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ABSTRACT
PSEUDOSPECTRA OF LINEAR OPERATORS

Kayili, Fatma
M.Sc., Department of Mathematics
Supervisor: Asst. Prof. Dr. Yusuf Cesur

April 2009, 47 pages

In this study, we investigate the eigenvalues of a non-hermitian Toeplitz matrix
A. These are usually highly sensitive to perturbations, having condition numbers
that increase exponentially with the dimension N. An equivalent statement is
that the resolvent (21 — A)~! of a Toeplitz matrix may be much larger in norm
than the eigenvalues alone would suggest-exponentially large as a function of N,
even when z is far from the spectrum. Because of these facts, the meaningfulness
of the eigenvalues of non-hermitian Toeplitz matrices for any but the most the-
oretical purposes should be considered suspect. In many applications it is more
meaningful to investigate the ¢ — pseudoeigenvalues: the complex numbers z
with [[(2] — A)7Y| > 7L

In the second part of study we investigate the pseudospectra of Linear Op-
erators and analyzes the pseudospectra of Toeplitz matrices, and in particular
relates them to the symbols of the matrices.

In the third part of study we investigate our results for reasonably complete

in block Toeplitz matrices with smoothly varying coefficients.

il



This study presents computed examples of pseudospectrum for the varying
coefficients block Toeplitz matrices with using Mathematica and Matlab pro-
gramming, and applications in numerical analysis.

Keywords: Eigenvalue, eigenvector, pseudoeigenvector, spectrum, pseudospec-

trum, Block Toeplitz matrix, symbol.
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OZET
LINEER OPERATORLERIN PSODOSPEKTRUMU

Kayili, Fatma
Master Tezi, Matematik Bolimi
Tez Yoneticisi: Yrd. Dog. Dr. Yusuf Cesur

Nisan 2009, 47 sayfa

Bu ¢aligmada, hermitian olmayan bir A Toeplitz matrisinin 6zdegerlerini aras-
tirtyoruz. Genellikle bunlar kiiclik 6telemelere karsi agir1t duyarhdirlar ve kosul
sayilart N boyutuna bagli olarak iistel olarak artmaktadir. Buna esdeger bir

! rezolvent fonksiyonu

ifade ise bir Toeplitz matrisine ait 6zdegerleri (21 — A)~
ile incelenebilmesidir. Rezolventin, spektruma ait z noktalarina cok yakin nok-
talarda N’e bagl olarak iistel olarak hizla norm degerleri artar. Bu nedenle
hermitian olmayan Toeplitz matrislerine ait bircok teorik caligmada rezolvent-
ten yararlanilarak calisihr. Bu bakig altinda bircok uygulamada e-6telenmis
ozdegerleri arastirma islemlerinde rezolventten yararlanilir. Kisaca bir z kompleks
sayisinda [[(2] — A)7L|| > 7! yardimiyla e-6telenmis A matrisinin 6zdegerleri in-
celenebilmektedir.

Caligmanin ikinci kisminda ise Lineer Operatorlerin pseudospektrumu aragtiril-
maktadir. Burada ayrica Toeplitz matrislerin spektrumlarina ait ozellikleri sem-
boller yardimiyla da aciklanmaktadir.

Caligmanin ticiincii boliimiinde, elde ettigimiz sonuclar Blok Toeplitz matris-

lerin degisken katsayili durumlari icin de arastirildi.



Bu calismada Blok Toeplitz matrislerinin pseudospektrumu ile ilgili 6rneklerin
aragtirilmasinda Mathematica ve Matlab programlarindan ve niimerik analiz teknik-
lerinden yararlanilmistir.

Anahtar Kelimeler: Ozdeger, 6zvektor, dtelenmis 6zdeger, spectrum, psodospektrum,

Block Toeplitz matris, sembol.
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CHAPTER 1

INTRODUCTION

1.1 History of Pseudospectra

In this section we attempt to survey the history of pseudospectra. Many
of nonhermitian matrices that arise in applications have eigenvalues that are
highly sensitive to perturbations. Indeed, for a family of matrices with variable
dimension N, the sensitivity of the eigenvalues often increases exponentially as
N — oo. Highly sensitive eigenvalues are a reflection of the fact that the basis
of eigenvectors is highly ill conditioned, and when this is the case, it is unlikely
that there is good reason for working with the basis. Yet any statement about
eigenvalues depends ultimately on the properties of the associated eigenvectors,
whether or not they are mentioned explicitly.

We believe that in problems like this, a fruitful alternative is the analysis of
pseudo-eigenvalues. In particular, the purpose of this thesis is to investigate the
pseudospectra of various kinds of Toeplitz matrices, a special family of matrices
with broad applications of integral equations, finite-difference equations, matrix
iterations, spline approximation, signal processing, and other problems. Let A be
a real or complex square matrix of dimension N, and let ||.|| denote the 2-norm.

The definition of pseudo-eigenvalues is as follows:

Definition 1.1 Given ¢ > 0, the number A € C is an ¢ -pseudo-eigenvalue of A

if any of the following equivalent conditions is satisfied:



(i) X is an eigenvalue of A+ E for some E € C™VN with ||E|| < ¢ ;
(i) Ju € CV, |Jul| = 1 such that ||(A — X)u|| < ¢;

(iti) |(A = AD)7H = &7

() on(A[ — A) < e.

The set of all € -pseudo-eigenvalues of A, the ¢ — pseudospectrum, is denoted
by 0.(A) or simply o..

A pseudo-eigenvalue, in other words, need not be near to any exact eigenvalue,
but it is an exact eigenvalue of some nearby matrix.

In the context of Hermittian and near- Hermittian systems, mathematical
physicists have for years spoken of quasimodes, which are the same as what we
would call pseudomodes or pseudoeigenvectors.

In the nonnormal context, the earliest definition of pseudospecta is given in
J.M. Varah’s 1967 thesis at Stanford University, The Computation of Bounds for
the Invariant Subspaces of a General Matriz Operator [1].

Varah introduced the notion of an e- pseudoeigenvalue under the name r-
approximate eigenvalue. Motivated by his analysis of the accuracy of eigenpairs
produced by computer implementations of the inverse iteration algorithm, Varah
incorporated a parameter, 7;, in his definition to describe floating - point preci-

sion.

Definition 1.2 X is an c-approzimate eigenvalue of A, if there exists p € P(rQ),
with — ||@|| = 1, such that ||A,p — Ap|| < e . We call ¢ an ¢ -approzimate
eigenfunction corresponding to A .

Definition of pseudospectra from Landau, 1975 [2].

In Novosibirsk, S. K. Godunov and his colleagues conducted research related to

pseudospectra throughout the 1980s. Those involved included A. G. Antonov, A.



Y. Bulgakov (later Haydar Bulgak, O. P. Kirilyuk, V. I Kostin, A. N. Malyshev,
and S. I Razzakov. Gudunov, together with Ryabenkii and others, had made
significant contributions in the 1960s to the study of how nonnormality affects
the numerical stability of discretized differential equations. In fact, in their 1962
monograph, Godunov and Ryabenkii introduce the spectrum of the family of
operators { R}, indexed by a mesh parameter h [3]. A point z € C is in this set
if, for every € > 0, z is an e-pseudoeigenvalue of Ry, for all sufficiently small h.
The Novosibirsk group defined the e-spectrum by relative rather than absolute

perturbations :

0e(A)={z € C: |[(z = A)7Y|| = (A"}

In [4] and [5], computed plots of pseudospecra were presented and called
‘spectral portraits of matrices’ containing various 'patches of spectrum’, and com-
putations based on both contour plotting and curve tracing were discussed. A
sketch of two pseudospectra had appeared earlier in a 1985 paper by Kostin and
Razzakov [6].

Pseudospectra were investigated in several papers by J. W. Demmel in the
mid-1980s, appearing with the labels S(A,¢) in [7] and o(e, A) in [8]. The former
paper contains the first published computer plot.

Beginning in the mid-1980s, D. Hinrichsen and A. J. Pritchard wrote a number
of papers on the stability radius of a matrix, i.e., the distance to the set of unstable
matrices. In a 1992 paper [9] they introduced the term spectral value set and
notation o (A, p) to denote the real structured e- pseudospectrum of a nonnormal
matrix. Another paper by Hinrichsen and Kelb in 1993 extended these ideas to

complex perturbations [10].



Trefethen’s first publications that mentioned pseudospectra were [11] and [12]
in 1990 (the first uses the term s-approximate eigenvalues). These were an out-
growth of a 1987 paper by Trefethen and Trummer, who found eigenvalues that
were extraordinary sensitive to perturbations but failed fully to appreciate their
significance [13]. A crucial collaborator in this work with pseudospectra in 1988
and made many contributions after that date. Reddy’s early work on these topics
was summarized in his 1991 thesis at MIT [14].

In 1992 Trefethen’s paper 'Pseudospectra of Matrices’ appeared, which pre-
sented the idea of pseudospectra and exhibited thirteen examples [15]. It was
after this point that the idea began to be widely known. A later companion
paper, ' Pseudospectra of Linear Operators’, presented ten examples involving
operators on infinite-dimensional spaces [16].

The papers by Demmel and Wilkinson mentioned above cite each other, and
they both cite the paper of Varah [17]. None of the papers discussed here pub-
lished before 1990 cite any of the others. These data suggest that pseudospectra
have been invented at least five times:

J. M. Varah 1967 r-approximate eigenvalues, 1979 e-spectrum

H. J. Landau 1975 s-approximate eigenvalues

S. K. Godunov et al 1982 spectral portraid

L. N. Trefethen 1990 e-pseudospectrum

D. Hinrichsen and A. J. Pritchard 1992 spectral value set.



1.2 Basic Definitions

Definition 1.3 Eigenvalue, Eigenvectors, Spectrum and Resolvent set
of a matrix in finite dimensional spaces:

An eigenvalue of a square matrizc A = (a;;) is a number \ such that
Av=M\v

has a solution v # 0. This v is called an eigenvector of A corresponding to that
ergenvalue \. The eigenvectors corresponding to that eigenvalue A and the zero
vector form a vector subspace of X which is called the eigenspace of A correspond-
g to that eigenvalue .

The set o(A) of all eigenvalues of A is called the spectrum of A. Its comple-

ment p(A) = C — o(A) in the complex plane is called resolvent set of A.

Definition 1.4 Regular value, Resolvent set and Spectrum of a matrix
in infinite dimensional spaces:

Let X # {0} be a complex normed space and A : D(A) — X a linear operator
with domain D(A) C X. A regular value z of A is a complex number such that;

(R1): R, (A) = (2 — A)™! exists.

(R2): R,(A) is bounded.

(R3): R,(A) is defined on a set which is dense in X.

The resolvent set p(A) of A is the set of all regular values z of A.

It’s complement o(A) = C — p(A) in the complex plane is called the spectrum
of operator A, and a z € o(A) is called spectral value of A.

Point Spectrum (o,) : The point spectrum or discrete spectrum o,(A) is

the set such that R,(A) doesn’t exist. A z € o,(A) is called an eigenvalue of A.



Continuous Spectrum (o.) : The continuous spectrum o.(A) is a set such
that R,(A) exists and satisfies (R3) but are not (R2), that is , R.(A) is bounded.

Residual Spectrum (o,) : The residual spectrum o,(A) is the set such that
R.(A) exists ( and may be bounded or not) but does not satisfy (R3) that is the
domain of R,(A) is not dense on X.

If X s infinite dimensional, then A can have spectral values which are not

ergenvalues.

Definition 1.5 The Fuclidean norm of a vector x = [x1, T, ..., Tp| 15 :

where a;; 15 the ith row and jth column of the matriz A.

Definition 1.7 Normed Space, Banach Space :

A normed space X is a vector space with a norm defined on it. A Banach
space is a complete normed space. Here a norm on a (real or complex) vector
space X is a real-valued function on X whose value at an x € X 1is denoted by
||z|| and which has the properties;

N1) [lz]l = 0
|z]| =0 2 =0

(

(N2
(N3) |loz]| = |ef ||
(

)
)
)
N4) ||z +y|| < ||zl + ly|| (Triangle Inequality);

here x and y are arbitrary vectors in X and o is any Scalar.
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A norm on X defines a metric d on X which is given by

d(z,y) = [lv =yl (x,yeX)

and 1s called the metric induced by the norm. The normed space just defined is

denoted by (X, ||.||) or simply by X.

Definition 1.8 Direct Product and Direct Sum:

The direct product [ [,.; Vi of a family of vector spaces V;, where i runs through

icl

some index set I, consists of the set of all tuples (v;) which specify for each

iel’
index 1 an element v; of V;. Addition and scalar multiplication is performed
componentwise. A wvariant of this construction is the direct sum ®;c;V;, where

only tuples with finitely many nonzero vectors are allowed. If the index set I is

finite, the two constructions agree, but differ otherwise.

Definition 1.9 Tensor Product:

The tensor product V@ W of two vector spaces V and W over a field K can
be defined by the method of generators and relations.

To construct V@ W, one begins with the set of ordered pairs in the Cartesian
product V- x W. For the purposes of this construction, regard this Cartesian
product as a set rather than a vector space. The free vector space on V x W is
defined by taking the vector space in which the elements of V- x W are a basis.

Symbolically,
F(VxW)= {Z i€, xw, N € Nya; € K, (v; x w;) € V x W}
i=1

where we have used the symbol e(,xw) to emphasize that these are taken to be

linearly independent for distinct (v x w) € V- x W.



Definition 1.10 Linear Operator:

A linear operator A is an operator such that

(i) the domain D(A) of A is a vector space and the range R(A) lies in a vector
space over the same field,

(i) for all x,y € D(A) and scalars «,

Al +y) = Az + Ay
Alax) = aAx.

Definition 1.11 Bounded Linear Operator:

Let X and Y be normed spaces and A : D(A) — Y a linear operator,where
D(A) C X. The operator A is said to be bounded if there is a real number ¢ such
that for all x € D(A).

[Az]| < e ||z

Definition 1.12 Orthonormal Basis:
An orthonormal system {1, 2, ...} is called an orthonormal basis for H if

for everyv € H, v= ">, agpy for some ay,ay,... in C .

Definition 1.13 Subharmonic Function :

One can show that a real-valued, continuous function @ of a complex variable
(that is, of two real variables) defined on a set G C C is subharmonic if and only
if for any closed disc D (z,1) C G of center z and radius r one has

2m
o (2) < 217r/ ¢ (z+re?)do.
0



Definition 1.14 [, : The vector space ly consists of the set of those sequences
(&1.&a, ...) of complex numbers for which Y2, 1517 < oo, The complex valued
Junction (.,.) defined on ly x ly by (x,y) = Y ooy &l where x = (&), y = (n;), is

called the inner product on ly. The norm, ||x||, on ly is defined by

o 1/2
lzl| = (z,)""* = <Z |§i|2)
i=1

The distance between the vectors x = (&1, &s, ...) and y = (1,72, ...) 18
o0 2
le =yl = (3252 1€ — mil”)

1/2

Definition 1.15 Seperable Hilbert Space:

A Hilbert space H is called seperable if there exist vectors vy, vs, ... which span

a subspace dense in H.

Definition 1.16 Lebesgue-measurable function:
A Lebesgue-measurable function f : R — R is a real function such that for
every real number a, the set

{z € R: f(x) > a} is a Lebesgue-measurable set.

Definition 1.17 First definition of Pseudospectra:
Let A € CN*N and e > 0 be arbitrary . The e-pseudospectrum o. (A) of A is
the set of z € C such that
H(z - A)_lH >t



Definition 1.18 Second definition of Pseudospectra:

o-(A) is the set of z € C such that

z€0(A+ FE)

for some E € CN*N with ||E|| < e.
The e-pseudospectrum s the set of numbers that are eigenvalues of some per-

turbed matriz A + E with || E|| < e.

Definition 1.19 Third definition of Pseudospectra:

0. (A) is the set of z € C such that

I(z=A)v] <e

for some v € CNwith ||v|| = 1.

Definition 1.20 Jordan Block Matrix:

A matriz, also called a canonical box matriz, having zeros everywhere except
along the diagonal and superdiagonal, with each element of the diagonal consisting
of a single number A\ and each element of the superdiagonal consisting of a 1.

For example,

_)\ 1 0 0 0_
0 A 1 0 0
0 0 A 0
0 0 0 1 0

1
0 0 O 0 A

10



Definition 1.21 Toeplitz Matrix: Any n x n matriz A of the form

| ao ai o Qp—2 Gp-1 ]
a_q Qo T Ap—2
A=
A9 _n e Qo ay
| 1-—n QA2-n - Q-1 o |

is a Toeplitz Matriz. If the i , j element of A is denoted A;; , then we have
Aij = aj_i.

Let f(z) denote the symbol

with

o
Z |ak| < 0.

k=—o0

Definition 1.22 Kronecker Delta: The set ¢;; is orthonormal since

(ks Bun) = / / 01(5) o0 pm() P D dsdlt

b

- /ij(s)cpm(s)dS/bcpk(t)@n(t)dt

a

- 5]m5lm
where  Ojm, called the Kronecker Delta, is defined to be 1 if j = m and 0 if

J# m.

11



CHAPTER 2

PSEUDOSPECTRA

2.1 Eigenvalues

In the simplest context of matrices, the definitions are as follows. Let A be
an N x N matrix with real or complex coefficients; we write A € CV*N_ Let v
be a nonzero real or complex column vector of length N, and let A be a real or
complex scalar; we write v € CV and A € C. Then v is an eigenvector of A, and

A € C is its corresponding eigenvalue, if

Av = .

(Even if A is real, its eigenvalues are in general complex unless A is selfadjoint.)
The set of all eigenvalues of A is the spectrum of A, a nonempty subset of the
complex plane C that we denote by o(A). The spectrum can also be defined as

the set of points z € C where the resolvent matrix,

(Z - A)_la

does not exist. Where (z — A) is shorthand for zI — A, where I is the identity

matrix.

12



2.2 Pseudospecta of Lineer Operators

In this section we set down the fundamentals of the theory of pseudospectra
for linear operators in Banach space. Fortunately, the technical details do not
matter for many applications, and we use a language closer to linear algebra than
functional analysis.

Let X be a complex Banach space, that is, a complete normed vector space
over the complex field C with norm ||.||. We shall consider linear operators map-
ping X into itself. Such an operators A has a domain denoted by D(A) C X,
which may or may not be all of X. We denote by B(X) the set of bounded op-
erators on X ; for A € B(X) , we assume without loss of generality D(A) = X.
We denote by C'(X) the set of closed operators on X. (An operators A is closed
provided that if {u;} is a sequence in D(A) converging to a limit v € X and if
{Auy} converges to a limit v € X, then u € D(A) and Au = v. ) An unbounded
closed operator will necessarily have D(A) # X, although many such operators
are densely defined, meaning that the closure of D(A) is X.

ForAe C(X)and F € B(X), A+FEisalsoin C(X), with domain D(A+F) =
D(A). A special case is the situation where F' is a multiple of the identity. Thus
perturbations of closed operators by bounded operators or shifts introduce no
technical difficulties.

Given A € C(X), a bounded inverse is an operator A~! € B(X) such that
AA~! is the identity on X and A7'A is the identity on D(A). This is the only
kind of inverse we shall be concerned with, and when an expression like A~! or
(z — A)~1 appears, it should always be interpreted as a bounded inverse, defined

on all of X.

13



Matrix Representations of Bounded Linear Operators

In this part it is shown how to associate a matrix with a given bounded linear
operator on a separable Hilbert space.

Suppose A € L(H), where H is a Hilbert space with orthonormal basis
©01,92,.... Then for v € H, z = Zj (x,0;)p;. It follows from the linearity

and continuity of A, applied to the sequence of partial sums of this series, that

Ax = Z (z,05) Ap;. (2.1)
Now
Apj = Z (Apj, i)k (2:2)

Combining (2.1) and (2.2) gives

Axr = Z Z (@, ) (Apj, or)p Z Z ) (Apj, o). (2.3)

ik

Thus if Az =y , then (2.3) implies

(Ap1, 1) (Apa, 1) -+ (x, 1) (y, 1)
(Ap1, 02) (Apa, 2) - (T02) [ = (W, 2)
This matrix equation leads to the following definition.

Definition 2.1 Let @1, o, ... be an orthonormal basis for a Hilbert space H and

let A be in L(H). The matriz (a;;) corresponding to A and @1, s, ... is defined

by aij = (Apj, ¢5) -

14



Example 2.2 Let S, € L({s) be the forward shift given by
Sy (v, an,...) = (0, ay, g, ...).
If e1, ea, ... 18 the standard orthonormal basis for {5, then
(Srej, ei) = (€j+1, €i) = dj1,-

Thus the matrix corresponding to S, and ey, es, ... is the lower diagonal matrix

Example 2.3 Let H = Ly ([—7,7]) and let a(t) be a bounded complex valued

Lebesgue measurable function on |—m, .

Define A € L(H) by

(Af)(t) =a(t) f(2).

The “doubly infinite” matrix {ajk}ﬁ:_oo corresponding to A and the ortho-

normal basis o, (t) = \/%—Weint, n=0,+1,42, ... is obtained as follows. Let

™

Ay = a(t)e ™ dt.

15



Then

1

ajr = (Apr, ;) = %/a(t) ¢ CIdt = ajy.

—T

Thus the matriz is

aq ap a—1
aq (N a_q

aq Qo a_q

which is called a Toeplitz matrix. The entry ag s located in row zero column zero.

Example 2.4 Let K be the integral operator on Lo ([a,b]) with kernel function
k € Ly([a,b] x [a,b]). Given an orthonormal basis {p;} for La([a,b]), then
;i (s,t) = @i (s)p; (t), 1< 1,7, forms an orthonormal basis for Ls ([a, b] % [a, b]).

Now the matriz (a;;) corresponding to K and {y;} is given by

b b
as; = (Koj, 1) = / / E(t,5)0; (5) i () dsdt = (k, @)

Thus we see that each a;; is a Fourier coefficient of k with respect to {v;;}.

Consequently, Parseval’s equality gives

D ag? =k i) = (1K)
i i

So far we started with a bounded linear operator and considered its matrix
representation relative to an orthonormal basis. In some problems the reverse

direction 1s important: an infinite matrix s given and one looks for a bounded

16



linear operator for which the given matriz is the matriz of the operator relative

to some orthonormal basis. In the sequel we shall use the following definition.
Let (ajk);ok:l be an infinite matriz. We say that this matriz induces a bounded

linear operator A on (s if(ajk);.jc:l 1s the matriz of A with respect to the standard

orthonormal basis e, e, ... of Uy, that 1s,

ajr = (Aeg,ei), 7, k=12, ..

In this case we simply write

a1; a2 ais
21 Q22 (423

31 32 A33

As a first example consider a diagonal matriz

diag (w1, ws, w3, ...) = (5]‘ka);3€:1 .

Here 0, 1s the Kronecker delta and the diagonal entries are wy,wq, ws, .... This
matriz induces a bounded linear operator D on ly if and only if sup;s, |w;| < oo,

and 1 this case

Dl = sup |w;] - (24)
jz1

Indeed, if the matriz diag (wj);il wnduces a bounded linear operator D on

Uy, then

17



wil = [(Dej, ep)| < |IDII- 7 =1,2,
and hence sup;s; |w;| < [|D]| < co. Conversely, if sup;s; |w;| < oo , then

D (l’l,IQ, ) = <W1$17w2I27 )

15 a bounded linear operator on Uy and the matrixz of D with respect to the standard

orthonormal basis of (o is the diagonal matriz diag (wj);il. Moreover,

jz1

. 1/2
2
| D] = (Z |w;,] ) < (sup |wj|> Al
j=1

and hence (2.4) holds. If

o)

iz Jai|* < oo,

i=1 j=1

then the matriz with respect to the standard orthonormal basis of {5 of the operator

e ¢

A defined is precisely equal to (a;;);_, -

Norm of the resolvent

Theorem 2.5 Given A € C(X), and with ||(z — A)7Y|| defined as oo for z €
a(A), the norm of resolvent ||(z — A)™Y|| is a function from z € C to (0, 00] with
the following properties. It is continuous and unbounded and takes the value oo
precisely on o(A). For z ¢ o(A) it is subharmonic and satisfies the maximum

principle as well as the bound
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1

=72 G oty

If z¢ 0(A), then z ¢ o(A+ E) for any E € B(X) that satisfies

1
Fl<———:
1Bl < =2

conversely, for any p > ||(z— A)7|"", there exists E € B(X) with ||E|| < p

such that (A + FE)u = zu for some nonzero u € X.

According to Theorem 2.5 every z that is not in o(A) is also not in o(A + F)
for sufficiently small || F|.

We defined de e-pseudospectrum of a matrix A in three equivalent ways. The
same three definitions apply for linear operators in Banach space. Statements
of aspects of this equivalence in various contexts can be found in a number of

publications, including [18-21].

Three equivalent definitions of pseudospectra
Let A € C(X) and € > 0 be arbitrary. The e-pseudospectrum o.(A) of A is

the set of z € C defined equivalently by any of the conditions

Iz =) > e, (2.6)
z € 0(A+ FE) for some F € B(X) with ||E| < e, (2.7)
|(z — A)v|| < ¢ for some v € CNwith ||v]| = 1. (2.8)

Theorem 2.6 For any matriz A € CN*N the three definitions above are equiva-

lent.
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Proof. For z € o (A) the equivalence is trivial, so assume z ¢ o (A), implying
the existence of (z — A)~". To prove (2.7) = (2.8), suppose that (A + E)v = zv
for some £ € CN*V with || E|| < € and some nonzero v € CV, which we may take
to be normalized, ||[v|| = 1. Then ||(z — A) v|| = ||Ev]|| < ¢, as required. To prove
(2.8) = (2.6), suppose (z — A)v = su for some v,u € CV with ||v|| = [Ju|| = 1
and s < e. Then (z — A)"u = s"tv, s0 [|[(z— A) || > s~ > 7. Finally, to
prove (2.6) = (2.7), suppose ||(z — A)_1H > e ! Then (2 — A)"'u = s 'v and
consequently zv— Av = su for some v, u € CV with ||v|| = |ju]| = 1 and s < e. To
establish (2.7), it is enough to show that there exists a matrix £ € CN*¥ with
|E|| = s and Ev = su, for then v will be an eigenvector of A+ F with eigenvalue
z. In fact, I/ can be taken to be a rank-1 matrix of the form F = suw* for some
w € CN with w*v = 1. If ||.|| is the 2-norm, this is evident simply by taking
w = v. In the case of an arbitrary norm ||.||, the existence of a vector w satisfying
the required conditions can be interpreted as the existence of a linear functional
L on CV with ||Lv|| = 1 and ||L|| = 1, which is guaranteed by the Hahn-Banach
theorem. A less highbrow version of the same proof can be carried out by the

method of dual norms [22].

Properties of pseudospectra:

Theorem 2.7 Given A € C(X), the pseudospectra {o.(A)}eso have the following
properties. They can be defined equivalently by any of the conditions (2.6)-(2.8).
Fach o.(A) is a nonempty open subset of C, and any bounded connected com-
ponent of o.(A) has a nonempty intersection with o(A). The pseudospectra are
strictly nested supersets of the spectrum: N.soo-(A) = o(A), and conversely, for

any 6 > 0, o.46(A) D 0.(A) + As, where Ay is the open disk of radius ¢.
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Theorem 2.8 Let A be an arbitrary Toeplitz operator with absolutely summable

entries, and let Ay denote its N x N Toeplitz matriz section. Then

lim . (Ay) = 0. (A).

N—oo

for each € > 0, and therefore

lim lim 6. (Ay) =3 (A).

e—0 N—oo

Theorem 2.9 Let A € CN*N and ¢ > 0 be arbitrary.

(i) 0. (A) is nonempty, open, and bounded, with at most N connected compo-
nents, each containing one or more eigenvalues of A.

(@) If |||l = [-lly, then oz (A%) = o< (A).

(ve) If |||l = ||-|lo, then o. (A1 & Az) = 0. (A1) Uo. (As).

(w) For any c € C, 0. (A+¢) = c+ 0. (A).

(v) For any nonzero ¢ € C, 0. (cA) = co. (A).

In part (iii), A; @ A denotes the direct sum of two square matrices A; and
As, whose dimensions need not be equal; in other words it is the block diagonal
matrix

A 0
AL @ Ay =

0 A

To prove the assertion about connected components in (i), one can use the fact
that log ||(z — A™1)|| is a subharmonic function and hence satisfies the maximum
principle except at the eigenvalues of A. Part (v) is also worth a comment, for

although elementary, it is surprising at first: the e-pseudospectrum of 24 is not
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twice the e-pseudospectrum of A, but twice the £/2-pseudospectrum of A.

If A is normal, then the spectrum o (A) is a satisfactory answer to that ques-
tion for almost every purpose. The family of pseudospectra {o. (A)} is an attempt
to provide a satisfactory answer in the case where A is not normal, perhaps far
from normal. It is not a perfect answer; pseudospectra lack the simplicity of
spectra, yet despite their complexity, they do not provide exact answers to the
questions one would like to ask about the behavior of A.

Through the equivalence of definitions (2.6) and (2.7) they provide a reminder
that eigenvalues that are sensitive to perturbations may be of limited significance
in determining the behavior of A. Finally, they provide an appealing geometric
interpretation of nonnormality. The fact is, nonnormal matrices and operator do
not live in the complex plane, but one can get a good start in predicting their
behavior if, in addition to the usual calculation of eigenvalues, one plots a few
contour lines of the resolvent norm or the eigenvalues of a few randomly perturbed
matrices. Beautiful plots can be obtained in seconds for matrices of dimensions

in the hundreds with the MATLAB system EigTool [23].
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CHAPTER 3

PSEUDO-EIGENVALUES OF TOEPLITZ MATRICES

3.1 Block Toeplitz Matrices

In this chapter we try to plot the pseudo-eigenvalues of the N x N bidiagonal

matrix

whose eigenvalues are obviously {—1,1}. This matrix looks like, a Jordan block,
except that the diagonal elements are not constant but cycle repetitively through
a fixed sequence. Figure (3.1) shows computed eigenvalues corresponding to

=1, N =77, in two dimensional complex plane for ten randomly perturba-
tion A+ E with |F|| &~ ¢ = 1072 and Figure (3.2) shows computed eigenvalues
corresponding to v =1, N = 77 | in three dimension for ten randomly pertur-

bation A + F with ||F|| ~ ¢ = 1072
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The pseudo-eigenvalues in each of these pictures lie approximately along a
lemniscate: the curve or union of curves in the complex plane along which a
polynomial p (A) has constant modulus |p (\)| = C. For the matrix A of (3.1),
the polynomial is |[p (A\)] = A> =1, and C depends on the choice of v . By varying
~ and the sequence of elements on the diagonal, one can obtain pseudospectra

that approximate arbitrary lemniscates of arbitrary polynomials.

]

o

=
7
=

-3

dim =77

4-26

Figure 3.1: The plot shows the eigenvalues of matrix A with MatLab, where
A bidiagonal matrix (3.1) of dimension N = 77. The eigenvalues of A are +1.
An approximation to the boundary of the s-pseudospectrum, ¢ = 1072, 1072,
10-8,...10~2.
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Figure 3.2: The resolvent norm as a function of z € C for the matrix of A. The
spikes occur at eigenvalues of A; in principle they extend to infinity.

The left plots in the Figure (3.3) shows two dimensional plotting for perturbed
matrix A. And on the right side of this figure shows three dimensional plotting
of e-pseudospectral points of A.

Figure (3.4) and figure (3.5) shows computed eigenvalues corresponding to
~v=1, N =1000 in two and three dimensional complex plane for ten randomly

perturbation A + F with ||E|| ~ ¢ =10"1,1072,...,107%.
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Figure 3.3: Six plots corresponding to N = 77 and || E|| = 1072 show eigenvalues
of 3 randomly perturbed matrices A + E.

26



-1
; [ —
15F T —

1F 4
|—.

05k

e

of E
[a— . |,

L5 .
1k — 7
A5k . —

dim = 1000 | , ‘
2 1 i} 1 2 —
[—- 10

Figure 3.4: Boundaries of pseudospectra o.(A), e = 10711072, ..., 1071 for the
matrix (3.1) of dimension N = 1000.
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Figure 3.5: The resolvent norm as a function of z € o(A) for the matrix of figure
3.4. The spikes occur at eigenvalues of A; in principle they extend to infinity.
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The explanation for this behavior is as follows. The matrix A of (3.1) can be

viewed as an upper bidiagonal block Toeplitz matrix of dimension N/2,

D F
D
where D and E are the 2 X 2 matrices
1 v 00
D= , E = (3.3)
0 —1 v 0

A will accordingly have approximate pseudo-eigenvectors of the form
u=U®(1,22% .., z(N_l)/z)T , where U is a 2-vector and ® denotes the tensor
product. This 2-vector will be either of the eigenvectors of the symbol of A, which

is now the 2 x 2 matrix function

f(z) =D+ zF = L : (3.4)

vz —1

The e-pseudo-eigenvalues of A will be the corresponding eigenvalues A of f(z),

namely the roots of the equation

N —1=7% (3.5)

If z ranges over the disk D, , these values of \ fill the region bounded approx-
imately by the lemniscate |A2 — 1| = +?r. Since the highest power of z present is

(N-1)/2

z , the appropriate value of r will be

rae?N (3.6)
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If this explanation of Figure 3.1 is correct, then a pseudospectrum bounded
approximately by the critical lemniscate |\ — 1| = 1 should be obtained if we
pick v and N to satisfy
2_2/N

1 =~% =%

that is,

y=e¥, (3.7)

Figure 3.6 shows results of an experiment with this value of v for N = 75 and

100. As predicted, the eigenvalues fall roughly on the critical lemniscate.

-1 -1
W75 p=&Nel063 N=100, ¥=¢ Me1096

Figure 3.6: The eigenvalues of A are ploted by Mathematica and they are marked
by red points. Eigenvalues of A+ E (3.1) are marked by blue points, ||F|| ~ ¢ =
1072, for « given by (3.7); result from ten random perturbations are superimposed.
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These examples give just a hint of the phenomena that may arise in pseudospec-
tra of block Toeplitz matrices. For block Toeplitz matrices with larger blocks and
more than two nonzero diagonals, the variety of pseudospectra that can be ob-
tained goes far beyond the class of lemniscates. For the spectra of block Toeplitz
operators, results can be found in [24] and [25].

Program (3.1) compute the spectral points (eigenvalues) of A for dimension
N = 150, and Program (3.2) compute the e-pseudospectral points for this matrix
with Mathematica.

Figure (3.7) shows compute eigenvalues of A and A + F for N = 150, 350,
with ||F|| = 1072,10~%,107S.

Figure (3.8) and Figure (3.9) shows computed eigenvalues corresponding to
v=1, N =500 and N = 600, for ten and five randomly perturbation A + F
with ||F|| ~ &= 1072
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n=150;

B = DiagonalMatrix[Table[0, {n}]];
Forfi=1,i=mn-1,i++, A sa7=1+1:
For[i=1,ism,i++, Ap 4= (-13"{1+1) :1:
Print [MatrixForm[#]]:

I, =IdentityMatrix[n]:

H=R-AT,:

pLA_ 1=Det[A-AI.]:

solset = Solve[p[A] == 0, A]:

For[i=1,iz=mn, 1++,

J-:i. = SD].SEt.[[ifll_z]]:] H

Print[" A = ", MatrixForm[A]1]:
Print["d - A", "I",, " = ", MatrixForm[R], " - A", MatrixForm[I.]]:
Print["d - A", "I",, " = ", MatrixForm[M]];

Print["The characteristic polynomial is"]:
Print["p[A] = |A-A I.|"]1:

Print["p[A] = ", p[Al]:

q[A ] = Factor[p[A]]:

If[Hot[p[A] === q[A]], Print["p[A] = ", g[A]]1]:
Print["To find the eigenvalues of the matrix A"];
Print["Solve ", p[A]-=-0];

Print["Get"]:

For[i=1,i=mn, 1++,
Print[" ", "A";, " =", A, " =", Chop[H[A;]111:
Primt["{{®.,¥x)} = ", nokta = Tahle[{ComplexExpand[Re [Chop [H[A;:]1111,
ComplexBxpand [Tm[Chop [H[A;11] 1}, {i, n}]1]
Heeds["Graphics Colors ™ "]:
dotz - ListPlot [nokta, PlotStyle — { Red , PointSize[0.015]},
DisplayFunction — Tdentity];
Show([dots, PlotRange — All, Axes — False, AxesLabel — {"X", "¥"},
DisplayFunction — $DisplayFunction];

Program 3.1: Program to compute the spectral points of A for dimension N = 150
with Mathematica.
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n=150;

B = DiagonalMatrix[Table[0, {n}]]:
Forfi=1,i=zmn-1,i++, A sa=1+:1:
For[i=1,izm, i++, Ap sp=(-13"{1+1) :1:
Print [Rs =g = 0.01];

Print [MatrixForm[A]]:;

I, =IdentityMatrix[n];

M=R-aT,:

PIA 1=Det[A-AI.];

solset = Solve[p[A] =- 0, A]:
For[i=1,1i=m, i++,

l:i. = SDlSEt[[ifll_z:u:] H

Print[" A = ", MatrixForm[A]]:
Print["A - A", "I"_, " = ", MatrixForm[A], " - A", MatrixForm[I.]]:
Print["R - A", "I"_, " = ", MatrixForm[M]];

Print["The characteristic polynomial is"]:
Print["p[A] [h-A I |"1:

Print["p[A] = ", p[Al]:

g[A ] =Factor[p[Aall:

If[Hot[p[A] === q[A]], Print["p[A] = ", g[A]]1]:
Print["To find the eigenvalues of the matrix A"];
Print["Solwe ", p[A]--0];

Print["Get"]:

For[i=1,1iz=m, i++,
Print[" ', "A";, " =", Ay, " = ', Chop[N[A:1111:

Print["{ (. ¥3} = ", nokta = Table[{ComplexExpand [Re [Chop [H[A:1111.

ComplexExpand [Tm[Chop [H[A;]11]1 1}, {1, n}]]
Heeds ["Graphics  Colors""]:
dotsl = ListPlot [nokta, PlotStyle — {Blue , PointSize[0.025]},
DiszplayFunction — Identity]:

Show[dotsl, PlotRange — All, Frame — True, hxesLahel — {"X" "¥"},

DisplayFunction — SDisplayFunction];

Program 3.2: Program to compute the spectral points of A + E for dimension
N = 150 with Mathematica.
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A =150 N =350

Figure 3.7: Eight plots corresponding to N = 150, 350, the eigenvalues of A are
marked by red points and ||E|| = 1072,107%,107%. Each plot shows eigenvalues
of 10 randomly perturbed matrices A + I and this eigenvalues are marked by
blue points plotted by Mathematica.
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Figure 3.8: The plot corresponding to N = 500 , ||E|| = 1072 and shows eigen-
values of 10 randomly perturbed matrices A + F.
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Figure 3.9: The plot corresponding to N = 600 , ||E|| = 1072 and shows eigen-
values of 5 randomly perturbed matrices A + F.
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3.2 Variable Coefficients

Another variation on theme Toeplitz matrices is the coefficients varyusually
smoothly. Such problems are related to integral equations with variable kernels,
and it is natural to expect the resulting spectra and pseudospectra to be associ-
ated with the symbols f(z) obtained by freezing the coefficients at various points.
Roughly speaking, the pseudospectra of matrices obtained in this fashion approx-
imate superpositions of pseudospectra of the associated Toeplitz matrices defined
by frozen coefficients (though not for the same ¢). We shall not attempt to make
this statement precise. In the hermitian case for exact spectra, theorems to this
effect have been given in a well-known paper of Kac, Murdock, and Szegé [27].

We shall give two examples. First, Figure (3.10) shows computed pseudo-

eigenvalues of the bidiagonal matrix

A= W . w= N (3.8)

with N = 100. For large N, the pseudospectra of A approximate a superposition
of pseudospectra of bidiagonal Toeplitz matrices with elements £ on the diagonal
and 1 on the superdiagonal. This is a superposition of disks about the points £¥-
in other words, a region in the shape of a ring sausage, as in the figure.

The fact that the sausage has ends may be viewed as accidental. Figure (3.11)
shows computed pseudo-eigenvalues of the bidiagonal matrix in three dimensional
case for dimension N = 100 with MatLab. The left plots in the Figure (3.12)

shows two dimensional plotting for perturbed matrix A. And on the right side of
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this figure shows three dimensional plotting of e-pseudospectral points of A.
Program (3.3) and Program (3.4) plotting the spectral points (eigenvalues)
and e-pseudospectral of A in two and three dimensional complex plane for di-

mension N = 100 with MatLab.

clc;

clear;

n=100;
w=cos(2*pi/n)+i*sin(2*pi/n);
A=zeros(n);

for i=1:n
A(i,i)=w';
end

for i=1:1:n-1
A(i,i+1)=1;
end

Program 3.3 : Program for plotting o(A) with using MatLab and
EigTool for N = 100.

clc;

clear;

n=100;
w=cos(2*pi/n)+i*sin(2*pi/n);
A=zeros(n);

for i=1:n
A(i,i)=w';
end

for i=1:1:n-1
A(i,i+1)=1;
end

A(90,15)=0.01;

Program 3.4 : Program for plotting o(A + F) with using MatLab and
EigTool for N = 100.
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Figure 3.10: Boundaries of pseudospectra o.(A), e = 1071, 1072, ..., 1071 for the
matrix (3.8) of dimension N = 100.
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Figure 3.11: The resolvent norm as a function of z € ¢(A) for the matrix (3.8).
The spikes occur at eigenvalues of A; in principle they extend to infinity.
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Figure 3.12: Eigenvalues of (A + E) (3.8), ||F|| = 107%, N = 250,500, 1000. The
eigenvalues of A lie on the unit circle and are marked by asterisks.
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In our second example is also bidiagonal, we vary the superdiagonal rather

than the diagonal elements (Figure 3.13). The matrix is

N[

i~

again of dimension N = 100. If the dimension were N = oo , the transpose of

this matrix could be interpreted as the map

£(2) /0 " F (w)dw (3.10)

described in the basis of monomials. Very loosely speaking, for each r € [0.01, 1],
it is as if B had a Jordan block with r on the superdiagonal, with the dimension
of the block increasing as r decreases. Superimposing the resulting pseudospectra
gives a radially symmetric dependence on ¢ that remains nontrivial even in the
limit N = oo . The basis of our definition of pseudospectra, that to fully under-
stand the behavior of matrices and operators one must sometimes be prepared to
consider finite . Program (3.5) and Program (3.6) plotting the spectral points
(eigenvalues) and e-pseudospectral of B in two and three dimensional complex

plane for dimension N = 100 with MatLab and Eigentool.
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clc;

clear;

n=100;
B=zeros(n);
for i=1:n-1
B(i,i+1)=1/i;
end

Program 3.5 : Program for plotting o(B) with using MatLab and EigTool.

clc;

clear;

n=100;
B=zeros(n);
for i=1:n-1
B(i,i+1)=1/i;
end
B(56,98)=0.01;

Program 3.6 : Program for plotting o(B + F) with using MatLab and Eigen-

tool.

Figure (3.14) shows computed pseudo-eigenvalues of the bidiagonal matrix B
(3.9) in three dimensional case for dimension N = 100 with MatLab. The left
plots in the Figure (3.15) shows two dimensional plotting for perturbed matrix
B. And on the right side of this figure shows three dimensional plotting of e-
pseudospectral points of B.

Figure (3.16) and Figure (3.17) shows computed eigenvalues corresponding to

N =100 and N = 500, for ten randomly perturbation B + E with ||E| = 1072
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Figure 3.13: The plots shows the eigenvalues of matrix B with MatLab, where B
bidiagonal matrix (3.9) of dimension N = 100. The only eigenvalue of B is 0. An
approximation to the boundary of the e-pseudospectrum, ¢ = 1072, 1072,...,107".
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Figure 3.14: The resolvent norm as a function of z € o(B) for the matrix (3.9).
The spikes occur at eigenvalues of B; in principle they extend to infinity.
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Figure 3.16: The plot corresponding to N = 100 , ||F|| = 1072 and shows eigen-
values of 10 randomly perturbed matrices B + E ploted by Mathematica.
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Figure 3.17: The plot corresponding to N = 500 , || E|| = 10~2 and shows eigen-
values of 10 randomly perturbed matrices B + E ploted by Mathematica.
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CONCLUSIONS

In this study we investigate the e-pseudospectrum and e-pseudoeigenvalues for
some Toeplitz matrices. We investigate and analyse our results for the pseudospec-
tra of block Toeplitz matrices and for the varying coefficients block Toeplitz ma-
trices with using Mathematica and MatLab programming. In this study we write
Mathematica programs and use MatLab with Eigentool to compute and plot
the e-pseudospectral region for higher dimension Toeplitz matrices. We plot e-
pseudospectral region for N = 500,600, 1000. We don’t plot e-pseudospectrum
for N = 5000, 10000, 20000 dimensional Toeplitz matrices because we don’t have

a computer with delicate CPU to compute our problems.
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