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This thesis is a survey on some approximation properties of nonlinear singular in-

tegral operators in the approximation theory. One of the fundamental problems of

analysis is to approximate a given functionf in some sense or other by functions hav-

ing certain properties, and generally, by functions which have ’better’ properties than

f . It is to be expected that the better behaved functions are to be constructed from the

given f by some smoothing operation onf itself.

This thesis consists of five chapters. The first chapter is devoted to the introduction.

The second chapter contains concepts, definitions and also some fundamental informa-

tions about Stieltjes integral and bounded variations, which we need further studies and

calculations. In the third chapter, we give some informations about the approximation

problem and some important inequalities with their proofs. In chapter four, we study

the pointwise convergence and the rate of pointwise convergence of nonlinear singular

integrals by considering different functional spaces. In the last chapter, we give some

examples of kernels of the mentioned the nonlinear singular integral operators.

Keywords: Pointwise Convergence, Carathéodory Kernel, Lipschitz Condition, Con-

volution, Nonlinear Singular Integrals, Stieltjes Integral, Bounded Variation.
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LİNEER OLMAYAN SİNGÜLER İNTEGRAL OPERATORLEṘINİN

BİR SINIFININ YAKLAŞIM ÖZELLİKLERİ

YILMAZ, Mehmet Fatih

Yüksek lisans, Matematik B̈olümü

Tez Yöneticisi: Doç. Dr. Harun Karslı

Şubat 2013, 85 sayfa

Bu tez, yaklaşım teorisindeki lineer olmayan singüler integral operatörlerin bir

sınıfının yaklaşım̈ozellikleri üzerine yapılan bir çalışmadır. Analizin temel problem-

lerinden biri f gibi bazı k̈otü özelliklere sahip bir fonksiyona, daha iyiözellikleri olan

başka bir fonksiyonla yaklaşmaktır.

Bu tez beş b̈olümden oluşmaktadır. Birinci kısım giriş bölümüne ayrılmıştır. İkinci

bölüm kavramlar, tanımlar ve ayrıca ileriki çalışmalar ve hesaplamalar için gerekli olan

Stieltjes integrali ve sınırlı salınımlı fonksiyonlar hakkında temel bilgiler içermektedir.

Üçünc̈u bölümde yaklaşım problemi hakkında bilgiler ve ileriki bölümlerde gerekli

olan bazıönemli eşitsizliklere ispatları ile birlikte yer verildi. D̈ordünc̈u bölümde ise

lineer olmayan sing̈uler integrallerin noktasal yakınsaklıkları ve noktasal yakınsaklık

hızları farklı fonksiyon uzayları ele alınarak incelendi. Beşinci bölümde ise lineer ol-

mayan sing̈uler integral operatörlerinde dĕgindiğimiz çekirdekörneklerine yer verildi.

Anahtar Kelimeler : Noktasal Yakınsaklık, Carathéodory Çekirdĕgi, Lipschitz Şartı,

Konvolusyon, Lineer Olmayan Singüler İntegral, StieltjeṡIntegrali, Sınırlı Salınımlı

Fonksiyon.
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 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given function

f in some sense or other by functions having certain properties, and generally, by

functions which have ’better’ properties thanf . Approximation Theory is that area of

analysis which, at its cone, is concerned with the ability to approximate functions by

simpler and more easily calculated functions.

This theory takes its origin form at 19th century. At the beginning of the century the

functions were viewed by the formulas, such as series, or as a solutions of differen-

tial equations. However largely as a consequence of the claims Fourier and result of

Dirichlet and the modern concept of a function by its properties were introduced.

The birth of Approximation Theory becomes an unavailable development after a new

definitions of the functions. It is in the theory of Fourier series that we find some of

the first result of the approximation theory. This include conditions as a functions that

ensure the pointwise convergence and uniform convergence of its Fourier Series.

The first question we ask in approximation theory concerns the possibility of approxi-

mation. Is the given family of functions from which we plan to approximate dense in

the set of functions we wish to approximate? The Weierstrass Approximation Theo-

rems spawned numerous generalization which were applied to other families of func-

tions. They also led to the development of two general methods for determining the

density. These are Stone-Weierstrass Theorem generalizing the Weierstrass Theorem

to the normed space. Especially in S.W. Theorem the normed space must be compact.

A different and more modern approach to density theorem is due to Functional Analy-

sis.

In the theory of Fourier series there appears the problem of approximation of 2π −
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periodic functions f , integrable in the interval[−π, π] by means of linear singular in-

tegral operators of the form

∫ π

−π

Kn (t − s) f (t) dt.

For example, in case of the first arithmetic means of partial sums of Fourier series,

K = (Kn)
∞
n=1 is the Fej́er kernel

Kn (u) =
1

2nπ

(
sin(1/2) nu
sin(1/2) u

)2

,

and the singularity conditions mean that

∫ −δ

−π

Kn (u) du+
∫ π

δ

Kn (u) du→ 0,

asn→ ∞ for every 0< δ < π and

∫ π

−π

Kn (u) du= 1 for n = 1,2, ... .

In [1], these problems are extended in three directions:

a) The interval[−π, π] is replaced by a compact abelian group G with Haar mea-

sure. But, for convenience he considers the following special case;G = R and the

Lebesgue measure onR.

b) The setN = {1,2,3, ...} of indices is replaced by an abstract setW of indices

with convergenceµ generated by a filter of subset ofW,

c) The kernelK = (Kn)
∞
n=1 is replaced by a kernelK = (Kw)w∈W whereKw : R×R→

R; the last means that we take nonlinear integral operatorsTw;

(Tw f ) (s) =
∫
G

Kw (t − s, f (t)) dt =
∫
G

Kw (t, f (t + s)) dt,

in place of the above considered linear singular operators. The assumption of linearity

2



of the operators was replaced in [1] by an assumption of a Lipschitz condition forKw

with respect to the second variable. Here, we shall go further and shall assumeKw

to satisfy a Lipschitz condition, what will generate a function space of measurable

functions. Full proofs of the theorems will be published in [2].
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 2

PRELIMINARIES

2.1 Some Important Definitions

Definition 2.1. If A is a subset of the topological spaceX and if x is a point ofX,

we say thatx is a limit point (or accumulation point) of A if every neighborhood ofx

intersectsA in some point other thanx itself. Said differently,x is a limit point ofA if

it belongs to the closure ofA − {x}. The pointx may lie inA or not; for this definition

it does not matter.

Definition 2.2. We say thatf (x) approaches the limitL as x approachesa, and we

write

lim
x→a

f (x) = L

if the following condition is satisfied:

For every numberε > 0 there exists a numberδ > 0, depending onε, such that

0 < |x− a| < δ implies | f (x) − L| < ε.

Definition 2.3. Suppose{ fn}, n = 1,2,3, .., is a sequence of functions defined on set

E, and suppose that the sequence of numbers{ fn (x)} converges for everyx ∈ E. We

shall say that{ fn} converges tof pointwiseon E, if

lim
n→∞

fn (x) = f (x) , (x ∈ E) ,

holds.

Definition 2.4. We say that a sequence of functions{ fn}, n = 1,2,3, .., converges
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uni f ormlyon E to a functionf if for everyε > 0 there is an integerN such thatn ≥ N

implies

| fn (x) − f (x)| ≤ ε

for all x ∈ E.

Definition 2.5. The sequencefn uniformly converge tof onA⇔∀ε > 0∃n0 such that

n ≥ n0 and∀x ∈ A, | fn(x) − f (x)| < ε.

Definition 2.6. (C[a,b]). As a setX we take the set of all real- valued functionsx, y, · · ·

which are functions of an independent real variablet and are defined and continuous

on a given closed intervalJ = [a,b]. Choosing the metric defined by

d(x, y) = max
t∈J
|x(t) − y(t)|,

where max denotes themaximum, we obtain a metric space which is denoted by

C[a,b].

Definition 2.7. A mapT : X→ Y between two vector spaces is called an operator.

Definition 2.8. A linear operatorT is an operator such that

• The domainD(T) of T is a vector space and the rangeR(T) lies in a vector space

over the same field,

• for eachx, y ∈ D(T) and scalarα,

T(x+ y) = T x+ Ty

and

T(αx) = αT x.

(Kreyszig, 1989)

5



Definition 2.9. (Integral Operator). We can define an integral operatorT : C[0,1] →

C[0,1] by

y = T x, where y(t) =
∫ 1

0
x(t)k(t, τ)dτ.

Herek is a given function which is called the kernel ofT and is assumed to be contin-

uous on the closed squareG = J × J in thetτ − plane, whereJ = [0,1]. This operator

is linear.

(Kreyszig, 1989)

Definition 2.10. (Algebra) LetX be an nonempty set. A collection of subsets ofS

satisfies the following conditions;

(i) If A, B ∈ S, thenA∩ B ∈ S.

(ii) If A ∈ S, thenAC ∈ S.

In this caseS is called analgebraon X.

Definition 2.11. (σ-algebra) An algebraS of subsets of some setX is called aσ-

algebra if every union of a countable collection of members ofS is again inS. That is,

in addition toS being an algebra,
⋃∞

n=1 An belongs toS for every sequence{An} of S.

Definition 2.12. (Measure) LetS be aσ-algebra of subsets of a setX. A set function

µ : S→ [0,∞] is called a measure onS if it satisfies the following properties:

1. µ (∅) = 0, and

2. whenever{An} is a disjoint sequence of S satisfying
⋃∞

n=1 An ∈ S, then

µ

 ∞⋃
n=1

An

 = ∞∑
n=1

µ (An) ,

holds; that is,µ isσ − additive.

Note that; A triplet(X,S, µ), where X is a nonempty set,S is aσ-algebra of subsets

of X, andµ is a measure on S, is called a measure space.
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Definition 2.13. (Measurable Function) Letf : X → R be a function. Iff −1 (ω) is a

measurable set for every open subsetω of R, then f is called a measurable function.

Note that; every constant function is measurable. Indeed, iff (x) = c for all x ∈ X

andω is an open subset ofR, then f −1 (ω) = ∅ if c < ω and f −1 (ω) = X if c ∈ ω.

Definition 2.14. (Almost everywhere) Let some propertyS hold for all the points of a

setE, except for the points of a subsetE0 of the setE. If µ (E) = 0, we say thatS holds

almost everywhere on the setE, or for almost all points ofE. In particular, the set of

pointsE0 excluded may be the void set. We can say, for example, that two functions

defined on the set E are equivalent if they are equal almost everywhere onE.

Definition 2.15. (Simple Function) Let assume (X,S, µ) is a measure space. If a mea-

surable functionφ : X → R assumes only a finite number of values, thenφ is called a

simple function.

Definition 2.16. (Step Function) A simple functionφ is called a step function ifφ has

a representation of the form;

φ =

m∑
j=1

bjχBj ,

where eachBj is a measurable set of finite measure, i.e.,µ∗
(
Bj

)
< ∞.

Clearly; we can say that a simple function is a step function if and only if it vanishes

outside of a set of finite measure.

Definition 2.17. (Upper Function) A functionf : X → R is called an upper function

if there exists a sequence{φn} of step functions such that;

1. φn ↑ f (a.e), and

2. lim
∫
φndµ < ∞

Note that; in particular, every upper function is measurable function and clearly,

every step function is an upper function.

Definition 2.18. (Lebesgue Integral) Letf be an upper function, and let{φn} be a

sequence of step functions such thatφn ↑ f (a.e) holds. Then theLebesgue integralof
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f is defined by ∫
f dµ = lim

n→∞

∫
φndµ.

We stress the fact that the value of the Lebesgue integral of an upper function is

independent of the generating sequence of step functions.

Alternative definition of Lebesgue integral is like;

Let f : X → R be an arbitrary nonnegative bounded measurable function. Then

the Lebesgue integral off is;

∫
X

f dµ := sup

{∫
A

f dµ : A ∈ A, µ (A) < ∞

}
.

2.2 Lp (D) Spaces

Definition 2.19. (Lp(−∞,∞) Space).Lp is the set of functions which are Lebesgue

integrable to thepth power overR, for 1 ≤ p < ∞, and essentially bounded (bounded

almost everywhere) onR if p = ∞. For f ∈ Lp(−∞,∞)

|| f ||p =

{∫ ∞

−∞

| f (t)|pdt

} 1
p

,

if 1 ≤ p < ∞ and in casep = ∞

|| f ||∞ = esssup
x∈R
| f (t)|.

(Butzer and Nessel, 1971)

Definition 2.20. (Lp[a,b] Space).Lp[a,b] is the set of functions which are Lebesgue

integrable to thepth power of [a,b]. For f ∈ Lp[a,b]

|| f ||p =

{∫ b

a
| f (t)|pdt

}1/p

.

(Butzer and Nessel, 1971)
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Definition 2.21. (L1[a,b] Space).L1[a,b] is the set of functions which are Lebesgue

integrable to the first power of the period [a,b]. For f ∈ L1[a,b]

|| f ||1 =
∫ b

a
| f (t)|dt.

(Butzer and Nessel, 1971)

Definition 2.22. (Lp[−π, π] Space).Lp[−π, π] is the set of functions which are Lebesgue

integrable to thepth power of the period [−π, π]. For f ∈ Lp[−π, π]

|| f ||p =

{∫ π

−π

| f (t)|pdt

}1/p

.

(Butzer and Nessel, 1971)

Definition 2.23. (X(R) Space).X(R) always denotes one of the spacesC or Lp, 1 ≤

p < ∞. For f ,g ∈ X(R) we write f (x) = g(x) (a.e.) if equality holds for allx ∈ X(R)

in caseX(R) = C, and almost everywhere in caseX(R) = Lp, 1 ≤ p < ∞, i.e., if

|| f − g|| = 0. In this event we also writef = g in X(R).

(Butzer and Nessel, 1971)

2.3 ComparingLp(D) spaces with the situation of D

Lp(D) spaces whenD is finite interval

The properties ofLp(D) can change connected with the intervalD is finite or infinite.

Let a < b are finite numbers andD = (a,b).

In this case, if we use Ḧolder inequality ing(x) ≡ 1;

∫
D
| f (x)|dx ≤

(∫ b

a
| f (x)|pdx

) 1
p

.

(∫ b

a
dx

) 1
q

= || f ||Lp(D).(b− a)
1
q

9



is found. So we can write;

|| f ||L1(a,b) ≤ || f ||Lp(a,b)(b− a)
1
q .

If right hand side of this inequality is finite (i.e.f ∈ Lp(a,b)), then left hand side is

also finite (i.e.f ∈ Lp(a,b)). This shows for allp ≥ 1;

Lp(a,b) ⊂ L1(a,b). (2.1)

Namely;

(∫ b

a
| f (x)|pdx

) 1
p

≤

(
esssup

x∈[a,b]
| f (x)|

)
.

(∫ b

a
dx

) 1
q

= (b− a)
1
q .|| f ||L∞(a,b)

from the inequality for allp ≥ 1, we see;

L∞(a,b) ⊂ Lp(a,b). (2.2)

Finally we get from (2.1) and (2.2);

L∞(a,b) ⊂ Lp(a,b) ⊂ L1(a,b). (2.3)

The equation (2.3) shows that when (a,b) is a finite interval; the largest space isL1(a,b)

and the smallest space isL∞(a,b) in Lp(a,b) spaces.

Now, let assumep1 ≥ p2 ≥ 1. In this case suppose thatp1

p2
≥ 1 andp = p1

p2
, we get

1
p =

p2

p1
and 1

q = 1− p2

p1
=

p1−p2

p1
.

Let assumeϕ ∈ Lp2(a,b).

If we use Ḧolder inequality;

| f (x)| = |ϕ (x)|p2 ,

10



g (x) ≡ 1,

p =
p1

p2
and

1
q
= 1−

p2

p1
,

∫ b

a
|ϕ (x)|p2 dx ≤

(∫ b

a
|ϕ (x)|p2

p1
p2 dx

) p2
p1

(b− a)
p1−p2

p1

=

(∫ b

a
|ϕ (x)|p1 dx

) p2
p1

(b− a)
p1−p2

p1

is found and then we see;

(∫ b

a
|ϕ(x)|p2dx

) 1
p2

≤ (b− a)
p1−p2
p1p2

(∫ b

a
|ϕ(x)|p1dx

) 1
p1

.

Namely if;

p1 ≥ p2 ≥ 1

||ϕ||Lp2(a,b) ≤ ||ϕ||Lp1(a,b).(b− a)
p1−p2
p1p2

with another term if;

p1 ≥ p2 ≥ 1,

Lp1(a,b) ⊂ Lp2(a,b).

This shows that if (a,b) is a finite interval, thenLp(a,b) spaces extend with p’ s be

reduced from the equation (2.3). As;

L∞(a,b) ⊂ Lp1(a,b) ⊂ Lp2(a,b) ⊂ L1(a,b), p1 > p2. (2.4)

Lp(D) spaces whenD = (−∞,∞)

We researched that there is the relation (2.4) with Lp(D) spaces in finite intervalD(a,b).

Namely,L1(D) space contains all properties ofLp(D), 1 < p ≤ ∞. But unfortunately,

there is not any relation as if (2.4), whenD is an infinite interval. This shows the

properties ofLp(D) spaces can be change with respect top in infinite intervals. For

11



example it is obvious that, for the functionf1(x) ≡ 1 is member ofL∞(−∞,∞), but it

is not the member ofLp(−∞,∞), L∞(a,∞) or L∞(−∞,b). That is to say;

L∞(−∞,∞) 1 Lp(−∞,∞).

Also for α > 0 is a number;

f2 (x) =


0 ≤ x ≤ α, 1

x
1

p+1
;

otherwise, 0;

 ,
f2(x) is member ofLp(−∞,∞), but the neighborhood off2(x) at x = 0 is infinite and

increasing, sof2 < L∞(−∞,∞), namely;

Lp(−∞,∞) 1 L∞(−∞,∞).

Let find some examples for the other cases, ifp1 > p2, take f3(x) as;

f3 (x) =


0 ≤ x ≤ α, 1

p1
√

x
;

otherwise, 0;

 .
In this casep2

p1
< 1, so;

|| f3||Lp2(−∞,∞) =

∫ α

0

1

|x|
p2
p1

dx


1
p2

< ∞.

Namely, f3 ∈ Lp2(−∞,∞). Besides;

|| f3||Lp1(−∞,∞) =

(∫ α

0

1
x
dx

) 1
p1

= ∞

and f3 < Lp1(−∞,∞). This shows that, whenp1 > p2;

Lp1(−∞,∞) 1 Lp2(−∞,∞)
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Also , again takef4(x), if α > 0 andp1 > p2,

f4 (x) =


α ≤ x ≤ ∞, 1

p2
√

x
;

otherwise, 0;

 .
We know p1

p2
> 1, so;

|| f4||Lp1(−∞,∞) =

∫ ∞

α

(
1

x
p1
p2

) 1
p1

< ∞.

Namely f4 ∈ Lp1(−∞,∞), but;

(∫ ∞

−∞

| f4(x)|p2dx

) 1
p2

=

(∫ ∞

α

1
x
dx

) 1
p2

= ∞

inequality shows that;

f4 < Lp2(−∞,∞).

Because ofp1 > p2,

Lp2(−∞,∞) 1 Lp1(−∞,∞).

This examples shows that; there is not a relation inLp(−∞,∞) spaces like equation

(2.4). Similar examples are valid forLp(α,∞) andLp(−∞,b) spaces.

Definition 2.24. (Minkowski’ s Inequality). Letf ,g ∈ X(R). Then (f + g) ∈ X(R) and

|| f + g||X(R) ≤ || f ||X(R) + ||g||X(R).

If p is such that 1≤ p ≤ ∞, the conjugate numberq is defined through (1/p)+(1/q) = 1

in case 1< p < ∞; q = ∞ if, p = 1, andq = 1 if p = ∞.

Definition 2.25. (Hölder’ s Inequality). Letf ∈ Lp, 1 ≤ p ≤ ∞, andg ∈ Lq. Then

f g ∈ L1 and|| f g||1 ≤ || f ||p||g||q. Namely;

∣∣∣∣∣∫ f g
∣∣∣∣∣ ≤ (∫

| f |p
)1/p

.

(∫
|g|q

)1/q

(2.5)

13



Proof. We first note that if
∫
| f |p = 0, then| f |p = 0 almost everywhere; sof = 0,

and thereforef g = 0, almost everywhere. Thenf g is integrable,
∫

f g = 0, and (2.5)

holds trivially, as it does also in the case where
∫
|g|q = 0. Thus we may assume that∫

| f |p > 0 and
∫
|g|q > 0. We then have, almost everywhere,

| f g|

(
∫
| f |p)1/p(

∫
|g|q)1/q

=

 | f |p∫
| f |p

1/p  |g|q∫
|g|q

1/q

≤
| f |p

p
∫
| f |p
+
|g|q

q
∫
|g|q

So;

| f g| ≤

(∫
| f |p

)1/p

.

(∫
|g|q

)1/q

.
| f |p

p
∫
| f |p
+
|g|q

q
∫
|g|q

(2.6)

Now, f g is measurable and the right-hand side of (2.6) is integrable. Hence,f g is

integrable and

∣∣∣∣∣∫ f g
∣∣∣∣∣ ≤ ∫

| f g| ≤

(∫
| f |p

) 1
p

.

(∫
|g|q

) 1
q

.

(
1
p
+

1
q

)
,

from which (2.5) follows. �

Definition 2.26. (Hölder- Minkowski Inequality). Letf (x, y) be defined and measur-

able onR2. If || f (x, y)||X(R) ∈ L1, then

∣∣∣∣∣∣∣∣∣∣∫ ∞

−∞

f (x, y)dy
∣∣∣∣∣∣∣∣∣∣

X(R)
≤

∫ ∞

−∞

|| f (x, y)||X(R)dy.

This is also known as the generalized Minkowski inequality.

Definition 2.27. (Lipschitz condition) A finite functionf (x) defined on [a,b] is said

to satisfy a Lipschitz condition if there exists a constantK such that for any two points

x andy in [a,b],

| f (x) − f (y)| ≤ K |x− y|

14



holds true.

(Natanson, Volume I, 1964)

Definition 2.28. (Convolution) Let consider the productf (x+ t) g (t). For this product

almost allx is a summable function oft in [−π, π], and supposing

ρ (x) =
1
2π

π∫
−π

f (x+ t) g (t) dt,

we haveρ (x) ∈ L [0,2π]. This functionρ (x) is known as the convolution forf (x) and

g (x).

The definition of convolution on real-line is;

Let two real-valued functionsf andg are defined and measurable onR. The ex-

pression

( f ∗ g) (x) =

∞∫
−∞

f (x− u) g (u) du

is calledthe convolutionof f andg.

Definition 2.29. (Kernel) A kernel is a functionφn (t, x) which (n = 1,2,3, ...) defined

in the square(a ≤ t ≤ b,a < x < b) and such that;

lim
n→∞

θ∫
β

φn (t, x) dt = 1,

provided where,a ≤ β < x < θ ≤ b. It is self-evident thatφn (t, x) is assumed

summable with respect tot for every fixedx.

And also note that; an integral of the form;

fn (x) =

b∫
a

φn (t, x) f (t) dt

whereφn (t, x) is a kernel, is called asingular integral.

(Natanson Volume II, 1960)
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Definition 2.30. Let Λ be an index set andλ0 be an accumulation point of the setΛ.

When the kernel functionKλ(t) satisfies the limλ→λ0 Kλ(t0) = ∞ at the pointt0, then we

say the kernel functionKλ(t) is ”Singular Kernel”, and

Lλ( f ; x) =
∫

D
f (t)Kλ(t − x)dt, x ∈ D

are called the family of convolution type singular integral operators depends on param-

eters (x, λ).

Definition 2.31. If the singular kernel functionKλ (t) satisfies the condition;

lim
λ→λ0

[
sup
δ≤|t|
|Kλ(t)|

]
= 0 ∀δ > 0,

then the function is called ”Approximation Identity”.

Definition 2.32. (Carath́eodory kernel) The functionK : G×R→ R is a Carathéodory

kernel function, i.e. it is
∑

-measurable in for everyu ∈ R, and it is continuous inR for

everyt ∈ G , with K(t,0) = 0.

2.4 Some Characteristic Points

Definition 2.33. (D- Point). A pointx ∈ R is called aD − point of the functionf ∈ L1

if

lim
h→0

1
h

∫ x+h

x
[ f (t) − f (x)]dt = 0. (2.7)

D-points stand for differentiability; for the D-points of an integrable functionf are

precisely those points at which the indefinite integral off is differentiable to the value

f (x).

Proof. If we substituteh = −h in the equation (2.7),

lim
h→0

1
h

∫ x

x−h
f (t)dt = f (x). (2.8)

16



Then sum equations (2.7) and (2.8)

lim
h→0

1
2h

∫ x+h

x−h
[ f (t) − f (x)]dt = 0. (2.9)

(2.9) is valid (a. e). Namely, if (2.7) is exists, then (2.8) and (2.9) exist.

We can write (2.7) and (2.8) as;

lim
h→0

1
h

∫ h

0
[ f (x+ t) − f (x)]dx= 0. (2.10)

lim
h→0

1
h

∫ h

0
[ f (x− t) − f (x)]dx= 0. (2.11)

and sum the equations (2.10) and (2.11);

lim
h→0

1
h

∫ h

0
[ f (x+ t) − f (x− t) − 2 f (x)]dx= 0. (2.12)

Namely, if x is D- point of functionf , at this point (2.10), (2.11) and (2.12) are valid.

�

(Bary, 1964)

Definition 2.34. (Lebesgue Point) A pointx ∈ R is called a Lebesgue point of the

function f ∈ L1 if

lim
h→0

1
h

∫ x+h

x
| f (t) − f (x)|dt = 0.

(Bary, 1964)

Evidently, any Lebesgue point off is a D-point of f but not conversely, and any point

of continuity of an integrable functionf is a Lebesgue point. Indeed; letL( f ) be the

set of all Lebesgue points off ∈ L1 andD( f ) be the set of all points of all D-points of

f ∈ L1. Then ∣∣∣∣∣∣1h
∫ x+h

x
| f (t) − f (x)|dt

∣∣∣∣∣∣ ≤ 1
h

∫ x+h

x
| f (t) − f (x)|dt.

17



The inequality shows that every Lebesgue point is also D-point. Thus,

L( f ) ⊂ D( f ).

Now, it is clear that any point, wheref (x) is continuous, is a Lebesgue point; in fact,

if there exists anyε > 0 and the functionf (x) is continuous at the pointx, it can be

found aδ > 0 such that

| f (t) − f (x)| < ε f or |h| ≤ δ

and then
1
h

∫ x+h

x
| f (t) − f (x)|dt < ε,

or we can write

lim
h→0

1
h

∫ x+h

x
| f (t) − f (x)|dt = 0.

This shows that any continuity point of the functionf ∈ L1 is also a Lebesgue point.

Let C( f ) be the set of all points of continuity off ∈ L1. Then we can write

C( f ) ⊂ L( f ) ⊂ D( f ).

(Bary, 1964)

Definition 2.35. (µ − generalized Lebesgue point) A point x ∈ R, is called aµ −

generalized Lebesgue pointof the functionf ∈ L1, if

lim
h→0+

1
µ (h)

h∫
0

| f (x0 + t) − f (x0)|dt = 0,

whereµ (t) be an absolutely continuous, increasing function defined on[0,b− a] with

µ (0) = 0.

18



2.5 Functions of Bounded (Finite) Variation

Let a function f (x) be defined on[a,b] . Subdivide[a,b] into parts by means of

the points;

a = x0 < x1 < x2 < ... < xn−1 < xn = b,

and if we form the sum;

∨
=

n−1∑
k=0

| f (xk+1) − f (xk)| .

So, we can give following definition.

Definition 2.36. (Finite Variation) The least upper bound of the set of all possible sums∨
is called the total variation off (x) on [a,b] and is denoted by;

b∨
a

f .

If,
b∨
a

f < +∞,

then f (x) is said to be a function of finite variation on[a,b] . We also say thatf (x) is

bounded variation on[a,b] . This kind of functions define a set which is denoted by;

BV [a,b] .

Theorem 2.1.A monotonic function on[a,b] is bounded variation on[a,b] .

Proof. Let f be a monotone increasing on[a,b] . Then consider the partition and define
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the following sum:

∨
=

n−1∑
k=0

| f (xk+1) − f (xk)|

= ( f (x1) − f (x0)) + ( f (x2) − f (x1)) + ... + ( f (xn) − f (xn−1)) (2.13)

= f (xn) − f (x0) (2.14)

Since we know that;

a = x0 < x1 < x2 < ... < xn−1 < xn = b,

the above equation takes the form;

∨
=

n−1∑
k=0

| f (xk+1) − f (xk)|

= f (b) − f (a)

So;
b∨
a

f = f (b) − f (a) < +∞.

Therefore;f ∈ BV [a,b] . �

Definition 2.37. A finite function f (x) is defined on[a,b] , is said to satisfy a Ḧolder

condition if there exists a constantK such that for any two pointsx andy in [a,b] ,

| f (x) − f (y)| ≤ K. |x− y|α

where 0< α ≤ 1. Then the functions satisfying Ḧolder condition define the following

set of functions;

LipKα = { f : [a,b] → R, | f (x) − f (y)| ≤ K |x− y|α} ,

for all x, y ∈ [a,b] and 0< α ≤ 1.
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Note that;

LipK(1) is called Lipshitz Class and;

LipK(1) ⊂ LipKα.

If the function f (x) has a derivativef ′ (x) at every point of[a,b] and if f ′ (x) is

bounded, then clearly from The Mean Value Theorem one has,

f (x) − f (y) = f ′ (z) |(x− y)|

for x < z< y,

So;

| f (x) − f (y)| = | f ′ (z)| |(x− y)| ≤ K. |(x− y)| .

Therefore; If a function has a derivative than it has an element of Lip-class.

If f (x) satisfies a Lipschitz condition, then;

∨
=

n−1∑
k=0

| f (xk+1) − f (xk)|

≤

n−1∑
k=0

K. |xk+1 − xk|

= K
n−1∑
k=0

(xk+1 − xk) = K. [b− a] .

Therefore;

b∨
a

( f ) = K. [b− a] < ∞,

so, if f ∈ Lipk(1) then f ∈ BV [a,b] .

Theorem 2.2.Every function of bounded variation on[a,b] is bounded in[a,b] .
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Proof. We choose any arbitrary pointx ∈ [a,b] , then;

∨
= | f (x) − f (a)| + | f (b) − f (x)| ≤

b∨
a

f .

This implies that;

| f (x) − f (a)| ≤
b∨
a

f ,

and,

| f (b) − f (x)| ≤
b∨
a

f ,

If we choose first part, then

| f (x) − f (a)| ≤
b∨
a

f

⇒ | f (x)| ≤
b∨
a

f + | f (a)|

for all x ∈ [a,b] ,

Hence,f is bounded on[a,b] .

This finishes the proof. �

Theorem 2.3. The sum, difference and product of two functions of bounded variation

are also functions of bounded variations.

Proof. Let f (x) andg (x) belong toBV [a,b] . And letS (x) is the their sum namely;

S (x) = f (x) + g (x) .
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So;

b∨
a

(S) =
n−1∑
k=0

|S (xk+1) − S (xk)|

=

n−1∑
k=0

| f (xk+1) + g (xk+1) − f (xk) − g (xk)|

≤

n−1∑
k=0

| f (xk+1) − f (xk)| +
n−1∑
k=0

|g (xk+1) − g (xk)| .

This implies;
b∨
a

(S) ≤
b∨
a

( f ) +
b∨
a

(g) < +∞.

Since f , g ∈ BV [a,b] ;

b∨
a

f (x) < +∞

and

b∨
a

g (x) < +∞.

Therefore;S (x) , which denotes the sum off (x) andg (x) , is an element ofBV [a,b] .

Now, we will have a look for their product.

Assume thatS (x) denotes their product;

S (x) = f (x) .g (x) .
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Then;

∨
(S) =

n−1∑
k=0

|S (xk+1) − S (xk)|

=

n−1∑
k=0

| f (xk+1) .g (xk+1) − f (xk) .g (xk)|

=

n−1∑
k=0

| f (xk+1) .g (xk+1) − f (xk) .g (xk+1) + f (xk) .g (xk+1) − f (xk) .g (xk)|

=

n−1∑
k=0

∣∣∣g (xk+1)
[
f (xk+1) − f (xk)

]
+ f (xk)

[
g (xk+1) − g (xk)

]∣∣∣
≤ |g (xk+1)|

b∨
a

( f ) + | f (xk)|
b∨
a

(g)

≤ M
b∨
a

( f ) + N
b∨
a

(g) .

Since f , g ∈ BV [a,b] , we can say that| f (x)| ≤ N, and|g (x)| ≤ M, for someM, N ∈ R.

This finishes the proof. �

Theorem 2.4.Let f ∈ BV [a,b] and let a< c < b, then;

b∨
a

( f ) =
c∨
a

( f ) +
b∨
c

( f ) .

Proof. First of all we need to observe that we have two intervals,[a, c] and[c,b] . If

we subdivide each of the intervals by means of the points;

Let [a, c] ;

a = y0 < y1 < y2 < ... < ym = c,

and[c,b] ;

c = z0 < z1 < z2 < ... < zn = b.

Then, if we form the sums;

∨
1
=

n−1∑
k=0

| f (yk+1) − f (yk)|
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and the other interval is;

∨
2
=

n−1∑
k=0

| f (zk+1) − f (zk)| .

So; ∨
=

∨
1
+

∨
2
,

where
∨

is the variation on[a,b] . It follows that,

∨
1
+

∨
2
≤

b∨
a

( f )

or
c∨
a

( f ) +
b∨
c

( f ) ≤
b∨
a

( f ) .

If we show;
b∨
a

( f ) ≤
c∨
a

( f ) +
b∨
c

( f ) ,

then the proof will be completed. Now subdivide[a,b] by means of the points;

a = x0 < x1 < x2 < ... < xn = b.

If c = xm, then we can express;

∨
=

n−1∑
k=0

| f (xk+1) − f (xk)|

=

m−1∑
k=0

| f (xk+1) − f (xk)| +
n−1∑
k=m

| f (xk+1) − f (xk)| .

Consequently; ∨
=

∨
1
+

∨
2
≤

c∨
a

( f ) +
b∨
c

( f ) ,

and hence,
b∨
a

( f ) ≤
c∨
a

( f ) +
b∨
c

( f ) .

25



If c does not belong to the partition, then we define a new partition which includes

the point c. Then our partition contains (n+2) points. The other parts are the same.

The proof of this theorem is completed. �

Corollary 2.1. Let a < c < b. If the function f(x) has finite (bounded) variation on

[a,b], it has finite variation on each of the intervals[a, c] and[c,b], and conversely.

Theorem 2.5.A function f(x) defined and finite on[a,b], is a function of finite varia-

tion if and only if; it is representable as the difference of two increasing function.

Proof. First of all, we need to choose a function, which has to be increasing, namely;

ψ (x) =
x∨
a

( f ) ,

where,ψ (a) = 0 anda < x ≤ b. We know that our function is an increasing function

on [a,b]. From the increasing function’s property, we can set;

ϑ (x) = ψ (x) − f (x) .

Then, we obtain another increasing function. In fact; ifa ≤ x < y ≤ b, then;

ϑ (y) = ψ (y) − f (y)

= ψ (x) +
y∨
x

( f ) − f (y)

and,

ϑ (y) − ϑ (x) =
y∨
x

( f ) + f (x) − f (y)

=

y∨
x

( f ) −
[
f (y) − f (x)

]
.

However, from the definition of total variation, it is clear that,

f (y) − f (x) ≤
y∨
x

( f ).
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So that;

ϑ (y) − ϑ (x) ≥ 0.

Therefore,ϑ (x) is an increasing function. So we can easily write

f (x) = ψ (x) − ϑ (x) .

Finally note that; we know and prove that monotone functions are bounded variations

and we also know that we can use sum and difference with bounded variations func-

tions. We can easily prove the other using these knowledge. �

Corollary 2.2. If a function f(x) has finite variation on[a,b], then at almost ev-

ery point of[a,b] the derivative f′ (x) exists, and is finite. Furthermore, f′ (x) is a

summable function on[a,b].

2.6 The Stieltjes Integral

We now take up a very important generalization of the Riemann integral which is

called the Stieltjes Integral.

Definition 2.38. Let f (x) andg(x) be finite functions defined on the closed interval

[a,b]. Subdivide [a,b] into parts by means of the points;

a = x0 < x1 < ... < xn = b,

choose a pointϕk in [xk, xk+1] for k = 0, ...,n− 1, and form the sum;

σ =

n−1∑
k=0

f (ϕk)
[
g (xk+1) − g (xk)

]
.

If the sumσ tends to a finite limitI as;

λ = max(xk+1 − xk)→ 0,
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independently of both the method of subdivision and the choice of the pointsϕk, this

limit is called the Stieltjes Integral of the functionf (x) with respect to the function

g(x) and designated by; ∫ b

a
f (x) dg(x) ,

or

(S)
∫ b

a
f (x) dg(x) .

The exact meaning of the definition in this: The numberI is the Stieltjes Integral

of the function f (x) with respect to the functiong(x) if, for everyε > 0 there exists a

δ > 0 such that for an arbitrary method of subdivision for whichλ < δ, the inequality

|σ − I | < ε,

holds, for all choices of the pointsϕk.

Note that; it is clear that the Riemann integral is a special case of the Stieltjes

integral, we can easily obtain by settingg(x) = x.

Properties of Stieltjes Integral

Now, we will have a look at the list of obvious properties of the Stieltjes Integral.

1.
b∫

a

[
f1 (x) + f2 (x)

]
dg(x) =

b∫
a

f1 (x) dg(x) +

b∫
a

f2 (x) dg(x) .

We can prove this property easily;

lim
n→∞

n−1∑
k=0

[
f1 (ξk) + f2 (ξk)

]
∆g = lim

n→∞

n−1∑
k=0

[
f1 (ξk)∆g+ f2 (ξk)∆g

]
= lim

n→∞

 n−1∑
k=0

f1 (ξk)∆g+
n−1∑
k=0

f2 (ξk)∆g


= lim

n→∞

n−1∑
k=0

f1 (ξk)∆g+ lim
n→∞

n−1∑
k=0

f2 (ξk)∆g

=

∫
f1 (x) dg(x) +

∫
f2 (x) dg(x) .
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2.
b∫

a

f (x) d
[
g1 (x) + g2 (x)

]
=

b∫
a

f (x) dg1 (x) +

b∫
a

f (x) dg2 (x)

3. If k andm are constants, then

b∫
a

k. f (x) dmg(x) = k.m

b∫
a

f (x) dg(x).

Note that; in all three properties of Stieltjes Integral, the existence of right-hand

member implies the existence of the left-hand member.

4. If a < c < b, and all three integrals involved in the equality,

b∫
a

f (x) dg(x) =

c∫
a

f (x) dg(x) +

b∫
c

f (x) dg(x) (2.15)

exists, then the equality (2.15) holds.

Notice that, in order to prove this property of the integral, it is necessary only

to see that the pointc is included in the points of subdivision of[a,b], when we

form the sumσ for the integral

∫ b

a
f (x) dg(x) . (2.16)

It is not difficult to prove that the existence of the integral (2.16) implies the

existence of both the integrals (2.15), but we will not discuss it now. We now

only notice that the converse statement is not true. Let us give an example.

Example 2.1.Let the functionf (x) andg (x) be defined on the segment[−1,+1],

where

f (x) =


0, i f −1 ≤ x ≤ 0

1, i f 0 < x ≤ 1
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and,

g (x) =


0, i f −1 ≤ x ≤ 0

1, i f 0 ≤ x ≤ 1
.

It is easy to see that the integrals

∫ 0

−1
f (x) dg(x) ,

and ∫ 1

0
f (x) dg(x)

are exist. Because all of the sumsσ are equal to zero. But at the same time, the

integral ∫ 1

−1
f (x) dg(x) ,

does not exist. In fact, subdivide the segment[−1,+1], into parts so that the

point 0, is not a point of subdivision, and if we form the sum;

σ =

n−1∑
k=0

f (ϕk)
[
g (xk+1) − g (xk)

]
.

It is easy to see that ifxi < 0 < xi+1, only thei − th term remains in the sumσ,

because if the pointsxk andxk+1 lie on the same side of the points 0, then

g (xk) = g (xk+1) .

This implies that

σ = f (ϕi)
[
g (xi+1) − g (xi)

]
= f (ϕi) .
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Depending upon whetherϕi < 0 orϕi > 0, we have

σ = 0

or

σ = 1,

so thatσ has no limit.

5. The existence of one of the integrals

∫ b

a
f (x) dg(x)

and ∫ b

a
g (x) d f (x) ,

implies the existence of the other. In this case, the equality

∫ b

a
f (x) dg(x) +

∫ b

a
g (x) d f (x) =

[
f (x) g (x)

]b
a (2.17)

holds, where [
f (x) g (x)

]b
a = f (b) g (b) − f (a) g (a) . (2.18)

The relation (2.17) is called thef ormula f or integration by parts. Let us prove

this formula. Suppose that the integral

∫ b

a
g (x) d f (x)

exists. Subdivide[a,b] into parts and form the sum,

σ =

n−1∑
k=0

f (ϕk)
[
g (xk+1) − g (xk)

]
.
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The sumσ can also be written as;

σ =

n−1∑
k=0

f (ϕk) g (xk+1) −
n−1∑
k=0

f (ϕk) g (xk)

and this expression is clearly equal to

σ = −

n−1∑
k=0

g (xk)
[
f (ϕk) − f (ϕk−1)

]
+ f (ϕn−1) g (xn) − f (ϕ0) g (x0) .

Adding and subtracting expression (2.18) on the right side of the last equality,

we find;

σ =
[
f (x) g (x)

]b
a

−

g (a)
[
f (ϕk) − f (a)

]
+

n−1∑
k=1

g (xk)
[
f (ϕk) − f (ϕk−1)

]
+ g (b)

[
f (b) − f (ϕn−1)

] .
The expression in the curly brackets is nothing but the sum formed for the inte-

gral ∫ b

a
g (x) d f (x) ,

where the points of subdivision of[a,b] are

a ≤ ϕ0 ≤ ϕ1 ≤ ϕ2 ≤ ... ≤ ϕn−1 ≤ b,

and the pointsa, x1, x2, ..., xn−1,bare points of the closed intervals
[
a, ϕ0

]
,
[
ϕ0, ϕ1

]
, ...,

[
ϕn−1,b

]
.

As max(xk+1 − xk) approaches zero,

max(ϕk+1 − ϕk)

also approaches zero, so that the sum in the curly brackets tends to the integral

∫ b

a
g (x) d f (x) .
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And this completes the proof.

It is natural to ask the question under what conditions the Stieltjes integral exists.

We will answer this question to giving following theorem.

Theorem 2.6.The integral ∫ b

a
f (x) dg(x) ,

exists if the function f(x) is continuous on[a,b] and g(x) is of finite variation on[a,b].

Proof. We may obviously suppose that the functiong (x) is increasing, because every

function of finite variation is the difference of two functions. Subdivide[a,b] by means

of the points

x0 = a < x1 < ... < xn = b

and designate bymk andMk, the least and greatest values, respectively, of the function

f (x) on [xk, xk+1] . Let

s=
n−1∑
k=0

mk
[
g (xk+1) − g (xk)

]
,

and

S =
n−1∑
k=0

Mk
[
g (xk+1) − g (xk)

]
.

It is clear that

s≤ σ ≤ S,

for all choices of the points in the closed intervals[xk, xk+1] . It is also easy to verify that

the sumsdoes not decrease andS does not increase when new points of subdivision are

added. From this, it follows that none of the sumsssurpasses any of the sumS. In fact,

having two methods, I and II, of subdividing the segment[a,b], with correspondings1,

S1 and s2, S2, respectively, we can form a method III by combining the points of

subdivision of both of the methods I and II. If the sumss3 andS3 correspond to the

method III, we have

s1 ≤ s3 ≤ S3 ≤ S2,

so that, in fact,s1 ≤ S2.
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With this in mind, we denote the least upper bound of the set{s} of all lower sums

by the symbolI :

I = sup{s} .

For every method of subdivision, it is clear that

s≤ I ≤ S,

and consequently, by (3),

|σ − I | < S − s.

If we choose and arbitraryε > 0 and find aδ > 0 such that| f (x′′) − f (x′)| < ε

whenever|x′′ − x′| < δ, then we have

Mk −mk < ε

for k = 0,1, ...,n− 1, andλ < δ, and accordingly

S − s< ε
[
g (b) − g (a)

]
.

Clearly,

|σ − I | < ε
[
g (b) − g (a)

]
,

for λ < δ. In other words,

lim
λ→0
= I ,

so thatI is the integral ∫ b

a
f (x) dg(x) .

It follows from the theorem just proved that every function of finite variation is inte-

grable with respect to every continuous function.

Hence; the proof is complete. �
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Theorem 2.7. If the function f(x) is continuous on[a,b] and if the function g(x) has

a Riemann integrable derivative g′ (x) at every point[a,b], then

(S)
∫ b

a
f (x) dg(x) = (R)

∫ b

a
f (x) g′ (x) dx. (2.19)

Proof. It follows from the conditions of the theorem thatg (x) satisfies the Lipschitz

condition and therefore is of finite variation. Hence the integral on the left side of

(2.19) exists. On the other hand, the functiong′ (x), and the productf (x) g′ (x) with

it, are continuous almost everywhere, so that the right member of (2.19) also exists.

It remains to show that the two sides of (2.19) are equal. For this purpose, subdivide

[a,b] by means of the points

x0 = a < x1 < ... < xn = b,

and, to every differenceg (xk+1) − g (xk), apply the mean value theorem we get:

g (xk+1) − g (xk) = g′ (x̄k) (xk+1 − xk) ,

where,xk < x̄k < xk+1. In forming the sumσ for the integral

∫ b

a
f (x) dg(x) ,

we may take the pointxk which appears in the mean value theorem for the pointϕk.

The sumσ then becomes

σ =

n−1∑
k=0

f (x̄k) g′ (x̄k) (xk+1 − xk) .

This is a Riemann sum for the functionf (x) g′ (x). Refining the subdivision and taking

the limit, we obtain the equation (2.19). �

Theorem 2.8. Let f (x) be a function continuous on[a,b] and let g(x) be constant in
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each of the intervals(a, c1) , (c1, c2) , ..., (cm,b) , where,

a < c1 < c2 < ... < cm < b.

Then,

b∫
a

f (x) dg(x) = f (a)
[
g (a+ 0) − g (a)

]
+

m∑
k=1

f (ck)
[
g (ck + 0) − g (ck − 0)

]
+ f (b)

[
g (b) − g (b− 0)

]
. (2.20)

Proof. We can easily see that

b∨
a

(g) = |g (a+ 0) − g (a)| + |g (b) − g (b− 0)|

+

m∑
k=1

{|g (ck) − g (ck − 0)| + |g (ck + 0) − g (ck)|} ,

so that the functiong (x) has finite variation on[a,b]. Thereforeg (x) has finite varia-

tion on every subinterval of[a,b]. Therefore;

b∫
a

f (x) dg(x) =
m∑

k=1

ck+1∫
ck

f (x) dg(x) , (2.21)

where we writec0 = a, cm+1 = b. It remains to compute the integral

ck+1∫
ck

f (x) dg(x) .

Subdividing[ck, ck+1] and forming the sumσ for the interval[ck, ck+1] we obviously

have

σ = f (ϕ0)
[
g (ck + 0) − g (ck)

]
+ f (ϕk+1)

[
g (ck+1) − g (ck+1 − 0)

]
,
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because all other terms vanish. In the limit, therefore,

ck+1∫
ck

f (x) dg(x) = f (ck)
[
g (ck + 0) − g (ck)

]
+ f (ck+1)

[
g (ck+1) − g (ck+1 − 0)

]
. (2.22)

The equality (2.20) follows from (2.21) and (2.22). Hence the proof is complete with

this. �
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 3

APPROXIMATION PROBLEM AND IMPORTANT

INEQUALITIES

3.1 The Approximation Problem

We mentioned that one of the fundamental problems of analysis is to approximate

a given function f in some sense or other by functions having certain properties, and

generally, by functions which have ”better” properties thanf . Suppose that a given

function f can be shown that the limit of set of functionsϕn(x) at the point which has

good properties atx0. Namely,

lim
n→∞

ϕn(x0) = f (x0)

be as described above. In this case the series ofϕn(x) approximates or converges to f.

The second fundamental problem of the approaching theorem is finding the rate of

approach to the problem.

lim
n→∞

ϕn(x0) = f (x0)

while n→ ∞, then the series (αn) = ( f (x0) − ϕn(x0)) is a zero sequence. If we find an

another zero sequenceβn with αn = o(βn), then one has

f (x0) − ϕn(x0) = o(βn).

This Landau representation shows that thef (x0) − ϕn(x0) is approaches to zero more

rapidly thanβn, whenn→ ∞.

38



3.2 Some Important Inequalities

Lemma 3.1. (I. P. NATANSON)[3] Let a summable function f(t) possessing the prop-

erty,

M = sup
0<h≤b−a

1
h

∣∣∣∣∣∣∣∣
a+h∫
a

f (t) dt

∣∣∣∣∣∣∣∣
 < ∞ (3.1)

be defined on the closed interval[a,b]. For any nonnegative decreasing function g(t),

defined and summable on[a,b], the integral

b∫
a

f (t) g (t) dt (3.2)

exists. Here we can specify that it might be improper for t= a and then, the inequality

∣∣∣∣∣∣∣∣
b∫

a

f (t) g (t) dt

∣∣∣∣∣∣∣∣ ≤ M

b∫
a

g (t) dt (3.3)

is valid.

To clarify the conditions of the lemma, we note that the case where g(a) = ∞ is not

excluded. If, however, g(a) < +∞, the function g(t) is bounded and the integral (3.2)

exists as an ordinary Lebesgue integral.

Proof. Before starting to prove, we note that, without loss of generality, we may as-

sumeg (b) = 0. In fact, if this were not so, we would simply introduce the new function

g∗ (t) defined by the equalities;

g∗ (t) =


g (t) , i f a ≤ t < b

0 , i f t = b


to replaceg (t).

Having proved the theorem forg∗ (t), we could then replaceg∗ (t) by g (t) every-

where because this would have no effect on the value of the integrals involved. Thus,

we shall assumeg (b) = 0.
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Let a < ω < b. On the closed interval[ω,b], the functiong (t) is bounded and the

integral
b∫

ω

f (t) g (t) dt (3.4)

certainly exists. If we set

F (t) =

t∫
ω

f (u) du,

integral (3.4) can be expressed in the form of a Stieltjes integral

b∫
ω

f (t) g (t) dt =

b∫
ω

g (t) dF (t) ,

for which, after integrating by parts, we find

b∫
ω

f (t) g (t) dt = −F (ω) g (ω) +

b∫
ω

F (t) d
[
−g (t)

]
.

However, by (3.1), we have that

F (t) ≤ M (t − a) . (3.5)

Indeed, we can see;

F (t)
(t − a)

=
1

t − a

∣∣∣∣∣∣∣∣
t∫

ω

f (u) du

∣∣∣∣∣∣∣∣ ≤ sup
t

 1
t − a

∣∣∣∣∣∣∣∣
t∫

ω

f (u) du

∣∣∣∣∣∣∣∣
 = M.

Equation (3.5) is satisfies. And sinceg (t) decreases,

g (ω) (ω − a) ≤

ω∫
a

g (t) dt. (3.6)
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This means that,

|F (ω) g (ω)| ≤ M

ω∫
a

g (t) dt. (3.7)

On the other hand, the function−g (t) increases this and (3.5) imply that

∣∣∣∣∣∣∣∣
b∫

ω

F (t) d
[
−g (t)

]∣∣∣∣∣∣∣∣ ≤ M

b∫
ω

(t − a) d
[
−g (t)

]
.

We transform the integral in the right member using the formula for integration by

parts:
b∫

ω

(t − a) d
[
−g (t)

]
= g (ω) (ω − a) +

b∫
ω

g (t) dt.

From this equation, and with the equation (3.6), it follows that;

b∫
ω

(t − a) d
[
−g (t)

]
≤

ω∫
a

g (t) dt+

b∫
ω

g (t) dt =

b∫
a

g (t) dt.

Combining the above equation, we obtain

∣∣∣∣∣∣∣∣
b∫

a

f (t) g (t) dt

∣∣∣∣∣∣∣∣ ≤ M


ω∫

a

g (t) dt+

b∫
a

g (t) dt

 . (3.8)

Although this inequality was established under the assumption thatg (b) = 0, it

also remains valid without this hypothesis as was already explained. This means we

can replace the limitb by β, whereω < β < b. But then, lettingω andβ tend toa, we

see that

lim

β∫
ω

f (t) g (t) dt = 0,

which proves the existence of integral (3.2). Finally, we pass to the limit asω → a in

(3.8), then we obtain ∣∣∣∣∣∣∣∣
b∫

a

f (t) g (t) dt

∣∣∣∣∣∣∣∣ ≤ M

b∫
a

g (t) dt.
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This completes the proof of the lemma. �

Now we will give Roman Taberski’s generalization of Natanson’s Lemma.

Lemma 3.2. Letϕ (t) ∈ BV
[
a+ η,b

]
, where0 < η < b− a, such that;

υ (s) = vars≤t≤bϕ (t)

since a≤ s< b andυ (b) = 0, then

b∫
a

υ (s) ds< ∞

is valid. If;

M = sup
0<h≤b−a

∣∣∣∣∣∣∣∣1h
a+h∫
a

f (t) dt

∣∣∣∣∣∣∣∣ < ∞, (3.9)

where f∈ L1 [a,b], then

I =

b∫
a+

f (t)ϕ (t) dt, (3.10)

indefinite Lebesgue integral is exists and,

|I | ≤ M

b∫
a

[
υ (s) + |ϕ (b)|

]
ds (3.11)

is valid.

Proof. Let define new functions as

F (t) =

t∫
a

f (u) du,

where,a ≤ t ≤ b, and

Iγ,β =

β∫
γ

f (t)ϕ (t) dt,
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where,a < γ < β ≤ b.

If we apply the formula of integration by parts in the integralIγ,β, we obtain

Iγ,β =

β∫
γ

ϕ (t) dF (t)

=
[
ϕ (t) F (t)

]β
γ −

β∫
γ

F (t) dϕ (t)

and if we use our condition (3.9), we get

∣∣∣∣∣∣∣∣∣
β∫

γ

F (t) dϕ (t)

∣∣∣∣∣∣∣∣∣ ≤ M

β∫
γ

(t − a) d [−υ (t)]

= M

[(a− t) υ (t)]βγ +

β∫
γ

υ (t) dt

 .
Now, if we consider

(γ − a) |ϕ (γ) − ϕ (b)| ≤ (γ − a) υ (a) ≤

a∫
γ

υ (t) dt,

then,

I =

b∫
a+

F (t) dϕ (t)

is exists and, ∣∣∣∣∣∣∣∣
b∫

a+

F (t) dϕ (t)

∣∣∣∣∣∣∣∣ ≤ M

b∫
a

υ (t) dt

is valid. This completes the proof. �

Lemma 3.3. (A.D. GADJIEV)[4] Letµ (t) be an increasing and absolutely continuous

function, defined on[0,b− a], moreoverµ (0) = 0. Besides, letϕ (t) be a function of
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bounded variation in each interval of
[
a+ η,b

]
where0 < η < b− a,

∫ b

a

[
µ (t − a)

]′
t υ (t) dt < ∞, (3.12)

where,

υ (t) = vart≤s≤bϕ (s) , (a ≤ t < b) .

If

M = sup
0<h≤b−a

1
µ (h)

∣∣∣∣∣∣∣∣
a+h∫
a

f (t) dt

∣∣∣∣∣∣∣∣ < ∞, f ∈ L1 [a,b] , (3.13)

then, ∣∣∣∣∣∣∣∣
b∫

a+

f (t)ϕ (t) dt

∣∣∣∣∣∣∣∣ ≤ M

b∫
a

[
υ (t) + |ϕ (b)|

] [
µ (t − a)

]′
t dt. (3.14)

Proof. Denote

F (t) =

t∫
a

f (u) du, (a ≤ t ≤ b)

and

Iα,β =

β∫
α

f (t)ϕ (t) dt, (a < α < β ≤ b) .

If we apply the formula of integration by parts, we will obtain

Iα,β =

β∫
α

f (t) dF (t) dt = ϕ (t) F (t)|βα −

β∫
α

F (t) dϕ (t) dt.

If we apply (3.13), it is easy to show that

β∫
α

F (t) dϕ (t) dt ≤ M

−µ (t − a) υ (t)|βα +

β∫
α

υ (t)
[
µ (t − a)

]′
t dt

 .
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In the view of equation (3.12) and sinceµ (t) is an absolutely continuous function

µ (α − a) υ (a) ≤

α∫
a

υ (t)
[
µ (t − a)

]′
t dt

is true, then the integral
b∫

a+

F (t) dϕ (t)

is exist and does not exceed absolute value the expression

∣∣∣∣∣∣∣∣
b∫

a+

F (t) dϕ (t)

∣∣∣∣∣∣∣∣ ≤ M

b∫
a

υ (t)
[
µ (t − a)

]′
t dt

holds. The rest is clear.

Hence, this completes the proof. �

The following lemma is proved quite analogously.

Lemma 3.4. [4] If ψ (t) is function of bounded variation in each interval〈a,b− η〉

such that
b∫

a

[
µ (b− t)

]′
t W (t) dt < ∞,

where W(t) = vara≤s≤tψ (s) , (a < s≤ b), then

∣∣∣∣∣∣∣∣∣
b−∫

a

f (t)ψ (t) dt

∣∣∣∣∣∣∣∣∣ ≤ −M1

b∫
a

[
W (t) + |ψ (a)|

] [
µ (b− t)

]′
t dt,

where

M1 = sup
0<h≤b−a

1
µ (h)

∣∣∣∣∣∣∣∣
b∫

b−h

f (t) dt

∣∣∣∣∣∣∣∣ < +∞.
Remark 3.1. In the caseµ (t) = t lemmas(3.3) and(3.4) are proved by R.Taberski [3].

If µ (t) = t andϕ (t) is monotonically decreasing on(a,b) function, then the well-known

I.P. Natanson’s lemma(3.1) follows from lemma(3.3).
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 4

NONLINEAR SINGULAR INTEGRALS

DEPENDING ON TWO PARAMETERS

4.1 Convergence inLp (2π) and Lp (R)

The theory of approximation with nonlinear integral operators of convolution type

was introduced by J. Musielak in [5] and widely developed in [5]. He considers nonlin-

ear integral operators, replacing linearity assumption by Lipschitz condition for kernel

functions generating the operators and satisfying suitable singularity assumptions. Af-

ter this discovery, several mathematicians have undertaken the program of extending

approximation by nonlinear integral operators in many ways and to several settings,

including modular function spaces, pointwise and uniform convergence of operators,

Korovkin type theorems, abstract function spaces, sampling series and so on. Espe-

cially, this kind of operators were extensively studied by C. Bardaro, J. Musielak and

G. Vinti [6]-[7] in connection with the theory of Modular space. Operators of type (1)

and its special cases were studied by Swiderski and Wachnicki [8], Karsli [9]-[10] and

Karsli-Ibikli [11] in some Lebesgue spaces. Such developments delineated a theory

which is nowadays referred to as the theory of approximation by nonlinear integral

operators. We also refer the reader to [14]-[17], [20]-[24] as well as the monographs

[5] and [18] where other kinds of convergence results concerning the pointwise con-

vergence and rate of pointwise convergence of linear and nonlinear singular integral

operators in the Lebesgue and Musielak-Orlicz spaces.

We talked about the theory of Fourier series, in the theory of Fourier series there ap-

pears the problem of approximation of 2π − periodic functions f , integrable in the
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interval[−π, π] by means of linear, singular integral operatorsKn of the form

∫ π

−π

Kn (t − s) f (t) dt.

In papers [3] Taberski has shown that the pointwise convergence at which the points

are Lebesgue point of integrable functions inL1(−π, π), by the family of convolution

type singular integral operators depending on two parameters of the form

Uλ( f ; x) =

π∫
−π

f (t)Kλ(t − x) dt , x ∈ (−π, π) (4.1)

where K(t, λ) is a kernel which satisfies suitable assumptions. Moreover, Taberski has

shown also that in [3] approximation properties of the derivatives of this operators.

After this fundamental study of Taberski [3], these operators were studied by some

other authors. Gadjiev [4] and Rydzewska [25] obtained the pointwise convergence of

these operators at which the points are respectively, generalized Lebesgue point and

µ−generalized Lebesgue point of integrable functions inL1(−π, π). In 1984, Bardaro

and Gori Cocchieri [26] estimated the degree of pointwise approximation of Féjer-

type singular integrals, which are the special case of (4.1), in the class of functions

f ∈ L1(R) at which the points are generalized Lebesgue point. Very recently Karslı

andİbikli [12], [13] studied both pointwise convergence and pointwise convergence of

therth derivatives of the operatorsTλ( f ; x), which are defined as

Tλ( f ; x) =

b∫
a

f (t) Kλ(t − x) dt , x ∈ (a,b).

In approximation theory, however, applications we limited to linear integral operators

because the notion of singularity of an integral operators was closely connected with

its linearity. In 1981, Musielak [27] used the nonlinear integral operators, which were
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defined as

(Tw f )(s) =
∫
G

Kw(t − s, f (t)) dt , s ∈ G. (4.2)

We were mentioned about by the assumption of linearity of the operators was replaced

by an assumption of a Lipschitz condition forKw with respect to the second variable.

This study allows us that using the classical method for linear integral operators [18]

to obtain the convergence of the nonlinear integral operators, although the notion of

singularity of an integral operators was closely connected with its linearity [5]. We

surveyed the Swiderski’s and Wachnicki’s studies in this thesis and for further paper

on the subject which we are examining in this thesis, were written by Karsli [28].

Now, here as we said that before in the chapter of introduction these problems are

extended in three directions but in this survey, we will consider the nonlinear integral

operators. That, the kernel

K = (Kn)
∞
n=1

is replaced by a kernel

K = (Kw)w∈W

whereKw : G × R→ R; the last means that we take nonlinear integral operatorsTw;

(Tw f ) (s) =
∫
G

Kw (t − s, f (t)) dt =
∫
G

Kw (t, f (t + s)) dt,

in place of the considered linear operators. Now denote the family of integral operators

Tw converge to the functionf on the spaceLp[a,b].

It is important to specify that, in this chapter we consider the caseG = R or

G = [−π, π) with addition mod 2π.And we denoteB (θ) the family of all neighborhoods

of the neutral elementθ of G. Let W be a nonempty set of indices andw0 be an

accumulation point ofW. We take a familyK = (Kw)w ∈W of functionsKw : G×R→ R

, whereKw (t,0) = 0 for t ∈ G, such thatKw for everyw ∈W are integrable functions

with respect to the first variable for all values of the second variable.The familyK will
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be called kernel. In 2000, T. Swiderski and E. Wachnicki investigated the pointwise

convergence of the operator (Tw)( f ) defined as;

(Tw f ) (s) =
∫

G
Kw (s− t, f (t)) dt (4.3)

as(w, s) →
(
w0,s0

)
, wherew0 is an accumulation point of the set of indices ands0 an

accumulation pointG. If we write t → (s− t) the equation (4.3) turns into;

(Tw f ) (s) =
∫

G
Kw (s− t, f (t)) dt =

∫
G

Kw (t, f (s− t)) dt. (4.4)

In papers [1]-[2] and [29]-[30] the convergence of the integral (4.4) in some normed

spaces have been studied. In the present paper we investigate the pointwise conver-

gence of the integral (4.4) as(w, s)→
(
w0,s0

)
in the sense of the product convergence,

wheres0 is an accumulation point ofG. Here f belongs toLp (G), 1 ≤ p ≤ +∞. First

we shall define a new class, which provide the existence of the integralTw ( f ).

Definition 4.1. We shall say that a functionKw : G×R→ R belongs toClass Aif the

following conditions hold:

(A) There exists an integrable functionLw : G→ R such that;

|Kw (t,u) − Kw (t, v)| ≤ Lw (t) |u− v| (4.5)

for anyw ∈W, t ∈ G,u, v ∈ R.

(B) This condition is known as singularity condition and it can be written two way;

lim
w→w0

1
u

∫
G

Kw (t,u) dt = 1.

We can also show like this way;

|u|
∣∣∣∣∣∫

G
Lw (t) dt− 1

∣∣∣∣∣→ 0
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for everyu ∈ R \ {0}.

(C) There exist a numberM > 0 such that

∫
G

Lw (t) dt ≤ M

for all w ∈W.

(D) For everyU ∈ B (θ)

lim
w→w0

∫
G\U

Lw (t) dt = 0.

.

According to equation (4.5) it is easy to see thatClass Ais a kernel and since

Kw (t,0) = 0, we can say that

|Kw (t,u)| = Lw (t) |u| (4.6)

for t ∈ G, u, v ∈ R.

This condition also known as assumption of linearity of the operators. Notice that

we mention that the assumption of linearity for operators being replaced by an assump-

tion of a Lipschitz condition forKw with respect to the second variable. We need to

show that the functionTw ( f ) is exist on the same space or not? Hence, by the property

of convolution [31], the following theorem holds.

Theorem 4.1. If f ∈ Lp (G) , 1 ≤ p ≤ ∞, then Tw ( f ) ∈ Lp (G) and

‖Tw f ‖p ≤ ‖Lw‖1 ‖ f ‖p (4.7)

for every w∈W.
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Proof. First we need to observe that

‖Tw f ‖p =
∥∥∥∥∥∫

G
Kw (t − x, f (t)) dt

∥∥∥∥∥
p

=

(∫
G

∣∣∣∣∣∫
G

Kw (t − x, f (t)) dt
∣∣∣∣∣p dx

) 1
p

=

∫
G

(∫
G
|Kw (t − x, f (t))|p dx

) 1
p

dt


≤

∫
G

(∫
G

(Lw (t − x) | f (t)|)p dx

) 1
p

dt

 .
Since by condition(A) and if we substitute(t − x)→ t, we get

≤

∫
G

(∫
G

(Lw (t) | f (t + x)|)p dx

) 1
p

dt


≤

∫
G

(
(Lw (t))p

∫
G
| f (t + x)|p dx

) 1
p

dt


≤

∫
G

Lw (t)

(∫
G
| f (t + x)|p dx

) 1
p

dt

 .
Now if we write t → (t − x),

≤

∫
G

Lw (t − x)

(∫
G
| f (t)|p dx

) 1
p

dt


=

∫
G

Lw (t − x) ‖ f ‖p dt

= ‖ f ‖p

∫
G

Lw (t − x) dt

≤ ‖ f ‖p . ‖Lw‖1 .

Therefore the proof is complete. �

We guaranteed the existence of the integralTw f . Now we need to prove the fol-

lowing theorem which contains additional condition to ourClass A.
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Theorem 4.2.Let U ∈ B (θ). Denote

RU
q (w) =


(∫

G\U
(Lw(t))qdt

) 1
q as 1 ≤ q ≤ +∞

sup
G\U

ess Lw (t) as q= +∞

and let f ∈ Lp(G), 1 ≤ p ≤ +∞. Assume that a kernel belongs to Class A and satisfies

the following condition;

(E)

lim
w→w0

RU
q (w) = 0,

for every U ∈ B (θ), where1 ≤ q ≤ ∞ and 1
p +

1
q = 1. Then(Tw f ) (s) → f (s0)

as (w, s) → (w0, s0), when s0 is an accumulation point of G at which function f is

continuous.

Proof. First we know the convolution type integral operator as;

(Tw f ) (s) =
∫

G
Kw (s− t, f (t)) dt

If we write t → (t + s0), it takes the form

(Tw f ) (s) =
∫

G
Kw (s− t, f (t)) dt =

∫
G

Kw (s− s0 − t, f (t + s0)) dt

and ∫
G

Kw (s− s0 − t, f (s0)) dt =
∫

G
Kw (t, f (s0)) dt

for everys, s0 ∈ G.
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Therefore;

|(Tw f ) (s) − f (s0)| =
∣∣∣∣∣∫

G
Kw (s− t, f (t)) dt− f (s0)

∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
∫

G
Kw (s− s0 − t, f (t + s0)) dt−

∫
G

Kw (s− s0 − t, f (s0)) dt

+
∫

G
Kw (s− s0 − t, f (s0)) dt− f (s0)

∣∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∫
G

Kw (s− s0 − t, f (t + s0)) − Kw (s− s0 − t, f (s0)) dt
∣∣∣∣∣

+

∣∣∣∣∣∫
G

Kw (t, f (s0)) dt− f (s0)
∣∣∣∣∣

≤

∫
G
|Kw (s− s0 − t, f (t + s0)) − Kw (s− s0 − t, f (s0))|dt

+

∣∣∣∣∣∫
G

Kw (t, f (s0)) dt− f (s0)
∣∣∣∣∣

= I1 (w, s) + I2 (w) .

If we use the condition (B) for the second part of the integral, we get;

I2(w) =
∣∣∣∣∣∫

G
Kw (t, f (s0)) dt− f (s0)

∣∣∣∣∣→ 0

asw→ w0. Since,

lim
w→w0

∫
G

Kw (t, f (s0)) dt = f (s0) .

Now we will proveI1 (w, s)→ 0 as (w, s)→ (w0, s0).

Let ε > 0. Since the functionf is continuous ats0, we can find U ∈ B (θ) such

that;

| f (t + s0) − f (s0)| <
ε

3M
(4.8)

for t ∈ U,whereM is constant occurring in assumption (C). We may obviously assume
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U = −U. Hence by(A) we obtain;

I1(w, s) =
∫

G
|Kw(s− s0 − t, f (t + s0) − Kw (s− s0 − t, f (s0))|dt

≤

∫
G

Lw(s− s0 − t) | f (t + s0) − f (s0)|dt

≤

∫
U

Lw(s− s0 − t) | f (t + s0) − f (s0)|dt

+

∫
G\U

Lw(s− s0 − t) | f (t + s0) − f (s0)|dt.

Using the condition(A) and triangle inequality the integral takes the form;

≤

∫
U

Lw(s− s0 − t) | f (t + s0) − f (s0)|dt+
∫

G\U
Lw(s− s0 − t) | f (t + s0)|dt

+

∫
G\U

Lw(s− s0 − t) | f (s0)|dt

= J1 (w, s) + J2 (w, s) + J3 (w, s) .

From using the condition (C) and the property (4.8) we can writeJ1 as;

J1 (w, s) =
∫

U
Lw(s− s0 − t) | f (t + s0) − f (s0)|dt

≤
ε

3M

∫
U

Lw(s− s0 − t)dt

≤
ε

3M

∫
G

Lw(t)dt

≤
ε

3
.

We can chooseU ∈ B (θ) for which there existsV ∈ B (θ) such that 2V ⊂ U, where

2V = {x+ y ; x, y ∈ V} . As before we takeV = −V. Let s ∈ G ands− s0 ∈ V, then

V + (s− s0) ⊂ U and

J2 (w, s) =
∫

G\U
Lw(s− s0 − t) | f (t + s0)|dt

≤

∫
G\V+(s−s0)

Lw(s− s0 − t) | f (t + s0)|dt
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Since(s0→ s) andt = −t, then;

≤

∫
G\V

Lw(t) | f (s− t)|dt.

And by using Ḧolder inequality;

≤

(∫
G\V

Lq
w (t) dt

) 1
q

.

(∫
G\V
| f (s− t)|p dt

) 1
p

≤

(∫
G\V

Lq
w (t) dt

) 1
q

.

(∫
G
| f (s− t)|p dt

) 1
p

.

Since;
(∫

G\V
| f (s− t)|p dt

) 1
p
≤

(∫
G
| f (s− t)|p dt

) 1
p andt → (s− t),

≤ RU
q (w) . ‖ f ‖p

Hence by(E) there exists a neighborhood ofW1 of w0 such that

J2 (w, s) ≤
ε

3

for w ∈W1 ands ∈ V + s0.

Similarly, there exists a neighborhoodW2 of w0 such that;

J3 (w, s) =
∫

G\U
Lw(s− s0 − t) | f (s0)|dt

≤

∫
G\V+(s−s0)

Lw(s− s0 − t) | f (s0)|dt

≤

∫
G\V

Lw(t) | f (s)|dt

≤

(∫
G\V

Lq
w (t) dt

) 1
q

.

(∫
G\V
| f (t)|p dt

) 1
p

<
ε

3
.
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And since;

J3 (w, s) ≤
ε

3

for w ∈W2 ands ∈ V + s0.

Consequently;

I1(w, s) = J1 (w, s) + J2 (w, s) + J3 (w, s)

I1(w, s) < ε

for w ∈W1 ∩W2 ands ∈ V + s0.

Therefore this finishes the proof of Theorem 2. �

Now we will expand our space again, we takeG = R then following theorem holds.

Theorem 4.3. Let f ∈ Lp (G) , 1 ≤ p ≤ +∞. Assume that a kernel K satisfies the

conditions(A) , (B) , (C) , (D) , (E) . Moreover we assume that there existsδ0 > 0 that

the function Lw is increasing in [−δ0,0] and decreasing[0, δ0] for any w ∈ W. Let

s0 ∈ G. We assume that;

lim
h→0

1
2h

∫ h

−h
| f (t + s0) − f (s0)|dt = 0. (4.9)

Let C> 0. Denote

ZC = {(w, s) ∈W×G : |s− s0| Lw (0) ≤ C} .

Then Tw f (s)→ f (s0) as(w, s)→ (w0, s0) and(w, s) ∈ ZC.

Proof. If we consider the theorem we will recognize that it will sufficient to show that;

∫
G

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt→ 0

as(w, s)→ (w0, s0) and(w, s) ∈ ZC.
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Let ε > 0. By (4.9) there exists aδ ∈
(
0, δ0

2

)
such that

1
h

∫ 0

−h
| f (t + s0) − f (s0)|dt =

ε

M + 2C
,

1
h

h∫
0

| f (t + s0) − f (s0)|dt =
ε

M + 2C

for 0 < h ≤ δ, whereM is the constant occurring in condition(C) . We have;

∫
G

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

=

∫
|t|>δ
t∈G

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

+

∫
|t|≤δ
t∈G

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

= I1 (w, s) + I2 (w, s) .

Analogously to the proof of the Theorem (3.1), we can show thatI1 (w, s) → 0 as

(w, s)→ (w0, s0) . We have to showI2 (w, s) .

I2 (w, s) =
∫
|t|≤δ
t∈G

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

=

∫ 0

−δ

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

+

∫ δ

0
Lw (s− s0 − t) | f (t + s0) − f (s0)|dt.

Hence if we use Roman Taberski’s generalization of the Natanson’s Lemma,I2 (w, s)
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takes the form;

I2 (w, s) ≤
ε

M + 2C

∫ 0

−δ

 ∨
−δ≤t≤z

Lw (s− s0 − t) + Lw (s− s0 − (−δ))

 dz

+
ε

M + 2C

∫ δ

0

∨
z≤t≤δ

Lw (s− s0 − t) + Lw (s− s0 − (δ))

 dz

≤
ε

M + 2C

∫ 0

−δ

 ∨
−δ≤t≤z

Lw (s− s0 − t) + Lw (s− s0 + δ)

 dz

+
ε

M + 2C

∫ δ

0

∨
z≤t≤δ

Lw (s− s0 − t) + Lw (s− s0 − δ)

 dz.

Since we knowLw (t) function’s properties, we need to transformLw (s− s0 − t) to the

Lw (t) . So we need to changet → (s− s0 − t) , then

=
ε

M + 2C


0∫
−δ

[ ∨
s−s0−z≤t≤s−s0+δ

Lw (t) + Lw (s− s0 + δ)

]
dz

+
δ∫

0

[ ∨
s−s0−δ≤t≤s−s0−z

Lw (t) + Lw (s− s0 + δ)

]
dz



=
ε

M + 2C


s−s0+δ∫
s−s0

[ ∨
z≤t≤s−s0+δ

Lw (t) + Lw (s− s0 + δ)

]
dz

+
s−s0∫

s−s0−δ

[ ∨
s−s0−δ≤t≤z

Lw (t) + Lw (s− s0 + δ)

]
dz


=

ε

M + 2C
(U1 (s, t) + U2 (s, t))

where ∨
α≤t≤β

Lw (t) ,

denotes the total variation ofLw in the interval
[
α, β

]
.

Now since we do not know that(s− s0) positive or negative we need to assume that
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0 < s− s0 < δ. Then s− s0 − δ > −δ > −δ0 ands− s0 + δ < 2δ < δ0. Hence;

U1 (s, t) =

s−s0+δ∫
s−s0

 ∨
z≤t≤s−s0+δ

Lw (t) + Lw (s− s0 + δ)

 dz

=

s−s0+δ∫
s−s0


 ∨

z≤t≤s−s0+δ

Lw (t)

 + Lw (s− s0 + δ)

 dz

=

s−s0+δ∫
s−s0

(Lw (z) − Lw (s− s0 + δ) + Lw (s− s0 + δ)) dz

=

s−s0+δ∫
s−s0

Lw (z) dz.

Now we will consider the second part of the integral. We know the function is

decreasing on the interval[0, δ0], so it is obvious thatLw (z) > Lw (s− s0 + δ), and

sinces− s0 > 0 and(s− s0 − δ) < 0 we need to split the integral into two parts;

U2 (s, t) =

s−s0∫
s−s0−δ

 ∨
s−s0−δ≤t≤z

Lw (t) + Lw (s− s0 + δ)

 dz

=

0∫
s−s0−δ

 ∨
s−s0−δ≤t≤z

Lw (t) + Lw (s− s0 + δ)

 dz

+

s−s0∫
0

 ∨
s−s0−δ≤t≤z

Lw (t) + Lw (s− s0 + δ)

 dz

=

0∫
s−s0−δ


 ∨

s−s0−δ≤t≤z

Lw (t)

 + Lw (s− s0 + δ)

 dz

+

s−s0∫
0


 ∨

s−s0−δ≤t≤z

Lw (t)

 + Lw (s− s0 + δ)

 dz.

Here, we can easily see that our functionLw (s− s0 + δ) independent of variablest and
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z we can split it;

= (0− s+ s0 + δ) Lw (s− s0 + δ) +

0∫
s−s0−δ

 ∨
s−s0−δ≤t≤z

Lw (t)

 dz

+ (s− s0 − 0) Lw (s− s0 + δ) +

s−s0∫
0

 ∨
s−s0−δ≤t≤z

Lw (t)

 dz

= (−s+ s0 + δ + s− s0) Lw (s− s0 + δ) +

0∫
s−s0−δ

 ∨
s−s0−δ≤t≤z

Lw (t)

 dz

+

s−s0∫
0

 ∨
s−s0−δ≤t≤z

Lw (t)

 dz

= (δ) Lw (s− s0 + δ) +

0∫
s−s0−δ

 ∨
s−s0−δ≤t≤z

Lw (t)

 dz+

s−s0∫
0

 ∨
s−s0−δ≤t≤z

Lw (t)

 dz

= (δ) Lw (s− s0 + δ) +

0∫
s−s0−δ

(Lw (z) − Lw (s− s0 + δ)) dz

+

s−s0∫
0

 ∨
s−s0−δ≤t≤0

Lw (t) +
∨
0≤t≤z

Lw (t)

 dz

= (δ) Lw (s− s0 + δ) +

0∫
s−s0−δ

(Lw (z) − Lw (s− s0 + δ)) dz

+

s−s0∫
0

[(Lw (0) − Lw (s− s0 + δ)) + (Lw (0) − Lw (z))] dz

= (δ) Lw (s− s0 + δ) +

0∫
s−s0−δ

(Lw (z) − Lw (s− s0 + δ)) dz

+

s−s0∫
0

[2Lw (0) − Lw (s− s0 + δ) − Lw (z)] dz

= (δ) Lw (s− s0 + δ) − (s0 − s+ δ) Lw (s− s0 + δ) +

0∫
s−s0−δ

Lw (z) dz

+ (s− s0) 2Lw (0) − (s− s0) Lw (s− s0 + δ) −

s−s0∫
0

Lw (z) dz
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= (δ) Lw (s− s0 + δ) + (s− s0) 2Lw (0) − (δ) Lw (s− s0 + δ)

+

0∫
s−s0−δ

Lw (z) dz−

s−s0∫
0

Lw (z) dz

= 2(s− s0) Lw (0) +

0∫
s−s0−δ

Lw (z) dz−

s−s0∫
0

Lw (z) dz

≤

0∫
s−s0−δ

Lw (z) dz+ 2(s− s0) Lw (0) .

Consequently by (C), we get;

I2 (w, s) =

0∫
−δ

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

+

δ∫
0

Lw (s− s0 − t) | f (t + s0) − f (s0)|dt

≤
ε

M + 2C


s−s0+δ∫
s−s0

Lw (z) dz+

0∫
s−s0−δ

Lw (z) dz+ 2(s− s0) Lw (0)


≤

ε

M + 2C


s−s0+δ∫

s−s0−δ

Lw (z) dz+ 2C


≤

ε

M + 2C

(∫
G

Lw (z) dz+ 2C

)
≤

ε

M + 2C
(M + 2C) = ε

for 0 < s− s0 < δ and(w, s) ∈ ZC.

We can also obtain the same inequality−δ < s− s0 < 0.

ThereforeI2 (w, s)→ 0 as(w, s)→ (w0, s0), where(w, s) ∈ ZC.

Remark 4.1. The last theorem relates to earlier results of R. Taberski [3] and S.

Siudult [19] for some linear kernels which we are defined in chapter 5, example 1.

In the next section we study both pointwise convergence and rate of pointwise

convergence on the arbitrary interval〈a,b〉.
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4.2 Convergence and Rate of Convergence inL1 (〈a,b〉)

The purpose of this section is to study both the pointwise approximation and the

rate of pointwise approximation of the operators

Tλ( f ; x) =

b∫
a

Kλ(t − x, f (t)) dt , x ∈< a,b >, (4.10)

on aµ−generalized Lebesgue point off ∈ L1 (〈a,b〉) as (x, λ) → (x0, λ0), where〈a,b〉

is an arbitrary interval inR.

Let L1 (〈a,b〉) be the class of functions Lebesgue integrable in the interval〈a,b〉,

where〈a,b〉 is an arbitrary interval inR. Now we will define a new class of function.

Definition 4.2. We will call the functionKλ : G × R → R belongs toClassβ, if it

satisfies the following conditions:

a ) Let Lλ (t) be an integrable function with respect tot such that;

|Kλ (t,u) − Kλ (t, v)| ≤ Lλ (t) |u− v| ,

for everyt ∈ G,u, v ∈ R, and for anyλ ∈ Λ. Here while we think aboutG = R we can

easily see thatt,u, v ∈ R.

b) lim
λ→λ0

∫
R \U

Lλ(t)dt = 0, for everyU ∈ U(0). ByU(0) we denote the family of all

neighborhoods of zero inR.

c) limλ→λ0

[
sup|t|≥δ Lλ (t)

]
= 0, for everyδ > 0.

d) limλ→λ0

∫
G

Kλ (t,u) dt = u, for everyu ∈ R.
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e)There exists aδ0 > 0, such thatLλ(t) is non-decreasing on (−δ0,0] and non-

increasing on [0, δ0) as a function oft, for eachλ ∈ Λ.

The condition (a) implies that the class of all functionsKλ(t,u) is a kernel. Now

we will give the following existence theorem.

Theorem 4.4. Let 1 ≤ p < ∞and assume that a function Kλ(t,u) satisfies condition

(a). If f ∈ Lp (〈a,b〉), then T( f ) ∈ Lp (〈a,b〉) and

‖T( f )‖Lp(〈a,b〉) ≤ H(λ) ‖ f ‖Lp(〈a,b〉)

for eachλ ∈ Λ.

Firstly, we assume that〈a,b〉 = [a,b] and let the functionµ be an absolutely con-

tinuous, increasing function defined on[0,b− a] with µ (0) = 0.

Theorem 4.5. Suppose that a kernel function Kλ(t,u) belongs the Classβ. Then at

each point x0 for which

lim
h→0+

1
µ (h)

h∫
0

| f (x0 + t) − f (x0)|dt = 0, 0 ≤ α < 1 (4.11)

holds we have

lim
(x,λ)→(x0,λ0)

|Tλ( f ; x) − f (x0)| = 0,

on any planar set Z on which the function

x0+δ∫
x0−δ

Lλ(t − x) µ′ (|t − x0|) dt+ 2Lλ(0)µ (|x− x0|) (4.12)

is bounded, where0 < δ < δ0.
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Proof. Let us before to begin proof, firstly we introduce a new functionf̃ ∈ L1 (R) as

∼

f (t) :=


f (t) , t ∈< a,b >

0 , t << a,b >
, (4.13)

where〈a,b〉 is an arbitrary interval inR. We assume that

x0 + δ < b, x0 − δ > a and 0< x0 − x <
δ

2
, (4.14)

for any 0< δ < δ0. Let

|I (x, λ)| := |Tλ ( f ; x) − f (x0)| ,

from (4.13) and the condition (d), we can write;

|I (x, λ)| =

∣∣∣∣∣∣
∫ b

a
Kλ (t − x, f (t)) dt− f (x0)

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∫
R

Kλ

(
t − x, f̃ (t)

)
dt− f (x0)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣
∫
R

Kλ

(
t − x, f̃ (t)

)
dt−

∫
R

Kλ

(
t − x, f̃ (x0)

)
dt

+
∫
R

Kλ

(
t − x, f̃ (x0)

)
dt− f (x0)

∣∣∣∣∣∣∣∣∣∣∣ .
By the triangle inequality the above equality takes the following form:

|I (x, λ)| ≤
∫
R

∣∣∣∣∣Kλ(t − x,
∼

f (t)) − Kλ(t − x,
∼

f (x0))
∣∣∣∣∣ dt

+

∣∣∣∣∣∣∣∣
∫
R

Kλ(t − x,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣ . (4.15)

According to the conditiona),

∣∣∣∣∣Kλ(t − x,
∼

f (t)) − Kλ(t − x,
∼

f (x0))
∣∣∣∣∣ ≤ Lλ(t − x)

∣∣∣∣∣∼f (t) −
∼

f (x0)
∣∣∣∣∣ . (4.16)
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holds for anyλ ∈ Λ. According to (4.16) we can rewrite (4.15) as follows;

|I (x, λ)| ≤
∫
R

Lλ(t − x)
∣∣∣∣∣∼f (t) −

∼

f (x0)
∣∣∣∣∣ dt

+

∣∣∣∣∣∣∣∣
∫
R

Kλ(t − x,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣ .
For using the property of theµ − generalized Lebesque point, we need to split the

above inequality as terms like;

|I (x, λ)| ≤


∫

t<〈a,b〉

+

∫
|t−x0|>δ,
t∈〈a,b〉

+

x0∫
x0−δ

+

x0+δ∫
x0

 Lλ (t − x)
∣∣∣ f̃ (t) − f̃ (x0)

∣∣∣ dt (4.17)

+

∣∣∣∣∣∣∣∣
∫
R

Kλ

(
t − x, f̃ (x0)

)
dt− f (x0)

∣∣∣∣∣∣∣∣ . (4.18)

Here, we have five integrals that we can show them as;

|I (x, λ)| := I0 (x, λ) + I1 (x, λ) + I2 (x, λ) + I3 (x, λ) + I4 (x, λ) . (4.19)

Thus, it is sufficient to show that the first five terms on the right hand side of (4.19)

tends to zero as (x, λ)→ (x0, λ0).

Firstly we considerI4(x, λ).

From the condition (d) and using the new functioñf (t), it is easy to see that;

I4(x, λ) =

∣∣∣∣∣∣∣∣
∫
R

Kλ(t − x,
∼

f (x0))dt− f (x0)

∣∣∣∣∣∣∣∣→0 (4.20)

as (x, λ)→ (x0, λ0).

Now we considerI2(x, λ).

Before going on our proof we need to define a new function.
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Denote

F(t) :=

x0∫
t

| f (y) − f (x0)|dy. (4.21)

According to (4.11), to eachε > 0 there exists aδ > 0 such that,

F(t) ≤ ε µ (x0 − t), (4.22)

for all 0 < x0 − t ≤ δ. We now fix thisδ and if we taket = x0 − δ, then the equation

(4.21), takes the form

F(x0 − δ) :=

x0∫
x0−δ

| f (y) − f (x0)|dy. (4.23)

And it is also seen that;

F(x0 − δ) ≤ ε µ (δ). (4.24)

Now, evaluation ofI2(x, λ) is done by the following way:

|I2 (x, λ)| =
∫ x0

x0−δ

Lλ (t − x)
∣∣∣ f̃ (t) − f̃ (x0)

∣∣∣ dt (4.25)

We use the equation (4.23), then the equation (4.25) takes the form;

|I2 (x, λ)| =
∫ x0

x0−δ

Lλ (t − x) d (−F (x0 − δ)) .

Here, using the method of integration by parts, it gives;

|I2 (x, λ)| =

∣∣∣∣∣∣∣∣∣−F (x0 − δ) Lλ (x0 − δ − x) +

x0∫
x0−δ

F (t)
∂

∂t
Lλ (t − x) dt

∣∣∣∣∣∣∣∣∣
≤ |−F (x0 − δ)| Lλ (x0 − δ − x) +

x0∫
x0−δ

|F (t)|
∂

∂t
Lλ (t − x) dt.
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Then, according to the equation (4.24), we get;

|I2 (x, λ)| ≤ εµ (δ) Lλ (x0 − δ − x) + ε
∫ x0

x0−δ

µ (x0 − t)
∂

∂t
Lλ (t − x) dt.

Again using integration by parts;

|I2 (x, λ)| ≤ εµ (δ) Lλ (x0 − δ − x)

+ε

−µ (δ) Lλ (x0 − δ − x) +

x0∫
x0−δ

µ′ (x0 − t) Lλ (t − x) dt


= εµ (δ) Lλ (x0 − δ − x) − εµ (δ) Lλ (x0 − δ − x)

+

x0∫
x0−δ

µ′ (x0 − t) Lλ (t − x) dt

= ε

x0∫
x0−δ

µ′ (x0 − t) Lλ (t − x) dt.

Then, if we substitutet with (t + x), the above expression takes the form;

= ε

∫ x0−x

x0−x−δ
µ′ (x0 − t − x) Lλ (t) dt.

Setting,

I2,1 (x, λ) :=
∫ x0−x

x0−x−δ
µ′ (x0 − t − x) Lλ (t) dt,

according to conditione), and by (4.14) we can now obtain the following estimate:

I2,1 (x, λ) =

x0−x∫
x0−x−δ

µ′ (x0 − t − x) Lλ (t) dt

=

0∫
x0−x−δ

µ′ (x0 − t − x) Lλ (t) dt+

x0−x∫
0

µ′ (x0 − t − x) Lλ (t) dt.
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Then, we can write above equation as;

I2,1 (x, λ) =

0∫
x0−x−δ

 ∨
x0−x−δ≤s≤t

Lλ (s) µ′ (x0 − t − x)

 dt+

x0−x∫
0

 ∨
x0−x−δ≤s≤t

Lλ (s) µ′ (x0 − t − x)

 dt

+Lλ (x0 − δ − x)

x0−x∫
x0−x−δ

µ′ (x0 − t − x) dt

=

0∫
x0−x−δ

(Lλ (t) − Lλ (x0 − δ − x))µ′ (x0 − x− t) dt

+

x0−x∫
0


 ∨

x0−x−δ≤s≤0

+
∨

0≤s≤t

 Lλ (s) µ′ (x0 − t − x)

 dt

+Lλ (x0 − δ − x)

x0−x∫
x0−x−δ

µ′ (x0 − t − x) dt

=

0∫
x0−x−δ

(Lλ (t) − Lλ (x0 − δ − x))µ′ (x0 − x− t) dt

+

x0−x∫
0


 ∨

x0−x−δ≤s≤0

+
∨

0≤s≤t

 Lλ (s) µ′ (x0 − t − x)

 dt

+Lλ (x0 − δ − x)

x0−x∫
x0−x−δ

µ′ (x0 − t − x) dt

=

0∫
x0−x−δ

(Lλ (t) − Lλ (x0 − δ − x))µ′ (x0 − x− t) dt

+

x0−x∫
0

[(Lλ (0) − Lλ (x0 − δ − x)) + (Lλ (0) − Lλ (t))] µ′ (x0 − t − x) dt

+Lλ (x0 − δ − x)

x0∫
x0−x

µ′ (x0 − t) dt
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=

0∫
x0−x−δ

Lλ (t) µ′ (x0 − x− t) dt+ Lλ (x0 − δ − x)

x0∫
x0−x

µ′ (x0 − t) dt

−Lλ (x0 − δ − x)

x0−x∫
0

µ′ (x0 − x− t) dt−

x0−x∫
0

Lλ (t) µ′ (x0 − x− t) dt

−Lλ (x0 − δ − x)

0∫
x0−x−δ

µ′ (x0 − x− t) dt+ 2Lλ (0)

x0−x∫
0

µ′ (x0 − x− t) dt

=

0∫
x0−x−δ

Lλ (t) µ′ (x0 − x− t) dt+ 2Lλ (0)

x0−x∫
0

µ′ (x0 − x− t) dt

+

x0−x∫
0

Lλ (t) µ′ (x0 − x− t) dt− 2

x0−x∫
0

Lλ (t) µ′ (x0 − x− t) dt

≤

x0−x∫
x0−x−δ

Lλ (t) µ′ (x0 − x− t) dt+ 2Lλ (0)

x0−x∫
0

µ′ (x0 − x− t) dt

=

x0−x∫
x0−x−δ

Lλ (t) µ′ (x0 − x− t) dt+ 2Lλ (0) µ (|x− x0|) dt.

If we substitutet → (t − x), then above expression takes the form

I2,1 (x, λ) =

x0∫
x0−δ

Lλ (t − x) µ′ (x0 − t) dt+ 2Lλ (0) µ (|x− x0|) dt

Consequently,

|I2 (x, λ)| ≤ ε


x0∫

x0−δ

Lλ (t − x) µ′ (x0 − t) dt+ 2Lλ (0) µ (|x− x0|)

 . (4.26)

We can use a very similar method forI3 (x, λ) . Then , we find the following inequality:

|I3 (x, λ)| ≤ ε
∫ x0+δ

x0

Lλ (t − x) µ′ (t − x0) dt. (4.27)
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Combining (4.26) and (4.27) we obtain

|I2(x, λ)| + |I3(x, λ)| ≤ ε

x0+δ∫
x0−δ

Lλ(t − x)µ′ (|x0 − t|) dt

+ε2Lλ(0)µ (|x− x0|) , (4.28)

which in view of (4.12) tends to zero as (x, λ)→ (x0, λ0).

Moreover, let us consider aboutI1 (x, λ), if we use (4.13),we can writeI1 (x, λ) as

follows;

I1 (x, λ) =
∫
|t−x0|>δ,t∈〈a,b〉

Lλ (t − x)
∣∣∣ f̃ (t) − f̃ (x0)

∣∣∣ dt.

Since|t − x0| > δ is equal tot > x0 + δ and t < x0 − δ and f̃ (t) turns into f (t) because

t ∈ 〈a,b〉 and we can splitI1 (x, λ) into two parts as:

I1 (x, λ) =

x0−δ∫
a

Lλ (t − x) | f (t) − f (x0)|dt+

b∫
x0+δ

Lλ (t − x) | f (t) − f (x0)|dt

: = I1,1 (x, λ) + I1,2 (x, λ) .

By (4.14), it is easy to see that the first part of the integral;

I1,1 (x, λ) =

x0−δ∫
a

Lλ (t − x) | f (t) − f (x0)|dt

≤ sup
t∈〈a,x0−δ]

Lλ (t − x)

x0−δ∫
a

| f (t) − f (x0)|dt.

Whent ∈ 〈a, x0 − δ] , we havet ≤ x0 − δ andt ≥ a. According to (4.14), ift ≤ x0 − δ

then,

t − x ≤ x0 − x− δ < −
δ

2

and hence we get|t − x| > δ
2 and thus, we have the following inequality;

I1,1 (x, λ) ≤ sup
|u|> δ

2

Lλ (u)
(
‖ f ‖L1〈a,b〉 + | f (x0)| (b− a)

)
.
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In the same way , we obtain ;

I1,2 (x, λ) ≤ sup
|u|> δ

2

Lλ (u)
(
‖ f ‖L1〈a,b〉 + | f (x0)| (b− a)

)
.

Thus, if we combine last two inequality we get;

I1 (x, λ) ≤ 2 sup
|u|> δ

2

Lλ (u)
(
‖ f ‖L1〈a,b〉 + | f (x0)| (b− a)

)
(4.29)

which in view of the condition (c) tends to zero as(x, λ)→ (x0, λ0) .

Finally, let us consider the integralI0 (x, λ) . According to (4.13) we write;

I0 (x, λ) =
∫

t<〈a,b〉

Lλ (t − x)
∣∣∣ f̃ (t) − f̃ (x0)

∣∣∣ dt.

Since f̃ (t) = 0 whent < 〈a,b〉 ,

I0 (x, λ) =
∫

t<〈a,b〉
Lλ (t − x) | f (x0)|dt

= | f (x0)|
∫

t<〈a,b〉
Lλ (t − x) dt.

Thus, according to (4.14), whent < 〈a,b〉 , we havet < a or t > b. If t < a, then

t − x < a− x < x0 − x− δ < −
δ

2
< 0,

while if t > b, then

t − x > b− x < x0 − x+ δ < δ > 0.

This implies that, for anyδ > 0 there exists a neighborhoodU of zero such that;

∫
t<〈a,b〉

Lλ (t − x) dt ≤
∫

|t−x|> δ
2

Lλ (t − x) dt

=

∫
R\U

Lλ (u) du

71



Thus, we obtain the result of

I0 (x, λ) ≤ | f (x0)|
∫
R\U

Lλ (u) du (4.30)

which in view of the conditionb) tends to zero as(x, λ)→ (x0, λ0) .

Therefore, if we combine our part of integral’s result as (4.28), (4.29) and (4.30)

we get the following inequality:

I (x, λ) ≤ | f (x0)|
∫
R\U

Lλ (u) du+ 2 sup
|u|> δ

2

Lλ (u)
(
‖ f ‖L1〈a,b〉 + | f (x0)| (b− a)

)

+ε


x0∫

x0−δ

Lλ (t − x) µ′ (x0 − t) dt+ 2Lλ (0) µ (|x− x0|) dt


+ε

x0+δ∫
x0

Lλ (t − x) µ′ (t − x0) dt+

∣∣∣∣∣∣∣∣
∫
R

Kλ

(
t − x, f̃ (x0)

)
dt− f (x0)

∣∣∣∣∣∣∣∣
and hence,

I (x, λ) ≤ | f (x0)|
∫
R\U

Lλ (u) du+ 2 sup
|u|> δ

2

Lλ (u)
(
‖ f ‖L1〈a,b〉 + | f (x0)| (b− a)

)

+ε


x0+δ∫

x0−δ

Lλ (t − x) µ′ (|x0 − t|) dt+ 2Lλ (0) µ (|x− x0|) dt


+

∣∣∣∣∣∣∣∣
∫
R

Kλ

(
t − x, f̃ (x0)

)
dt− f (x0)

∣∣∣∣∣∣∣∣ .
Finally, our theorem now follows, in view of conditions of (b), (c), (4.13) and (4.14)

i.e,

lim
(x,λ)→(x0,λ0)

Tλ ( f ; x) = f (x0) .

Hence, this completes the proof of our theorem.

�

If we consider the case〈a,b〉 = R, then we will have the following theorem which
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we prove special case in above theorem.

Theorem 4.6. Suppose that the hypothesis of Theorem (4.5) is satisfied. Then at each

point x0 for which

lim
h→0+

1
µ (h)

h∫
0

| f (x0 + t) − f (x0)|dt = 0, 0 ≤ α < 1 (4.31)

holds, we have for f∈ L1 (R) ,

lim
(x,λ)→(x0,λ0)

|Tλ ( f ; x) − f (x0)| = 0.

Proof. The proof of this theorem contains analogously the same methods and inequal-

ities for Theorem (4.5). �

Now, we will estimate the rate of pointwise convergence.

Theorem 4.7.Suppose that the hypothesis of Theorem (4.5) are satisfied. Setting

∆ (µ, x, λ, δ) :=
∫ x0+δ

x0−δ

Lλ (t − x) µ′ (|t − x0|) dt,

where0 < δ < δ0, let the following assumptions be satisfied:

• For every|u| > 0

Lλ (u) = o (∆ (µ, x, λ, δ))

as(x, λ)→ (x0, λ0) ,

• As(x, λ)→ (x0, λ0) ,

∣∣∣∣∣∫
R

Kλ

(
t − x, f̃ (x0)

)
dt− f (x0)

∣∣∣∣∣ = o (∆ (µ, x, λ, δ)) .
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• As(x, λ)→ (x0, λ0) ,

∫
R\U

Lλ (u) du= o (∆ (µ, x, λ, δ)) .

Then at each point x0 for which is calledµ − generalized Lebesgue point holds,

we have for f∈ L1 〈a,b〉 as(x, λ)→ (x0, λ0) ,

|Tλ ( f ; x) − f (x0)| = o (∆ (µ, x, λ, δ)) .

Proof. Suppose that (4.14) is satisfied for any 0< δ < δ0. Setting;

|I (x, λ)| := |Tλ ( f ; x) − f (x0)| .

According to Theorem (4.5), we get the following inequality:

I (x, λ) ≤ | f (x0)|
∫
R\U

Lλ (u) du+ 2 sup
|u|> δ

2

Lλ (u)
(
‖ f ‖L1〈a,b〉 + | f (x0)| (b− a)

)

+ε


x0+δ∫

x0−δ

Lλ (t − x) µ′ (|x0 − t|) dt+ 2Lλ (0) µ (|x− x0|) dt


+

∣∣∣∣∣∣∣∣
∫
R

Kλ

(
t − x, f̃ (x0)

)
dt− f (x0)

∣∣∣∣∣∣∣∣ .
From ourClassβ conditions (a) to (c) we obtained the desired result, i.e,

|Tλ ( f ; x) − f (x0)| = o (∆ (µ, x, λ, δ)) ,

as (x, λ)→ (x0, λ0) .

Since the functionµ is an absolutely continuous function, then it is clear that

lim
(x,λ)→(x0,λ0)


x0+δ∫

x0−δ

Lλ (t − x) µ′ (|t − x0|) dt

 = 0.
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Thus, the proof of the theorem is complete. �
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 5

EXAMPLES

In this chapter we inspect some examples, which we can be use in the previous

chapters.

Example 5.1. A well-known example of a Kernel satisfying theClass Aconditions,

is the linear kernel with respect to the second variable, i.e.,

Kw (t,u) = Lw (t) u ,

whereLw satisfies the conditions(C) , (D) and moreover;

lim
w→w0

∫
G

Lw (t) dt = 1.

This special case leads to known singular integrals of the convolution type, widely

used in the Approximation Theory [18], such as Poisson, Fejer etc.

Example 5.2.Let us takeG = [−π, π) with the operation of addition mod 2π. In G we

consider the natural topology and the Lebesque Integral. Letu ∈ R. We define;

Kn (t,u) =


nu
2 + sin nu

2 if t ∈
[
−1

n,
1
n

]
0 if t ∈ [−π, π) \

[
−1

n,
1
n

] .

for n ∈ N. In this case the set of indices W is equal toN andw0 = +∞.

Let u, v ∈ R. While t ∈
[
−1

n,
1
n

]
, we observe that;

|Kn (t,u) − Kn(t, v)| =
∣∣∣∣∣(nu

2
+ sin

nu
2

) − (
nv
2
+ sin

nv
2

)
∣∣∣∣∣

=

∣∣∣∣∣(nu
2
−

nv
2

) + (sin
nu
2
− sin

nv
2

)
∣∣∣∣∣

76



By using the Mean Value Theorem;

=

∣∣∣∣∣nu
2
−

nv
2
+ |cosc| .

∣∣∣∣∣nu
2
−

nv
2

∣∣∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣n(u− v)
2

+
n(u− v)

2

∣∣∣∣∣
≤ n |u− v|

wherec ∈ [−1
n,

1
n] and since|cosc| ≤ 1,

and; if t ∈ [−π, π) \
[
−1

n,
1
n

]
,

|Kn(t,u) − Kn(t, v)| = 0,

sinceKn (t,u) = 0 while t ∈ [−π, π) \
[
−1

n,
1
n

]
.

Hence,

|Kn(t,u) − Kn(t, v)| ≤ Lw(t) |u− v| .

So we can shownLw as;

Ln(t) =


n if t ∈

[
−1

n,
1
n

]
0 if t ∈ [−π, π) \

[
−1

n,
1
n

]
We already seen that condition (A) is satisfied and we can easily check that the condi-

tions (B), (C) and (D) are satisfied, too.

Let’s begin to check the condition (B):

1
u

∫
G

Kn(t,u)dt =
1
u

∫
G
(
nu
2
+ sin

nu
2

)dt

= 1+
2
un
. sin

nu
2
→ 1

while n→ ∞.

The condition (C):
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∫
G

Ln(t)dt =
∫ π

−π

Ln(t)dt

=

∫ 1
n

− 1
n

ndt+
∫

t∈[−π,π)\[− 1
n ,

1
n]

0dt

=

∫ 1
n

− 1
n

ndt+ 0

=

∫ 1
n

− 1
n

ndt= n.

[
1
n
−

(
−

1
n

)]
= n.

2
n
= 2 < ε

So, we can see that it is bounded.

The condition (D):

This condition is obvious to see that the condition tell us,

lim
w→w0

∫
G\U

Lw (t) dt = 0.

And our functionL is alreadyLn (t) = 0 while t ∈ [−π, π) \
[
−1

n,
1
n

]
.

Example 5.3. The other example is a kernelKw, which belongs toClass Athe kernel

defined by

Kn(t,u) =


n2 sin u

2n i f t ∈
[
−1

n,
1
n

]
0 i f t ∈ [−π, π) \

[
−1

n,
1
n

] .

HereG = [−π, π) is considered with the operation of addition mod 2π and the set of

indices W is equal toN,w0 = +∞.

Let u, v ∈ R. Then

|Kn (t,u) − Kn(t, v)| =
∣∣∣∣∣n2 sin

u
2n
− n2 sin

v
2n

∣∣∣∣∣
=

∣∣∣∣∣n2
(
sin

u
2n
− sin

v
2n

)∣∣∣∣∣ .
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By using the Mean Value Theorem,

≤ n2. |cosc| .
∣∣∣∣∣ u
2n
−

v
2n

∣∣∣∣∣
≤ n2.

|u− v|
2n

=
n
2
|u− v| ,

c ∈
[
−1

n,
1
n

]
So;

|Kn (t,u) − Kn(t, v)| ≤
n
2
|u− v|

= Ln (t) |u− v|

while t ∈
[
−1

n,
1
n

]
.

It is clear that;

|Kn(t,u) − Kn(t, v)| = 0.

BecauseKn(t,u) = 0 while t ∈ [−π, π) \
[
−1

n,
1
n

]
.

Hence, we can writeLn(t) as;

Ln(t) =


n
2 i f t ∈

[
−1

n,
1
n

]
0 i f t ∈ [−π, π) \

[
−1

n,
1
n

]
Moreover we can see that the conditions are satisfied:

Let’s begin to check the condition (B):

1
u

∫
G

Kn(t,u)dt =
1
u

∫ 1
n

− 1
n

n2. sin
u
2n

dt

=
1
u
.n2 sin

u
2n
.
2
n

=
2n
u
. sin

u
2n
→ 1
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and the condition (C):

∫
G

Ln(t)dt =
∫ π

−π

Ln(t)dt

=

∫ 1
n

− 1
n

n
2

dt+
∫

t∈[−π,π)\[− 1
n ,

1
n]

0dt

=

∫ 1
n

− 1
n

n
2

dt =
n
2
.

[
1
n
−

(
−

1
n

)]
=

n
2
.
2
n
= 1 < ε

and finally, we can easily see that the condition (D) is obviously true that we know,

Ln(t) = 0 wheret ∈ [−π, π) \
[
−1

n,
1
n

]
.

Example 5.4. In this example we thinkG = R. We introduce the function

Kλ (t,u) =


λu+ sin λu

2 , t ∈
[
0, 1

λ

]
0, t <

[
0, 1

λ

] . (5.1)

In the view of our new function (5.1), it is seen that for everyu, v ∈ R, andt ∈
[
0, 1

λ

]
,

|Kλ (t,u) − Kλ (t, v)| ≤ λ |u− v| . (5.2)

Since we knowKλ (t,0) = 0. It is easy to see for everyu, v ∈ R, andt <
[
0, 1

λ

]
,

|Kλ (t,u) − Kλ (t, v)| = 0. (5.3)

Combining (5.2) and (5.3) we find

Lλ (t) =


λ, t ∈

[
0, 1

λ

]
0, t <

[
0, 1

λ

] ,
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and moreover we have

∫
R

Lλ (t) dt =
∫

[0, 1λ ]
λdt (5.4)

= λ.

(
1
λ
− 0

)
= 1 < ∞. (5.5)

In addition, by (5.5),Lλ (t) is non-decreasing on(−∞,0], and non-increasing on[0,∞),

as a function oft, for eachλ. Furthermore,

∫
G

Kλ (t − x,u) dt =
∫

[0, 1λ ]

[
λu+ sin

λu
2

]
dt

=

[
λu+ sin

λu
2

]
.
1
λ

= u+
1
λ

sin
λu
2
→ u

as(x, λ) → (x0,∞). This implies that the kernel functionKλ (t,u) satisfies the whole

conditions which we gave in Theorem (4.5).

If we use (5.1) in Theorem (4.5) and Theorem (4.7) , we find;

x0+δ∫
x0−δ

Lλ (t − x) µ′ (|t − x0|) dt+ 2Lλ (0) µ (|x− x0|)

=

∫
[0,1/λ]

λdt+ 2λ |x− x0| .

The first part of the right-hand side of this equality is finite. Besides;

lim
(x,λ)→(x0,λ0)

λ |x− x0| = M < ∞,

if and only if the rates of convergence ofλ→ ∞ andx→ x0 are equivalent.

If we use (5.1) in Theorem (4.5) and Theorem (4.7), we obtain

∆ (µ, x, λ, δ) =
∫ x0+δ

x0−δ

Lλ (t − x) µ′ (|t − x0|) dt.
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From the previous expression we obtain

lim
(x,λ)→(x0,∞)

∆ (µ, x, λ, δ) = 0

and the rate of convergence of∆ (µ, x, λ, δ)→ 0 is equivalent to1
λ
→ 0.

From the property ofLλ (t) function, it is seen thatLλ (u) = o
(

1
λ

)
. Since

∫
G

Kλ (t − x,u) dt = u+
1
λ

sin
λu
2
→ u as (x, λ)→ (x0,∞) .

It is easy to observe that;

1
λ

sin
λu
2
= o

(
1
λa

)
(0 < a < 1) ,

In this case, we obviously have

|Tλ ( f ; x) − f (x0)| = o (∆ (µ, x, λ, δ)) = o

(
1
λ

)
.
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[15] ANGELONİ L. and VINTI G., Approximation by Means of Nonlinear Integral

Operators in the Space of Functions with Boundedϕ-variation, Differential and

Integral Equations, Vol. 20, (2007), 339-360.
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