1602.

Fridy, J. and Orhan, C. (1993). Lacunary statistical convergence, Pacific Journal of Mathematics,
160(1), 43-51.

Moricz, F. (2003). Statistical convergence of multiple sequences. Archiv der Mathematik, 81(1),
82-89.

Salat, T. (1980). On statistically convergent sequences of real numbers, Mathematica Slovaca
30(2): 139-150.

Bhardwaj, V.K. and Bansal, 1.B. (2007). On Weak Statistical Convergence, Int. J. Math.
Mathematical Sciences, 2007, 38530:1-38530:9.

Mursaleen, M. (2000). lamda-statistical convergence. Mathematica Slovaca, 50(1), 111-115.

Gadjiev, A. and Orhan, C. (2002). Some approximation theorems via statistical convergence, The
Rocky Mountain Journal of Mathematics, 32(1): 129-138.

Colak, R. (2010). Statistical convergence of order a, Modern Methods in Analysis and Its
Applications, New Delhi, India: Anamaya Pub: 121-129.

Schinazi, R.B., (2011). From calculus to analysis, Springer Science & Business Media.
Suryanarayan, E., (2003). A First Course in Real Analysis, Universities Press.

Heil, C., A basis theory primer. Applied and Numerical Harmonic Analysis, 2011,
Birkh&user/Springer, New York, expanded edition.

Kreyszig, E. (1978). Introductory functional analysis with applications (Vol. 1). New York:
wiley.

Niven, 1., Zuckerman, H.S., and Montgomery, H.L., (2013). An introduction to the theory of
numbers, John Wiley & Sons.

Tripathy, B. (1997). On statistically convergent and statistically bounded sequences, Malaysian
Mathematical Society. Bulletin. Second Series, 20(1), 31-33.

Tripathy, B. (1998). On statistically convergent sequences, Bulletin of the Calcutta Mathematical
Society, 90(4), 259-262.

Maddox, |. (1967). Spaces of strongly summable sequences, The Quarterly Journal of
Mathematics, 18(1), 345-355.



[24]

[25]

[26]

[27]

[28]

[29]
[30]

Chawla, M., Saroa, M., and Kumar, V. (2015). On Generalizations of Weak Statistical
Convergence via ldeals, International Journal of Pure and Applied Mathematics, 100(2), 279-
297.

Bhardwaj, V.K., Gupta, S., Mohiuddine, S.A., and Kiligman, A. (2014). On lacunary statistical
boundedness, Journal of inequalities and applications, 2014(1) 311.

Bhardwaj, V.K. and Dhawan, S. (2017). Density by moduli and Wijsman lacunary statistical
convergence of sequences of sets, Journal of inequalities and applications, 2017(1), 25.

Ercan, S., Altin, Y., and Bektas, C.A. (2019). On lacunary weak statistical convergence of order
o, Communications in Statistics-Theory and Methods, 1-12.

Nuray, F. (2011). Lacunary weak statistical convergence, Mathematica Bohemica, 136(3), 259-
268.

Karlsen, K. (2006). Notes on weak convergence, University of Oslo, Norway.

Fridy, J. and Orhan, C. (1993). Lacunary statistical summability, Journal of mathematical analysis
and applications, 173(2), 497-504.

32



CURRICULUM VITAE

Shahram Ahmed MUSTAFA

PERSONAL INFORMATION

Place of Birth : Erbil
Year of Birth : 1995
Nationality : Iraqi
E-mail : shahramahmed.math@gmail.com

Foreign Languages: English (B2), Persian (B2), Turkish (B1).

Education Information

Master Thesis : “Lacunary Weak Statistical Convergence”

Firat Univesity, The graduate Of Natural and Applied Science, Mathematics
Department, 2019
Supervisor: Prof. Dr. Cigdem A. BEKTAS
Undergraduate  : Soran University, Faculty of Education, Mathematics Department, 2016-2017
High School : Sh. Abdulrahman High Scool, Soran, 2013,

33



