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ABSTRACT

APPROXIMATION PROPERTIES OF A CLASS OF NONLINEAR
SINGULAR INTEGRAL OPERATORS

YILMAZ, Mehmet Fatih
M.Sc., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Harun Karsl

February 2013, 85 pages

This thesis is a survey on some approximation properties of nonlinear singular in-
tegral operators in the approximation theory. One of the fundamental problems of
analysis is to approximate a given functibin some sense or other by functions hav-
ing certain properties, and generally, by functions which have ’better’ properties than
f. Itis to be expected that the better behaved functions are to be constructed from the
given f by some smoothing operation dntself.

This thesis consists of five chapters. The first chapter is devoted to the introduction.
The second chapter contains concepts, definitions and also some fundamental informa-
tions about Stieltjes integral and bounded variations, which we need further studies and
calculations. In the third chapter, we give some informations about the approximation
problem and some important inequalities with their proofs. In chapter four, we study
the pointwise convergence and the rate of pointwise convergence of nonlinear singular
integrals by considering fierent functional spaces. In the last chapter, we give some

examples of kernels of the mentioned the nonlinear singular integral operators.

Keywords: Pointwise Convergence, Caratidory Kernel, Lipschitz Condition, Con-

volution, Nonlinear Singular Integrals, Stieltjes Integral, Bounded Variation.



OZET

LINEER OLMAYAN SINGULER INTEGRAL OPERATORLERNIN
BIR SINIFININ YAKLASIM OZELLIKLERI

YILMAZ, Mehmet Fatih
Y Uksek lisans, Matematik@umi

Tez Yoneticisi: Dog. Dr. Harun Karsh

Subat 2013, 85 sayfa

Bu tez, yaklasim teorisindeki lineer olmayan sitey integral operdirlerin bir
sinifinin yaklasinozellikleri Gzerine yapilan bir calismadir. Analizin temel problem-
lerinden biri f gibi bazi lotl 6zelliklere sahip bir fonksiyona, daha §zellikleri olan
baska bir fonksiyonla yaklagmaktir.

Bu tez bes bliimden olusmaktadir. Birinci kisim giritimiine ayrilmistir.ikinci
bolum kavramlar, tanimlar ve ayrica ileriki calismalar ve hesaplamalar icin gerekli olan
Stieltjes integrali ve sinirli salinimli fonksiyonlar hakkinda temel bilgiler icermektedir.
Uclindl bdlumde yaklasim problemi hakkinda bilgiler ve ilerikblimlerde gerekli
olan bazidonemli esitsizliklere ispatlari ile birlikte yer verildi. @dinai bolimde ise
lineer olmayan singler integrallerin noktasal yakinsakliklari ve noktasal yakinsaklik
hizlar farkli fonksiyon uzaylari ele alinarak incelendi. Besiniiinde ise lineer ol-

mayan singler integral operdtrlerinde dgindigimiz cekirdekdrneklerine yer verildi.

Anahtar Kelimeler: Noktasal Yakinsaklik, Carafodory Cekirdgi, Lipschitz Sarti,
Konvolusyon, Lineer Olmayan Sifiter integral, Stieltjedntegrali, Sinirli Salinimli

Fonksiyon.
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CHAPTER 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given function
f in some sense or other by functions having certain properties, and generally, by
functions which have ’better’ properties than Approximation Theory is that area of
analysis which, at its cone, is concerned with the ability to approximate functions by
simpler and more easily calculated functions.
This theory takes its origin form at 19th century. At the beginning of the century the
functions were viewed by the formulas, such as series, or as a solutionSevé
tial equations. However largely as a consequence of the claims Fourier and result of
Dirichlet and the modern concept of a function by its properties were introduced.
The birth of Approximation Theory becomes an unavailable development after a new
definitions of the functions. It is in the theory of Fourier series that we find some of
the first result of the approximation theory. This include conditions as a functions that
ensure the pointwise convergence and uniform convergence of its Fourier Series.
The first question we ask in approximation theory concerns the possibility of approxi-
mation. Is the given family of functions from which we plan to approximate dense in
the set of functions we wish to approximate? The Weierstrass Approximation Theo-
rems spawned numerous generalization which were applied to other families of func-
tions. They also led to the development of two general methods for determining the
density. These are Stone-Weierstrass Theorem generalizing the Weierstrass Theorem
to the normed space. Especially in S.W. Theorem the normed space must be compact.
A different and more modern approach to density theorem is due to Functional Analy-
sis.

In the theory of Fourier series there appears the problem of approximation -of 2



periodicfunctionsf, integrable in the intervdlr, 7] by means of linear singular in-

tegral operators of the form

f”Kn(t—s)f(t)dt.

For example, in case of the first arithmetic means of partial sums of Fourier series,

K = (Kn)o; is the Fegr kernel

1 (sin(1/2)nu 2
Kn W) = Znn( sin(1/2) u ) ’

and the singularity conditions mean that

I_éKn(u)du+f;Kn(u)du—> 0,

T

asn — oo for every 0< § < 7 and

f Ko(udu=1forn=1,2,....

T

In [1], these problems are extended in three directions:

a) The interval—n, n] is replaced by a compact abelian group G with Haar mea-
sure. But, for convenience he considers the following special ¢ase;R and the
Lebesgue measure @

b) The setN = {1,2,3,...} of indices is replaced by an abstract étof indices
with convergence generated by a filter of subset\of,

c) The kerneK = (Ky),; is replaced by a kern® = (Ky,)ew WhereK,, : RxR —

R; the last means that we take nonlinear integral operdigrs

(Tuf)(9) = f Ku(t=s f (©) dt= f Ku(t, f (t+ 9)dt

G G

in place of the above considered linear singular operators. The assumption of linearity



of the operators was replaced in [1] by an assumption of a Lipschitz conditidf,for
with respect to the second variable. Here, we shall go further and shall as§ume
to satisfy a Lipschitz condition, what will generate a function space of measurable

functions. Full proofs of the theorems will be published in [2].



CHAPTER 2

PRELIMINARIES

2.1 Some Important Definitions

Definition 2.1. If Ais a subset of the topological spa¥eand if x is a point of X,
we say thai is alimit point (or accumulation poinjtof A if every neighborhood ox
intersectsA in some point other tharitself. Said diferently,x is a limit point of A if
it belongs to the closure & — {x}. The pointx may lie in A or not; for this definition

it does not matter.

Definition 2.2. We say thatf(x) approaches the limit as x approaches, and we
write

lim f(x) =L

X—a

if the following condition is satisfied:

For every numbeg > 0 there exists a numbeér> 0, depending om, such that
O<|x—a<dé implies |f(X)—L|<e.

Definition 2.3. Supposd f,}, n = 1,2,3, .., is a sequence of functions defined on set
E, and suppose that the sequence of numbRii)} converges for everyx € E. We

shall say thatf,} converges td pointwiseon E, if
lim f,(X) = f(X) , (xeE),
n—oo

holds.

Definition 2.4. We say that a sequence of functioffg}, n = 1,2,3,.., converges



uniformlyon E to a functionf if for everye > 0 there is an integed such than > N
implies

fa(X) - f(X)I<e
for all x e E.

Definition 2.5. The sequencé, uniformly converge td on A & Ye > 0 dng such that

n>ngandvxe A, [f,(X) — f(X)| < e.

Definition 2.6. (C[a, b]). As a setX we take the set of all real- valued functiony, - - -
which are functions of an independent real variabded are defined and continuous

on a given closed interval = [a, b]. Choosing the metric defined by

d(x,y) = max|x(t) - y(0)l,
where max denotes thanaximum we obtain a metric space which is denoted by
Cla, b].
Definition 2.7. AmapT : X — Y between two vector spaces is called an operator.
Definition 2.8. A linear operatoiT is an operator such that

e The domairD(T) of T is a vector space and the rarig@) lies in a vector space

over the same field,

e for eachx,y € D(T) and scalaty,
T(X+y)=Tx+Ty

and

T(aX) =aTx

(Kreyszig, 1989)



Definition 2.9. (Integral Operator). We can define an integral operatorC[0, 1] —
C[O, 1] by
1
y=Tx where yt) = f x(Ok(t, 7)dr.
0

Herek is a given function which is called the kernelbfand is assumed to be contin-
uous on the closed squdee= J x J in thetr — plang whereJ = [0, 1]. This operator

is linear.
(Kreyszig, 1989)

Definition 2.10. (Algebra) LetX be an nonempty set. A collection of subsetsSof

satisfies the following conditions;
() If ABeS,thenAnBeS.
(i) If AeS,thenA® € S.
In this caseS is called amalgebraon X.

Definition 2.11. (o-algebra) An algebr& of subsets of some s&t is called ac-
algebra if every union of a countable collection of memberS fagain inS. That is,

in addition toS being an algebra,J;; A, belongs tdS for every sequencg,} of S.

Definition 2.12. (Measure) Le6 be ac-algebra of subsets of a 9%t A set function

u:S — [0,00] is called a measure daif it satisfies the following properties:
1. u(@)=0,and

2. whenevefA,} is a disjoint sequence of S satisfyilg; ; A, € S, then

M(UAnJ = D (A,
n=1 n=1
holds; that isu is o — additive

Note that; A triplet(X, S, u), where X is a nonempty sed,is ac-algebra of subsets

of X, andu is a measure on S, is called a measure space.



Definition 2.13. (Measurable Function) Left : X — R be a function. Iff1(w) is a
measurable set for every open suhsetf R, thenf is called a measurable function.
Note that; every constant function is measurable. Indeed(xf = c for all x € X

andw is an open subset &, thenf1(w) =0if c¢ wandf(w) = Xif cc w.

Definition 2.14. (Almost everywhere) Let some propef@yhold for all the points of a
setE, except for the points of a subdgf of the sett. If 4 (E) = 0, we say tha$ holds
almost everywhere on the sgf or for almost all points oE. In particular, the set of
points Eq excluded may be the void set. We can say, for example, that two functions

defined on the set E are equivalent if they are equal almost everywhé&e on

Definition 2.15. (Simple Function) Let assum&(S, ) is a measure space. If a mea-
surable functiorp : X — R assumes only a finite number of values, tlpes called a

simple function.

Definition 2.16. (Step Function) A simple functiog is called a step function & has

a representation of the form;
m
¢ = Z ijBj’
j=1

where eaclB; is a measurable set of finite measure, 'pé(,Bj) < oo,
Clearly; we can say that a simple function is a step function if and only if it vanishes

outside of a set of finite measure.

Definition 2.17. (Upper Function) A functiorf : X — R is called an upper function

if there exists a sequenég,} of step functions such that;
1. ¢,7f (ae),and

2. lim fd)nd,u < o0

Note that; in particular, every upper function is measurable function and clearly,

every step function is an upper function.

Definition 2.18. (Lebesgue Integral) Let be an upper function, and I¢p,} be a

sequence of step functions such that' f (a.e) holds. Then theebesgue integradf



f is defined by

ffd,u: lim fqﬁnd,u.

We stress the fact that the value of the Lebesgue integral of an upper function is
independent of the generating sequence of step functions.

Alternative definition of Lebesgue integral is like;

Let f : X — R be an arbitrary nonnegative bounded measurable function. Then

the Lebesgue integral dfis;

ffdy = sup{ffd,u:AeA,,u(A)<oo}.
X A

2.2 L,(D) Spaces

Definition 2.19. (L,(—c0, 00) Space).L, is the set of functions which are Lebesgue
integrable to thep™" power overR, for 1 < p < oo, and essentially bounded (bounded

almost everywhere) oR if p = co. For f € Lp(—o0, o)

|mm={[ﬂumw§ﬂ

if1 < p<ocoandincase = o
| flleo = esssuRplf(t)l.

(Butzer and Nessel, 1971)

Definition 2.20. (Ly[a, b] Space).Ly[a, b] is the set of functions which are Lebesgue
integrable to thep™" power of f, b]. For f € L,[a, b]

b
mm={f\um%§

(Butzer and Nessel, 1971)

1/p



Definition 2.21. (L4[a, b] Space).L,[a, b] is the set of functions which are Lebesgue
integrable to the first power of the perioa p]. For f € L4[a, b]

b
1l = f Ot

(Butzer and Nessel, 1971)

Definition 2.22. (Ly[—n, ] Space) Ly[—x, n] is the set of functions which are Lebesgue

integrable to thep™" power of the period{x, n]. For f € Ly[-x, 7]

T 1/p
1F1l, = {f |f(t)|pdt} .

(Butzer and Nessel, 1971)

Definition 2.23. (X(R) Space).X(R) always denotes one of the spa€zsr Ly, 1 <
p < oo. For f,g e X(R) we write f(x) = g(x) (a.e.) if equality holds for alk € X(R)
in caseX(R) = C, and almost everywhere in ca3¢R) = Ly, 1 < p < oo, i.e,, if

IIf —gll = 0. In this event we also writé = gin X(R).

(Butzer and Nessel, 1971)

2.3 ComparingLy(D) spaces with the situation of D

Lp(D) spaces wherD is finite interval
The properties of ;(D) can change connected with the interizais finite or infinite.
Leta < b are finite numbers an = (a, b).

In this case, if we use &lder inequality ing(x) = 1;

fle(x)ldx < (fab|f(x)|"’dx)é.(f:dx)é

If1lL)-(b — &)1

A



is found. So we can write;

1
1fllL@p < Il @p(b—a)s.

If right hand side of this inequality is finite (i.ef € Ly(a, b)), then left hand side is
also finite (i.e.f € Lp(a, b)). This shows for alp > 1;

Ly(a.b) ¢ Li(a.b). (2.1)

Namely;

1 1

(fa‘blf(x)podx)p (essxf[gglf(x)l).(ﬁbdx)q

(b- a)%~||f||Lm(a,b)

IA

from the inequality for allp > 1, we see;

Lo(a.b) ¢ Ly(@.b). (2.2)

Finally we get from (21) and (22);

L.(a,b) c Lp(a, b) c Li(a b). (2.3)

The equation (38) shows that whera( b) is a finite interval; the largest space.iga, b)
and the smallest spacelis (a, b) in Ly(a, b) spaces.

Now, let assume; > p, > 1. In this case suppose th%t > 1andp = % we get
1_0p 1 _q9_ P2 _ pP1—p

p = andg=1-¢="5%

Let assume € Ly, (a, b).

If we use Hdlder inequality;

I ()] =l (X)1™,

10



b b P1 ’% P1—-P2
f O dx < ( f |go<x)|p2wdx) (b—a)"
a a

P2

b p P1-P
_ ( [ ISO(X)IpldX) (b-a)

is found and then we see;

: Z e [ %
(f |90(X)|p2dx) S(b—a)plpz(f |90(X)|p1dx) _

Namely if;

pr=p2>1
PP
lellL,, @by < llgllLy, @p)-(b — @) PP

with another term if;

P> p2>1,

Lpi@b) € Lps(ab)-

This shows that if & b) is a finite interval, theriy(a, b) spaces extend with p’ s be

reduced from the equation.@®. As;

L.(@b) c Ly@b) c L@b) c Li@b),  p.> pa. (2.4)

Lp(D) spaces wherD = (—oo, o)

We researched that there is the relatiod#vith L (D) spaces in finite intervdd(a, b).
Namely,L;(D) space contains all propertiesigf(D), 1 < p < co. But unfortunately,
there is not any relation as if @, whenD is an infinite interval. This shows the

properties ofl,(D) spaces can be change with respecpta infinite intervals. For

11



example it is obvious that, for the functidn(x) = 1 is member oL (-0, o), but it

is not the member df 5(—o0, 0), Lo(a, o) or Ly, (—c0,b). That is to say;

Lo (=00, 00) ¢ Lp(—00, 00).

Also for e > 0 is a number;

0O<x<a, -1

f2(X) = xpt ,
otherwise O;

f2(x) is member ofL ,(—c0, ), but the neighborhood df(x) at x = 0 is infinite and

increasing, sd, ¢ L.,(—o0, o), namely;

Lp(—00,00) & Loo(—c0, c0).

Let find some examples for the other caseg; it p,, take f3(X) as;

0<x<a, -=;
f3(X) = RE
otherwise O;

In this caseg—j <1, so;

07 1 P2
sl ooy = f x| <o
0 Ixn

Namely, f3 € Ly, (-0, o). Besides;

f L4
—oo.c0) = Zdx| =
1311y, (~c0,00) (fo < ) 0o

andfs ¢ Ly, (=00, ). This shows that, whep;, > py;

Lpl(_oo’ oo) ¢ Lpz(_oo’ OO)

12



Also , again take(x), if @ > 0 andp; > p,,

a < X< oo, %;
fa(x) = _ W
otherwise O;

We know% > 1, so;

1
A f (—pl) <o,
a XP2

Namely f; € Ly, (=00, 00), but;

el ([

inequality shows that;

f4 ¢ Lpz(—OO, 00)

Because op; > po,

Lpz(_oo’ OO) A Lpl(_oo’ OO)

This examples shows that; there is not a relatioth j(-co, c0) spaces like equation

(2.4). Similar examples are valid far,(e, o) andL (-0, b) spaces.

Definition 2.24. (Minkowski’ s Inequality). Letf,g € X(R). Then (f + g) € X(R) and

If + dllxw) < Iflix@) + 19lx®)-

If pissuchthat X p < o, the conjugate numbeyis defined through (4p)+(1/q) = 1

incase Ik p<oo;q=o0if, p=1,andg=1if p = .

Definition 2.25. (Holder’ s Inequality). Letf € Ly, 1 < p < o0, andg € Ly. Then
fg e Ly andllfgll. < [Ifllpligllq.- Namely;

[rd=(f |f|p)1/p.( [ |g|Q)l/q @5)

13



Proof. We first note that iff|f|p = 0, then|f|P = 0 almost everywhere; sb = 0,
and thereforefg = 0, almost everywhere. Theiy is integrable,f fg =0, and (25)
holds trivially, as it does also in the case Whgfrkgjlq = 0. Thus we may assume that

[1fIP>0and[ g > 0. We then have, almost everywhere,

fg _ (|f|p ]“p[ gl ]”q
([1fIP)V/e( [ |gla)V/a [1fie) \ [lgl
P, g
p[IflP qflge

So;

|fg|s(f|f|P)l/p.(f|g|q)l/q.p;'|i|p+q'ﬁ";lq 2.6)

Now, fg is measurable and the right-hand side ab)ds integrable. Hencefg is

integrable and

o= fras( ) (o) 5+ 3)

from which (25) follows. O

Definition 2.26. (Holder- Minkowski Inequality). Leff (x,y) be defined and measur-
able onR?. If ||f(X,Y)llx® € Li, then

H f f(x,y)dﬁ < f 1106 Wlixdy.
—00 X(R) —c0

This is also known as the generalized Minkowski inequality.

Definition 2.27. (Lipschitz condition) A finite functionf (x) defined on @, b] is said
to satisfy a Lipschitz condition if there exists a constdrguch that for any two points
xandy in [a, b],

() - fWI<Kix-y

14



holds true.
(Natanson, Volume 1, 1964)

Definition 2.28. (Convolution) Let consider the produt{x + t) g (t). For this product

almost allx is a summable function dfin [-x, 7], and supposing

p(¥) = %ff(xﬂ)g(t)dt,

we havep (x) € L [0, 27]. This functionp (x) is known as the convolution fdir (x) and
g(x).

The definition of convolution on real-line is;

Let two real-valued function$ andg are defined and measurable kn The ex-

pression

(f*g)(x):ff(x—u)g(u)du

is calledthe convolutiorof f andg.

Definition 2.29. (Kernel) A kernel is a functio®, (t, X) which (h = 1,2, 3, ...) defined

in the squarda <t < b,a < x < b) and such that;

6
lim f én (L, X)dt = 1,
B

provided wherea < B < x < 6 < h. Itis self-evident thaw, (t, X) is assumed
summable with respect tdor every fixedx.

And also note that; an integral of the form;

b
f(0) = f on(t.%) T (1) dlt

whereg, (t, X) is a kernel, is called aingular integral

(Natanson Volume 11, 1960)

15



Definition 2.30. Let A be an index set ang,, be an accumulation point of the skt
When the kernel functioi,(t) satisfies the lim., ,, K,(to) = oo at the pointy, then we

say the kernel functioK,(t) is "Singular Kernel”, and

L.(f;x) = f f(OK,(t — x)dt, xeD
D
are called the family of convolution type singular integral operators depends on param-
eters §, A).

Definition 2.31. If the singular kernel functioi, (t) satisfies the condition;

lim [sup|KA(t)|] =0 V6>0,

/l—nlo (5S|t|
then the function is called "Approximation Identity”.

Definition 2.32. (Caratteodory kernel) The functiod : GXR — Risa Carathéodory
kernel functioni.e. itis },-measurable in for eveny € R, and it is continuous iR for

everyt € G, with K(t,0) = 0.

2.4 Some Characteristic Points

Definition 2.33. (D- Point). A pointx € R is called aD — point of the functionf € L,
if

] 1 X+h

”Lrg)ﬁfx [f(t) - f(x)]dt=0. (2.7)

D-points stand for dierentiability; for the D-points of an integrable functidnare

precisely those points at which the indefinite integraf af differentiable to the value

£(X).

Proof. If we substituten = —hin the equation (Z),

Ligg)% j;_h ft)ydt = f(x). (2.8)

16



Then sum equations (2) and (28)

X+h

1
im o= | | [FO - f(xlde=0 (2.9)

(2.9) is valid (a. e). Namely, if (Z) is exists, then (8) and (29) exist.
We can write (27) and (28) as;

m% foh[f(x+ t) - f(x)]dx = 0. (2.10)

h
m%fo [f(x—t) - f(x)]dx = O. (2.11)

and sum the equations.{®) and (211);

h—0

|im%foh[f(x+t)— f(x—t) — 2f(x)]dx = O. (2.12)

Namely, if x is D- point of functionf, at this point (2L0), (211) and (212) are valid.

i
(Bary, 1964)

Definition 2.34. (Lebesgue Point) A poinx € R is called a Lebesgue point of the

functionf € L, if

) 1 X+h
'h'i'?)ﬁfx 1f(t) — f(X)|dt = 0.

(Bary, 1964)
Evidently, any Lebesgue point dfis a D-point off but not conversely, and any point
of continuity of an integrable functiof is a Lebesgue point. Indeed; leff) be the

set of all Lebesgue points dfe L; andD(f) be the set of all points of all D-points of

X+h
|% f (D) - F(ldt

f € L;. Then
1 X+h

<1 f 1£(t) - Ol
hJ,
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The inequality shows that every Lebesgue point is also D-point. Thus,
L(f) c D(f).

Now, it is clear that any point, whergx) is continuous, is a Lebesgue point; in fact,
if there exists any: > 0 and the functiorf(x) is continuous at the poir, it can be

found as > 0 such that
1f(t) - f(X)| <& for lhf <¢6

and then

1 x+h
ﬁf [T(t) - f(X)|dt < &,

or we can write

) 1 X+h
mﬁfx 1f(t) - f(x)|dt = 0.

This shows that any continuity point of the functiére L, is also a Lebesgue point.

Let C(f) be the set of all points of continuity df e L;. Then we can write
C(f) c L(f) c D(f).

(Bary, 1964)

Definition 2.35. (u — generalized Lebesgue padim point x € R, is called au —

generalized Lebesgue poinitthe functionf € Ly, if

h—0+

h
. 1

whereu (t) be an absolutely continuous, increasing function definedm— a] with

u(0) =0.
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2.5 Functions of Bounded (Finite) Variation

Let a functionf (x) be defined orja, b] . Subdivide[a, b] into parts by means of

the points;

A= Xg< X <X <..<Xp1<Xy=Dh,

and if we form the sum;

n-1
\/ = D1 () = F (I
k=0

So, we can give following definition.

Definition 2.36. (Finite Variation) The least upper bound of the set of all possible sums

\/ is called the total variation of (xX) on[a, b] and is denoted by;

b
\/f.
a

b
\/f<+oo,
a

thenf (x) is said to be a function of finite variation ¢a, b] . We also say that (x) is

bounded variation ofg, b] . This kind of functions define a set which is denoted by;

BV[a b].
Theorem 2.1. A monotonic function ofg, b] is bounded variation ofa, b] .

Proof. Let f be a monotone increasing fa b] . Then consider the partition and define

19



the following sum:

V

n-1

DI () = £ (%)

k=0

(f () = £ () + (F 00) = f (x2)) + o+ (F () = F (00))  (213)

f (%) = T (%) (2.14)

Since we know that;

A=X < X < Xo < ... < X1 < Xy = b,
the above equation takes the form;

n-1

1 (Xer) = F (%)
(B -1 @

V

So; ]
\/f:f(b)—f(a)<+oo.

Therefore;f € BV[a, b]. m|

Definition 2.37. A finite function f (x) is defined ora, b] , is said to satisfy a Blder

condition if there exists a constaldtsuch that for any two pointsandy in [a, b] ,

If () - fY <K [x=y*

where O< a < 1. Then the functions satisfyingdiider condition define the following

set of functions;

Lipka = {f : [a,b] — R,|f (X) - f(y)] < K[x=¥"},

forall x,ye [a,b]and O< a < 1.
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Note that;

Lipk (1) is called Lipshitz Class and;

Li pK(l) c Li Pka.

If the function f (X) has a derivative’ (x) at every point ofla, b] and if f (X) is

bounded, then clearly from The Mean Value Theorem one has,

FO)-1() =1 @Ix-Y)

forx<z<y,

So;

T - fWI=1T"@Nx=-yI <KI(x=Y)I.

Therefore; If a function has a derivative than it has an element of Lip-class.

If f(x) satisfies a Lipschitz condition, then;

=

n—

\/ = DI Oen) - F ()]

T
= o

IA

K. |Xk+1 - Xkl
=0
n_

Fy
[y

= K> (Xe1—-X%) =K [b-a].
=0

=~

Therefore;

b
\/(f): K.[b-a] < oo,

so, if f € Lipk(1) thenf € BV[a,b].

Theorem 2.2. Every function of bounded variation ¢a, b] is bounded irfa, b] .

21



Proof. We choose any arbitrary poirte [a, b] , then;

b
\/ =110 = f@I+1f )= 01 < \/ .

This implies that;

b
f)-f@I<\/f,

and,

b
HOESKIERAVAS

If we choose first part, then

b
fQ-f@ < \/f
b
= 1< \/f+If @)

forall x e [a,b],
Hence,f is bounded oija, b] .

This finishes the proof. O

Theorem 2.3. The sum, giference and product of two functions of bounded variation

are also functions of bounded variations.

Proof. Let f (X) andg (X) belong toBV [a, b] . And letS (X) is the their sum namely;

SX)=f(X)+g(x).

22



So;

b n-

\/ (9

[aEY

1S (Xicr1) = S (Xl

@
T
= O

]

|f (Xk+1) +9 (Xk+1) ~f (Xk) -9 (Xk)l

T
= O

n-1

[ () = F (01 + D19 () = G041
k=0

IA

=
o

This implies;
b b b
\(©) < \/(H)+\/ (9 < +eo.
a a a

Sincef, ge BV[a, b];

b

\/f(x)<+oo

a

and

b
\/g(x) < +o00,

Therefore;S (x) , which denotes the sum d{x) andg(X), is an element oBV[a, b] .
Now, we will have a look for their product.

Assume thatS (x) denotes their product;

S(X)=f(x).9(x).
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[RE

n—

s
@
I

IS (%+1) — S (X

TR
= O

[

[T (Xier2) -0 (K1) = T (%) .9 (X))

7T
= O

[

I (Xir1) -9 (Kierr) = F (%) .0 (Xern) + T (%) .9 (Kierz) = T (%) .9 (%)

7T
= O

= 19 () [f (ern) = F (6] + F (%) [9 (Kewn) — (%]

b b
9(%n)\/ () +1F (41\/ (@)
b b
M\/ () +N\/(9).

Sincef, g € BV[a, b], we can say thaf (x)] < N, and|g(x)| < M, for someM, N € R.

>
o

IA

IA

This finishes the proof. ]

Theorem 2.4.Let f € BV[a,b] and let a< ¢ < b, then;

b c b
\ (H=\/(H)+\/ ().

a a c
Proof. First of all we need to observe that we have two intervas;] and|c, b] . If
we subdivide each of the intervals by means of the points;

Let[a,c];
a=Yo<Y1<Yo<..<Yn=C,

and[c,b];

C=2<721<2<..<Z,=h

Then, if we form the sums;

RN

n—

V= D1 ) = £ ()

0

~
1l
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and the other interval is;

=

n—

V,= D1 @) - @

0

Fy
i

| V=V Vs

where\/ is the variation orja, b] . It follows that,

b
VoV, o
or
c b b
VO +\/ (= \/ ().
If we show; . )
\V <\ (Hh+\/ (),

then the proof will be completed. Now subdivifke b] by means of the points;
A=X <X <X <..<X,=h.

If ¢ = xm, then we can express;

V

n-1
DI () = £ (%)
k=0

m-1 n-1
= DU Gen) = F O+ D1 (er) = F (XL
k=0 k=m
Consequently;
c b
VAV RAVAEAVAGFAVAG]
and hence,

b c b
\V (< \/(H)+\/ ().
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If c does not belong to the partition, then we define a new partition which includes
the point c. Then our partition contains+®) points. The other parts are the same.

The proof of this theorem is completed. O

Corollary 2.1. Let a< ¢ < b. If the function f(x) has finite (bounded) variation on

[a,b], it has finite variation on each of the intervdls c] and[c, b], and conversely.

Theorem 2.5. A function f(x) defined and finite ofa, b], is a function of finite varia-

tion if and only if; it is representable as theffiirence of two increasing function.

Proof. First of all, we need to choose a function, which has to be increasing, namely;

s =\/ (1.

where, (a) = 0 anda < x < b. We know that our function is an increasing function

on[a, b]. From the increasing function’s property, we can set;

F(X¥)=¢(¥)-f(x).

Then, we obtain another increasing function. In facg # x <y < b, then;

gy) = vy -1y
y
= y(+\/(H-1®
and,
y
dy)-d(x) = V(f)+f(><)—f(y)

y

\/ ()= [f ) - ()]

X

However, from the definition of total variation, it is clear that,

y
fy) - < \/():
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So that;
?(y) —9(x) > 0.

Thereforey? () is an increasing function. So we can easily write

FO) =y (X)-7(x).

Finally note that; we know and prove that monotone functions are bounded variations
and we also know that we can use sum arftedence with bounded variations func-

tions. We can easily prove the other using these knowledge. |

Corollary 2.2. If a function f(x) has finite variation ona, b], then at almost ev-
ery point of[a, b] the derivative f(x) exists, and is finite. Furthermore, (&) is a

summable function ofa, b].

2.6 The Stieltjes Integral

We now take up a very important generalization of the Riemann integral which is

called the Stieltjes Integral.

Definition 2.38. Let f(x) andg(x) be finite functions defined on the closed interval

[a, b]. Subdivide B, b] into parts by means of the points;

A=X <X <..< X3 =Dh,

choose a poingy in [Xg, Xk;1] for k=0, ...,n -1, and form the sum;

=

n

o= () [00%) - 90

0

~
I

If the sumo tends to a finite limit as;

A = max(Xq1 = %) = 0,
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independently of both the method of subdivision and the choice of the paintkis
limit is called the Stieltjes Integral of the functioi{x) with respect to the function

g(x) and designated by;
b
| RCEEE

or

b
() f (%) dg ().

The exact meaning of the definition in this: The numbeés the Stieltjes Integral
of the functionf(x) with respect to the functiog(x) if, for everye > 0 there exists a

6 > 0 such that for an arbitrary method of subdivision for which ¢, the inequality
loo=1]| < g,

holds, for all choices of the poinis.

Note that; it is clear that the Riemann integral is a special case of the Stieltjes
integral, we can easily obtain by settigfx) = x.

Properties of Stieltjes Integral

Now, we will have a look at the list of obvious properties of the Stieltjes Integral.

b

b b
f (.09 + ()] dg(x) = f f () dg(x) + f () dg(¥).

a

We can prove this property easily;

n-1 n-1
lim > [f1 (&) + 2 (Ed]Ag = lim > [f1(6) Ag+ f2 (&) Ag]
0 k2?1 n-1
- ,!Tl[ f1 (&) Ag + Z fo (&) Ag]
k=0 k=0

1 n-1
lim > f1 (&) Ag+ lim )" f2(6) Ag
k=0 k=0

f () dg(x) + f f,(x) dg(x).

28



b b b
f F (9 dg (%) + 6 (%] = f f () dg (x) + f f (%) dgo ()

. If kandm are constants, then

b b
fk.f (X)dmgx) = k.mff(x)dg(x).
a a

Note that; in all three properties of Stieltjes Integral, the existence of right-hand

member implies the existence of the left-hand member.

. Ifa< c < b, and all three integrals involved in the equality,

b c b
f f (9 dg(x) = f f (9 dg(x) + f () dg(x) (2.15)

exists, then the equality (£5) holds.

Notice that, in order to prove this property of the integral, it is necessary only
to see that the poirtis included in the points of subdivision {d, b], when we

form the sumo- for the integral

fb f(x)dg(x). (2.16)

Itis not difficult to prove that the existence of the integrall@® implies the
existence of both the integrals.{®), but we will not discuss it now. We now

only notice that the converse statement is not true. Let us give an example.

Example 2.1.Let the functionf (x) andg (x) be defined on the segmdrtl, +1],

where

0, if -1<x<0
f(x) =
1, if O<x<1
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and,

0, if -1<x<0
9(¥ = :
1, if 0s<x<1

It is easy to see that the integrals

0
L f (9 dg(x).

and

1
fo f (9 dg(x)

are exist. Because all of the sumsare equal to zero. But at the same time, the
integral

1
L f (%) dg().

does not exist. In fact, subdivide the segmpsit, +1], into parts so that the

point 0, is not a point of subdivision, and if we form the sum;

=

n

o= S () [00%) - 90

0

~
I

It is easy to see that ¥; < 0 < X,1, only thei — th term remains in the suin,

because if the pointg andx,, lie on the same side of the points 0, then

9 (%) = 9 (%:1) -

This implies that

S
[

f (¢i) [9(Xi2) — g ()]
f(ei).
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Depending upon whethef < 0 or¢; > 0, we have

or

so thato has no limit.

. The existence of one of the integrals

b
f f (9 dg(x)
and
b
f g()df ().
implies the existence of the other. In this case, the equality
b b
f f (9 dg(x) + f g df (9 = [f (Y gL (2.17)
holds, where
[f()g(X]2=f O gb) -f@g@. (2.18)

The relation (2L7) is called thef ormula for integration by partsLet us prove

this formula. Suppose that the integral

b
fg(x)df(x)

exists. Subdivid¢a, b] into parts and form the sum,
n-1

o= Z f (i) [9 (%) — 9 (X)] -

k=0
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The sumo can also be written as;

._\

n—

o= P9 () - Z f(pd 904

0

~
Il

and this expression is clearly equal to

n-1

= > 9 [f (@) = f (@] + F (1) 906) =  (¢0) 9 (%) -
k=0

Adding and subtracting expressioni8) on the right side of the last equality,

we find;

[f (g2
n-1

- {g @[f (@) - @]+ > g [f (@) - f (en)] + 9O [ (0) - (<pn_1>]}.
k=1

The expression in the curly brackets is nothing but the sum formed for the inte-

gral

b
fg(x)df(x),

where the points of subdivision ¢, b] are

and the points, Xy, X, ..., X,_1, b are points of the closed intervds o] , [¢0, ¢1] » .-, [¢n-1, D]

As max(X1 — Xx) approaches zero,

max(¢kr1 — ¢k)

also approaches zero, so that the sum in the curly brackets tends to the integral

b
fg(x)df(x).
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And this completes the proof.

It is natural to ask the question under what conditions the Stieltjes integral exists.

We will answer this question to giving following theorem.

Theorem 2.6. The integral

b
f f (9 dg(x).

exists if the function €x) is continuous ofia, b] and g(x) is of finite variation oria, b].

Proof. We may obviously suppose that the functp(x) is increasing, because every
function of finite variation is the dierence of two functions. Subdivida, b] by means
of the points

Xo=a<X <..<X=Db

and designate by and My, the least and greatest values, respectively, of the function

f (X) on[xc, Xc.1] - Let

7
AN

s= > m[9(Xq1) — 9(xJ)],

T
o

and

7
AR

S= ) Mg(X1)—9g(x)].

T
o

It is clear that

s<o<S

for all choices of the points in the closed intervialg x.1] . It is also easy to verify that
the sumsdoes not decrease aBdloes not increase when new points of subdivision are
added. From this, it follows that none of the susstirpasses any of the sun In fact,
having two methods, | and Il, of subdividing the segm@nb], with corresponding;,

S; and s, Sy, respectively, we can form a method Ill by combining the points of
subdivision of both of the methods | and Il. If the susasand S correspond to the
method Ill, we have

$ <5535,

so that, in facts; < S..
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With this in mind, we denote the least upper bound of the¢ geif all lower sums

by the symbol:
| = sup{s}.

For every method of subdivision, it is clear that
s<1<S
and consequently, by (3),
loco—1]<S-s
If we choose and arbitrary > 0 and find a5 > 0 such thaif (x’) - f (X)| < &
whenevelx”’ — X'| < §, then we have
M —me<e

fork=0,1,..,n—1, anda < ¢, and accordingly

S-s<elg(b)-g(a)].
Clearly,

lo =11 < e[g(b) -g(@],
for A1 < 6. In other words,

lim =1,
1-0

so thatl is the integral

b
f f(x)dg(x).

It follows from the theorem just proved that every function of finite variation is inte-
grable with respect to every continuous function.

Hence; the proof is complete. |
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Theorem 2.7.1f the function f(x) is continuous orja, b] and if the function @x) has

a Riemann integrable derivativé () at every poin{a, b], then

b b
() f f (9 dg(x) = (R f F (g () dx (2.19)

Proof. It follows from the conditions of the theorem thg{x) satisfies the Lipschitz
condition and therefore is of finite variation. Hence the integral on the left side of
(2.19) exists. On the other hand, the functigi{x), and the product (x) g’ (x) with

it, are continuous almost everywhere, so that the right member. @) 2lso exists.

It remains to show that the two sides of19) are equal. For this purpose, subdivide

[a, b] by means of the points
Xo=a< X1 <..<X,=b,

and, to every dferenceg (X«;1) — 9(X), apply the mean value theorem we get:

9 (%:+1) — (%) = g (%) (ke — %)
where, X < X¢ < X¢.1. In forming the sunw- for the integral

b
| RCEEE
a

we may take the point, which appears in the mean value theorem for the pgint

The sumo then becomes

[N

n—

o= ) F(xg X X1 %
k

1l
o

This is a Riemann sum for the functidri(x) g’ (x). Refining the subdivision and taking

the limit, we obtain the equation .((9). O

Theorem 2.8. Let f(x) be a function continuous dma, b] and let g(x) be constant in
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each of the intervalé&, ¢;), (¢, C), ..., (Cm, b) , Where,
a<C <C<..<Ch<h

Then,

b m
ff(x)dg(x) = f@[g@a+0-g@]+ ) f(c)lg(c+0-g(c—0)]
a2 k=1

+f(0)[g(b) —g(b-0)]. (2.20)

Proof. We can easily see that

b

\/ (@ = lg@a+0)-g(@I+lg()-g(b-0)

a

+ > g (@) - g(c— 0l +Ig(c+ 0) - g (@I},
k=1

so that the functiog (x) has finite variation ofa, b]. Thereforeg(x) has finite varia-

tion on every subinterval d&, b]. Therefore;

m kil

ff(x)dg(x :fo(x)dg(x), (2.21)
k=1

where we writecy = a, Cn.1 = b. It remains to compute the integral

Ck+1

ff(x)dg(x).

Ck

Subdividing[cy, ck.1] and forming the suna- for the interval[c, Cc.1] we obviously

have

o = f(eo) [g(ck+0) —g(c)] + f(exe1) [9(Cks1) — 9 (Cks1 — 0)],
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because all other terms vanish. In the limit, therefore,

Ck+1

f F(X)dg(x) = f(ad[g(c+0) —g(c)] + f (C) [9(Cke1) -9 (G - O)] . (2.22)

Ck

The equality (20) follows from (221) and (222). Hence the proof is complete with

this. O
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CHAPTER 3

APPROXIMATION PROBLEM AND IMPORTANT
INEQUALITIES

3.1 The Approximation Problem

We mentioned that one of the fundamental problems of analysis is to approximate
a given function f in some sense or other by functions having certain properties, and
generally, by functions which have "better” properties tfanSuppose that a given
function f can be shown that the limit of set of functiops(x) at the point which has

good properties aty. Namely,
lim ¢n(%o) = f(xo)

be as described above. In this case the serigg(® approximates or converges to f.
The second fundamental problem of the approaching theorem is finding the rate of

approach to the problem.

lim ¢n(%o) = f(xo)

while n — oo, then the seriesy) = (f(Xo) — ¢n(X0)) IS a zero sequence. If we find an

another zero sequenggwith a, = 0(8,), then one has

f(X0) — ¢n(Xo) = 0(By).

This Landau representation shows that fifg) — ¢n(Xo) is approaches to zero more

rapidly thans,, whenn — co.

38



3.2 Some Important Inequalities

Lemma 3.1. (1. P. NATANSON)[3] Let a summable functioiftf possessing the prop-

1 a+h
M = sup {— ff(t)dt
0<h<b-a | N
a

be defined on the closed interJal b]. For any nonnegative decreasing functioft)y

erty,

}< ) (3.1

defined and summable ¢a b], the integral

b
tff@g@dt (3.2)

exists. Here we can specify that it might be improper fera and then, the inequality

b
stﬁmm (3.3)

b
ffmgmm

is valid.
To clarify the conditions of the lemma, we note that the case whi@e-geo is not
excluded. If, however, (@) < +oo, the function dt) is bounded and the integral (3.2)

exists as an ordinary Lebesgue integral.

Proof. Before starting to prove, we note that, without loss of generality, we may as-
sumeg (b) = 0. In fact, if this were not so, we would simply introduce the new function

g’ (t) defined by the equalities;

to replacey (t).
Having proved the theorem fa (t), we could then replacg’ (t) by g (t) every-
where because this would have neeet on the value of the integrals involved. Thus,

we shall assumg(b) = 0.
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Leta < w < b. On the closed intervdlw, b], the functiong (t) is bounded and the

integral

b
‘ff®g®dt (3.4)

certainly exists. If we set

Fm:j?wmu

integral (3.4) can be expressed in the form of a Stieltjes integral

b b
ff(t)g(t)dt:fg(t>dF<t),

for which, after integrating by parts, we find

b b
[ fos0d=--Fwew+ [Fod-g0].
However, by (3.1), we have that
F)<M(t-a). (3.5)

Indeed, we can see;

Foy 1 | 1|y )
o a ff(u)du < Sltjp{m ff(u)du} =M.
Equation (3.5) is satisfies. And singét) decreases,
g(w)(w-a) < fg(t) dt. (3.6)
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This means that,

IF (w) g(w)| < Mfg(t) dt. (3.7)

On the other hand, the functierg (t) increases this and (3.5) imply that

b

medme

w

b
ijh—mdkmm.

We transform the integral in the right member using the formula for integration by

parts:

b b
fﬁ—wdkmm=gwxw—w+fgmm.

From this equation, and with the equation (3.6), it follows that;

fb(t—a)d[—g(t)]Sfwg(t)dHfbg(t)dt:fbg(t)dt-

Combining the above equation, we obtain

w b
< M{fg(t)dt+fg(t)dt}. (3.8)

Although this inequality was established under the assumptiorgtfgt= 0, it

b
ffmgmm

also remains valid without this hypothesis as was already explained. This means we
can replace the limib by 8, wherew < B8 < b. But then, lettingo andg tend toa, we

see that

B
nmfkmgmmza

which proves the existence of integral (3.2). Finally, we pass to the limit asain

(3.8), then we obtain

b
ffmgmm

b
gMjgmm
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This completes the proof of the lemma. ]
Now we will give Roman Taberski’s generalization of Natanson’s Lemma.

Lemma 3.2. Lety (t) € BV[a+ n, b], whereO < n < b — a, such that;

v () = varsqpp (1)

since a< s< b andv (b) = 0, then

b

fv(s)ds< 00

a

is valid. If;
1 a+h
M= sup —ff(t)dt < 00, (3.9)
0<h<b-a [N
a
where fe L;[a, b], then
b
| = ff(t)go(t)dt, (3.10)
a+
indefinite Lebesgue integral is exists and,
b
<M [[©+le®)ds (3.11)

a

is valid.

Proof. Let define new functions as

F(t) = ff(u)du,

where,a<t < b, and

B
Iw=f¥mwmm

42



wherea<y<pB<h.

If we apply the formula of integration by parts in the integrgl, we obtain

B

f@mdﬂo

Y

I%ﬂ

B
- mmFmﬁimewm

Y

and if we use our condition (3.9), we get

B B

jﬁam¢m th—wdkwm

Y Y

IA

M

B
[(a—t)v(t)]§+fv(t)dt}.

Y

Now, if we consider

a

w—wwwrwamsw—wwwsjlamn

Y

then,
b
= [Fodew
et
is exists and,
b b
fF(t)dgo(t) < va(t)dt
at a
is valid. This completes the proof. ]

Lemma 3.3. (A.D. GADJIEV)[4] Letu (t) be an increasing and absolutely continuous

function, defined of0, b — a], moreover (0) = 0. Besides, lep (t) be a function of
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bounded variation in each interval ¢& + n,b] whereO < n < b - a,

b
f [ (t = a)]; v (t) dt < oo,

where,
v(t) = vansapp(s), (@<t<b).
If
]_ a+h
M= sup — ff(t)dt <o, feli[ab],
O<hsb—a,u(h)
a

then,

b
ff(t)go(t) dt

Proof. Denote

F(t):ff(u)du, (a<t<h)

and

B
I(,ﬁ:ff(t)go(t)dt, (a<a<B<b).

If we apply the formula of integration by parts, we will obtain

B B
Iaﬂ:ff(t)dF(t)dt:go(t)F(t)|§—fF(t)dgo(t)dt.

If we apply (313), it is easy to show that

B B
fF(t)dgo(t)dtsM —,u(t—a)v(t)lﬁ+fv(t)[,u(t—a)];dt .
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<M f [0 ®) + e (B)] [ ¢ - B, dt

(3.12)

(3.13)

(3.14)



In the view of equation (32) and since: (t) is an absolutely continuous function

a

pa-Av@s< [vlt-ad

a

is true, then the integral
b

mewm

a+

is exist and does not exceed absolute value the expression

b

mewm

a+

b

< va(t)[,u(t—a)];dt

a

holds. The rest is clear.

Hence, this completes the proof. O
The following lemma is proved quite analogously.

Lemma 3.4. [4] If ¢ (t) is function of bounded variation in each interva, b — )

such that

b
IM®4EW®m<w

where W(t) = vara.s«v (S), (a < s< b), then

b~ b
j}(owmdtS—M{fDNG%HwQMDMb—OLm,

where

< +o00.

b
1
M;= sup — f (1) dt
! O<h5bF1a/J(h) [f ()

—h
Remark 3.1. In the caseu (t) = t lemmag3.3) and(3.4) are proved by R.Taberski [3].
If u (t) = tande (t) is monotonically decreasing dg, b) function, then the well-known

[.P. Natanson’s lemmé¢8.1) follows from lemmd3.3).
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CHAPTER 4

NONLINEAR SINGULAR INTEGRALS
DEPENDING ON TWO PARAMETERS

4.1 Convergence inL, (2r) and L, (R)

The theory of approximation with nonlinear integral operators of convolution type
was introduced by J. Musielak in [5] and widely developed in [5]. He considers nonlin-
ear integral operators, replacing linearity assumption by Lipschitz condition for kernel
functions generating the operators and satisfying suitable singularity assumptions. Af-
ter this discovery, several mathematicians have undertaken the program of extending
approximation by nonlinear integral operators in many ways and to several settings,
including modular function spaces, pointwise and uniform convergence of operators,
Korovkin type theorems, abstract function spaces, sampling series and so on. Espe-
cially, this kind of operators were extensively studied by C. Bardaro, J. Musielak and
G. Vinti [6]-[7] in connection with the theory of Modular space. Operators of type (1)
and its special cases were studied by Swiderski and Wachnicki [8], Karsli [9]-[10] and
Karsli-Ibikli [11] in some Lebesgue spaces. Such developments delineated a theory
which is nowadays referred to as the theory of approximation by nonlinear integral
operators. We also refer the reader to [14]-[17], [20]-[24] as well as the monographs
[5] and [18] where other kinds of convergence results concerning the pointwise con-
vergence and rate of pointwise convergence of linear and nonlinear singular integral
operators in the Lebesgue and Musielak-Orlicz spaces.

We talked about the theory of Fourier series, in the theory of Fourier series there ap-

pears the problem of approximation at 2 periodic functions f, integrable in the
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interval[-n, 7] by means of linear, singular integral operatksof the form

jWKML—$f®dL

In papers [3] Taberski has shown that the pointwise convergence at which the points
are Lebesgue point of integrable functiond i{—x, ), by the family of convolution

type singular integral operators depending on two parameters of the form

uAﬁ@:j}mKﬁ—@m, X € (-7, 7) 4.1)

where K(t, 1) is a kernel which satisfies suitable assumptions. Moreover, Taberski has

shown also that in [3] approximation properties of the derivatives of this operators.
After this fundamental study of Taberski [3], these operators were studied by some

other authors. Gadjiev [4] and Rydzewska [25] obtained the pointwise convergence of

these operators at which the points are respectively, generalized Lebesgue point and

u—generalized Lebesgue point of integrable functionk.ifxr, 7). In 1984, Bardaro

and Gori Cocchieri [26] estimated the degree of pointwise approximatiorejefr+

type singular integrals, which are the special case df)(4n the class of functions

f € Li(R) at which the points are generalized Lebesgue point. Very recently Karsli

andibikli [12], [13] studied both pointwise convergence and pointwise convergence of

therth derivatives of the operatofig,(f; x), which are defined as

b
T(f;X) = ff(t) Kyt—x)dt , xe(ab).
a
In approximation theory, however, applications we limited to linear integral operators

because the notion of singularity of an integral operators was closely connected with

its linearity. In 1981, Musielak [27] used the nonlinear integral operators, which were
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defined as

(Tuf)(S) = f Ka(t—s f(®)dt , seG. (4.2)

G

We were mentioned about by the assumption of linearity of the operators was replaced
by an assumption of a Lipschitz condition i, with respect to the second variable.
This study allows us that using the classical method for linear integral operators [18]
to obtain the convergence of the nonlinear integral operators, although the notion of
singularity of an integral operators was closely connected with its linearity [5]. We
surveyed the Swiderski’'s and Wachnicki’s studies in this thesis and for further paper
on the subject which we are examining in this thesis, were written by Karsli [28].

Now, here as we said that before in the chapter of introduction these problems are
extended in three directions but in this survey, we will consider the nonlinear integral
operators. That, the kernel

K= (Kn);ozl

is replaced by a kernel

K= (KW)WEW

whereK,, : G x R — R; the last means that we take nonlinear integral operdigrs

(Twf)(s) = fKW(t -s f(t)dt= wa (t, f (t+ 9)dt,
G G

in place of the considered linear operators. Now denote the family of integral operators
Tw converge to the functio on the spacég[a, b].

It is important to specify that, in this chapter we consider the €ase R or
G = [, ) with addition mod z. And we denotd (0) the family of all neighborhoods
of the neutral elemem of G. Let W be a nonempty set of indices amg be an
accumulation point V. We take a familyK = (K,)y,cw Of functionsK,, : GXR — R
, whereK,, (t,0) = 0 for t € G, such thaK,, for everyw € W are integrable functions

with respect to the first variable for all values of the second variable.The famiifl
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be called kernel. In 2000, T. Swiderski and E. Wachnicki investigated the pointwise

convergence of the operatdr,()(f) defined as;

(Twf)(9) = L Kw(s—t, f(t))dt (4.3)

as(w, s) — (Wp.S) , wherewy is an accumulation point of the set of indices ap@n

accumulation poinG. If we writet — (s - t) the equation (8) turns into;

(Tuf) (9 = fG K (s—t, f () dt= fG K (t, f (5= 1)) dt. (4.4)

In papers [1]-[2] and [29]-[30] the convergence of the integrad4n some normed
spaces have been studied. In the present paper we investigate the pointwise conver-
gence of the integral (4) as(w, s) — (W, S) in the sense of the product convergence,
wheres, is an accumulation point @&. Here f belongs ta, (G), 1 < p < +co. First

we shall define a new class, which provide the existence of the infEg(4).

Definition 4.1. We shall say that a functio,, : G x R — R belongs td&Class Aif the
following conditions hold:

(A) There exists an integrable functidg, : G — R such that;
[Kw (£, U) = Kw (t, V)] < Ly (£) U= V| (4.5)

foranywe Wt e G,u,v e R.

(B) This condition is known as singularity condition and it can be written two way;

lim }fKW(t,u)dtzl.
G

w—-Wo U

We can also show like this way;

|l

fLW(t)dt—1’ 0
G
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for everyu e R \ {0}.

(C) There exist a numbeavl > 0 such that

fLW(t)dtsM
G

forallwe W.

(D) For everyU € B(0)

lim f L, (t)dt =0,
W—->Wp G\U

According to equation (8) it is easy to see thalass Ais a kernel and since

Kw (t,0) = 0, we can say that
[Kw (t, )l = Lu (t) |l (4.6)

forte G, u,veR.

This condition also known as assumption of linearity of the operators. Notice that
we mention that the assumption of linearity for operators being replaced by an assump-
tion of a Lipschitz condition foK,, with respect to the second variable. We need to
show that the functioii,, (f) is exist on the same space or not? Hence, by the property

of convolution [31], the following theorem holds.

Theorem 4.1.1f f e Ly(G) ,1< p < oo, then T, (f) € L,(G) and
ITwfll, < [ILwll2 11l (4.7)

for every we W,
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ITwfllp

Proof. First we need to observe that
f Ky (t = x, f (1)) dt

‘ G

(fe fe Kw(t =X (1) dt polx)é
(fe (fe K (=X 1 (t))lde)é dt]
(fG (fe('-w(t— x) |f (t)l)pdx)rl) dt],

Since by conditior{A) and if we substitutét — x) — t, we get

p

IA

< fG(L(LW(t)lf(Hx)l)pdx)é dt]
< fG((LW(t))pfelf(t+x)|pdx)$ dt]
< fGLW(t)(fGH(t+x)|pdx)édt].

Now if we writet — (t — X),

IA

( [ ([1rorad dt]

fLW(t—x)ufnpdt

G

||f||pf Lu (t - X) dit
G
11, - 1Ll

IA

Therefore the proof is complete. O

We guaranteed the existence of the intedigf. Now we need to prove the fol-

lowing theorem which contains additional condition to @lass A
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Theorem 4.2.Let U € B(#). Denote

U () (fG\U (LW('[))th)a as 1<q<+w
Ry (W) = supess L@  as g=+oo

and let fe Lp(G), 1 < p < +co. Assume that a kernel belongs to Class A and satisfies

the following condition;
(B)
lim R;’(w) =0,

W—-Wp

for every U € B(6), wherel < q < o andr—lj + % = 1. Then(Tuf)(s) — f(s0)
as(w,s) — (wp, &), when g is an accumulation point of G at which function f is

continuous.

Proof. First we know the convolution type integral operator as;
(Tuf) (8 = fG K (s—t, f (1)) dt
If we writet — (t + &), it takes the form
(Tuf) (9 = fG Ku(s—t, f (©) dt = fG Ku(S— So—1, f (t+ o))t

and

fKW(s—so—t,f(so))dt=fKW(t,f(s0))dt
G G

for everys, s € G.
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Therefore;

I(Twf) (8) = f ()l

fGKW(s—t,f(t))dt— f (SO)’

JoKu(s—so—t, f(t+s))dt— [ Ky(s—so—t, f(s))dt
+ s Ku(s—s0—t, f () dt - f (o)

fGKW(S—sO—t, f(t+s)) - Ku(s— st f(s))dt

IA

+

fG Kt f (&) dt— 1 (%)

IA

LIKW(S—So—t,f(HSO))— Kw(s—s—t, f(s)ldt

+

fG Kut F ()t~ f (5)

I (w,s)+ 1> (w).

If we use the condition (B) for the second part of the integral, we get;

LKW(t,f(sO»dt—f(sO) -0

l2(w) =

asw — W. Since,

lim fG K (t, f () dt = f ().

W—Wo
Now we will provel, (w,s) — 0 as (w, s) — (Wo, S)-
Let £ > 0. Since the functiorf is continuous at,, we can find U € B(6) such
that;

I+ %)~ () < 55 (4.8)

fort € U, whereM is constant occurring in assumptidd)( We may obviously assume
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U = -U. Hence by(A) we obtain;

(W, 9 fG|KW(s— So— 1, (t+ %) = Ko (S— S~ t, f (o)) dt

IA

tﬁu@—%—oua+w—f@mm

IA

fULW(s—sO—t)|f(t+sO)—f(sO)|dt

+f Lu(S— So—B)1f (t + %) — f (o)t
G\U

Using the conditior{A) and triangle inequality the integral takes the form;

IA

fLW(s—so—t>|f<t+so>—f(so)|dt+f Lu(S— So - )If (t + o)l dt

U G\U
+f Lu(S— % - B)|f (o) lt
G\U

Ji(W,8) + (W, s) + I3 (W, S).

From using the condition (C) and the property8jwe can writeJ; as;

3,9 fULW(s—sO—t)|f(t+so>—f(sO)|dt

IA

M J, Lw(s— s - t)dt

&

3M Jeo

IA

Lu()dt

IA
wl®

We can choos& € B(#) for which there existy € B(6) such that ¥ c U, where
2V = {Xx+Yy ; XYye V}.As before we takd/ = -V. Letse Gands— g € V, then
V+(s—-g) cUand

Lw.9) fG\U Lu(S— So— B)1f (t + )l dit

IA

Lu(s— so =) If (t + s)l dt
G\V+(s-%0)
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Since(sy — §) andt = —t, then,;

w®) T (s— .
st\VL(t)I (s-Idt

And by using Hdlder inequality;

1 1

< (fG\V L\‘,‘v(t)dt)q.(L\Vlf(s—t)lpdt)p
< ([ wwa] ([1re-ora)

1 1
Since;(fG\V If (s=t)Pdt)” < ([ If (s—pPdt)” andt — (s-t),
U
<Ry W) IIfll,
Hence by (E) there exists a neighborhood W of wy such that
&
Jz (W, S) < :—%

for we W; andseV + 5.

Similarly, there exists a neighborho¥4 of wy such that;

B9 = fG\U Lu(S— S — 1) | (o) i

IA

Lu(s— s —1)|f (s)l dt

G\V+(s-%)

f La(®) £ (9] dlt
G\V

[ o [ ool

IA IA

Wl o
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And since;

J3(w, s) <

Wl M

for we W, andseV + 5.

Consequently;

I1(w, 9) Ji(wW,8) + b (w,s) + J3(w,S)

I 1(W, S)

A

g

forwe W, nW, andseV + g,

Therefore this finishes the proof of Theorem 2. ]
Now we will expand our space again, we t&ke- R then following theorem holds.

Theorem 4.3.Let f € L,(G) ,1 < p < +co. Assume that a kernel K satisfies the
conditions(A), (B), (C), (D), (E) . Moreover we assume that there exi&gs> 0 that
the function |, is increasing in [—do,0] and decreasing0, 6] for any we W. Let

S € G. We assume that;

1 (M
Ihl_rg%j:hlf(t+so)—f(so)|dt:0. (4.9)

Let C > 0. Denote
Zc ={(w,9) e WxG:|s— 5| Ly(0) <C}.

Then T,f (s) — f () as(w, s) = (Wo, S) and(w, S) € Z¢.

Proof. If we consider the theorem we will recognize that it wilfgcient to show that;

fGLW(s—so—t)|f(t+so)—f(s0)|dtﬁo

as(w, s) — (Wo, ) and(w, s) € Z¢.
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Let & > 0. By (4.9) there exists a € (0, %) such that

}f0|f(t+ ) f(s)dt = —2
hJ)., %)= TSI = wixc
1 h
&
P T - fEd =
0

for 0 < h < 6, whereM is the constant occurring in conditi¢@) . We have;

LLW(s—so—t)|f(t+s0)— f (sl dit

fLW(s—sO—t)|f(t+sO)— f ()l dit

[t|>6
teG

+fLW(s—sO—t)|f<t+sO)— f (%)t

[t|<s
teG

= li(w,9)+Ix(w,s).

Analogously to the proof of the Theorem (3.1), we can show th@t,s) — 0 as

(w, s) = (Wo, S) . We have to shovl, (w, S) .

Lwy = fLW(s—sO—t)|f(t+sO)—f(sO)|dt
£
0

_ f Lo (5= So— ) |f (t + s0) — f (S| dlt

0

+KLW(S—So—t)|f(t+So)— f ()l dt

Hence if we use Roman Taberski’'s generalization of the Natanson’s Lelnmas)
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takes the form;

& 0
l2(w,8) < |v|+2cf [v LW(S—sO—t)+LW(S—SO—(—5))}dZ

-0 |-s<t<z

+|\/|—fZCj: [\/ LW(S_SO_t)+LW(S—So—(5))]dZ

Z<t<¢6

c 0
M+2Cf [v Ly(s—s9—-t)+ Ly(s— S +0)

=0 |-s<t<z

+Mf2Cf [\/ LW(S_SO—t)+LW(S—SO—6)]dZ

7<t<6

dz

Since we knowL, (t) function’s properties, we need to transforny (s — 5 — t) to the

L (t). So we need to change— (s— 5 —t), then

0
) [ \ Ly (t) + Ly (S— S+ 6)|dz
_ € Zs |s—so—zst<s-so+6
T M+2 g
+2C + \ Ly (t) + Ly (s— s+ 6)|dz
0 S—-S0—0<t<S-5-z
S—-S+6
) [ VLo +Ly(s—so+06)|dz
_ € L, 7<t<s-S9+6
= &
M+2C + [ \/ Lw(t) +Ly(s— s +0)|dz
S50 S—Sp—o<t<z
= — _(Ui(sD+Us(s D)
= M+1oC 1S 2(S,

where

\ L@,

a<t<p
denotes the total variation &f, in the interval[a, 8] .

Now since we do not know th&s — ) positive or negative we need to assume that
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O0<s—-5<d6.Thens—s5—-0>—-60> -5 ands— S+ < 25 < §y. Hence;

S-S+
U;(st) = f \/ Lw(t) + Ly (s— s +0)|dz

s | Z<t<s—-$p+0
S—S+0

= f [ V Ly ()] + Ly (s— s+ 6)|dz
S | \z<t<s-5+0
S—-Sp+0

= f (Lw(@ - Ly(s—s9+06) +Ly(s—s+0))dz
S-S
S—-S+6

= f Lw (2 dz
S-S

Now we will consider the second part of the integral. We know the function is
decreasing on the interv@, §¢], so it is obvious that., (2) > Ly (s— s+ 6), and
sinces— > 0 and(s— s — 6) < 0 we need to split the integral into two parts;

Uz (s t) \/  Lu(®)+Lu(s-s+0)|dz

| S—S—o0<t<z

Il
—

= \/ Lw (t) + Ly (S— S+ 0)|dz

s-5-6 L S—-S—0<t<z
S—Sor q
+f v Lw(t) + Ly (s— s+ 6)|dz
o L s——0<t<z ]
0 ;
= V' Lu®]+Lu(s—so+0)|dz
s-5-6 L S—S—0<t<z |

| \ s—s0—d<t<z

s—Sor .
+bf \/ Ly () |+ Ly (s— S0 + 6)|dz

Here, we can easily see that our functlgn(s — sy + 6) independent of variabldsand
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zwe can split it;

0
(0—s+so+6)LW(s—so+6)+f[ V LW(t)]dz

o &g L SSo-ost<z

S-S

+(s—s-0)Ly(sS—S9+0) +
/

\/ Lw (t)] dz

S—-S—0<t<z

0
(—s+so+6+s—so)LW(s—so+6)+f[ \ LW(t)]dz

S S—-S—0<t<z

S

i

0
(6)Lw<s—so+6)+f[ \/ L@

S-S—o0<t<z

\/ Lw (t)] dz

S-59—-o<t<z

o

S-5—0

dz+f
0
(6)Lw<s—s0+6)+f(LW<z)—LW(s—so+6»dz
oo )
+f \/ Ly (1) + \/ LW(t)}dz
0 S—50—0<t<0 O<t<z
0
(6)Lw(s—sO+a)+f(LW(z)—LW(s—so+<s))dz
s-S—6

5%
+ f (L (0) = L (S— 5+ 8)) + (Lu (0) - Lu (2)] iz
0

0
(6) Lu(S— S0 +0) + f (Lu(@ - Lu(S— S + 6)) dz

S-5—0

%
+f[zLW(O)— Lu(s=So+6) - Lu(2] dz
0

0
W) Ly(s—s9+8)—(s9—S+0) Ly(s—s9+0) + f Lw (2 dz

S-S0

S-S
4 (5= %) 2L (0) - (5 %) Lu (S S+ 6) - f Lo () dz
0
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= (O)Lw(s—s0+0)+ (5= %) 2Lw(0) = (6) Lw(s— S+ 9)

0 S-S
+ Lw(2dz- | Ly(2dz
e
0 S-S
= 2(s—s)Lw(0) + Lw(2)dz— | Ly(2dz
d e
0
< Lyw(2dz+2(s— s) Lw(0).
i

Consequently by (C), we get;
0
29 = [ Lus-s-If (t+ )~ f(sldt
-5

5
+ | Lu(s—so—t)[f (t+s0) - f (sp)l dt
/

S—-S+0 0
E
S Mix f Lw (2) dz+ f Ly (2) dz+ 2(s— so) Ly (0)
S-S S-S0
S—-Sot+6
< f L () dz+ 2C
- M+2C W
\S—S0—d
E
< M £ 2C LLW(z)dz+2C)
E
M+2C(M+2C)_g

for0<s—s <6 and(w, s) € Zc.
We can also obtain the same inequalty< s— s < 0.

Thereforel, (w, s) — 0 as(w, s) — (Wo, &), where(w, s) € Zc.

Remark 4.1. The last theorem relates to earlier results of R. Taberski [3] and S.

Siudult [19] for some linear kernels which we are defined in chapter 5, example 1.

In the next section we study both pointwise convergence and rate of pointwise

convergence on the arbitrary interyal b).
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4.2 Convergence and Rate of Convergence In ({(a, b))

The purpose of this section is to study both the pointwise approximation and the
rate of pointwise approximation of the operators

b
Tﬁ(f;x):fKﬂ(t—x,f(t))dt , Xe<ab>, (4.10)

a
on au—generalized Lebesgue point bfe L; ((a, b)) as &, 1) — (Xo, Ao), where(a, b)
is an arbitrary interval ifR.
Let L; ((a, b)) be the class of functions Lebesgue integrable in the intéayal),

where(a, by is an arbitrary interval ifR. Now we will define a new class of function.

Definition 4.2. We will call the functionK, : G x R — R belongs toClassg, if it

satisfies the following conditions:

a) Let L, (t) be an integrable function with respectttsuch that;
|K/1 (t’ u) - K/l (ta V)| < L/l (t) |u - Vl s

for everyt € G,u,v € R, and for anyl € A. Here while we think abou® = R we can

easily see that,u,v € R.

irg f L,(t)dt = O, for everyU e 2(0). By U4 (0) we denote the family of all
TOR\U
neighborhoods of zero iR.

b) |

C) lim,_,, [sugtlzé L, (t)] = 0, for everyé > 0.

d) lim ., fG K, (t,u) dt = u, for everyu € R.
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e)There exists @&, > 0, such thatlL,(t) is non-decreasing on-§,, 0] and non-

increasing on [(¥,) as a function of, for eacha € A.

The condition &) implies that the class of all function,(t, u) is a kernel. Now

we will give the following existence theorem.

Theorem 4.4.Let1 < p < coand assume that a function, &, u) satisfies condition

(@). If f € Ly ((a b)), then T(f) € L, (¢a, b)) and

ITONL aby < HO Tl (aby)

for eacha € A.

Firstly, we assume thdg, by = [a, b] and let the functiom be an absolutely con-

tinuous, increasing function defined i b — a] with x (0) = 0.

Theorem 4.5. Suppose that a kernel function,(K u) belongs the Clasg. Then at

each point ¥ for which

h
. 1
hIlﬁrr(')|+l¢mf|f(xo+t)—f(xo)|dt:0, O<ax<l (4.12)
0
holds we have
lim Tu(f;x) - f =0,
o (WO)I A(F5%) = £(x0)|

on any planar set Z on which the function

Xo+0
f Lt = X) 42 (1t = %ol) dt + 2L, () (X - o) (4.12)

Xo—0

is bounded, wheré < § < 6.
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Proof. Let us before to begin proof, firstly we introduce a new function L, (R) as

~ f(t) , te<ab>
f(t) := ® , (4.13)
0 , tg<ab>

where(a, by is an arbitrary interval ifR. We assume that

0
Xo+d<b, X—-6>a and O<x0—x<§, (4.14)

forany O< 6 < dp. Let
(% A= [Ta(f; %) = f (%)l

from (4.13) and the conditiord}, we can write;

(%, )l

fb Ky(t=x, f(t)dt—f (Xo)|

= le(t—x,f(t))dt— f (%)

R

JKi(t=x f®)dt— [Ki(t-x f(x))dt

+ [ Ko (t=x f(x0))dt = f (xo)

By the triangle inequality the above equality takes the following form:

i<l < [

Kt = %, F(0) = Kyt — x, ?(xo))' dt

+ f K, (t = x, F(xo))dt = f(xo)|. (4.15)
According to the conditiom),
Ka(t = %, F (1) — Ka(t — x, ?(xo))’ < Li(t-X) ‘?(t) - ?(xo)‘ . (4.16)
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holds for anyd € A. According to (416) we can rewrite (45) as follows;

Il < fLﬂ(t—x)'E(t)—on)’dt

R

+

f Kt — x, F(x0))dt — (x0)

R

For using the property of the — generalized Lebesque poiwe need to split the

above inequality as terms like;

Xo+

I(x )| < f+ f +fxo+f L= x| (- f(xo)|dt  (4.17)
Xo—0

t¢(ab)  [t—xol>d, X0
te(a,b)
+ fKﬂ (t-x f(x0))dt—f(x)|. (4.18)
R
Here, we have five integrals that we can show them as;
(XD :=lo(A) + 1. (X)) + (% A) +13(X,2) +14(X 1) . (4.19)

Thus, it is stificient to show that the first five terms on the right hand side of (4.19)

tends to zero ax(1) — (Xo, Ao).

Firstly we considet4(x, A).

From the conditiond) and using the new functiofi(t), it is easy to see that;

|4(X’ /l) =

f Ka(t — %, f(xo))dt = f(xo)| =0 (4.20)

R

as Q(’ /1) — (Xo, /10)

Now we considet;(X, 1).

Before going on our proof we need to define a new function.
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Denote

Xo
FO = [ 116) - foolldy (4.21)
t
According to (4.11), to each > 0O there exists & > 0 such that,
F) <eu(x-1), (4.22)

forall 0 < xo —t < 6. We now fix thisé and if we taket = Xy — 6, then the equation
(4.21), takes the form

Xo
Foa-0)i= [ 1f0) - faidy (4.23)
Xo—0
And it is also seen that;
F(Xo—0) < eu(9). (4.24)

Now, evaluation of,(x, ) is done by the following way:

XO ~ ~
|I2(x,/l)|:f6 Lo (t=X)|f (1) - f (x0)| dt (4.25)

Xo

We use the equation (4.23), then the equation (4.25) takes the form;

Xo
||2(X,/1)|=f Li(t =X d (=F (%0 - ).

Xo—0

Here, using the method of integration by parts, it gives;

12 (X, 2)] —F(X0-0)Li(X0—6—-X) +

F(t)%Lﬂ(t—x)dt

—s

Xo—

IA
X &

F (%o = 8)] Ly (X0 — 6 — %) + f|F(t)|§Lﬁ(t— x)dit.
Xo—0
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Then, according to the equation (4.24), we get;

X0
||2(X,/l)|SSM(5)LA(X0—5—X)+8f

Xo—

0
5'U(X0_t) al—/l (t-x)dt

Again using integration by parts;

IA

2 ) < gu@)La(Xo-6-X)

+e1-u@)Lilo—6-x)+ | p'(%-1)L,(t-x)dt

—

>

Xo—

= eu@)Li(X0—0-x) —eu(d) Li(xo—06-X)
X

+f/~1/(xo—t)L,1(t—X)dt

Xo—6
)

= sfu’(xo—t)L/l(t—X)dt.

Xo—0

Then, if we substituté with (t + x), the above expression takes the form;

:gfxo_x i (% —t—x) L, () dt

Xo—X—0

Setting,
Xo—X
11 (%) ::f i (% —t =) L (D dt

Xo—X—=6

according to conditioe), and by (4.14) we can now obtain the following estimate:

Xo—X

a(xd) = fu'(xO—t—x)Lﬂ(odt
Xo—X—5
0

.
fy'(xO—t—x)Lﬂ(t)dHfu'(xO—t—x)LA(t)dt.
0

Xo—X—0

X
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Then, we can write above equation as;

&

[ Vo LK (o t=x)|dt

0
21 (X, 4) = f{ v LA(S).U,(XO—t—X)]dt"'

o%

sooy—s \XomX—0sst Xo—X—0<Ss<t
Xo—X

L (%0 — 5 - %) fu'(xO—t—x)dt
Xo—X—6

0
- f(Lﬂ(t)—Lﬁ(xo—a—x))u'(xo—x—t)dt

Xo—X—0
Xo—X
4 f{( \/ + \/)Lﬂ(s)luf(xo—t—X)}dt
s Xo—X—6<s<0  O<s<t
Xo—X
+La (X% -6 —X) f # (% —t-x)dt
Xo—X—0

0

- f(Lﬁ(t)—Lﬁ(xo—a—x))u'(xo—x—t)dt

Xo—X—0
Xo—X
R A e
s Xo—X—6<s<0  0<s<t
Xo—X
+Ly (X0 =6 - X) f # (% —t-x)dt
Xo—X—0

0
- [ O L= 50 G0 x- e
Xo—X—8

Xo—X
+f[(LA(O)—Ll(xo—a—x))+(u(0)—LAt))]u'(xo—t—x)dt
0

Xo
+Lﬁ(xo—a—x)fu'(xo—t)dt
Xo—X
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0

Xo
_ fLﬂ(t)u'(xO—x—t)duLA(XO—a—x)fu'(XO—t)dt
Xo—X—0 Xo—X

Xo—X Xo—X

—Lﬂ(xO—a—x)fu%xo—x—t)dt— Ly () (%0 — X~ t) it
0

o%

0 Xo—X

L (-5 -%) f/l'(Xo—X—t)dt+2|—A(0)fﬂ'(XO—X—t)dt
Xo—X—0 0
0 Xo—X
_ fLﬁ(t)ﬂ'(xo—X—t)dtJer—A(o)fﬂ'(xo—X—t)dt
Xo—X—0 0
Xo—X Xo—X

+fLA(t),u’(x0—x—t)dt—2

0

Xo—X Xp—X

f Lﬁ(t)ﬂ'(xo—x—t)duzLA(O)fu'<xo—x—t>dt
Xo—X—8 0
Xo—X

f Ly @ (%o — X— t)dt + 2L, (0) (X — %ol) dt

Xo—X—0

Loy (X% — x—t)dt

o%

IA

If we substitute — (t — x), then above expression takes the form

X0
o1 (%) = | Li(t=x)u (%o —1t)dt+ 2L, (0) u (IX — Xol) dt
Xo—0
Consequently,
Xo
12 (X, )| < st Li(t=x)u' (% —t)dt+2L, (0) (X = Xol) |- (4.26)

We can use a very similar method fgr(x, 1) . Then , we find the following inequality:

Xo+0
5 (x, )| < gf L (t = X) i (t = %) dit. (4.27)
Xo
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Combining (4.26) and (4.27) we obtain

Xo+d
o006 )]+ a6 ) < & f Lt — X (% — t dt

Xo—0

+&2L,(0)u (IX = ol) , (4.28)

which in view of (4.12) tends to zero as, (1) — (Xo, Ao)-
Moreover, let us consider abolit(x, ), if we use (4.13),we can writg (x, 1) as

follows;

s = [ Lo (t=] ) - T o) at.
[t—Xo|>d,te(a,b)

Sincelt — x| >  is equal tat > Xo + s and t < Xo — 6 and f (t) turns intof (t) because

t € (a, by and we can split; (x, ) into two parts as:

Xo—06 b

l1(x4) = fLﬂ(t—x)|f(t)—f(x0)|dt+fLA(t—x)|f(t)—f(xo)|dt
a Xo+0
= |1’1 (X, /l) + |1’2 (X, /l) .

By (4.14), it is easy to see that the first part of the integral,

Xo—0
l11(x, 1) = fLA(t—x)|f(t)—f(x0)|dt
a -
< sup Ll(t—x)flf(t)—f(xo)ldt.

te(a,o—d]

Whent € (a, Xo — 6] , we havet < X, — § andt > a. According to (4.14), it < X -6
then,

0
t—=X<X—-X-0<-2
< Xo < 5

and hence we gétt— x| > g and thus, we have the following inequality;

112 (% 2) < SUPLy (U) (I FllLyqapy + 1T (X0)l (0 — @)).

)
[u>3
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In the same way , we obtain ;

112 (% 2) < SUPLy (U) (I FllLyapy + 1T (X0)l (0 — ).

)
[u>3

Thus, if we combine last two inequality we get;

l1 (X, 2) < 2suplL, (u) (||f|||_1<a,b> +f (%)l (b - a)) (4.29)

[
[ul>35

which in view of the conditiond) tends to zero a&, 1) — (Xo, Ao) .

Finally, let us consider the integriJ(x, 1) . According to (4.13) we write;

10X, 1) = f Ly (t—|F 1) - f ()| dt.

tg(a,b)

Sincef (t) = 0 whent ¢ (a, b),

(1) = f< L0l o
t¢(a,
- o) [ Li-xdt
t¢(a,b)

Thus, according to (4.14), wherg (a, by, we havet <aor t > b. If t < a, then
0
t—x<a—x<xo—x—6<—§<0,
while if t > b, then

t—X>b-X<Xg—-X+06<6d>0.

This implies that, for any > 0 there exists a neighborhottof zero such that;

fLA(t—x)dt < fLA(t—x)dt

t(a.b) ft—x> 3

fLA (u) du

R\U
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Thus, we obtain the result of

0(x2) <116l [ LW du (4.30)
R\U
which in view of the conditiorb) tends to zero agx, 1) — (Xo, Ao) .
Therefore, if we combine our part of integral’s result as (4.28), (4.29) and (4.30)

we get the following inequality:

1) < 1100 [ Lot du+ 28pLs ) (Il + I G (b))

u>$
B ul>5

X0
+8Lf Li(t=x)u (% —t)dt+ 2L, (0) u (X — Xol) dt

=
Xo+0

te f L (t = X) i (t — %) dt +

X0

fKﬂ(t—x,f(xo))dt—f(xo)

R

and hence,

1) < 100 [ Lot dus 28upLs @) (Il + I G (0 )

5
[ul>3

Xo+6
+e Lf Ly (t—x) " (1% —t]) dt+ 2L, (0) 1 (|x = Xol) dit

=

—+

fKﬂ(t—x,f(xo))dt—f(xo)

R

Finally, our theorem now follows, in view of conditions di( (c), (4.13) and (4.14)

Ta(f;%) = f(x).

lim
(%,2)—(X0,10)
Hence, this completes the proof of our theorem.

O

If we consider the cas@, by = R, then we will have the following theorem which
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we prove special case in above theorem.

Theorem 4.6. Suppose that the hypothesis of Theorem (4.5) is satisfied. Then at each
point % for which

h

. 1

r!LrQ+mf|f(X°+t)_f(X°)|dt_o’ O<a<l (4.31)
0

holds, we have for € L; (R),

lim )lT/l(f;X)_f(XO)| =0.

(%)= (X0, 0,

Proof. The proof of this theorem contains analogously the same methods and inequal-

ities for Theorem (4.5). |

Now, we will estimate the rate of pointwise convergence.
Theorem 4.7. Suppose that the hypothesis of Theorem (4.5) are satisfied. Setting

Xo+06

AGu X A,6) = f L (t = x) 4 (1t - xol) dit,

Xo—0
where0 < § < 6§y, let the following assumptions be satisfied:

e Forevery|u >0

Ly (W) = 0(A (u, X, 4,6))
as(x, 4) — (Xo, o) ,

e As(x,1) = (Xo, o),

LKﬂ(t—x, f (%)) dt - f(xo)‘ = 0(A (4, %, 4,6)) .
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o As (Xa /l) - (X07 /IO) >

fLA (Wdu=o0(A (u, x,2,0)).

R\U

Then at each pointgfor which is calledu — generalized Lebesgue point holds,

we have for fe L, (a, b) as(x, 1) — (X, o),
ITa(f;%) = f (%)l = 0(A (1, X, 2,6)) .
Proof. Suppose that (4.14) is satisfied for any @ < §o. Setting;

IHO¢ A= 1Ta(F;%) = £ (X)l-

According to Theorem (4.5), we get the following inequality:

1) < 100 [ Lot dus 25upL; @) (IFll i + If G (b))

5
[ul>35

Xo+0
+& Lf Ly (t=x)u" (1% —t) dt+ 2L, (0) i (] — Xol) dt

-0

+

fKA(t—x,fN(xo))dt—f(xo)

R

From ourClassg conditions &) to (c) we obtained the desired result, i.e,

ITa(f;%) = F(X0)l = 0(A (i, %, 4,6)) ,

as (x, 1) = (Xo, o).

Since the functiop is an absolutely continuous function, then it is clear that

Xo+6
lim L,(t=x)u (It - dt| = 0.
(X,MMO)U (=) (1t - %)

-0
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Thus, the proof of the theorem is complete.
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CHAPTER 5

EXAMPLES

In this chapter we inspect some examples, which we can be use in the previous

chapters.

Example 5.1. A well-known example of a Kernel satisfying tl@&ass Aconditions,

is the linear kernel with respect to the second variable, i.e.,
Kw(t,u) =Ly u,

wherel,, satisfies the condition€) , (D) and moreover,

lim fLW(t)dtzl
W—-Wp G

This special case leads to known singular integrals of the convolution type, widely

used in the Approximation Theory [18], such as Poisson, Fejer etc.

Example 5.2. Let us takeG = [—, 7) with the operation of addition modi2In G we

consider the natural topology and the Lebesque Integralu k. We define;

nu in U
?+S|n? if tE[—ﬁ F\:I

Kn(t, ): .
) 0 if te[-mm)\|-2.2]

for n € N. In this case the set of indices W is equaN@ndw, = +co.

Letu,v e R. Whilet € [—% %] we observe that;

|Kn (t’ U) - Kn(t’ V)l

'(”—“ ; sinn—u) - (— m—)'

‘(n_u - —) (sm% - sm—)‘
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By using the Mean Value Theorem;

- @—m’+|cosc|.‘@—m’”
2 2 2 2
'n(u—v) N n(u—v)'

- 2 2

< nju-v

wherec € [-1, 1] and sincgcosc| < 1,
and; ift € [-m,7) \ [-1. 2,

|Kl’1(t’ u) - Kn(tav)l = 07
sinceK, (t, u) = 0 whilet € [-r, 7) \ [—%, %].
Hence,

IKn(t, u) = Kn(t, V)l < Lu(t) lu— .

So we can showh,, as;

n if te[—l 1]

n’n

Ln(t) =
X 0 if te[-mm)\[-L1.1]

We already seen that condition (A) is satisfied and we can easily check that the condi-
tions (B), (C) and (D) are satisfied, too.

Let’s begin to check the condition (B):

1 1 nu . nhu
afGKn(t,U)dt GL(E'FS”’]?)dt
2

= 1+—.sinn—u—>1
un 2

while n —» .

The condition (C):

s



Lo (H)dt

ndt+ f
te[-n, 71)\[

ndt+ 0

SE

fG Ly (t)dt

Il

Sl

Sl Sl

Sl Sl

Il
— T

Sl

Il
=
SN

Il
N
A
™

So, we can see that it is bounded.
The condition (D):

This condition is obvious to see that the condition tell us,

Iimf Ly () dt=0
W—Wp G\U

And our functionL is alreadyL, (t) = 0 whilet € [-r, 7) \ [—% %]

Example 5.3. The other example is a kerni€|,, which belongs t&€lass Athe kernel
defined by

n’sing if te[—ﬁ %]

Kn(t,u) = '
0 it te[-mm\ |11

HereG = [-x, ) is considered with the operation of addition modédhd the set of

indices W is equal td, wy = +oo.

Letu,ve R. Then

|Kn (t» U) - Kn(t’ V)|

n? sm— -Nn sm—'

(smi - sm—)‘
2n 2n
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By using the Mean Value Theorem,

< n? |cosc| ‘u v
- “12n 2n

u-—v
< n2.u
2n

= Dy
- Qv

|Kn (¢, U) = Kn(t, V)|

IA

Y
2
= Lo@®u-Vv

while te[-2,1].

’n
It is clear that;

|Kn(t7 U) - Kn(t, V)l =0.

Because,(t, u) = 0 whilet € [, ) \ [—% %]

Hence, we can writé,(t) as;

Moreover we can see that the conditions are satisfied:

Let’s begin to check the condition (B):

1
aﬁm@mm

Il
|
—
Sl Sl
3I\)
o,
>
2
=

79



and the condition (C):

fG Ly (t)dt

La(t)dt

Il
h

Sl

NI S
o
r—f-

h

4

3

—

:Ha
r—f-

Sl Sl

Il
| p) | p)
Sk
NI S
Q.
Sk
|
|
o I |—‘ :Hr—\
~—— el
S —

=l<e¢

NI S
3II\J

and finally, we can easily see that the condition (D) is obviously true that we know,

Ln(t) = O wheret € [z, 7) \ [-2, %],

Example 5.4. In this example we thinks = R. We introduce the function

in A
Au+sing, te [0

2

K/l (t, U) =
0, t¢ [o,

] . (5.1)

|

In the view of our new function (3), it is seen that for eveny,v € R, andt € [O, %] ,

POTEETEN

IKa(tu) = Ka(tv)l < Au—-v]. (5.2)
Since we knowK, (t,0) = 0. It is easy to see for eveny, v € R, andt ¢ [O, ﬂ ,
[Ka (t,u) — Ky (8, v)l = 0. (5.3)

Combining (5.2) and (5.3) we find

I=

L0 = A, te[O,i]

0, tg|0}]

2

I=
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and moreover we have

L, (M) dt = Adt (5.4)
foa = J,
= A.(%—O):1<oo. (5.5)

In addition, by (5.5)L, (t) is non-decreasing a0, 0], and non-increasing i@, «),

as a function of, for each. Furthermore,

fG K, (t = x, u) dt f[ " [/lu + sin %“] dt

AUl 1
[ﬂu+sm—].—
21 A

1 . Au
Uu+—-sin— —u
A 2

as(x,1) — (X, o). This implies that the kernel functioK, (t, u) satisfies the whole
conditions which we gave in Theorem (4.5).

If we use (5.1) in Theorem (4.5) and Theorem (4.7) , we find;

Xo+0

f Lo (t = )2 (1t = %ol) dt + 2L, (0) e (X — Xal)

Xo—0

= f Adt + 21 |X — Xgl .

[0.1/4]

The first part of the right-hand side of this equality is finite. Besides;

Im  A|X—=X| =M < o0,
(%,2)—(%0,10) | Xl

if and only if the rates of convergence &f— c andx — X, are equivalent.

If we use (5.1) in Theorem (4.5) and Theorem (4.7), we obtain

Xo+0

AGLxA.8) = f Lo (t = %) (1t = %ol) dt

Xo—0

81



From the previous expression we obtain

im  A(u,x2,6)=0

(%2)—(x0,00)

and the rate of convergencedfu, x, 1,5) — 0 is equivalent tc% — 0.

From the property oE, (t) function, it is seen thdt, (u) = o(%). Since

1 2
fK,l(t—X,u)dt:u+ZSIn7u—>U8$(X,/1)—>(Xo,°0)-
G

It is easy to observe that;

1 . Au 1
zsmi :O(E) (0O<ax<l),

In this case, we obviously have

T2 (F; ) = £ ()] = 0(A (1, %, A, 8)) = o(%)
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