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ABSTRACT

Doctor of Philosophy Thesis

THE INVESTIGATION OF DYNAMICS OF THE SPECIFIC NON-LINEAR
DIFFERENCE EQUATIONS

Erkan TASDEMIR

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assoc. Prof. Yiiksel SOYKAN
June 2018, 71 pages

In this thesis, we are dealt with the some properties of solutions of some nonlinear difference
equations such as periodicity, stability and boundedness. Moreover, in the periodicity
sections, we are investigated periodic, eventually periodic and non-periodic cases of solutions

of related nonlinear difference equations. This thesis consist of five chapters.

First chapter of the thesis, we present the some important definitions and required theorems.

In chapter 2, we investigate the dynamics of the following nonlinear difference equations

Xn+1 = XnXn-1 t @.

In chapter 3, we study the long-term behaviours of a nonlinear difference equation

Xp+1 = Xpn-1Xn-3 — L.



ABSTRACT (continued)

In chapter 4, we deal with the periodicity, stability and boundedness character of a nonlinear
difference equation

Xn+1 = Xn-2%Xp-3 — 1.

In chapter 5, we overcome the dynamical properties of some nonlinear difference equations

Xnt+1 = XpXn—2 T Q.

Keywords: Difference equations, periodicity, boundedness, equilibrium point, stability.

Science Code: 403.03.01



OZET

Doktora Tezi

LINEER OLMAYAN OZEL FARK DENKLEMLERININ DINAMIKLERININ
INCELENMESI

Erkan TASDEMIR

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dal

Tez Damismani: Dog. Dr. Yiiksel SOYKAN
Haziran 2018, 71 sayfa

Bu tezde, bazi lineer olmayan fark denklemlerinin ¢dziimlerinin periyodiklik, kararlilik ve
smirlilik gibi 6zellikleri ele alinmaktadir. Ayrica, tezin periyodiklik boliimlerinde ilgili lineer
olmayan fark denklemlerinin ¢ézlimlerinin periyodik, eninde sonunda periyodik ve periyodik

olmama durumlar1 da incelenmektedir. Bu tez bes boliimden olugsmaktadir.

Tezin ilk boéliimiinde bazi 6nemli tanimlar ve gerekli teoremler sunulmustur.

Ikinci boliimde, lineer olmayan x,,; = x,x,_1 +« fark denklemlerinin dinamikleri

incelenmistir.

Uciincii boliimde, lineer olmayan x,.; = x,_1X,_3 — 1 fark denkleminin ¢dziimlerinin

davraniglar1 ¢alisilmstir.



OZET (devam ediyor)

Dordiincii boliimde, lineer olmayan x,,; = X,_,X,_3 — 1 fark denkleminin periyodiklik,

kararlilik ve sinirlilik karakteri ele alinmastir.

Besinci boliimde, bazi lineer olmayan x,,.; = x,x,_, + @ fark denklemlerinin dinamik

Ozellikleri incelenmistir.

Anahtar Kelimeler: Fark denklemleri, periyodiklik, sinirlilik, denge noktasi, kararlilik.

Bilim Kodu: 403.03.01
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

During the last decades, there has been a significant increase in investigation of the dif-
ference equations (or called recursive sequences). One of the most important reason for
this increase is undoubtedly applications of mathematical theory to different fields of
science as a mathematical model. A mathematical model consist of three basic steps.
The first of these steps is to transform the problem into a mathematical problem. Next
step is to solve the mathematical problem. The last step is to interpret results of these
mathematical problem for a non-mathematical problem. All of these steps are important
to the work of different fields of science. Due to its nature, the studies of many fields
of science depend on discrete variables. Thanks to these variables, we establish discrete
mathematical models by means of difference equations. Some of the techniques applied in
difference equations are used in mathematical models of real-life situations such as genet-
ics, ecology, economics, biological systems and so forth. The study of periodicity, stability
and boundedness properties of solutions of nonlinear difference equations is beneficial for
mathematical models of different applications. Although the linear difference equations
a lot studied in the beginning, the nonlinear difference equations have been much more
studied for the last years. In particular, some authors have published a number of quality
articles on the nonlinear difference equations. Furthermore, difference equations have
many applications in applied sciences so there are many papers and books regarding the-
ory and applications of difference equations, (for partial review of the theory of difference

equations and their applications see [1] - [28] and the references sited therein).

Our purpose in this thesis is to study investigation of dynamics of both some nonlinear
difference equations and specific nonlinear difference equations. Especially, we research
periodicity, stability and boundedness properties of related nonlinear difference equations.

This thesis include five chapters.

The first chapter consists of general information about the thesis and a summary of



the literature. Moreover, in this chapter, there are important definitions and significant
theorems used in the study of this thesis.
The second chapter contains some results for periodic and non-periodic solutions of some

difference equations

Tptl = TpTp—1 + O, N = 0,1,2, ..,

where the initial conditions x_; and xq are real numbers and o € R. Additionally, this
chapter includes some results about the unbounded solutions of the related second order
difference equations. At the end of this chapter, graphs are presented to visualize the
theoretical results.

The third chapter comprises the periodic, eventually periodic and non-periodic solutions

of nonlinear difference equation

Tptl = Tp-1Tpn-3 — 1, n=10,1,2,..,

where the initial conditions x_3, z_o, x_; and x( are real numbers. Morever, this chapter
involves some results about the stability character and unbounded solutions of the related
nonlinear difference equation. At the end of this chapter, graphs are presented so as to
visualize the theoretical results.

The fourth chapter consists of the periodic, eventually periodic and non-periodic solutions

of nonlinear difference equation

Tp+1 = Tp—2Tp—3 — 17 n= 07 17 27 cey

where the initial conditions x_3, x_9, x_;1 and xg are real numbers. Further, this chapter
includes some results about the stability character and unbounded solutions of the related
nonlinear difference equation. At the end of this chapter, graphs are presented in order
to visualize the theoretical results.

The fifth chapter contains the periodic, eventually periodic and non-periodic solutions of

some nonlinear difference equations

Tptl = TpTp—2 + O, N = 0,1,2,...,

where the initial conditions x_,, x_; and xy are real numbers and o € R. Moreover,

this chapter consist of some results about the stability character of the related difference



equations. At the end of this chapter, graphs are presented to visualize the theoretical
results.

Here, we present some important studies on the dynamics of nonlinear difference equa-
tions. These studies has an important role during this thesis.

In [15] Kent et al studied the boundedness of solutions, periodicity of solutions, and
existence of unbounded solutions and how these behaviors depend on initial conditions

of the difference equation

Tptl = TpTp—1 — L.

In [13] Kent et al studied the long-term behavior of solutions of the difference equation
Tptl = Tp_1Tp—o — L.

In [14] Kent et al investigated the periodicity of solutions, existence of unbounded solu-

tions and convergence to the negative equilibrium of the difference equation
Tptl = TpTp_o — L.

In [12] Kent and Kosmala studied the periodicity and asymptotic periodicity of solutions,

as well as the existence of unbounded solutions of the difference equation
Tpil = TplTp_3 — L.

In [22] Stevic and Iri¢anin, investigated the following difference equation
Tpil = Tpn_yTn_kr — L,n € Ny,

where k,l € N, k < [, ged(k,l) = 1, and the initial values x_;,...,x_o,z_1 are real
numbers. They dealt with the behaviour of solutions of the difference equation of general
character, by describing the long-term behavior of the solutions of the difference equation
for all values of parameters k£ and [, where the initial values satisfy the following condition
min{x_;, ...,z 9,71}

In [23] Stevic et al studied the boundedness character of positive solutions of the difference

equation

k .
— aj

Ty = Q-+ | |j:1 Ty

Now, we present some important definitions and theorems for nonlinear difference equa-

tions.



Definition 1.1 (Difference Equation, [5]) A difference equation of order (k + 1)

s an equation of the form
Tpr1 = F(xp, Tp1, e, Tpn_g), n=0,1,... (1.1)

where F is a function that maps some set I*™' into I. The set I is usually an interval

of real numbers, or a union of intervals, or a discrete set such as the set of integers
Z=1{.,-1,0,1,.. .}
A solution of Eq.(1.1) is a sequence {x,}> _, that satisfies Eq.(1.1) for all n > 0.

Definition 1.2 (Equilibrium, [5]) A solution of Eq.(1.1) that is constant for all n >
—k is called an equilibrium solution of Fq.(1.1). If

Tp =T, for alln > —k

is an equilibrium solution of Eq.(1.1), then T is called an equilibrium point, or simply

an equilibrium of Eq.(1.1).

Definition 1.3 (Stability, [5]) (i) An equilibrium point T of Eq.(1.1) is called locally
stable if, every € > 0, there exists § > 0 such that if {x,}°2 . is a solution of Eq.(1.1)
with

o) —Z| + |x1p — T+ -+ |wg—Z| <0
then
|z, — Z| < e, for alln > 0.

(i) An equilibrium point T of Fq.(1.1) is called locally asymptotically stable if, T is
locally stable, and if addition there exists v > 0 such that if {x,}5° . is a solution of
Eq.(1.1) with

vk = 2|+ v — T+ -+ o — T| <,
then

limz, = 7.

n—oo



(#ii) An equilibrium point T of FEq.(1.1) is called a global attractor if, for every solution
{zn}02 . of Eq.(1.1), we have

lim z,, = Z.
n—oo

(iv) An equilibrium point T of Eq.(1.1) is called globally asymptotically stable if T is
locally stable, and T is also a global attractor of Eq.(1.1).
(v) An equilibrium point T of Eq.(1.1) is called unstable if T is not locally stable.

Definition 1.4 (Linearized Equation, [5]) Suppose that the function F is continu-

ously differentiable in some open neighborhood of an equilibrium point T. Let

OF
i _7_7'”7_7 .:071727"'71{“
q 90 (T, 7 z), fori
denote the partial deriative of F (ug,uq, -+ ,ux) with respect to u; evaluated at the equi-

librium point T of Eq.(1.1). The equation
Znl = Qo%n + QZn—1+  + QpZnok, n=0,1,-- -, (1.2)
is called the linearized equation of Fq.(1.1) about the equilibrium point T.

Definition 1.5 (Characteristic Equation, [5]) The equation
>\k+1 o qo)\k o ql)\k—l . — Qk—l/\ —qr = 0 (13)
is called the characteristic equation of Eq.(1.2) about the equilibrium point .

Theorem 1.1 (The Linearized Stability Theorem, [5]) Assume that the function
F is a continuously differentiable function defined on some open neighborhood of an equi-
librium point T. Then the following statements are true:
(a) When all the roots of Eq.(1.3) have absolute value less than one, then the equilib-
rium point T of Eq.(1.1) is locally asymptotically stable. Moreover, in this here the
equilibrium point T of Eq.(1.1) is called sink.
(b) If at least one root of Eq.(1.3) has absolute value greater than one, then the equilibrium
point T of Eq.(1.1) is unstable.

(1) The equilibrium point T of Eq.(1.1) is called hyperbolic if no root of Eq.(1.3)

has absolute value equal to one.



(11) If there exists a oot of Eq.(1.3) with absolute value equal to one, then the equi-
librium ¥ is called nonhyperbolic.

(i1i) An equilibrium point T of Eq.(1.1) is called a saddle point if it is hyperbolic
and if there exists a root of Eq.(1.3) with absolute value less than one and another root
of Eq.(1.3) with absolute value greater than one.

(iv) An equilibrium point T of Eq.(1.1) is called a repeller if all roots of Eq.(1.3)

have absolute value greater than one.

Theorem 1.2 (Clark Theorem, [5]) Assume that qo,q1,- - ,q are real numbers such

that
g0l + fau] 4 -+ +la| < 1.
Then all roots of Eq.(1.3) lie inside the unit disk.

Definition 1.6 (Periodicity, [5]) A solution {z,}5> _, of Eq.(1.1) is called periodic

with period p if there exists an integer p > 1 such that
Tnip = Tn, for alln > —k. (1.4)

A solution s called periodic with prime period p if p is the smallest positive integer for

which Eq.(1.4) holds.

Theorem 1.3 ([17], p.13) Let [a,b] be an interval of real numbers and assume that
f :la,b] X [a,b] — |a, b

s a continuous function satisfying the following properties:
(a) f(z,y) is non-increasing in each of its arguments;

(b) If (m, M) € [a,b] X [a,b] is a solution of the system
f(m,m) =M and f(M,M) =m,

then m = M.
Then Eq.(1.1) has a unique equilibrium T € [a, b] and every solution of Eq.(1.1) converges

to .



Theorem 1.4 ([17], p.208) Let [a,b] be an interval of real numbers and assume that
f:la,b] X [a,b] x [a,b] — [a,]]

1 a continuous function satisfying the following properties:
(a) f(z,y,2) is non-increasing in all three variables x,y, z in |a, b|;

(b) If (m, M) € [a,b] X [a,b] is a solution of the system
M = f(m,m,m) and m = f(M, M, M)

then

m = M.

Then Eq(1.1) has a unique equilibrium T € [a,b] and every solution of Eq(1.1) converges

to x.






CHAPTER 2

QUALITATIVE ANALYSIS OF SOME NONLINEAR DIFFERENCE
EQUATIONS

In this chapter, we examine the periodic behaviors of solutions and dependence of such
behaviors on initial conditions of the some nonlinear difference equations z,, 11 = z,2,_1+
a. Additionally, we study the existence unbounded solutions of the related difference
equations.

The results presented in this chapter have been published as article in [25] by us.

2.1 INTRODUCTION

In [15] Kent et al studied the periodicity of solutions, boundedness of solutions, and

existence of unbounded solutions of the nonlinear difference equation
Tp4+1 = TnTn—1 — 17

where the initial conditions z_; and xy are real numbers.
Ladas [1] investigated the stability of the equilibrium points and the long-term behavior

of solution of second-order difference equation
Tpil = TpTp1+a, n=0,1,2,..,

where the initial conditions x_; and x( are real numbers and o € R.

In this chapter we study the periodic character of solutions of the following some nonlinear

difference equations

Tpil = TpTp1+a, n=0,1,2,.., (2.1)

2.2 THE EQUILIBRIUM POINTS OF EQ.(2.1)

This section, we investigate that Eq.(2.1) has exactly two equilibria.



Lemma 2.1 The equilibrium points of Eq.(2.1) are

1T VI—1a
5a— LEYIZE (2.2)
Proof. Let T is an equilibrium point of Eq.(2.1). Thus x,, = Z, for all n > —1. So, we

have
T=7T'T+ .

Therefore, we get the equation

Z—T4+a=0.

Thus, we find that Eq.(2.1) has exactly two equilibrium points, which are z; and Z,
together:

remark 2.1 FEq.(2.2) has three cases for the variable a:
(i) T is complex if o > 1,

(ii) T, and T are real numbers if a < i,

1

(iii) T = L is unique equilibrium point if o = i

2

2.3 THE PERIODIC SOLUTIONS OF EQ.(2.1)

In this section, we study the existence of periodic, eventually periodic or non-periodic

solutions of Eq.(2.1).
Theorem 2.2 There are no eventually constant solutions of Eq.(2.1).

Proof. If {z,}° _, is eventually constant solutions of Eq.(2.1), then xy = x4 =T for
some N > 0, where Z is an equilibrium point. Therefore from xy,1 = zyry_1 + @, it

follows that

INyg1—OQ T—Q  _
I‘N_lz = — = .
TN T

Repeating this procedure, we obtain z, =7, for —1 <n < N + 1 as claimed. =

Theorem 2.3 Difference equation (2.1) has no nontrivial period two solutions nor even-

tually period two solutions.
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Proof. Suppose that xy = xyior and xy1 = Tnioks1, for every k € Ny, and some

N > —1, with zny # xn11. Therefore, we have

TN+4 = IN+3TN42 +

TN+4 = TN+1TN42 + O = TNy3
TN+4 = TIN+1TN T+ Q= TN42
TNts = IN-1TIN T QO =Tpny1

From this and since xy,4 = x, we obtain a contradiction which finishes the proof of the
result. m
The following result shows that there exist exactly three periodic solutions of Eq.(2.1)

with minimal period three and gives a description of each.

Theorem 2.4 There exists exactly three periodic solution of Eq.(2.1) with minimal period

three. They are given by three pairs of initial conditions

r_1=—1,29 =—1;

r1=—lzg=a+1

and

ri=a+1,zy=-1

where a # 0.

Proof. The case a = —1 was investigated in [15]. Now, we can write terms of a period-

three solution of Eq.(2.1) as
Tr_1 =a,

g = b,

1 =ab+ a,

and

Ty = (ab+a)b+a=a,
z3 = a(ab+a)+a=0.
So

ab> +ab+a—a = 0,

ba’ +aa+a—b = 0.

11



Thus, this is indeed a solution of period three if the system below is satisfied.

(b+1)(ab—a+a) = 0 (2.3)
(a+1)(ab—b+a) = 0 (2.4)
Therefore, we obtain three cases when after solving (2.3) and (2.4),

(i) Suppose that b +1 = 0. From (2.4) then (a+1)(ab—b+ «) = 0 implies that
ab—b+a=0or1l+a=0andhencea=—-1ora=a-+1.

(i) Suppose that a + 1 = 0. From (2.3) then (b+ 1) (ab—a+ o) = 0 implies that
ab—a+a=0orl+b=0and henceb=—-1or b=a+ 1.

(#i) Suppose that a +1 # 0 and b+ 1 # 0 such that

ab—a+a = 0 (2.5)

ab—b+a = 0 (2.6)
Therefore, after solving (2.5)—(2.6) we find that

a=7 and b= 7,

or

a =Ty and b = Z».

In this case, there are no periodic solutions of Eq.(2.1) with prime period three, because
it’s trivial solutions.

Hence, there exists exactly three periodic solutions with minimal period three of Eq.(2.1)

given by

r1=—1lzrg=—-1l,x1=a+1,..
ri=a+1lLzg=-1,21=—1,...
r1=—lro=a+1,ry=—1,..

as claimed. =

In the sequel, we will refer to any one of these three periodic solutions of Eq.(2.1) as
o+ 1, -1, -1, a+1,—-1,—1,.. (2.7)
Theorem 2.5 Difference equation (2.1) has no nontrivial period-four solutions.
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Proof. Let {z,} - |, be a period-four solution of Eq.(2.1). Then z4,_1 = a, 24, = b,
ZTans1 = ¢ and 4,40 = d for every n € Ny and some a, b, ¢, d € R such that at least two
of them are different. Therefore by direct calculation we have

ry, = ror1t+a=ab+a=c (2.8
To = marota=>blab+a)t+ta=d (2.9
T3 = Tori+a=cd+a=a (2.10
Ty = T3x3+a=ad+a=0>0. (2.11
Thus, from (2.8)—(2.11), we have two cases,

(i) lfa#0,thena=b=c=d=%anda=b=c=d =Ty,

(ii)) faa=0,thena=b=c=d=0anda=b=c=d=1.

Consequently, there are no periodic solutions of Eq.(2.1) with period-four, because these

are trivial solutions or non-periodic solutions. m
Theorem 2.6 Difference equation (2.1) has no nontrivial period-five solutions.

Proof. Let {z,}> | be a period-five solution of Eq.(2.1). Then z5, 1 = a, x5, = b,

n=-—1

Tsni1 = C, Tsnio = d and x5,,3 = e for every n € Ny and some a, b, ¢, d, e € R such that

at least two of them are different. Therefore by direct calculation we have
T =201 +ta=ab+a=c

To=x1Tgt+a=bc+a=d
Tz3=2r1+a=cd+a=ce
Ty=23x2+a=de+a=a
Ty = TaT3 + = ae+ a=b.

Thena=b=c=d=e=2%;and a=0b=c=d=e = Ty. So, there are no periodic

solutions of Eq.(2.1) with period-five, because it is a trivial solution. =

2.4 LONG TERM BEHAVIOUR OF EQ.(2.1)

In this section, we find sets of initial conditions of Eq.(2.1) for which unbounded solutions

exist. The following theorem takes care of long-term behaviour of Eq.(2.1).
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Theorem 2.7 Let a > }1 and x_1, xo < —1. Then, the following statements hold true:
(1)

O<m<ay<ar<..

<2y < T < Ts < T3 < Ty < xp < —1.

(ii) The subsequences {xs,} - o, {Tan—1},eq tend to —oo, {Tapt1},o, tends to +oo.

Proof. We first have, 1 = zox_1 + a > 0. We will prove that, zo < o < —1. Since
(2o + 1)2 > 0, we have that =3 +2x¢+1 > 0. Thus, l—l—x—i—l—x—% > 0 so %+% > —1. Since
r_1 < —1, we must have, z_; < %—i—% Thus z_129 > 2—1—76—10 and x_1x0+a > 2—|—a+$—10.
Therefore 1 > 2+ a + xio It follows that,

1T < 229 + azg + 1

120+ < 2x9+axrg+ 1+ a <z

To < To < —1.

Next, we show that z3 is not only less than —1, but it is also less then z5. To show
this, we note that since xo < zg and 1 = zoxr_1 + @ > 0 we have xox; < zox;. This
gives ror1 + o < xox; + @, and hence z3 < x5 < 19 < —1. We want to show x, > z;.
To show this, we start by observing that r3 < —1 and so x3 < x;. Therefore, since
T3 = Tex1 + a < x1, we obtain with x5 + 1 < 0,

Tox1 — X1 +a <0

r1 (e —1)+a <0

r1 (2 —1) < —«

r1(xe — 1) (22 4+ 1) > —a (2 + 1)

T1T5 — T > —QTy —

1175+ ary > 1 — «

To (1122 + @) > 11 — &

Toly > T] —

Tox3z + o > T

T4 > 7.

By induction, it can be proved that,

O<ri <y <zy < ...

< xg < T < Ty < Tz < XTg < xg < —1.

In other words, {z3,41}, ., is a positive increasing subsequence and {3, },-, and {z3,12} -,

are negative decreasing subsequences.
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(7i) Now we verify that these subsequences are unbounded and thus our solution is un-
bounded. Suppose that two decreasing sequences, {z3,}. ., and {xs,12} -, are bounded
from below. Then they each must converge to a finite limit (which is the same finite limit
and less then 7,). But by Eq.(2.1), the third increasing subsequence {3,41},., must
also converge to a finite limit (which is positive), where,

T3n11 = T3nTan—1 + O = |T3y] }$3(n71)+2} +oa.

This is impossible because there are no periodic solution with minimal period two (see
section 2.2, theorem 2.3). So {z3,},., and {3,142}, are unbounded (They tend to

—00) and thus {xs,41},-, is also unbounded (it tends to +00) by Eq.(2.1) again. m

2.5 NUMERICAL EXAMPLES

In this section, we present some numerical examples about theoretical results for Eq.(2.1).

Example 2.1 Consider the Eq.(2.1) with initial conditions v_; = —1, xy = —1 and
a = 3, then there are periodic solutions with period three as (2.7). The following figure

verifies our theoretical results. (See Figure 2.1)

Figure 2.1: Plot of the difference equation x,,1 = x,z,_1 + 3.

Example 2.2 Consider the Eq.(2.1) with initial conditions x_1 = a + 1 = %, x9 = —1
and o = %, then there are periodic solutions with period three as (2.7). The following

figure verifies our theoretical results. (See Figure 2.2)
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Figure 2.2: Plot of the difference equation x,.1 = x,z,-1 + %

Example 2.3 Consider the Eq.(2.1) with initial conditions x_y = —1, o = 2 and o =

2

—, then there are periodic solutions with period three as (2.7). The following figure

verifies our theoretical results. (See Figure 2.3)

2

Figure 2.3: Plot of the difference equation ;11 = =, 7,1 — .

Example 2.4 Consider the Eq.(2.1) with initial conditions v_; = —1.0003, xy = —1.0002
and o = 0.28, then there are unbounded solutions as Theorem 2.7. The following figure

verifies our theoretical results. (See Figure 2.4)

=
T

NAANANNT

(=]

Figure 2.4: Plot of the difference equation x,,.1 = x,z,_1 + 0.28.
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CHAPTER 3

LONG-TERM BEHAVIOR OF SOLUTIONS OF A NONLINEAR
DIFFERENCE EQUATION

In this chapter we study the solution of the nonlinear difference equation
Tp4+1 = Tp-1Tp—3 — L.

Especially, we examine the periodic, eventually periodic and non-periodic solutions of
related difference equation. Additionally, we study both the existence of unbounded
solutions of related difference equation and convergence behaviour of equilibrium points
of related difference equation.

The results presented in this chapter have been published as articles in [26] and [27] by

us.

3.1 INTRODUCTION

In [15] Kent et al studied the boundedness of solutions, periodicity of solutions, and
existence of unbounded solutions and how these behaviors depend on initial conditions

of the difference equation

Tpil = TpTp_1 — L.

In [13] Kent et al studied the long-term behavior of solutions of the difference equation
Tpil = Tp_1Tp_o — L.

In [14] Kent et al investigated the periodicity of solutions, existence of unbounded solu-

tions and converging to the negative equilibrium of the difference equation
Tpy1 = Tpnln—2 — L.

In [12] Kent and Kosmala studied the periodicity and asymptotic periodicity of solutions,

as well as the existence of unbounded solutions of the difference equation

Tpy1 = Tpnlpn-3 — L.
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In [22], Stevic and Iricanin, investigated the following difference equation
Tpy1l = Tpn-iTp—k — Line€ N07

where k,l € N, k < [, ged(k,l) = 1, and the initial values x_;,...,x_o,z_1 are real
numbers. They dealt with the behaviour of solutions of the difference equation of general
character, by describing the long-term behavior of the solutions of the difference equation
for all values of parameters k£ and [, where the initial values satisfy the following condition
min{x_;, ...,z 9,21}

In this chapter we study the solution of the following difference equation

Tpil = Tp1Tp3—1, n=0,1,2,.... (3.1)
The difference equation (3.1) belongs to the class of equations of the form

Tpy1l = Tp_pTy_y — 1, n € Ny, (3.2)

with particular choices of k and [, where k,[ € Ng.

This chapter can be regarded as a continuation of systematic investigation of Eq.(3.2).
3.2 THE EQUILIBRIUM POINTS OF EQ.(3.1)

In this section, we investigate the equilibrium points of Eq.(3.1).

Lemma 3.1 The equilibrium points of Eq.(53.1) are

1-— 1
2\/5, Ty — +2\/5. (3.3)

T =
Proof. Let T is an equilibrium point of Eq.(3.1). Thus x,, = Z, for all n > —3. So, we
have

Tx=z-T— 1.

Therefore, we get the equation

T-7T-1=0.

Thus, we find that Eq.(3.1) has exactly two equilibrium points, which Z; is negative and
Z9 is positive:

1-v5 1445

9 2T

T, = T2 .

2

Xy is called as Golden Number and z; is its conjugate. m
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3.3 PERIODIC SOLUTIONS OF EQ.(3.1)

In this section we prove some results regarding periodicity of solutions of Eq.(3.1).
Eq.(3.1) has constant solutions, namely x,, = z; for all n > —3, and z,, = Z, for all

n > —3. But we have

Theorem 3.2 There are no eventually constant solutions of Eq.(3.1) unless we take

initial conditions as equilibrium points.

Proof. If {z,}5° . is eventually constant solutions of Eq.(3.1), then 2y = zyy =
TNi+2 = Tyyg = T, for some N € Ny, where 7 is an equilibrium point. However, Eq.(3.1)

gives Ty43 = xy11Zny_1 — 1, which implies

l‘N+3—|—1_i‘—|—1

TN+1 T

IN—-1 = =1T.

Repeating the procedure, we obtain that x, = z for —3 < n < N + 3. Hence, there are
no eventually constant solutions. m
The following theorem demonstrates that Eq.(3.1) has solutions that are periodic with

prime period two.

Theorem 3.3 Eq.(3.1) has prime period-two solutions if and only if the initial conditions

are
Tog = T1, Tog =22, T_1 =T1, To= T2
T3 = T2, To9=21, T1 =T, Tog=T1.

Proof. If the initial conditions are as given, then by some calculations we can see easily
that these solutions are of period two. Let {x,}5> 5 be a prime period-two solution
of Eq.(3.1). Then x9, 3 = a, T2, 2 = b, T9, 1 = a and x5, = b for all n € Ny and
for some a, b € R such that a # b. We have vy = v_17_3—1 = a®> — 1 = a and

Ty = ToT_9 — 1 = b?> — 1 = b. From these two equations we obtain that
ad—a—-1=0

and

¥’ —b—1=0.
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If either @ = 7; and b = Ty or a = Ty and b = T, we obtain the prime period two solution.
On the other hand, either a = Z; and b = 1 or a = Ty and b = T, we obtain the trivial
solution which is an equilibrium solution. m

The following theorem shows that Eq.(3.1) has prime period three solutions and this

theorem has an important role for Theorem 3.5.

Theorem 3.4 FEq.(3.1) has prime period-three solutions if and only if the initial condi-

tions are

r_3 = —]_, T_9 = —]_, r_1 = O, Tog = —1
Tr_3 = —1, T_9 = 0, r_1 = —1, To = -1
r3 = 0,z o=-1, 2. 1=-1, 2g=0.

Proof. If the initial conditions are as given, then by some calculations it is clear to see
that these solutions are of period three. Let {x,}>° 5 be a prime period-three solution
of Eq.(3.1). Then z3, 3 = a, 23,2 = b, 23,1 = ¢ and 3, = a for all n € Ny and for

some a, b, ¢ € R such that at least two of them are different. We have

ry = x4r_3—1l=ac—1=b (3.4)
Ty = ToT_g—1l=ab—1=c (3.5)
x3 = mr_1—1=bc—1=a. (3.6)

From (3.4) — (3.6) we have three cases to be considered.

(i) If a =0 and b = —1, then ¢ = —1, we obtain the first prime period-three solution.
(i) If a = —1 and b = 0, then ¢ = —1, we obtain the second prime period-three solution.
(#i) If a = —1 and b = —1, then ¢ = 0, we obtain the last prime period-three solution. m
Throughout this chapter, we will refer to any one of these three periodic solutions of

Eq.(3.1) as

e 0,—1,—-1,0, -1, -1, ... (3.7)
Theorem 3.5 All eventually periodic solutions with prime period-three are of the form
(T3, 9, 1,20, o, TN, TN+1, TN4+2, TN+3,0, —1,—=1,0, =1, —1,...)

where; N > _37 INy2IN = ]-a IN+3 = _17xN+1 = 07 and7 ZfN 7é _37 Tp—1 =

(Tps1 + 1) Jxp_3 for 0 <n < N.
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Proof. Let {z,} - , be a solution of Eq.(3.1) that is eventually periodic with prime
period-three, then by Theorem 3.4, there is an N > —3 such that xy.4 =0, xyi15 = —1,
rnie = —1 and xy7 = 0. Hence, 0 = znyy4 = nyi2xny — 1 and thus xyi 0y = 1.
Hence, —1 = zy,5 = rni3xny+1 — 1 and then zy 32y = 0. Therefore, —1 = zy,6 =
TN+4Tn12 — 1 and then zy4xni0 = 0. It’s true from x4y = 0. Thus, 0 = zy7 =
TnisTyis — 1 and thus xyisey3 = 1. Hence, xy,.3 = —1 because zy5 = —1. So,
xn+1 = 0. Consequently, while zy,3 = —1, xny31 = 0 and zy 22y = 1, all eventually
periodic solutions prime period-three are of the form (3.7). From Eq.(3.1), if N # —3,

we get T, 1 = (Tpy1 + 1) /a3 for 0 <n < N, as desired. =
Theorem 3.6 FEq.(3.1) has no prime period-five solutions.

Proof. Let {z,},. ; be a prime period-five solution of Eq.(3.1). Then, z5,_3 = a,
Tsn_o =b, 5,1 = ¢, T5, = d and x5,,1 = e for all n € Ny and a, b, ¢, d, e € R such that

at least two of them are different. From Eq.(3.1)

r7, = xx 3—1l=ac—1=e (3.8)
Ty = TeTo—1=bd—1=a (3.9)
T3 = 1T —1=ec—1=5b (3.10)
Ty = Trp—l=ad—1=c (3.11)
x5y = w3ty —l=be—1=d (3.12)

From (3.8) — (3.12) we obtain

=)
Il
>
Il
o
Il
Il
)
Il
&I
o

d
d

IS
I
>
Il
o
|
I
o)
|
=
v

as desired. m

The next theorem shows that Eq.(3.1) has prime period-six for certain initial conditions.

Theorem 3.7 Eq.(3.1) has prime period-siz solutions if and only if the initial conditions

are
Case 1: x_3=0, x_o =721, ©_1 = —1, xg = T1;
Case 2: x_3=—1, x_o=71, ©_1 =0, 9 = Ty;
Case 8: x_3=—1, x_o =21, v_1 = —1, 9 = T1;
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Case 4: v 3 =71, T2 =0, 1 =71, 29 = —1;

Case 5: x_3=1721, T_9=—1, x_1 =21, g =0;
Case 6: x_3 =171, v_9=—1, x_1 =T1, g = —1;
Case 7: r_3 = O, T_g =129, T = —]., Ty = To;
Case 8: x_3=—1, x_o =179, v_1 =0, x9g = To;
Case 9: x_3=—1, x_o =179, v_1 = —1, 9 = Ta;
Case 10: x_3 =T9, T_o =0, T_1 = Tg, g = —1;
Case 11: x_3 =129, T_o=—1, x_1 = To, 19 =0;
Case 12: ©_3 =129, x_9g=—1, x_1 = To, Tg= —1;

Case 13: v 3=—1, v 9=0, x_1 =0, 9 = —1;
Case 14: v 3=0, x_ o=0, z_1 = -1, 9 = —1;
Case 15: v _3=—-1, v o=—-1, x_1 =0, 29 =0;
Case 16: v 3=0, x o =—1, x_ 1 =—1, xg = —1;

Case 17: x_3=—1, x_o=—1, 21 = -1, 29 = —1.

Proof. If the initial conditions are as given, then by some calculations it is easy to
see that these solutions are of period six. Let {x,} - . be a prime period-six solution
of Eq.(3.1). Then, z¢,-3 = a, Ten—2 = b, Ten_1 = ¢, Ten, = d, Tenp1 = ac — 1 and
ZTenio = bd — 1 for all n € Ny and a, b, ¢, d, e, f € R such that at least two of them are
different. We have

1 = r4rx_g—1l=ac—1 (3.13)
Ty = XoT_o—1=0bd—1 (3.14)
x3 = mr_1—1=(ac—1)c—1=a (3.15)
Ty = Toxg—1=d(bd—1)—1=b (3.16)
x5y = x3r1—1=ualac—1)—1=c (3.17)
xg = x4r9—1=0>bbd—1)—1=d. (3.18)

From (3.13) — (3.18), we obtain that 25 cases.
Case 1: a=0, b=2,, c=—1, d=1,

Case 2: a=—-1, b=721, c=0, d=1,

S§

Case 3: a=—-1,b=2, c=—-1, d=1;
Case4d: a=721, b=0, c=71, d=—1

Case 5: a =21, b=—1, c=71, d=0
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Case 6: a =721, b=—-1, c=7, d=—1

Case 7: a =0, b=y, c=—1, d=

&I

2
Case 8: a=—1, b=129, c=0, d= 129

Case 9: a=—1, b=179, c=—1, d= 175

Case 10: a =79, b=0, c =T, d=—1

Case 11: a =T9, b=—1, c =179, d=0

Case 12: a =Ty, b=—1, c =19, d=—1

Case 13: a=—-1,b=0, c=0, d= -1

Case 14: a =0, =0, c=—-1, d= -1

Case 15: a=—-1,b=—-1, ¢=0,d=0

Case 16: a =0, b=—-1, c=—-1, d=—1

Case 17: a=—-1, b=-1, c=—-1, d= -1

Case 18: a =0,b=—1,c=—-1,d=0

Case 19: a=—-1,b=—1,c=0,d = —1

Case 20: a =-1,=0,c=—-1,d=—1

Case 21: a=—-1,b=—-1,c=—-1,d=0

Case 22: a = Z1,b=To,c = T1,d = Ty

Case 23: a = T9,b=Z1,¢c = T9,d =T

Case 24: a = To9,b = To,¢c = To,d = g

Case 25: a =71,b=71,¢c = T1,d = T1.

Then, there are period-six solution of Eq.(3.1) for 25 cases. Although Case 1 — Case 17
have prime period-six, Case 18 — Case 21 have prime period-three, Case 22 — Case 23
have prime period-two and Case 24 — Case 25 are trivial solutions. Thereafter, Case 1 —

Case 6 have period-six cycle as

e 0,71, 1,21, —1, 2, ...y

and Case 7 — Case 12 have period-six cycle as
ey 0,9, —1, 29, —1, 2o, ...,

and Case 13 — Case 17 have period-six cycle as
o 0,0,—1, -1, -1, -1, ...

Likewise, prime period-three and prime period-two investigated in Theorem 3.4 and The-

orem 3.3 respectively. m
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The following theorem demonstrates that Eq.(3.1) has eventually periodic solutions with

prime period-six and that their forms.
Theorem 3.8 All eventually periodic solutions with prime period-siz are of the forms
Form 1: ($—3> L_2,L_1,Z0y -+, TNy TN4+1, TN+2, TN+3, Oa T2, _]-7 j?v _]-> T, Oa T, _]-7 )

(Case 1 — Case 6) where, N > —3, xy+1 = T2, TNtz = To, TNTNio = 1, and, if N # =3,

Tpo1 = (Tps1+ 1) /zy_3 for 0 <n < N.
Form 2: (m_g,x_g,.f_l,l’o,...,IN,$N+1,$N+2,$N+3,O,£‘1,—1,.7_31,—1,51,07'%1,—1,...)

(Case 7 — Case 12) where, N > —3, xnxy1 = Ty, Tni3 = T1, TNTnio = 1, and, if

N# -3, 2, 1= (xp1+1) /x4 3 for 0 <n < N.
Form 3: (x_3,2_9,2_1,%0, ..., TN, TN+1, LN+2, TN13,0,0,—1,—1,—1,—1,0,0, -1, ...)

(Case 13 — Case 17) where, N > —3, xn1&n+3 = 1, anTyyo = 1, and, if N # -3,

Tpo1 = (Tpi1+ 1) /zy3 for 0 <n < N.

Proof.

Form 1: Let {x,}, . . be a solution of Eq.(3.1) that is eventually periodic with prime
period-six. Then by Theorem 3.7, there is an N > —3 such that xy,4 = 0 and x x5 = Z5.
Hence, 0 = xn14 = zyTNi2 — 1 and consequently xyxyio = 1. Hence, o = znyi5 =
B = (7,)°

rni3Tne1 — 1 and then xy 32y 1 = 1+ Zo. Hence, xy 30y =14+ 22 =

and so xni3 = Tyy1 = To. Therefore,

TN16 = TNpaTng2 —1=-—1
INy7 = IN4sTN43 — 1= To
TNyg = INp6TN44— 1= —1
TN19 = IN47TN45 — 1= T2
TNyio = TNysTnie— 1 =0

TN111 = TN49TN+7 — 1 = Ta.

From Eq.(3.1), if N # —3, we get 2,1 = (Tpt1 + 1) /Tp—3, for 0 <n < N, as desired.
Form 2: Let {x,} ., be a solution of Eq.(3.1) that is eventually periodic with prime

period-six. Then by Theorem 3.7, there is an N > —3 such that x4 = 0 and x5 = 7;.
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Hence, 0 = xny14 = yTnio — 1 and consequently xyzryio = 1. Hence, 7y = xy15 =
— 1 and th =1+7. H — {4 = 3=VE _ (5)2
TN13TN 1 an en Tny3Tn41 = 1+ 7. Hence, xyisoy11 = 1+ 71 = 552 = (71)

and so x5 = ryy1 = T1. Therefore,

TNy = TINp4TN42 — 1= —1
INi7T = IN4s5TN43— 1 =11
TNig = INteTNga— 1=—1
INt9 = IN47TN4s — 1 =1
TNy10 = TN48TN4e— 1 =0

TN411 = TNjoTNi7 — 1 =71

From Eq.(3.1), if N # —3, we get x,,_1 = (Tp41 + 1) /2p_3, for 0 <n < N, as desired.

Form 3: Let {x,},- 5 be a solution of Eq.(3.1) that is eventually periodic with prime
period-six. Then by Theorem 3.7, there is an N > —3 such that x4 =0 and xy.5 = 0.
Hence, 0 = xy14 = TyxNi2 — 1 and consequently zyxnio = 1. Hence, 0 = zyy5 =

Tn+3Tn+1 — 1 and then xy 32y = 1. Therefore,

TNy = IN44TN42 — 1= —1
TNy7 = INsTN3 — 1=-—1
TNig = INteTNpa— 1=-—1
TNt9 = Ingrngs — 1=-—1
TNy10 = TnisTnie— 1 =0
TNy11 = TnypoTngr — 1 =0.

From Eq.(3.1), if N # —3, we get x,,_1 = (11 + 1) /2,3, for 0 < n < N, as desired. =
Also, in [12], the authors investigated Eq.(3.1) where the interval (—1,0) is invariant.

Theorem 3.9 ([12], Theorem 4.1) Let {x,}>° _, be a solution of Eq.(3.2). If
Ty T—kt1y -y To1, Lo € (_17 O)a
then x,, € (—1,0) for alln > —k.

Therefore, Eq.(3.1), (where k = 3 and | = 1 in Eq.(3.2)), has an invariant interval under

the initial conditions in (—1,0).
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3.4 STABILITY OF SOLUTIONS OF EQ.(3.1)

In this section, we determine the stability nature of the two equilibria of Eq.(3.1).
Theorem 3.10 The positive equilibrium of Eq.(3.1), T, is unstable.

Proof. The characteristic equation of equilibria of Eq.(3.1) is the following:

M T\ =2, =0 (3.19)

with eigenvalues

1 5) 7
A, A = i—\/1+\/_—2\/—\/5+—
2 2 2
1 /5 7

Therein, |[Ai|,|X2| < 1 and |As|,|A\s| > 1. Herewith, 7, is unstable, which is a saddle

point. m

Lemma 3.11 The negative equilibrium of Eq.(3.1), &1, is local asymptotically stable.
Proof. The characteristic equation of equilibria of Eq.(3.1) is the following:

M2\ =2, =0 (3.20)

with eigenvalues

1 7 5
A de = 2o4/1—vBE—24/- -2
1, A2 5 V5 5 2\/3

1
Mah = £y 1-v5424/=—=V5.

Therefore, |\, |Aa], ]3| and [A\4] < 1 as desired. =
3.5 CONVERGENCE OF NEGATIVE EQUILIBRIUM OF EQ.(3.1)

In this section, we focus on convergence of negative equilibrium of Eq.(3.1). During the
last years, although many authors have focused on convergence of positive equilibrium
point of solutions of difference equations, some authors prefer to study negative equilib-

rium of difference equations. (See [1], [17])
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Eq.(3.1) is equivalent to the following difference equation

Ynt+1 = I —Yn-1yn-3, n=1,2,... (321>
with change to variable y,, = —z,,. Thus, the initial conditions of (3.21) are y_3 = —z_3,
Y_o = —T_9, Yy_1 = —x_1 and yp = —xo.

Besides, the interval (0, 1) is invariant for Eq.(3.21) as in [12] as Theorem 4.1. Now, we

take two subsequences t,, = yo,_1 and w,, = ys, for n > —1. Therefore, we obtain that

toi1 =1 —totn 1t 1t €1 (3.22)

and

Wpe1 = 1 — wpwp_q; w_i,wy € I (3.23)
V61

with the positive equilibrium point j =t = w = ¥

Theorem 3.12 Fuvery solution of Eq.(3.21) with the initial conditions in (0,1) converges
to the positive equilibrium §j = (v/5 —1)/2.

Now, we will give the proof of Theorem 3.12 after giving two lemmas which we need their

proof.

v6-1

Lemma 3.13 Every solutions of Eq.(3.22) converges to t = 5

Proof. We apply Theorem 1.3. Let g : [a,b] X [a,b] — [a,b] is a function defined by

gu,v) =1—wu-w.

Then
dg(u,v)

9 = —v <0,
dg(u,v)

Therefore ¢ is non-increasing function in each of its arguments.

Now, we consider that (m, M) € [a,b] X [a, b] is a solution of the system
M = g(m,m) and m = g(M, M).
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Hence, from Eq.(3.22)

M = 1—m-m,

m = 1—M-M.
Thus, we have
M =m.

Then, the proof is completed. m

Now, we investigate convergence behaviour of Eq.(3.23).

Vo1

Lemma 3.14 Every solutions of Eq.(3.23) converges to w = 5

Proof. We apply Theorem 1.3. Let g : [a,b] X [a,b] — [a,b] is a function defined by

gu,v) =1—wu-w.

Then
dg(u,v)

S = —v <0,
dg(u,v)

9 = u < 0.

Therefore ¢ is non-increasing function in each of its arguments.

Now, we consider that (m, M) € [a,b] X [a,b] is a solution of the system
M = g(m,m) and m = g(M, M).

Hence, from Eq.(3.23)

M = 1-m-m,

m = 1—-—M-M.

Thus, we have

M =m.

So, the proof is completed. =

Proof of Theorem 3.12. We consider Lemma 3.13 and Lemma 3.14. We also know that
sequences t,, and w,, are subsequences of y,. So, y, converges to the positive equilibrium
y. Due to the fact that y is positive equilibrium of Eq.(3.21), Eq.(3.1) converges to

negative equilibrium point. So, the proof is completed. =
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3.6 EXISTENCE OF UNBOUNDED SOLUTIONS OF EQ.(3.1)

In this section, we find sets of initial conditions of Eq.(3.1) for which unbounded solutions
exist.

Our study is a special case of Eq.(3.2) where k = 1 and [ = 3. In [22] and [12] the authors
obtain some results for general condition Eq.(3.2). We now give some results for this

special case which has not been studied so far as far as we examined.

Lemma 3.15 Let {x,}>° 5 be a solution of FEq.(3.1). If v_3, x_9, x_1, g < —1 then
the following statements are true:
(Z) X1, Tog > 0

(ZZ) T3, T4, Ty, T < —1.

Proof. Let {z,}>° 5 be a solution of Eq.(3.1) and x_3, x_o, z_;, 290 < —1. Then,
Ty =x_10_3—1>0

To = ToT_o—1>0

T3 =x10_1 — 1 < —1

Ty = Tox_o— 1< —1

Ty =x30x1 — 1 < —1

Te =Tyl — 1< —1. W

The following theorem has an important role which existence of unbounded solutions of

Eq.(3.1).
Theorem 3.16 Let {x,}32 5 be a solution of Eq.(3.1), then
Tpte — Tn = (Tpyo + 1) (Tpya — x4) - (3.24)

Proof. Let {z,}>° 5 be a solution of Eq.(3.1), hence,
Tpt6 — Tn = (TpiaTpyo — 1) — 2y

Tnte — Tn = ((TpaoTn — 1) Ty — 1) — xy,

Tpt6 — Tp = mi+2xn — Tpyo — 1 —x,

Tpie — Tn = Tp (:10721+2 — 1) — (Tpya + 1)

Trye — Tn = (Tnyz + 1) (20 (Tp2 — 1) — 1)

Tnie — Tn = (Tpyo + 1) (TpZpge — p — 1)

Tpte — Tn = (£n+2 + 1) (ajn+4 - aTn) .
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Theorem 3.17 Let {x,}>° 5 be a solution of Eq.(3.1). If x_3, x_o, x_1, Ty < —1, then,

0 < T <a7<z13< .00,
0 < ay<ag<T14< .00,
—1 > x3> 39> 215 > ...,
—1 > x4>x10> T16> ...y
-1 > x5>x11 > 217 > ...,

—1 > x> T13> T8 > ....

Proof. Let {z,}>° 5 be a solution of Eq.(3.1). From Lemma 3.15 and Theorem 3.16,

forn =1,

xr—x1 = (v3+ 1) (x5 — 21)

therefore, since 7 > 0, r3 < —1 and x5 < —1,
7 —x1 >0

hence

x7 > x> 0.

From Theorem 3.16, for n = 2,

xg — To = (4 + 1) (6 — x2)

thus, for zo > 0, 4 < —1 and z¢g < —1,

g —To >0

then

Ty > 19 > 0.

From Theorem 3.16, for n = 3,

xg — 23 = (w5 + 1) (v7 — x3)

hence, since x3 < —1, x5 < —1 and z7 > 0,
Tg—x3 <0
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thus
Ty < T3 < —1.
From Theorem 3.16, for n = 4,

10 — g = (x5 + 1) (x5 — 4)

then, since 4 < —1, x4 < —1 and xg > 0,

Tig— T4 <0

hence

Tig < T4 < —1.

From Theorem 3.16, for n = 5,

x11 — x5 = (7 + 1) (29 — z5)

and from Eq.(3.1)

x11 — o5 = (7 + 1) (Q?gl'g — 275 — 1)
hence, for 3 < —1 and x7 > 0,

T — x5 <0

thus

T < T5 < —1.

From Theorem 3.16, for n = 6,

T2 — 26 = (v8 + 1) (210 — T6)

and from Eq.(3.1)

12 — 26 = (3 + 1) (x§x4 — 216 — 1)
so, since x4 < —1 and xg > 0,

Tio — Tg <0
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consequently

Tio < xg < —1.

From Theorem 3.16, for n = 7,

13 — 27 = (v9 + 1) (11 — 27)

consequently, for z7 > 0, rg < —1 and z1; < —1,

T3 —x7 >0

therefore

T3 > 17 > 11 > 0.

By induction, it can be proved that

0 < i <7 <z13< .00,
0 < Ty<ag<zis < ...
—1 > x3> 39> 215 > ...,
—1 > x4>x10> T16> ...y
-1 > x5> 211> 217> ...,

—1 > x> T19>T18> ...

The proof is completed. m

3.7 NUMERICAL EXAMPLES

In this section, we present some numerical examples about theoretical results for Eq.(3.1).

Example 3.1 Consider the Eq.(3.1) with the initial conditions x_3 = x_1 = Ty and
T_9 = Ty = Ty, then there are periodic solutions with period two as Theorem 3.3. The

following figure verifies our theoretical results. (See Figure 3.1)
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Figure 3.1: Plot of the Eq.(3.1) with the initial conditions x_3 = x_1 = Z9, T_5 = Tg = 7.

Example 3.2 Consider the Fq.(3.1) with the initial conditions x_3 = —1, x_o = —1,
r_1 =0 and g = —1, then there are periodic solutions with pertod three as Theorem 3.4.

The following figure verifies our theoretical results. (See Figure 3.2)

Figure 3.2: Plot of the Eq.(3.1) with the initial conditions z_3 = -1,z 3= -1, 2, =0
and xg = —1.

Example 3.3 Consider the Eq.(3.1) with the initial conditions x_3 = %, T_ g = 1—76,
T_q = % and o = 4, then there are eventually periodic solutions with period three as

Theorem 3.5. The following figure verifies our theoretical results. (See Figure 3.3)
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Figure 3.3: Plot of the Eq.(3.1) with the initial conditions z_3 = 2, 2o = &£, z_; = ¥
and xg = 4.

Example 3.4 Consider the Eq.(3.1) with the initial conditions v_3 = —1, x_9 = %5,

1-v5
2

r_1=0and xg = , then there are periodic solutions with period six as Case 1 — Case

6 in Theorem 3.7. The following figure verifies our theoretical results. (See Figure 3.4)

Xn
nz2r

0.0 Y 1 1 1 1 1 n

-0.2F

-0.4F

-06

-0.8F

-1.0f

-1.2-

S

Figure 3.4: Plot of the Eq.(3.1) with the initial conditions z_3 = —1, z_, = 15

2
1-V5
5

,:p_1:0

and xy =

Example 3.5 Consider the Eq.(3.1) with the initial conditions x_3 = —1, x_o = H\/‘F’,

2
r_1 =0 and xg = 1+2‘/5, then there are periodic solutions with period six as Case 7 — Case

12 in Theorem 3.7. The following figure verifies our theoretical results. (See Figure 3.5)
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Figure 3.5: Plot of the Eq.(3.1) with the initial conditions z_3 = —1, z_5 = Y5 2, =0

and z¢ = %5
Example 3.6 Consider the Eq.(3.1) with the initial conditions v_3 = —1, x_5 = 0,
r_1 =0 and xo = —1, then there are periodic solutions with period six as Case 18 — Case

17 in Theorem 3.7. The following figure verifies our theoretical results. (See Figure 3.6)

Xn
0.2

0.0

i - - 1 1 1 1 n
1 15 20 25 30
-02F
-04f
-06[
-08F
-10f

-1.2

Figure 3.6: Plot of the Eq.( 3.1) with the initial conditions z_3 = -1, 25 =0, 2_1 =0
and xg = —1.

Example 3.7 Consider the Eq.(3.1) with the initial conditions x_3 = Ta, x_9 =

)

N

T_1 = Ty and xo = 6, then there are eventually periodic solutions with period six as form

1 in Theorem 3.8. The following figure verifies our theoretical results. (See Figure 3.7)
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25F
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05F
0.0

-0.5¢

-10F

Figure 3.7: Plot of the Eq.( 3.1) with the initial conditions z_3 = Ty, x_5 = %, T_1 = To
and xg = 6.

Example 3.8 Consider the Eq.(3.1) with the initial conditions v_3 = Ty, x_o =

)

=

r_1 =T and xo = 6, then there are eventually periodic solutions with period six as form

2 in Theorem 3.8. The following figure verifies our theoretical results. (See Figure 3.8)

Xn
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-05f
-1.0F

Figure 3.8: Plot of the Eq.( 3.1) with the initial conditions z_3 = 1, x_5 = i, T4 =T
and xg = 6.

Example 3.9 Consider the Eq.(3.1) with the initial conditions x_3 = %, T_ g = 1796,
r_1 = % and xo = %, then there are eventually periodic solutions with period six as form

3 in Theorem 3.8. The following figure verifies our theoretical results. (See Figure 3.9)
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Figure 3.9: Plot of the Eq.( 3.1) with the initial conditions z_5 = %, z_, = 1 10

9’
and xg = %.

I
|
"
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|

Example 3.10 Consider the FEq.(3.1) with the initial conditions x_3 = —0.1, x_5 =

—0.3, z_1 = —0.5 and o = —0.9, then Eq.(3.1) converges to negative equilibrium T, =

%5 as Theorem 3.12. The following figure verifies our theoretical results. (See Figure

3.10)

Xn
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~10b

Figure 3.10: Plot of the Eq.( 3.1) with the initial conditions z_3 = —0.1, z_5 = —0.3,
r_1 = —0.5 and g = —0.9.

Example 3.11 Consider the Fq.(3.1) with the initial conditions x_3 = —0.3, x_5 =
—0.8, x_1 = —0.6 and xo = —0.2, then Eq.(3.1) converges to negative equilibrium Ty =
%5 as Theorem 3.12. The following figure verifies our theoretical results. (See Figure

3.11)

37



Xn

0.0 1 L I 1 L n
10 20 ao 40 50

-0.2F

-04}

-06}

-0.8

-1.0+

Figure 3.11: Plot of the Eq.( 3.1) with the initial conditions z_3 = —0.3, z_y = —0.8,
r_1 = —0.6 and g = —0.2.

Example 3.12 Consider the Eq.(3.1) with the initial conditions x_3 = —1.002, x_5 =
—1.003, z_; = —1.02 and xog = —1.002, then the terms of Eq.(3.1) behave as Theorem
3.17. The following figure verifies our theoretical results. (See Figure 3.12)

Figure 3.12: Plot of the Eq.( 3.1) with the initial conditions x_3 = —1.002, z_ = —1.003,
r_1 = —1.02 and 2y = —1.002.

38



CHAPTER 4

DYNAMICAL ANALYSIS OF A NONLINEAR DIFFERENCE
EQUATION

In this chapter, we investigate the dynamics of the solutions of the following nonlinear
difference equation x, 1 = x, 27, 3 — 1. Besides, we study the periodic behaviours of
related difference equation especially asymptotic periodicity and eventually periodicity.
Then, we examine the unbounded solutions of related difference equation.

The results presented in this chapter have been published as article in [28] by us.

4.1 INTRODUCTION

Up to the present, many authors investigated to dynamics of various forms of difference
equation T, 41 = Tp_&p— — 1, n € Ngsuchas k =0,[ = 11in [15]; k =0, [ = 2 in [14];
k=1,1=21in [13]; k =0, 1 = 3 in [12]. Besides, Stevi¢ and Iri¢anin have obtained some
results regarding the general form of the related difference equation in [22].

In this chapter, we investigate the dynamics of the solutions of the following nonlinear

difference equation
Tpnt+1 = Tp—2Tp—3 — ]-7 n = 07 17 27 (XS] (41)

with arbitrary initial conditions z_3, v_o x_; 9. The Eq.(4.1) belongs to the class of

equations of the form
Tpil = TppTn — 1, n € Ny, (4.2)

with specific selection of k and [, where k,[ € Nj.

This chapter can be considered as a continuance of our systematic analysis of Eq.(4.2).

4.2 THE EQUILIBRIUM POINTS OF EQ.(4.1)

In this section we study the equilibrium points of Eq.(4.1).
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Lemma 4.1 The equilibrium points of Eq.(4.1) are

1-— 1

T
Proof. Let T is an equilibrium point of Eq.(4.1). Thus x,, = Z, for all n > —3. So, we
have

T=7-T—1.

Therefore, we get the equation

2 —-7—1=0.

Thus, we find that Eq.(4.1) has exactly two equilibrium points, which z; is negative and
Zo is positive:

1B 1445

T = 9 9 = 2

To =

Note that these are the Golden Number and its conjugate. m

4.3 EXISTENCE OF PERIODICITY OF EQ.(4.1)

In this section, we show that Eq.(4.1) has minimal prime periodic solutions with period

seven. Also Eq.(4.1) has eventually periodic solutions with period seven.

Theorem 4.2 FEq.(4.1) has no eventually constant solutions.
Proof. If {x,}>2 5 is eventually constant solutions of Eq.(4.1), hence xxy = Ty =
TNi2 = Tnyg = T, for some N € Ny, where T is an equilibrium point. However, Eq.(4.1)

gives Tyy3 = TNTN_1 — 1, which implies

TNz +1l T+

TN

IN—-1— =1I.

Repetition the procedure, we get that x, = T for —3 < n < N + 3. Then, the proof is

completed. m

Theorem 4.3 There are no nontrivial nor eventually period-two solutions of Eq.(4.1).
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Proof. Suppose that xy = xy 9 and Ty1 = Tnioks1, for all & € Ny, and some N > —1,

with n # xn,1. Therefore, we have

TNya = Typony — 1 (4.4)
TNia = TN_1ZN —1=2Tni3 (4.5)
TNy4 = IN_1TN—2—1=2Tn40 (4.6)
TNys = IN_3TN-—2—1=1In41 (4.7)

From (4.5) — (4.7) and since x4 = xy We arrive a contradiction, as desired. m
Theorem 4.4 FEq.(4.1) has no minimal prime period-three solutions.

Proof. Let {z,}5° 5 be a prime period-three solution of Eq.(4.1). Then, x3,_5 = a,
T3p—2 = b, 3,1 = c and x3, = a for all n € Ny and a, b and ¢ € R such that at least two

are different from each other. From Eq.(4.1), we have

x1 = T ox g—1=ba—1=0b (4.8)
Ty = T 1T _o9—1=cb—1=c¢ (4.9)
T3 = Tor_1—1l=ac—1=a (4.10)

From (4.8) — (4.10) we obtain that

Thus, the proof is completed. m
Theorem 4.5 Eq.(4.1) has no minimal prime period-four solutions.

Proof. Let {z,}5° 5 be a prime period-four solution of Eq.(4.1). Then, x4, 3 = a,
Typn—o = b, x4,1 = c and x4, = d for all n € Ny and a, b, ¢ and d € R such that at least

two of them are different. From Eq.(4.1), we have

r1 = T oxr 3—1=ba—1=a (4.11)
Ty = T 1T o—1=cb—1=0b (4.12)
T3 = Xpr_1—1=dc—1=c (4.13)
Ty = T1x9—1=ad—1=d. (4.14)
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From (4.11) — (4.14) we obtain that

a=b=c=d=x

or

a=b=c=d=1T9

as desired. m

Theorem 4.6 FEq.(4.1) has no minimal prime period-five solutions.

Proof. Let {z,}32 5 be a periodic solution of Eq.(4.1) with minimal prime period-five.

Then, 5, 3 = a, T5,_2 = b, x5, 1 = ¢, 5, = d and x5,,1 = e for all n € Ny and a, b, c,

d and e € R such that at least two of them are different. From Eq.(4.1), we obtain

x1 = T ox 3—1l=ba—1=e (4.15)
Ty = T T o—1l=cb—1=a (4.16)
T3 = Tor_1—1=dec—1=0b (4.17)
Ty = Trg—l=ed—1=c¢c (4.18)
x5 = T —1l=ae—1=d. (4.19)

From (4.15) — (4.19) we have
a=b=c=d=e=1;
or

a=b=c=d=e =1,

as desired. m

Theorem 4.7 FEq.(4.1) has no period solutions with minimal prime period-six.

Proof. Let {z,} . , be a prime period-six solution of Eq.(4.1). Then, z¢,—3 = a,

Ten—2 = b, Tgn_1 = ¢, Tgn = d, Tepr1 =€ =ac— 1 and xg,i0 = f = bd — 1 for all n € Ny
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and a, b, ¢, d, e and f € R such that at least two of them are different. We have

Ty = T ox g3—1l=ab—1=¢e (4.20)
Ty = T o—1=bc—1=F (4.21)
3 = Tor_1—1l=cd—1=a (4.22)
xy = mrp—l=de—1=b (4.23)
x5y = mar1—l=ef—-1=c (4.24)
T = T3x93— 1= fa—1=d. (4.25)

From (4.20) — (4.25) we obtain

or

a=b=c=d=e=f =1y

as desired. =

Theorem 4.8 There are periodic solutions of Eq.(4.1) with minimal prime period-seven

if and only if

(i)x_3=0,x_9=m,x_1=—1, 19 =—1;
(i) x_3=—1, 2 9 =m, x_1 =0, g =0;
(i) v_3=—1, 0 9=—1, 24 =—1, g =m;
(iv) z_3=m, x_9=—-1,2_1=—1, 19 = —1;
(v)x_g3=—-1,2.9=—-1,2_1=m, x9=0;

where m s arbitrary.

Proof. Let {z,}.. , be a periodic solution of Eq.(4.1) with minimal prime period-seven.
Then, x7, 3 = a, T2 =10, Trpn1 = ¢, Ty = d, Ty =€ =ac— 1, Ty = f =bc—1

and z7,.3 =g=cd—1for alln € Ny and a, b, ¢, d, e, f and g € R such that at least
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two are different from each other. We have

T] = T 9T 3—1=ab—1=c¢
Ty = T 1 x o—1=bc—1=Ff
r3 = Tor_1—1l=cd—1=g
T4y = 90— 1l=de—1=ua
Ty = XToxy—1l=e¢f—1=0b
rg = w3rxa— 1= fg—1=c
r7 = xTyr3—1=ga—1=d.

Thus, the following equalities are obtained:

gy = dlab—1)—1=a
x5 = (ab—1)(bc—1)—1=10
g = (be=1)(cd—1)—1=c¢

7 = (ed—1)a—1=d.

From (4.26) — (4.29), then by direct calculation we have
(i)a=0,c=-1,d=-1;

(i) a=—1,c=0,d=0;

(iii) a=—1,b= -1, c = —1;
(iv)b=—-1,c=—-1,d=—1;
(v)a=-1,b=—-1,d=0;

and so,

r 3=0ro=mz1=-1,290=—1
r 3=—1z9o=max_1=0,20=0
r 3=—1lr ,=—1lz1=—-1Lz9g=m
T_3=m,T_o=—1,x_1=—-1,2¢9g=—1
r 3=—1r o=—-121=m,29=0

where m s arbitrary, as desired. m
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remark 4.1 Consequently, all minimal prime period-seven solutions are of the forms;
(i) Ifr_3=0,x_9=m,x_1 =—1,20 = —1, then (—1,—m —1,0,0,m, -1, -1, ...),

(i) If v_3=—1,x_g=m,x_1 = 0,29 =0, then (—m —1,-1,—1,—1,m,0,0,...),

(i) If v_3 = —1,x_9g=—1, 21 = —1,290 = m, then (0,0,—m —1,—1,—1,—1,m,...),
(i) Ifv_3=m,z_9=—-1,x_1=—1,20 = —1, then (—m — 1,0,0,m, —1, -1, -1, ...),
(v) Ife_3=—1,0_9=—1,2_y =m,z9 =0, then (0,—m —1,—1,—1,—1,m,0,...).

From now on, we will refer to any one of these seven periodic solutions of Eq.(4.1) as
vy —1,—1,—1,m, 0,0, —m — 1, ... (4.30)
where m is arbitrary.

Theorem 4.9 There are eventually periodic solutions with minimal period-seven and

they have two forms, respectively:
Form 1: (I'_g,x_g,.f_l, Loy .-y TNy TN+1; TN42;, TN43, _17 _17 _17 m707 07 —-m — ]-7 )

where, N > =3, ay110ny = 0,2y 1200841 = 0,2n437n42 = 0, and, if N # =3, 2,0 =

(Tps1+ 1) Jxpg for 0 <n < N.
Form 2: (x_3,x_9,%_1,%0, ..., TN, TN+1, TN+2, TN+3, 0,0, = — 1, =1, —1,—1,m, ...)

where, N > =3, ayp12ny = Loyporni = 1, and, if N # =3, x5 = (Tp1 + 1) /2y

for0 <n < N.

Proof.

Form 1: Let {x,} - . be a solution of Eq.(4.1) that is eventually periodic with prime
period-seven. Then by Theorem 4.8, thereisan N > —3 such that zy 4 = —1, xny5 = —1
and xrnyi6 = —1. Then, —1 = xn.4 = xyx N1 — 1 and consequently zyzy 1 = 0. Hence,
—1 =2N15 = Tnioxns1 — 1 and then 2y 22y = 0. Hence, —1 = xn16 = Tni3Tn12— 1

and so i 3x N2 = 0. Therefore,

INy7 = INpaTnyz—1=m
ITNy8 = IN45TN44— 1 =0

TNty = TN46ZN+5 — 1 =0
TNt10 = TNg7TNge — 1=-—-m—1
TN411 = TnygTnyr — 1= -1
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From Eq.(4.1), if N # =3, we get ©,,—1 = (Tp41 + 1) /253, for 0 <n < N, as desired.

Form 2: Let {x,} - . be a solution of Eq.(4.1) that is eventually periodic with prime
period-seven. Then by Theorem 4.8, there is an N > —3 such that x4 =0, 2n45 =0
and ryy6 = —m — 1. Then, 0 = xn44 = xyzN1 — 1 and consequently xyryi1 = 1.

Hence, 0 = zny45 = xni0xny+1 — 1 and then xy 02y = 1. Hence, —m — 1 = 46 =

Tn+3Tni2 — 1 and so xyi3x 12 = —m. Therefore,
INy7 = IN44TN43 — 1= -1

ITNyg = INg5TNa— 1= —1

TNy9g = ITNt6TN45 — 1= —1

TNf10 = INgTINt6— 1 =m

TNyl = Tn4sTnr — 1 =0.

From Eq.(4.1), if N # =3, we get ©,_1 = (¥p41 + 1) /xp_3, for 0 <n < N, as desired. m

remark 4.2 Let {z,},- 5 be a solution of Eq.(4.1). If t_sx_y =1 and x_1z¢ = 1, then

X, converges to period-seven cycle as
-,0,0,0,-1,-1,—-1,—-1,---. (4.31)

Proof. Let z_3 = a,2_9 = 1/a,x_1 = b and xy = 1/b for a # 0 and b # 0. From
Eq.(4.1),

Ty = TX_9¥_3— 1=0
b

Ty = I_ll’_Q—l:——]_
a

T3 — Tol—-1 — 1=0

T4 = x1T0—1=—1.

Hence, by induction Eq.(4.1) converges to period-seven cycle as (4.31). The proof is

completed. m

4.4 ASYMPTOTICALLY PERIODIC SOLUTIONS OF EQ.(4.1)

In this section, we study the existence of asymptotic periodic solutions of Eq.(4.1).

Theorem 4.10 FEq.(4.1) has the asymptotically seven-periodic solutions as (4.30) for the

initial conditions x_3, x_o, x_1, g € (—1,0).
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Proof. Focus on the asymptotically seven-periodic solutions, we get u,(CO) = Tpi7k, u,(cl) =

o (2) _ (3) _ 4) _ (5) _ d (6) _
n+7k—15 U~ = Tpy1k—2, U~ = Tny7k—3, U~ = Tn47k—4, Uy~ = Tp47k—5 ANA Uy~ = Tn47k—6-

Now, we make the ansatz as in [3]:

u,(CO) = iavp”t”k, ap = m; (4.32)
v=0

u,(cl) = f:bvp“t“k, by = 0; (4.33)
v=0

u,(f) = icvp”t”k, co = 0; (4.34)
v=0

u® = idvp”t”k, do = —m — 1; (4.35)
v=0

ugl) = ievp“t”k, eo = —1; (4.36)
v=0

uy = ifvp”t”’“, Jo=—1; (4.37)
v=0

ul = igvp”t”’“, go = —1; (4.38)
v=0

with arbitrary p and m € (—1,0). We choose p > 0 and from Eq.(4.1), it follows that:

© _ ,®,0

Uy = gy —
W = P 1
W = 1
i = P 1
ul(;il = ugizlul(;)) —1
ul(ci)l = ul(izlul(gl -1
ul(cl—&)—l = U;(ﬁlu/(fll -1

Substitution of (4.32) — (4.38) into these equations. Hence, when we compare the coeffi-

cients, we obtain that

ay = 51201:d1:€1:f1291:

ay = bh=cp=dy=e=fo=g=
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and by induction,

ap=b,=c,=d, =¢e, = fn,=9,=0, forall n > 0.

Therefore 7, = u,(go) = ZzO;O:O ap't’* = m + 0+ 0+ ..., SO T, 7 converges to m.

Similarly, x, . 7x_1 converges to 0, x, 7x_o converges to 0, x, 7x_3 converges to —m — 1,
Tnatk_a converges to —1, x, 7x_5 converges to —1 and x,,7,_¢ converges to —1. Hence,

the proof is complete. m
4.5 STABILITY OF EQ.(4.1)

In this section, we examine the stability of the two equilibria of Eq.(4.1).
Theorem 4.11 The positive equilibrium point of Eq.(4.1), To, is unstable.

Proof. The characteristic equation of equilibria of Eq.(4.1) is the following:
)\4 - ffg)\ - .’/TIQ == 0

with eigenvalues

A~ —0.7756

A2 ~ 1.4044

A3, A &~ —0.3142 £ 1.1773:.

Therefore, |A\1| < 1 and [Ao|, |As], | 4| > 1. Therefore, Zo is unstable, which is a saddle

point. m
Theorem 4.12 The negative equilibrium point of Eq.(4.1), T1, is unstable.

Proof. The characteristic equation of equilibria of Eq.(4.1) is the following:
)\4 - i’l)\ - fil = 0

with eigenvalues

A, g & —0.6412 + 0.4125i

A3, Ay = —0.6412 4 0.8075:.

Therefore, |A1],[A2] < 1 and |As],|A\4| > 1. So, Z; is unstable and which is a saddle point.
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4.6 EXISTENCE OF UNBOUNDED SOLUTIONS OF EQ.(4.1)

In this section, we work the existence of unbounded solutions of Eq.(4.1).

Theorem 4.13 Let {x,} - . be a solution of Eq.(4.1). If x_3,x_9, 21,20 > Tg = 1+2\/5,
the following statements hold true:
(Z')JZ_2<ZE1 LX< ooy, T < Tp < T < - anda:g<m3<x6<---;

(ii) the solutions tend to +oo.

Proof. (i) Since z_5 > Y% we obtain =< 1+2\/5 = Y51 Hence,
1 o—1 1 )
1+—<1+\/_ = +\/_<x_3.
Tr_9 2 2

Then, z_3 > 1+ x—; Hence, x_3x_o9 > x_o + 1. Therefore, x_3x_5 — 1 > x_5. Thus,
T_9 < x1. Since z_; > 1+2‘/5, we have x% < 1+2\/5 = \/52*1. Hence,
1 5—1 1 5
pp Lo VB 1V5
Tr_1 2 2

r_q.

Then, z_o > 1+ %_1 Hence, x_12_5 > x_1 + 1. Therefore, x_1x_5 — 1 > x_;. Thus,
1+v5 1 2 /51
2 ,Wehavex—0<1+\/5— 5

1 5—1 14+ +v5
1+ —<1+ V5 = V5 <
Zo 2 2

T_1 < xy. Since xy > . Hence,

T_1.

Then, z_1 > 1+ % Hence, xox_1 > 2o + 1. Therefore, xgr_1 — 1 > z¢. Thus, zq < x3.

Since x1 > T_y > 1+2‘/5, we have I—ll < 1+2\/g = \/52_1. Hence,
1 5—1 145

1+4—<1+ V5 = V5 < xg-
T 2 2

Then, zg > 1 + w—ll Hence, z1z9 > x1 + 1. Therefore, x1x9 — 1 > x1. Thus, 21 < 4.

Hence, by induction it easily follows that

T < T < Ty < -+ (439)
T < T < Ty < --- (440)
To < T3 < Tg<<:--. (441)

(i) Suppose one of (4.39) — (4.41) subsequences given in (i) is bounded. Hence, from
Eq.(4.1), we obtain

1+z,
+1
Tp—3 = l*—’ n e No.
n—2
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Therefore, the subsequences (x3,) .~ , (T3n-1),—o and (z3,—2) ., must be convergent.
Thereby, there are two situations for whole solution of Eq.(4.1). Then, in the first case,
all solutions of Eq.(4.1) converges to a periodic solution with period three. But this is not
possible. Because, there are not nontrivial period three solution of Eq.(4.1). In the other
case, all solutions of Eq.(4.1) converge to an equilibria. Unfortunately, this is impossible.
Because the initial conditions x_3, z_5, x_; and xy are bigger then the largest equilibria.

This is a contradiction, as desired. m

4.7 NUMERICAL EXAMPLES

In this section, we present some numerical examples about theoretical results for Eq.(4.1).

Example 4.1 Consider the Eq.(4.1) with the initial conditions x_3 = —1, x_o = —1,
x_1 = —1, zp = m and m = 2, then Eq.(4.1) has periodic solutions with minimal prime
period-seven as (4.30). The following figure verifies our theoretical results. (See Figure
41)

Figure 4.1: Plot of the Eq.( 4.1) with the initial conditions x_3 = —1, x5 = —1,
r_1=—1, 290 =m and m = 2.

Example 4.2 Consider the Fq.(4.1) with the initial conditions x_3 = 1132726622556, T g =

21504 225

Tios T-1 = o971 and g = %, then Eq.(4.1) has eventually seven-periodic solutions as

Theorem 4.9. The following figure verifies our theoretical results. (See Figure 4.2)
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Figure 24252 Plot of t(}i;e Eq.(4.1) with the initial conditions z_3 = %, T_ g = %52054,
r_q1 = =

{004 and zg = -

Example 4.3 Consider the Eq.(4.1) with the initial conditions v_3 = —2, x_5 = —%,
r_1= % and xo = 5, then Eq.(4.1) converges to seven-periodic solutions as Remark 4.2.

The following figure verifies our theoretical results. (See Figure 4.3)

*n

Figure 4.3: Plot of the Eq.(4.1) with the initial conditions x_3 = —%, T_g = —%, T = %
and xg = 5.

Example 4.4 Consider the Eq.(4.1) with the initial conditions x_3 = —0.45, ©_o =
—0.55, x_1 = —0.7 and o = —0.75, then Eq.(4.1) has asymptotically seven-periodic

solutions as Theorem 4.10. The following figure verifies our theoretical results. (See

Figure 4.4)
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Figure 4.4: Plot of the Eq.(4.1) with the initial conditions z_35 = —0.45, x_5 = —0.55,
r_1=—0.7 and zqg = —0.75.

Example 4.5 Consider the Eq.(4.1) with the initial conditions x_3 = 1.63, x_5 = 1.64,
x_1 = 1.62 and xy = 1.63, then Eq.(4.1) has unbounded solutions as Theorem 4.13. The

following figure verifies our theoretical results. (See Figure 4.5)

Xn

80
60 |
40

201

0 o L '

0 5 10 15 20

Figure 4.5: Plot of the Eq.(4.1) with the initial conditions xz_3 = 1.63, x_5 = 1.64,
r_1 = 1.62 and 2y = 1.63.
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CHAPTER 5

STABILITY AND PERIODIC SOLUTIONS OF SOME NONLINEAR
DIFFERENCE EQUATIONS

In this chapter we deal with the behaviour of solutions of the following difference equation
Tni1 = TpTy_o + a. Specifically, we investigate that there are periodic or non-periodic
solutions of related difference equations under which conditions hold. Moreover, we study

convergence of the solutions of related difference equations.
5.1 INTRODUCTION

In [14] Kent et al investigated that the periodicity and the boundedness of solutions of
the nonlinear difference equation of z,,1 = z,, o — 1. Besides, in [25] we investigated

the periodicity and stability of some nonlinear difference equations z,,1 = z,x,_1 + a.
In this chapter we study the dynamics of solutions of the following nonlinear difference
equations

Tpi1 = TpZn—2 +a, n € No; o, 9,21, 29 € R. (5.1)
5.2 THE EQUILIBRIUM POINTS OF EQ.(5.1)

In this section, we estimate the equilibrium points of Eq.(5.1).

Lemma 5.1 The equilibrium points of Eq.(5.1) are

1F V1 4a

T2 5 (5.2)

Proof. Let T is an equilibrium point of Eq.(5.1). Thus x,, = Z, for all n > —2. So, we

have
T=7T-T+ .
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Therefore, we get the equation
72 —T+a=0.

Thus, we find that Eq.(5.1) has exactly two equilibrium points, which z; and Z, together:

—  1Fy/I—4a
T12 = — 5 |

)

remark 5.1 Fq.(5.2) has three cases for the variable o:
(i) If o« > % then T is complez,
(i) If o« < § then Ty and T2 are real numbers,

1

(iii) If a = 7 then T = 5 is unique equilibrium point.

5.3 PERIODIC BEHAVIOURS OF EQ.(5.1)

In this section, we investigate that there are periodic or non-periodic solutions of Eq.(5.1)

with certain initial conditions.

Theorem 5.2 FEq.(5.1) has not eventually constant solutions.
Proof. If {x,}>2 o is eventually constant solutions of Eq.(5.1), then oy = xni1 =
TNio = T, for some N € Ny, where T is an equilibrium point. However, Eq.(5.1) gives

TNt+2 = TN+1ZN-1 + @, which implies

xN—l —= e :a_‘/’.

Repeating the process, we get that v, = & for —3 < n < N + 2. Thus, Eq.(5.1) has not

eventually constant solutions. m

The following theorem demonstrates that Eq.(5.1) has solutions that are periodic with

prime period two.

Theorem 5.3 There are periodic solutions of Eq.(5.1) with prime period two if and only

if the initial conditions are

1++v/—4a—3
— T
2 b

-1+ +v—4a -3 I1++v—4a -3
= x
2 Y

T 9= 1 0= — 5
or

—1++v—4a -3 1++v—4a -3 —1++v—4a -3
T_g = 5 LT = — 5 ,To = 5
where o < —3.

W~
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Proof. Let {x,}> , be a prime period-two solution of Eq.(5.1). Then, xs,_1 = a and

xon, = b for all n € Ny and a, b € R such that a # b. From Eq.(5.1), we have

T, = rorota=0+a=a (5.3)

Ty = mr+a=a+a=0. (5.4)
From (5.3) and (5.4), we obtain that
14+v—da-3 . —1+y-da-3
—1+ \/% - 1+ \/2—4047—3
1 —QM ’

:b:—:_
a 5 X1

dob

db=—

or

Therefore, Eq.(5.1) has nontrivial periodic solutions with prime period two as

1++vV—-4a -3 —14++v—4a -3 1++v—4a -3
— 7x — ,:C —

2= 2 -1 2 0= 2
or

4TI =3 | 4voIa =3 -1+ yTIa=3
T2 = y Tl = — , Lo = .

2 2 2

Consequently, the proof is completed. =

remark 5.2 For a < —%, Eq.(5.1) has prime period-two solutions as

14V da—3 1+v4a-3 -1+v4a—3
-..’ 2 ,_ 2 7 2 ’.-.o

The next theorem shows that Eq.(5.1) has no period-three solutions for o # 1.

Theorem 5.4 FEq.(5.1) has nontrivial period-three solutions if and only if

1 1
a=1landxr_o=1— — 29 =
Tr_1 1—$,1

where 0 # x_1 # 1.
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Proof. Let {z,}3 , be a prime period-three solution of Eq.(5.1). Then, z3, -2 = a,
T3,—1 = b and x3, = ¢ for all n € Ny and a, b, ¢ € R such that at least two of them are

distinct from the other. From Eq.(5.1), we have

T = Tprota=cata=a (5.6)
Ty = Tix_1t+ta=ab+a=0>b (5.7)
T3 = Tarp+a=bc+a=c. (5.8)

From (5.6) — (5.8) we obtain that if « # 1, then
a=b=c=xiora=0b=c= Ty

and if & = 1, then

b—1 1
a= C =
’ 1-b

as desired. m

remark 5.3 Fq.(5.1) has three periodic solutions for « =1 as

—1—|—l’71 1

ceny , U1, g oares
T_q 1 — X1

(5.9)

Proof. Let {z,}3° _, be a three periodic solution of Eq.(5.1) and o = 1. Let the initial

conditions as Theorem 5.4. Hence,

1 1—1 -1 _
xr, = £U0$72—{—1: .SE 1 _‘_1:&’
l—2_1 x4 T_1
-1 _
Ty = X1Tx_1+ 1= ﬂ.x_l +1= r_q,
Tr—1
1
T3 = Xoxo+1=1x_1. +1= ,
1 — T 1 — T
1 1—1 -1 _
Ty = I3$1+1: '371 +1:$
l—2_7 x4 T

The proof is completed. m

Theorem 5.5 Eq.(5.1) has no nontrivial periodic solutions with minimal period four.

Proof. Let {x,}>° , be a minimal period-four solution of Eq.(5.1). Then, x4,-3 = a,

Tyn_o = b, T4y_1 = c and x4, = d for all n € Ny and a, b, ¢, d € R such that at least two
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of them are distinct from the other. From Eq.(5.1), we obtain

T, = vr2ta=dta=a (5.10)
Ty = T1x1ta=ac+a=2>b (5.11)
T3 = Toxgta=bd+a=c (5.12)
Ty = x3r1ta=ca+a=d (5.13)

From (5.10) — (5.13) we get that

1++v/—4a—3
2 )

_ —14++v/—4a—-3
2 )

a=—

_ 14++/—4a—3
c=—"3

_ =14+ —4a—3.
d=—""5"==

_ —14+v—=4a=3
a=—"5——,

2

Case2:
¢ — —ltv—1a=3
= SV tass

d __1+v—-4a-3,
= — T

h = 14+v/—4a—3

Y

Case3:a=b=c=d=2y;
Casef:a=b=c=d=2,.
Note that Case 1 and Case 2 are periodic solutions of Eq.(5.1) with minimal period-two.

The other cases are trivial solutions of Eq.(5.1) but they are non-periodic solutions. =

Theorem 5.6 There are no nontrivial periodic solutions of Eq.(5.1) with minimal period

five.

Proof. Let {z,}3° _, be a minimal period-five solution of Eq.(5.1). Then, 5,4 =
a,Ts,—3 = b, T5y_2 = ¢, T5,_1 = d and x5, = e for all n € Ny and a, b, ¢, d, e € R such

that at least two of them are different. From Eq.(5.1), we have

T = Tpro2ta=ect+a=a (5.14)
Ty = 111 +a=ad+a=0> (5.15)
r3 = Torg+a=be+a=c (5.16)
Ty = r3r1+a=ca+a=d (5.17)
Ty = ot a=db+a=ce (5.18)
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From (5.14) — (5.18) we obtain that

a=b=c=d=e=Tjora=b=c=d=1¢=1T5.

Hence, there are no periodic solutions of Eq.(5.1) with period-five, because it’s trivial

solutions or non-periodic solutions. m

Theorem 5.7 There are no nontrivial periodic solutions of Eq.(5.1) with minimal period

S1x.

Proof. Let {z,}5° _, be a minimal period-five solution of Eq.(5.1). Then, z4,-2 = a,
Ten—1 = b, Ten = ¢, Tgnr1 = d, Tepao = € and xg,43 = f for alln € Ny and a, b, ¢, d, e,

f € R such that at least two of them are different. From Eq.(5.1), we have

ry = Tor ota=ac+a=d (5.19)
To = 1T 1+a=bd+a=c¢e (5.20)
T3 = Targta=ect+a=f (5.21)
vy = 1301 +a=fd+a=a (5.22)
Ty = Tgrat+a=ae+a=0>b (5.23)
T = wsr3sta=bf +a=c (5.24)

From (5.19) — (5.24) we obtain that

a=b=c=d=e=f=r1ora=b=c=d=e= f=12,.

Hence, there are no periodic solutions of Eq.(5.1) with period-six, because it’s trivial

solutions or non-periodic solutions. Therefore, the proof is completed. m

Theorem 5.8 There are no nontrivial periodic solutions of Eq.(5.1) with minimal period

Seven.

Proof. Let {z,}5° _, be a minimal period-five solution of Eq.(5.1). Then, z7, 2 = a,

Trno1 =0b, 7y = ¢, Trpe1 = d, Trpao = €, Trpay = f and x7,04 = g for all n € Ny and a,
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b, ¢, d, e, f, g € R such that at least two of them are different. From Eq.(5.1), we have

T = Tor ota=act+a=d (5.25)
Ty = Tr 1 ta=bd+a=ce¢ (5.26)
r3 = Toxpta=ec+a=Ff (5.27)
Ty = 1 t+a=fd+a=g (5.28)
Ty = Tyrata=geta=a (5.29)
T = xsrz3ta=af+a=0>b (5.30)
Ty = Tgrsta=bg+a=c (5.31)

From (5.25) — (5.31) we obtain that
a=b=c=d=e=f=g=riora=b=c=d=e=f=g=2s.

Hence, there are no periodic solutions of Eq.(5.1) with period-seven, because it’s trivial
solutions or non-periodic solutions. m
Up to now we have investigated the periodic character of solutions of Eq.(5.1). From now

on we will examine that the local stability of Eq.(5.1).

5.4 LOCAL STABILITY ANALYSIS OF EQ.(5.1)

In this section, we investigate the local stability of Eq.(5.1) at the equilibrium points z;
and .

Lemma 5.9 The linearized equation of Eq.(5.1) about its equilibrium point T is

Zngl — T 2pn — T+ 2p_2=0 (5.32)
Proof. Let I be some interval of real numbers and let

fIxIxI—1

be a continuously differentiable function such that f is defined by

f(Tn, Tp1,Tn2) = TpTy_o + a.

Therefore, we attain that

of

- ox,,

qo (Z,Z,T) = [tn0] (7,2,T) =T
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L T (z,z,7) = [0](7,Z,7) = 0
and
G2 = of (Z,7,7) = [z, (T,7,2) =T

If 7 denotes an equilibrium point of Eq.(5.1), then the linearized equation associated with

Eq.(5.1) about the equilibrium point 7 is
Znl = qo Zn T Q1 Zp—1 1t Q2 Zn—2

then

Zntl — X+ 2p — T - Zp_o = 0.

Therefore, the proof is completed. m
The next lemma shows that the positive equilibrium z = % of Eq.(5.1) is non-hyperbolic

equilibrium point.

Lemma 5.10 The positive equilibrium r = % of Eq.(5.1) is unstable. Because it is

nonhyperbolic equilibrium point.

Proof. The characteristic equation of linearized equation (5.32) is following:

1 1
P
2 2

with eigenvalues

—1+/Ti
)\1 == 1, )\273 = T

Hence, [Ai] = 1, |A23] < 1. Therefore, the positive equilibrium z = § of Eq.(5.1) is

nonhyperbolic equilibrium point. Thus, it is unstable. m
Lemma 5.11 Let a < }1, The equilibrium T, = V=42 V21_4°‘ of Eq.(5.1) is unstable.

and T =

Proof. Let a < Ivi—da V21_40‘.

i Thus, the characteristic equation of linearized

equation (5.32) is following:

A3
2 2

0.

60



So,

2X° — (1+V1—4a) A’ — (1 + V1 —4a) =0.
Now we take

P(t) =2t~ (1+v1—4a)t* — (1+V1—4a).
Therefore,

P(1) = —2v1—4a < 0.

Otherwise,

P(1+ 1 —4a) > 0.

So,

P(1) <0< P(1++1—4a).

Thus, there is P(\) = 0 such that 1 < A < 1+ /1 — 4a. Therefore, one root of P(t) = 0
has absolute value grater then one. So, the equilibrium point z; = @ of Eq.(5.1) is
unstable. m

The next lemma demonstrate that the equilibrium Z, of Eq.(5.1) is local asymptotic

stable.

Lemma 5.12 If a € (—%,i), then the equilibrium T, = *=Yi=3 V21_4"‘ of Eq.(5.1) is local

asymptotic stable.

Proof. Let a < i and 7 = 1= 21_40‘.

Thus, the characteristic equation of linearized

equation (5.32) is the following:

1—\/1—4a)\2_1—\/1—40z:

2\ —
2 2

0.

If

Qo] + a1 + |g2] < 1

then Clark Theorem, it follows from that all roots of the characteristic equation lie in an

open disk |A| < 1. Therefore,

‘1—\/1—4()[ '1—\/1—4oz -

0
S R
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Then

I1-V1—4a| <1.

So
3< <1
15957

Hence, if a € (—%, %1) then Z is local asymptotic stable. m
5.5 CONVERGENCE BEHAVIOUR OF EQ.(5.1)

Recall that Eq.(5.1) has an equilibrium Z, which is locally asymptotically stable if o €

(—%, 711) by Lemma 5.12. In this section, we investigate convergence behaviour of Eq.(5.1).

Theorem 5.13 Ewvery solution of Eq.(5.1) with the initial conditions in (—1,0) converges

1—4a
D) .

to the equilibrium Ty = =

Proof. We apply Theorem 1.4. Let g : [a,b] X [a,b] X [a,b] — [a,b] is a function defined

by g(u,v,t) = ut + a. Then

Og(u, v, 1)
ou

dg(u,v,t)
ov

0g(u,v,t)
ot

Therefore g is non-increasing function in each of its arguments. Now, we consider that
(m, M) € [a,b] x [a,b] is a solution of the system M = f(m,m,m) and m = f(M, M, M).
Hence, from Eq.(5.1)

=0

= Uu.

M=m- -m+ «
m=M - M+ a.
Thus we have
M =m.

Then, according to Theorem 1.4, every solution of Eq.(5.1) with the initial conditions in

1—v/1—-4«
2

(—1,0) converges to the equilibrium Zy = . Hence, proof is completed. =
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5.6 NUMERICAL EXAMPLES

Here we will present some numerical examples about theoretical results in previous sec-

tions.
Example 5.1 Consider the Eq.(5.1) with the initial conditions ©_y = —2, x_1 = 1,
xo = —2 and o = =3, then Eq.(5.1) has minimal prime two periodic solutions as (5.5).

The following figure verifies our theoretical results. (See Figure 5.1)

Figure 5.1:
Plot of the Eq.(5.1) with the initial conditions v_y = —2, v_1 =1, 19 = —2 and o = —3.

*n

10F
05F

L.Uf
-05F
-1.0F
-15[

-0k

Plot of the Eq.(5.1) with the initial conditions x_5 = —2, x_y =1, p = —2 and o = —3.

Example 5.2 Consider the Eq.(5.1) with the initial conditions x_s = —1+ﬁ7 r_1 =
—%ﬁ, To = _1%@ and o = =5, then Eq.(5.1) has minimal prime two periodic solutions

as (5.5). The following figure verifies our theoretical results. (See Figure 5.2)

Xn

=
T

,_,I
a3

Figure 5.2: Plot of the Eq.(5.1) with the initial conditions z_, = =T 4 | — _1EVIT

To = _1+T VI and oo = —5.
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Example 5.3 Consider the Eq.(5.1) with the initial conditions x_o = 3, T_1 = —%,
zo = 2 and o = 1, then Eq.(5.1) has three periodic solutions as (5.9). The following

figure verifies our theoretical results. (See Figure 5.3)

=
=

Figure 5.3: Plot of the Eq.(5.1) with the initial conditions x_5 = 3, z_; = —%, Ty = %
and o = 1.
Example 5.4 Consider the Eq.(5.1) with the initial conditions x_o = —%, T = %,

To = % and o« = 1, then Eq.(5.1) has three periodic solutions as (5.9). The following

figure verifies our theoretical results. (See Figure 5.4)

Xn

n

BT CON 2 0 B OV

Figure 5.4: Plot of the Eq.(5.1) with the initial conditions z_5 = —%, T = %, Tg = %
and a = 1.

Example 5.5 Consider the Eq.(5.1) with the initial conditions x_o = —0.8, x_1 = —0.4,
1-v1-4a _ 1-v2
5 = == =~ —0.207

zo = —0.2 and a = —0.25, then Eq.(5.1) converges to T =
as Theorem 5.13. The following figure verifies our theoretical results. (See Figure 5.5)
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Figure 5.5:
Plot of the Fq.(5.1) with the initial conditions x_o = —0.8, x_y = —0.4, £y = —0.2 and
a = —0.25.
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-015
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Plot of the Eq.(5.1) with the initial conditions z_ = —0.8, z_; = —0.4, £y = —0.2 and
a = —0.25.

Example 5.6 Consider the Eq.(5.1) with the initial conditions x_5 = —0.15, 1 =
—0.95, g = —0.45 and o = 0.2, then Eq.(5.1) converges to To = 1”21*40‘ = 1_\2/@ ~ 0.27

as Theorem 5.13. The following figure verifies our theoretical results. (See Figure 5.6)
0.3
D2
ol

0.0

-01tb

Figure 5.6: Plot of the Eq.(5.1) with the initial conditions x_5 = —0.15, z_; = —0.95,
2o = —0.45 and o = 0.2.
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