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ABSTRACT

ASYMPTOTIC BEHAVIOR OF LATTICE SUMS

This study presents precise asymptotic expansions for a class of two-dimensional
lattice sums derived from the Moore-Penrose pseudo-inverse of Laplacian matrices.

Our primary focus is on

1
Fm,n = Z 1 L 27rk) !

1 2mj 27k
0<jem LT T 2= COS (81713 m 1 S2.¢

n
0<k<n

(,k)#(0,0)
where L > 2 and s; = (514, 52,¢) define the lattice basis. The derivation of its asymp-
totic expansion employs midpoint quadrature for integral approximations, uses the
Euler—-Maclaurin formula to estimate errors, and introduces auxiliary functions to han-

dle boundary terms and the singularity at the origin.

For each lattice, while the leading order term in the asymptotic expansion depends
on the associated lattice basis, secondary and lower order terms encode geometric data
through special functions such as the Gamma function and Dedekind’s eta function.
This methodology extends naturally to Kirchhoff indices in large periodic networks,
providing both theoretical insights into graph-invariant asymptotics and practical tools

for evaluating lattice sums as n — oo.



OZET

LATIS TOPLAMLARININ ASIMPTOTIK DAVRANISI

Bu caligma, Laplace matrislerinin Moore—Penrose yalanci-tersinden tiiretilen iki
boyutlu latis toplamlar1 sinifi i¢in kesin asimptotik acilimlar sunmaktadir. Birincil

odak noktamiz su formiildiir:

1
Fin = Z 27rk)'

1 ~~L 27j
0Sem L T 21 €08 (s1e5i + 5007t
0<k<n
(GI£00)

Burada L > 2 ve s; = (S1.4, S2.¢) latis tabanim tanimlamaktadir.

Bu ifadenin asimptotik agiliminin tiiretilmesinde, integral yaklagimlar: i¢in orta
nokta kuadratiirii kullanilmakta, hata tahminleri i¢in Euler-Maclaurin formiilii uygu-
lanmakta ve siir terimleri ile orijindeki tekilligi ele almak i¢in yardimei fonksiyonlar

tamtilmaktadar.

Her latis icin, asimptotik agilimdaki baskin terim ilgili latis tabanina bagl iken,
ikincil ve daha diiglik derecedeki terimler Gamma fonksiyonu ve Dedekind’in eta fonksi-
yonu gibi 6zel fonksiyonlar araciligiyla geometrik veriyi kodlamaktadir. Bu metodoloji,
biiylik periyodik aglardaki Kirchhoff indekslerine dogal bir gekilde genigleyerek, graf
degismezlerinin asimptotik davraniglar1 hakkinda teorik iggériiler ve n — oo iken latis

toplamlarini hesaplamak icin pratik araclar saglamaktadir.
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1. INTRODUCTION

Lattice sums provide a framework for connecting discrete and continuous math-
ematical structures, with applications in graph theory and physical systems such as
electrical networks. The cornerstone of this study is the Laplacian matrix, expressed
as L = D — A, where D denotes the degree matrix and A the adjacency matrix of
a graph G defined by vertices V' and edges E. Through its pseudo-inverse, LT, we
derive lattice sums £}, , that encode graph invariants, such as Kirchhoff indices. See
Mohar [1] for an overview of Laplacian spectra, and Chung [2] for a comprehensive

treatment of spectral properties in graph theory underpinning these invariants.

The lattice sum under consideration is defined as in [3-5]

Fun= Y :
m,n T 1 L 2] 2rk\ ’
052 1= 1 2oy cos (510752 + 52,0 %F)
0<k<n

(7,k)#(0,0)

where L > 2 is the number of basis vectors defining the lattice, and sy = (514, 52¢) € 72
are integer pairs specifying the lattice structure. For the special case where m = n,
we denote F,, = F}, ,, which we analyze for specific lattices such as the triangular case.
The asymptotic analysis of ), ,, as m,n — oo addresses the discrete domain and the
singularity at (j,k) = (0,0). While earlier studies (e.g., [6]) approximated such sums
via numerical integrals, their approaches were limited by divergence near the origin.
As shown in [3-5], standard integral methods alone prove insufficient for this analysis,

necessitating a more sophisticated approach.

This thesis provides an overview of the developments in [3-5] where the asymp-
totic behavior of the sum £, ,, is derived through a systematic decomposition of £, ,
into integral and boundary components. This decomposition employs midpoint quadra-
ture for integral approximation, applies Euler—-Maclaurin summation techniques, and
leverages special function analysis to resolve singularities and handle lattice symme-

tries.



One of the key results in [3-5|, presented below, provides a precise asymptotic
expansion for the triangular lattice case and exemplifies the methodology (combin-
ing midpoint quadrature, Euler-Maclaurin summation, and special function analysis)

applied throughout the thesis.

Theorem 1.1 (Asymptotic Expansion for Triangular Lattice). For a triangular lattice
G with basis s; = (1,0), s, = (0,1), s3 = (1,1), the sum F,, = F,,, admits the following
asymptotic expansion as n — 00!
3 3 1
F, = £n2 logn + £ (v + log <4W\7§> —3logl <§>) n? +O(logn), asn — oo,
s T
(1.1)

where v denotes the Euler—Mascheroni constant.

The leading \/TgnQ logn term reflects the balance between discrete summation
and continuous approximation in F,. Computing the subsequent n? constant term
necessitates meticulous asymptotic analysis near (j,k) = (0,0), with the O(logn)
error arising from the logarithmic singularity’s growth refined by boundary corrections.
The presence of F(%) and v highlights the essential role of special function theory in
determining the constant terms with precision. This leading coefficient here matches

L

the general form ——=——, where S is the basis matrix, unifying the triangular result
74/det(STS)’ ’

with broader lattice analyses in §5.

Technically, the primary challenge in analyzing F;,, ,, stems from its discrete nature
and the origin’s singularity. Our approach captures the leading n?logn behavior,
identifies O(n?) subleading terms, and reveals geometric data through special function
values, extending naturally to square and union jack lattices in §5, where the asymptotic

structure manifests across diverse geometries.

Beyond its theoretical value, Theorem 1.1 holds practical significance for physi-
cal contexts, such as electrical network analysis and random walks on graphs. These

rigorous asymptotic formulas provide theoretical insights into large-scale lattice phe-



nomena and computationally efficient tools for evaluating spectral graph invariants like

the Kirchhoff and Wiener indices.

The thesis unfolds as follows. §2 defines lattice sums rigorously, covering the
Laplacian matrix, its pseudo-inverse, and essential facts regarding asymptotic expan-
sions and special functions. §3 develops detailed proofs for the square lattice, establish-
ing foundational relations between free, cylindrical, and toroidal boundary conditions,
while introducing our core analytical machinery using midpoint quadrature. §4 re-
fines these results for higher-order terms when m = n, followed by applications to
square, triangular, and union jack lattices, demonstrating how the main asymptotic
statements materialize in concrete settings. Finally, §5 synthesizes our findings and

discusses broader implications.

Notation follows standard conventions. Bold symbols represent vectors and sums

over empty index sets are zero.



2. LATTICE SUMS

2.1. Preliminaries

In this section, we introduce the key tools and notation used throughout this
work. These include the Euler-Maclaurin Summation Formula, the midpoint quadra-

ture method for integral approximation, and our conventions for asymptotic notation.
2.1.1. The Euler-Maclaurin Summation Formula

We employ the Euler-Maclaurin summation formula throughout our asymptotic

analysis. This formula provides a powerful method for approximating sums by integrals

with precisely controlled error terms. For any integers n,p > 1 and any function

g € C?[0,1], this formula as stated in [7], is

>t (1) = [ otwrde = g0+ 3 0@ ) 2

- n n n
7=1 =1
where B, denotes the Bernoulli numbers (B; = —3, By = ¢, B3 =0, By = —55), and
the remainder term takes the form
I _
rpn(g) = _nl’_p! i Bp(—na:)g(p) (x)dz = O(n™?) (2.2)

where B, denotes the p-th Bernoulli polynomial in [0,1) extended to all x € R via
B,(x + 1) = By(z) (see Lampret [7]). This systematic decomposition enables us to

separate the asymptotic behavior of our sums into

(i) a main integral term, typically contributing the leading n*logn behavior in our
lattice sums,
(ii) boundary correction terms from g~V (0) and g~V (1), contributing to the n?

term,



(iii) higher-order corrections of order O(n=*) for various k.

We select p = 4 throughout our analysis, ensuring that remainder terms are of order

O(n~*), which is sufficient for our asymptotic expansion requirements.
2.1.2. Midpoint Quadrature
The midpoint quadrature rule approximates an integral by evaluating the inte-

grand at the midpoint of each subinterval. For a function h(z,y) on a rectangular

domain, this approximation takes the form
// h(z,y)dedy = DA, > hlay, by), (2.3)
R h

where (a;, by) represents the midpoint of each rectangular cell with dimensions A, x A,
and the error in this approximation depends on the second derivatives of the integrand,

as we will formalize in the subsequent chapters.
2.1.3. Asymptotic Notation Convention

Throughout this work, we use the equality symbol "=" for asymptotic expansions

with specified error terms. For instance, an expression of the form
F(n) = an®logn + bn* + O(log n) (2.4)

means that |F(n) — (an®logn + bn?)| < C'logn for some constant C' and sufficiently

large n.
2.2. Lattice Structures and Associated Sums

Definition 2.1. A lattice is defined by a basis {s,}}_, C Z? where L is the number

of generators with L > 2, for which we denote lattice points as t;, = (27j/m, 2k /n).



The lattice sum £, ,, can be expressed as

Fon= Y ! oty (2.5)

1 L 2mj
0<j<mo<ken L T T D1 €OS (5175%] t 8205
(4,k)#(0,0)
where L,m,n, s14,S20 € Z with L,m,n > 2, define sy = (s14,524) for £ =1,...,L,
where s, # (0,0). Note that L = 2 for the square lattice, and L = 3 for the triangular

lattice.

Initially, we consider a square lattice with s; = (1,0), s = (0,1) due to its
simplicity and prevalence in graph theory, generalizing to other lattices in subsequent

chapters. In particular, s, s, are the standard unit vectors given by
S1 = (81’1,82’1) = (].,0) and So = (8172, 8272> = (0, ].) (26)

The sum in equation (2.5) appears in the study of Kirchhoff and Wiener indices, as
well as in the computation of tr(£"), where LT denotes the Moore-Penrose pseudo-
inverse of the Laplacian matrix for a broad class of graphs. Earlier asymptotic results

established by Ye [6] are based on

. Fon 1 dx dy
lim — = 1 ~—L (2.7)
m,n—o0 MN 4 [0,27]2 1— 2 ZE:l COS(SLZQj + 32,5?/)

where MATLAB has been employed to implement numerical methods for approximat-
ing the integral in equation (2.7), yielding a finite value C. As has been shown in
Theorem 3.2 of [5], however, these integrals are divergent. Employing the trigonomet-

ric relation cos 2 = 1 — 2sin?# and the inequality |sin | < |6, we obtain

1 L
1- %25:1 cos(s1,0T + S,0Y) 2 ZeLzl SmQ(w)
2L
= L
Zle(sl,ﬁx + 827gy)2
2L 2L,
> f—

a 23:1(31,6113 + Suy)? 2 + yz’



so that,

2 27 o o
dr d dr d
/ / 1 I i > 2L/ / 2_3/2
o Jo 1—7>7L cos(s1ex+ s2,0y) o Jo T°+Yy

Since the integrand is positive, we can focus on a region near the origin where the
singularity occurs. Converting to polar coordinates (z = rcosf, y = rsinf, dxdy =

rdrdf), and restricting to a disk of radius 7 contained within our domain, we obtain:

/Qﬂ /2” dudy /”/4 /”rdrd@
o Jo ?+y* o ¥
w/4 T
—[ a [
0 e T

= % - (logm —loge),

where € > 0 is introduced to handle the singularity at » = 0. As ¢ — 0, this expression

diverges to infinity. Thus,

- (logm —loge) = oo.

N

2T 2T
dr d
/ / 1 L - > 2L
o Jo 1= 3> cos(s1T+ s20y)

Hence, standard integral methods alone cannot handle the sum near (j, k) = (0,0), a
challenge that parallels classical problems in the summation of divergent series studied
by Hardy and Littlewood [8]. Therefore, we must treat that region separately, leading

to the refined asymptotic expansions introduced in this study.

To circumvent this divergence for the derivation of the correct asymptotic behav-
ior, we employ a midpoint quadrature approach, discretizing the domain into rectangles
centered at lattice points t;; as given in

279
tj= # th ;b= (1), (2.8)



and similarly define their shifted counterparts

" ™
T =t — —
J I m

and the rectangles

Xjp = X; x Xp, =[5, 2541] ¥ [}, 2} 4] (2.10)

for m,n > 2 and j, k € Z. With this setting, the rectangles are centered at t;, = (¢;,%},).
The quantities t; = 2% and t), = % explicitly depend on the chosen integers m,n and
consequently, the point t;x = (¢;,1)) varies as m or n change. Similarly, the domain
Dy, depends on ™= and %, so, all these notations are implicitly indexed by the lattice

size parameters m,n.

With this notation, we observe that

Fow=Fua(f)= > )= D Ffltjs), (2.11)

0<j<m,0<k<n oo
L 00) t;,.€[0,2m)2\{0}
where f is defined as
1 1 L
1) =gy #00 =172 cos(serx), (x=(y) €RY). (2.12)
o) I Z

Since s; € Z?, we can exploit the 27-periodicity of ¢(x), and consequently redefine

Fn(f) over the symmetric domain [—m, m)? \ {0} as in the next Lemma, and get

Fanlf)= > f(ts). (2.13)

t;.k€[—mm)>\{0}

We now aim to derive a useful form of equation (2.13).



Lemma 2.2. For m,n > 2, we have the equivalence
tin € [-m,m)*\ {0} < t;1 € Dy =Enn\ (Bn X By) (2.14)
where
Epn =A% A,, (2.15)

and for k € N,

S e G B o e S )

Proof. We prove the equivalence by considering the parity of m and n separately, map-
ping the lattice points t;; = (2mﬂ, %) to the domain D,,,. The argument proceeds

in two cases: odd m and even m, with analogous reasoning for n.

The set {t; € [—m,m)?\ {0}} consists of index pairs (j, k) where t; = 2L €

m

[—m, ), more precisely —%3 < j < %,

and similarly for k. Since ¢; is the midpoint of

[z, 2j41], where z; = t; — T and ;1 = t; + =, we analyze two parity cases for m.

For odd m = 2¢ + 1, the condition —2 < j < 2 becomes —q — 3 < j < ¢+ %’
where ¢ = mTfl For integer j, this is —¢ < j < ¢. Excluding j = 0, the set {¢; : j €
{—=q,...,q} \ {0}} satisfies

tel-mm\{0} = tie | lmep) =[-mm\ (- ). (216

—q<j<q
J#0
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For j = —q, we have t_, = %_q) = —m, which marks the lower boundary of our
domain and for j = ¢, we have ¢, = ZLmq =7 — %’T since ¢ = mT’l Additionally,

Tqr1 = tq+ - = m, which ensures that the domain [—7, 7) is completely covered except
for the excluded region near the origin. This establishes that the domain corresponds

precisely to the specified set minus the small region around zero.

For even m = 2q, the condition —3 < j < & becomes —q < j < ¢, where ¢ = 7.

Excluding j =0, the set {¢;:j € {—q,...,¢ — 1} \ {0}} yields

ty € [-mm\0} <= t;e | lzpam) = [—w—l,w—i)\(—i,%). (2.17)

; m m m
—q<j<q
J#0
Forj=—q,t_,=—mforj=q—-1,t,1 = QW(gl_l) = 7'(‘—%, and vy =t, 1+ =71—7,

defining the upper bound of the interval.
Applying this coordinate-wise, define

[—m,7), m odd,

[—W—l W—ﬂ), m even.
m

m?

For ). = %, A, follows the same form based on n’s parity. Thus, t;, = (¢;,t}) lies in

En = Ay x Ay, and excluding {0} removes B, X B,, = (—1 1) X (—E —), yielding

iy
m’m n’n

D, as in equation (2.18).
Thus, t;x € [-m, )%\ {0} if and only if (j, k) € D, , proving the lemma. O
Remark 2.3. Note that we have explicitly,

m™ T

B B (5 )< (50) a9
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where E,, ,, takes the form

[—,7]?, m,n odd,
[~ 7] x [-7— %, 7 — 2], m odd, n even,

Fy = (2.19)
[—71' — T - ﬂ X [—m,m], m even, n odd,
[_W_%77r—%j|x|:—ﬂ'—%,ﬂ'—§:|7 m,n even.

By leveraging Lemma 2.2, we can work with this equivalent domain representa-

tion, which simplifies our subsequent analysis.

We can now illustrate with an example of how indices map to specific domains.

Table 2.1: Examples of index-to-domain mappings.

m Indices j Values ¢, Domain in z
3 (Odd) {_]—70’1} {_2%7072% [—71',71') \ (_ 7%)
4 (even) {_27_17071} {_71—7_%707%} [_ﬂ-_ %771-_ %)

Lemma 2.4. Let 6, = 2%, where a > 1 is a constant. Define the near-field and

far-field regions of the lattice domain as

Dyl = {tjk € Dot [[tjkl] < 0n},

Dl = Do \ Dy

m,n

The error between the lattice sum F,,,, = th en,.. f(tixr) and its integral approzima-

tion Iy n = m ffD,,m f(x) dx satisfies

. near __ ynear far __ rfar
|Fm7n Im7n| S |Fm,n Im,n | + |Fm,n Im,n|7
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where Fo = th,keD:;;f%f f(k), Lo = AmlAn ffD%%T f(x)dx, and similarly for the
far-field terms. This decomposition isolates the singularity at the origin from the

smoother far-field region.

Proof. Given F,,,, = Fror+ Fﬁfrn and I, , = I+ 1 far the triangle inequality yields

m,n?

P = Tl = [(Fnt = Isy) + (Fty = Tn) | < TR — I+ | B, — Il

n n n

The choice of 9, ensures that D} captures the singular behavior near t;; = (0,0)

(excluded from Dy, per Lemma 2.2), while D is suitable for standard quadrature

methods. O

Remark 2.5. This decomposition facilitates the asymptotic analysis of F,,,. The far-
field error |Fj2t — I | depends on the smoothness of f for ||x|| > d,, while the near-
field error [F" — I7%t| requires handling the singularity. Direct estimates may suggest
errors of O(n?) or O(nlogn) when m = n, but Theorem 1.1 achieves an O(logn) error

through cancellations with F,,(f1) — I,,(f1), as detailed in §4.

With the aid of Lemma 2.2, we can express

Fon(f) = Z f(tj,k)a (2.20)

tj,keDm,n

which provides an alternative form of equation (2.13). To approximate the sum F,,,
in (2.5), we introduce the integral defined below in equation (2.21) using the midpoint

quadrature approach

ol = 5— [ sy (221)

where D,,, is the integration domain defined in Lemma 2.2. By approximating F,
with I,,, ,(f) using midpoint quadrature, we achieve controlled error bounds, as detailed

by Davis and Rabinowitz [9].
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More precisely, setting

A,=—, Ay=—, An.=A4ALA4,, (2.22)
the identity in equation (2.20) shows that F,,(f) results from applying the two-
dimensional midpoint numerical integration rule to each rectangle X;, C D,,, for
the integral (2.21). We note that A,, here represents the mesh size in a single di-

mension, whereas A, , = %” 2%

is the mesh size arising from subdividing the [—, 7]
domain into m x n rectangles, representing the total area element of the discretization

and also that X is the rectangle centered at the grid point t;; given in (2.10).

These observations motivate alternative approximations to the sum Fj,,, (2.5)
based on Taylor polynomials of the function ¢ in (2.12) around the origin. As suggested

in [4], we employ the second-order Taylor polynomial

p(x) =

3 (50 %)° (2.23)

2
1

SIS

L
=

For our error analysis, we employ midpoint quadrature bounds of [3] which provides
precise error estimates for approximating integrals with function evaluations at mid-

points, forming the foundation of the analytical approach in our lemma below.

Lemma 2.6. Let h(x,y) be a twice continuously differentiable function on the rectan-

gular domain

B A, A, AW Ay 9
R—[a— 2,@—1— le{b— 2,b+ Q]CR.

Then, the error in approximating the integral of h(x,y) over R by A,Ayh(a,b) satisfies

- A3A, maxp |hy.| + AmAg maxp |hy,|

‘// h(z,y)dxdy — AyAyh(a, b)‘
. 24
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where A, = %, A, = 2% as defined in equation (2.22) and hy, and hy, denote the

second partial derivatives with respect to x and y, respectively.

Proof. Expanding h(z,y) around the point (a, b) using Taylor’s theorem with Lagrange

remainder, we get

h(z,y) = h(a,b) + hy(a,b)(x — a) + hy(a,b)(y — b)

+ % [hm(fxa y)(r — a)2 + 2Ry (Eays Ney) (T — @) (y — b) + hyy(z,my) (Y — b)2}>

where &;, &,y € [a—%, a+%] and 1,1, € [b—%, b—{—%] depend on (z,y). Here, hy, h,
denote the first partial derivatives with respect to z and y, respectively. Integrating
over R, we observe that the linear terms vanish due to the symmetry of the domain

about (a,b)

J[ mtata=aydrdy = [[ byfa.by—pdeay o

Similarly, the cross-term 2h,, (&, Nuy) (@ — a)(y — b) integrates to zero by symmetry.
Thus,

A3A A A3
// h(z,y)dxdy = ApAyh(a,b) + ;4 Y e (E1,m1) +
R

A
Thyy(fz, m2),

for some points (£1,71), (§&2,72) € R by the Mean-Value Theorem for integrals, where

the quadratic terms are integrated using

at+5z A3 b+5L A3
—a)?dr === —b)?dy = L.
[ wmerar=G [ e vra=

Therefore,

xT

A3A AN
J[ by dndy = 8,8,b0,0) = SE hualrm) + S (o).
R
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By computing absolute values and using the maximum bounds of the second derivatives

over R, we obtain

ASA haw| + ALA3 h
‘// hx,y)dedy — AzAyh(a,b)| < — y MaXE | |24 y maxg | yy|‘
R

The fundamental bounds on ¢(x) and its derivatives, established in the following

lemma, are based on Lemma 4.1 of [4].

Lemma 2.7. For all x € R?, it holds that
1 [z & 2 122(|4[2
(a) lp(x)] < 5zlIx|| E;HSEH < 357,

L
(0) 10k ()| < LIl 32 Iskelllsell < 5%|Ix]l,

L
(c) ()] < L Y582, <32

(=1

Proof. (a) Starting with the definition of ¢(x) in equation (2.12), we obtain the
following estimates by applying the triangle inequality, the identity 1 — cosf =
2sin® (16), and the inequality |sind| < |6

I/\

- 2 & 1 1 <
Z!l—cosse :z;sin2(554-x)§i2(54~x

(=1

Finally, by employing the Cauchy-Schwarz inequality and letting S = maxy ||s,||,

we obtain

L
1 2 2 2
01 < 57 2 (Il = el Z Isell* < 55
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(b) We compute the partial derivatives of p(x) as

L
1 :
Okp(x) = 17 Z Sk sin(sy - x),
=1
Lz
Orp(x) = T Z St COS(S¢ - X).

~
Il

1

Starting with Jgp(x); we make use of the triangle inequality, the inequality
|sin @] < ||, and the Cauchy-Schwarz inequality as in the proof of Lemma 2.7(a),

and obtain

L L L
1 1
|Orp(x Z [sk.esin(se - x)| < 7 > lskellse x| < AR > lskelllsell-
f: /=1 /=1

Finally, using the bound on the sum
Ok (x)] < 3%|x|
we get the result.

c) Starting from 02¢(x), we apply the triangle inequality and the bound | cos(z)| < 1
kP

to obtain

Mh

07 p(x |57 cos(sg -

~
Il

= -
(]~
I
A
N
~

K:

Applying the sum bound, we get
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The lower bound for p(x) away from the origin is adapted from Lemma 4.2 of [4]

and the estimation of its second derivatives follow from Corollary 4.3 of [4].

Lemma 2.8. For any fized 0 < 8 < 2m, there ezist positive constants C () and Cy(5)
such that, for all x € [=27 + 3,2m — B>\ {0} and k = 1,2

W #09 = C1(9) I
o) 1010 < T

Proof. For (2.8)(a), let x = (z1,29) € [—27 + 3,27 — (] then, we have

1
p(x) =1~ ZCOS(Sg - X) > 7 (2 — cosxy — cosxa) .

1

SIES

L
=

Using the Taylor series expansion of cosine with Lagrange remainder

T
1
COS T 5 + 51 cos(§),

where ¢ lies between 0 and x, we obtain

2 2 4 1
i+ X7 COS T2 cos
2 — cos T1 — COSXTy = 1 5 2 7 (51)2—2 2 (52) '

Since | cos(€)| < 1, we get

. (||>;||2 . %)

For ||x|| < /6, this yields o(x) > ”Z‘f. For the compact region [—27 + (3,27 —

8]\ B(0,v/6), by the Extreme Value Theorem, there exists Cy(3) > 0 such that
p(x)/[Ix[[* = C2(B). Taking

ll

Cu(9) = min { Ca(0), 77 |
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we establish (2.8)(a).

For (2.8)(b), we calculate

20kelx))’ —olx)iotx)

Using the bounds from Lemma 2.7(a) combined with (2.8)(a), we obtain

2(3°|IxI)* + CL(B)IIx[1* - 32 _ C(B)

S < B

where C(8) = (Cf’(g;))r,. O

The crucial lower bounds for p,,(x) established in the following lemma can be

derived from Lemma 4.8 of [4].

Lemma 2.9. For all x € R?, we have

(i) mx) > ol

 then, for all m > 1, p(x) > 2 |x|?

) 12(1—5)
(i1) IfOSBSlandeHST of

Proof. (i) This follows from the expansion of p;(x) and the definition of the vector

norm. For all x € R?,

(ii) For m > 2, we want to show by induction that p,,(x) > %HXH2 Assume the

statement holds for m — 1

B

- 2
=)

Pm—1 (X) >
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then, with

we get

2m

1 <A (s
plx) 2 x| + Zzﬂ

all

(2m)!

L x)2m . . o .
The term %25:1 Bex) ™ g non-negative, as it is a sum of non-negative terms

(2m)!
consisting of powers of real numbers and factorials. Since ||x|| < —”12;1_6), the
remaining term does not affect the inequality negatively. Thus, we get
B e
x) > —||x||°-
pnl) 2 LI
O

Lemma 2.10. Let py(x) be the second-order Taylor polynomial of p(x) as defined in

(2.23). Then, for s = maxy [|s|| and § = /7%

(i) the approximation error satisfies

x|l

24 7

lo(x) — p1(x)| < x € R? and (2.24)

(ii) for f(x) = == and fi(x) = p; when ||x]| <6, we have

o(x) 1(x)’

[f(x) = A(x)] < C(5), (2.25)

where C(3) = L23§4 is a constant independent of x.
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Proof. (i) By Taylor’s theorem with Lagrange remainder, for each ¢ we have

(s¢-x)?  (s¢-x)*
2 + 24

cos(sp-x)=1— cos(ss - &) (2.26)
for some &, on the line segment that joins the origin with x. Since |cos(s, - &)| < 1
and s, - x| < [|s¢]]|x]| < 5||x|| by the Cauchy-Schwarz inequality, we obtain

il A .

—Z oL = o1 (2.27)

hl
Mh
b« —

|p(x) =

(i) Let r(x) = ¢(x) — p1(x), so ¢(x) = p1(x) + r(x). From (2.24)(i), we know that

Ir(x)| < 2 |X” . The difference between f and f; can be expressed as

1 p1(x) = (%) [r(x)]
F(x) — fu(x)] = ‘ y s - . 2.28
160~ 10~ 1560 ~ 6| ~ | pibowt0 | T el feGol 5P
From Lemma 2.9(i), we have p;(x) > 5-||x||* for all x. For [|x|| <6 = /72, we
can establish
54 |x||* — —
) | Tt LEx|? L5 gk 1 (2.29)
n(x)| ~ x|? 12— 12 2
This implies that |r(x)| < 3|p1(x)|. Since p(x) = p1(x) + r(x), we have
1 1
p()] 2 [p1(x)] = [r(x)] 2 [p1(x)] = Slpa(x)] = 5 lp1(x)] (2.30)
Using these relationships in our expression for |f(x) — fi1(x)|, we deduce
r(x r(x 2|r(x
o0 = Ll 2l

(- e T )] 5l ()] I ()
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Substituting our bounds, we get

2r(x)| _ o. T 9. FIE 9 54.412  8L% L% 0.32)
PP T (L x)2) il 24 24 3 '

Therefore, for all ||x|| < d, we have

760 - fi)| < 25 = ). (239

This establishes a uniform bound that is independent of ||x||. The bound is valid for

all x with ||x|| <6, which completes the proof. O

We can now define

fi(x) = (2.34)

as an approximation of f in (2.12). This leads to the alternative approximations of

Fon(f) in the form

Frn(fi) = Z filtje) and  Inn(fi) = Al /D fi(x) dx. (2.35)

] keDm n

The following lemma which establishes uniform bounds on sums of maximum
values, follows the approach outlined in Lemma 3.3 of Ecevit and Boysal [5]. This
technique enables us to systematically control error terms when converting between

discrete sums and continuous integrals.

Lemma 2.11. For all integers m,n > 2, it holds that

2
Am,n Z max 1 <3 (E + 2) .
mn xEX IHNE n o m
tjykED
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Proof. Using the notation established in (2.8)—-(2.10) and applying (2.8), we obtain

Am,n Amn
> max TEE < DT max T
SR RPN

tj k€D <2
k<5
(k) #(0,0)
< D max i Z -+ Z
L ||x||4 P o ||x||4 PR ||x||4
12k2£ == B
6A
< X meimee T e e X
R T PR = P
r<k<i e
4A 6A 6A

S Y ey By B gy

2<j<m 170k 1<<m 1<k<n \Tk

For the first sum, we can bound each term in the summation by integrating the

function Hfll“ over corresponding rectangles. Since this function is decreasing as ||x||

increases, and x;, is the center of rectangle X, we observe

> s 2 </ C
2Siem B 2 X !XH“ = S\ [0, Z]x[o.5] X1
2<k<" 2<k:<"
1 m?n? 1 (m?+n?)? m? + n?
—rdrdd < —— < — = . (2.37
/ /Wr‘lrr — 2rm?2+4n? T 4dn m2+4n? 47 (2.37)

For the boundary terms, we have

Z T + Z - +64, Z e

1<j< 2 J 2<< I 2<<2 T

™1 28
"+ 6A, / dt<—m—, (2.38)
s 7T n

—dt<

2<g<m Tj-1



and analogously,

Dividing (2.40) by mn, noting % =

m?

m n\ 2
MY £
n  m nom
and
m?  n? m  n\2
nLE ety
n m nom

we arrive at

1 1
P
xrél)%fk lIx||* — (47T 2

Am,n
mn Z

n m
tj,kEDm,n

n

which establishes the claimed inequality.

23

(2.39)

(2.40)

as well as observing that

2 2 2 2
+—8) <T+ﬁ> z2.92<@+£> <3<@+ﬁ>

m

For the square lattice case, when m and n are not necessarily equal, the functions

fin (2.12) and f; in (2.34) take the explicit forms

1 1

f(x):—:f(xay)zl_l

(cosz + cosy)

(2.41)
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and

4

—— 2.42
i (242

fl(X) = fl(x7y) =

where p;(x) = 5(2* +y?) from (2.21) with L = 2. In the continuous domain, f;(x) =

@ as defined in equation (2.42), while in the discrete sum £, ,(f1), we use fi(t;5) =

LT /m)Qi(%k 7ayz to account for lattice spacing, consistent with the scaling in §3.

Let us note that the asymptotic behavior investigated here need not be limited
to Fy,n. To prepare for the next theorem, we first establish the connection between
the lattice sum F),,, and the Kirchhoff index. The Kirchhoff index K f(G) of a graph
G, defined as the sum of effective resistances between all vertex pairs in an electrical
network interpretation, can be expressed in terms of F), , for square lattices. In par-
ticular, for lattices with free (P,,00F,), cylindrical (P,,[JC,,), and toroidal (C,,00C),)

boundary conditions (see [6,10,11]), we have

mn mn 1
Kf(P,OP,) = — Fiee = . , 2.43
( ) 4 ™ 4 0<j2<m 1 — 2(cos & + cos Z£) (2.43)
0<k<n
(7,k)#(0,0)
mn mn 1
Kf(P,OC,) = —F¥ = —— : , 2.44
I/ ) 4 ™4 OSJZ<m 1 — 3(cos & + cos 2£) (2.44)
0<k<n
(7,k)#(0,0)
mn mn 1
Kf(C,OC,) = —F°" = — A , 2.45
ut ) 4 - m 4 Og;m 1 — L(cos 2L + cos 22k) (245)
0<k<n
(7,k)#(0,0)

where Fgeﬁ , Fﬁ%y;, Fyr denote the lattice sums under each boundary condition.
In this work, we analyze the relationship between F'? (f) and I, (f), alongside
algebraic identities linking 2% and F%) to F\ . including their leading asymptotic

terms. Physically, F,,,, relates to the Kirchhoff index, which quantifies total effective

resistance and corresponds to the trace of the Laplacian pseudo-inverse, tr(£*). The
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asymptotic results in this work thus enable estimation of this index for large periodic

networks, with applications in network design and random walk analysis (cf. [10,11]).

The following theorems form a cohesive framework for our asymptotic analysis.
Theorem 2.12 establishes the universal scaling behavior of lattice sums across differ-
ent boundary conditions, Theorem 2.13 identifies the precise leading coefficient in the
asymptotic expansion for square domains, and Theorem 2.15 quantifies the approxi-
mation error when using our decomposition approach. Together, these results provide
a complete characterization of the asymptotic behavior of lattice sums, with progres-
sively refined error bounds. As shown in Theorem 1.1 of Ecevit and Boysal [5], the
Kirchhoff index for a square lattice with different boundary conditions exhibits univer-
sal asymptotic behavior. The following theorem establishes this universal asymptotic
behavior of the Kirchhoff indices, demonstrating consistent scaling across boundary

conditions for large lattices.
Theorem 2.12 (Universal Asymptotic Behavior). For 0 < o < § and each F,,,, in

the set

{Ffree Fcyl th;l}7

m,n’ T mmnr - m,

there exists a constant Co g > 0 such that

EFon 1
mnlog(mn) 7

Cap
~ log(mn)

Jor all m,n > 2 with a < < 3. Additionally, for fired o, 8 >0 with o < 3,

Fon 1

lim sup =0
r—00 mn>r

a<T<p

mnlog(mn) =«

uniformly over m,n satisfying the ratio condition, and for all k € N, we have

li Fm,km li Fkn,n
im = lim =—.
m—oo m(km)log(m(km))  n—oo (kn)nlog((kn)n) =«
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For the special case m = n, we define F,, = F, ,, for a simplified notation and set
the following theorem which establishes the universal asymptotic behavior and follows

from the framework developed in Theorem 3.2 of [4].

Theorem 2.13. (Asymptotic Equivalence) If ¥, € {F.(f), F.(f1), L.(f), L.(f1)},
then,
L 2 2
¥, = ————=n"logn + O(n°)
my/det(STS)
as n — oo, where L is the number of generators in the lattice and S is the matrix of

basis vectors defined by

T

il 1 e S1e e 81 (2.46)

with each row of S corresponding to a lattice generator sy = (S14, So¢) as defined in §2.
The matriz STS defined in Equation (2.46) encodes the geometry of the lattice, and its
determinant affects the leading coefficient in the asymptotic expansion.

Remark 2.14. Theorem 2.13’s dominant term —~2~——n?logn exceeds the O(n?)
w4/ det(STS)

n? o 1
nZ2logn = logn

for non-degenerate lattices (det(S7S) > 0).

error, as

— 0 when n — oo. This asymptotic relationship holds uniformly

The key error bound presented in the following theorem is stated by Theorem 3.3
of [4].

Theorem 2.15. We have

F.(f) = L(f) + L.(f1) — Fu(fi) = O(logn) as n — oo. (2.47)

This theorem provides our key error estimate, demonstrating that the asymptotic

behavior of F,(f) can be accurately determined through the more tractable quantities
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I,(f), I,(f1), and F,(f1). The O(logn) error term arises from careful handling of the
singularity near the origin, using the decomposition approach introduced in Lemma 2.4

and further refined through cancellation effects.

The error is negligible compared to the leading term, as n;‘){% =0mn3?) =0
when n — oco. This confirms the asymptotic validity of our approximation approach.
The error term reflects the second-order Taylor series expansion of ¢(x) used in f;
as defined in equation (2.23), valid asymptotically as x — 0. This approximation

introduces errors of order O(||x]|?) near the origin, which integrate to O(logn) due to

the logarithmic singularity, as will be shown in the subsequent chapters.

The theorems above describe the asymptotic behavior of these sums and integrals
to high orders. In particular, Theorem 2.13 for asymptotic equivalence, establishes that
the leading terms in the asymptotic expansions of F,(f), I,(f), Fun(fm), and L,(fm)
as n — oo are identical. This is followed by Theorem 2.15 for approximation and
error bounds, which demonstrates that as n — oo, F,(f) can be approximated by a
combination of F,(f,,) and I,(f,) with an error term of order O(logn) when m =1
and O(1) when m > 1. The error term reflects the second-order Taylor series expansion

of ¢(x) used in f; as defined in equation (2.23), valid asymptotically as x — 0.

Proofs of Theorems 2.13 and 2.15 are given in the subsequent chapters. For the
triangular lattice, we apply (2.47) to simplify the approach, consistent with [3|. This
equation allows us to rewrite F,(f), the original lattice sum in a powerful reformula-
tion, since I,,(f) is the continuous integral approximation that can be evaluated using
standard techniques such as polar coordinates and special functions, I,,(f1) is the inte-
gral of the approximant function, often having a simple closed form, and F),(f;) is the
sum of the approximant function, which is more tractable than the original sum. For
the triangular lattice in particular, this approach allows us to calculate I,,(f) directly
through explicit integration, determine I,(f;) using simpler quadratic forms, evalu-
ate F,(f1) using number-theoretic techniques and combine these results to obtain the

asymptotic expansion for F,(f) with error O(logn). This creates a systematic path-
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way to determine the asymptotic behavior without having to directly analyze the more
complex original sum. In this path, we explore the asymptotic properties of I,,(f1)
and F,(f1) across general planar lattices. Although the integral I,,(f) varies with the

specific lattice, its explicit computation is feasible for any prescribed lattice structure.

As established in §2.1, the Euler-Maclaurin summation formula (2.1) serves as
a foundational tool in our asymptotic analysis, providing a systematic framework for
transforming discrete sums into integral representations with precisely controlled error
terms as shown in equation (2.2). For any integers n, p > 1 and function g € C?[0, 1],
this formula decomposes the sum into main integral contributions, boundary correction
terms, and rigorously bounded remainders. The selection of p = 4 throughout our work
ensures remainder terms of order O(n~?), which proves sufficient for our asymptotic
regime. When applied to specific functions such as those encountered in §4.4.1, this
decomposition yields the precise asymptotic expansions with controlled error terms

that form the technical core of Theorems 2.13 and 2.15.

Concerning F,(f1) and I,,(f1), let us define

5%(7 (2'48)

)

1

L
a =
(=

L
(=

L
2 h:=2 .
51,65 = S$1,S2¢0, C:=
1 (=1

where a,b,c € Z and d = —4 det(STS) (see (2.46)).

Under this notation, we present the asymptotic behavior of F,(f1) and I,(f1),

where this result corresponds to Theorem 3.6 of [4].

Theorem 2.16. For the function F,(f1), n — oo, we have

L

WQ\/m
+ (g — arctan (%)) log (2) — C(a,b, c)] n?

n?logn + [27r (v —log2) — 4w log |n(w)|
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1 n 1 . T
a—b+c a+b+tc Vd|

14 (-1 [« 2 o <10§2n> 2.49)

- +
2 <, /ld]  a— b+ c)
and |n(p)| is as presented in Apostol [12], §3.

—b++/1dli
2c

where p =

The following theorem presents the asymptotic expansion of I,,( f1), following the

analysis given in Theorem 3.7 of [4].

Theorem 2.17. For odd n,

The proof of Theorem 2.16 is presented in §4.4.2, while that of Theorem 2.17
appears in §4.2. In relation to the proof of Theorem 2.17, it is worth observing that,

with a, b, and ¢ defined as in Equation (2.48), we find

1 2L

pu— = . 2-
hiw,y) p(z,y)  ax?+bry + cy? (2.50)
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3. SQUARE LATTICE

Having established the general framework for lattice sums in §2, we now specialize
our analysis to the important case of the square lattice. The techniques developed
here—particularly the handling of boundary conditions and the relationship between
discrete sums and continuous integrals will form the foundation for our treatment
of higher-order terms and more complex lattice geometries in subsequent chapters.
This chapter focuses on applying our framework to the square lattice, establishing
exact relations as will be given in Theorem 3.1 and uniform asymptotic estimates in
Theorem 3.2. We begin by deriving an exact relation between the sums Fgeﬁ and F,flyll
to F,f,ﬁl;l, where “free,” “cyl,” and “tor” denote free, cylindrical, and toroidal boundary
conditions, respectively. The relationship between lattice sums with different boundary

conditions was derived in Theorem 2.3 of Ecevit and Boysal [5] given by

Theorem 3.1. For all m,n > 2, the sums F/™¢ and F are related to Fﬁfg through

m,n m,n

the identities

1 1 7
Ffite = S Fiton + 5 (B (2m) + B (2n) — By (2m) — B™(2n)) — 5 (3.1)

m,n 4 2m,2n 2

and
1 1
Fgth = SR, + Bim(n) — Bf™(n) - 3, (32)
where
m?—1 m 1 1 1
BSUm m — , BSUm m — o S
) 6 ) 2\/5((3+2\/§)m—1 (3—2\/§)m_1) 2

Proof. Since the derivation of (3.2) follows an analogous path, we only prove (3.1).

The proof proceeds by separating terms in Fjpr,, to isolate boundary contributions,

applying index shifts to exploit symmetry, and computing residues via the contour
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integral method. We begin by isolating the boundary terms (where j = 0 or k£ = 0) in

F3 5, to obtain

1

e, = - ——— + 2B} (2m) + 2B (2n),  (3.3)
B = 2 T oo (5 T eon (2] 0 !
1<k<2n

where B (m) represents the sum along a single axis

m—1

Bsum

— 1 —cos 2”)'

<.

To utilize symmetry properties, we perform an index shift j — —j + 2m. Under this

transformation, cos ( ) becomes cos ( %) — Cos ( ) which allows us to define

2m

the new auxiliary sum

,_.

m—

Bsum

. 2#] '
ey 3 cos )

For the specific case of m = 2m’ where m’ is the original parameter, this gives

Bomom) =25 — L1

After performing similar index shifts for both coordinates and combining the result-
ing expressions, we can reorganize the sum in (3.3) according to different regions of
the (4, k) lattice. In particular, we separate the terms where j and k are both in
{1,2,...,m — 1} and {1,2,...,n — 1} respectively, and account for the symmetry in

the cosine terms. This leads to

4

R, = -
o= 2 T T (oon () 1 con ()
1<k<n

+2(B{"™(2m) + B{"™(2n) + B3"™(2m) + B3™(2n)) — <. (3.4)

l\.’)l)—-l
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For the free boundary condition sum, we observe that B™(2m) = 2 Z;n:zl 1_0(1)5 = T+ %
This allows us to express
1 . .
Fiiree — : + B (2m) + B$U™(2n) — 1. 3.5
s 1§<:m1—%(COS%+COS%k) 1 ( ) 1 ( ) ( )
1<k<n
Comparing equations (3.4) and (3.5), we derive
free 1 tor 1 psum psum psum psum 7
Fm,n = 1 Fzm,2n + 5(31 (2m) + BY"™(2n) — B3"™(2m) — By"™(2n)) — ] (3.6)
To complete the proof, we need to establish the identities
B™(m) = BS"™(m) and By™(m) = By"™(m) (m > 2). (3.7)

Since the derivation of the first identity is straightforward, we focus on establishing the

second identity in (3.7). We begin by rewriting

psum 1 C 1
B3 (m) = Z W:_sz_?

¢m=1,(#1 2 ¢m=1

where ( ranges over the m-th roots of unity excluding 1. To evaluate this sum, we apply
the residue theorem on the extended complex plane. We consider the meromorphic

differential

which has poles at

e z =0 (from the ! factor),
e z=7r; =3+2v2and z =1y = 3 — 22 (roots of 22 — 6z +1=0),

e and the m-th roots of unity (from the Z; factor).

m__1
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By the residue theorem, the sum of all residues equals zero. Calculating the residues

at each pole and rearranging, we obtain

) % = —m(Res.—, G(2)dz + Res.—,, G(z)dz).
¢m=1

The residues at r; and 5 can be computed as

T; 1
(ri)™ =1 i’

Res,—,, G(z)dz = i=1,2

where 7/ is the derivative of 22 — 62 + 1 evaluated at r;. Computing these residues
explicitly and substituting back yields exactly the formula for B§™™(m) given in the

theorem statement. Thus, BS™ (m) = B3 (m), completing the proof. O

In connection with which we have the following result derived as Theorem 2.1 of

Ecevit and Boysal [5],

Theorem 3.2. For the toroidal boundary conditions, we obtain the uniform estimate

Ftor_mn m n3
|Eo ’|§C< N )

3.8
mmn n o m (3:8)

where the constant C > 0 is independent of both m and n, with m,n > 2.

Proof. Applying the midpoint quadrature error bound from Lemma 2.6, we obtain

1
F Lol € Y () - 5 [ 760d
t; k€EDm,n mn JX; g
1
Sop 2 (A% mex 0Fx)| + A7 max (05 £(x)]),

tj,kGDm,n
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where A, = %’T and A, = 2% are the mesh sizes, and A,,,, = %, Substituting these

values and factoring out A,,,, = A, A, we get

1 1 1
tor AQ A o AQA 1 )
|Fm,n mn| > 24t gD: ( mein A, xfélajka f( )| + AL A, A xrél)%;{k|82f(x)|)
7.k m,n
_ 1 n 2 m 9
"o ; (7 B max |07f () + A max [05f(x)]).
7,k m,n

From Lemma 2.8(b), we have the bound |02f(x)| < Y) for k = 1,2, which

El

allows us to write

¢ C
|Frtr21;L_ mn|_ 24 Z (%Amn (B) _’_mAmn (6) )

t; kEDm,n ’ minxexj,k ||X||4 i ’ minx'EXj,k ||X||4
¢ 1
:ﬂ(ﬁJrT)Amn Y max _
24 m n / x€X; 1 ||X||4
tj}kGDm,n
Dividing both sides by mn and using A, ,, = 7, we get
|F?§$“L — Lo C(B) <n m) Apin 1
< —+ — Z max ——
mn 24 \m  n/ mn xe€X; . ||x||*
m,n

tj’kED

C(pB) - 4x? (n m) 1 1
B 24 m (mn)? EZD Xrél_%;,{k x|+
7.k m,n

Now we apply Lemma 2.11, which gives us

AN 1 m  n\2
—_— Z max 1 <3 (— + —) .
mn xEXj INE

n o m
tj,k€Dm,

Substituting this bound, we obtain

’Ftor - mn’ < O(ﬂ)‘47T2 (n m> '3<m n)2

< — + — — + —

mn 24 m n n m
_CB)-4m*-3 m nN\3_ C(B)-7* yrm n\3
a 24 <n+m) a 2 <n m> ’
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Setting C' = C(BTW, which is independent of m and n, we obtain the desired uniform

estimate

Ftor_[mn 3
| Fon ,\<C<@+Q>7
mn

completing the proof. O

Following the approach in Theorem 2.2 of Ecevit and Boysal [5], we decompose

the domain D,, ,, and apply the error estimates as

Theorem 3.3. There exists a constant C such that, for all m,n > 2,

|Im,n - m,n| S O
mn
where
n m T b,
Ay = —mn log(mn) 5~ log <E> (Z — arctan E) (3.9)
with
b =tan (——)  (m € N)
= tan (5 m .

Proof. We proceed by introducing a sequence of approximating integrals that progres-
sively approach A,,,, then bounding the difference between consecutive approxima-

tions.

First, an auxiliary integral is introduced for the proof as

/ / dx dy
mn = 42 - (cosx + cosy)
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Subsequently, we establish bounds for the difference between I,,, ,, and [iw, analyze the
asymptotic behavior of I' = and combine these results to obtain the desired estimate.

m,n?

The set (Dpn \ Rimn) U (R \ Dimp) is a subset of R = [—37 37]2\ -3, %]2, and

27 2

the integrand is bounded on R regardless of the values of m and n. These ensure the

existence of a constant C' such that, for all m,n > 2,
L — I}, | < C'mn. (3.10)

Concerning I! . observe that the integrand is even with respect to both x and y, and

m,n’

R, 1s symmetric with respect to the coordinate axes. Thus,

I _mn// dz dy _4mn// du dv
T 2 i 1 —3(cosx + cosy) g2 e WP+ 0?2002

where R;w denotes the segment of R, ,

Ry = [, 72\ [_ﬂ,i] x [_fjf]
located in the first quadrant, and
Py = [0,00)%\ ([0,0,0] x [0, 0]);
the second identity follows from the transformation

r = 2arctanu

y = 2arctanv

which maps the infinite first quadrant to [0, 7/2]*. Conversion to polar coordinates and

use of the substitution ¢t = v/27 cos@sin 6 for the radial integral yield

[ /arctan bb—" /oo z 0
m

bm / b, /bn

0 cos 6 arctan bm, sin 6

rdrdf

Il
r2 + 2r4 cos2 @ sin’ @

m,n

4dmn
2
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4 arctan t
Sl / / / / = )dt df
™ V/2byy, sin 0 arctan /2by, cos @ t +1
2mn arctan 32 1+ 202, sin? 0
— 1 —n ) df
2 /0 o8 ( 22 sin? § )

3 1 4 2b% cos? 0
1 — " )df|.
* /a:rctan bb" Og ( 2b?L 0082 9 > ]

Since log(1 +z) < x on [0,00) and tanx < 2z on [0, 7], for m > 2 there holds

1+ 202, sin? @ o . 9 1+ 202, sin* @
10g (W) +10g(bm Sin 9) = log f

2

2
< log2 + log(1 + 22,) < log 2 + 2b%, :log2+2tan2( ) < 1og2+i < 6.

2m

An analogous estimate holds for the second integrand. Consequently, if we intro-

duce a second approximation focusing on the dominant logarithmic terms

™ rctan b"

2 arctan 2o 1
[7271,n =- mzn [/ " "log (b2, sin*6) do +/ log (b2 cos® 6) d@]
0 a
then, for all m,n > 2, we can bound the difference

2 6 6 12
= 2l < 2 (T4 5) = Zn (.11)

Moreover, since

jus

arctan ;-
0< —/ B log(sin® ) df < — /2 log(sin®#) df = 7 log 2
0 0

and

jus

0<— /2 log(cos® ) df < — /2 log(cos® 0) df = 7 log 2,
arctan m 0



38

for all m,n > 2, there holds

log 16
T

2
-1 < % (7 log2 + 7 log 2) = mn, (3.12)

where we introduce a third approximation, that isolates the log(b?,) and log(b?) terms,

2 arctanb—:l z
B, =" [ / " log(b2,) d6 + / 2 log () d0]
0 a

T rctanbb—"
4 by b
- _ 77?2" (10g(bm) arctana + log(b,) arctan E) .

Additionally, log(tan ) = log(z + O(x3)) = log z +log(1+ O(2?)) = log x + O(x?)

as v — 07, and there exists a constant C' such that

™

: m) 1 <‘1 m) =1 <_)‘1<>1 ‘
log(bm) + log m| < [log(by,) — log 2m> T |los 2m +logm

= o (an (57)) = 10w (5| 10w (5) < 75+ (3)

for all m > 2. Consequently, there exists a constant C' such that, for all m,n > 2,
Lo =1 <Cmn (3.13)

where our fourth approximation which replaces log(b,,) with log(m) (and similarly for

n) is

Lyn = :Zn (log(m) arctana + log(n) arctan a) :

direct substitution entails that in fact Ifmn = A,, . By combining inequalities (3.10)—

(3.13) and setting C' = C; + % + log% + C4, we establish that for all m,n > 2:

L — Al < Cmn, (3.14)
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which completes the proof. ]

3.1. Proof of Theorem 2.12

Proof of Theorem 2.12
With A,,,, as in Theorem 3.3, equation (3.9), given constants 0 < o < 3, we need to

establish the asymptotic relationship between F),,, and mnlog(mn).

Let us begin by recalling the error bounds from Theorem 3.2:

|Frtno,l;z v m,n‘
mn

<C (T v ﬁ>3 (3.15)

This bounds the difference between the discrete sum F°" and its integral approxima-

s

tion I, ,. From Theorem 3.3, we have the approximation error

where (' is a constant independent of m and n. By applying the triangle inequality,

we can combine these results

Ftor o Amn Ftor _ Imn o
‘ m,nmn ) | < } m,nmn il |Im,nmnAm,n| < C<E+£>3+C

< f3, the ratio terms are bounded as

Gos) = (i) 01

Thus, there exists a constant C, 5 dependent only on o and 3 such that

Under the constraint o <

m
n

‘FTS“?I;L _Amv”| ’
— < C'aﬁ. (3.18)

mn
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Also, from the definition of A4,,,, in (3.9), we can bound the difference between A,, ,
and the leading term Zmnlog(mn). In particular, the second term in (3.9) is bounded

when o < % < 3, since both log (%) and arctan ll’)—: are bounded. This yields

Ay — Lnm 1
[Amn = mn log(mn)| ; max {[log a| , [log 8]} . (3.19)

mn

This in turn will imply Theorem 2.12 from inequalities (3.18) and (3.19) when £}, ,, =
Eyer . In fact, (3.18) combined with (3.1) gives us, for all m,n > 2,

‘Fféfﬁ - iA2m,2n‘ < ‘th%,gn - AQm,Qn}
mn F 4dmn

+
mn

1 m?+ n? 1 /1
<Chstz <Copts|=+8
’ mn . (07

3 3

where we applied the bound 0 < 1 (Bf"™(2m) + B{"™(2n) — B3"™(2m) — B3™(2n)) —

L < (m?+n?)/3.

As above, this estimate, (3.19) implies Theorem 2.12 for F,,,, = F. The proof
for F,,,, = F! is similarly based on (3.18) and (3.2).

s
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4. HIGHER-ORDER ASYMPTOTIC BEHAVIOR OF Fm,n(f)
WHEN m =n

Here, we refine our asymptotic analysis for square domains (m = n), illustrating

the application of the theorems derived, to three lattice types.
4.1. Lemmata

We initially analyze the function ¢ in (2.12) together with its partial derivatives

L

L
1 1
Oep(x) = T Z spesin(sg-x) and  dip(x Z S}.0 COS(8¢ - X) (4.1)
=1 L=
where 0y = , for £ = 1,2. The crucial bounds on second derivatives of f(x) pre-

oy,
sented in the following lemma build upon techniques developed in Boysal, Ecevit, and

Yildirim, Corollary 4.9 [4], and further extended in Ecevit and Boysal [5]. Lemma 3.2
of [5] provides the framework for controlling the singularity at the origin, while the

specific form of these bounds follows the approach of [4].

Lemma 4.1 (Bounds on Second Derivatives). Let 8 € (0,1) be fized, and let Qg =
{xeR?:0< x| < ¥Y—= 12(1 &l }. Then, there exists a constant C5(3) > 0 such that for
all x € Qg,

with the constant Cy(B) as in (2.2).
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Proof. Let x € Qg. By the chain rule,

O f(x) =

2(0kp(x))* = p(x)Tpp(x)
(p(x))?
Using the uniform bounds from Lemma 2.7(b) and Lemma 2.7(c) for all x € Qs and

k = 1,2, and the lower bound from Lemma (2.8)(a), we get,

2(5°|IxI)* + CL(B)Ix[*s* 35t 1

0 f(x)| < (C1(B)||x]2)3 GBIt

Taylor series approximation derivations of ¢ itself and its first- and second-order
partial derivatives around the origin follow, all of which are derived following the ap-

proach in Lemma 4.4 of [4].

Lemma 4.2. For allx € R?, allm >0, and k = 1,2, we have

1 L. .m J+1S 2j —1)"m(s, - x)2m+2
o= S g ey st wl
1 L m ]+1 )2] 1 (_1)m(s _X)2m+1
Do (x) E;S“{; 2]—1) * (2m£+ 1) COS(S"O‘)}’
P e 7 )

1 j=1

for some p,q,r € R? which depend on m and x and also lie on the line segment that

joins the origin with X.

Proof. To prove this lemma, we make use of the Taylor series expansion of cos(s - x).

For s = (s1, 52) € R?, the expansion is

cos(s - x) = E .

Jj=0



yielding

Ok cos(s - X) = —sgsin(s - x).

Similarly, using the Taylor series expansion of sin(s - x)

)2]+1

sin(s - x) Z
= 2] +1)!

we get

2]+1

Ok cos(s - x) —skz 2 +1
]

Taking the second derivative,

07 cos(s - x) = —s; cos(s - x),
we get,
oo ; )2]
OF cos(s - x) = s Z .
3=0 '

We can then write ¢(x) and its derivatives after these expansions as

{Z (—1)7+ ('Sz - x)% N (=1)™(se-x)*"" cos(sy - p)} )

27)! 2m +2)!

where p lies on the line segment connecting the origin and x.

The first derivative is

Ikp(x) = % Z Sk,e {Z (_1>j+1.(Sé ' }sz_l + (E1" (s X)jmﬂ cos(sy - Q)} )

43
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where q is similarly defined as p.

The second derivative is

6,%@()() _ % Z Sij {1 n Z (—1)j(s-e . X)Qj N (—1)m+1(Sg . X)2m+2 cos(s - r)} |

(27)! 2m +2)!

where r also lies on the line segment that joins the origin with x. We obtain required

expressions by choosing n = 2m + 1 for ¢ and 9%¢, and n = 2m for Jyp. m

Noting that, for m > 1,

L m
1
Ok (X) = i3 Sk Z

and

L m—1

PILRLEDD _(_1)2%!' - J

=1 j=1

ipm(x) =

SIS

Lemma 4.2 yields the following corollary, where the relationship between ¢(x) its Taylor

polynomial p,,(x) corresponds to Corollary 4.5 of [4].

Corollary 4.3. For allm > 1, all x € R?, and k = 1,2, we have

#(x) = Pm(¥) + L 5= D (e %) cos(se - ), (42)

ak@(x) = OkPm (X) +

L
1 m
Orp(x) = Oipm(x) + 7 (2m)! E spo(se - x)*™ cos(s; - r).

In each remainder term, by the mean-value form of Taylor’s theorem, the point p,q,r

in R?, which is also dependent on m and x, and, when applicable, on k, is guaranteed
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to lie on the line segment that joins the origin with x. We keep this consistent notation

in all three expansions.

Proof. The Taylor polynomial and its derivative with respect to x; can be expressed

as
1 & ]+1 2
ZZZ (s¢- %)%, (4.3)
/=1 j=1
1 E & JHQ] 2j—1
Okpm(x =1 ZZ (s %)7 sk (4.4)

/=1 j=1

The remainder term in our expansion takes the form

RO = 73 gy gy e GO0 ost- 6. (45)

with &(x) lying on the line segment that joins the origin with x. Hence, to take a

derivative with respect to xj of R(x) we need to apply the chain rule such that

= (2 2) s GO0 os (1 €)1 €
— (8¢ - &(x))*™ " sin (s - &(x)) - a%k (s¢ - &e(x)).-

Since &(x) is itself a function of x, applying the chain rule once more, we can show

that

0 0
8—%(Sz : fz(X)) = Sk, * gigkx)




46

By Taylor’s theorem, we know that the remainder term is already implicitly bounded.
This allows us to apply the Mean Value Theorem, according to which an intermediate

point 7, exists on the line segment that joins the origin with x such that

OR(x) 126 (—1)m

- 2m+1
Oxy, L (2m + 1)! )

Sk,z(Se * e COS(Se : 776)‘

Proceeding, we can further simplify this to introduce a single point q such that

m

L
e Z am + i o ske(se - x)*" 1 cos(s; - q)

where q is yet another intermediate point between 0 and x, depending on m, x, and
k. However, the second derivative of p,,(x) is still simple to compute since it is a

polynomial form of terms

1)+ A 24(25 — 1) (s - x) %72,

8xk Z ZZI (29)!

Jj=1

Next, we compute the second derivative of (R(x). Again, carefully applying the chain
rule, we see that
0? 2m+2
s (fse- &)™ cos(sr - ()
L

0
8:1:'

(<2m +2)(s0 GO0 cos(se- ) 5 (o1 @(x)))

0 2m+2 s 0
TR ((Sz &u(x)) sin(sy - &(x)) - a_xk(sg . &(X))) _

We then differentiate each term according to the chain rule, do the simplifications, and

finally apply the Mean Value Theorem to get

m

PR(x) 1y
8x Z s” s¢-X)*™ cos(s - 1)
k

€:1

where r is another point along the line segment that joins the origin with x. O
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Bulding upon the above corollary, we arrive at the estimates that follow.

Corollary 4.4. For all x € R?, we have

§2m+2
. < 2m+2 _
[000) = pul30)] € ol (1.6)
§2m+2
_ < - 2m—+1 .
900) — ()] < g0y (17)
§2m+2
90(6) — 00 < T Il (48)

Proof. We employ Corollary 4.3, the triangle inequality, and the Cauchy-Schwarz in-
equality to have

1 2m+2 2m+2
060 = (39| < 7 Tl §:||s [
1 . . §2m+2 .
< o [P ma [|s || = x|
(2m + 2)! ¢ (2m +2)!

This proves (4.6).

For (4.7), differentiating with respect to k, applying the triangle inequality and

bounding by the maximum 3, we get

L

I fsnelllsel .

(=1

1 1

|Okp (%) — Opin(x)] < Lem+1)

With the inequalities

Z skl llsel| " < Z Ise|2™, < L2+,

we obtain,

§2m+1

m” ||2m+1

Okp(x) — Orpm (%) <
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establishing (4.7).

For(4.8), differentiate again

L
1 1 m m
Ok () = Ohpm ()| < 7 Il ;sz,guwuz .

Using the Cauchy-Schwarz inequality in its vector form,
L L /2 , | 1/2
el () (D)
=1 =1 =1

and bounding each term as

I 1/2 I 1/2
(Z s,zf) <3, (Z ||s¢H2m> <3,
/=1

we get

=2

(2m)!

|2m'

|0kp(x) — Fgpim (x)] < 1]

This completes the proof of (4.8). So, the corollary holds for all m > 1, x € R?,
and k= 1,2, 0

The bounds for the Taylor polynomial and its derivatives given in the following

lemma correspond to Lemma 4.7 of [4].

Lemma 4.5. The following bounds hold for the Taylor polynomial p,,(x) and its deriva-
tives. For any Cy > 0, and for allm > 1, x € R? with ||x|| < Cy, and k = 1,2



(i) the Taylor polynomial p,,(x) satisfies

HSgH2 C 272 cosh(3Cy) — 1
[P (x ||X|| ZZ < [,

C3

(=1 j=1

(ii) the first-order partial derivative is bounded as

||Sg||2j 102j 2 S Sinh(§C4)
|Okpm (x)| < —||X||lekelz < 1],
7j=1

Cy

(111) the second-order partial derivative is bounded as

L

2
10ipm(x)] < — ! Z { Z s H2JC J} < 5% cosh(3Cy).
j=1

f:
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(4.9)

(4.10)

(4.11)

Proof. Recalling that p,,(x) is the 2m-th order Taylor polynomial of the function

given by

we prove each inequality separately.

(i) Using the triangle inequality, Lemma 2.9(1), and the inequality

[(se - %) 2] < [|][* s ]|,

(4.12)



(iii)

20

which follows from the Cauchy-Schwarz inequality, we get the following estimates

Isel| > C37 2
25!

series, related to the hyperbolic cosine function

Next, we recognize that the series Z;; is a part of the exponential

2j

; @) = cosh(z) — 1.

Thus, if § = maxy ||s¢||, we have

Z HSgHQJCz] - - cosh(sCy) — 1
C? '

Hence, we conclude as

cosh(sCy) — 1
0] < L=

We now obtain the following estimates by applying the triangle inequality, the

Cauchy-Schwarz inequality, and the inequality (s, - x)% 71 < [|x||*7||se[|¥ !

||s4]|2j 1023 > 3sinh(5Cy)
|Okpm (X)] < —HXH Z k.0l Z <—— Il

7=1

where we used the series expansion of the hyperbolic sine function

We obtain the following estimates by applying the triangle inequality, the Cauchy-

Schwarz inequality, and the inequality |(s, - x)%| < ||x||*||s¢[|*
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- ||s£||2fo%
Opm(X) < 7D s Z < 5 cosh(3Cy),
j=1

where we used the series expansion of the hyperbolic cosine function

ixA = cosh(z) — 1.

J=1

[]

Corollary 4.6. (i) For a given Cy > 0, there exists a constant C, > 0, depending

only on Cy such that

C/
Ok f1(x)] < T=["

provided that 0 < ||x|| < Cy, where, 0% f1(x)

= %2;;1 denotes the second partial
k
derivative with respect to the k-th component.

(ii) Given a fized 8 € (0,1), there exists a constant C5(B) > 0 satisfying |0% fon(X)]

12(1 —
15(“62 for allm > 1 and for 0 < ||x|| < #7 where 5 = max; |||

Proof. (i) We begin by expressing the second partial derivative of f;(x) with respect

to x as

2 2 (%))? — pr(x) F2pn ()
Oefix) = () '

Applying the triangle inequality, we obtain

2 ¢ ) < 2101 (X)) + [0 (X)] |03 (%)
|akf1< )l < |p1<X)|3 :

Now we make use of Lemma 4.5(3) and Lemma 2.9(1) in the inequality of |02 f; (x)|
and get
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2 9 (s sinh(3 Cy) || ”) M ||X||2 3 COSh(S 04)
|05 f1(x)| .
(E”XH )’

Subsequent simplification yields

8 L3352 1

07 f1(x)| < —— [3cosh®(5Cy) — cosh(5Cy) — 2] TR
Ci Il

We can write the constant in the above inequality as C)j by

8 L3352
=
4 CZ

[3 cosh?®(5Cy) — cosh(sCy) — 2] .

So, we are now able to show that |07 f;(x)| < for 0 < ||x|| < C4, where C

[[x ||4
depends only on Cy. Using the derivative rules for composed functions, we can

express 07 f,,(x) in terms of p,,(x) and its derivatives. For f,,(x) = e e
have
akpm(x)
Ot (x) — 4.13
he fim (%) (pm(x))2 (4.13)
O2pm (x 2(0pm(x))?
0 fn(30) = — ) 2(00m(x)) (4.14)

(Pm(x)) (Pm(x))?

From Lemma 4.5, we have bounds on p,,(x) and its derivatives as

cosh(sCy) — 1

er I,

|pm (X) | <

S sinh (5 Cy)
Cy

|Okpm (x)| < 11,
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and
|02 pm (x)| < 32 cosh(3 Cy).
Additionally, from Lemma 2.9(2), we have the lower bound
pl) 2 4 (1.15)

| < «/1251—5)

and simplifying yields the desired result

for ||x . Substituting these bounds into the expression for 92 f,,(x
g k

C
2 1)) < 0L (4.16)
Il
where C5(/3) is the constant defined as
Cs5(B) = % [3 cosh®(y/12(1 — 3)) — cosh(y/12(1 — ) — 2] .

For f,.(x), we follow a similar approach. The second partial derivative satisfies
the recursive relation
_ 200kpm(x))* = pm(X) P (X)

O fm(x) = RO , (4.17)

valid for all x in the domain of definition. Applying the triangle inequality, we
get

2|0kpm ()| + [P ()] [05Pm (%]
[Pm (%)

|05 fm ()| <
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We apply the bound from Lemma 4.5(3) and Lemma 2.9(2) again and substitution
yields

— . — 2 S
5 smgisCz;) ||X||> + % ||X||2 352 COSh(§C4)

(£ |Ix[I2)°

|%m@ﬂé2<

Simplifying, we get

8 L3352
B3 CE

1

R f.(x)] < )
| kf ( )’ < HX||4

[3 cosh?(5 Cy) — cosh(s Cy) — 2]

Now, we choose Cy = —Vlzg_ﬁ) which satisfies the condition in Lemma 2.9. This

leads to
|%m@ﬂ§8§f[%%W( mu—m)—mm< mu—m>—4

a 1
12(1 = 8) [Ix[1*”

We define C5(f) as the constant factor in this inequality as

1
12(1- )

C5(8) = 86254 FSCOShQ( 12(1 — ) — cosh( 12(1-—-@))-_2}

Therefore, we have shown that [02f,,(x)] < <22 for all m > 1 for 0 < ||x| <

ER
V120-8)

, where C5(/3) depends only on 3, where

_ 8L%*' sinh’(y/12(1—pB))  28%L°

=5 -5 B

-cosh(y/12(1 — p3))

For typical values such as 8 = 0.5, this yields approximately C5(0.5) ~ 500L3s*,

which remains finite for all legitimate lattice structures where L and s are bounded. [
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Lemma 4.7. For 3 € (0,1), there exists Cs(3) > 0 such that for allm > 1 and x € R?

with 0 < ||x| < Y2

s

o
_
=

|0 (x)] < Co(B) I/~

for k = 1,2 where h,,(x) = f(x) — fn(x).

Proof. Given f(x) = ﬁ and f,(x) =

Our goal is to bound its second partial derivative with respect to x.

p—ml(x), we define h,(x) = fi(x) — f(x) =
Pm (%) =p(%)
P(X)pm (x)

Applying the quotient rule, we compute

9%h (X) _ algpm@() - 8,3@()() . (8kpm(X) = aggO(X))(ak(p(X)pm(X) + (p(x)@kpm(x»
o ()P () EETCE

Y

which, with algebraic simplification, expands into

s 20k pm(%) — PN ) + P () 0() + ()
Gihan () = BT

| 20600%) ~ Apn(ON[Akp(x) + ()
7 )
SR ()[P(x) — ()19 (%) + Pn()] | Fp() — BBp(x)
* 22 (%) e W

To bound the absolute value, we apply the triangle inequality to each term and get

2[0k (%) [P (%) — 9(x)|(P7 (%) + P (X)0(x) + ¢*(%))
()P lpm (x)[?
L 2106p(x%) = 0P ()| (1010 (3)| + |0k (X))

|05 (x)] <

[Pm (x)[?
1020(x)[|0(%) = P (X (2(%) + Pin(x)) | |03 (%) — DF0(x))]
: O Flpn )P A S (419)

We now substitute established bounds from prior results. Lemma 2.7(a) and (b) provide
bounds on |p(x)| and |Oxp(x)|, and Lemma 2.8(a) gives the lower bound for ¢(x),
while Lemma 4.5 and Lemma 2.9 address the Taylor polynomial p,,(x). Corollary 4.4;

in particular, inequality (4.6), estimates the difference between p(x) and p,,(x). These
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bounds facilitate the subsequent analysis of the lattice sum approximations. Applying
the bounds from Corollary 4.4, in particular equation (4.6) for |¢(x)—pm(x)|, we obtain

a combined expression. After careful reduction, this results in

32L35* ™ 0[cosh(sCy) — 1JCF | o . 32L%5*™T5[5C, + sinh (5 C -
02 ()] < T e Ol s
N 16 L35> 0[52C? 4 2(cosh(s Cy) — 1)CF] x4 16 L3352+ Ix]2m
BCL(B) BCE(B)
B L3§2m+4”XH2m74 3252%[cosh(sCy) — 1]C?  325[5C, + sinh(5C})]
e Ci(B) Ci(B)
1652[5%C? + 2(cosh(s Cy) — 1)C%] 16
+ 2 + =
Ct(B) Ci(B)
Defining the constant
Co(B) = L3524 [325%[cosh(5 Cy) — 1]C2 " 323[sCy + sinh (s Cy)]
i EE i (p) SHE)
165%[5*C? + 2(cosh(s Cy) — 1)C%] 16
+ —+ , 4.20
CH(B) c5) 20
we conclude
|Okhum (x)] < Co(B)|x],
establishing the desired bound. O

For comparing the sums and integrals we will have, we need the asymptotic
estimates for radial sums presented in the lemma below that utilize the results from

Lemma 4.11 of [4].

Lemma 4.8. Giwen a € R, we have, as n — oo,

n =4 O(logn), a=2, (4.21)
o Zop, R Tl | OB
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Proof. Define S,, = A2 >, MaXxcy,, ==. We begin by noting that for o > 0, the
t,kEDn gk x|

function —— decreases as ||x|| increases. Since t;, is the midpoint of rectangle X 5, we

[I[le H“

1

have [[t; x| < ||x|| for any x in the corners of X ;. Therefore, maxycx,, HX\\“ < oE
s

|a7

which implies

1
< A? .
Sn <AL D oAl

tj’kEDn

We proceed by considering three cases,

(i) For o > 2, we have

1 B ( n >a 1
[tielle  \2m/ (52 + k2)o/2

Therefore,

1 n o\« 1
8 =) M X e

tj,kEDn ||t]7k tj,kGDn

We can approximate the sum using a double integral as

dx dy
Z (] + k2 (52 1 .2\a/2 / / .]32 a/2

t; k€D

Define S,, = thkeDn f(t;x), then, for o > 2, the integral is bounded by

[ [t [ [ [ [0

Hence,
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(ii) For v = 2, we consider the sum

> o

2 2\’
thgEDn j +k)

We approximate this sum using an integral

Z 1 N /" /” dz dy
2 2y :
£ 7C Dn (72 + k?) 1 J1

2?2 + y?
The integral for o = 2 is bounded by

/"/" d:cdy / dy ydx_4/”@(_l
v S Pty 1 1Y

X

y ES

n1_1
)of e
1 1

Y

O(logn).
Thus,

S, < A20(logn) = O(logn).

(iii) For a < 2, we approximate the sum using a double integral over the domain
[1,n]?

et (] + k2 a/2 QZ’2 a/2
7,k n

By evaluating the integral, we find that it converges to O(1) for a < 2. Hence

1
S, = A2 = O(1).
2=, Tl

The integral is bounded by

[ L w5 E ]
172 a/2 . T Y-
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Since a < 2, the integral fln z—i converges as n — oo, implying that the overall

integral is O(1). Hence,

With these bounds established, we now quantify the leading asymptotic behavior

of sums and integrals involving f and f;.
4.2. Asymptotic Behavior of I,(f1)
Having analyzed the discrete sum F),(f;) in the previous section, we now turn
our attention to its continuous counterpart, the integral I,,(f1). This integral plays
a crucial role in our asymptotic analysis, as the difference between F,(f) and I,,(f)

contributes to the overall error term in Theorem 2.15. To proceed with the proof of

Theorem 2.17, we begin by applying the definition of f; from equation (2.50).

Proof. (of Theorem 2.17)

By (2.50)

1 1 2L
In(fr) = F//D frdedy = E// ax2+bxy+cy2dxdy

where a,b, c are as in (2.48). Since fi(x,y) = fi(y,x). We now define the following

sets to decompose the domain D,,

E(R) = (10, R] x [=R B) \ (10, 5] x [, 2]),

E, = [W—z,ﬂ'—l-z] X [—ﬂ'—z,—ﬂ'—l-—],
n n n n
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where F(R) represents the half-plane domain excluding a small rectangle, and E,
denotes the boundary region at the corners of D,. These sets allow us to express
D, =~ E(m) U E, for odd n, with appropriate adjustments for even n, facilitating
integration over regions more amenable to analysis. The explicit form of D,, in (2.19)

enables us to write

1 foEW fi1dx dy, n is odd,
L(fi) = ) (4.22)

<ffE(7r+%) + ffE(ﬂ—_%) - ffEn> f1 dx dy, n is even.

Indeed, for R > 7, the transformation to polar coordinates yields the double integral

% smG 2L
dx dy = d db
/E(R o /g / a00829+b008081n0+csm 0r "

cosG 2L
/ / drd(‘)
a00329 +bcoshsinf + csin? 0 r

/sm9 2L d de
acos?0 +bcosfsinf + csin®6r (4.23)

nR 2 2L
=1 — do
og< T )/_w acos? @ + bcosfsin b + csin’ 6
b+2ctan«9> 2
VA

() e () s

[SIE] M%

arctan <

s
2

Using(4.22), we obtain

L
L(f1) = ————==n%logn

my/det(STS)

when n is odd, and

B L ) 1 1 1
I,(f) = T /3oi(57S) n (logn+ 5 log (1 n2)> Az /En frdxdy
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when n is even. As for the very last integral, since 97 f1,05f; < 1 on E,, Lemma 2.6

gives

1 2L 1 1
/Enfld‘”dy—fl( m ””O(nz) Zm_—mw(ﬁ)

4.3. Proof of Theorem 2.13

Let S = {F.(f), F.(f1), I.(f), L.(f1)}. We aim to show that for all pairs
A, B € S, the difference |A — B| = O(n?) as n — oo.

We first consider the difference between the sum F,(f) and the integral I,,(f).
By Corollary 4.6(1), this difference can be bounded as

|Fn(f) — Z xrg)%xk ||X||4’ by Corollary 4.6(1) (4.24)

|_12

where (' is a positive constant independent of n. By using Lemma 4.8, in particular

the case for @ > 2 in equation (4.21),we can bound the sum over 1/||x||* as

1 1
L S ——5 TR
2 T 2 P

tj,kEDn

So, plugging this back into the inequality, we get
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Now let us examine the difference between the sums F,(f) and F,(f1). We need
to bound the difference |f(x) — f1(x)|. By Lemma 2.10(ii), we have the uniform bound

[f(x) = Ax)[ < C(5)

for ||x|| < 0, where C'(3) = 3—L4— is a constant. For points t;; far from the origin, the
difference is also bounded. Thus, for all t;; € D,,, we can assume |f(t;x) — fi(t;x)] is

bounded by some constant C),.,. Therefore,

IEu(f) = Fu(fI < >0 1ftja) = filtii)] < ) Chnax = Conax - | Dl

tj’kEDn tj,keDn

Since |D,,|, the number of lattice points in D,,, is O(n?), we conclude

|Fn(f) - Fn(fl)’ < Chmax O(nQ) = (9(712).

Next, consider the difference between the integrals I,,(f) and I,,(f1). By Corol-
lary 4.6(2), the difference f(x) — fi(x) behaves as O(]|x||?), so

[f(x) = fix)] < Collx||*

by Corollary 4.6(1). Substituting this into the integral difference

11 (f) = In( fl‘—‘//n — fi(x dx<C6// x| dx.

By Lemma 4.8(3) (in particular, the case for a < 2 in equation (4.21)) to compute the

integral

// e = O,
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we conclude
1L.(f) = L(f1)| = O(n?).
For any remaining pair A and B in S, we use the triangle inequality
|A—B|<|A-C|+|B-C]|.
Since individual terms are O(n?), we conclude
|A — B| = O(n?).

We have used corollary 4.6, Corollary 4.4, Lemma 2.9 and Lemma 4.8 to show that
the difference between any two elements in the set S is O(n?). This covers all (;1) =6
possible pairs in S, including sums vs. integrals and different functions. Thus, for all

pairs A, B € S, we have
|A— B| = O(n?).

Thus, having established that |F,,(f)—F.(f1)|, |Fn(f1)—L.(f1)], and | L,(f1)—I.(f)| are

all O(n?), the leading term in the asymptotic expansion must be the same for all these
" _ L 2 2

quantities. From Theorem 2.17, we know that I,,(f;) = ﬂ\/mn logn + O(n?),

which we will examine in detail later. Therefore, all quantities in the set .S must share

this same leading term, proving the theorem.
4.4. The Sum F,(f)

The asymptotic behavior of the sum

Fn(fl) = Fn,n(fl) = Z fl(tj,k)

tj,keDn,n
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will be our focus now. In our analysis, we first relate this sum to the auxiliary sum G,:

n—1
1 1
= 4.2
Cin Z (an—bjk+ck2 + aj2+bjk+ck:2) ’ (4.25)

J,k=1

where a, b, and ¢ are positive constants satisfying b* < 4ac.

Definition 4.9. The positive definite binary quadratic form is defined as
Q4, k) = aj® + bjk + ck?,

with discriminant d := b* — 4ac < 0, where a,b,c € R and a,c > 0.
The quadratic form Q(j, k) = aj? +bjk + ck? in equation (4.25) can be expressed
in matrix form as

a b/2| |j
b/2 ¢ k

QU k) = [j k} (4.26)

The condition d = b* — 4ac < 0 ensures that the matrix in (4.26) has positive eigenval-
ues, which guarantees that Q(j,k) > 0 for all real pairs (j, k) # (0,0). Consequently,
the quadratic form remains positive for all integer pairs (j, k) # (0,0), confirming its

positive definiteness under the conditions a,c > 0.

In order to analyze the asymptotic behavior of the sum G,, defined in equation
(4.25), we need to introduce a complex parameter that encodes the geometry of the

lattice. This parameter is defined by

—b+ +/|dli
p=——

5 (4.27)
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The parameter ;1 has a geometric interpretation; it represents the ratio of the
two periods of a complex lattice in the upper half-plane. For different lattice types, we

observe the following.

e For the Square Lattice, we have i = i, corresponding to orthogonal basis vectors
with equal length.

e For the Triangular Lattice, we have p = , corresponding to basis vectors

—1+iv/3
2
with angle 7/3

e For the Union Jack Lattice, we have u = ¢ (with scaled coefficients), reflecting its

square structure with diagonal connections.

The parameter p lies in the upper half-plane ((u) > 0) due to the positive
definiteness of the quadratic form, which enables the application of modular transfor-
mation properties when evaluating the Dedekind eta function n(u). This will be crucial

when expressing our asymptotic results, as outlined in Theorem 2.16
4.4.1. The Sum G,

For G,, as in the sum in (4.25), we have the following theorem, where the precise

asymptotic expansion presented corresponds to Theorem 3.4 of [4].

Theorem 4.10. As n — 0o, we have

1 n 1 . 1
12\a—b+c a+b+c 64/]d| | n*
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TS (T VI (I Lol
6 \a ¢ 12\a—b+¢c a+b+c n3 nt

where 1 represents the Dedekind eta function and, while Cly stands for the Clausen

function, defined by

Cly(6) = i sintkt) g em),

k2
k=1

see [13];

2a — b 2a+0b
C(a,b,c) :=Cly | m — 2arctan Cly | m — 2arctan
e ( t (m))* ( t (Wcu))

2c—b 2c+b
T — 2arctan | ——— Cly | m— 2arctan | —— . (4.29
t (fld|>)+ ( t (flcu)) e

Theorem 4.10 provides the complete asymptotic expansion for G, with explicit

+ Cly

error bounds. The connection to our original lattice sum F),(f;) comes through the
relationship F,(f1) = STn;[Gn +boundary terms|, where the boundary terms arise from
the lattice points along the coordinate axes. By carefully accounting for these boundary

contributions, we will derive the asymptotic behavior of F,,(f;) in Theorem 2.16.

Remark 4.11. Given that G, remains unchanged when a and ¢ are swapped, this result

must exhibit the same symmetry. The sole apparently asymmetric term in Equation

(4.28) is

47 T

C
——=log|n(p)| + ——=log —.
Vd| 2y/ld| ~a

Nevertheless, swapping a and ¢ leaves the value unaltered, owing to the transformation
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valid for any 7 with &7 > 0, adopting the principal branch where 12 = 1. The

invariance under the substitution of b with —b arises from the equality |n(u)| = |n(—m)|.

We give the proof of Theorem 4.10 along with an analysis of the asymptotic
behavior of the auxiliary functions. The parameter p is given by (4.27) where the
imaginary unit ¢ enables the appropriate handling of the discriminant’s square root,
maintaining the structure required for transformations. The terms involving p and 7
contain imaginary components; however, it is important to note that these imaginary
parts cancel out when combined in the summation. This cancellation ensures that the

contributions to GG, are real-valued. For instance, logarithmic differences such as

log(n + pj) — log(n + 1j)

yield a factor of 2¢ due to logarithmic identities. Summing these contributions absorbs

the imaginary component, resulting in purely real-valued arctangent terms.

Using the summation identity for the digamma function defined as ¥(z) =

4Inl(z) = F (Z) from [14],

i
L

1

1k;—|—z

=yv(n+z)—yY(1+2), (—z ¢ N), (4.30)

T

we decompose the sum G,, as

T

M|>—‘

( (n+ 1) — V(1 + pg) — b(n + 1) + (1 + 1)
(4.31)

= (0 = 1) + (1 = )+ bln — 1) — ¥ (1~ 75j)

where 1 is defined by equation (4.27).To handle large arguments in the digamma func-

tions, we apply the asymptotic expansion

1 1 1
—logz— — — — _ 4.32
U(z) =logz 5, 1952 +0 <\z|4) . as|z| = oo, |arg(2)| <7 — B, (4.32)
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where § > 0 is a small positive constant and the condition |arg(z)| < m — 3 is satisfied

for z = n+ pj and z = n — pj. This is because I(uj) = \/j] is bounded relative
ton for 1 < j < n—1, ensuring that arg(n + pj) and arg(n — pj) remain within the

required range for sufficiently large n. Using recurrence and reflection formulas

W14 2) = 0(2) + =, (1 — 2) = 1(2) + 7 cot(r2),

z

we proceed to simplify G, as

Gy \/WZ <logn+m) log(n + 71j) — log(n — puj) + log(n — 1j)

1( 1 1 1 P 1 >

_i( Y 45 YA wYms )
2\ (n+uj)? (n+m)? (n—pj)?  (n—75)?

. ) 1 1 logn
+ meot(muy) — meot(npj) — —+— | + O ( g4 ) )
nj o n

To further simplify, we express logarithmic terms in terms of arctangent functions using

the identity

log(x + iy) — log(z — 1y) = 2i arctan (%) ,

transforming the logarithmic differences into real-valued arctangent expressions

. n—1 .
7 1 ) \ |@)] ) |d|;
E -2 t 2 t —
|d| j:1j( 7 arc an( C—bj) + 27 arctan <2c+bj
1 — . _ )
__<(u Wi (m M)J>

In+pjl> o |n— pil?
1 (Q(ﬁ —wng + (7 — p?)3* 2@ — pnj — (7% — M2)j2>

G, =

: + :
n+ pjl* [n = pglt
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This results in

121 1 1
on ;( i\ _pi AR N >
1 a(ﬁ) —b;—i—c a( ) +bl +¢
1 n_ll( 20—1)% 2c + bt
- 2 2 .
12n = j

e21'7rp‘j n—
i1 — 62“””) \/H Z h

n—1
1 1 logn
— 5 - T @ < > . (4.34)

We express (G, in terms of auxiliary functions Gy as

2 1 47 2T 1 logn
G,=——— — ——Gs — — o —=—
|d|g g2 1on 29 o \/m%-i— \/WQE) agﬁ-I— < n )

where

n—1
G = % (arctan \/l_— +a \/—j )

2c — by + by

1
n—1
1 1 1
92: - AND) . + D) X )
TSI \a(L) =bl+ec a(l) +bL+c
— 1 2c — bl 2c+ b’
- +

= (a(%)2—b%+0>2 (a(%)2+b%+c)2

7=1
n—1
1
gS == )
=17
n—1
1
gﬁ = -
]2
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Indeed, each Gy, captures a specific aspect of the asymptotic behavior. In detail,

e G, captures the main logarithmic growth through arctangent integrals.
e G, represents first-order boundary corrections.

e G5 accounts for second-order corrections in the denominator.

e G, connects to the Dedekind eta function, encoding lattice geometry.
e (s is the harmonic sum contributing to the constant term.

e G is the sum of reciprocal squares, related to ((2) = 72/6.

To derive the asymptotic behavior of G, we define a continuous function g;(z)

such that

1 dlz
g1(z) =g_(x) + g+(x), where gi(z)= - arctan <20 L: |bx> )

This allows us to approximate G; by

n—1 .
1 J

G ~ E —01 (—) .
= n n

Applying the Euler-Maclaurin summation formula (2.1) with p = 4, we express this

suln as

p 1

n—1 . 1
1 J\ 9:(0) L Be [ (6-1)
o (1) = [ a0+ > @] )

Jj=1

ensuring that the remainder term ry,,(g;) is of order O(n*). For each function g.(z),

we can express the arctangent term as

\/ 2ax — b+
arctan(ﬂ>:%log<l+ ar — b |d|x>

2¢ &+ bx 2¢ + bz

This identity follows from the fact that for complex numbers z = a + bi, we have

arctan(b/a) = Slog(a+bi). Setting a = 2c+tbx and b = +/|d|z gives the desired result,



71

connecting the arctangent term to the imaginary part of a logarithmic expression and
facilitating integration by parts. To handle the singularity at x = 0, we employ a

limiting procedure

1 1
/ g1(z)dx = lim/ g1(x) dx
0 =0 /.

Using the dilogarithmic identity fol iofi dz = —Liy (—=), we express the integral as

! b+ J|d]i o =b+\/|di
/Ogl(x)dx:%[[‘b (TH)—LIQ <T|| .

To convert this to real values, we apply Kummer’s formula

. "log(1 —2 0 2
Liy (re™) :/ og( xcosl +x )d$
0 2z

1
+1 {w logr + 3 (Cly(20) + Cly(2w) — Cly(260 + Qw))} :

1—rcosf

where w = arctan (M) With r = \/g and f. = arctan ( ) + 7, we obtain the

NG

real-valued form

! T c—a a 1
/0 g1(z)dx = (5 — arctan (ﬁ)) log \/; + éC(a, b, c), (4.35)

where C(a, b, c) is the auxiliary function defined in (4.29). For boundary corrections,
we examine the behavior at x = 0 and x = 1. For the boundary values at the origin,

we have

\/Eb " (0) _ \/kil(b2 B 4CLC) (436)

0) =
9+(0) :chgj: 33

which are essential for our error analysis. At x = 1, we calculate

g+(1) = arctan ( \/W) , (1) = 2_\/@) _ arctan ( |d| ) ’

2c+ 0 (atb+c 2c+b
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Combining the main integral, boundary corrections, and higher-order terms, we obtain

the complete asymptotic representation of Gy

1 Vd| 1 1 7r c—a
. t
+12n2< 2 (a—b+c+a—|—b—|—c> 2—|—arcan< |d|>>

To approximate Gy, we start with its original summation expression

n—1
1 1 1 1 1
%35 (3 )
j=1

+pg ntpg n—pj n—p[y

where p = _b+QC 4 and @ is its complex conjugate. This structure suggests that G,

can be approximated more efficiently by defining a function go(x) that captures the

quadratic relationships in the terms of G,. Thus, we define the function

1 1

+ ;
ar? —br+c ax?+bxr+c

g2() =

where a, b, and ¢ are parameters from the quadratic form Q(j, k) = aj?+bjk+ck?, with
discriminant d = b? — 4ac < 0, ensuring that Q is positive definite. This definition of
g2(x) encapsulates the structure of the individual terms in Go and allows us to express

Gs as
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Applying the Euler-Maclaurin formula (2.1) with p = 4 to this expression yields

3 DA 9 00) + ()M + 0 (a)

where A, = % The principal contribution comes from the integral term as

1 1 1 1
dr = d
/0 ga() da /0 (axZ—bx+c+ax2+bx+c> v

For analytical purposes, we decompose this integral into its constituent components as

! 1 - 1
——d ——du.
/0 ar? —br +c a:+/0 a2tz +c

Each of these integrals converges because az?® + bz + ¢ remains positive over [0, 1] due
to the discriminant d < 0. Furthermore, both terms behave as constants divided by
¢ near x = 0, so the integrals converge smoothly over the interval. To simplify the

expression, we use symmetry in b and rewrite the sum under our change of variables as

1 1
C
dr =2 d 4.38
A 92(3:) oy A (axQ + 6)2 _ b2x2 Z, ( )

where the denominator structure reflects the underlying quadratic form. Evaluating

this integral yields

! 2 T c—a
go(x)dr = —— | = — arctan ,
[ riorie= g (5 -wen (55))
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where the arctangent term accounts for the asymmetry in b and adjusts the result based
on a and c. To further refine the approximation, we address the boundary corrections

at r =0and x = 1. At z = 0, we evaluate

92(0) = 2,
which provides a boundary correction term of
20 _ 11
2n n c
At x =1, we compute
1 1

1) =
92(1) a—b—i—c—i_aer—i—c7

giving a boundary correction of

p() 1 .
2n  2n\a—b+c a+b+c)’

Thus, combining these, the boundary corrections at x = 0 and z = 1 contribute

1 2+ 1 n 1
2n\c a—b+c a+b+c/)’

To achieve further precision, we also include a higher-order correction term at O(1/n?),
which comes from evaluating the second derivatives of go(x) at x = 0 and = 1. These

terms provide an additional correction of

1 2a —b n 2a + b
2n2 \(a—b+¢)? (a+b+¢)?)’
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accounting for second-order boundary effects. Combining the integral, boundary cor-

rections, and higher-order terms, we arrive at the refined approximation for G, as

G, — 2 T . c—a 1 2+ 1 N 1 )
——arcan —— | -
2T ,/|d| Vd| 2n\c¢c a—-b+c a+b+c

1 20 — b L 20 +b Lo 1
12n2 \(a—b+c¢)?  (a+b+c)? nt)’

For @3, beginning with the initial form, we have

anzli(l+1+1+1)
P2\ (i) ) (n—mw)? (n—m)?)’

7=1

|dlé

where p = 2 and @ is its complex conjugate. We approximate G3 by defining

2c — bx . 2c + bz
ar? —br +c¢)?  (ax?® +br +c)?’

93(1;) = (

which represents the structure of each term in Gz and enables us to rewrite Gs as
n—1 1 ]
Gs ~ ; ng (E) .

Applying the Euler-Maclaurin summation formula directly to Z;:ll ]% g3 (%), we treat

it as

1 (2) [ 2 OO B sy g

= J

.
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where f(z) = Zg3(x) and B, denotes the Bernoulli numbers. This integral and the
boundary terms provide the primary approximation for G3. To compute the main term,

we evaluate

! "1 2c — b
/ g3(z) dp — / 1 c—bx N 2c+ bz Ji.
0 2 o 22 \(ax? —bx+c¢)?  (az?+ br +c¢)?

Due to the m% term, this integral introduces both logarithmic and constant terms near

x = 0. Expanding each term asymptotically for small x or performing partial fraction

decomposition, we find

/lf()d 1 L 1 d 2 s arct c—a
x)dx = — —arctan —— | .
0 a—b+c at+b+ec Vid| \ 2 V1d|

Calculating boundary corrections at x = 0 and z = 1, we evaluate derivatives of

flx) = x%gg(x) as required by the Euler-Maclaurin approach (2.1). At x = 0, we find

B0) =2, F0)=
which contributes a correction term
SO 12
2n? n? c
At x = 1, we compute
2c—b 2¢+0

g3(1) = f(1) = gs(1),

(a—0b+c)? * (a+b+c)?

providing a boundary correction of

gs(1) 1 (( 2 —b 2 +b )

m2  2n2 a—b—l—c)2+(a—|—b—|—c)2



7

These boundary terms will combine into the total correction by utilizing

1 4+ 2c—=b n 2c+0b
2n2 \c (a—b+¢)? (a+b+c)?)

To achieve maximal precision, we include higher-order boundary corrections by eval-
uating the second derivatives of f(z) = Sgs(z) at = 0 and z = 1. This yields a

correction at O(1/n?) as follows

1 ( 2(2a — b) 2(2a + b) >

120 \(a—b+c)  (a+b+c)

Combining the integral, boundary corrections, and higher-order terms, we obtain the

final expression

1 n 1
a—b+c a+b+c

+i (E — arctan (c—a))

Vidl \ 2 vad

1 /4 2c—0 2¢+D
- (-+ +

2n2 \c¢  (a—b+c)?  (a+b+c)?

“ (@ i) O ()

G3 =

For G,, we employ a different approach utilizing the properties of Dedekind’s eta

function. Beginning with the sum representation

29Ty

n—1
1 e
Gy = 2 ST (4.39)
J:

where p is defined by equation (4.27), we proceed by setting q := €™ with |¢| =
e~mVldl/e, Rewriting G, in terms of ¢, we obtain

Gy = Zl ¢ _ (4.40)
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Given |g| < 1, we extend the sum to infinity with an error term

LSS o) ST (1.41)
- R N -+ O(|q™). 4.41
Zil-¢ Hil-¢

Expanding 1_1q]

o0

Z

Z Z ¢ty (4.42)

]l_q] pa—

Interchanging the order of summation for this convergent infinite series, we establish

the identity

i = — Z log(1 — ¢**1) (4.43)

Jjl—¢

which we can equivalently write as

oo

Zl fj = log (ﬁ(l - qk“)) . (4.44)

=1 J 1 a4 k=0

The interchange of summation order of (4.43) is justified by absolute convergence of the
series when |q| < 1, which follows from ||¢7 /(1 — ¢/)|| < C¢’ for some constant C and
all j > 1. This identity follows from the logarithmic series expansion —log(1l — z) =
D s 2 for |z| < 1, applied term by term. Now, recall the classical identity for the
Dedeklnd eta function defined in [12]

o0

n(r) =g [[1=d", q=e"" (4.45)
k=1

Using this identity with 7 = u, we can express our infinite sum in closed form as

[e.9]

1 ¢/
>ty = s la ). (440
j=1
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Taking the real part and accounting for the error term, we obtain

Gy = —R (log (¢ n(w))) + O(lal"). (4.47)

Simplifying further, we get

™

G = - (# +log In(u)l) +0(lal"). (4.48)

For G5, we start with the harmonic series

which approximates logn + 7, where v is the Euler—-Mascheroni constant. Extending

the series slightly and including corrections, we find

1 1 1
Gs=logn+~vy—— — +(9< )

on  12n2 nt

Finally, to derive Gg, we use formulas (6.4.3) and (6.4.12) from Abramowitz and Stegun

[14], §6.4, for series sums. Given

we approximate it using integrals and correction terms for improved accuracy. The

main term from the integral [* 25 du is
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Adding higher-order correction terms, formula 6.4.3 of [14] provides 5* 5,z and 12 ——3, yield-
ing

<.
i
.
N
[\
3
—_
[\
S
w

Incorporating the constant term m ’

& (since >°°° 1] = %), we find that the auxiliary
sum admits the asymptotic expansion

m 1 1 1 1
Ly sy g 4.49
Ge 6 n 22 ond " <n5) ’ (4.49)

as n — o0.

The error term in our final asymptotic expansion is determined by the behavior

of Gg in equation (4.49), combined with the contributions from equation (4.37)

Completing our asymptotic analysis, we conclude that the final expressions for

947 95, and Gg are

d n
v +1og|n(u)|) +0(la")

1 1 1
=1 - — ol—
Gs =logn +7 on  12n?2 + <n4) ’

us 1 1 1 1
= —-—+0 :
Ge 6 n 2n? 6n3+ (n5)
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4.4.2. Analysis of the Sum F),(f)

Proof of Theorem 2.16

Proof. The asymptotic behavior of F,(f1), as shown in this theorem, generalizes the

results in Theorem 3.6 given in [4].

Examining the sum F,,(f;) with parameters a, b, and ¢ as defined in (2.48), we
establish a connection with the function described in (2.50). The structure of the
domain D, depends on the parity of n, as specified in Lemma 2.2 and the explicit

forms of D,, in Remark 2.3. For clarity, we express this in terms of integer indices as

(
1 e
(n—1)/2<j,k<(n—1)/2 aj?+bjk+ck? if n is odd,
LTL2 —n= D 70_0n7
Fo(fi1) = 5 X (5:k)%(0,0) 1

/2< k;Z<( 2)/2 W’ lf n 1S even.

—n/257,k<(n—

\  (5,k)#(0,0)

To exploit the symmetry properties of the quadratic form, we reformulate our sum in

terms of three auxiliary components

L 2

%(G"T“ + H, + H.), n odd
Fulf) = ETZQ 1 2L, 11

?(G% + Ha + HC — §Ug> + F(m —a Z)’ n even

Through appropriate manipulation, this expression can be reformulated as

L 2

L (6o 1+ 2) ),
Fn(fl) =

L_TLZ Gn+2+(l+l)Hn+2—lU") %( 1 _l_l) n even

2 > c 5 273 2 a+b+c a ’ '
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In this context, H,, exhibits the structure

n—1
1 2 1 1 1 1
Hn:%:Zﬁ:F‘a‘z—m‘@*O(E)' (451)
=1

Additionally, we define the auxiliary sum

. Z": 1 N 1 N 1 N 1
" = aj?>+bjn+cn?  aj?—bjn+cn?  an®?+bnj+cj?  an? —bnj + cj?

11 1 1
:ﬁzﬁ N2 i N g
S \a() e a(l) —bi+e

1 1
+ . —— T , , :
atbi+e(d) a—b%+c(%>2>

Analyzing U, requires the Euler-Maclaurin summation approach. In particular, with

p = 4 and the function

1 1 1 1
ax2+bm~|—c+a:vQ—bx+c+a+bx+cx2+a—bx+cx2'

g(r) =

We note key properties

s =2(2+1). FO =0 wd o= g0 =2 (st )

Moreover, we have

! 2 204+ b 204 — b
r)dr = ——| arctan arctan | ——
J; ot m( t <m>+ t (m)
-+ arctan (20——i_b> + arctan (2C—_b> )
Vd] V1d|
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This analysis yields

2 1 1 1 1 1\ 1
U,=——-+ + ———— | =
d|n a—b+c a+b+c a c) n?
1 1 1 1 1
— = —+0(—=]. 4.52
6(a—b+c+a+b+c)n3+ <n5> (452)

By combining equations (4.28), (4.51), and (4.52) within the framework of (4.50), we

arrive at the desired result. O

4.4.3. Examples

Example 4.12 (Square Lattice). For the square lattice, the sum F), takes the explicit

form

. : 4.53
1-— l(cos (2%) + cos 2“’“) ( )

Applying Theorem 2.15, in particular equation (2.47), we obtain the asymptotic ex-
pansion,

2 1
F, = “n’logn + —<27—|—10g(
T ™

F(1/1)4)>n2 + O(logn). (4.54)

This is demonstrated using Theorems 2.16 and 2.17 with parameters L = 2,a = 1,0 =
0,c = 1 for the square lattice. The asymptotic expansion in equation (4.54) follows

directly from the error bound in Theorem 2.15, equation (2.47) as

2 2 2
F.(f1) = =n’logn + = <7 — 2log |n(7)| — 7G —log 2> n? + O(logn), (4.55)
7r T
and

L(f1) = %ng logn + O(1). (4.56)
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The integral I,,(f;) admits the asymptotic expansion

2 1 4G
L.(f1) = =n*logn + — (3 log2 — 2log + 7) n*+ O(1), (4.57)

T T
L)

% Y
equations (4.55), (4.56) and (4.57) in Theorem 2.15, in particular equation (2.47), gives
(4.54).

as derived below where G denotes Catalan’s constant. Since 7(i) = [15] use of

To prove equation (4.57), we begin with the integral expression given in (2.21).
Although the integration domain D,, varies with the parity of n, since f in Equation

(2.11) exhibits 2m-periodicity in each of its arguments, I,,(f) can be reformulated as

L =7 [ [ oo ax (4.58)

where the integration region R, is given by R, = [—m,7]* \ [-Z, Z]? for all n.

For the square lattice (4.58) takes on the form

Ln(f) " // ! dx d
W)= — x dy.
4n2 | Jp, 1 — L(cosx + cosy) Y

Exploiting the symmetry of the region R, and the even nature of the integrand with

respect to both z and y, we obtain

L(f) "2// ! drd
n - 5 ray,
72 ) Jrr 1 — 3(cosz + cosy) Y

where R} = [0,7]* \ [0,Z]?. Substituting tanf = v > 0 and tan% = v > 0 in

equation (4.58) we obtain the Jacobian determinant

4 du dv

du dy =
YT w2y
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and the transformed integrand

l(l—u2 1—vz>_u2+vz+2u202

1 + =
1—= =1-7
2(cosx+cosy) 2\ 1+ w2 1+ 2 (1 +u2)(1 —I—UQ)

This gives us

4n? 1
L(f) = ?//P ot 1 2ut? du dv,

with P, = [0,00)%\ [0,b,]? and b, = tan (X ). Transitioning to polar coordinates and
subsequently employing the substitution 7 sin(2a) = V/2t in the inner integral leads us

to the final result

/”/4/ rdrdo 8n /”/4/ dtda (4.59)
bn_ r2 4+ 2r4 cos? asin? « V2b, sina L1+ tQ)

_ 4n? l t? ‘00 y 4n? 41 1+ 2b2 sin® o p
= — 0 a=— og | ———— | do.
™ Jo \1+2) lvasina % Jo s 202 sin® o

Since

1+ 2b% sin®
(L 52)

1
2 2
2b2 sin® o — log(2b;, sin” «r) + O(ﬁ>

and

w/4
/ log(sin o) dov = T log2 — g,
; 4 2

where GG is Catalan’s constant

G = Z % 5 = 0.915965594177219.. .., (4.60)
k:O

using log(tan z) = log(x) + O(z?) as * — 0T, we get

/4 1+ 202 sin” o T 9 T 1
/0 log (—) da = =2 10g(207) + G + 5 log 2 + O( )

202 sin®
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s 3T T 1
- §logn+ (ZlogQ— §log7r+G) +O(ﬁ)’

and equation (4.57) follows.

Example 4.13 (Triangular Lattice). For the triangular lattice case, we analyze the
sum that serves as the triangular-lattice analogue of the square-lattice sum in equa-

tion (4.53)

1
F,=F.(f)= > " T (4.61)

1 2rj 27k
0<imen 1= 5(cos 54 4 cos 2 + cos ZHEE)
(4,k)#(0,0)

The lattice geometry is encoded by three generators (L = 3) through the matrix

T

101 . |21
S: 755: )
011 1 2

yielding det(STS) = 3. Near the origin, the Taylor series expansion of the denominator

function gives the quadratic form

(27 + 2129 + 23), (4.62)

W

p(x) =~

corresponding to parameters a = b = ¢ = 1. This follows from expanding the cosine
terms in the denominator of (4.61) and collecting the second-order terms. Thus, the
discriminant d = —3 is negative, confirming that the quadratic form is positive definite,
with |d| = 3 in the notation of §4.1. This structure determines the universal coefficient

L_ = 3_ = ¥3 appearing in all asymptotic expansions.

ﬂ'\/ﬁ ™3

By Theorems 2.16 and 2.17, in particular equations (2.49) and (4.56), we obtain

F.(f1) = ? n?logn + ?(7 —log2 — 2log |n(w)]) n* + O(1), (4.63)

I,(f) = ?nz logn + O(1), (4.64)
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—bt+/ld]i

2c

where the parameter 1 = defined by equation (4.27) encodes the triangular

lattice geometry. The integral analysis follows equations (4.58)—(4.59), with a key

transformation arising from

w/4 1 202 i 2
[ o (M Y day b=t (1), (4.65)
0

202 sin” o 2n

Using the first-order approximation tan(z) ~ x for small x, we have b? =~ 4;2. For

large n, we can expand the logarithmic term as

1+ 202 sin®a 1
1 ——n ) =1 — 41 4.66
o8 ( 202 sin? o ) 4 <2b121 sin? o " ) (4.66)

= —log(2b? sin* ) + O (i> : (4.67)

n2

Decomposing the logarithm further, we get

—log(2b? sin* a) = —log(2) — log(b?) — log(sin® a) (4.68)
= —log(2) — log (I—;) — log(sin® @) (4.69)
= —log(2) + log(n?) — log (g) — log(sin® ). (4.70)

Using the identity [16]

w/4
/ log(sin o) dov = _— log2 — g, (4.71)
; 4 2

where G denotes Catalan’s constant, and integrating term by term, we get
/4 1+ 202 sin® « T T 1
1 — T ) da=—=1log(20?) + G+ =log2+ O [ — 4.72
/0 og( 202 sin” o ) “ 4 0g(2b,) + G + 2 8 * <n2) (4.72)
3 1
= glogn+ (ZﬂlogQ— glogﬂ+G) +0 (ﬁ) )

(4.73)
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This integral evaluation contributes to the final expression

L.(f) = \/;M logn + V3 (log (i—f) + %) n*+ O(1) (4.74)

s
Consequently,

L.(f) = \/73712 logn + \/7§<log(%) + %) n® + O(1).

logn)
)

For odd versus even n, boundary corrections contribute terms of order O(1) or O (%

as can be seen in the domain characterization of Lemma 2.2 and the explicit forms of D,,
in equation (2.18) of Remark 2.3. Applying the difference identity from Theorem 2.15,
equation (2.47),

Fo = I(f) = In(fi) + Fu(fi) + O(logn),

we substitute the expressions for I,,(f), I,(f1), and F,(f1). The leading n?logn terms
from I,(f) and F,(f;) contribute equally, while I,(f;) has the opposite sign. The

constant terms combine to yield

E, = \/75 n*logn + ? (7 +log(47V/3) — 3log F(%)>n2 + O(logn). (4.75)

This confirms Theorem 1.1, in particular the error bound of order O(logn) established
in equation (2.47). The connection between the Dedekind eta function term in F,(f1)

and the Gamma function in the final result comes from the identity [14]

~1+4V/3 _31/8F<1>3/2
U 5 =53] -

which allows us to rewrite

—2log [n(u)| = —2log

1 1
= ——log3 + log(2m) — 3log T <§)

31/8 1 3/2
2 r(:z
V27 (3) 4
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Substituting this into equation (4.63) and combining with the other terms leads pre-

cisely to equation (4.75).

The special function F(%) arises from these boundary and constant-term eval-
uations, mirroring the role of I'(1) in the square lattice case (equation (4.54)). This
underscores the distinct geometric structures; the triangular lattice’s coefficient \/75 con-

trasts with the square lattice’s %, yet both exhibit the universal n?logn growth with

. . L
coefficients following the general form e

Example 4.14 (Union Jack Lattice). The sum associated with the Union Jack Lattice

1S

F.(f)= ). 1 ! = S— (4.76)

(cos (2m) + cos 2k 27rk + cos % + cos 27T(i+k))

For this case, we get

1
px)=1- Z(COS T1 + cosxe + cos(xy — x9) + cos(zy + x2)), (4.77)
and
T
10 1 1 .. |30
S = , S8 = : (4.78)
01 -1 1 0 3

so that y/det(STS) = 3. Applying Theorem 2.16, equation (2.49), and Theorem 2.17
with a = ¢ =3, b= 0, and d = 4ac — b> = 36, we obtain

4 4 2G
F.(f1) = 3" 2logn + 3. (7 —log2 — 2log|n(7)| — 7) n? +O(1)

and

(1) = 5-n*logn + O(1).
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Following the integral analysis in the Square Lattice example (4.57) through the same
procedure between (4.58) and (4.59) yields

// dx dy
Il T 42 1 — 1(cosx + cosy + cos(z — y) + cos(x +y))

B // dx dy
72 ) Jrr 1 — 1(cosz + cosy + cos(z — y) + cos(z + y))

_ 8n? / / du dv
2 3u? + 302 + 2u2v?

16n /4 oo rdrda
0 o 317 2r4 cos? asin® o’
16n2 T/ e dt da dt

——  (with rsin(2« \/_t and dr =
0 v/2b,, sin a (3 + t2> ( ( )

16n2/ /°° 1
V2b,, sin « t
S [ (5 )J
5 log
0 6 fbnSIHQ

\/§sin(2a)>

T
8n? [/t Lo (32’
= — O Q.
32 Jy 5 o sin’a
For large n, we approximate tan(z) ~ z for small z, giving b, ~ - and b2~ W Since

> 1, we expand

2b2 sin? a

3+ 22 sin 3
1 —r ) =1 ——+1
o8 < 202 sin? o > o8 (Qbfl sin? o * >

3 1
—log [ — 2 2
08 (Qbfl sin2a) +0 (n2>

= log(3) — log(2) — log(b?) — log(sin® ) + O ( 1 )

n2

log(6)+log( 2) _ Jog(sin a)+(9(1>.

n2

Using the identity foﬂ/ ! log(sina) da = —Flog2 — 5 Where G is Catalan’s constant,
and noting that log(sin® ) = 2log(sin ), we get

/4 3 4 202 sin® « s 6 T T 1
log | ——"2—— | da=~log | = —log(n?) + =log2+ G+ 0O =
/0 og( 202 sin” o ) Ty (71'2) + 4 og(n”) + 2% To <n2)
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s s 6 s 1
= §logn—|— (Zlog (F) +§log2+G) +O<ﬁ)'

This integral evaluation yields the expression

L(f) = %M logn + é—’f <log (24) + %) +00). (4.79)

T2

Applying Theorem 2.15, equation (2.47), we substitute the expressions for I,,(f), I,,(f1),
and F,(f1). The leading n?logn terms contribute with appropriate signs, while the

constant terms combine to yield

4 2n?
F.(f) = 3—7Tn2 logn + o (log (F

™

24) 4G> 4
+— ) — —n"logn
3T

4 4 2
+ —nlogn + — (7 —log2 — 2log |n(i)| — —G) n* + O(log n)
3T 3T 0

4 2n? 24 4 4
:—anogn—Fi log [ — —I——G—|—27—210g2—4log|17(i)|——G + O(logn).
3T 3T 2 7 T

The Catalan constant terms cancel out, and using the identity n(i) = %, we have

L(1/4)

—4log [n(i)| = —4log B

= —4log'(1/4) + 4log(27/*)

= —4logI'(1/4) + 4log2 + 3log .

Substituting this expression and combining all logarithmic terms gives

4 2n? 24
F.(f) = gnQ logn + % [27 + log (F) +2log2 — 4log'(1/4) + 3log w | + O(logn)

4, n? 24473
=—n"l — |2 1 —— ol
3" ogn + 3 [7+ og <7r2-1“(1/4)4)} + O(logn)

4, 2 9061\ o
=g3-n logn+3—7r<27—|—log (W))n + O(logn).
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This confirms the pattern established by the square and triangular lattice cases,
L

——=—— where
74/det(STS)’

with the leading term coefficient % following the universal form

L =4 and 4/det(STS) = 3.

The results in this section confirms the universal pattern established in Theo-

. . L . .
rem 2.13, where the leading coefficient follows the form ot The special function
terms in the O(n?) coefficient encode the specific geometric properties of the lattice,
while the error term of O(logn) arises from the careful treatment of the singularity

near the origin as shown in the proof of Theorem 2.15.
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5. CONCLUSION

This thesis establishes asymptotic expansions for lattice sums F,, ,,, leveraging
midpoint quadrature, Euler—-Maclaurin summation, and special function analysis to
bridge their discrete lattice structure with continuous approximations. The proofs
systematically address boundary terms and singularities, achieving error bounds of

O(logn) as exemplified in Theorem 1.1.

Through detailed computations for square, triangular, and union jack lattices, we
confirm the universal leading term coefficient mrﬂ log n, where S is the basis
matrix and L is the number of generators. Subleading terms, involving special functions
like I'(3), I'(3), and Catalan’s constant G, encode lattice-specific geometry. Each
example highlights distinct aspects of the general theory and confirms the universal
nature of the n?logn term. Boundary analysis and singularity handling prove critical

for precision across all cases.

Furthermore, these asymptotic expansions extend across diverse lattices, link-
ing discrete sums to continuous approximations with a dominant n?logn term. By
isolating singularities and integrating approximations with boundary corrections, we
establish a robust toolset for handling lattice sums across varied graphs and boundary
conditions. As shown, these findings clarify the O(n?logn) scaling while unveiling
finer structures through special function constants, equipping researchers with tools

for analyzing higher-dimensional lattices and refining error bounds in Network Theory.
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APPENDIX A: SPECIAL FUNCTIONS AND
ASYMPTOTIC COEFFICIENTS COMPARISON FOR
LATTICE TYPES

A.1. Special Functions

In our analysis of lattice sums, several special functions play crucial roles. This
appendix provides a rigorous treatment of these functions, emphasizing their mathe-

matical properties and connections to lattice geometry.
A.1.1. Dedekind eta Function

The Dedekind eta function 7(7) is defined for (1) > 0 by
n(r) =g [[a-q"), q=¢"", (A1)
n=1

as given in Apostol [12], §3, the modular transformations of which

n(r+1) = ™/ P(7), (A.2)
n(=1/7) = V=ir(7), (A.3)

have been derived in [12], § 3.4.

Special values relevant to lattice sums, in particular

n(i) = % (square lattice), (A4)

B 318 (1\*?
. < j;Z\/§> _ QWF (§) (triangular lattice), (A.5)

have been computed via theta relations in Borwein et al. [15], Section 4.2.
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In this study, in Theorem 2.16, n(11) encodes lattice geometry through p. For the

square lattice, log |n(i)| = log ( 1;533//?) in equation (4.54) reflects four-fold symmetry;

for the triangular lattice, pu = # appears in equation (4.75).

A.1.2. Dilogarithm and Clausen Functions

The dilogarithm is defined by

o0

Lis(z) = Z% 2] < 1, (A.6)

n=1

with analytic continuation to C\ [1,00), and Lis(1) = %f, per Lewin [13], §1.

The Clausen function is

Cla(6) = $(Lia(e?) = 3 0, (A7)

converging uniformly for 6 € [0, 27), as in Kirillov [17], §2.

These functions contribute to the constant C(a,b,c) (equation (4.29)), part of
the O(n?) term in Theorem 2.16, with a, b, ¢ from equation (2.48).

A.1.3. Gamma Function and Constants

The Gamma function is defined for R(z) > 0 by

['(z) = /000 t=te~tdt, (A.8)
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with analytic continuation to C \ {0, —1,—2,...}, per Abramowitz and Stegun [14], §

6.1. For special values, we start with,

1\ 2x%/4
r (—) = —— ~ 3.6256 for the square lattice, (A.9)
4) ()

2/3
1 V2 —1+4+1iv3
r <§) = (31/?77 ( j;Z\/_>) ~ 2.6789 for the triangular lattice, (A.10)

which are found in [14], § 6.1.33.

Catalan’s constant appears in square and union jack lattice expansions

B 00 (_1)n y /W/4 ' N
G = ; e iE -, log(sin #) df ~ 0.915966, (A.11)

derived in Borwein et al. [15], p. 147.

The Euler-Mascheroni constant emerges from harmonic sums
n—1 1 1
~ 0.57721 - =1 Ol - A12
¥ , Zj ogn+7+ (n) (A.12)

Jj=1

as stated by Lagarias [19], §4.
A.1.4. Asymptotic Relevance

Our asymptotic expansions connect to these functions through the leading term

L

7/det(575)

n?logn,

where S is defined in equation (2.46). The constant terms include contributions from ~
(Theorem 4.10), log [n(x)| (Theorem 2.16), and I' values (equations (4.54) and (4.75)).

For example, in the square lattice, v and G combine to determine the O(n?) coefficient
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in equation (4.54), with the error term O(logn) arising from the analysis of near-field

and far-field regions as decomposed in Lemma 2.4, combined with cancellation effects.

The interplay between these functions is central to our analysis, enabling precise
expansions across lattice types. For additional properties and computational tools
(e.g., numerical evaluation via software), see Gradshteyn and Ryzhik [16] and NIST
DLMF [18].

A.2. Comparison of Asymptotic Coefficients Across Different Lattice
Types
. . . L
Table A.1 confirms the universal pattern for the leading coefficient AT
For the square lattice, L = 2 and det(S”S) = 1, yielding 2. For the triangular
lattice, L = 3 and det(STS) = 3, giving ‘/75 For the union jack lattice, L = 4 and

det(STS) =9, resulting in 5-.

Despite the different lattice geometries, all cases exhibit a universal n?logn

growth pattern, confirming the robustness of our asymptotic analysis framework.

Table A.1: Comparison of asymptotic coefficients across different lattice types.

Lattice Type | Leading Coefficient Main Constant Term Error Term
Square 2 24 Llog (%) O(logn)
Triangular ‘/75 ‘/7?: (v +log(4mv/3) — 3logT'(3)) | O(logn)
Union Jack = 2 (27 + log <%)> O(logn)




