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LATTICE, QUANTUM ANALYSIS AND APPLICATIONS TO DISCRETE
D’ALEMBERT PROBLEMS

ABSTRACT

In this thesis, we study on lattice and quantum numbers. First, similar to the
ordinary calculus, we build h-nabla, h-delta derivatives, h-binomial, h-exponential,
h-trigonometric, h-hyperbolic functions and we introduce h-nabla antiderivative.
Since h-analysis recovers real numbers as h tends to zero, the study on h-analysis can
be called as “discretization” (h-discretization). As an application, we construct
h-analogue of problems of wave equations in other words, h-D’Alembert problems
and we find ~-D’ Alembert solutions in terms of h-binomial functions. Also we define
h-analyticity and using h-analogue of Cauchy-Kovalevskaya Theorem we present
some examples which have unique and analytic solutions. Next, we construct
quantum analysis with related g¢-derivative, é-derivative and ¢-integral, %-integral
properties. Finally we construct ¢ and %-D’Alembert problems and their solutions. By
using g-analogue of Cauchy Kovalevskaya Theorem, we examine the uniqueness and

g-analyticity of these solutions.

Keywords: Lattice numbers, quantum numbers, lattice derivatives, quantum

derivatives, h-Cauchy problems, ¢g-Cauchy problems
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LATIS, KUANTUM ANALIZ VE FARK D’ALEMBERT PROBLEMLERINE
UYGULAMALARI

0z

Bu tezde latis ve kuantum sayilar1 iizerine ¢alistik. Ilk olarak, normal kalkiiliise
benzer sekilde, h-nabla, h-delta tiirevleri, h-binom, h-iistel, h-trigonometrik,
h-hyperbolik fonksiyonlar1 insa ettik ve h-nabla ters tiirevi tanittik. h sifira giderken
h-analiz real sayilar1 kapladigindan, h-analiz {izerindeki bu ¢alisma “ayriklastirma”
(h-ayriklagtirmasi) olarak isimlendirilebilir. =~ Bunun uygulamasi olarak, dalga
denklemi problemlerinin h-analogunu bir diger deyisle, h-D’Alembert problemlerini
olusturduk ve h-binom fonksiyonlar1 cinsinden h-D’Alembert ¢oziimlerini bulduk.
Ayrica h-analitikligi tamimladik ve Cauchy-Kovalevskaya Teoreminin h-versiyonunu
kullanarak tek ve analitik ¢oziimlere sahip olan bazi 6rnekler sunduk. Daha sonra
kuantum analizle ilgili olan g-tiirev, %-tﬁrev ve g-integral, %-integral ozelliklerini insa
ettik. Son olarak da g ve i-D’Alembert problemlerini ve onlarin ¢éziimlerini insa
ettik. Cauchy-Kovalevskaya Teoreminin g-analogunu kullanarak bu ¢oziimlerin

teklik ve g-analitikliklerini inceledik.

Anahtar Kkelimeler: Latis sayilari, kuantum sayilari, latis tiirevleri, kuantum tiirevleri,

h-Cauchy problemleri, g-Cauchy problemleri
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CHAPTER ONE
INTRODUCTION

Discrete mathematics can be considered as the branch of math which deal with
mathematical constructions that are basically discrete rather than continuous. The set
of objects studied in discrete mathematics have the same cardinality with the natural

numbers, including rational numbers but not real numbers.

The idea, that was originated in 1769 with Euler’s polygonal method, of using
difference equations to approach the solutions of differential equations was given by
Cauchy about 1840. The subject seemed to be not interesting until around the end of
the 19th century, when Lipschitz, Runge, and Kutta improved the procedures. The
influential application of linear difference equations to the computation of special
functions was given in 1952 with Miller’s algorithm for Bessel’s functions. J. Wimp
(Wimp, 1984) discussed the improvement of this computation and related algorithms
with Olver, Clenshaw, Gautschi, and others. Also they discussed some examples of
calculation with nonlinear difference equations. Moreover, with this improvement
linear difference equations were comparable to linear differential equations (for more
details see Hartman, 1978 ). During the 1950’s, simple nonlinear difference equations

were used by ecologists for stability of iteration on populations.

Quantum analysis is an area related with abstract and applied mathematics. Works
on g-difference equations were appeared at the beginning of 20th century by especially
F. H. Jackson (Jackson, 1910), R.D. Carmichael (Carmichael, 1912), and other authors
such as Picard, Ramanujan. From the 30s to the begining of the 80s, remarkable interest
was not observed in this area. But after the 70s, significant and surprising studies
such as principally new difference calculus; g-calculus (Kac, 2001), g-combinatorices
(Charalambides, 2016), g-integrable systems (Silindir, 2012 and Silindir & Soyoglu,
2015), and related subjects (Nalci & Pashaev, 2010 and Pashaev & Nalci 2014) were

presented.

The wave equation was appeared in the 18th century, when calculus was developed



and it was possible to connect the regularities observed in waves to a mathematical
format. The wave equation was discovered by Brook (Brook, 1717) using laws of
motion (formulated by Newton). The one-dimensional wave equation is defined by

Pu 0%

which is a second-order linear partial differential equation that is used for the

explanation of waves. A general solution of the wave equation is given by
u(z,t) = f(x +ct) + g(xz — ct), (1.2)

where the functions f and ¢ are arbitrary twice continuously differentiable (Jean le
Rond, 1747). In other words, solutions (1.2) of the one dimensional wave equations
describe sums of two distinct waves one of which travels left and one to the right both
at the same speed c. Here travel” means that these two waves do not interact with each

other, so their shapes do not change.

For an initial value problem defined on (1.1) together with u(z,0) = F(z) and
u(z,0) = G(x), the solution is

x+ct
u(z,t) = %[F(m +ct)+ Gz —ct)] + — / G(x')da' (1.3)

26 r—ct

and it is called D’ Alembert formula.

In this thesis we will do discretization that will be done in two ways; h-discretization
and g¢-discretization. When we use h-discretization terminology, we mean that as h —
0, equations on lattice numbers give real (ordinary) equations. In the same way, as
q — 1, we recover continuous equations. Within this context, in Chapter 2 lattice
analysis (i.e. h-analysis) and in Chapter 4 quantum analysis (i.e. g-analysis) will be

studied by giving some related properties of them.

In Chapter 2, we present first the time scale calculus which is developed by Hilger



(Hilger, 1988). We give some time scale examples such as lattice numbers denoted by
hZ = {hn:heR" neZ} (1.4)

and quantum numbers denoted by
K, ={¢d":q€R, ¢#1, keZ}u{0}. (1.5)

We present lattice differentials and define corresponding lattice derivatives as A} and
V5. Regarding to these lattice derivatives, we give product and quotient rules for two
functions on hZ. With these definitions and results, it is easy to say that there are
some similarities and differences between lattice analysis and ordinary calculus. For

example; h-derivative of product of two functions which is

Ay(f9)(x) = [z + h)dng(x) + g(x)dnf(x)

can be given. Also we show that as h — 0, lattice numbers recovers R. We present
h-binomial function and its some properties. By using these properties we calculate
h-delta and h-nabla derivatives of h-binomial. We generalize Taylor’s Formula for
any function f then by utilizing this formula we present h-Taylor’s Formula from
which analyticity definition for AZ can be given. Then we define two h-exponential
functions by using the h-Taylor’s Formula. @ We introduce h-trigonometric,
h-hyperbolic functions, and calculate their lattice derivatives. Next, we introduce
h-nabla antiderivative, definite h-nabla integral, and construct Fundamental Theorem
of Calculus on hZ. Similarly, one can construct h-delta antiderivative and its

properties (more details see Kac, 2001).

In Chapter 3, we aim to construct h-D’Alembert problem. For this purpose, we
calculate h-derivatives of h-binomials (x + t)} and (z — t)} with respect to = and ¢.

We define h-Laurient Series representation by

oo

flatt)= > an(zLt). (1.6)

n=—oo



We build h-version of wave equation which is defined as follows
(A% + Vi)(Vi = Viu(e,t) =0 (1.7)

whose solution is

u(z,t) = flx +1t) + glx —t), (1.8)

where the functions f and g which are in C? defined as Laurient Series representations.
It is easy to say that as h — 0, h-wave equation turns out to be wave equation (1.1)
whose solution is (1.2) with ¢ = 1. Note that the solution (1.8) is so similar to a
solution of wave equation (1.2) but here the functions f and g which are defined in
(1.6) are Laurient series. Then we introduce h-D’Alembert problem with the initial

conditions as follows

Ou = (A? + VE)(VE—V!) =0, Va,tehZ,

u(z,0) = ¢(x), (1.9)
Viu(x,0) = 9(z).

We show that h-D’ Alembert solution is given by

b
u(x,t) = %[qb(x +t)+o(z—1t)] + %/ (2" dpa!, (1.10)

where @ := x —tand b := x +t. Here Va,t € hZ ¢ € C?, 1) € C! on the region
Q) = hZ x hZ. Then we examine the uniqueness and analyticity of these h-D’ Alembert

solutions by using the Cauchy Kovelavskaya Theorem, (Gantumur, 2011).

Chapter 4 is concerned with quantum analysis. Despite the similarities with lattice
analysis, quantum analysis is quite different. We first present ¢-differential and
g-derivative (Kac, 2001). According to the g-derivative we derive product and
quotient rules for ¢-derivative. We show that there are lots of similarities and
differences between quantum analysis and ordinary calculus.  For example;

g-derivative of g-trigonometric functions defined as singz and cosqz are cosz and



sin z, respectively. However

dy(f9)(x) = flqx)dyg(x) + g(x)d, f (), €K, (1.11)

Whereas h — 0, real numbers are recovered by lattice analysis (h-discretization), here
as ¢ — 1, we recover real numbers and this process is called ¢-discretization. We
develop quantum calculus, many important notions and results. For example; when we

take g-derivative of f(z) = z", we get

(qx)n _ 1.71 xn(qn _ 1) qn _ 1 .
A" = = = " 1.12
! (-  (¢g-Dz  ¢-1 (112)

Then we define

1
=1+q+.. +¢" " (1.13)

as the g-analogue of integer n. So we can say the function f(z) = 2™ as a good function
in K,. Because we have

A" = [n]z" (1.14)
that can be written in a nice manner. But a bad one in h-analysis since

h)" — x" -1
Ajx" = (x—k% =na" 4 n(nT)hx”Q + .+ ha™h (1.15)

Next, we define g-analogue of binomials (v + a)y, (a — x);, and derive related
properties. Then by using the generalized Taylor’s Formula given in Chapter 2, we

present ¢g-Taylor’s Formula. Then we find ¢-Taylor’s Formula of (z + a)7; at ¢ = 0 as

(@ +a)y=> (”) ) (1.16)
q

=0 \J

The formula (1.16) is called as a Gauss’ binomial formula, (Kac, 2001). We also find

g-Taylor’s Formula of f(z) = ﬁ atc =0 as
SN —0) ¢ i1,
q j=0 q- j=0 q*



which is called Heine’s binomial formula, (Kac, 2001). Next, we define g-exponential
functions based on Gauss’ binomial formula and Heine’s binomial formula. Also we
show ¢-exponential function defined as y(z) = e, 1s a solution for the problem given

as follows

Agy(z) = y(x), (1.18)

and other g-exponential function defined as y(x) = E7, is a solution for the problem

given as follows

Agy(z) = y(qz), (1.19)

y(0) = 1.

Clearly, we can see that g-exponential functions are related. Next, regarding to the
g-exponential  functions, we  define  g¢-trigonometric ~ functions  as
sin, x, cos, x, Singw, Cos,x, and derive g¢-derivative of these functions using
appropriate a exponential functions. Then, we present g-antiderivative, definite
g-integral, and Fundamental Theorem of Calculus on K, for g-integral. In Section
4.7, similar to the g-derivative, we define é-derivative, %-binomial, and we calculate
%—derivative of this binomial. Next, we introduce %-antiderivative, definite %—integral,

and construct Fundamental Theorem of Calculus on K, for %-integral.

In Chapter 5, similar to the A-Cauchy problem we introduce %-Cauchy problem

given by

[(AZ)2 — (A u(x,t) =0, Va,tc Ky,
u(z,0) = ¢(z), (1.20)

A%u(m,O) = U(x),



whose solution is

1 1[0
u(x,t) = 5[(13(:15 +ct) + ®(z — ct)] + 2—/ U(z')dia, (1.21)
cl, a
where a ==z — ct, b= x + ct. Here Vz, t € K, p € C*, v € C'on Q =K, x K.

Note thatas ¢ — 1, é-D’Alembert problem turns out to be D’ Alembert problem. Then

we define %—analyticity and by é—analogue of Cauchy Kovalevskaya Theorem. We

present some examples that have unique and analytic solutions. Similarly, we present

g-D’Alembert problem given in Nalc1 Tumer, 2017

|

u(z,0) = ®(z), (1.22)

whose solution is

u(z,t) = =[®(x — ct) + O(x + ct)] + 1 /b U (z")dya', (1.23)

2c

N | —

where a =z — ct, b=z + ct. Here Vz, t € K, ¢ € C?, p € C'on Q = K, x K,,.



CHAPTER TWO
LATTICE ANALYSIS

We start this chapter by presenting the notion of time scales introduced by Hilger
(Hilger, 1988). We collect below some definitions and results from the book Bohner,

2002.
Definition 2.1. A time scale T is a nonempty closed subset of R.

Definition 2.2. Let T be a time scale. Fort € T, we define forward shift operator
o:T—Thby
o(t) =inf{s €T, s>t}

and backward shift operator p : T — T by
p(t) =sup{s € T, s <t}
Definition 2.3. The graininess function j : T — [0, 00) is defined by
wu(t) =o(t) —t.
Example 2.1. Quantum numbers, denoted by K, is defined by
Kq::{qk:qelR, q#1, keZ}u{o}

and it is a time scale. Further, consider the time scale T = K,. Then forward shift
operator is

o(t)=inf{¢" 1k € Im +1,00)} = ¢t

and backward shift operator is

p(t) = sup{¢* : k € (—oo,m — 1]} =

=+



Jort =q" € K,. Consequently
u(t) =o(t) —t=(q¢— 1)t
Example 2.2. Lattice numbers, denoted by hZ, is defined by
hZ = {hn:heR", neZ}

and it is a time scale. Moreover, consider the time scale T = hZ. Then forward shift

operator is

o(t)=inf{t + nh:neN} =t+h

and backward shift operator is
p(t) =sup{t —nh:neN}=t—h
fort € hZ. Consequently
p(t)=o(t)—t=t+h—t=nh.
Example 2.3. Consider the time scale T = {2" : n € Z} U {0}. Then
o(t) =inf{2" :n € [m+1,00)} =2t

and similarly

fort =2" € T. Consequently
pu(t) =t.

Example 2.4. Consider T = N2 = {n?:n € Ny}. We have

o(n?) =inf{n* :n € Ng} = (n + 1)~



Then,

Since t = n? € Ny, we get
ot) = (Vt+1)? and p(t) =1+ 2Vt
Example 2.5. If T = R is considered, forward shift operator is
o(t)y=inf{s € R: s>t} =inf(t,00) =t

and similarly backward shift operator is

Then

Remark 2.1. Quantum numbers has non-uniform step-size
u(z) =qr —z, Vo eK,.
However, hiZ. has uniform step-size

wx)=(x+h)—z=z—(x—h)=heR".

2.1 h-derivative

Till the end of the Section 2.5 , we use definitions and results from Kac, 2001. Also

we introduce some new identities hold in ~AZ in Section 2.2 and other sections.

Definition 2.4. Let f be an arbitrary function on hZ.. The h-delta differential of the

10



function f on hZ is defined by

dpf(z) = f(x +h) — f(z), x € hZ. (2.1)
Similarly,

dnf(z) = f(z) = fx —h), x€hl (2.2)
denotes the h-nabla differential of the function f on hZ.

Remark 2.2. Lattice-differentials (or h-differentials) are different from the ordinary
calculus because of the lack of the symmetry in the differential of the product of two

functions. For example

dn(fg)(x) =f(x + h)g(x + h) — f(x)g(x)
=f(x+h)g(z +h) — f(x)g(z) + f(z + h)g(x) — f(z + h)g(x)
=f(z + h)dng(z) + g(x)dnf(z).

Now, with these h-differentials, we can define the corresponding h-derivatives.

Definition 2.5. Let f be an arbitrary function on hZ. The delta h-derivative of f(x)

denoted by Ay, is
fle+h)— fx)

Apf(x) = - , (2.3)
and the nabla h-derivative of the function f(z) denoted by V}, is
x)— f(x—~h
i) = TSN 4

Note that continuous limits of discrete derivatives Ajx and Vjx recover classical

derivative 1.e.

h) — d
fim A7 (2) = fim 1) =10 _ 1)

and similarly

lim Vy f(z) = df(z)

h—0 de

11



Theorem 2.1. The operators Ay, : hZi — hZ and NV}, : hZ — hZ are linear.

Proof. Let f, g be arbitrary functions on hZ. Then for all a, b scalars, we get

Aflaf(x) + bg(x)] = af(x+h)+bg(x —|—£l) — (af(x) + bg(x))

— A} f(x) + bATg(x).

Similarly, the operator V7 is linear. [

Proposition 2.1. Let f, g be arbitrary functions whose h-delta derivatives exist on hZ.

Then the product rule for h-delta derivative arises in two forms:

@) Ailf(2)g(x)] = f(x)Akg(x) + g(z + M)A f (), (2.5)
@) Aj[f(x)g(x)] = f(z+h)Ajg(x) + g(x) AL f (2). (2.6)

Proof. (1) By using the Definition 2.5, we get

fla+ gl +h) = fla)glw)

A5 [f () ()] = .

Without loss of generality, add and subtract f(z)g(x + h) on the numerator, we obtain

flx+h) - =)
h

Ml )gl)) = f) 2T IZIE 0y

= [(2)Akg(x) + g(x + h) AL f(x).

(if) Similarly, add and subtract f(z + h)g(z) on the numerator of A} f(z)g(x), we
get

Aplf(@)g(@)] = f(z +h

= [(z +h)ARg(x) + g(x) AL f ().

)g(x+h]z—g(x) +g

12



Proposition 2.2. Let f, g be arbitrary functions whose h-nabla derivatives exist on h’Z.

Then the product rule for h-nabla derivative arises in two forms:

@ Vilf(2)g(@)] = f(2)Vig(x) + g(x = W)V} f (), 2.7)
@) Vilf(z)g(x)] = f(z = h)Vig(x) + g(z) Vi f(z). (2.8)
Proof. The proof is similar to the one given for Proposition 2.1. U

Proposition 2.3. Let f, g be arbitrary functions whose h-delta derivatives exist on hZ.

Then the quotient rule for h-delta derivative arises in two forms:

L@ g@)ALf () — f@)Akg(a)
R b ] e s s 3)
@7 glet WALS(@) - @+ h)ALg(a)

@ Sl = o(@)g@ + h) - @0

Proof. (i) By using the Definition 2.5, we get

Az [f(x)} fla+h)g(x) — f(z)g(z +h)

Without loss of generality, add and subtract f(z)g(z) to the numerator, we have

A? [f(ﬂf)] g@)[f(z +h) = f(2)] = f(@)[g(z + h) — g(z)]
" hg(x)g(x + h)
g(@)ALf (x) — f(x)ARg(x)
g(x)g(x + h) '

(if) Similarly, add and subtract f(z + h)g(z + h) to the numerator of Aﬁ%, we get

N[f(a;)] gle+h)[f(x+h) - f( )| = flz+h)lg(z +h) — g(z)]
" hg(x)g (56+ h)
gz + A f(x) — fx + h)Ajg(x)

g(x)g(x + h) '

]

Proposition 2.4. Let f, g be arbitrary functions whose h-nabla derivatives exist on h’Z.

13



Then the quotient rule for h-nabla derivative arises in two forms:

o [f(@)] _ 9@)Vif(x) = f(2)Vig(x)
O Vil =T e n —
oo [[(2)] gl = h)Vif(x) = flz = h)Vig(z)
@ i) = s 2P
Proof. We can prove this proposition similar to the proof of Proposition 2.3. O]

Remark 2.3. (i) When h — 0, the product rules for h-derivatives of two functions

turn to the ordinary product rule since

lim AF((£) ()] = f(x) lim Afg(r) + lim g(z + WAL f(2)
= [(@)g/ (=) + 9(@)'(2).

Similarly,
lim Vi[(fg) ()] = f(z)g'(z) + g(2) f'(x).

(ii) When h — 0, the quotient rules for h-derivatives of two functions turn to the

ordinary quotient rule since

@ AW Mgl
flg% Ah[g(x)] =9l )ilHo g(x + h)g(x) u )leo g(x 4+ h)g(x)
_ ['(@)g(x) = f(z)g'(x)
g*(x) '
Similarly,
S (@), f(@)g(x) — f(2)g(2)
i B

Remark 2.4. We see that hZ — R as h — 0 in other words, whenever we use

h-discretization terminology we mean the study on hZ.

14



2.2 h-binomial

Definition 2.6. We define h-analogue of a binomial (x — t)" as a polynomial
(=t =@—-t)(x—(t+h)(r—(t+2h)...(x—(t+(n—-1)h)), (2.13)

where (z — t)% = 1, t is any constant and n > 1.

Remark 2.5. When t = 0, the Definition 2.6 becomes

(

z(x—h)(x—2h)...(x—(n—1)h) , n>0

(z = 0) = (2)h = {2 , n=1

1

\

Note that (x)} # x™

Remark 2.6. Clearly we have

lim(z £t)) = (z £ t)".
h—0

Proposition 2.5. For any integer m, n, we have

(z — )7 = (z — t))(x — (t + mh))}. (2.14)

Proof. There are five cases.

(1) Form = 0 and n = 0, it is obvious.

(i1)) For m > 0 and n > 0, by Definition 2.5, we have

(=)™ =(xz—t)(x—({t+h)...(x — (t+ (m—1)h))(xz — (t + mh))
(x—(+m+1h)...(x = (t+ (m+ (n—1)h)))

= (x —t)](x — (t + mh))}.

15



Note that

1
(x—1t)," = G G—nh) for any positive integer n. (2.15)
—(t— n

It yields by substituting m by —n in the Case (ii).
(iii) Form < 0,n > 0, consider m = —m’ < 0. Using the equation (2.15), we get

(x — (t=m'h));

@ = D= (t+mh))i = (@ = 07" (@ = (t = m'): = o

(x—t)(x—(t+h)..(r—=(E+n—m'=1h) ,n>m
- 1
(x — (t —m'h +nh))P "

=@ -ty =@ty

,m' >n

(iv) Form > 0,n < 0, consider n = —n’ < 0. Using the equation (2.15), we get

(x— (& — (t +mh))}, = (z = O (« — (¢ +mh));"
@y
(0 — (t+ (m— )Ry
(@ =)™ (@ — (t + (m —n)h));"
(x— (£ + (m— )Ry
(= 1)y
(@ — (t+ (m— ))& — (¢ + (m— 40/ —m))fe

(

!

(x — t);bn_"/ , m>n'
= 1
(z = (t+ (m—n)h)y—™

=(@ =" = (@ -1

16



(v) Form < 0andn < 0, consider m = —m/ < 0and n = —n’ < 0. We get

(& = )i (x — (t+ mh))j; = (x = 1), (& — (t = m'h));;"™
(e = (t—mh)p” (371— (t —1(m’ +n)h))y

(z —(t+ n’hl— (m +n)h))i (2 = (L = (m’ +n)h))})

(& = (¢ = (m' +n)h)); ™

=(@—1)," " = (=),

where we used the fact that n’, m’ > 0.

]

Proposition 2.6. For any integer n, the h-delta derivative of a binomial (x — t)}! with

respect to x is

Ai(z — ) =n(x —t)) " (2.16)
Proof. We have two cases.

(1) Forn > 0, by the h-delta derivative Definition 2.6, we have

Aj(z—t)y =A%z —t)(z—(t+h)(z—(t+2h)...(x— (t+ (n—1)h))
_ %[(erh—t)(x—Fh—(t+h))(:v+h—(t+2h))..
(z+h—=(t+(n—=1h)—(x—t)(x—(t+h))(x—(t+2h)).
(x = (t+ (n—1)h))]

_ %(x )@= (4 D)) — (L + (n— 2)B))nh = n(z — )7

(i) Forn < 0,setn = —n’ < 0. By the equation (2.15) and h-delta quotient rule,

17



we have

1
(z = (t = n'h))y
A —wR)
(o= (E— Wh)F @+ h— (t— wh)y
—n/(z — (t —n'h))7
(z— (- n’h))Z'(ﬂf/— (t = (' + h)y
(x —(t - h))(/x —(t= (' + h)y
(& = (t = (0 + Dh))*!

= —n'(x—t); " =nx -t

Aj(z =) = Aj(w — 1), = A;

where we used the facts n’ > 0 and Proposition 2.5.

2.3 Generalized Taylor’s Formula

Let us recall the analyticity definition on ordinary calculus from Wade, 2000.

Definition 2.7. A4 real valued function f is said to be analytic on (a,b) if and only if
given xy € (a,b) there is a power series centered at x that converges to f near x,
namely there exist coefficients {ay};2, and points c¢,d € (a,b) such that ¢ < xy < d

and .
f(x) = an(z = z0)"
k=0
Jorall x € (c,d).

Theorem 2.2. Let ¢, d be extended real numbers with ¢ < d, let xo € (c,d). Suppose
that  : (c,d) = R.If f(z) = > po g ar(@—x0)F foreachx € (c,d), then f € C>(c,d)

and

18



Theorem 2.3. Suppose that I is an open interval centered at c and
f(x):Zak(x—c)k, x el (2.17)
k=0

If vg € [ and r > 0 satisfy (xo — r,xo + 1) C I, then

) (0 .
1y =3 T )

k=0

forall x € (xg — r,x0 + 7). In particular, if f is a C* function whose Taylor series

expansion converges to [ on some open interval J, then f is analytic on J.

Counter Example: Consider the function

/2
e 1/x

, x#0
0 , x=0.

fx) =

Since f € O, we can always compute its Taylor Series. It can be shown that £ (0)

exists for all n > 0. Then Taylor series of f(z) is

< f(n)
E:f m%ﬁ:0+0+m+0#f@)

n!

n=0

Hence f(z) € C™ but it is not analytic.

Such analyticity definition coincides with the analyticity in complex analysis.

In general, in ordinary calculus we deal with elementary functions; trigonometric,
exponential, logarithmic, inverse trigonometric functions all of which are analytic
functions. Similarly in lattice analysis, we will deal with elemantary functions;

exponential, trigonometric, and hyperbolic functions.

Now, we present generalized Taylor’s Formula, (Kac, 2001) from which we will

derive h-Taylor’s Formula and elementary functions on hZ.

Theorem 2.4. Let a be a number, D be a linear operator on the vector space of
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polynomials, and { Py(z), Py (x), P2(x), ...} be a sequence of polynomials s.t.

(i) Po(a) =1and P,(a) =0,Yn > 1,
(ii) deg P, = n,

(iii) DP,(x) = P,_1(x) foranyn > 1 and D(1) = 0.

Then, for any polynomial f(x) of degree N, we have the generalized Taylor s Formula;

N

fl@) = (D" f)(a)Pul). (2.18)

n=0

Proof. Let V be the space of polynomials of degree not larger than /N with dimension

dimV = N + 1. Consider
B = {Py(z), P(x), ..., P(z), Pj(x), ..., Pn(x)}

and note that ¢ < j. By condition (ii), B is linearly independent. Moreover, | B| = N+1
so B is a basis for V, since dimV' = N + 1. Then any f € V is a linear combination

of the elements of B as spanB = V. We can write

N
flz) = Z ¢;Py(z), for some unique constants ¢;. (2.19)
i=0
Consider
N
fla) =" ¢;Pi(a) = coPo(a) + c1Pi(a) + ... + ex Py(a).
=0

By the first condition,
f(a) = c.
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Acting the linear operator D on (2.19);

Df(x) :D(Z ciFi(x)) = Z ¢:DP(x),

:C()DP()(JZ) + Clel(ZL‘) + ...+ CNDPN(ZL‘)

=coDPy(z) + c1Po(z) + coPi(x) + ... + cnPn-1(2).
For x = a, we get
Df(a) = Clpg(a) + CQPl((l> + ...+ CNPN_l(CL) = C1.

Similarly,
N
D’f(z) =) Py and D*f(a) = c2Py(a) + ... + ey Py_a(a) = ca.
=2

Thus, one can inductively calculate uniquely D" f(a) = ¢,, 0 < n < N. Thus

N

f2) =3 D" f(a)Pu(a).

n=0

d _
Remark 2.7. If D = e which is a linear operator and P,(x) = 7Y in the
T

generalized Taylor Formula given in Theorem 2.4, we get

S (D ) (@) Pal) = Y / Z!“) (z — a)™ (2.20)

2.4 h-Taylor’s Formula

Theorem 2.5. For any polynomial f(x) with degf(x) = N, h-Taylor series expansion

is given as
N

Fw) = 38 (o) = (.21)

p '
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where c is any number and (A f)7 is the jth order of A f.

Proof. By Theorem 2.4, we know the generalized Taylor’s Formula

N
flx) =) (D"f)(e)Pula). (2.22)
n=0
We choose the linear operator D = Ay, and P, (z) = (z _'C) " Let us show that chosen
n

P, (z) satisfy the three conditions of Theorem 2.4. Clearly,

(i) Po(c) =1 and P,(c) =0, Vn > 1,

(if) degP(x) = n,

g C)Z} _ n(z - )t _(z- ot P

(iil) ApP.(z) = Aj [( o (n—1)!

n!

Then substituting the chosen operator and P, (z) in the equation (2.22) we get

F@) = S (g (0T

=0 !

]

Example 2.6. Find the h-Taylor series expansion for f(x) = (x — a)} about ¢ = 0

wheren € 7T.

Solution. Let us find (A? f)?(x) for j < n. By Proposition 2.6, we have

(AL (@) = Af(x — a)f = n(x — ),
(AL (2) = Afn(e — @)~ = n(n — 1)z — )}

Then inductively we obtain

(ALY () = n(n = D).n — (n = )@ — )} .
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Hence the h-Taylor series expansion of f(z) = (z —a)} atc =0 is

(e —a)f =3 nln— 1) — (G~ D)(—a) Dr = 3 (”) (—a)i (2]

j=0 Jj=0 J

where (—a)} 7 = (=1)" 7 (a + h)(a + 2h)...(a + (n — j + 1)h) and
(2)] = x(z — h)(z — 2h)...(x — (j — 1)h). O

Definition 2.8. [f there exists an h-power (h-Taylor) series expansion converging to

f(z) itself then f is said to be h-analytic function.

2.5 h-exponential, s-trigonometric and /#-hyperbolic functions

In this section, we aim to present h-analogue of an exponential function

f(x) = .

Three conditions of Theorem 2.4 that f(z) must satisfy are

(i) f(0) =1
(ii) ARf(z) = f(=)

(ii1)) f must have h-Taylor series expansion (2.21) about ¢ = 0, with N = oo for

small h.

Since (1) and (i1) imply that

(ALfY(0)=1, j=0,1,2...
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then,

| 1
= i=0 -
Y HED-Goreie Ry,
|
j=0 J: §=0 J

By ordinary binomial expansion

f(x)=6i=(1+h)i:§:<§>hj_

=0
Thus, let us introduce h-exponential as follows.

Definition 2.9. We define h-exponential function by
ef = (14 h)n. (2.23)

Remark 2.8. Note that

lim ¢ = lim(1 + h)#* = €.
h—0 h—0

Remark 2.9. Note that h-exponential function ej is h-analytic since there exist an h-

Taylor series expansion converging to ey, itself.
Example 2.7. Note that the h-delta derivative of e; is again itself, i.e.
Ajel = €hs

since

(1 ”’)zhh‘ A+t _ FORE (14 R) ~ 1) = (14 R)F =],

X xr __
Ajey, =

But the h-nabla derivative of €} is quite different. Because

QWP UM T L= @ my ) = (4 ) =g

X Xr __
Ve, =
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In other words

x x _ _x—h
Vien =e¢p .

Definition 2.10. We introduce another h-exponential function as follows

=8

By = (ﬁ) : (2.24)

Remark 2.10. Since lim;,_,(1 + %)h = e, with some necessary arrangement, we
have

lim E® — [ ( 1 >i_ -

ho TR \T—R) T

Proposition 2.7. We have the following relation between h-exponential functions
e B 7 =1 (2.25)

Remark 2.11. By Proposition 2.7, we can say that EJ is also h-analytic, since ej, is

h-analytic.

Example 2.8. The h-nabla derivative of L} is again itself, i.e.

ViE, = Ey,
since
T z—h
<;) " (L) o \ .
1—h 1—h 1 1 \# 1 \! 1 \&

- H) (- () ) - () -
Vi h h\1—h 1—h 1—h "
But the h-delta derivative of Ej, is quite different. Because

z+h x
(L)h_<L)” 1, 1 N2, 1 L e
1—h 1—h " 3
) ()= () e
e h A\1—h/) \1-h 1—h h

In other words

AYED = Eith,
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Definition 2.11. The h-trigonometric functions are defined as follows;

T —iT
Singz =20 —En”
2
Eiac + E
Cospx ::hTh,
) el _ e—i:r
Sy, xr ‘= h ‘h ,
21
e’L{L’ _"_e—ZI
cosy & =-2 5 h

(2.26)
(2.27)
(2.28)

(2.29)

Proposition 2.8. For the h-trigonometric functions, we have the following equalities

(i) V;Sinyz = Cosyz,
(i) V;Cosyr = —Sinyz,
(iii) A7Sinyx = Cosy(z + h),
(iv) AjCosyx = —Siny(x + h),
(v) Ajsin,x = cosyz,
(vi) Ajcospr = —sinyz,
(vii) Visinyx = cosy(x — h),

(viii) Vijcospx = —siny(x — h).

Proof. (i) Using Definition 2.11, we have

ViEr —ViE, "™ BT +iE, "

Vi Sinpx = 5 5 = Cospz.
(ii) Similar to the proof of (i).
(iii) Using Definition 2.11, we have
pic _ pric ‘Ei(Hh) .E—i(x-i-h)
AiSIHhI:AZ( h 5 h ):Z h ‘;.Z h
1 !

(iv)  Similar to the proof of (iii).

26
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(2.30)
(2.31)
(2.32)
(2.33)
(2.34)
(2.35)
(2.36)
(2.37)



(v) Using Definition 2.11, we have

—ix

e —e
27

T LT T ,—iT ;i ;i
ey’ — e e + e
by — —hCh hen  _ Ch h_ — cosyz.

Ajsinr = Aj( 5 5

(vi)  Similar to the proof of (v).

(vii)  Using Definition 2.11, we have

—i(z—h)

Vi sin Vx(e? - e’:m) z’eﬁf%h) T iey cosy(z — h)
x = = = x—h).
neh DY 2i "
(viii)  Similar to the proof of (vii). [
Proposition 2.9. We have the following identity
sinpzSin_px + cospzCos_px = 1 (2.38)

which is the h-analogue of identity sin® x + cos® x = 1 in ordinary calculus.

Proof. Since e E_;" = 1, we have

’ ) —iz ' —iz piz —iz
e —e, " B, — EZy e, +e, " B 4+ By

sinyzSin_yx + cos,xCos_px =

2 2 2 2
e BNy — e B — e "B + e BT
B 42
en By + e BO 4 e EDy + e B
4
QG?E:;? + 2¢;, " E®,
- - -
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Definition 2.12. The h-hyperbolic functions are defined as follows.

EY — E*
Sinhyx ;:%’
EY +E°
Coshyz ;:u’
2
) ef —e "
sinhyz :=-2 5 h_
ef +e ”
coshyx =2 5 h

(2.39)
(2.40)
(2.41)

(2.42)

Proposition 2.10. For the h-hyperbolic functions, we have the following equalities

(i) V;Sinh,z = Coshyz,

(i) V;Cosh,z = —Sinhyz,
(iii) AjSinhyz = Coshy(z + h),
(iv) AjCoshyz = —Sinhy(z + h),

(v) Visinhyz = coshy(z — h),
(vi) Vicoshyx = sinhy(z — h),
(vii) Ajysinhyz = coshyz,

(viii) Ajcosh,x = sinhpx.

Proof is similar to the proof given for h-trigonometric functions.

(2.43)
(2.44)
(2.45)
(2.46)
(2.47)
(2.48)
(2.49)
(2.50)

Remark 2.12. Note that since h-exponential functions are h-analytic, h-trigonometric

and h-hyperbolic functions are also h-analytic.

2.6 h-nabla antiderivative

In this section, we introduce h-nabla antiderivative of f(z) denoted by F'(z). Let

f(z) be an arbitrary function and F'(z) be h-nabla antiderivative of f(z), i.e.

ViF(x) = f(x).
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Define the operator

Ny F(z) = F(x — h). (2.52)

Using the definition of h-nabla derivative of F'(x), we get

F(x)—F(m—h)

ViF(z)= N (2.53)
Rewriting (2.53) using the operator N,,, we obtain
(@) = 0= WFlw) _ 0= N)P()
Since F'(x) is h-nabla antiderivative of f(x), we can write
(I = Np)F(z) = hf(2).
Applying (I — N,,)~" to find F(z), we get
F(z) = h(I — N,) 7 f (). (2.54)
Then by using the geometric series, we can write
F(z) = hij\?{j f(x), (2.55)
n=0
where N, ;' is nth order of operator s.t. N'=N h(N n"~1). Note that we have
N f(z) = f(x —nh), Yn>0.
Then, F'(x) becomes .
F(z)=h)Y_ f(z—nh). (2.56)
n=0

Definition 2.13. We define h-nabla antiderivative of f(x) denoted by F(x) as follows:

F(z) = / f@)diz = hY_ f(z—nh). (2.57)
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Definition 2.14. The definite h-nabla integral is defined as

b (S
/0 f(a)dpz =) f(b—nh). (2.58)
n=0
We also have , \
/a f(x)djz = /0 f(x)djx — /0 f(x)djz. (2.59)

Proposition 2.11. Let f be an arbitrary function and b — a € hZ, then

h f(b—nh) ,a<b

b
dox — a;b_l
/a fla)ds —h Z fla—nh) ,a>b

0 , a=b.

Proof. (1) Leta < b. By using Definition 2.14, we have

/  f(a)dye = / )y | ey
:hio:f(b— nh) — hif(a — nh)

=h h f(b—nh) =h[f(b)+ f(b—h)+ ..+ f(a+ h)].

n=0

(i) Let a > b. By using Definition 2.14, we get

/abf(x)dhxz—/baf(x)dhx:—/Obf(x)dthr/oaf(x)dhx
:—hif(b—nh)+h§f(a—nh)

BN fla—nh) = —h[f(a)+ fla—h) + ...+ f(b+R)].

n=0

(ii1) For the case a = b = 0 there is nothing to prove.
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2.7 Fundamental Theorem of A-Calculus

In this section, we introduce Fundamental Theorem of h-Calculus for A-nabla

antiderivative.

Theorem 2.6. Let b — a € hZ. If F(x) is h-nabla antiderivative of f(x) then

/ F@)diz = F(b) — Fla), (2.60)

where 0 < a < b.

Proof. By the Proposition 2.11, we have

b -1
/ f@)dzz =h > f(b—nh). (2.61)
% n=0

Since F'(x) is h-nabla antiderivative of f(x), we have

F(z) — F(z — h)

ViF() = = )

which implies

hf(x) =V;F(z) = F(x) — F(z — h).

Then (2.61) becomes

b—a
boa g

> [F(b—nh) = F(b— (n+1)h)]

n=0

b Rl
/ f@)de = 3 ViF(2)
a n=0

=[F(b)+ F(b—h)+..+Fla+h)]—[F(b—h)+ F(b—2h)+ ...+ F(a)
=F(b) — F(a).

r=b—nh

]

Corollary 2.1. Let b — a € hZ and F(x) be h-nabla antiderivative of f(x), then we
have

/ 'V R(e)dir = F(b) — Fla), (2.62)
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where 0 < a < b.

Proof. We can write Fundamental theorem of h-Calculus for h-nabla antiderivative by

setting V7 F'(z) instead of f(z). O

Remark 2.13. In Kac, 2001 h-delta antiderivative of f(x) denoted by F(x) is

introduced as follows

( b—a
boa g

h Y fla+nh) La<b
n=0

b 00 =

F(z) = dyr = —h py=4 i -

0= [ Sexha=-nd s ran =1 ST T
n=0

0 , a=b.

\

Remark 2.14. h-delta antiderivative and its properties are discussed in Kac, 2001.
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CHAPTER THREE
h-CAUCHY PROBLEMS

In this Chapter, we present properties of h-binomial. Then we construct h-wave
equation that tends to usual wave equation as h — 0. Next, we introduce h-Cauchy
(or A-D’Alembert) problems and their solutions in terms of h-binomials. Then we
introduce analyticity of function on hZ from which will state h-analogue of Cauchy
Kovalevskaya Theorem and we give some examples that have unique and analytic

solutions.

Proposition 3.1. The h-nabla derivative of a binomial (x — t)}! with respect to t is

Vi@ -t} =-n(z-t)}"', nezZ (3.1)

Proof. Case (i) For n > 0, by Definition 2.6, we have

Vi(x =ty = Vi((z = t)(x = (t + h))(x = (t+2h)) ... (x = (t+ (n — 1)h))
= 1 = 0) — (= D)~ (= 2)) (&~ (£ — (0~ 1)h)
— (= (= W) — )@ — (t+h)) ... (2= (= h+ (n — 1)h))
= (e )~ (¢4 ) (x— (¢t + (0~ 2)h) [~

= —n(x—t)) "

Case (i) Formn < 0,setn = n’ < 0. By the equation (2.15) and h-nabla quotient rule,

33



we have

t o o 1 _ —VZ(QZ — (t — n’h))zz
VO =V Ty T e = ) — (= h— W)}
— n'(z—(t—n'h))y
(o= (6= mh))i (o — (¢ (' + DY

/

Tt (- Dh —wh))(@ = (= (' + D)
@t — (= (DR (x— (t— (0 + DRy
=n/(z—t); " = —n(z — )L

Proposition 3.2. The h-nabla derivative of a binomial (x + t)} with respect to x is
Vilg+t)i=n(x+t)}", nez (3.2)
Proof. Case (i) Forn > 0, by Definition 2.6, we have

Vi(z+ )" =Vi(z+)(z+ {E+h) @+ E+2h)... (x+ (t+ (n—1)h))
:%[(m+t)(:c+t+h)(:c+t+2h)...(x+t+(n—1)h)
—(z—h+t)(z—h+t+h)(x—h+t+2h)...(x+1t+ (n—2)h)]

:%(m+t)(x+(t+h))...(x+(t+(n—2)h))[(n—1)h+h]

(x + t)’,:’l.

Case (ii)) Forn < 0,setn = n' < 0. By the equation (2.15) and h-nabla quotient rule,
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we have

x —n/ x 1 —Vﬁ(ﬂf + (t _ ",h))zl
t — = , 7
Vilz 1), Vh(.CE‘I' t—n'h)Y  (x+({t—nh)y(x—h—(t—nh))?

_ —n/(z+ (t — n’h))Z’/—l
(+ (= n'h)¥(x+ (t— (0" + 1)h)Y

_n,
(x+t—h)(z+t— (' +1)h)Y
_n/ 7(n/+1) n—
N (x +1— (n’ + 1)h)2,+1 = —n'(:r; + t>h = n(:c + t)h g

]

Proposition 3.3. The h-nabla derivative of the polynomial (x + t)} with respect to t is

Vilx+t)i=n(x+t)i, neZ (3.3)

Proof. Case (i) For n > 0, by the h-nabla derivative Definition 2.5, we have

Vi +t)f=Vi(x+t)(z+t+h)(x+t+2h)...(x+t+(n—1)h)
:%[(:c+t)(:c+t+h)(x+t+2h)...(x+t—i—(n—1)h)
— (@4 (t—h))(@+t) @ +t+h) .. (z+ (& —h)+ (n—1)h)
:%(x+t)(x+t+h)...(x+(t+(n—2)h))[(n—1)h+h]
=n(z+t)} .

Case (ii) For n < 0, set n = n’ < 0. By the equation (2.15) and h-nabla quotient rule,
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we have

1 ~Vi(x+t—nh)y

Vi(z+1)," =V,

B —n'(z+t—n'h
(At —nh)Y (x+t— (0 + DAY
_n/
T (wtt+ (= Dh—nh)(x+t— (0 + DR
n' —n/

"z 4 (t —n'h))y (x+t—n’ )'(:zf—i-(t h) —n'h)¥
)~

Tt t—h)@+t— (W + DY (@t — (0 + DRy

=—n'(z+1), D) - =n(z+t)} .

Remark 3.1. It follows from the Propositions 2.6, 3.1, 3.2, and 3.3 that we have

(A% + V(@ - 1)} =0,
(V5 = Vi)(a + t)f = 0.

Definition 3.1. We define

flxtet) = Z an(x £ ct)}

n=—oo

as an h-Laurient Series representation of function f.

Corollary 3.1. The general solution of h-Cauchy problem
Ou(z,t) = (A} + V},)(Vh = Vi)u(z,t) =0

u(z,t) = f(x +t) + g(x —t),

where the functions f,g € C*(Q2) on Q = hZ x hZ that are given by

[e.9] [e. 9]

flx+1) = Z an(z+1t)y, glz—1t) = Z by(x —t)}.

n=—oo n=—oo

(3.4)
(3.5)

(3.6)

(3.7)

(3.8)

Remark 3.2. As we mention in the Introduction, as h — 0, the h-wave equation (3.7)
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turns out to be usual wave equation
Ut — Ugye — 0.
Theorem 3.1. The h-Cauchy problem with the initial conditions

Ou = (A} + V) (V= V},) =0, Va,t € hZ,
u(z,0) = é(z), (3.9)
Viu(z,0) = ¢(z),

has solution
b
u(z,t) = %[qﬁ(l‘ +t)+ oz —t)] + %/ (") dpa!, (3.10)

wherea = x —tandb = x +t. Herex,t € hZ ¢ € C*(Q), v € C(Q) on the
region {2 = hZ x hZ.

Proof. The Corollary 3.1 implies the general solution as follows:
u(z,t) = flx +1t)+g(x —1).
Imposing the first initial condition on u(z, t), we have
u(z,0) = f(z) + g(x) = o(2).

Taking h-nabla derivative of u(z, 0) with respect to = we get

nf (@) + Vig(z) = Vi (z). (3.11)

Now, imposing the other initial condition on u(z, ) we get

Viu(z,t)|i—o = V().
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Let{ .= x + tand ¢ := x — t so that we have u(, () = f(§) + g(¢). Then

Viu(z,t) = Vi f(E)VHER) + Vig(QViC(t) = V5 f(€) — Vig(Q).

Whent =0, £ =( = x. So, we have

Vialet)| = Vif() - Viglw) = v(x). (.12)

By the equalities (3.11) and (3.12), we have

Vif(x) = 3Viola) + su(a), (3.13)
Vigle) = 5Vio(r) — s(x). (3.14)

Applying h-nabla integral to (3.13) and (3.14) with respect to x over [0, z|, respectively,

we obtain

/ v f(2')dpa’ —%[ /0 VI o) + /0 x@b(f’)dhx']’

which implies

f(2) = o) — 3(0)] + / "y’ + 1(0) (3.15)

and

/0 ’ Vi g(z')dpa’ = %[ /0 ’ V(2 )dpx' + /0 I@b(m’)dhx'}’

which implies

ole) = 510a) = 60) + [ v()dsa’ + 900) (.16)

using Corollary 2.1. Hence,

N | —

u(z,t) = =[p(z+t) + o(z — 1)) / P(a')dya! (3.17)
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is a solution to h-initial value problem (3.9). Here a = x — t, b = x + t. Note that
we neglect the integral constant f(0) + ¢(0) — ¢(0) and in order to use Corollary of
Fundamental Theorem of h-Calculus and to satisfy h-initial value problem (3.9), we

assume ¢ € C?*(Q2) and ¢ € C'*'(Q) on the region Q = hZ x hZ. O

Remark 3.3. Clearly, as h — 0, a solution of the h-Cauchy problem

u(z,t) = =[p(x+1t)+ oz —t)] + / (') dya! (3.18)

N | —

tends to

(1) = ;[qb(x—i—t)ﬂbx—t / Wz

which is a solution of D’Alembert problem given by

Uy — Uge = 0, —00< T <00, t>0,
u(z,0) = ®(z), —oo <z < o0, (3.19)
ur(z,0) = ¥(x), —oo <z < 00.

Now, let us recall the Cauchy-Kovalevskaya Theorem, (Gantumur, 2011).

Theorem 3.2. Consider

u'(t) = flu(t)), (3.20)

If [ is analytic in a neighborhood of origin then there exists unique and analytic solution

u = ¢(t) of the Cauchy problem (3.20).

Remark 3.4. Cauchy-Kovalevskaya Theorem states that Cauchy problem (3.19) has
a unique and analytic solution provided that ¢, 1) are analytic functions in the
neighborhood of initial points. We can clearly discuss Cauchy-Kovalevskaya
Theorem on hZ as hZ C R. Here if the initial conditions ¢, 1 are h-analytic
functions, then by Cauchy-Kovalevskaya Theorem, the problem (3.9) has a unique

and analytic solution u(x,t) in the neighborhood of initial point.
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Example 3.1. Consider the following h-Cauchy problem with the initial conditions

Ou = (A} + Vi)(V;, = Viu(e,t) =0, Va,t € hZ,
1 \%
u(@,0) = Bi = (=) " = ola), (3.21)

Viu(x,0) = Ef = (z).
Then solution is
1 1 [°
o) = 310w +1) + oo = 0] + 5 [ vl

wherea = x —tand b = x +t. Here

/:b

T
, ?
T =a

b b b
| v = [ Efd = [ (95 B s’ =

by using the Corollary 2.1 and the fact Vi E} = Ef. Hence,

et =325 + 2 T+ ()

z+t z t
%ﬁ) = <1ih>h<1ih>h = LB

Now, we will check whether solution u(x,t) = ELE} satisfies the problem Ou = 0 and

ot e L ( 1 )zht]
1—~h

the initial conditions.
Du(z,t) = (A} + V) (Vi = Vi)(EREL) =0,

since Vi (EYEL) = EYE} and Vi(EXE}) = EXE}. Also

N
—)F = 4(x),

Viu(@, t)li=o = Vi (EyE})li=0 = By = ¢(x).

u(x,0) = Ey By |i—o = (

Note that since the initial condition L} is h-analytic, by Cauchy-Kovalevskaya Theorem

the problem (3.21) has a unique and analytic solution u(x,t) = EFE!.
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Example 3.2. Consider the following h-Cauchy problem with the initial conditions

Ou = (A} + V3)(Vi = Vi)u(x, t) =0, Vz,t € hZ,
u(z,0) = Coshyz = ¢(z), (3.22)
Viu(z,0) = Sinhyz = 9 (z).

Then solution is
b
o) = 316w +1) + oo =] + 5 [ vl

where a = x —tand b = x +t. Here

b b b b
/ w(x')dhx':/ Sinhhx’dhx’:/ (Vi Coshya')dzx’ = Coshya!|

by using the Corollary 2.1 and the fact Vi Sinhyx = Coshyz. Then,

u(z,t) = %[Coshh(x +t) 4+ Coshy(z — )] + %[Coshh(x +t) — Coshy(z — t)]

= Coshy(z + t).

Let us check whether there is such u(z,t) = Coshy(x + t) that satisfies the problem

Ou(z,t) = 0 and the initial conditions or not;
Ou(z, t) = (A} + V})(V§ — V},)Coshy(z +t) = 0,
since ViCoshy(x + t) = Sinhyx and Vi Coshy(x + t) = Sinhyz. Also we have

u(z,0) = Coshy(z) = ¢(z)

Viu(z,t)]i=o = V},Coshy(x + t)|=o = Sinhyx = ().

Note that the initial conditions Coshyx and Sinhyx are h-analytic. Thus (3.22) has a

unique and analytic solution by Cauchy-Kovalesvkaya Theorem.
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Example 3.3. Consider the following h-initial value problem

Ou = (A + V) (V= V;,) =0, Va,t € hZ,
u(z,0) = ¢(z) = ();,
Viu(z,0) = () = 3(x)3,

where (2)3 = (x4 0)3 = x(x + h)(x + 2h). Then solution is

b
(e t) = 3l + 0} + (@ = 0] + 5 [ 36

= M+ 0+ @ — 0]+ gl 0}~ (=] = @+ 0}

Here we used
b b ,
[ 3@ = 195 @ = @] = 0 - @

and a = x —t, b = x + t by the Corollary 2.1. Note that solution u(z,t) = (z + t)}

satisfies the problem Cu(x,t) = 0 and the initial conditions. Because
Du = (Af + Vi) (Vi = Vi) (@ + 1) = (AL + Vi) B(z + 1) = 3@ +1);) = 0
and

u(@,0) = (2); = é(2),
Viu(z,0) = Vi (@ + )il = 3(z + )30 = 3(2)j, = ¥(2).

Remark 3.5. A4s a general case, the h-Cauchy problem with the initial conditions

Ou(z, t) = (A} + V) (Vi — Vi) u(x, t) =0,
u(z,0) = ¢(z) = ()j, (3.23)
Viu(e,0) = ¢ (x) = n(x);™",

has solution

u(z,t) = (z+1)j.
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CHAPTER FOUR
QUANTUM ANALYSIS

4.1 g-derivative

In this Chapter, we build quantum analysis by defining g-derivative, %—derivative,
and constructing %-integral, Jackson integral, and related properties in similar a way to
the lattice analysis. Till the Section 4.6, we collect the notions and results on g-Calculus

from Kac, 2001.

Definition 4.1. Let f be an arbitrary function. The q-differential of f on K, is defined
by
dof(z) = flqz) — fz), €K, (4.1)

Remark 4.1. Quantum differential is different from the ordinary calculus, due to the

lack of the symmetry in the differential of the product of two functions. Because

dy(fg9)(z) =f(gr)g(qr) — f(z)g(x)
= flqz)g(qz) — f(x)g(x) + f(qw)g(z) — f(qz)g(x)
= f(qm)dqg(x) + Q(I)dqf(x)-

With this quantum differential, we define the corresponding quantum derivative.

Definition 4.2. The g-derivative of the function f(x) is

Arf(z) = /@) @) = @) g 4.2)

dgx qr — x

Note that continuous limit of g-derivative Ajx recover classical derivative i.e.

napiy i @) = f@) qf'(x) = fi(x) _ df(x)
tgl—r}}Aqf(x)_él—I}} r(g—1) qg—1  dx
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Theorem 4.1. The operator Ay : K, — K, is linear.

Proof. Let f, g be arbitrary functions on K. Then for all a, b scalars, we have

glafe) + byt =10 H0ler) (0] 0) + by()

(q—

flgr) = (&) | 9(gz) — g(x)
= b = aA? bAZ :
Tl T gmne @A)
O
Proposition 4.1. For n > 1, the g-derivative of the function f(x) = x" is
x . n __ qn —1 n—1
Afz" = i1 " (4.3)
Proof. By Definition 4.2, we get
ATgn = (go)" —2" 2"(¢"-1) ¢" -1 .,
(¢ —1)x (D= ¢-1
0

Remark 4.2. As ¢ — 1, the limit of g-derivative of x™ gives ordinary derivative of x".

Because
n—1 — 1) (g™ ! n=24 41
hm <q >mn—1 — xn—l llm (q )(q + q + + ) — nx”_l.
=1\ g —1 a1 (¢—1)

Therefore, we may define g-analoque of an integer n as follows.

Definition 4.3. The g-analoque of an integer n is

_ "1 (=D "+ +])

_ =1+4+qg+..+¢" 1, (4.4)
q—1 (¢—1)

[ :

where q # 1.

Remark 4.3. By definition of q-analogue of integer n, (4.3) becomes
AZz" = [n]a" . (4.5)
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Proposition 4.2. Let f,g : K, — R be arbitrary functions whose q-derivatives exist

on K,. Then the q-product rule arises in two forms:

(@) Agl(f9)(x)] = flgr)AGg(x) + g(x) AL f(x) (4.6)
(i) Agl(f9)(@)] = f(x)Agg(x) + g(q) Agf (). (4.7)

Proof. (i) Using Definition 4.2, we get

flar)g(qz) — f(z)9(x)

Nl(fo) ) = TEEEE L

Without loss of generality, add and subtract f(qx)g(x) to the numerator of A7 (fg)(z),

then we get
. _ flaz)g(gz) + flgz)g(z) — flgz)g(z) — f(z)g(x)
AGl(fg)(2)] = (G =D)z
_; <qg[:)g(qfrf) —9(x) f(gx) = f(x)

(¢q— 1)z () (¢

=f(qr)A%g(x) + g(z) A7 f (7).

— 1z

(ii) Similarly, add and subtract f(z)g(qz) to the numerator, then we get

A%[(fg) ()] = flgz)g(qz) — f (fﬂ)g((ﬂ;) _+1J; iﬂf)g(qx) — f(x)g(qz)

= f(z)Ag9(x) + g(qx) A7 f(z).

]

Proposition 4.3. Let f, g be arbitrary functions on K, whose g-derivatives exist. Then

the q-quotient rule arises in two forms:

L e[ f@)  9(@)A7f(x) — f(x)Agg(z)

) 8700 Flasy it -
L[ f@)7  glax)AGf(z) — flgx)Ag(x

W 835 = Sa)g(@) ' 42
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Proof. (i) Using Definition 4.2, we have

flgz) _ f(x)
Ax[f(x)} _ glar) 9(@)
“lg(x) (¢ — 1)z

Without loss of generality, add and subtract f(x)g(x) to the numerator of A7 [M} ,

we get

A [f(w)] _flax)g(z) — f(2)g(gz) + f(z)g(x) — f(x)g(x)

“lg(x) 9(qr)g(z)(q — 1)z
_9(@)[f(gz) — f(2)] = f(z)lglgz) — g(2)] _ 9(@)ALf () — f(z)Afg(x)
9(qz)g(z)(q — Dz 9(qz)g () '

(ii) Similarly, add and subtract f(qx)g(gz) to the numerator, then we obtain

A® [f (w)} _ Jlgr)g(x) — f(x)g(gx) + f(gx)g(qx) — flgx)g(gx)
“Lg(x) 9(qz)g(x)(q — 1)z
_ 9lgr) AL f(z) — flgz)Agg(z)
9(qz)g(x) '

]

Remark 4.4. (i) Whenq — 1, the product rule of two functions in quantum calculus

turns to the ordinary product rule. Because
lim Ag[(£9)(@)] = f(x) lim Ajg(w)+lim g(qx) Ay f(2) = flx)g'(2)+g(2) f'(2).

(ii) When q — 1, the quotient rule of two functions in quantum calculus turns to the

ordinary quotient rule. Because

(@) LA Al
Al =IO I @ T I e
_ Pa)e@) - f@)g @)
9%(x) '

Remark 4.5. We do not have a general chain rule for q-derivatives. For instance,
u(x) = x + 2% and u(x) = sin(z), u(qz) cannot be expressed in terms of u in a simple

manner.
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Remark 4.6. We see that as ¢ — 1 we recover R. Whenever we use q-discretization

terminology, we work on K.

4.2 g-binomials and g-Taylor’s Formula

Definition 4.4. The q-analoque of a binomial (x + a)" is the polynomial

1 i n=0
(z+a) = yon=0 (4.10)

(x £a)(z+qa)(r+q%a)...(x+q¢"a) if n>1.
where a is any constant.

Proposition 4.4. For any two integers m,n, we have

(z—a)]"™" = (z—a)y(z — ¢"a)]. (4.11)
Proof. There are five cases.
(1) Form = 0 and n = 0, it is obvious.

(i1)) For m > 0 and n > 0, by Definition 4.4, we have

(x — a)g”r" =(z —a)(z —qa)...(x —¢" a)(x — ¢"a)
(x—q¢"a)... (x — g™ ta)
=(x —a))"(z — ¢™a)(z — q(¢"a)) ... (x — ¢" ' (¢™)a)
=(z — a);”(ac —q"a);.
Note that
1
(v —a)," = /————, for any positive integer n. (4.12)

(x — g ma)y

It result by substituting m by —n in the Case (ii).
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(iii) For m < 0 and n > 0, consider m = —m’ < 0, n > 0. Using the equation

(4.12), we have

(x—q™"qg™a)...(x —¢" '¢™a) , n>m
/ m' —1 —m/ 9 m n
( (£ —q g™ a)(z — g™ g™ a)
(
(@ —q™(@™a), ", =
= 1
/ m’—n ’ m' > mn
( (= ¢"(¢7™a))q
=(x — a)'g_m/ =(z—a)y™™.
(iv) Form > 0 and n < 0, consider m > 0 and n = —n’ < 0. We get
7 T —a)’
(@)@ — ")} = (@ — i — gma) " =

(@ —ga);

( / /
T —a)" " (g — gme
R G . N

@ —g"a);

(x —a)y

(CC _ qm—n’a)g’—m(x _ qn’—m(qm—n’a))m )

\
(

(x — a);”_”/
- 1
\ (ZE _ qm—n’a)g’—m

=(z — a);”_"/ = (z —a)™".

(v) Form < 0andn < 0, consider m = —m/ < 0and n = —n’ < 0. We get

(z —a)y(x—q"a); =(x —a)," (x—q "a),"

1
= (x _ q*m/a)g”/(x _ qin/im/CL)g/
1
(SC _ q_n/_m/CL)g/ (.T . qn/<q_m1_n/a))2n/
B 1
(l’ . q_n/_m/a>g/+m/
(e — )" = @ =)
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where we used the fact that n', m’ > 0.

Theorem 4.2. For any integer n, we have

Az(x —a)y = n]q(z — a)" L. (4.13)

q
Proof. There are three cases.

(i) Forn = 0, since [0], = 0 by Definition 4.4, (4.13) is true.

(i) For n > 0, let us prove by induction on k. Clearly, (4.13) is true for n = 1.
Assume that (4.13) holds for k. We will prove that it also holds for £ + 1. By

Proposition 4.4, we get

(2 = ) = (z — )f{e — d"a)},

Then consider

Aj(x = a)y™ =Afl(x — a)y(x — ¢"a)]

=(qz — ¢"a)AJ(z — a)g + (z — a)gAf(z — ¢"a)

=q[kly(z — a)g™ (v — ¢"a) + (v — a)g

=q[kly(z — a)g + (z — a)g

=(q[k]q + 1)(z — a)’; = [k + 1] (x — a)*

q’

where we used g-product rule (4.6), inductive hypothesis, and the fact that:

k k+1

q° —1 - —1
1:—:kj 1.
q_1+ 1 [k +1],

qlklq +1=q

(iii) Forn < 0, setn = —n’ < 0. Then

L
(@ g7y

Mg a)

(gz — g "a)y' (z — g a)y

Af(r —a)y =A7(r —a)," = A

7

49



Here since

"=(gz — ¢V a)(gr — ¢ Ma)...(gx — g Va)

(I)Q(l‘ — q_n/a)...q(fﬁ . q(—n/_1)+(n/_1)a)

(qz —q " a)!

n'—1

=q(r —q

TL/

:qn/ (QZ‘ — q—n/—la)q

and n’ > 0, we obtain

—n(r — —n’an’—l [
N —l Tk ) S
¢ (x —q " a)(x — g a)y  ¢V(r—qta)
:1 . qn/ q_n/
¢—1 (z—q'a)(z — g a)y
_q—n' -1 1 [ qn—l n—1 __ n—1
e q— 1 (.I' _ qin/71a>g/+1 - q— 1 ('I r a’)q - [n]Q(x - a’)q

where we used Proposition 4.4 and the equation (4.12).

]
Definition 4.5. The g-analogue of a binomial (a + x)" is the polynomial
(a+x)(a+qz)(atq®z)..(atqgz) if n>1,
(a ), = (4.14)
1 if n=0.
Corollary 4.1. For any integer m and n, we have
(a—z)]"" = (a—x)(a— q"x)y. (4.15)

Proof. There are five cases.

(1) Form = 0 and n = 0, it is obvious.
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(i) For m,n > 0, by Definition 4.5

(a — :L’)Z”Jr” =(a—x)y(a—q"z)(a— ¢"r).(a— ¢"T )
= (a— a:)g”(a — qu)g.
Note that
1
(a —z)," = ———————, for any positive integer n. (4.16)

t (a—gqra)y

It result by replacing m by —n in the Case (ii).

(iii) Form < 0andn > 0,say m = —m/ < 0 and n > 0. Then we have,

o la—q )y

(a—2)"a—q"x)! =(a—x)" (a—q¢ ™ z)! = —
q q q q (a _ qu l-)?qn
(@ —q™ (q_m’x))g_m’ ., n>m
’ —n 9 m n
(a—q(g-™z))r

Y la—a)p

(@ —)g"(a = ¢"z)y = (a = 2)¢'(a = ¢"x),

(0 - 2)p " (a - ")y
B N T |
()

m
q

(0 =" a)y 7 la— g g )

=3

=(a — as)m_"/ =(a—ux)

m-+n
q .

q
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(v) Form < 0andn < 0,say m = —m’ < 0and n = —n’ < 0. Then we get

(a7 e gy

1

- 7 7 7 7 = (a’ - $) -
(o= T

Corollary 4.2. For any integer n, we have

n(n—1)

(a—a); = (=1)"¢ = (z—q ""a)y. (4.17)

Proof. We have two cases.

(1) Forn > 1, by Definition 4.5,

-n+1_

g e — )

=(-D"¢ = (z—a)(x—q 'a)..(x—¢ " a)

(

=(a—)q(¢ 'a—z)¢* (¢ Pa—x)..q
(
(

7n+1a)n

=(-1)"¢ = (r—q .
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(ii) Forn < 0, say n = —n’ < 0. By the equation (4.16),

T L 1
(a - x)q (a x)q - (a . qin/x)g/
B 1
(a—q™2)(a—qg ). (a — ¢V 1)
1
_q—n’<q QC) n’+n’—1(qn’—n’+1a _ LZ')
qn q 1qn/72 qn’fn’+1
TV —q"a) @ — ¢ ) (z — g7 D)
( 1) n’qn —1+ +...(n"=1))
n/(n/+1)
=(=1)" "( —q )M
=(-1)"¢" T (z — g )
O
Corollary 4.3. For any integer n, we have the followings:
) A= [l (o~ g (4.18)
i ——— = [-n],(x — ¢"a , .
“(x —a)r 1 :
i) Aj(a—a)y = —[n](a—qz);™", (4.19)
1 ]
i) A = i_ 4.20
(iii) A @08 (a—a)p (4.20)
Proof. (1) By using the equation (4.12) and Theorem 4.2, we get
AL A ! = Az — a) " = [—nly(x — g"a) "
Mw—ay  e—g ey e T e

(i1) By using Corollary 4.2 and Theorem 4.2, we get

n(n 1)

x n x fn 1 \n
Av(a—x)y =(=1)"q Af(x —q " a);
n ’VL(’!’L 1> —nn n—
=(=1)"¢ 7 [n]y(z — ¢ a)y ™
1ol (=D@-2) . .
= —[nl(=1)""¢" g (=g (g )y

n—1 (n—=1)(n—2)

L G i e GRS R )

= —[nled" (g ta—x)) ! = —[n]y(a —qu); "
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(ii1) By using g-quotient rule (4.8) and Theorem 4.2, we get

R T v PR WO
Bila—or = a—goa—or  (a—o)n(a— o)
m, [l

(0= ogla—qa)  (o— )y

Now we are ready to apply Theorem 2.3 to D = A7. But first we will give the

following definition.

Definition 4.6. The g-analogue of n! is

1 f n=0
[n]ly = P 4.21)

[n]gn —1],.. . [1], if n=1273,...

Remark 4.7. Let wus try to construct the sequence of polynomials
{Py(x), Pi(x), Py(x),...} satisfying the conditions of Theorem 2.3 with respect to

D= Aﬁ;. If a = 0 in the Theorem 2.3, we can choose

P(z) = : (4.22)

Let us check whether chosen P, (x) satisfy the three conditions of Theorem 2.3. Clearly

(a) Py(0) =1and P,(0)=0Vn > 1,

(b) degP,(x)=mn,

S . )

R e A TR 1 (1P T

But, if a # 0, the choice of P,(x) satisfying the three conditions of Theorem 2.3 is not
- )2
simple, like P, (z) = u. For example; A7 (z —a) + Pi(z) = (x — a). Now,

]! 2]

let us try to find the first few terms of the sequence of polynomials P, (x) to obtain the
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general formula i.e. the g-version of Taylor's formula. We have

To obtain A7 Py(v) = Py(x) = 1 and Pi(a) = 0, we must have

To obtain A7 Py(v) = Py(x) = (x — a) and Py(a) = 0, we must have

_a: a? 2 _ 22 — (¢ + Dax — a® + a*(¢+ 1)
P =~ T T 2L,
2’ —a(g+1)z+a’q _ (v —a)(@—qa)
2], 2], '
Similarly,

and so on. In this way, we obtain

P ) B o D N ) RPN

]! ]

(4.23) agrees with (4.22) when a = 0.
Now, check the validity of condition (c), i.e. AP, (x) = P, 1(x). We have
(x —a) 1

ALP,(z) = Al op 1 = [n]!q[n]q(x —a)) = ﬁ = P,_1(z).

Since the equation (4.23) satisfies the three conditions of the Theorem 2.4 with

respect to A7, we can write the following theorem.

Theorem 4.3. (q-Taylor’s formula) For any polynomial f(x) with degf(x) = N, we

have

=Syt =% (4.24)

=0

where c is any number, and (Af;f)j is the jth order of Ay f.

55



Example 4.1. Find the q-Taylor series expansion of f(x) = x™ atc = 1 wheren € Z+.

Solution. Let us find all (A? f)’(x) s for j < n.

A7 f(z) =Ajz" = [n]qx”_l,
(Ag)Qx" :Ai;(A;x") = [n]4[n — l}qx”_Q,

(Ag)?’a:” =[n],[n —1]4[n — 2],11:”’3.
In this way, we obtain
(AZz") = [nlgln —1]4...[n— (j — 1)]qa"7 for j <n.
Then, at ¢ = 1 we have

(AZFY (1) = [yl — 1. [n — (7 = D).

As a result, the g-Taylor’s Formula for 2™ about ¢ = 1 is

n

w_ N~ e =g =G =Dlg oy n\ oy
=) ‘ (x—1); (j)q( 13, (4.25)

=0 [] ]!q Jj=0
where
@ bt =G oWl Il
i/ 4 i [l[n — 1l
are defined as g-binomial coefficients. [

Note that as ¢ — 1, the g-binomial coefficients (4.26) gives the ordinary binomial

coefficients, so (4.25) becomes

-5 e

J

classical ordinary binomial formula of z".
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4.3 Gauss’ binomial formula and Heine’s binomial formula

In this section, we present Gauss’ binomial formula and Heine’s binomial formula

given in Kac, 2001 by using g-Taylor’s Formula.

Example 4.2. Find a q-Taylor series expansion of f(x) = (v +a), about c = 0, where

n € 7+t U{0}.
Solution. Let us find all (A%)7’s, for j = 1,2, ...

(AZf)(@) =A7(z + a)g = [n]g(z +a)g™,

(Aﬁf)z(ﬁ) =[njg[n —1y(z + a)n_Q-

q

In this way, we obtain
(A (@) =[nlg[n = Ug--[n = (5 = Doz + ).
For c = 0, we get

(ALY (0)| _ = (AGFY(0) = [nlgln = g = j + Ugalga)(@*)-..(q" 7 a)

_; =i+ (n—j)
2

= [n]y[n — 1,...[n — 7 + 1],a" 7q

c=0

Hence, by Theorem 4.3, the ¢-Taylor Formula of f(z) about ¢ = 0 is

i AT J 0 . n n—j)(n—j+1 .
fla) = Z—( o )(a: 0 =Y (?) g gy (4.27)

|
=0 []]q : j=0

By replacing j by n — j, we get

(nT—Lj)q - % = (?)q (4.28)

So, (4.27) is equivalent to



Definition 4.7. We define Gauss’ binomial formula as follows

x+a) = n qj(]?—1> adx™ I, n > 1. 4.29
q
J

=0 q

J

Note that in quantum calculus, multiplication is not commutative for instance
composition of operators. We can explain this non-commutativity by considering two

linear operators = and Mq on the vector space of polynomials such as

i[f(z)] = xzf(z) and M,[f(z)] = f(qx).

For any function f(z),

Mya[f(z)] = My(zf(x)) = quf(qz) = quM,(f(x)) = ¢iM,f(z).

As a result,

Mq:f: = qiMq.

Definition 4.8. Let x,y € K,. If vy = qyx where q # 1 is a number, then x,y are said

to be “q-commuting variables”.

Remark 4.8. Let x and y be g-commuting variables. Then,

ykx = quyk, (4.30)

since ykx = qyk_lxy = qzyk_zxy2 =..= quyk.

Standard binomial expansion does not hold for quantum numbers. However it holds
by ¢-binomial coefficient provided that x, y are g-commuting variables. This result is

presented in Kac, 2001.

Theorem 4.4. If v and y are g-commuting variables, i.e. vy = qyx, then we have

(@+y)" =) (?) T (4.31)

J=0
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Proof- We will prove by induction on n. For n = 0, the equation holds obviously.
Assume that the equation holds for n > 1. Then writing (x +4)"*! = (v +y)(z +y)",

we have

j=1 §=0
- n
_yn-i-l_‘_z[qn—]—i-l(' 1) +( ) ]ZB]yn ]+1+xn+1
j=1 J= 4y 1/ q
n+1
1\
= <n . ) xjynifrla
Jj=0 J q

where we used the inductive hypothesis, the equation (4.30) in step 4 and in the last

step, ’q- Pascal identity”” which will be given in Proposition 4.5. U

Note that binomial formula (4.31) is valid only if  and y are g-commuting variables.
In order to obtain Heine’s binomial formula, we need to derive ¢g-Pascal identity for

similar to Pascal Rule in combinatorics

C) :(?:i%(n;l) 1<j<n—1

Proposition 4.5. In quantum Calculus, qg-Pascal Rule arises in two forms

OG0, e
J/ q j—1 q J q
O o R ) B
7/, J=1/, b/

where 1l < 7 <n—1.

or
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Proof. Consider

(?)q: | F"L]q! _ [7?]‘1'[”_1,]‘1!!. (4.34)

Note that forany 1 < 57 <n —1,
g =14+q+..+¢" = U+g+..¢ )+ U +g+..+¢"77) = [jlg+¢ [n =7y

So, the equation (4.34) becomes

(n) =1, + ¢’ [n — jlg)

j o — 41,
=1 P _(n—1 i(n—1
_U—HJW—ﬂJ+qUMM—j—HJ_(f—Jq+q<.7)q

which gives (4.32). Now, replace j by n — j on the right of the last equation, we get

n n—1 neifm—1 n—1 neifm—1
) = . +q" Ry— . +q"| . ,
1/ q n—j—1 q n=1/q J q j—1 q

which gives (4.33). [

Example 4.3. Let f(z) = Find the q-Taylor expansion of f(x) about ¢ = 0.

(1 —:U)g'

Solution. Firstly, let us find g-derivatives of f(x). By Corollary 4.3-(iii), we have

T L) = _[n]q
T £2(0) = AZ —[nlq — _Inl A" 1 _ [n]g[n + 1],
(Aqf) ( ) o Aq (1 _ I)ZH [ ]qu (1 _ CU)Z}H (1 _ $)Z}+2 :

In this manner, we obtain

[yl + 1y o+ G = D,
- o)

(Af) (z) = , Vj=0.

Then at ¢ = 0, we have

(A;“"f)j(c)|czo = [n]y[n+1],...[n +75—1], forany j>1.
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a =0 =0 J
O
Definition 4.9. We define Heine's binomial formula as follows
o zn: (") 2 o> (4.35)
1—2)g = \i/,

4.4 g-exponential functions and g-trigonometric functions

In this section, we will define two g-exponential functions based on Gauss binomial

formula (4.29) and Heine’s binomial formula (4.35).
Remark 4.9. When n — oo and |q| < 1, we have

1—q" 1
lim [n], = lim — & = (4.36)

n—00 n—oo 1 — ¢ 1—gq

and

o (=)A= ¢ (I =g
noo (1—¢/)(1—¢71)...(1-q)

= : : ) 4.37
(1=¢)1=g¢g1)..(1—q) (437
Proposition 4.6. The following identities hold

> iG=1 l’j
i) (1+z), q : 4.38
Z (1-g)(1=¢%)..(1—¢) (339

° J

(ii) = * (4.39)

(l-2)r “Z(l-¢1l-¢)..(1-¢)

J
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Remark 4.10. Identities (4.38) and (4.39) are called as Euler's first (E1) and second

identities (Ey), since they are discovered by Euler long before Gauss and Heine.

Proof. (1) Consider the Gauss’ binomial formula (4.29) as n — oo.

. o j(j— 1) ]
nlggo(l + )y nll_{?(()lqu P (j)qx . (4.40)

By Remark 4.9, we have

(=1 el
1 2 — .
ol Zq T— 0 —@)(1—¢)

(i) Similarly, consider the Heine’s binomial formula (4.35) as n — oo. That is

lm JLI{;Z()

By Remark 4.9, we have

(1—g; le—q 1—q) (1—-¢)

Now, reconsider F5. Without loss of generality, dividing numerator and denumerator

of right hand side by (1 — ¢)7, we get

|- (1) >
=07 25 (0 () 2 Wl

j=0(1 1—q 1q g=0 q q"

:i 12?], (4.41)

= il

where we used the definition of g-analogue of n given by (4.4) and g-analoque of n!
given by (4.21).
Note that the formula (4.41) resembles the Taylor’s expansion of the classical

exponential function

X

g,



Ifwesety = %, then (4.41) becomes
-9

! v
(1 —y(1—q))F -2 Kra

q 7=0

Now, we are ready to define g-analogue of exponential function.

Definition 4.10. A g-analogue of the exponential function e is

o J
=Y = . (4.42)

Remark 4.11. When q — 1, e, turns to the ordinary exponential function.

Now, let us reconsider £,

Jj(G=1) 7
1 —.
o)y Zqz I- 90— @)1 —¢)

Similarly, dividing numerator and denumerator of right hand side by (1 — ¢)7, we get

1+l‘ an(]QI) . ) .

. X .
Setting y = T We obtain
-4

o ey
I+0=uF=> 97 =

=0 714!

Due to the similarity of right hand side to Taylor’s expansion of exponential function,

we can give the following definition.
Definition 4.11. Another g-analogue of exponential function is defined as

l’j

Zq“% o = (-9 (4.43)
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Also one can write

T

B, =(1+ ). (4.44)

The classical exponential function is unchanged under differentiation. In quantum
calculus g-exponential function e is also unchanged under the operator A7 for

g-differentiation. But E is a slightly different.

Proposition 4.7. For g- exponential functions e; and E7, we have

(i) Aje; = ey, (4.45)

q

(i) AIET = E¥". (4.46)

Proof. (1) By Definition 4.10, we have

:iqju—l) 2/t = iqy(ng)Z'L‘_]' _ - q](]2—1> quj' _ pa

Proposition 4.8. If x and y satisfy the commutativity relation, xy = qyx, then the

additive property is valid for q-analogue exponential function e, i.e. we have

T+y

€q

€€ (4.47)
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Proof. Let us consider right hand side.

AR S AR S o s P

e e’ = — = : =

i J;O Jlg! kZ:O [K]g! ;;0 7! [K]q! ;kzzo g [K]q! [ + Klg!
Sayn = j + k, so k = n — j, then by using Theorem 4.4 we get

S T >0 (3) g - S
ere¥ = . . => ( ) 2ly") =
=L e 22 ) T e T
ey em+y

Remark 4.12. Due to the fact that x, y are not g-commutativity, we generally do not
have

e ey F evey.

Definition 4.12. For any positive integer n, the %—analogue of n is

[n]. = BAY = [n]y- (4.48)

Corollary 4.4. The g-exponential functions e; and E; have the following relations

(i) 2B =1, (4.49)

(i) ei = E. (4.50)

Proof. (i) By Definition 4.10 and 4.11, we can write

1 1 i
B~ o= goE o (4.51)

q
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(i1) Consider ef Ie

D BEr i T TP Sy
J=0 q J=0 q q J=0 -1 T -=7_1
00 1\j
- Z 1 - al)Jx] 1
(- D1 )1 D)
a — 1Vpigigi—1 e . GG-1
R ) DIy )
(@ =Dt =1 =D =l
O]
Example 4.4. Let us find the solution for the following initial value problem
AZy(x) = ay(x) (4.52)
y(0) = 1.
Solution. By the Definition of g-derivative (4.2), we have
y(gr) — y(z)
A =2 IV
@) = ST = ay(e)
which implies
y(gz) = y(2) + alq — Day(a). (4.53)
Let us assume that y(x) = Z ¢,z be the solution. Substituting this in (4.53) we get
n=0

Z cn(qr)t = Z Cpx™ + Z(q — 1ac,a™. (4.54)
n=0 n=0 n=0
Expanding both sides we get

(co+cigr+ceg®s® +...) = (co+ v+ e +..) + (¢ — Dacor + (g — acyx® + ...
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Let us investigate each coefficient of 2%, i > 1. We obtain

c1q=c1+ (¢ — 1)acy

for : = 1 which implies that

C1 = agy.

For ¢ = 2, we have

02q2 +co = (¢ — 1)acy,

which implies

(¢ — 1)a’co
Ca =~——F—
(¢* = 1)
Fori = 3, we get
(¢ —1)%’ g—1qg-1 4

C3 = a Cy.

@-D@-D" F-1g-1

So we can guess the form of ¢,, as

Cn = CO<H 11 — qk>a”. (4.55)

P

Let us check whether (4.55) is true or not by using the mathematical induction on n.

The basis step is forn = 1,

Then, ¢; = cpa is true. Now, assume (4.55) holds for n = k. We will show that it also

holds for n = k£ + 1. We can write

g™ = e + (@ — 1)acy

which implies

Ckt+1 = 1_—qk+1aCk.
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By inductive hypothesis,

k+1

1—q 1—q I—gq
bl = 7 e 40 H a H 1— g a**eg
7j=1

Hence (4.55) is true for all n > 0. By setting n = k£ + 1, we obtain

Hl—qn l-¢gl—-q 1-¢q , 1 1 1, a’
Cp = C -a" = ¢ a" = cp—r—...——a" = cop——-.
B e R (WP P P N
Thus, we have the solution
"
1 e = g
Imposing the initial condition y(0) = 1 we get
= (ax)"
=> (4.56)

— |nfq!
Note that one can write (4.56) in the form of g-exponential

-y ﬁ)‘ _

n=0 a

Hence, the initial value problem (4.52) has a unique solution y(z) = eZ”.

Remark 4.13. Example 4.4 is g-analogue of the problem

whose unique solution is y(r) = e**.

By Example 4.4, we can give the following proposition.

Proposition 4.9. We have

Ajes” = aey” (4.57)
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where a is any constant.

Example 4.5. Let us consider the initial value problem

Agy(z) = ay(qz), (4.58)

y(0) = 1.

Solution. Using g-derivative Definition 4.2, we have

o oy Ylgx) —y(z)
and this implies
y(x) = y(gz) — alg — Day(qz). (4.59)
Setting y(z) = Z cpx”, we get
n=0
Z cpx™ = Z cal(qa)" — Z(q — Daq 2" e, (4.60)
n=0 n=0 n=0

Investigating each coefficient of 2%, i > 1, for i = 1, we have

c1 = c1q+ (1 = q)acy

equivalently ¢; = acy.
For ¢ = 2, we have

¢y = 2" + (1 = q)qacy
which implies

(1-4q)
(1—¢%

Intuitively we have the form of coefficients ¢, as follows

Cy = anCO.

n

1 - n2—n
Cp = CQ(H j )g = a™. 4.61)

1 — k
k=1
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Similarly by induction on n, we can prove (4.61). The basis step is obvious. Assume

(4.61) 1s valid for n = k. Now let us consider for n = k + 1. Then we have

Chi1 = Co1 @ T+ (1— q)qkack

whic implies

k
1—g¢q 1—q 4 1—q ¥ 4
Ch41 =7 qacy, = —————q ac g 2 a
k+1 1_qk+1q k 1_qk+1q ojl_[ll_qj
T q k+1 k+’€ T q k+1 (k+1)% —(k+1)
_COH —COHHJ Fosn,

Therefore (4.61) is true for all n > 0. Another way to write (4.61) is that

n

1—¢q . g—1¢—1 qg—1 nw=-ovn
= = . 2 a
COHl—qJ i -1 -1t

q—l g—1 qg—1
q—l -1 q"—1
(q—Vq (¢—1)¢* (¢—1)q" ,

0 T s a = C
(q—1)q (> —=1)q (¢"—1)q [

q1+2+3+...+(n—1)an

Thus, we have the solution

oo
= E Cn$ E C()CL
n=0

l
q

Employing the initial condition y(0) = 1, we obtain the unique solution for inital value
problem (4.58) as

y(r) = B

(4.62)
Here note that we used the below equality
Y == B (4.63)
0 [n]’ 1 q

By Example 4.5, we can give the following proposition.
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Proposition 4.10. We have
AVE; = aE[",

where a is any constant.

Definition 4.13. The g-trigonometric functions are defined as follows

T I
sing ::M,
24
T —ix
. €q + eq
COSq.’L' .—T,
T —1ix
Singe 0~ B
21
1T —1ix
Cos.z et T Ed”
d 2

Corollary 4.5. We have the following identities:

Singz = sinix  and Cosqz = cos1.
q q

Proof. Since E; = e1x, we get

i
T —ix €] — €
Eq Eq q

Singr = = = sini1 x.
q

21 21

Similarly we get

Definition 4.14. We have also

Ezlx _ El_w
Sinjz = -4
q 27
Cosiz = 2 g
a 2

(4.64)

(4.65)
(4.66)
(4.67)

(4.68)

(4.69)

(4.70)

Remark 4.14. Since eje¥ = ef;*y only if yr = qxy, the additive property does not
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hold for g-trigonometric functions in general but we can develop identities for other

combinations.

Proposition 4.11. We have the following identity

cosqrCosqx + singrSingr = 1. (4.71)

Proof. By Definition 4.13, consider cosqzCosq + singzSingz,

2 2 2i 2i
2B+ 20 By

4

cosqrCosqr + singxSingr =

Since ey £, * = 1, we obtain

cosqxCosyx + singzSingr = 1.

Note that the g-analogue of the identity sin® z + cos®z = 1 is

cosqrCosgx + singrSingr = 1.

Proposition 4.12. The q-derivatives of the g-trigonometric functions are as follows

() Ajsingr = cosq, (4.72)
(i) Ajcosqr = —singz, (4.73)
(iii) A;Singz = Cosgyz, (4.74)
(iv) A;Cosqr = —Singw. (4.75)

Proof. (1) Consider the g-derivative definition of singz. By Proposition 4.9, we get

1T N % - —1T T —ix
AT _A® €q €, e, + e, € +e, B
qSII’Iq(IJ =8y 2 = % = 5 = COSqiL‘.

1 [
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(i1) Similarly, consider

. B . eff + egiz Ze;x _ Z'efiz _eff + 6;@'1
Ajcosqr = AY ( 5 ) :
(ii1) By Corollary 4.5, we get

A;Sinqx = Agsin;x = cos1z = Cosqz.
q q

(iv) Similarly, by Corollary 4.5, we get

AgCOqu = Ajcoslx = —siniz = —Singz.
q q

]

Proposition 4.13. We have the following relation between q-trigonometric functions:
singzCosqr = cosqSing.
Proof. Consider

T ,—iT [T —ix T —ix T I —ix
e —e, BN+ By e +e, " ESf — E,

singrCosqx — cosqxSingr =

21 2 2 21
1T [T T T ,—ix [T 1T [T
& B+ e E, e, "B —e"E,
43
T T LT [T, —ix [T —iT [T
& By — e E, e, "B +e"E, 0
41

Namely, we have singzCosqr — cosqzSingz = 0. Thus

singrCosqr = cosqxSing.

Remark 4.15. Note that by Proposition 4.13, the identity

sinz cosz + cosx sinz = sin 2z
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does not hold in quantum case.

4.5 Jackson’s integral

In this section, we will construct F'(z) as g-antiderivative of f(z). Let f(x) be an

arbitrary function and F'(x) be g-antiderivative of f(z), i.e.

AJF(r) = f(x).

To construct g-antiderivative F'(x), recall the operator

~

M,F(z) = F(qx).

Using the g-derivative definition of F'(x), we obtain

oy _ Flgz) — F(z)
APF(z) = T (4.76)
Rewriting (4.76) using the operator Mq, we get
MF(z) — F(z) (M, —I)F(x)
A*F(z) = —4 =1
N T (4= 1)z
Since F'(x) is g-antiderivative of f(z), we can write
(M, = I)F(x) = f(x)(q — 1)z. (4.77)
Then apply (I — Mq)_l to both sides of (4.77), we get
(f - Mq)_l(Mq —DF(z)=(¢— 1) - Mq)_le(x)
which implies
F(z) = (1= q)(I = M,) 'z f(x). (4.78)
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Utilizing geometric series, we can rewrite (4.78) as

1— M,

1 oo
Fe) = (1 - ) ——af() = (1- ) 3 (N
n=0
where M. o is nth order of operator s.t. M o= M,(M »~1). Note that we have

(M) (xf () = q"¢f(q"x), Vn = 0.
Then F(z) becomes

F(z)=(1—¢) ) q"zf(q"2). (4.79)

n=0

Hence, we can give the following definition.

Definition 4.15. Let [ be an arbitrary function. The q-antiderivative F(z) of f(x) is

0)i= [ fa)dga = (1= a3 q"Fa") (4.80)

This series is also called Jackson's integral of f(x), (Kac, 2001).

We will give the following theorem to understand under what conditions Jackson

integral converges to g-antiderivative of f(z).

Theorem 4.5. Suppose 0 < q < 1. If | f(x)x®| is bounded on the interval (0, A] for
some 0 < « < 1, then Jackson integral defined by (4.80) converges to q-antiderivative
of f(x). Moreover, F(x) is continuous at x = 0 with F'(0) = 0.

Proof. Aim 1: Jackson integral converges to F'(z).

Let | f(z)x*| be bounded on (0, A]. So, there exists M € (0, A] such that
| (2)z?] < M.
Forany 0 < x < A, j > 0, we can write
@ f(d)| < dM(fw)™ = 27 Mg
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since | f(z)| < Mx~*and 0 < ¢ < 1. Hence, we get
|7 f(d' )] < Maz=(q" ).

Consider the series

i Maz=(g" ). (4.81)
j=0

Since 1 —a > 0and 0 < ¢ < 1, we have |¢'~®| < 1. So (4.81) is a geometric series

and so it is convergent. By comparison test,
o
Z | f(¢’z)| is convergent.
7=0

So, the right hand side of (4.80) converges pointwise to a function F'(z) that is,
[F@) =1 -qz)_ ¢ f(dz)|.
=0

Aim 2: F'(x) is continuous at x = 0, i.e. lin}) F(z) = F(0).
r—r

Obviously F'(0) = 0. For all € > 0, suppose |x — 0| < 9, such that |z| < §. We obtain

|F(2)| =[(1 = Q)qujf(qu)l < (1 =gzl Z @' f(¢' )]

- —« —a\J Mz
<(1=q)z| Y Ma=(q" )J:(l—Q)|fﬂ|m
=0

11—« 61704

<(l-gM—<e

=(1—-qM
( ) 1_q1—a

1— ql—a

Since |¢* ™| < 1. Thus for every € > 0, there exist a d > 0 such that |x| = z < 4, we
have |F(z) — F(0)| < e.
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Aim 3: F'() is a g-antiderivative of f(z), i.e. A7 F(x) = f(x).

AIF(x) =AI(1— )z Y @ f(@n)] =1 —0q) Y @ Allxf(¢x)]

7=0 7=0

—(1— q)[z ¢ Al f(dr) + Z ¢ f(g* ) Al x)

=Yl )~ f)] - (1= 9) YT ()

7=0
= 7 e Zq flge) =D d fdn) =D d'f(d'x)
Jay j=1 J=0

¢ f(q’z) = f(z)

O]
Definition 4.16. Suppose 0 < a < b. The definite q-integral is defined as
| e == ap 3 e s (482)
0 =0
and we have also
b b a
/ f(z)d,x = / f(z)d,x — / f(z)d,x. (4.83)
a 0 0
4.6 Fundamental Theorem of g-Calculus
Theorem 4.6. Let F(x) be g-antiderivative of f(x), i.e. F(z) = [ f(t)d,t and F is
continuous at x = 0. Then we have
b
/ f(z)dyx = F(b) — F(a), (4.84)

where 0 < a <b.
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Proof. Since F'(x) is continuous at = = 0, by Definition 4.5, we have

F(z)=(1—-q)z Y _ q"f(¢"x) + F(0).. (4.85)

By the equation (4.83), we have

[ s@ia = [ @~ [ e = 0=l q e X a o)

]

Corollary 4.6. If f'(x) exists in a neighborhood of © = 0 and is continuous at x = 0,

then we have

L/Aﬁ@MﬂZf@—f@. (4.86)

Proof. The aim is to show that A? f(z) is continuous. Consider

e S @) af@) -,
alcl—r>r(l) Aqf(l‘) N alc—>0 (q — l)x alc—>0 (q — 1) / <0)

Since A7 f(x) is continuous at x = 0, we can use the Fundamental Theorem of ¢-

Calculus by setting A? f(z) instead of f(z). O

4.7 ﬁ-derivative and its properties

For the %-derivative and its related properties, ¢ is replaced by % and we get the

following definitions and results.

Definition 4.17. The %-derivative of the function f(x) is defined as

AL f(x) = d (Ef:;;(x), zeK,. (4.87)
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Example 4.6. Forn > 1, the %—derivative of f(z) =a™is

P G 0T B oy IR S )

(- (- ¢l gt (359

Remark 4.16. By Definition 4.12, the equation (4.88) becomes

Proposition 4.14. The operator A1 : K1 — K is linear.
q

q q

Proposition 4.15. Let f, g be arbitrary functions whose é— derivatives exist. Then %—

product rule arises in two forms:

& Ai[f@)gla)] = F(;DATg@) + 9(r)ATf () 439)
@) ATf@gle)) = gCo)A @) + f@ATgla).  (@90)

Proposition 4.16. Let f, g be arbitrary functions whose é—derivatives exist. Then é—

quoetient rule arises in two forms:

e, WAL~ f@)AT)
R TC LT Ve o0
), 9GRALS(@) = () ATg()

(ii) Ai[g(ﬂs)]: o@)9(12) : (4.92)

Example 4.7. Let f(x,t) = (x + ¢"ct), where c is any arbitrary constant. Let us
compute A', f(x,t). By Definition 4.17, we have

q

[z +q"et)] — [z +q"ct] _ q"ct(gt —1)
(T -1y (T -1y

n

=q'c.

Al (z +q"ct) =

4.8 i-binomial and %—Taylor’s Formula

We introduce another g-binomial as follows
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Definition 4.18. The %-analogue of a binomial (x + ct)" is a polynomial as

(xEct)t = (z£ct)(z £ q¢ et)(x£q %ct)...(x ¢ " Vet), (4.93)

where (x + ct)Y = 1 and c is any constant. Also (x + 0)} = z".
q q

Remark 4.17. Note that
}{1_13(95 + ct)é = (x££ ct)".

Proposition 4.17. For any integer m,n, we have

(x— )" = (z — ct)T(z — (¢ 1) ™et)t. (4.94)

Proof. The proof is similar to the one given in g-version. U

Remark 4.18. One can write %-Taylorformula similar to the Theorem 4.3 that is

a (4.95)

where c is any constant and f is polynomial of degree N.

Remark 4.19. We have already given €1 = E7 in Corollary 4.4 and sin. z, cos1x in
q q q

Corollary 4.5. Similar to properties of q-analysis, one can discuss

Eg = ey, (4.96)
Ag e“” = ez (4.97)
Agsméx = cos1.z, (4.98)
Agcos%x = —sinéa:, (4.99)
AE Sin%x = Cos%x, (4.100)
AECoséx = —Sinéx. (4.101)
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4.9 %-antiderivative and its properties

Let us construct F'(z) as é-antiderivative of f(z). Recall the operator
MiF(z) = F(q ‘).

Consider X
Fq') — F(z) M%F(w) — F(x)

(@'=Dz  (¢'-1az

Since F'(z) is é-antiderivative of f(x), rewrite (4.102) and we get

A% F(z) =

(4.102)

(313 — F(x) = (¢ — D f(2).

which implies
Fe) = (¢ = )1 — )™ (xf ().
Similar to arguments in g-antiderivative, using geometric series we obtain
P = (- S
n=0
Note that (M1)"(xf(z)) = ¢ "z f(¢ "x), ¥Yn > 0. Thus

Fla)=(1-q ")) (1 )=01—q" Zq

n=0

So, we can give the following definition;

Definition 4.19. The %-antiderivative of f(z) denoted by F(x) is defined by

Fla)= [ f@)dyr = (1= e > a " fa ") (4.103)

n=0

Theorem 4.7. Suppose 0 < é < L. If|f(z)x®| is bounded on the interval (0, A] for
some 0 < a < 1, then %-integral defined by (4.103) converges to %-antiderivative of

f(x). Moreover, F(x) is continuous at x = 0 with F'(0) = 0.
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Proof. The proof is so similar to the proof of given in g-version. [

Definition 4.20. Suppose 0 < a < b. The definite i-integml is defined as

b o0
| aye =g Y0 (4.104)
and we have also

b b a
/ f(z)d.ix ::/ f(x)dlx—/ fz)dyrx. (4.105)
a a 0 a4 0 1
4.10 Fundamental Theorem of %-Calculus

Theorem 4.8. Let F(z) be %—antiderivative of f(z), ie. F(z) = [F f(t)d%t, and F'is

continuous at x = 0, then we have

/ f(x)d%x = F(b) — F(a) (4.106)

where 0 < a < b.

Proof is similar to ¢g-version of Fundamental Theorem of Calculus.

Corollary 4.7. Let f'(x) exist in a neighborhood of x = 0 and is continuous at x = 0,

then we have

b
/ AT f(a)diz = f(B) — fa). (4.107)

q q

82



CHAPTER FIVE
q -CAUCHY PROBLEMS

In this Chapter, we show properties of g-binomial and %-binomial. Then we
construct %-wave equation which tends to usual wave equation as ¢ — 1. Next, we
introduce %—initial value (or %—D’Alembert) problems and we find their solutions in
terms of %-binomials. Then by defining %-analyticity and stating i-analogue of
Cauchy Kovalevskaya Theorem, we examine the uniqueness and analyticity of
solutions. Next, we give another ¢-discretized initial value problem, that is
g-D’Alembert problems and we reconstruct their solution from Nalci Tumer, 2017.
Finally, we introduce a general result that combines these two Cauchy problems in

quantum analysis.

Theorem 5.1. The g-derivative of (x + ct)'t with respect to t is

q

Ay (z+ ct)’g = c[n]i(z + ct)"%_l, n € 7. (5.1)

1
q
Proof. Case (i) Forn > 0. We will prove by induction on n. The basis step is obvious.
Assume (5.1) is true for n = k, we will show that (5.1) is also true for n = k£ + 1.

Consider

Ag(x + ct)?l =A![(z + ct)l%(x e
=[Al(z + ct)g](a: +q Feqt) + (v + Ct)l%AZ@ + g et)

=c[k]

1
q

(x4 ct)i o+ ¢ *Vet) + (@ + et)i g ke
q q
=c(l+q '+ .+ (@O Y@+et)s + (@ +ct)igre
q q

=c(z + ct)'%(l B U N (/e L R (/e L IESel VI | PR G ct)’;

1
q

Here we used the g-product rule (4.6) and the statement of the assumption. Thus, (5.1)

is true forn = k + 1.
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Case (i) Forn < 0. Sayn = —n’ < 0, then

1 —Al(z + q”’ct)%'

Al(z +ct)? =AL(z + ct) 7" = A —— = — e
ol T =T+ " = A T~ @ el (e + 7 gD
q q q
n’ / n’ n'—1 ’ —1\n/ _
—q"c[n ]% T+ q"ct)i —q" c—<qq_371 !

q
(x4 q7ct)¥ (x + ¢V et)y  (x+ g7 (g 1) Let)(z + g7 iet)Y
q q q

!

" —1 1 ¢’ —1

=C / =cC T + Ct —Tl/—l
T )T o1
q
— = n—1 __ n—1
=l et)i! = clnly (e + )
Here we used the g-quotient rule (4.8) and the fact n’ > 0. ]

Theorem 5.2. The q-derivative of (x + ct)'t with respect to x is
q

Ab(z+ct)t =ni(z+ct)i™, nez (5.2)

1
Proof. Case (i) For n > 0. We will prove the proposition by induction on n. For
n = 0, (5.2) trivially holds. We suppose that (5.2) holds for n = k. We will show that
(5.2) also holds for n = k + 1.

AT (x4 cz‘)’i+1 =A% [(z + ct)’j (x + (q_l)kct)]

=AT(x + ct)]i(q_lx + (q_l)kct) + (x4 ct)’iAﬁ (x + (q_l)kct)

=[k]1(z + ct)’;l(qflx + (g7 Hket) + (z + ct)

Q= T

=q k)1 (z + )N o + (Het) + (o + ct)

Q[ T

Q=

=q '[K]1 (2 + ct)

! + (x4 ct) (1+q '[k]2)

1
q

= (z +ct)

Q=T Q=
Q= I
Q= &

=(x + ct)%(l +q (DY) = [k 1 (z + )b

Q=

1
q

Here we used the %-product rule (4.89) and the statement of the assumption. Hence,

(5.2) holds forn = k + 1.
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Case (i1) Forn < 0. Consider n = —n' < 0.

, 1
n — ACE - -
i (x4 (g7 ety

—Af(w+ (g7 et)y
Gt (a0 el (a e+ (@) el
—[ (g™ @t () ey
Gt (@ e (@ e T (@) ey
()™
(& + (=) et) (=) (@ (7))t

AT (z + ct)t =A% (x + ct)

1
q

s |
“era e

(x4 ct)7" !

Qe
Qe

=[n]1(z + ct)g’l.

Q=

Here we used %-quotient rule (4.91) and inductive hypothesis.

Corollary 5.1. We have the following equations

(A £cAT)(zFet)i =0, nel

Proof. By Theorem 5.1 and Theorem 5.2, clearly we have

(A — cA%)(x + ct)g = (c[n]1 —c[n]1)(z + ct)’g_1 =0.

1
q

Q=

Similarly, we have

(z — )7+ cn]i(x — )it = 0.

1 1
q q

(Afl + cA%)(x — ct)% = —c[n]

Definition 5.1. We define

o0

F(zx£ect) = Z an(x + ct)t (5.3)

n=-—oo
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as a %-Laurient Series representation, where F' € C*(I), I = K, x K,,.

Corollary 5.2. We can clearly state that

[(A9)* = *(AT)Ju(a,t) =0 (5.4)

q

has a general solution
uw(z,t) = F(x — ct) + G(z + ct), (5.5)

Here the functions F,G are %-Laurient Series representation which are defined in

Definition 5.1.

Remark 5.1. As we mention in the Introduction that, as ¢ — 1 the %-wave equation

(5.4) turns out to be wave equation which defined as
Ugt — CPUgy = 0.
Theorem 5.3. The homogenous %-Cauchy problem

[(AL)? — A(AT)|u(z,t) =0, Va,t €K,
u(z,0) = ¢(x), (5.6)
A%u(m,O) = U(x),

has solution

1 1 [°
u(x,t) = 5[@(35 +ct)+ O(z —ct)] + %/ ‘If(s)d%s, (5.7)

/ab\If(S)d;s—/Ob\If(S)d;s—/oa\IJ(s)d;S

=(1=q ) ¢7U(gb)—(1—q" Zq (g
=0
anda=x—ct,b:=x+ct. Herex, t e K,, ¢ € C*(I), v € C*(I)on I =K, xK,.
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Proof. We know general solution for %-wave equation is
uw(z,t) = F(x — ct) + G(z + ct).
We impose initial conditions on u(x,t). Then, we get

u(z,0) = F(x) + G(x) = ¢(x),
A%u(z, 0) = A% [F(z —ct) + G(z + ct)]

t=0

Applying %-antiderivative to both sides of A’ u(z,0) over [0, z]. We obtain

q

—c/ AﬁF(s)chs%—c/ Ath(S)dIS:/ P(s)dus.
0 q 0 q q 0 q

q

Using Fundamental Theorem of %-Calculus, we get

which implies

cG(z) — cF(z) = /Ozw(s)d;s.

Note that we neglect the integration constant. We have also
F(z)+ G(z) = ®(z).
Solving F(x) and G(z) in terms of ¢(x) and 1 (z) we get

F(x) =5 0(a) + 5 / ()i,

1 1

6la) =39(0) — 5. [ vlo)dys.

Thus, solution is

[D(x — ct) + (z + ct)] + %/ \I/(s)dés

N | —

u(z,t) =
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or equivalently

[D(x — ct) + (z + ct)]

1—q quj\If —(1—q* Zq I (q

[\:)I>—t

u(z,t) =

w|,_

where a := xr —ct and b := x +ct. In order to use Fundamental Theorem of %- Calculus
and to satisfy initial value problem (5.6) , we assume ¢ € C?(I) and ¢ € C*(I) in the
region [ = K, x K,. [

Remark 5.2. Clearly, as ¢ — 1, the solution of %—Cauchy problem:

T+ct

[®(x — ct) + (x4 ct)] + — o / U(s)d1is

—ct a

l\DI»—t

u(z,t) =

tends to the D’Alembert solution
x+ct

u(z,t) = ;[@(x —ct)+O(x +ct)]| + — o / U(s)ds

—ct

of the D’Alembert problem given by

Uy — gy =0, —00 <z <00, t>0,
u(z,0) = ®(z), —oo <z <00,
u(z,0) = ¥(x), —oo<x < o0.

Definition 5.2. The function f(x) is said to be é-analytic function if there exists a

g-power series ( %-Taylor) expansion converging to f(x) itself.

Remark 5.3. We can discuss Cauchy-Kovalevskaya Theorem, (Gantumur, 2011) on K,
as K, C R, that is, if the initial conditions ¢ and 1) are %-analytic functions, then the

problem (5.6) has unique, analytic solution in the neighborhood of initial points.
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Example 5.1. Consider the %—initial value problem with the initial conditions

[(AD)? — (A u(x,t) =0, Va,t €K,

q

u(z,0) = 22, (5.8)

Al u(z,0) = 0.
Then by Theorem 5.3, solution is
1
u(z,t) = 5[(:{; —ct)i + (v +ct)i] = 2° + ¢ 't (5.9)

Clearly, (5.9) satisfies the initial conditions of the problem (5.8).

Example 5.2. Consider the %—initial value problem with the initial conditions

(M) = A(ATula, 1) =0, Vot €K,
u(z,0) = cosiz, (5.10)

Abu(z,0) = siniz.
q q

Then solution of the given %—initial value problem is

q q C q

1 I
u(z,t) :5[0051(3: + ct) + cosi(z — ct)] + % / sini z'd 2’
1 1
25[0055(:(; + ct) + cosé(:c —ct)] + 2—[—0051(:1: + ct) + cosi(z — ct)]
C q q

:% [(1 — %)cos;(m + ct) + <1 + %)cosé(x — ct)]. (5.11)

Here we used

b b
/ sim1 2'd,x’ = —/ AY (cos;)d;x’ = —cosi(b) + cosi(a)

q q q q q

by Corollary 4.6 and a = x — ct, b = x + ct. (5.11) satisfies the initial conditions of
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the problem (5.10). Because

1 1 1
u(z,0) = =[cosi1x — —cos1Z + o812 + —cos1x| = cos1z,
2 a c 1 a qa a
1 1 1
AL u(z,0) = —[—c(l — —) siniz + c(l + —>sinlx] = sini z.
q 2 c a c q q

Note that since €% is %—analytic, determined by its Taylor expansion, clearly so are
q

cosi1x and sinix. Then the initial functions ¢, i are é-analytic so, the problem (5.10)
q q

has a unique and analytic solution by Cauchy-Kovalevskaya Theorem.

Example 5.3. Consider the %-initial value problem with the initial functions

[(AL)? — A(AT)|u(z,t) =0, Va,t €K,
u(z,0) = ¢(x) = a°, (5.12)
Al u(z,0) = Y(z) = —[3]1ca’.

q

Then solution is

u(z,t) = %[¢(w —ct) + ¢(x + ct)] + 2%/ \I!(s)dés,

b
where a = x — ct and b = = + ct. First way to find / U(s)d1s is the following:

Here we used the fact A%[(x)3] = [3]12® and Corollary 4.6. We can also find

Q=
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b
/ U(x)d1x by using %—antiderivative Definition 4.19, that is

/ab\lf(s)d;s:/Ob@(s)d;s—/oaqj(s)dés
~(1- ql)biqu(qu) (- ‘Jl)aiqw(q ;
—-a qu + (g Zq 02

j:0 Jj=0

- c[<1 —q g+ ()

»Q\»—'

1—q2
=—c(b®—a®) = —c[(x + Ct)?% — (& —ct)i].

q

Here we used the definition of [3|, and geometric series expansion. Thus, we have

solution

u(z,t) = %[(m —ct)} + (z + ct)

q

|- ;[(m—kct)?i (@ -t = (e - )

QI o
Q=

Clearly, u(z,t) = (x — ct)3 satisfies the initial conditions of (5.12) since

q

u(z,0) = 2°

A%u(x, 0) = A% (x — ct)3%|t:0 = —[3]%c(m - ct)%h:o = ().

We can generalize this example to the case where ¢(x) = x".

Example 5.4. Consider the below problem

[(AD? = (AT ule,t) =0, Va,t €K,

o(x) =2, (5.13)
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for a more general initial functions. Then %—Cauchy solution is

b
u(x,t) = %[(b(x —ct)+ ¢(x +ct)] + 2% / \If(x’)d%x’,

where a = x — ct, b = x + ct and

b b b
/ V(2 )dia' = —c/ [n](z)* 'dia’ = —c/ [A“’f(az’)’j]d;x'

— —c[(x +et)i = (v - ct)%‘]

&
<
o
Q
>
\._.&g\
—
8
N
Q=3
Il
=

(2')"~1 or equivalently we have
q

b b a
/ U(x')d1a! :/ \I/(m')dlx'—/ U(x')d1a!
a ! 0 F 0 F

=(1- q‘l)bi ¢ 7(q ) — (1 =g a) g (g a)

__ (- q_l) [b i q—jc[n]%(q—jb)n—l —a i q—jc[n]%(q—ja)"—l}
— = et =[Sy - )

= —c(b" —a") = [z +ct)} — (x —et)l].

q

Thus, solution is

u(z,t) = = |(x — ct)’g + (z + ct)g] — 2£ [(1: + ct)% —(x — ct)g] = (z — ct)%.

c

NO| —

Note that u(z,t) = (x — ct)? satisfies the inital conditions of the problem (5.13) since

q

= o(x),

q 1t=0

Alu(a,0) = Al (a — ct)t

q

t=0
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Theorem 5.4. The %—derivative of the function (x + ct), with respect to t is

A%(:c +ct)r =c[nlg(x+ )i, nel (5.14)

Proof. Case (i) For n > 0. We will prove the proposition by induction on n. For

n =1, we get
(x + %ct) — (z+ct)

(- Dt

Now, assume (5.14) holds for n = k. Let us try to show that it also holds forn = k+ 1.

= C.

Al (z+ct) =

Consider

AY (z + ct)itt =AY [(z + )i (z + ¢ et)]

=(z + ct)];Atl (z + ¢"ct) + (x + ¢"'et)A

LT+ ¢ et —x — ket

=@+ ety + @ ekl + )
=(z+ ct)s% + e[k, + ¢ et) (z + ct)’;fl

=cq"(z + ct)s + c[k] (z + ct)k
—c(a + ct)s(q" + [Fy) = ez + )i (1+q+ ... + " +¢")

=clk + 1]4(z + ct)];.

Then (5.14) holds for n = k + 1. Here we used product rule (4.89) and the statement
of the assumption.

Case (i1) We need to prove for n < 0. Say n = —n’ < 0. Consider
' ;]
o (T 4+ g et
(z+q " et)" A1) — A (z+ g et)
q q

Al (z + )t =A% (z+ct) " = AL

(x_i_qfnlct)g/(x_i_qfn/flct)gl

—q" ey + g ety =y
(@ gr)y (et g )y (kg et (g ey
g -1
Tc 1
= i = c[-n],

(1’ +q—n’—1ct)g/+l (33 +q—(n’+l)ct)g’+1

=c[—n]y(x +ct);" 7 = cln]y(z +ct)i
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Here we used é-quotient rule (4.91), the fact n’ > 0 and the Proposition 4.4. Thus, the

equation (5.14) holds for any integer n. [

Corollary 5.3. We have the following equations:
(AL £ AN (zFt)l =0, ne (5.15)

Remark 5.4. We can also give another g-initial value problem which is given by Nalci

Tumer & Oktay Pashaev (Nalct Tumer, 2017) defined as

[(AY)? — A(ADu(w,t) =0, Va,t e K,
u(z,0) = ®(z), (5.16)
Ayu(z,0) = ¥ (),

whose solution is

1 I
u(z,t) = §[<I>(x —ct)+ D(x +ct)] + 2_0/ U(s)dys, (5.17)

where

[ v = [ 6, [ 0d, = 1-gp Y a v~ (1-ga 3 PU(
a 0 0 j=0 n=0

anda =x—ct,b:=x+ct. Herex, t € K,, ¢ € C*(I), v € C*(I)on I =K, xK,.

Note that g-Cauchy problem can be solved in a similar way to %-Cauchy problem.

Remark 5.5. Clearly, as ¢ — 1, the solution of q-Cauchy problem,

x+ct
u(z,t) = =[®(x — ct) + D(x + ct)] + 2—0/ U(s)d,s

1
2 —ct
tends to D’Alembert problem solution.

Definition 5.3. The function f(x) is said to be g-analytic function if there exists a

g-power series (q-Taylor) expansion converging to f(x) itself.
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Example 5.5. Consider the g-initial value problem with the general initial conditions

[(AY)? — (AN u(x, ) =0, Va,t € K,

u(z,0) = ¢(x) = 2",
Alu(z,0) = ¥(z) = —c[n]a" .

Then g-D’Alembert solution is

u(x,t) = %[qb(m —ct)? + ¢z + ct)?] + 2% / U(z")d,a,

where a = x — ct and b = x + ¢t and

/ab U(z')d,x' = —c/ab[n]q(ail)"ldqx — —c/ab A [()dya!

= —c[(x +ct)! + (z — ct)7]

n

since AZ[(x)] = [n]qx™ " or equivalently we have

b b a
/ U(z")d,a —/ \Il(x’)dqx’—/ U(z")d,a'
a 0 0

== by u(@’h) ~ (1 —q)ay_¢v('a)

=—(1- Q)bzq]’c{n]q(qu)”*l +(1- Q)azq%[n]q(qj

Thus, solution is

(5.18)

a)nfl

(1) = %[(x — ety + (o et)f) — -l ct)f — (&~ )] = (z — et

Clearly, u(x,t) = (v — ct) satisfies the initial conditions of the problem (5.18).
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Because

u(z,0) = (z —0) = 2" = ¢(x),

q

AZu(x, 0) = [n],c(z — ct)g_1 0= [n]qcx”_l = ().

Taking these two g-Cauchy problems into account we state the following theorem.

Theorem 5.5. The following problem
[(AL)? — CQ(Ag)Z]u(m,t) =0 (5.19)
has the following solution
u(z,t) = f(x +ct) + glx — ct)
if and only if g4 = 1 where

flx+ct) =a(z+ ct)i_ and g(x + ct) = bz + ct)fi.

Proof. (<) Assume qg = 1,1.e. ¢ = %. By Corollary 5.2,

(z+ct)i + (v —ct)
q

q

satisfies the problem

[(A9)* = *(A7)Jul, t) = 0.

q

So we can say that

u(z,t) = f(x +ct) + g(x — ct)

is a solution for the problem (5.19) where

flx+ct) =a(x+ ct)g and g(z +ct) = bz + ct)z-.
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(=) Assume the problem (5.19) has a solution
u(z,t) = f(x +ct) + gl — ct).

Then we have

[(AL)? = (A [(x + ct)2 + (x — ct)2] = 0. (5.20)

Using the Definition 4.2 and Definition 4.17 we get

Al(x + ct)2 = All(z + ct)(x + cqt)] = cq(x + ct) + c(z + qqct),

q
AL(z + ct)2 = A[(z + ct)(z + cqt)] = (1 + q)(z + ct),
which implies that
(AL = AL (z + ct)2 = (z + ct)[cq + (1 + §)] + c(x + qqct) (5.21)

= —c(z + ct) + c(z + qqct) = —c*t + Fqqt

= —t(1 — ¢q). (5.22)

Similarly we have

Al(x — ct)2 = Al[(z — ct)(z — cqt)] = —cq(x — ct) — c(x — qqct),

QN R

AZ(r —ct); = Af[(x — ct)(x — cqt)] = (1 + ¢)(z — ct),
which implies that

(&g +eA))(w —et)y = (x = ct)[—eq + e(1 4 7)) = e(w — gget)
= c(x — ct) — c(x — qgct) = —c*t + Aqqt

= —2H(1 — ¢q). (5.23)
By (5.22) and (5.23), the problem (5.20) turns to

(AL = AL (z + ct)2 + (AL + cAL)(z — ct)2 = —2¢*(1 — qq) = 0.
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Since ¢ # 0 and ¢t # 0, the term (1 — ¢g) must be equal to 0. Asaresultgg=1. [

We introduce a general one sided result which combines two cauchy problems in

quantum analysis as follows

Proposition 5.1. If qq = 1 then the problem (5.19) has general solution
u(z,t) = f(x +ct) + g(x — ct)

where

o

flz+ct) = Z an(x +ct)y and g(w +ct) = i bn(z + ct)g.

n=—oo n=—oo

Proof. Assume qq = 1, 1.e.,q = é. By Corollary 5.2, we know the solution of the

problem
[(Ag)* = (A u(z, 1) =0
which is
u(x,t) = f(x +ct) + g(x — ct)
where the functions f(z + ct) == a(z +ct)7 and g(z + ct) = b(z + ct)}. O
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CHAPTER SIX
CONCLUSION

In this thesis, we studied on lattice and quantum numbers. First similar to the
ordinary calculus, we built lattice differentials and obtained corresponding lattice
derivatives which were called h-delta and h-nabla derivatives. Then we gave
h-binomial function and related properties. By utilizing those properties, we
calculated h-delta and h-nabla derivatives of h-binomial function. There were
differences and similarities between lattice analysis (h-analysis) and ordinary
calculus. As h tends to zero, we showed that lattice analysis gave real numbers then
we called the study on h-analysis as h-discretization. We generalized Taylor’s
Formula and from which we presented h-Taylor’s Formula. We defined two
h-exponential functions by using A-Taylor’s formula. Then by using h-exponential
functions we introduced h-trigonometric, h-hyperbolic functions and calculated their
lattice derivatives. Next, we introduced h-nabla antiderivative, definite h-nabla
integral and constructed Fundamental Theorem of A-Calculus. As an application, we
introduced h-D’Alembert problems and found their solutions in terms of h-binomial
functions. Also the uniqueness and analyticity of solutions were examined by stating

h-analogue of Cauchy-Kovalevskaya Theorem.

We applied the same works done in lattice analysis for quantum numbers and we
constructed quantum analysis (g-analysis) with related quantum derivatives,
g-integral, é- integral with properties. Also we presented g-binomial, é-binomial
functions, and related properties. We gave Taylor’s Formula of the function f defined
on quantum numbers from which we defined ¢-exponential functions. As an
application of g-analysis, we introduced %I-Cauchy problems and their solutions. We
gave related examples and also similar to h-Cauchy problems, uniqueness and
analyticity of solutions were examined. As a remark, we gave another g-initial value

problem that was discussed before. Then we end up with by related examples.
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