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ABSTRACT

To implement an optimization method that aims to increase energy efficiency, the

definition of the vehicle model is crucial to calculate results that can be used in the

real-world environment. Component behavior and environmental effects should be

included to generate precise output from models. In literature works, authors di-

rectly focus on implementing the vehicle model with basic plant models. However,

they did not consider the efficiency of the components in the calculation results

of optimization methods. In this thesis, an optimization model including energy

losses due to the efficiency of the e-machines is implemented to see the effect of

component features. The LiMETIME is suitable for different-sized efficiency maps

and is implemented using the Mixed Integer Linear Algorithm (MILP) approach.

One of the strongest MILP based vehicle model approaches is implemented as

the base of the LiMETIME. After that, the efficiency map of the e-machine and

inverter is included on top of this. A 5x5 efficiency map is implemented with six

different routes to demonstrate the vehicle’s behavior. In reality, efficiency values

vary between 72-95% for energy-efficient e-machines. Since the efficiency values

are set as 100% in literature, the total energy consumption values increased 21%

on average in LiMETIME. Execution time is also increased because of the addi-

tional constraints and decision variables. The application time obtained in this

study is between 8.46 and 90.71 times longer than the literature study.

Keywords: Mixed Integer Linear Programming (MILP), Efficiency, Energy

Optimization, Electric Vehicle (EV), Trains
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ÖZETÇE

Enerji verimliliğini artırmayı hedefleyen bir optimizasyon yönteminde, gerçek dün-

ya ortamında kullanılabilecek sonuçları elde edebilmek için, araç modeli tanımı

oldukça önemlidir. Modellerden kesin çıktılar elde etmek için araç bileşenlerinin

davranışları ve çevresel faktörler dahil edilmelidir. Literatürdeki çalışmalarda,

yazarlar araç modelini doğrudan temel sistem modelleri ile uygulamaya odaklan-

mıştır. Ancak bu optimizasyon yöntemlerinin hesaplama sonuçlarında bileşenlerin

verimliliğini dikkate almamışlardır. Bu tezde, bileşen özelliklerinin etkisini görmek

için elektrik makinelerinin verimliliğinden kaynaklanan enerji kayıplarını da içeren

bir optimizasyon modeli uygulanmıştır. LiMETIME, farklı büyüklükteki verimlilik

haritaları için uygundur ve Karma Tam Sayılı Doğrusal Algoritma (MILP) yak-

laşımını kullanmaktadır. En güçlü MILP tabanlı araç modeli yaklaşımlarından biri

LiMETIME’ın temeli olarak uygulanmıştır. Sonrasında bu uygulamanın üzerine

elektrik makinesi ve invertörün verimlilik haritası eklenmiştir. Aracın davranışını

göstermek için altı farklı rota ile 5x5 boyutlarında bir verimlilik haritası uygulan-

mıştır. Gerçekte, enerji verimliliği yüksek olan elektrik makineleri için verimlilik

değerleri %72-95 arasında değişmektedir. Literatürdeki çalışmada verim değer-

leri %100 olarak ele alındığından toplam enerji tüketim değerleri LiMETIME için

ortalama %21 artmıştır. Ek kısıtlamalar ve karar değişkenleri nedeniyle optimi-

zasyon için geçen süre de artmıştır. Bu çalışmada elde edilen optimizasyon süresi

literatür çalışmadan 8,46 ile 90,71 kat arasında daha fazla olarak elde edilmiştir.

Anahtar Kelimeler: Karışık Tamsayılı Doğrusal Programlama (MILP), Ver-

imlilik, Enerji Optimizasyonu, Elektrikli Araç (EV), Trenler
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CHAPTER I

INTRODUCTION

With the increasing demand for energy and the interest in reducing carbon emis-

sions, it has been a subject that has been studied extensively on reducing energy

consumption in transportation systems [7]. It is stated that approximately 28%

of the country’s energy consumption in the USA is spent on transportation [8,9].

Similarly, this figure was announced in the UK as about 30% [10]. In the USA, the

distribution of transportation energy usage is 58% for cars and light trucks, 5%

for medium trucks, 18% for heavy trucks and buses, and 19% for non-highway ve-

hicles [9]. Among the many means of transport, the usage of railways is expected

to increase further. Railway vehicles are efficient because the resistance between

wheels and rail is meager. Moreover, railways offer comfort, reliability, high trans-

port capacity [11]. 60-70% of the total energy spent on the railway is spent on the

movement of the trains [12]. This energy includes the energy needed for traction or

braking, motion resistance, environmental conditions, and auxiliary loads like air

conditioning and illumination [13]. EU emphasized that increasing the efficiency

of railway systems is very important from an environmental and economic point

of view. Due to this, they highlighted that any improvement has to be done [14].

This is why reducing the energy consumption of the railway transportation system

is essential and can be possible by increasing efficiency.

To date, many studies have been proposed to optimize the speed trajectory

to increase the energy efficiency of vehicles. Many different methods have been

proposed to achieve this under different situations. Speed trajectory optimization

belongs to a basic principle: finding a good speed profile with traction, regen-

erative braking, coasting, and mechanical braking [15]. Many research papers

aim to minimize energy consumption by finding optimal speed trajectory using
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different methodologies like ant colony algorithm, genetic algorithm, and linear

programming in [16–19]. Also, The Pontryagin Maximum Principle (PMP) in the

optimization method is applied to optimizing the speed trajectory in [20, 21]. To

locate the speed trajectory, the MILP approach has been used in studies previ-

ously. However, in [16, 22], the main limitation is that the speed trajectory must

be monotonous. In [15], non-linear parameters were added to the model by using

piecewise approximation to overcome this issue. This paper’s main contribution

is overcoming the speed trajectory’s monotonicity. So, this methodology can deal

with both acceleration and deceleration processes. In the study [6], the aim is to

minimize energy consumption by optimizing the speed trajectory. Since non-linear

train operation model is converted to mixed logical dynamic (MLD) model by us-

ing piece-wise affine (PWA) approximations, this study supports the acceleration

and deceleration process of the vehicle. Moreover, this work includes a feature

called the passenger comfort parameter. This parameter limits the acceleration

and deceleration force for better passenger comfort. The vehicle must complete

the journey by a strict deadline, so this method also supports time-constrained

routes. However, energy losses due to e-machine and inverter are ignored as other

linear vehicle optimization models using MILP in literature. Because of the addi-

tion of comfort parameter and time constraint, this work was chosen as the base

of LiMETIME, and it is called ‘literature work’ in this paper.

The proposed method in this paper offers flexibility and robustness. The main

contribution of LiMETIME is including e-machine and inverter losses in calcu-

lations compared with previous linear vehicle models. Therefore, this model is

much closer to realistic situations. By adding an efficiency map, the model can

be used to calculate energy consumption on the battery or power supply input of

the vehicle.

The structure of this paper can be described as follows. The problem is de-

scribed in the later part of this chapter, and some background knowledge is men-

tioned. Chapter II covers the implementation of the mixed logical dynamic model
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(MLD). After that, the addition of the efficiency lookup table on the MLD model

is introduced. Chapter III demonstrates case studies in six different route profiles.

Chapter IV is the conclusion of this work and contains an introduction to future

work.

1.1 Problem Description

This study aims to produce a linear vehicle model which includes the energy lost

due to electric motor, transmission, and other powertrain components. Also, it

aims to minimize energy consumption in a pre-defined route by using this linear

model.

Every system in our life can be expressed as a dynamic model, including a

vehicle. The dynamic model of a vehicle is described according to the following

equations in the literature [6]:

mρ
dv

dt
= utb(t) +Rb(v) +Rline(s)

ds

dt
= v

m: Mass (kg)

ρ: Rotating mass factor

v: Vehicle speed (m/s)

s: Position (m)

utb: is the control variable (traction/braking force)

Rb: Basic resistance contains air drag and rolling resistances

Rline: Total line resistance contains track grade, curve, and tunnel resistances

utb is limited to between the minimum traction force (umin) and maximum

traction force (umax).

Due to Strahl formula [23], the basic resistance Rb is defined as follows:

Rb(s) = m(a1 + a2v
2)

a1 and a2 are calculated by collecting real-life vehicle data by driving test.

These values depend on the materials of the wheel, road, and wind speed. The
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line resistance Rline(s) is due to the slope, curves, and tunnels and can be included

in the model. In this study, road profiles were chosen as straight and without a

tunnel. That is why the line resistance Rline(s) is formulated simpler such that it

includes resistance due to slope only:

Rline(s) = mgsinα(seg)

α(seg): Segment slope

g: The gravitational acceleration (m/s2)

The optimal control problem of vehicle motion can be defined as linear. utb

is defined as a control variable for the traction and braking force of the vehicle.

Distance s and speed v are defined as the state values. Generally, the optimization

problem is described as solving for ‘minimum time’ or ‘minimum energy in a

limited trip time.’ In this paper, the optimization problem is defined to solve for

minimum energy in a limited trip time (Tmax). Furthermore, motor efficiency and

passenger comfort will be considered [24].

J =

∫ T

0

n(utb(t)v(t) + λ

∣∣∣∣dutb(t)

dt

∣∣∣∣)dt → min

J is the objective function defined by the total amount of energy consumption

in a deadline and the sum of riding comfort. By including the riding comfort part,

transitions and rate of change are reduced on traction force (utb). n is the motor

and powertrain efficiency coming from the efficiency map.

As Franke et al. [25], the kinetic energy per mass (Ek = 0.5v2) unit is used

to decrease the calculation complexity and eliminate model non-linearities due to

the terms like v2.

mρ
dEk

dt
= utb(s)−Rb(

√
2Ek)−Rline(s)

dt

ds
=

1√
2Ek

(1)
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Optimization problem is specified as follows:

J =

∫ send

sstart

n(utb(s) + λ.

∣∣∣∣dutb(s)

dt

∣∣∣∣)ds → min (2)

And boundary conditions can be written as follows:

umin ≤ utb(s) ≤ umax

0 ≤ Ek(s) ≤ Emax(s)

E(sstart) = Estart, E(send) = Eend, t(sstart) = 0, t(send) = Tmax

Emax(s) = 0.5Vmax(s)
2

umin: Minimum traction force value that vehicle can achieve

umax: Maximum braking force value that vehicle can achieve

vmax: The maximum speed that vehicle can achieve

sstart: Starting position

send: Final position

Estart: Starting kinetic energy (J)

Eend: Final kinetic energy (J)

In the end, this problem is an optimization problem. Adding powertrain effi-

ciency (n) into this optimization problem is essential.

1.2 Background Knowledge

In this section, there is knowledge about deterministic vehicle models, critical

reasons for the electric motor loss and MILP is explained briefly. These pieces of

information are handy for understanding further details. For example, the torque

calculation in the linear model is directly related to the deterministic vehicle model.

1.2.1 Physical Equations of Vehicle Model

During the travel of a vehicle, many different forces show positive or negative ef-

fects on vehicle movement. Also, these forces affect the total energy consumption.
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This section will briefly describe the deterministic vehicle energy consumption

model and related physical formulas [26]. Also, free-body diagram of a vehicle can

be seen in Figure 1 which is showing the the forces that consuming energy. In this

section, equations are based on energy but in Figure 1, corresponding forces can

be seen.

Figure 1: The forces that effecting vehicle movement [1].

• Average Speed (VAV , m/s)

To calculate the consumed energy in a segment or road part, the average

speed of that segment should be calculated.

VAV =
Vin + Vf

2

Vin: Segment initial speed (m/s)

Vf : Segment final speed (m/s)

• Combined Drag Coefficient (Ccomb)

Combined Drag Coefficient is a quantity that depends on three constants.

It should be calculated to get the energy loss due to the air resistance.
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Ccomb =
1

2
ρCDA

ρ: Air Density (kg/m3)

CD: Drag Coefficient

A: Vehicle Frontal Area (m2)

Then Edrag can be calculated. It represents the amount of energy investiga-

tion due to the vehicle’s aerodynamic structure and is related to the work

against air resistance.

Edrag = CcombV
2
AV

Edrag : Drag (Air Resistance) Energy Loss (J)

• Acceleration Energy (Kinetic Energy) Loss/Gain (EAcc, J)

This formula calculates the difference between initial and final kinetic ener-

gies. The result of this formula can be positive or negative. This negativity

means that there is an energy gain called regeneration.

EAcc =
m

2
(V 2

f − V 2
in)

m: Vehicle mass (kg)

• Potential Energy (Ascent) Loss/Gain (Ep, J)

This formula calculates the potential energy difference between the initial

and final points of the segment. Also, the result of this formula can be

positive or negative.

Ep = mgsin(arctan(slope))VAV

g: Acceleration of gravity (m/s2)
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slope: The slope between start and end point

• Rolling Resistance Energy Loss (ERR, J)

Rolling resistance is another force that opposes the motion. It always resists

body rolling and depends on parameters such as tire resistance and camber

angles.

ERR = mgCRRVAV

CRR: Vehicle rolling resistance coefficient

• Tire Rotational Inertia Energy Loss (ETE, J)

Angular velocity (ω) calculation is needed to calculate the energy loss due

to the tire rotational inertia.

ω =
V

r

ω: Angular velocity (s−1)

V : Vehicle speed (m/s)

r: Wheel radius (m)

The movement of the tire generates a force against the rotation direction.

The amount of energy consumed due to this force can be calculated using

the following formula.

ETE =
1

2
Inwheel(ω

2
f − ω2

in)n

Inwheel: Wheel inertia of one wheel (kgm2)

ωin: Initial angular velocity (s−1)

ωf : Final angular velocity (s−1)

n: Number of wheels
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• Total Consumed/Gained Energy at the Wheel (Ewheel, J)

Total consumed or gained energy can be calculated by the following formula.

Ewheel = Edrag + EAcc + Ep + ERR + ETE

• Efficiency

Cumulative efficiency (n) can be calculated by multiplying motor and trans-

mission efficiency. While transmission efficiency is a constant manufacturer

value, motor efficiency is gathered from a map.

n = ntrnm

ntr: Vehicle transmission/powertrain efficiency

nm: Motor Efficiency (from efficiency map)

• Total Consumed/Gained Energy at the Battery (Ebatt, J)

To calculate the energy on the battery side, efficiency should find a place

in the calculation. Two equations should define this because efficiency (n)

should be used in different places. While gained energy at the battery is less

than gained energy at the wheel, it is the opposite for consumed energy.

Ebatt−out =
Ewheel

n

Ebatt−in = nEwheel

Ebatt−out: Consumed energy from battery (J)

Ebatt−in: Gained energy from battery (J)

1.2.2 Efficiency of Electric Motor vs Internal Combustion Engine

An electric motor is much more efficient than an internal combustion engine (ICE).

To date, the most efficient ICE for a vehicle is from Mercedes-AMG’s Formula 1

team, which has 50% thermal efficiency. Nevertheless, it is known that this engine
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is not road legal. Mercedes and Mazda are working on more efficient road legal

ICE’s with an efficiency of 41% and 56% respectively [27]. When these values are

compared with the massive 90% thermal efficiency of vehicle electric motors, the

result of this comparison becomes clear [28]. This is why, this thesis focuses on

electric vehicles.

1.2.3 Losses in Electric Motor

This section defines the reason for energy loss in electric motors and why there

is an efficiency map to cover this part. Electric motor losses can be divided into

mechanical or electrical.

• Mechanical Losses

Mechanical losses can be caused by bearing friction and wind resistance

(windage) due to the spinning rotor. Bearings of rotating parts are covered

with grease oil. Therefore, the frictional loss is like a cubic function of rotor

speed (RPM). If there were only air instead of oil, the frictional loss would

be linear to RPM. Variation of frictional power loss against speed can be

seen in Figure 2.

Figure 2: Bearing friction loss for six different bearing [2].
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Bearing friction can be defined as follows, moment M gets supplied from

four sources [29]:

M = Mrr +Msl +Mseal +Mdrag

where Mrr is the rolling frictional moment (Nmm), Msl is the sliding fric-

tional moment (Nmm), Mseal is the frictional moment from integral seals

(Nmm), Mdrag is the frictional moment from drag losses (Nmm).

Windage is caused by air displacement around rotating parts of an electric

motor. It is one of the most energy consumers and is also not linear to RPM.

This loss increases dramatically when RPM increases. Windage loss agains

speed can be seen in Figure 3.

Figure 3: Windage loss for different air gaps [3].

• Electrical Losses

Electrical losses can be divided into three major categories: core losses,

stator resistance (I2R) losses, rotor resistance (I2R) losses, and stray load

losses. Core materials have resistance against changing magnetic fields. Also,

it creates eddy currents. Some amount of energy is getting consumed to

overcome these oppositions. This loss is called core loss.
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Figure 4: Losses compered with motor load for a standard motor [4].

Stator and rotor losses are produced when there is current flow through

them. This flow creates heat, and it means that there is an energy loss.

Stray load losses are getting generated by leakage fluxes.

I2R losses and stray losses are proportional to motor load. I2R losses can

drop motor efficiency to around 0% when the vehicle barely moves [28, 30].

The distribution of electrical losses for different loads can be checked in

Figure 4.

Figure 5: Efficiency map example [5].
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• Efficiency Map

In previous sections, it mentioned five main energy loss factors. These effects

depend on the speed and load/torque of the electric motor. That is why the

efficiency of an electric machine is represented as a map. The axis of this 2D

map is torque and RPM. For example, the efficiency map of an EV’s electric

motor can be seen in Figure 5.

1.2.4 Mixed Integer Linear Programming

An integer linear programming problem is a mathematical optimization and feasi-

bility check problem in which some or all of the decision variables are forced to be

integers. In this programming methodology, the objective function and constraints

must be linear.

If only some of the decision variables are not an integer, the problem is called

the MILP problem, which also includes some continuous decision variables [31].

The standard form of integer linear programming is shown as follows:

cTx → maximize/minimize (Objective Function)

A · x ≤ b, (Bound Constraints)

Aeq · x = beq, (Linear Constraints)

lbound ≤ x ≤ ubound, (Bound Constraints)

x ∈ Zn, (Integrity Constraints)

In linear programming problems, the aim is to find optimal decision variables

that make the objective function value the highest or lowest possible. This possi-

bility is called feasibility. The Branch-and-Bound algorithm is used for optimiza-

tion, but in the past, this algorithm improved by proposing new methods called

Presolve, Cutting Planes, Heuristics, and Parallelism [32].
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CHAPTER II

IMPLEMENTATION OF LiMETIME

In this chapter, the implementation of LiMETIME is described. In section 2.1, it

will be discussed the conversion of the non-linear vehicle model to Mixed Logical

Dynamic (MLD) model. This conversion part is taken from literature work [6].

After that, the addition of the efficiency lookup table (map) is explained in section

2.2.

2.1 The Mixed Logical Dynamic Model

In this section, it is described that how a vehicle control problem can be converted

to Mixed Logical Dynamic (MLD) model. By doing this conversion, the model can

be solved with (MILP). This approach is suggested by Wang et al. [6]. Dividing

the whole route into segments (seg) is used in many studies to get a discrete model

like Franke et al. [25].

The line resistance Rline(seg), which includes segment slope only, can be cal-

culated before the optimization. It is a fixed value for each segment because the

route is pre-defined. The segment number i can take values between one and the

total number of segments (Nr).

Rline(seg) = Rline,i for seg ∈ [segi, segi+1]

In previous chapters, it has been mentioned that using kinetic energy instead

of speed is an excellent way to linearize the problem. The motion equation 1

should be revised by using kinetic energy (Ek):

dEk

dseg
=

1

mρ
utb(i)−

a2
ρ
Ek(seg)−

1

ρ
(a1 +Rline,i)
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Putting simple coefficients is possible because there are constant for each in-

terval. This operation makes this differential function much simpler as well:

dEk

dseg
= ζutb(i) + ηEk(seg) + γi

ζ =
1

mρ
, η = −a2

ρ
, γi = −1

ρ
(a1 +Rline,i)

The next segment’s kinetic energy value Ek(i+1) can be found by solving this

differential equation. It possible to put the linear relationship between the current

and next segment’s kinetic energy values into the model by doing this. Instead of

Ek(segi), Ek(i) was written for simplicity:

Ek(i+ 1) = ϵη∆segiEk(i) + (ϵη∆segi − 1)
ζ

η
utb(i) + (ϵη∆segi − 1)

γi
η

The optimization problem is time limited. So, the vehicle should finish the

route efficiently in a certain amount of time. Due to this, segment time and

route time calculations become mandatory. The time is gathered from kinetic

energy by calculating the differential equations and trapezoidal integration rule

[33]. However, there is a time limit (Tmax), and this rule should be implemented

into the model by two constraints. The time equation and these constraints can

be shown as follows:

t(i+ 1) = t(i) +
1

2
(

1√
2Ek(i)

+
1√

2Ek(i+ 1)
)∆segi (3)

t(1) = 0, t(segend) = Tmax

It is known that all operations have to be linear for MILP approach. However,

there are square-root operations in the time equation 3 which are not linear. In

this case, using piece-wise approximation (PWA) is a good option, as Azuma et

al. [34] suggested. In this work, this non-linear part is defined with three linear

functions, and their coefficients are calculated by using least-squares optimization

[6]. The PWA approximation on non-linear time function can be checked in Figure

6. Function fPWA(Ek) =
1

2
√
2Ek

can be defined as follows:

15



fPWA(Ek) =


α1Ek(i) + β1 for Emin ≤ Ek(i) ≤ Ek1

α2Ek(i) + β2 for Ek1 ≤ Ek(i) ≤ Ek2

α3Ek(i) + β3 for Ek2 ≤ Ek(i) ≤ Emax

The effect of approximation error can be reduced by adding more linear func-

tions. However, this addition will increase the execution time of optimization.

The non-linear time dynamics equation (3) can be rewritten as follows:

t(i+ 1) = t(i) + (αlEk(i) + βl + αmEk(i+ 1) + βm)∆segi

Figure 6: PWA approximation of fPWA(Ek) =
1

2
√
2Ek

[6].

There are three regions and two borders between them. Three binary variables

should be presented to convert this approximation equation to MLD model. These

variables detect Ek’s placement in the three regions. These variables (δ1(i) and

δ2(i)) can be shown as follows [35]:

[Ek(i) < Ek1] ⇔ [δ1(i) = 1]

[Ek(i) < Ek2] ⇔ [δ2(i) = 1]

Ek(i) can not be less than Emin and more than Emax. To detect which region

that Ek(i) belongs, following constraints should be added into the model [35]:
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(Emax − Ek1)δ1(i) ≤ Emax − Ek(i)

(Emin − Ek1)δ1(i) ≤ Ek(i)− Ek1

(Emax − Ek2)δ2(i) ≤ Emax − Ek(i)

(Emin − Ek2)δ2(i) ≤ Ek(i)− Ek2

(4)

It is possible to cover two regions with previous non-linearities 4. But there is

another region between Emin and Ek1. So, Ek(i) can be smaller than both Ek1 and

Ek2. That is why a third binary variable δ3(i) is needed. This new binary variable

is equal to product of δ1(i) and δ2(i). It’s not possible to define δ3(i) = δ1(i)δ2(i)

operation as it is, because this is not linear. It can be performed by following

inequalities [35]:

−δ1(i) + δ3(i) ≤ 0

−δ2(i) + δ3(i) ≤ 0

δ1(i) + δ2(i)− δ3(i) ≤ 1

(5)

Also, δ(i)Ek(i) product is needed for this optimization problem. This operation

can not be implemented directly with MILP. Three new continuous variables is

proposed as z1(i) = δ1(i)Ek(i), z2(i) = δ2(i)Ek(i) and z3(i) = δ3(i)Ek(i). These

operations can be done by implementing these constraints [35]:

zj(i) ≤ Emaxδj(i)

zj(i) ≥ Eminδj(i)

zj(i) ≤ Ek(i)− Emin(1− δj(i))

zj(i) ≥ Ek(i)− Emax(1− δj(i))

(6)

After all of these definitions and constraints, αjEk(i) + βj can be defined as

follows for j = {1, 2, 3}:
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αj(i)Ek(i) + βj = [−α3 α2 − α3 α1 − α2 + α3] z(i)

+ [−β3 β2 − β3 β1 − β2 + β3] δ(i)

+α3Ek(i) + β3

z(k) = [z1(k) z2(k) z3(k)]
T

δ(k) = [δ1(k) δ2(k) δ3(k)]
T

By using the sum of products, the objective function (2) is redefined as follows:

J = n(
Nr∑
i=1

utb(i)∆segi +
Nr−1∑
i=1

λ |∆utb(i)|) (7)

Absolute value operation breaks linearity for negative numbers. That is why

it is not an option to put directly into the MILP model. That’s why, there should

be another variable Y = |∆utb(i)|. By using this variable, this operation can be

implemented. Following inequalities should be added:

Y (i) ≥ utb(i+ 1)− utb(i)

Y (i) ≥ utb(i)− utb(i+ 1)

After this objective function (7) can be rewritten as:

J = n(
Nr∑
i=1

utb(i)∆segi +
Nr−1∑
i=1

λY )

After these operations, the dynamic model turned into a linear model. Because

of objective function and all constraints are linear, this problem can be solved with

MILP. There are continuous variables like utb, Y , z as well as binary variables like

δ. This is where the ‘mixed’ term comes from. In a route, there can be different

speed limits and different slopes in some parts. That is why the route should be

separated into segments. Because, in this methodology, there can not be different

slopes or speed limits in a single segment. If it is taken as there is Nr segments,

the segment identification number should take values as i = {1, 2, 3, · · · , Nr}. To
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work with many segments, all binary and continuous variables should be identified

as vectors as follows:

ûtb =



utb(1)

utb(2)

...

utb(Nr)


, δ̂j =



δj(1)

δj(2)

...

δj(Nr + 1)


, Ŷ =



Y (1)

Y (2)

...

Y (Nr − 1)


, ẑj =



zj(1)

zj(2)

...

zj(Nr + 1)


In this section, the implementation of a dynamic model of a vehicle is de-

scribed. The model is not dealing with powertrain efficiency yet. The efficiency

map implementation part will be described in the next chapter. These applica-

tions can be developed and executed by using solvers like CPLEX, Xpress, and

MATLAB Optimization Toolbox.

2.2 Addition of Efficiency Lookup Table

In this section, the addition of an efficiency map is described with all needed

constraints and equations. In this study, a 5x5 lookup table is used, but the size

can be increased by extending the equations. This chapter consists of two sections.

Torque and RPM calculation will be described in the first section, then getting

the actual efficiency from the map will be explained.

2.2.1 Calculation of Torque and RPM

The axes of an efficiency map are divided based on torque and RPM. In this

case, torque and RPM calculation can be done in the linear model. To do this

dynamic calculation, two new continuous variables are proposed, which are TRQ

and RPM . Torque calculation is straightforward, and its equation is already

suitable for MILP approach:
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TRQ = utb(
rtyre
Rif

)

rtyre: Tyre radius (m)

Rif : Final drive ratio

This equation can be converted to linear inequalities as follows:

TRQ ≤ utb(
rtyre
Rif

)

TRQ ≥ utb(
rtyre
Rif

)

Tire radius and final drive ratio values are vehicle specific. Exact values should

be taken from manufacturers. Dynamic motor rotation per minute (RPM) calcu-

lation in a linear model is much more complicated than torque calculation. RPM

equation can be shown as follows:

RPM =
60 ·Rif · v
2 · π · rtyre

(8)

In equation 8, all variables are constant except vehicle speed (v). As it has been

known from previous chapters, in this study, kinetic energy (Ek) is used instead of

vehicle speed to protect linearity. There is no linear equation to directly get vehicle

speed from kinetic energy or relocation. Time is a continuous decision variable,

and it is calculated dynamically in this linear model. It means it is impossible to

do something like relocation over time. This operation can not be executed with

the MILP approach. In this situation, piece-wise approximation (PWA) comes

handy again. By doing this, the MILP approach can calculate vehicle speed from

kinetic energy. PWA function of vehicle speed gPWA(v) =
√
2Ek can be defined

as follows:

gPWA(v) =


αv1Ek(i) + βv1 for Emin ≤ Ek(i) ≤ Ekv1

αv2Ek(i) + βv2 for Ekv1 ≤ Ek(i) ≤ Ekv2

αv3Ek(i) + βv3 for Ekv2 ≤ Ek(i) ≤ Emax
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Emin < Ekv1 < Ekv2 < Emax

Also, this PWA approach consists of three regions. That’s why, three new

binary decision variables (δ4(i), δ5(i) and δ6(i)) should be defined. After that,

the same operations done for the first PWA approximation should be performed

respectively. These equations are not written here again for simplicity, but they

can be seen by checking equations 4, 5, 6.

For this second PWA approach, using the same kinetic energy borders can

decrease complexity and would improve execution time at the same time. If this

way is chosen, there is no need to define new binary variables. Same δ1(i), δ2(i)

and δ3(i) can be used here also. Only coefficients of PWA functions should be

calculated again, because there is a different function at all. The PWA approxi-

mation on non-linear speed function can be seen in Figure 7. To use same kinetic

energy borders, the following conditions should be satisfied:

Figure 7: PWA approximation of gPWA(Ek) =
√
2Ek.
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Ek1 = Ekv1

Ek2 = Ekv2

After this PWA approximation, speed values can be calculated without non-

linear operations. When these speed values are named as vPWA, RPM formula

can be written as follows:

RPM =
60 ·Rif · vPWA

2 · π · rtyre

After the PWA approximation operation, the accuracy of speed calculation for

a dummy road can be seen in Table 1.

Table 1: Accuracy of PWA approximation of speed.

# of Occurrence Exact Speed (m/s) PWA Speed (m/s) Difference (%)

2 0 1.31 100
1 9.93 6.65 49.28
1 11.75 8.79 33.70
1 13.98 11.89 17.51
1 16.70 16.42 1.69
15 17.03 17.02 0.032

Average 5.40

The average difference value in Table 1 is calculated concerning the number of

occurrences in the dummy route. Also, the places where the vehicle speed is zero

are taken as an outlier.

2.2.2 Efficiency Calculation

After torque and RPM calculation, the ‘true’ efficiency values can be obtained

from the efficiency map. This section mentions the calculation of efficiency values

for an efficiency map with five rows and five columns. The dummy efficiency map

can be seen in Table 2.

22



Table 2: Dummy efficiency map.

RPM
< rpm1 < rpm2 < rpm3 < rpm4 < rpm5

TORQUE

< trq1 90.11 90.12 90.13 90.14 90.15
< trq2 90.21 90.22 90.23 90.24 90.25
< trq3 90.31 90.32 90.33 90.34 90.35
< trq4 90.41 90.42 90.43 90.44 90.45
< trq5 90.51 90.52 90.53 90.54 90.55

The efficiency values were selected specially to check the truth of the method-

ology. Using these kinds of organized values makes it much easier to check which

efficiency values were chosen from which part of the efficiency map.

The axis of the map is torque and RPM. These values are constants and can

be presented as {rpm1, rpm2, rpm3, rpm4, rpm5} for RPM axis, {trq1, trq2, trq3,

trq4, trq5} for the torque axis.

Notation of this table can be explained as follows:

trq1 < TRQ < trq2 & rpm2 < RPM < rpm3 ⇒ n = 90.23

trq3 < TRQ < trq4 & rpm1 < RPM < rpm2 ⇒ n = 90.42

TRQ: Calculated torque (Nm)

RPM : Calculated RPM

n: Efficiency

In linear programming, using conditions such as the ‘IF’ operation is impos-

sible. That is why a similar approach from the previous chapter should be ap-

plied to locate calculated torque and RPM on the map. 10 new binary deci-

sion variables should be defined as {drpm1, drpm2, drpm3, drpm4, drpm5} for RPM,

{dtrq1, dtrq2, dtrq3, dtrq4, dtrq5} for torque:
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TRQ < trq1 ⇒ dtrq1 & dtrq2 & dtrq3 & dtrq4 & dtrq5 = 1

TRQ < trq2 ⇒ dtrq2 & dtrq3 & dtrq4 & dtrq5 = 1

TRQ < trq3 ⇒ dtrq3 & dtrq4 & dtrq5 = 1

TRQ < trq4 ⇒ dtrq4 & dtrq5 = 1

TRQ < trq5 ⇒ dtrq5 = 1

These equations can be converted to linear inequalities. trqmax is the maximum

torque, and trqmin is the minimum torque value that the vehicle is capable of.

These values should be obtained from the data sheet of the vehicle provided by

the manufacturer. Following constraints should be added to the model:

(trqmax − trq1) · dtrq1(i) ≤ trqmax − TRQ(i)

(trqmin − trq1) · dtrq1(i) ≤ TRQ(i)− trq1

(trqmax − trq2) · dtrq2(i) ≤ trqmax − TRQ(i)

(trqmin − trq2) · dtrq2(i) ≤ TRQ(i)− trq2

(trqmax − trq3) · dtrq3(i) ≤ trqmax − TRQ(i)

(trqmin − trq3) · dtrq3(i) ≤ TRQ(i)− trq3

(trqmax − trq4) · dtrq4(i) ≤ trqmax − TRQ(i)

(trqmin − trq4) · dtrq4(i) ≤ TRQ(i)− trq4

(trqmax − trq5) · dtrq5(i) ≤ trqmax − TRQ(i)

(trqmin − trq5) · dtrq5(i) ≤ TRQ(i)− trq5

(9)
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Binary decision variables of RPM can be expressed as follows:

RPM < rpm1 ⇒ drpm1 & drpm2 & drpm3 & drpm4 & drpm5 = 1

RPM < rpm2 ⇒ drpm2 & drpm3 & drpm4 & drpm5 = 1

RPM < rpm3 ⇒ drpm3 & drpm4 & drpm5 = 1

RPM < rpm4 ⇒ drpm4 & drpm5 = 1

RPM < rpm5 ⇒ drpm5 = 1

Similar to the torque, linear inequalities of binary RPM decision variables

can be shown as follows. rpmmax is the maximum RPM, and rpmmin is the

minimum RPM value. While rpmmax can be calculated from maximum vehicle

speed, rpmmin should be taken as zero:

(rpmmax − rpm1) · drpm1(i) ≤ rpmmax −RPM(i)

(−rpm1) · drpm1(i) ≤ RPM(i)− rpm1

(rpmmax − rpm2) · drpm2(i) ≤ rpmmax −RPM(i)

(−rpm2) · drpm2(i) ≤ RPM(i)− rpm2

(rpmmax − rpm3) · drpm3(i) ≤ rpmmax −RPM(i)

(−rpm3) · drpm3(i) ≤ RPM(i)− rpm3

(rpmmax − rpm4) · drpm4(i) ≤ rpmmax −RPM(i)

(−rpm4) · drpm4(i) ≤ RPM(i)− rpm4

(rpmmax − rpm5) · drpm5(i) ≤ rpmmax −RPM(i)

(−rpm5) · drpm5(i) ≤ RPM(i)− rpm5

(10)

After the operations 9 and 10, the binary decision values can be found as

example in Table 3. Due to the design of the operation, it is seen that the binary

values are becoming true more than once for the same route segment. Because, if

any RPM value is lower than rpm3, it’s also lower than rpm4 and rpm5.
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While finding the corresponding efficiency value from the map with respect

to the torque and RPM, these binary decision variables are becoming essential.

By checking these values, the algorithm will be able to check which part of the

efficiency map should be brought. Nevertheless, these binary values are confusing.

They should be getting into a form that only the border is true. For example, if

RPM value is lower than rpm3, only drpm3 value should be true, and all other

decision binary variables should be false.

A simple extraction operation can do this operation. It is not breaking the

linearity as well. To do this, ten new binary decision variables should be proposed

as {drrpm1, drrpm2, drrpm3, drrpm4, drrpm5} for RPM and similarly,

{drtrq1, drtrq2, drtrq3, drtrq4, drtrq5} for torque.

Table 3: Example of torque binary decision variables.

Example dtrq1 dtrq2 dtrq3 dtrq4 dtrq5

TRQ < trq1 1 1 1 1 1
TRQ < trq2 0 1 1 1 1
TRQ < trq3 0 0 1 1 1
TRQ < trq4 0 0 0 1 1
TRQ < trq5 0 0 0 0 1

When Table 3 and Table 4 are compared, the operation is looking like finding

diagonal of matrix. This function (diag) is available in MATLAB, but the linear

programming approach does not accept it. That is why the following constraints

should be used to revise binary decision values:
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drtrq1 ≤ dtrq1 drrpm1 ≤ drpm1

drtrq1 ≥ dtrq1 drrpm1 ≥ drpm1

drtrq2 ≤ dtrq2− dtrq1 drrpm2 ≤ drpm2− drpm1

drtrq2 ≥ dtrq2− dtrq1 drrpm2 ≥ drpm2− drpm1

drtrq3 ≤ dtrq3− dtrq2 drrpm3 ≤ drpm3− drpm2

drtrq3 ≥ dtrq3− dtrq2 drrpm3 ≥ drpm3− drpm2

drtrq4 ≤ dtrq4− dtrq3 drrpm4 ≤ drpm4− drpm3

drtrq4 ≥ dtrq4− dtrq3 drrpm4 ≥ drpm4− drpm3

drtrq5 ≤ dtrq5− dtrq4 drrpm5 ≤ drpm5− drpm4

drtrq5 ≥ dtrq5− dtrq4 drrpm5 ≥ drpm5− drpm4

The tables are similar for RPM. Due to this, the tables about RPM decision

variables were not placed here.

Table 4: Example of revised torque binary decision variables.

Example drtrq1 drtrq2 drtrq3 drtrq4 drtrq5

TRQ < trq1 1 0 0 0 0
TRQ < trq2 0 1 0 0 0
TRQ < trq3 0 0 1 0 0
TRQ < trq4 0 0 0 1 0
TRQ < trq5 0 0 0 0 1

MILP is an optimization algorithm, and it converges to optimum values step by

step. Nevertheless, converging exactly to an integer value is difficult, especially for

complex problems. During optimization, the difference between optimized value

and integer value decreases. Some tolerances are added to make a solution in a

shorter time or be able to find a solution. One of which is named integer tolerance.

By adding this, the MILP algorithm can stop when the difference between the

optimized value and nearest integer is lower than the tolerance.
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These tolerances can cause some problems as well. For example, after execu-

tion, binary values can get real values around 0 and 1. A round operation can

be needed to deal with these non-binary issues. Rounding can be done simply by

using round function in MATLAB. However, this is not suitable for MILP. The

same result can be obtained by implementing the followings:

(0.5) · drround ≤ 1− dr

(−0.6) · drround ≤ dr − 0.5

(11)

In equation 11, drround is rounded binary decision variable, dr is binary decision

variable before rounding. These constraints can be applied to both the torque and

RPM side.

After rounding the binary decision variables, the efficiency value can be found

by checking the places where both torque and RPM binary decision values are true.

As it has known that the ‘IF’ function is not available in linear programming, two-

dimensional matrix multiplication and multiplication of two decision variables are

not possible. That is why a unique form is needed here. All binary decision

variables should be collected in a vector form. Furthermore, the efficiency map

should be reshaped for this unique form. This form can be seen for a 5x5 efficiency

map and a route with 20 segments in Table 5.
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Table 5: The unique form for a route with Nr = 20 segments.

⃗dttrq ⃗dtrpm Efficiency Vector
⃗drtrq1 ⃗drrpm1 [90.11, 90.11, · · · , 90.11]Nr×1

⃗drtrq1 ⃗drrpm2 [90.12, 90.12, · · · , 90.12]Nr×1

⃗drtrq1 ⃗drrpm3 [90.13, 90.13, · · · , 90.13]Nr×1

⃗drtrq1 ⃗drrpm4 [90.14, 90.14, · · · , 90.14]Nr×1

⃗drtrq1 ⃗drrpm5 [90.15, 90.15, · · · , 90.15]Nr×1

⃗drtrq2 ⃗drrpm1 [90.21, 90.21, · · · , 90.21]Nr×1

⃗drtrq2 ⃗drrpm2 [90.22, 90.22, · · · , 90.22]Nr×1

⃗drtrq2 ⃗drrpm3 [90.23, 90.23, · · · , 90.23]Nr×1

⃗drtrq2 ⃗drrpm4 [90.24, 90.24, · · · , 90.24]Nr×1

⃗drtrq2 ⃗drrpm5 [90.25, 90.25, · · · , 90.25]Nr×1

⃗drtrq3 ⃗drrpm1 [90.31, 90.31, · · · , 90.31]Nr×1

⃗drtrq3 ⃗drrpm2 [90.32, 90.32, · · · , 90.32]Nr×1

⃗drtrq3 ⃗drrpm3 [90.33, 90.33, · · · , 90.33]Nr×1

⃗drtrq3 ⃗drrpm4 [90.34, 90.34, · · · , 90.34]Nr×1

⃗drtrq3 ⃗drrpm5 [90.35, 90.35, · · · , 90.35]Nr×1

⃗drtrq4 ⃗drrpm1 [90.41, 90.41, · · · , 90.41]Nr×1

⃗drtrq4 ⃗drrpm2 [90.42, 90.42, · · · , 90.42]Nr×1

⃗drtrq4 ⃗drrpm3 [90.43, 90.43, · · · , 90.43]Nr×1

⃗drtrq4 ⃗drrpm4 [90.44, 90.44, · · · , 90.44]Nr×1

⃗drtrq4 ⃗drrpm5 [90.45, 90.45, · · · , 90.45]Nr×1

⃗drtrq5 ⃗drrpm1 [90.51, 90.51, · · · , 90.51]Nr×1

⃗drtrq5 ⃗drrpm2 [90.52, 90.52, · · · , 90.52]Nr×1

⃗drtrq5 ⃗drrpm3 [90.53, 90.53, · · · , 90.53]Nr×1

⃗drtrq5 ⃗drrpm4 [90.54, 90.54, · · · , 90.54]Nr×1

⃗drtrq5 ⃗drrpm5 [90.55, 90.55, · · · , 90.55]Nr×1

Two new binary decision values should be defined to be able to produce this

special form. These values are ⃗dttrq for torque and ⃗dtrpm for RPM. These two

variables keep all binary decision forms as shown in Table 5. The number of route

segments is defined as Nr and the dimensions of the efficiency map is q×w. With

these, dimensions of these variables can be imagined as follows:
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⃗drtrq1 =



drtrq1(1)

drtrq1(2)

...

drtrq1(Nr)


, ⃗drrpm1 =



drrpm1(1)

drrpm1(2)

...

drrpm1(Nr)


, ⃗dttrq =



dttrq(1)

dttrq(2)

...

dttrq(Nr · q · w)



⃗dtrpm =



dtrpm(1)

dtrpm(2)

...

dtrpm(Nr · q · w)


, ⃗dchosen =



dttrq(1) · dtrpm(1)

dttrq(2) · dtrpm(2)
...

dttrq(Nr · q · w) · dtrpm(Nr · q · w)



A multiplication operation should be performed to find where both torque

and RPM decision variable is true. Another decision value is created and named

dchosen. Thanks to this, only the mentioned parts became true. But, due to

the multiplication of two decision variables is not applicable, the following non-

linearities should be implemented instead of multiplication:

−dttrq(i) + dchosen(i) ≤ 0

−dtrpm(i) + dchosen(i) ≤ 0

dttrq(i) + dtrpm(i)− dchosen(i) ≤ 1

Element-wise multiplication of reshaped efficiency values and dchosen gives an-

other vector that every q · w element is for a segment, respectively. For example,

if there is a 5x5 efficiency map, every group consists of 25 elements. There is

only one value that is different from zero in this element group, which is the effi-

ciency value for the respective segment. Result of the addition of q · w elements

respectively, a vector that includes the efficiency values for each segment can be

found.
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CHAPTER III

CASE STUDY

In this chapter, the lookup table implemented MILP model is applied to different

routes with different segment lengths, numbers, and grades. The energy consump-

tion results and execution time are compared as well. It should be clarified that

the implementation is done using Optimization Toolbox, MATLAB R2020b, and

a computer with a 3.6 GHz 6 core CPU and 16 GB DRAM.

Parameters of the vehicle are chosen concerning the parameters in literature

work [6]. These parameters are shown in Table 6.

Table 6: Vehicle parameters.

Parameter Symbol Unit Value

Mass m kg 7.105

Basic Resistance Rb N/kg 0.02 + 4.417 · 10−5

Mass factor ρ - 1.06

Maximum speed Vmax m/s 50

Maximum Traction Force umax N 4 · 105

Minimum Traction Force umin N −3 · 105

In this work, there are two PWA approximations. The coefficients of these

approximations are given in Table 7 for time and Table 8 for speed calculation.

In both, their non-linear graphs are divided into three regions. These values are

used to perform studies. The kinetic energy (E) intervals are chosen as the same

to reduce complexity.

The comfort parameter λ is 500. This value is the same as literature work [6].
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Table 7: PWA coefficients for time calculation.

Region m am bm Em

1 −0.3525 · 10−3 0.0746 0− 145

2 −0.0184 · 10−3 0.0262 145− 800

3 −0.0031 · 10−3 0.0140 800− 1250

Table 8: PWA coefficients for speed calculation.

Region vm avm bvm Evm

1 0.1084 1.306 0− 145

2 0.0351 11.944 145− 800

3 0.0197 24.259 800− 1250

All routes are divided into segments into these case studies to achieve a discrete

model. Conditions like road grade, air flow rate, traction and braking force, and

train parameters are assumed to be as same within a segment. Route length, the

time limit (Tmax), and grade are differentiated between routes.

Table 9: Efficiency map (%).

RPM
< 600 < 1200 < 1800 < 2400 < 3000

TORQUE

< 0 117.6 (85) 117.6 (85) 117.6 (85) 117.6 (85) 117.6 (85)
< 15000 85 90 92 92 92
< 30000 82 89 90 93 93
< 45000 78 88 88 92 93
< 60000 74 85 85 90 90

The efficiency values are given in Table 9. If there is energy gain which is

named regeneration during travel, vehicle torque becomes negative. The table

includes a negative torque part to cover this. In this part, efficiency is taken as

constant and more than 100%. Because the raw energy values get divided by
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efficiency, efficiency should have a negative effect in all cases. 1 over 85 equals

around 117.6.

While the RPM goes up to 3000, this limit is 60000 for torque. These values

can be taken from technical specs and should be the maximum values that a vehicle

can achieve. In this case study, six different route profiles were used. While the

first route was straight, others had different grade profiles. Furthermore, the route

lengths and route time limits were chosen differently. All routes have 20 segments

with different segment lengths as well. The comfort value which limits the traction

force was chosen as 500 for all cases. The grade profiles, route time limit (seconds),

route lengths, and segment lengths (meters) are given in Table 10.

Table 10: Grade profiles and details of the routes.

Route Length Seg. Length Time Limit Grade Profile

1 10000 500 600

2 10000 500 600

3 10000 500 500
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Route Length Seg. Length Time Limit Grade Profile

4 15000 750 490

5 8000 400 300

6 12000 600 480

When the final energy consumption of the two approaches is compared, it can

be seen that energy consumption is getting increased by adding efficiency values as

expected because efficiency can not be 100% due to the losses of converting electric

energy to motion. Normalized efficiency values in Table 11 show that the margin

is between 1.18 and 1.33. So, adding efficiency increased the energy result by

21% on average. Average efficiency values are calculated from segment’s efficiency

values by simply finding their mean. These average efficiencies can not prove

the normalized energy values because energy consumption is different between

segments. However, this can be said that there is a non-linear correlation between

these two values.
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Table 11: Energy and efficiency comparison between the routes.

Final Energy (MJ) Normd. Final Energy Avg. Eff. (%)
Route No Eff. With Eff. No Eff. With Eff.

1 266.79 324.96 1 1.18 89.00
2 386.59 580.13 1 1.33 86.75
3 690.10 929.56 1 1.26 87.70
4 1011.71 1252.95 1 1.19 88.80
5 950.48 1177.38 1 1.19 89.20
6 1100.00 1208.20 1 1.09 91.45

Average 1 1.21 88.82

The comparison between exact speed, which is calculated from kinetic energy

(Ek) and speed from PWA approximation in Table 12. As mentioned in the

previous chapter, calculating speed from kinetic energy is not a linear operation,

which is why PWA approximation was used instead of it. The non-linear function

is divided into three regions, but the results are not that bad. The difference

between average speed values starts from 1.47% and goes up to 6.48%. However,

this should be clarified that an increase in region number decreases the difference.

Table 12: Comparison of exact speed and PWA speed.

Route Avg. Exact Speed (m/s) Avg. PWA Speed (m/s) Difference (%)

1 14.66 14.37 1.97
2 14.66 14.37 1.97
3 24.03 22.47 6.48
4 34.78 34.27 1.47
5 30.93 30.17 2.47
6 28.14 27.27 3.09

The execution time (run-time) results can be checked in Table 13. The increase

in the number of constraints is increased the system load dramatically. There is

no correlation or linearity between time values. They are specific to the problem

itself. Also, it depends on the computer specifications. In this case, the execution
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time values were multiplied between 8.46 and 90.71 after adding a 5x5 efficiency

map.

Table 13: Comparison of execution time.

Route No Eff. Exec. Time (s) With Eff. Exec. Time (s) Normd. Time

1 32.66 375.6 11.50
2 33.61 758.67 22.57
3 10.70 90.48 8.46
4 32.47 246.45 7.59
5 2.5 72.44 28.98
6 3.25 294.82 90.71

The graphical results are placed in Appendix A. There are six graphs for each

route. These graphs can be explained as follows:

(a) Speed/Distance Graph: Exact speed and PWA approximated speed can be

compared for same route and same methodology.

(b) Route Time/Distance Graph: Increase in route time and its limitation can

be seen.

(c) RPM/Distance Graph: Motor rotation speed during travel can be checked.

(d) Torque/Segment Graph: Torque values of each segment can be seen.

(e) Energy/Distance Graph: Increase or decrease in energy values during travel

can be checked. Also, this graph can be used to see the difference between

no efficiency and energy results that includes efficiency.

(f) Efficiency/Segment Graph: The efficiency value of each segment is shown in

this graph.
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CHAPTER IV

CONCLUSION

LiMETIME (a linear vehicle model including an efficiency map) is introduced

in this thesis. This methodology demonstrates how to implement a non-linear

efficiency map to a linear vehicle model. Compared with the literature work

[6], total energy consumption values increased 21% on average because of adding

powertrain losses to the model. Moreover, LiMETIME is more complex than

literature work. The number of constraints and decision variables of the linear

model increased dramatically. To be exact, literature work was implemented by

using 35 constraints. This number is 76 constraints for LiMETIME. Due to this

complex addition to the linear vehicle model, the execution time is also longer, and

it is more than the literature, between 8.46 and 90.71 times. On the other hand,

the addition of powertrain losses did not affect the speed profiles due to the time

constraint of the routes. All essential decision variables, including comparison of

exact and PWA approximated speed profiles, are placed in Appendix as graphs,

and it is possible to check the correctness of efficiency values by using them.

When the results are examined in this way, it can be thought that LiMETIME

is worse than the literature studies both in terms of processing load and in re-

ducing energy consumption, which is its main task. However, it would not be

correct to directly compare LiMETIME in this way. Because only LiMETIME

has not ignored the motor and inverter efficiency, which is never really 100%. The

complexity brought by this account has increased the processing load as expected.

Likewise, it is quite normal for studies in the literature that ignore efficiency values

to calculate lower energy consumption values.

In this study, the addition of the efficiency map did not affect the speed profile.
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The reason for this seems to be that a certain time has been given for the com-

pletion of the route. Because when the result graphs are examined, it is observed

that the speed profile draws an arc in all case studies. However, investigations will

continue to find the root cause.

Future improvements on LiMETIME would be lowering the execution time by

optimizing the number of constraints and decision variables. Our proposed model

can be compared with other train optimization models using different approaches

like dynamic programming, genetic algorithm, ant colony algorithm, etc. LiME-

TIME can be carried to the cloud as back-end code, and an online optimizer can

be developed with a user interface. Nevertheless, although some parts require

improvement, LiMETIME contributes to linear train vehicle models and provides

a robust calculation to improve the energy efficiency of railway systems.
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APPENDIX

CASE STUDIES GRAPHIC RESULTS

These graphs can be checked to compare the validity of case study results.

(a) (b)

(c) (d)

(e) (f)

Figure 8: Graphical results of Route 1. (a): Speed. (b): Time. (c): RPM. (d):
Torque. (e): Energy. (f): Efficiency.
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(a) (b)

(c) (d)

(e) (f)

Figure 9: Graphical results of Route 2. (a): Speed. (b): Time. (c): RPM. (d):
Torque. (e): Energy. (f): Efficiency.
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(a) (b)

(c) (d)

(e) (f)

Figure 10: Graphical results of Route 3. (a): Speed. (b): Time. (c): RPM. (d):
Torque. (e): Energy. (f): Efficiency.
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(a) (b)

(c) (d)

(e) (f)

Figure 11: Graphical results of Route 4. (a): Speed. (b): Time. (c): RPM. (d):
Torque. (e): Energy. (f): Efficiency.
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(a) (b)

(c) (d)

(e) (f)

Figure 12: Graphical results of Route 5. (a): Speed. (b): Time. (c): RPM. (d):
Torque. (e): Energy. (f): Efficiency.
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(a) (b)

(c) (d)

(e) (f)

Figure 13: Graphical results of Route 6. (a): Speed. (b): Time. (c): RPM. (d):
Torque. (e): Energy. (f): Efficiency.
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